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COMPUTATIONAL SOLUTION OF BLOW-UP PROBLEMS FOR
SEMILINEAR PARABOLIC PDEs ON UNBOUNDED DOMAINS∗
HERMANN BRUNNER† , XIAONAN WU‡ , AND JIWEI ZHANG§
Abstract. This paper is concerned with the numerical solution of semilinear parabolic PDEs
on unbounded spatial domains whose solutions blow up in ﬁnite time. The focus of the presentation
is on the derivation of the nonlinear absorbing boundary conditions for one-dimensional and twodimensional computational domains and on a simple but eﬃcient adaptive time-stepping scheme.
The theoretical results are illustrated by a broad range of numerical examples, including problems
with multiple blow-up points.
Key words. semilinear partial diﬀerential equations, unbounded spatial domains, ﬁnite-time
blow-up, local absorbing boundary conditions, ﬁnite diﬀerence spatial discretization, adaptive time
stepping
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1. Introduction. We consider the numerical solution of the semilinear parabolic
PDE for u = u(x, t),
(1.1)

ut − Δu = up , x ∈ Ω, t > 0

(p > 1),

subject to the initial condition u(x, 0) = u0 (x). The spatial domain Ω is given either
by Ω = Rd (d = 1, 2), and we assume that the initial function u0 has compact support.
While the theory of ﬁnite-time blow-up for such problems is well understood
(see, for example, the papers by Fujita [8], Levine [14], Bandle and Brunner [5], the
monograph by Samarskii et al. [18], and their references), the numerical analysis of
blow-up on unbounded spatial domains has so far received little attention. The main
diﬃculty is the selection of a suitable bounded computational domain and, above
all, the derivation of appropriate nonlinear absorbing BCs for the semilinear PDE
(1.1). For the bounded domain case, there are numerous studies on the numerical
simulation of blow-up. Nakagawa [15] and Nakagawa and Ushijima [16] ﬁrst studied
this subject by using the ﬁnite diﬀerence and ﬁnite element method on a uniform
spatial mesh. A mesh reﬁnement strategy is presented in [17]. A moving mesh method
(dynamic regridding) has also been proposed (see, for example, [7]): here, the spatial
mesh is generated by appropriately chosen moving mesh PDEs. Information on more
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recent work and additional references may be found in the review paper [12] and in
[1, 6, 19, 20, 21].
The essential diﬃculties in the numerical solution of the model problem (1.1) consist of three parts: the nonlinearity, the unboundedness, and the multidimensionality
of the physical domain. To deal with the unboundedness, one of the most powerful
approaches is the use of artiﬁcial boundary conditions (ABCs) for an appropriate
bounded computational domain; compare, for example, [11, 10]. (The use of (local)
ABCs is computationally much more eﬃcient, especially in problems with ﬁnite-time
blow-up and nonlocal initial functions, than employing homogeneous BCs, since in
the former case much smaller computational domains can be chosen.) In general, the
ABCs can be grouped into two categories: implicit BCs and explicit BCs (including
global, or nonlocal, ABCs, local ABCs, and discrete ABCs). For the multidimensional
case, it is hard to ﬁnd suitable ABCs at the corners of a rectangle. In recent years,
there has been some new progress on ABC methods for nonlinear PDEs, such as the
linearized or reduced method [9, 23, 25, 2]. In the inverse scattering approach, the
exact ABCs are derived for the one-dimensional cubic nonlinear Schrödinger equation
[28] and the sine-Gordon equation [29].
Recently, Zhang, Xu, and Wu [26, 27] proposed a novel uniﬁed approach to the design of eﬃcient local ABCs for time-dependent nonlinear Schrödinger equations. The
idea underlying the uniﬁed approach is to distinguish between incoming and outgoing waves along the boundaries for the linear kinetic subproblem and to approximate
the corresponding linear operator by using a “one-way operator” (to make the wave
outgoing); then unite the approximate operator and the potential energy subproblem
to yield nonlinear BCs. The resulting ABCs are shown to be eﬃcient and stable.
The objective of this paper is to extend the spirit of this methodology to the
design of analogous local ABCs for semilinear parabolic PDEs on unbounded spatial
domains, in order to derive an eﬃcient numerical scheme for solving problems in which
the solutions blow up in ﬁnite time.
We address this problem in section 2 of our paper: there we introduce our uniﬁed approach for deriving the nonlinear absorbing BCs for one-dimensional and twodimensional (2D) spatial computational domains. The numerical scheme for approximating the solution of the resulting initial–boundary-value problem for (1.1) on the
chosen spatial domains will be presented in section 3; the adaptive time-stepping
scheme is an extension of an approach by Bandle and Brunner [4]. In section 4 we
describe some geometrical aspects of the numerical (time-stepping) scheme, and then
we use section 5 to illustrate various aspects: eﬃciency of the constructed ABCs;
sensitivity of the numerical blow-up time with respect to the size of the computational domain; dependence of numerical blow-up time on the spatial mesh and the
chosen (collocation-based) time-stepping method; and single-point versus multiplepoint blow-up of our approach. Future work and some open problems are described
in the concluding section 6.
2. Nonlinear absorbing BCs. In this section, we present a novel uniﬁed approach (using ideas of [26, 27]) to derive the local absorbing BCs (LABCs) for the
nonlinear blow-up equation (1.1) on suitably chosen computational domains Ωi deﬁned below. This uniﬁed approach is based on the well-known time-splitting method
(or split-step method) of [24]. We ﬁrst approximate the Laplace operator by a onedirectional operator and then combine the approximation operator with the reaction
term, up , to obtain the LABCs. These appear in the form of a nonlinear expression
and are shown to absorb the heat ﬂow perfectly.
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2.1. Uniﬁed approach for the one-dimensional blow-up model. To understand the philosophy of the uniﬁed approach, let us rewrite (1.1) in the operator
form
(2.1)

ut (x, t) = [T̂ + V̂ ]u(x, t),

where T̂ represents the linear diﬀerential operator and V̂ is the nonlinear operator
that governs the eﬀects of the nonlinearity. These operators are given by
(2.2)

T̂ := ∂x2

and V̂ := up−1 .

In a small time interval from t to t + τ with τ > 0 we use, in analogy to the widely
used Strang splitting [22],
(2.3)

u(x, t + τ ) ≈ eT̂ τ /2 eV̂ τ eT̂ τ /2 u(x, t),

Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

the operator splitting
(2.4)

u(x, t + τ ) ≈ e[T̂ +V̂ ]τ u(x, t),

which, by the Baker–Campbell–Hausdorﬀ formula, is closely related (but not identical,
owing to the noncommutativity of the operators T̂ and V̂ [13]) to the splitting
(2.5)

u(x, t + τ ) ≈ eT̂ τ eV̂ τ u(x, t),

with ﬁrst-order error O(τ ). These splittings mean that during a small time step τ the
approximation carries out the diﬀusion step and nonlinearity step separately, reﬂecting
the basic idea of the well-known time-splitting method which is often very eﬀective
in the numerical solution of semilinear PDEs. Thus, the key idea underlying this
uniﬁed approach is to approximate the linear operator directly and then to combine
the results with the nonlinear operator.
We now focus on the derivation of the approximation of the operator T̂ . We
ﬁrst consider the heat problem on the exterior domain Ωe := (−∞, xl ] ∪ [xr , +∞)
(or, equivalently, Ωe := Rd \ Ωi , where Ωi denotes the suitably chosen computational
domain). Here, the solution u(x, t) satisﬁes
⎧
x ∈ Ωe ,
⎪
⎪ut − uxx = 0,
⎪
⎪
x ∈ Ωe ,
⎨u(x, 0) = 0,
u|x=xr = u(xr , t),
(2.6)
⎪
⎪
u|
⎪
x=xl = u(xl , t),
⎪
⎩
u→0
as |x| → ∞.
If we apply the Laplace transformation with respect to t to problem (2.6), we arrive
at
(2.7)

sũ − ũxx = 0,

where the Laplace transformation is given by
 ∞
e−st u(x, t)dt.
(2.8)
ũ = u
(x, s) :=
0

The equation √(2.7) is homogeneous
√ and has two linearly independent eigensolutions,
(2) (x) = ex s . One can see that BCs in (2.6) are satisﬁed if and
u
(1) (x) = e−x s and u
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only if the eigensolutions u
(1) (x) do not contribute to the solution u
(x) of problem
(2.7) in the semi-inﬁnite interval (−∞, xl ]), and u
(2) (x) does not contribute in the
interval [xr , +∞).
We now obtain the following relations on the artiﬁcial boundaries:
√
 ± sũ = 0.
(2.9)
∂x u
The plus sign in “±” corresponds
to the right BC, and the minus sign corresponds to
√
the left one. By using s = √ss and the deﬁnition of the inverse Laplace transformation,

1
1
= √ e−αt ,
(2.10)
L−1 √
s+α
πt
formula (2.9) yields the exact ABCs at the artiﬁcial boundaries, as follows:
∂x u ±

Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

(2.11)

1
π


0

t

∂τ u
√
dτ = 0.
t−τ

The equation (2.11) is global and is not coupled with the nonlinear term in (2.4).
Motivated by the known advantages of LABCs, our aim is now to construct the
LABCs for
√ our problem. In formula (2.9), we set z = s and expand the irrational
function z by using the Padé approximation (with respect to a given point z0 )
(2.12)


z
N
√  bk 1 − z0
√
√
z

 = gN (z), |z −z0 | < |z0 |,
≈ z0 − z0
g(z) = z0 1 − 1 −
z
z0
k=1 1 − ak 1 − z0
where
ak = cos2

kπ
2N + 1

,

bk =

2
sin2
2N + 1

kπ
2N + 1

, k = 1, 2, . . . , N.

In general, the larger N, the closer is the approximate curve to the exact one. More
precisely, the important approximation property (cf. [3] and its references) is
(2.13)

||g − gN ||L∞ ([0,2z0 ]) =

1
.
N

We substitute the approximation (2.12) in (2.9) to obtain

 ⎞
⎛
N
bk 1 − zz0

√ ⎝

 ⎠ ũ = 0.
(2.14)
∂x u
 ± z0 1 −
z
k=1 1 − ak 1 − z0
As a simple case, we choose N = 1 and substitute z = s and z0 = s0 to obtain
√
√
(2.15)
(1 − a1 )s0 ∂x u
 + a1 s∂x u
 ± (1 − a1 − b1 )s0 s0 u
 ± (a1 + b1 ) s0 s
u = 0.
The parameter s0 is chosen according to the underlying physical meaning, representing
the wave number of the wave imposed on the artiﬁcial boundary in the wave equations.
Applying the inverse Laplace transformation, we ﬁnd the third-order ABCs as follows:
√
√
(2.16)
3s0 ∂x u + ∂x ∂t u ± s0 s0 u ± 3 s0 ∂t u = 0.
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From formulae (2.16), the linear operator T̂ can be approximated by one-way operators
(2.17)

√
√ −1
T̂ ≈ T̂ (3) = − (∂x ± 3 s0 ) (3s0 ∂x ± s0 s0 ) ,

which correspond to third-order local BCs in (2.16). The basic idea underlying this
uniﬁed approach is to substitute T̂ (3) for T̂ in (2.4), in order to obtain, for small
τ > 0, the approximating operators to the solution operator
e[T̂ +V̂ ]τ ≈ e[T̂

(2.18)

(3)

+V̂ ]τ

.
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This implies the one-directional equations,


(2.19)
∂t u(x, t) = T (3) + V̂ u(x, t).
They represent approximations to (2.1) at the artiﬁcial boundaries and are the required absorbing BCs. Concretely, the nonlinear absorbing BCs have the form
 √

√
√
±3 s0 ut + 3s0 ux + uxt ± s0 s0 u − ±3 s0 up + pup−1 ux = 0.
(2.20)
It is convenient to express the BCs (2.20) in operator forms:
(3)

(2.21)

B− (u, ut , ux , uxt ) = 0,

(2.22)

B+ (u, ut , ux , uxt ) = 0,

(3)

where B− and B+ , respectively, represent the left and right BCs; that is, the minus
sign in “±” is taken for B− and the plus sign for B+ . The initial-value problem in the
open domain of (1.1) restricted to the truncated interval [xl , xr ] is then approximated
by an initial–boundary-value problem with LABCs:
(2.23)

ut = uxx + up for x ∈ [xl , xr ],

(2.24)

u(x, 0) = u0 (x) for x ∈ [xl , xr ],

(2.25)

B− (u, ut , ux , uxt ) = 0,

(2.26)

B+ (u, ut , ux , uxt ) = 0.

(3)
(3)

2.2. Uniﬁed approach for the 2D blow-up equation. We now consider the
design of the LABCs for the 2D blow-up problem on a rectangle. In analogy to (2.1)
the solution u(x, y, t) satisﬁes
(2.27)

ut = T̂ u + V̂ u

with T̂ u := ∂x2 u + ∂y2 u and V̂ u := up−1 . Using an argument similar to the one for
the one-dimensional blow-up problem, we reduce (2.27) to an approximate problem
in a bounded domain. The key step is to obtain the suitable approximations of the
Laplace operator T̂ . Then we consider the 2D heat problem on the exterior domain
Ωe :
(2.28)

ut = T̂ u,

x ∈ Ωe .
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Applying the Fourier transform with respect to x and y and the Laplace transform
with respect to t, the resulting dispersion relation becomes
s + ξ 2 + η 2 = 0,

(2.29)
where the Fourier transform is

u
(ξ, η, t) =

+∞

−∞



+∞

u(x, y, t)e−iξx−iηy dxdy,

−∞

Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

while the Laplace transform is the same as in (2.8). Solving (2.29), adopting the same
strategy as in the one-dimensional case, and allowing only outgoing waves, we have
the following dispersion relations on the east and west artiﬁcial boundaries:

(2.30)
−iξ ± s + η 2 = 0.
Here, the plus sign in “±” stands for the positive direction
and the minus sign for the
√
negative direction. Setting z = η 2 + s, expanding z by using formula (2.12) with
N = 1, substituting the approximation in (2.30), and solving the resulting algebraic
equation, we obtain
√
√
−iξη 2 ± 3 ξ0 η 2 − 3iξ0 ξ − ξ0 ξ0
√
(2.31)
s=−
.
−iξ ± 3 ξ0
By the same argument, we can derive the analogous dispersion relation at the northern
and southern boundaries; they are
√
√
−iξ 2 η ± 3 η0 ξ 2 − 3iη0 η − η0 η0
(2.32)
s=−
.
√
−iη ± 3 η0
In fact, the algebraic equation (2.32) can be derived by exchanging ξ and η.
For the corners, we use the (1,1)-Padé approximation to expand ξ 2 and η 2 at the
expansion point (ξ0 , η0 ). At the northeast and the southwest corners, we have the
algebraic identity
√
√
−3iη ± η0
−3iξ ± ξ0
√ − η0
s = −ξ0
(2.33)
√ .
−iη ± 3 η0
−iξ ± 3 ξ0
At northwest and southeast corners, the approximations are given, respectively, by
√
√
−3iη + η0
−3iξ − ξ0
√ − η0
s = −ξ0
(2.34)
√ ,
−iη + 3 η0
−iξ − 3 ξ0
√
√
−3iη − η0
−3iξ + ξ0
√ − η0
(2.35)
s = −ξ0
√ .
−iη − 3 η0
−iξ + 3 ξ0
By utilizing the duality of s ↔ ∂t , −iξ ↔ ∂x , and −iη ↔ ∂y , the corresponding
LABCs can then be obtained for the heat equation on the artiﬁcial boundaries.
The equations (2.31)–(2.35) are the approximation of the Laplace operator in
Fourier space. By using the duality relation, the approximation of the Laplace operator T̂ (3) can be obtained in physical space, resulting in the third-order local BCs.
According to the uniﬁed approach method and in analogy to (2.18), the solution operator T̂ is replaced by T̂ (3) . This leads to the 2D version of (2.19), namely, to the
one-directional equation
(2.36)

ut = T̂ (3) u + V̂ u,

x ∈ Ωe .
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By a simple calculation and using the duality relation, we have the eastern and western
LABCs, namely,



(2.37)
3ξ0 − pup−1 ux − uxyy + uxt ± ξ0 (ξ0 u − 3up + 3ut − 3uyy ) = 0,
as well as the northern and southern LABCs


√
√
(2.38)
3η0 − pup−1 uy − uxxy + uyt ± η0 (η0 u − 3up + 3ut − 3 η0 uxx ) = 0.
The LABCs at the northeast and southwest corners are given by
(2.39)




√
√ 
uxyt + 3ξ0 + 3η0 − up−1 uxy ± 3 ξ0 uyt ± 3 η0 uxt ± η0 9ξ0 + η0 − 3up−1 ux

 




+ 9 ξ0 η0 ut ± ξ0 9η0 + ξ0 − 3up−1 uy + 3 ξ0 η0 ξ0 + η0 − 3up−1 u = 0,
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while the LABCs at the northwest and southeast corners are
(2.40)

 




uxyt + 3ξ0 + 3η0 − up−1 uxy ± 3 ξ0 uxt ± ξ0 9η0 + ξ0 − up−1 ux − 9 ξ0 η0 ut




√
√ 
− 3 ξ0 η0 ξ0 + η0 − 3up−1 u = ±3 η0 uyt ± η0 9ξ0 + η0 − up−1 uy .
Note that we linearized the nonlinear term for LABCs at corners to avoid the appearance of up−2 . Thus, in the 2D case the initial value problem (1.1) is reduced to
an approximating initial–boundary-value problem on a rectangle. The absorbing BCs
are given by (2.37)–(2.40) on the corresponding artiﬁcial boundaries.
We conclude this section with a brief remark regarding the stability of the reduced
initial–boundary-value problem with the obtained LABCs on the bounded computational domains. The procedure for designing the nonlinear absorbing BCs reveals that
the BCs annihilate only the energy arising in the truncated computational domain; it
will not propagate energy into the interior domain to disrupt the true solution. Thus,
the perturbation appearing in the artiﬁcial boundaries will have no eﬀect on the interior solution, and hence the obtained LABCs are eﬃcient and stable. In section 5,
numerical tests are given to illustrate the eﬃciency and stability of these BCs.
3. Setting of the approximating problems. We cover the truncated computational domain by a rectangular grid with mesh diameter h > 0, parallel to the axes
of the Cartesian coordinate system, and denote by δk the unit vector in the direction
of the xk axis. Let {Pi } be the set of grid points and assume that P1 , . . . , Pr denote
the grid points contained in the domain Ωi . At such a grid point Pi we will replace
the derivative uxk xk by
Dk2 u := h−2 · (u(Pi + hδk , t) − 2u(Pi , t) + u(Pi − hδk , t)).
The spatially discretized version of (1.1) is then given by
(3.1)

U̇ (Pi , t) =

d


Dk2 U (Pi , t) + f (U (Pi , t)) =: G(U (Pi , t)),

k=1

with f (u) = up . In the following, let U (t) denote the vector whose components are
U (Pi , t)(i = 1, . . . , r). It is approximated by (continuous) piecewise linear functions
V (t) in C 0 (0, T ). Consider a (generally nonuniform, adaptively chosen) temporal grid
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τm := tm+1 − tm for [0, T ] : 0 = t0 < t1 < · · · < tM = T , and let c ∈ [0, 1] be a given
collocation parameter. Assume that the approximating piecewise linear polynomial
V(t) := (V (P1 , t), . . . , V (Pr , t))T has its knots at t1 , . . . , tM−1 , and on [tm , tm+1 ] has
the local representation
(3.2)

V (Pi , t) = V (Pi , tm ) +

t − tm
(V (Pi , tm+1 ) − V (Pi , tm )).
τm

It is determined by collocation with respect to the collocation points t = tm + cτm .
Hence, the collocation equation reads
(3.3)

d


V̇ (Pi , tm + cτm ) =

Dk2 V (Pi , tm + cτm ) + f (V (Pi , tm + cτm ))

k=1

Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

(m = 0, . . . , M − 1). For Pi ∈ Ωi , the collocation equation (3.3), together with (3.2),
leads to the system of algebraic equations:
V (Pi , tm+1 ) = V (Pi , tm )
(3.4)

+ τm ·

d


Dk2 (V (Pi , tm ) + c(V (Pi , tm+1 ) − V (Pi , tm )))

k=1

+ τm · f (V (Pi , tm ) + c(V (Pi , tm+1 ) − V (Pi , tm ))).
The collocation parameters c ∈ {0, 1/2, 1} lead to three speciﬁc time-stepping methods known in the literature, namely the continuous forward Euler method, the continuous implicit Crank–Nicolson method, and the continuous backward Euler method,
respectively. It is obvious that the above systems of algebraic equations cannot be
solved uniquely, since the number of equations is smaller than the number of unknowns. Thus, we focus on the discretization of the absorbing BCs (2.20) and (2.37)–
(2.40). Denote by the operators D+ , D− , and D0 the forward, backward, and centered
diﬀerences, respectively, and by S+ , S− , and S0 the forward, backward, and centered
sums, respectively; for example,
m+1
x m
m
t m
ui,j = (um
+ um
D+
i+1,j − ui,j )/h, S+ ui,j = (ui,j
i,j )/2.
m
Here, um
i,j represents the approximation of the function u at the grid point (xi , yj , t ),
with i = 0, 1, . . . , I and j = 0, 1, . . . , J. Take the east BC in (2.37) and the northeast
corner in (2.40) as examples. Without loss of generality, the discretized forms with
c = 1/2 (implicit Crank–Nicolson) are
y t m
x y
uyy = S−
D− D+
S+ uI,j ,

x t n
S+ uI,j ,
u x = D−

x t m
u = S−
S+ uI,j ,

x t m
D+ uI,j ,
u t = S−

y
y t m
x
uxyy = D−
D+
D−
S+ uI,j ,

x
t m
uxt = D−
D+
uI,j ,

and the discretized forms in the corner BC (2.40) are given by
x y t m
S− S+ uI,J ,
u x = D−

x y t m
u = S−
S− S+ uI,J ,

x y
t m
S− D +
uI,J ,
u t = S−

y t m
x
uxy = D−
D−
S+ uI,J ,

y
x
t m
D−
D+
uI,J ,
uxyt = D−

x y t m
u y = S−
D+ S+ uI,j ,
x y
t m
uxt = D−
S− D +
uI,J ,

y x t m
uyt = D−
S− D+ uI,J .

Hence, the discretizations of the other boundary and corner conditions can be obtained
in an analogous way. The above system of nonlinear equations with c > 0 is implicit,
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and one needs an iterative strategy (modiﬁed Newton iteration or direct ﬁxed-point
iteration) to solve (3.4). For this purpose the time step τm = tm+1 −tm must be chosen
such that the mapping from Rr to Rr that deﬁnes the solution V m+1 is contractive.
Following [4], let ρ := max0<i<r |V (Pi , tm )|, deﬁne L = L(M ) to be the Lipschitz
constant of up in [0, M ], and denote by the ball B(αρ) := {v ∈ Rr : |v| < αρ} for
given α > 1. In [4, 5] the time-step criterion is given by

(3.5)

τm < min

(α − 1)ρ
1
,
c(4dαρ/h2 + f (αρ)) c(4d/h2 + L(αρ))

,
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which makes the above mapping from B(αρ) to B(αρ) contractive (at the time level
t = tm ).
4. Geometry of the time-discretization. In this section we consider the geometry of the forward (c = 0) and backward (c = 1) Euler schemes. This will allow
us to obtain lower and upper bounds for the blow-up time corresponding to a given
“blow-up thresholds” Mi .
Let e(t) := U (t) − V (t), where U (t) and V (t) are, respectively, the solutions of
(3.1) and (3.4) (that is, e(t) is the collocation error corresponding to the collocation
solution V (t) to (3.1)).
Integrating (3.1) from tm to tm+1 , we obtain
U (Pi , tm+1 ) = U (Pi , tm ) +

d 


tm+1

k=1 tm
 tm+1

(4.1)

= U (Pi , tm ) +

Dk2 U (Pi , τ )dτ



tm+1

+

f (U (Pi , τ ))dτ
tm

G(U (Pi , τ ))dτ.
tm

Combining (3.4) and (4.1) leads to


tm+1

e(Pi , tm+1 ) = e(Pi , tm ) +

(G(U (Pi , τ )) − G(V (Pi , tm )

tm


= e(Pi , tm ) + τm

+ c(V (Pi , tm+1 ) − V (Pi , tm ))))dτ


d


Dk2 + L(ρ(Pi , ς))

k=1

(4.2)

(e(Pi , tm ) + c(e(Pi , tm+1 ) − e(Pi , tm )))
 tm+1
(G(U (Pi , τ )) − G(U (Pi , tm ) + c(U (Pi , tm+1 ) − U (Pi , tm ))))dτ.
+
tm

Here, L(ρ(Pi , ς)) (tm < ς < tm+1 ) is the function at the point Pi such that f (a) −
f (b) = L(ρ)(a − b).
Now we discuss the two speciﬁc time-stepping schemes employing c = 0, c = 1.
From (4.2), we obtain
1. c = 0:
(4.3)

 d

τ2
2
Dk + L(ρ) e(Pi , tm ) + m Ġ(U (Pi , ξ)).
e(Pi , tm+1 ) = e(Pi , tm ) + τm
2
k=1
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2. c = 1:
(4.4)



e(Pi , tm+1 ) = e(Pi , tm ) + τm

d



Dk2

+ L(ρ) e(Pi , tm+1 ) −

k=1

2
τm
Ġ(U (Pi , ξ)).
2

Observe that Ġ(Pi , ξ)) = Ü (Pi , ξ) in the above expressions. Hence, upon setting
Ü (Pi , ξ) ≥ 0, we ﬁnd what follows:
Lemma 4.1.
1. For c = 0:
(4.5)

2N
+ L(ρ)
h2

e(Pi , t1 ) = 0, e(Pi , tm+1 ) ≥ 0

if τm −

e(Pi , t1 ) = 0, e(Pi , tm+1 ) ≤ 0

if τm L(ρ) < 1.

> −1.

2. For c = 1:
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(4.6)

Proof. For the case c = 0, the conclusion (4.5) is simple. Now we focus on the
case c = 1. We ﬁrst consider the time t2 . From (4.4), setting Ü (Pi , ξ) ≥ 0 and
e(Pi , t1 ) = 0, if τm L(ρ) < 1, one obtains a strictly diagonally dominant matrix A and
a vector b < 0 such that
(4.7)

Ae = b.

By using Gauss–Seidel iteration to solve (4.7) with initial approximation e0 = 0, we
obtain e(Pi , t2 ) < 0. Repeating the above process, we arrive at the conclusion (4.6).
The proof is completed.
Remark. If we consider c = 1/2, then the collocation method corresponds to the
(continuous) implicit Crank–Nicolson scheme. In this case we have
 d

τm  2
e(Pi , tm+1 ) = e(Pi , tm ) +
Dk + L(ρ) (e(Pi , tm ) + e(Pi , tm+1 )) + Rt
2
k=1

and
Rt = τm f

U

Pi ,

tm + tm+1
2

−

f (U (Pi , tm )) + f (U (Pi , tm+1 ))
2

−

3
τm
G̈(Pi , ξ).
12

3
). However, it is not possible to
By using Taylor’s expansion, we see that Rt = O(τm
deduce whether the value Rt is positive or not.
The following lemma can be found in Bandle and Brunner [4].
Lemma 4.2. Suppose that

|U (·, t)|∞ , |V (·, t)|∞ ≤ M

for

t ∈ (0, t (M )].

Then
|e(t)| ≤ B(M, t )τ,
where τ := max(m) τm for some finite constant B(M, t ).
Assume that T̃b < ∞ is the blow-up time for problem (3.1), and T̃bF E and T̃bBE
denote, respectively, the blow-up times for the discretized problem (3.4) corresponding
to the forward Euler method (c = 0) and the backward Euler method (c = 1).
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Combining the results of Lemmas 4.1 and 4.2, we obtain the following comparison
results.
Theorem 4.3. Assume that, for fixed threshold M
1, the solution U (t) is a
monotonically increasing and concave function. Then
(4.8)

(a)

T̃bBE (M ) < T̃b (M ) < T̃bF E (M ),

(4.9)

(b)

T̃bBE (τ, M ) < T̃bBE (τ /2, M ) < T̃bF E (τ /2, M ) < T̃bF E (τ, M ).

Proof. In fact, from Lemma 4.1, one can obtain the lower and upper bounds for
the blow-up time under a given “blow-up threshold” M , which leads to the result (a).
Lemma 4.2 shows that
lim T̃bBE (τ, M ) = lim T̃bF E (τ, M ) = T̃b (M ).

τ →0

τ →0
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This implies the conclusion (b), and the proof is completed.
5. Numerical examples. In this section we illustrate various aspects of the
performance of our numerical schemes. Subsection 5.1 is devoted to discussing the
eﬃciency of the constrained absorbing BCs. In subsection 5.2 we show the dependence
of the blow-up time on the length of the computational interval when using the Crank–
Nicolson scheme. Subsection 5.3 contains a detailed comparison of the numerical
blow-up times corresponding to the implicit Euler scheme, the explicit Euler scheme,
and the Crank–Nicolson scheme. We also list the dependence of the approximate
blow-up time on the reﬁnement of the spatial mesh. In subsection 5.4, we discuss the
dynamics of the numerical blow-up point(s) for the cases of single-point and two-point
blow-up. In subsection 5.5, we look at the dependence of the numerical blow-up time
on the chosen blow-up threshold M . Finally, we give an example corresponding to an
initial function u0 that changes sign on its domain.
In our examples we used the following initial functions u0 :
1. Single Gaussian function:


(5.1)
u0 (x) = g(x) exp −x2 .
2. Double Gaussian function:
(5.2)





u0 (x) = g1 (x) exp −(x − c1 )2 + g2 (x) exp −(x + c2 )2 .

3. Nonsymmetric u0 :
⎧
0,
⎪
⎪
⎨
A sin(πx/(2xa )),
(5.3)
u0 (x) =
A
cos(π(x − xa )/(2(1 − xa ))),
⎪
⎪
⎩
0,

−xl ≤ x < 0,
0 ≤ x < xa ,
xa ≤ x < 1,
1 ≤ x ≤ xr ,

where ci , A, and xa are positive constants and g, gi (i = 1, 2) are given functions. In
the computations for the ﬁrst two initial functions we set u0 (x) = 0 when x ∈ Ωi .
For prescribed blow-up thresholds Mi , let T̃bCN (Mi ) denote the blow-up time for
the Crank–Nicolson scheme (c = 1/2) with respect to the thresholds Mi , and assume
that μ(Mi ) is the number of time steps needed to reach the blow-up threshold Mi
(which we choose to be M1 = 105 and M2 = 106 ). Moreover, the numerical blow-up
times T̃bF E (Mi ) and T̃bBE (Mi ) correspond to the forward Euler scheme (c = 0) and
the backward Euler scheme (c = 1), respectively.
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Table 1
Comparison of “exact solution” with numerical solution at xl = −2.

s0
s0
s0
s0
s0
s0
s0

= 0.5
= 1.0
= 2.0
= 2.5
= 3.0
= 3.5
= 4.0

h = 0.01
2.20357
2.17902
2.15975
2.15740
2.15765
2.15917
2.16099

Exact value
2.15331
2.15331
2.15331
2.15331
2.15331
2.15331
2.15331

h = 0.005
2.19965
2.17749
2.15907
2.15687
2.15709
2.15850
2.16020

h = 0.0025
2.19779
2.17669
2.15876
2.15664
2.15684
2.15820
2.15984

Table 2
Comparison of “exact solution” with numerical solution at xl = −1.5.
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s0 = 1.0
s0 = 2.5

h = 0.01
13.2508
13.1567

Exact value
12.9083
12.9083

h = 0.005
13.2198
13.1342

h = 0.0025
13.2053
13.1237

Table 3
The errors and convergence rates for s0 = 2.5.

xl = −2.0
xl = −1.5

Δx = 0.02
1.083e−2
1.084e−2

Order
–
–

Δx = 0.01
2.653e−3
2.658e−3

Order
2.029
2.028

Δx = 0.05
6.411e−4
6.445e−4

Order
2.049
2.044

To adaptively choose the time steps τm (following 3.5), we set the corresponding
parameters α = 2, d = 1, s0 = 1, p = 2, and h = (xr − xl )/r. For the (explicit)
forward Euler method (c = 0), it is readily seen that the adaptive time-step selection
cannot work.
5.1. Eﬃciency of the constructed ABCs. We ﬁrst consider the choice of the
parameter s0 arising in the ABCs (2.20). To see the inﬂuence of s0 on the ABCs, the
initial function is the single Gaussian function (5.1). In the calculation, we use the
Crank–Nicolson scheme (c = 1/2) and choose g(x) = 100, Δt = 10−6 , T̃bCN (105 ) =
0.010184, and xl = −xr . The Crank–Nicolson method is unconditionally stable and
of second-order accuracy in both space and time. We compare the numerical values
at the artiﬁcial boundaries xl with the corresponding “exact” (reference) solution
obtained by computing the numerical solution in the larger interval [−10, 10] with
smaller mesh size h = 0.0005.
In Tables 1 and 2, we list the “exact value” and the numerical values at the
artiﬁcial boundaries xl with diﬀerent parameters s0 in the time point T̃bCN (M1 ) =
0.010184, where the computational interval is [xl , xr ] = [−2, 2] and [−1.5, 1.5], with
spatial mesh sizes h = 0.01, 0.005, 0.0025. It is readily seen that the larger the
computational domain, the closer the numerical solutions tend to the “exact” solution,
and the numerical solutions approximate the “exact” solution well even in a smaller
domain. Another important way to measure the performance of s0 is to see the
convergence rate with respect to the L1 -norm,
L1 (t) =

||u(·, t) − uh (·, t)||1
.
||u(·, t)||1

Table 3 shows the L1 -errors and the second-order convergence rate, for s0 = 2.5, in
the computational domains [−1.5, 1.5] and [−2, 2]. Figure 1 plots the change of the
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100
0
h = 0.01
h=0.005
h=0.0025

−100
−200
−300
−400
−500
−600

−1.5

−1

−0.5

0

0.5

1

1.5

2

Fig. 1. Error with s0 = 1.0 on the interval [−2, 2].
−3

2

x 10

0
s0 = 1.0

−2

s0 = 2.5
−4

s0 = 4.0

h

(uex − u )/uex
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−700
−2

−6
−8
−10
−12
−14
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

x
Fig. 2. Relative error for diﬀerent s0 on the interval [−2, 2].

error uex(x) − u(x) for diﬀerent spatial mesh sizes for the ﬁxed parameter s0 = 1.0.
Figure 2 shows the relative error (uex(x)−u(x))/uex(x) for diﬀerent parameter values
s0 for ﬁxed h = 0.05.
From Tables 1–3 and Figures 1–2, we observe that the choice of parameter s0
plays an important role in the performance of the ABC. The parameter s0 can be
chosen in a larger interval such that the BCs work well even when the computational
domain is smaller. That is to say, the relative error is less than 1% for the choice of
the parameters s0 in a larger interval.
5.2. Dependence of the blow-up time on the length of the computational domain. We now discuss the inﬂuence of the length of the computational
interval on the blow-up time T̃bCN (Mi ). In the calculations, we use the ﬁxed spatial
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Table 4
Single Gaussian function: g(x) = 100 and s0 = 2.0.
[xl , xr ]

[−2, 2]

[−3, 3]

[−4, 4]

[−5, 5]

T̃bCN (M1 )

0.0101840

0.0101840

0.0101840

0.0101840

T̃bCN (M2 )

0.01019229

0.01019229

0.01019229

0.01019229

Table 5
Double Gaussian function: g1 (x) = g2 (x) = 50, c1 = −c2 = 2, s0 = 3.
[xl , xr ]

[−4, 4]

[−4.5, 4.5]

[−5, 5]

[−5.5, 5.5]

T̃bCN (M1 )

0.02075139

0.02075139

0.02075139

0.02075139

T̃bCN (M2 )

0.02076241

0.02076241

0.02076241

0.02076241

Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

Table 6
Nonsymmetric initial function: xa = 0.2, A = 14.
[xl , xr ]

[−0.5, 1.5]

[−1, 2]

[−1.5, 2.5]

[−2, 3]

T̃bCN (M1 )

0.129240478

0.129247219

0.129247220

0.129247220

0.12925010

0.129257226

0.129257227

0.129257227

T̃bCN (M2 )

mesh size h = 0.005, while the adaptive time steps τm are as in (3.5). (The same
temporal step size strategy will be used in the following subsections.) For the diﬀerent
lengths of the computational domains we list, in Table 4, a sample of computed blowup times TbCN (M1 ) for the single Gaussian initial function corresponding to the values
g(x) = 100 and s0 = 2.0. In Table 5 we show the blow-up times for the double Gaussian initial function corresponding to the values g1 (x) = g2 (x) = 50, c1 = c2 = 2,
and s0 = 3. In Table 6, we give the blow-up times for the nonsymmetric initial
function corresponding to the values xa = 0.2, A = 14. Tables 4–6 reveal that the
blow-up times are insensitive to the choice of the computational intervals with the
ABCs. They also illustrate the eﬃciency of the constructed ABCs. Thus, in practical
computations we may generate the numerical blow-up times by diﬀerent schemes in
the smaller spatial domain.
5.3. Approximation of the exact blow-up time by using the Crank–
Nicholson, backward Euler and forward Euler schemes, and the dependence of the numerical blow-up time on spatial mesh reﬁnement. Using the
diﬀerent values c = 1, 1/2, 0 of the collocation parameter, we obtain the computed
blow-up times with respect to the blow-up threshold M1 for the one-dimensional
model. A selection of numerical blow-up times for diﬀerent initial functions is presented below.
1. Single Gaussian function:
Table 7 shows the computed blow-up times T̃b (M1 ) and the number of time
steps μ(M1 ) corresponding to the values g(x) = 100 in the computational
domain [−3, 3]. Table 8 shows the computed blow-up times and the number
of time steps corresponding to the values g(x) = 100x2 in the computational
domain [−4.5, 4.5].
2. Double Gaussian function:
Table 9 shows the computed blow-up times and the number of time steps
corresponding to the values g1 (x) = g2 (x) = 50, c1 = c2 = 2 in the computational domain [−5.5, 5.5].
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Table 7
Blow-up times and number of time steps with g(x) = 100.
r
200
400
800

T̃bBE (M1 )
0.009804
0.010055
0.010143

µBE
b (M1 )
107
381
1468

T̃bCN (M1 )
0.010147
0.010174
0.010181

µCN
(M1 )
b
56
193
737

T̃bF E (M1 )
0.010525
0.010304
0.010222

E
µF
b (M1 )
124
396
1483

Table 8
Blow-up times and number of time steps with g(x) = 100x2 .
r
200
400
800

T̃bBE (M1 )
0.029031
0.029619
0.029829

µBE
b (M1 )
139
495
1915

T̃bCN (M1 )
0.029840
0.029898
0.029920

µCN
(M1 )
b
72
250
961

T̃bF E (M1 )
0.030722
0.030207
0.030014

E
µF
b (M1 )
157
513
1932

Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

Table 9
Blow-up times and number of time steps.
r
200
400
800

T̃bBE (M1 )
0.019674
0.020363
0.020626

µBE
b (M1 )
73
240
900

T̃bCN (M1 )
0.020642
0.020719
0.020748

µCN
(M1 )
b
39
122
453

T̃bF E (M1 )
0.021719
0.021116
0.020874

E
µF
b (M1 )
91
257
916

We observe from Tables 7–9 that, for the given spatial mesh size h, relationship
between the blow-up times computed by the three schemes is given by
T̃bBE (M1 ) < T̃bCN (M1 ) < T̃bF E (M1 ).
One also sees that the number of time steps μ(Mi ) and the blow-up times (Crank–
Nicolson and backward Euler schemes) increase when the mesh is reﬁned. The blow-up
times for the forward Euler scheme decrease when the spatial mesh is reﬁned.
5.4. Single-point blow-up versus two-point blow-up. In this subsection
we consider the dynamics of (numerical) single blow-up points for diﬀerent types of
initial functions.
1. Single-point blow-up:
If we use the single Gaussian function as the initial data corresponding to
the value g(x) = 100, we observe that the location of the single blow-up
point does not change. If we use the nonsymmetric function with the values
A = 14, xa = 0.2 in [xl , xr ] = [−2, 3], the movement of the single blow-up
point is shown in Figure 3.
2. Two-point blow-up:
For the single Gaussian initial function, we choose g(x) = 100x2 . There exist
two isolated blow-up points (see Figures 4 and 5). These two points retain
their location (as t increases): they are moving parallel to each other. The
same is true for a symmetric double Gaussian initial function.
5.5. Dependence of the numerical blow-up time on the blow-up threshold. We now consider the dependence of the numerical blow-up time on the blow-up
threshold. In Table 10 we list a sample of computed blow-up times for diﬀerent initial
functions and blow-up thresholds. For the single Gaussian function, the shown values
correspond to g(x) = 100, [xl , xr ] = [−4, 4]. For the double Gaussian function, the val-
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Location of single point

0.45
0.4
0.35
0.3
0.25
0.2
0

0.02

0.04

0.08

0.06

0.1

0.12

0.14
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t
Fig. 3. The movement of the single blow-up point with nonsymmetric initial function.

Fig. 4. The solution with initial function g(x) = 100x2 .

Fig. 5. The part solution with initial function g(x) = 100x2 .

ues are those for g1 (x) = g2 (x) = 50, c1 = c2 = 2, [xl , xr ] = [−5.5, 5.5]. For the nonsymmetric initial function, the values are chosen as A = 14, xa = 0.2, [xl , xr ] = [−2.3].
In the calculations, we chose the spatial mesh size h = 0.001 and the parameter
s0 = 2.5.
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Table 10
Dependence of the blow-up time on the blow-up threshold.
Initial data
T̃bCN (1010 )

Double Gaussian
0.0207649007

Nonsymmetric function
0.1292587529

0.0101949390

0.0207649008

0.1292587530

Fig. 6. The partial evolution of the solution.
9

4

x 10

3.5
3
2.5
2

u
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T̃bCN (1015 )

Single Gaussian
0.0101949388

1.5
1
0.5
0
−0.5
−4

−3

−2

−1

0

1

2

3

4

x

Fig. 7. The solution with threshold M = 1010 .

5.6. Dependence of the blow-up on the initial data u0 (x). The above
numerical tests show the ﬁnite-time blow-up of the numerical solution when the initial
data u0 (x) are positive. It is also interesting to see what happens if the initial function
changes its sign; for example, if it is given by


u0 (x) = a sin(x) exp −x2 .
In the calculation, let h = 0.002, s0 = 2.5, and [xl , xr ] = [−4, 4]. We observe the
following behavior:
I. Blow-up: (a = 5).
The solution will blow up. Figure 6 shows the evolution of the solutions in
a short time interval. In Figure 7 we plot the solution at blow-up time with
the blow-up threshold M = 1010 .
II. Blow-up: (a = 1).
Figure 8 presents the evolution of solution over a long time. We see that here
the solution exists globally and will tend to zero.
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Fig. 8. The partial evolution of the solution.

6. Concluding remarks. The numerical treatment of initial-value problems for
semilinear parabolic PDEs on unbounded spatial domains given by, e.g., Rd (d = 1, 2),
whose solutions blow up in ﬁnite time requires selecting an appropriate (bounded)
computational domain. The eﬃciency and accuracy of the corresponding numerical
scheme depend crucially on the construction of suitable LABCs. This paper presents
a uniﬁed approach to derive such LABCs for one-dimensional and 2D spatial domains.
This is combined with a simple, robust adaptive time-stepping method. The blow-up
time for the semidiscretized equation (3.1) is shown bounded below by the blow-up
time for the discretized equation (3.4) using the backward time stepping, and it is
bounded above by the blow-up time for the discretized equation (3.4) using the forward
time stepping. A broad range of numerical examples illustrates various aspects of our
numerical approach for the one-dimensional problem. The blow-up situation for 2D
problems is much more complicated, which will be considered in our future work.
Acknowledgments. The authors gratefully acknowledge the valuable comments
by the two referees; they led to a considerably improved version of our paper.
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