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ABSTRACT
This thesis investigates the treatment quality of medical services in the
hospital sector from different angles: theory, measures and application in China.
This thesis includes three essays. The first essay (Chapter 2) is a critical review
about the quality assessment. It shows that the environmental performance index
is suitable for measuring treatment quality. The second essay (Chapter 3)
introduces alternative approaches to environmental performance indices to solve
the infeasibility problem of current measures. Environmental performance indices
are measures to evaluate the production of undesirable outputs relative to
desirable outputs. My new measures are more accurate using the sequential
frontier and various reference vectors. The last essay (Chapter 4) is an empirical
case study in the Chinese hospital sector that examines how the degree of
government involvement and the degree of market competition affect the
performance of treatment quality. Using the environmental performance indices of
Essay 2 to evaluate treatment quality, I find that the performance of treatment
quality of Chinese hospitals improved during the 2009-2014 period. Therefore,
the marketisation of hospitals and government subsidies contribute to this
sustained improvement.
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Chapter 1
Introduction
Treatment quality is important in the hospital sector. Compared with other
sectors, the hospital sector is special. In most sectors, consumers gain utility
directly through consumption. For example, people know that they will be more
satisfied by eating delicious food, using a smartphone or travelling. However,
medical consumption is closer to human capital investment than consumption
(Grossman, 1972). Patients cannot gain utility or even suffer from the treatment
process. Patients do not enjoy the treatment process (surgery, medicine) or want
redundant medical services. Patients use medical services because they can
improve their health status. Thus, patients gain utility not directly from medical
consumption, but from the improvement of their health status. This explains why
quality in the hospital sector is more important than in other sectors.
However, the method of indicating the quality of medical services is a critical
issue in studies of the hospital sector. In this thesis, the quality of medical services
refers to “treatment quality”, which is the number of successful treatments of
patients relative to the number of deaths during treatments. The measurement of
treatment quality is studied from three different angles in this thesis: (i) a critical
1

assessment of existing methods of measuring treatment quality; (ii) proposing new
formulas to remedy the weaknesses of a widely adopted index that is suitable for
indicating treatment quality; (iii) applying the new formulas in (ii) to provide an
answer to a controversy between two strategies of the healthcare reform in China.
Chapter 2 (Essay 1) provides a critical assessment of some measurement
methods of treatment quality. From the definition of WHO1, the quality of care is
defined as “the extent to which health care services provided to individuals and
patient populations improve desired health outcomes. To achieve this, health care
must be safe, effective, timely, efficient, equitable and people-centred.” Base on
this definition, the quality of care is multidimensional. By pointing out the pros
and cons of various measurement methods in the literature of medical services
quality, this essay investigates the literature of environmental protection. It is
found that the “environmental performance index” (EPI) introduced by Färe et.al.
(2004) is both objective and able to handle different dimensions of treatment
quality simultaneously. This index is a ratio of a quantity index of economic

1

See detail definition of quality of care from WHO on
https://www.who.int/maternal_child_adolescent/topics/quality-of-care/definition/en/
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goods and a quantity index of economic bads. Replacing “goods” and “bads” by
“successful treatments” and “deaths”, the environmental performance index can
be adopted to measure treatment quality.
Chapter 3 (Essay 2) points out a significant weakness of the existing
environmental performance index: A solution to computing this index from
empirical data is not guaranteed for every observation. This index is well-defined
for all observations under very restrictive conditions. Using terms from the field
of productivity analysis, the existing formula of this index is output-oriented. This
essay explores two directions to solve this infeasibility problem. (i) Observing that
the index is a ratio between two output-oriented quantity indices and such indices
are proved to be infeasible in some cases, new input-oriented formulas are
adopted to construct quantity indices. The environmental performance index
computed from these input-oriented quantity indices is well-defined under less
restrictive conditions. (ii) Observing that the relationship between “goods” and
“bads” is analogous to the productivity between “outputs” and “inputs”, this essay
proposes to use any valid productivity index to measure environmental
performance. A modified formula of the Malmquist productivity index with
“goods” and “bads” is introduced to capture the environmental performance.
3

Chapter 4 (Essay 3) applies the new formulas in Chapter 3 to examine the
effects of government involvement and market competition on the treatment
quality of hospitals in China. The techniques of Data Envelopment Analysis
(DEA) are adopted to compute the values of these formulas. This essay discusses
the market-oriented strategy and government-oriented strategy of healthcare
reforms. In academia, there is no consensus on the effectiveness of these two
strategies to promote social welfare. The results of this essay show that these two
policies are not mutually exclusive and can be adopted simultaneously.
In summary, this thesis contributes to the literature on treatment quality in the
following aspects. Chapter 2 points out that the measurement of treatment quality
can borrow the formula of the environmental performance index from the field of
environmental protection. Chapter 3 introduces two new alternatives that improve
the environmental performance index in the current literature. Chapter 4 provides
an answer to the controversies between government involvements and market
competition. It also justifies the direction of the ongoing reforms in the Chinese
hospital sector.

4

Chapter 2
A Review of Treatment Quality Assessment
This chapter reviews the literature about treatment quality. There are three
issues of studies about treatment quality. First, what is treatment quality? People
have different views on the definition of treatment quality. Different definitions of
treatment quality go different directions of evaluation of quality. Second, how is
treatment quality evaluated? When the definition is clear, the methodology of
measuring treatment quality based on an appropriate definition is another
important issue. Last, how is treatment quality improved? This is an empirical
question which is important for policymakers. With appropriate definition and
effective measurement, identifying determinants of treatment quality can help
improving the performance of hospitals. The rest parts of this chapter are as
follows: Section 2.1 discusses the definition of treatment quality. Section 2.2
reviews the methodologies of quality assessment in both production approach and
non-production approach. Section 2.3 reviews the studies about treatment quality
evaluation in the hospital sector. Section 2.4 describes the output-oriented
environmental performance index which can be used to measure treatment

5

quality. Section 2.5 summarizes different ways of modelling the production
technology with undesirable outputs. Section 2.6 concludes.

2.1 Definition of Treatment Quality
“Quality” refers to the degree of excellence. In general, there are several
dimensions of the quality of a commodity. For example, when better materials are
used, or the speed of computation is faster in the consumption of a desktop
computer, we say that there is an improvement in quality. Materials and speed of
computation are favourable dimensions in the sense that a higher value of a
dimension increases the quality of a commodity. In some production process,
desirable and undesirable outputs are jointly produced. Quality is reflected by the
quantities of desirable outputs relative to the quantities of undesirable outputs.
Each desirable output is a favourable dimension. Each undesirable output is an
unfavourable dimension. Thus, more desirable outputs and less undesirable
outputs is an improvement in the quality of producing the desirable outputs.
Treatments of patients in hospitals are of this kind. If the treatment of patients in a
hospital can be regarded as utilizing resources to produce desirable outputs
(successful treatments) and undesirable outputs (deaths during treatments), the
6

task of assessing quality of the hospital sector is equivalent to evaluating the
favourable, and unfavourable dimensions of a production process.
Quality assessment of medical services is a critical issue of the hospital sector.
The ultimate target of medical services in the presence of a disease is to cure the
patient. Treatment is referred to as the process of curing a patient. Successful
treatment is a full recovery from a disease. The quality of healthcare in the
presence of diseases involves anything that influences successful treatments and
the utilities of patients during treatments. Hence successful treatments of patients
must be included in accessing the quality of healthcare services. When a patient is
cured, it is a desirable outcome. However, harms to patients, such as injuries and
medical errors, during each treatment may exist. When there is a harm to the
patient during a treatment, it is an undesirable outcome. Since undesirable
outcomes affect the health status of a patient adversely, they should be part of the
quality assessment of healthcare services. There are other dimensions that affect
healthcare services quality, too. The World Health Organization (WHO) gives a
board definition of quality in healthcare as“… health care services provided to
individuals and patient populations improve desired health outcomes …” which
includes six dimensions: 1). Safe: “Delivering health care that minimizes risks and
7

harm to service users, including avoiding preventable injuries and reducing
medical errors.” 2). Effective: “Providing services based on scientific knowledge
and evidence-based guidelines.” 3). Timely: “Reducing delays in providing and
receiving health care.” 4). Efficient: “Delivering health care in a manner that
maximizes resource use and avoids waste.” 5). Equitable: “Delivering health care
that does not differ in quality according to personal characteristics such as gender,
race, ethnicity, geographical location or socioeconomic status.” 6). Peoplecentred: “Providing care that takes into account the preferences and aspirations of
individual service users and the culture of their community.”
These six dimensions can be classified into three types of quality: (i) treatment
quality: The dimension “safe” in treatment is to achieve the desirable outcome and
simultaneously minimizing undesirable outcomes. A desirable outcome (i.e.,
successful treatment) requires accurate diagnosis and correct treatment methods.
Thus, the dimension “effective” is related to achieving the desirable outcome.
Similarly, injuries and disease usually become more serious when they are not
treated appropriately at the beginning stage. Hence “timely” is also crucial for
having a desirable outcome. Given a healthcare system, the dimensions “safe”,
“effective” and “timely” are related to having more desirable outcomes and less
8

undesirable outcomes during treatments. Thus, the quality related to them is called
treatment quality. (ii) productive quality: In this thesis, the treatment of patients in
a hospital is regarded as utilizing resources to produce desirable outputs and
undesirable outputs. The dimension “efficient” describes how outputs are
produced from inputs. So, it is called productive quality. (iii) service quality: In
dimensions “equity” and “people-centred”, healthcare services, hospitals and
patients are treated as products, firms, and customers. These two dimensions are
related to how services are distributed to customers by firms. So, it is called
service quality. This thesis focuses on treatment quality. The other two types of
quality will be left for future research.
There are priorities for different dimensions. The safety of healthcare is
always the most critical dimension for consideration and amenable mortality is the
most undesirable in this dimension. Compared with minimizing deaths during
treatments, other dimensions are relatively minor. It is not surprising that in some
empirical studies, only amenable deaths are considered in evaluating the quality of
medical services (Thomas and Hofer, 1999; Hu et.al., 2012; Pitches et.al., 2007).
Since the most important dimension for quality of healthcare is “Safety” and
amenable deaths are the most undesirable. Rather than dealing with the board
9

definition of quality of healthcare from WHO, this thesis focuses on a narrow
concept of treatment quality that refers to improving the favourable dimensions
(or desirable outcomes) and avoiding unfavourable dimensions (or undesirable
outcomes).

2.2 Assessing Quality with Favourable and Unfavourable Dimensions
Consider the quality of an object in concern can be reflected by some
favourable and unfavourable dimensions. There are two cases, one is the nonproduction approach, and the other one is production approach. This section
reviews the frameworks of analysis under these two cases.
2.2.1 Case 1: Non-production Quality Assessment
Suppose there are 𝐴 favourable dimensions or desirable outcomes related to
the quality of an object. Each dimension or outcome can be represented as one
good quality indicator 𝑔𝑖 , where 𝑖 = 1, … , 𝑀. The favourable dimensions can be
represented by a vector 𝐺 = (𝑔1 , … , 𝑔𝑀 ). There are 𝐿 unfavourable dimensions
or undesirable outcomes related to treatment quality. Each dimension or outcome
can be represented as one bad quality indicator 𝑏𝑗 , where 𝑗 = 1, … , 𝐿. The
unfavourable dimensions can be represented by a vector 𝐵 = (𝑏1 , … , 𝑏𝐿 ). Let the
10

quality of the whole treatment be 𝑄 . Then each quality indicator (good or bad)
affects 𝑄. By the definitions of good and bad quality indicators, 𝑄 is increasing
in 𝑔𝑖 , 𝑖 = 1, ⋯ , 𝑀, and decreasing in 𝑏𝑗 , 𝑗 = 1, ⋯ , 𝐿.
To assess quality with favourable and unfavourable dimensions, one
approach is to assign a value to each dimension and assess the quality by
examining each dimension separately. However, there is not one single index to
represent overall quality performance. To assess the overall quality performance,
the examiners must investigate the quality indicators independently and jump to a
conclusion by imposing their subjective value judgements. I call this “independent
quality assessment” (IQA). To illustrate the method of IQA, suppose there are two
objects U1 and U2. The ith favourable dimension of Uk can be represented by the
𝑘
vector 𝐺 𝑘 = (𝑔1𝑘 , … , 𝑔𝑀
), 𝑘 = 1,2. The jth unfavourable dimension of Uk can be

represented by the vector 𝐵 𝑘 = (𝑏1𝑘 , … , 𝑏𝐿𝑘 ), 𝑘 = 1,2. The overall quality of U1
(𝐼𝑄1 ) is higher than the overall quality of U2 (𝐼𝑄 2 ) if 𝑔𝑖1 ≥ 𝑔𝑖2 and 𝑏𝑗1 ≤ 𝑏𝑗2
for all i and j. When 𝑔𝑖1 ≥ 𝑔𝑖2 for some i but 𝑔𝑖1 < 𝑔𝑖2 for others, no conclusion
can be made without further information.
Many papers adopt the method of IQA. Heshmati (2002) uses different
dimensions of quality indicators to refer the teaching quality in public schools:
11

numbers of students with incomplete grades, average grades, spaces per students
and teacher density. Fu et.al. (2017) investigates the air quality in China from
different pollution indicators：PM2.5, SO2, and NOX. They find a positive
relationship between manufacturing sector productivity and air quality. For city
level data, when the productivity increase, the pollution will reduce and improve
air quality. Jun and Palacios (2016) identify 17 quality indicators are essential to
determine the quality of services in mobile-banking. These 17 quality indicators
are in two categories: mobile-banking application and mobile-banking customers
services. Among the 17 dimensions quality indicators, they find that the mobile
convenience, accuracy, various mobile application service features, ease of use,
and continuous improvement are the critical quality indicators to affect the
customers’ satisfactory. All these papers using the IQA approach that investigates
the quality indicators separately.
Another approach aggregates the dimensions stated in IQA into one single
quality index to reflect the quality performance by attaching a weight to each
dimension. In this approach, the examiner investigates all favourable dimensions
and unfavourable dimensions of quality indicators and uses some weights to
aggregate all the dimensions into one quality index to reflect the overall quality
12

performance. I call this “weighted quality assessment” (WQA). Using notations in
the previous example, the examiner computes a weight 𝛼𝑖 ≥ 0 for the ith
favourable dimension and a weight 𝛽𝑗 ≥ 0 for the jth unfavourable dimension.
Then the overall quality of Uj is a function of all dimensions 𝑊𝑄 𝑗 (𝐺 𝑗 , 𝐵 𝑗 ) as
follows:
𝑗

𝑗

𝐿
𝑊𝑄 𝑗 (𝐺 𝑗 , 𝐵 𝑗 ) = ∑𝑀
𝑖=1 𝛼𝑖 𝑔𝑖 / ∑𝑖=1 𝛽𝑖 𝑏𝑖

(2)

The overall quality of U1, 𝑊𝑄1 (𝐺 1 , 𝐵1 ), is higher than the overall quality of U2,
𝑊𝑄 2 (𝐺 2 , 𝐵 2 ), if and only if 𝑊𝑄1 (𝐺 1 , 𝐵1 ) > 𝑊𝑄 2 (𝐺 2 , 𝐵 2 ).
To get the weights of different dimensions from data, one representative
method is the principal components analysis (PCA). PCA uses some components
to proxy the information for different variables. Each component is a linear
combination of all variables. The only difference among components is that they
have different weights for each variable. Each component is linearly independent
of other components. The number of components is always equal to the number of
variables used to construct components. The examiner only needs to pick one or
several components which capture the most of data variance. Here I show the
procedure of PCA to illustrate how to get the weight of WQA. The steps of the
PCA are as follow based on Tipping and Bishop (1999),
13

Suppose there are M favourable dimensions can be represented by the
vector 𝐺 = (𝑔1 , … , 𝑔𝑀 ), and the linear combination vector of G as Y, 𝐘 =
(𝑌1 , 𝑌2 , … , 𝑌𝑀 ), where 𝑌𝑖 = 𝑒𝑖1 𝐺1 + 𝑒𝑖2 𝐺2 + ⋯ + 𝑒𝑖𝑀 𝐺𝑀 , for 𝑖 = 1, 2, … , 𝑀. Let
𝑀
the population variance of 𝑌𝑖 as var (𝑌𝑖 ) = ∑𝑀
𝑘=1 ∑𝑙=1 𝑒𝑖𝑘 𝑒𝑖𝑙 𝜎𝑘𝑙 , and the
𝑀
population covariance of 𝑌𝑖 and 𝑌𝑗 as cov (𝑌𝑖 , 𝑌𝑗 ) = ∑𝑀
𝑘=1 ∑𝑙=1 𝑒𝑖𝑘 𝑒𝑗𝑙 𝜎𝑘𝑙 .

Select the 𝑒𝑖𝑘 𝑎𝑛𝑑 𝑒𝑖𝑙 to maximize the variance of 𝑌𝑖 ,
𝑀
𝑚𝑎𝑥 𝑣𝑎𝑟 (𝑌𝑖 ) = ∑𝑀
𝑘=1 ∑𝑙=1 𝑒𝑖𝑘 𝑒𝑖𝑙 𝜎𝑘𝑙

𝑒𝑖𝑘 ,𝑒𝑖𝑙

(3)

2
s.t. ∑𝑝𝑗=1 𝑒𝑖𝑗
=1

cov (𝑌𝑖 , 𝑌𝑗 ) = 0 for 𝑖 ≠ 𝑗
The linear combination vector Y which has maximal variance is called as
principal component. The linear combination is sorted by percentage of explained
𝑣𝑎𝑟(𝑌𝑖 )

variance 𝜆𝑖 , 𝜆𝑖 = ∑𝑀

2
𝑗=1 𝜎𝑖𝑗

, where 𝜆1 ≥ 𝜆2 ≥ ⋯ ≥ 𝜆𝑝 and ∑𝑝𝑖=1 𝜆𝑖 = 1. If the first

k principal components past the chi-square test, first k-1 principal components
cannot past the test. We will choose first k principal components Y to replace the
p dimensions of G. Similarly, the N unfavourable dimensions can be represented
by the vector 𝐵 = (𝑏1 , … , 𝑏𝐿 ), we have the linear combination vector of B as Q,
𝐐 = (𝑄1 , 𝑄2 , … , 𝑄𝐿 ), where 𝑄𝑖 = 𝑒𝑖1 𝐵1 + 𝑒𝑖2 𝐵2 + ⋯ + 𝑒𝑖𝐿 𝐵𝐿 , for 𝑖 = 1, 2, … , 𝐿.
The principal components are linear combinations of the original variables
weighted by their contribution to explaining the variance in a particular
orthogonal dimension. By sorting from the explained variance, first principal
components 𝑌1 and 𝑄1 show the most important information of the favorable

14

dimensions and unfavorable dimensions in G and B. Thus, 𝑊𝑄 𝑗 (𝐺 𝑗 , 𝐵 𝑗 ) =
𝑗

𝑗

𝑌1 /𝑄1

Adler and Berechman (2001) uses responses to subjective questionnaires to
evaluate the performance of airports and finds the most high-quality ranking
airports in West-Europe are Geneva, Milan and Munich. Their questionnaires
contain five different groups of questions: suitability, reliability, using cost,
satisfaction, and demand. The principal component analysis is used to aggregate
the empirical data of various dimensions into a single number. Karlen et.al. (2003)
review the quality indicators of soil quality assessment. There are more than
twenty different quality indicators in different studies. They use PCA methods to
aggregate the quality indicator or construct the soil quality function (Doran et al.,
1994; Doran and Jones, 1996; Gregorich, 1996; Karlen et al., 1997). For these
papers using the WQA approach, they can evaluate the relative overall quality
performance for each DMU. WQA approach considers different aspects of quality
indicators and can rank the relative performance of different DMUs
2.2.2 Case 2: Production Quality Assessment
When the favourable and unfavourable dimensions are the outputs jointly
produced from utilizing resources, assessing quality must include the information

15

of inputs and production technology. The favourable and unfavourable dimensions
are called desirable and undesirable outputs, respectively. I call this “production
quality assessment” (PQA).
One approach of PQA is to compute quantity indices of desirable and
undesirable outputs. This subsection briefly describes the procedures of this
approach. Let the inputs, desirable outputs and undesirable outputs be 𝑥 ∈ ℝ𝑁
+,
𝐿
𝑔 ∈ ℝ𝑀
+ and 𝑏 ∈ ℝ+ , respectively. The production set is ℑ =

{(𝑥, 𝑔, 𝑏): x can produce (𝑔, 𝑏) }. Consider two production units, 1 and 2, which
have the same production technology. Production unit k uses input vector 𝑥 𝑘 to
production (𝑔𝑘 , 𝑏 𝑘 ), 𝑘 = 1,2. Thus, (𝑥 𝑘 ; 𝑔𝑘 , 𝑏 𝑘 ) ∈ ℑ for all k. The quality of
unit k is reflected by desirable outputs 𝑔𝑘 relative to undesirable outputs 𝑏 𝑘 . To
compare the quality between units 1 and 2, one way is to construct a quantity
index of desirable outputs 𝑄𝑔 (𝑔1 , 𝑔2 ; 𝑥 𝑟 , 𝑏 𝑟 ) of unit 1 relative to unit 2. 𝑥 𝑟 and
𝑏 𝑟 are reference vectors. Since inputs and undesirable outputs are fixed, the value
of 𝑄𝑔 indicates the change of 𝑔2 from 𝑔1 . When 𝑄𝑔 (𝑔1 , 𝑔2 ; 𝑥 𝑟 , 𝑏 𝑟 ) > 1, there
is an increase in the quantities of unit 1’s desirable outputs relative to unit 2’s.
Similarly, a quantity index of undesirable outputs 𝑄𝑏 (𝑏1 , 𝑏 2 ; 𝑥 𝑟 , 𝑔𝑟 ) is
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constructed to indicate the change from 𝑏 2 to 𝑏1 . An overall quality
performance index is defined as the ratio between these two quantity indices:
𝑄𝑔 (𝑔1 ,𝑔2 ;𝑥𝑟 ,𝑏 𝑟 )

𝑃𝑄𝑘 ≔ 𝑄

𝑏 (𝑏

1 ,𝑏2 ;𝑥 𝑟 ,𝑔𝑟 )

.

(4)

Unit 1 has higher quality if PQ1 > PQ2. This is the method introduced by Färe
et.al (2004) to measure the environmental performance in the electricity sector.

2.3 Quality Assessment in Hospital Sector
From the discussion of Section 2.2, quality assessment has three popular
methods: IQA, WQA and PQA. For treatment quality evaluation using IQA in the
hospital sector, many studies use patient satisfaction as a measure of treatment
quality. Aiken et.al. (2012) use patients’ satisfaction as a quality proxy to
investigate the determinants of satisfaction in 12 countries. They find the key
factors to affect the quality is the environment of nursing services. Al-Abri and
Al-Balushi (2014) make a systematic review of these papers using the patient
satisfaction to assess the treatment quality (Bjertnaes, et.al., 2012; Ahmad, et.al.,
2011; Clever, et.al., 2008; Cheng, et.al., 2003). They find out controversial results
from different studies. The patient satisfaction is more related to the patients’ age
and health status rather than the treatment quality of hospitals. Fenton et al. (2012)
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has investigated the relationship between treatment quality from the risk-adjusted
mortality and patients’ satisfaction, higher satisfaction due to the drug abuse, and
cause higher mortality rate.
The second method is WQA which aggregates different objective measures
(mortality rate, reinfection rate, the average number of days of hospitalisation,
medical malpractice rate, etc.) into a single index to reflect treatment quality (Jha
et al., 2005; Schreyögg et al., 2011; Nolan, 2001). The single dimension outcome
of medical care, in terms of perinatal mortality rate and surgical fatality rates has
been frequently used as an indicator of the quality of medical care. Pitches et.al.
(2007) use the risk-adjusted mortality rate to evaluate the performance of
treatment quality. This measure uses the mortality rate of different types of
diseases in hospitals adjusted to the overall mortality rate of each disease. This
measure is more objective than patient satisfaction. Donabedian (2005) reviews
several measures of quality and summarizes that the measures of quality are
multidimensions and objective to reflect the value of the medical care system.
The hospitals or other healthcare providers can be treated as production units.
They use labour (doctors, nurses and other medical staffs) and capital (medical
equipment, beds and other capital-related factors) as inputs to provide desirable
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outputs (e.g. inpatient treatments, outpatient treatments and other medical
services) and joint-products which are undesirable (e.g., mortality, medical errors
and other undesirable outcomes). Such production approach has been adopted to
evaluate hospital performance based on the production process (Hollingsworth,
2003; Kiadaliri et al., 2013; Pelone et al., 2015; Rosko and Mutter, 2008). As
stated in Section 2.1, the focus of this thesis is on the quality of producing
desirable outputs relative to undesirable outputs. The production quality
assessment is appropriate. One objective is to find an index that reflects the
treatment quality of desirable outputs relative to undesirable outputs. This is
discussed in the next subsection.

2.4 The Output-oriented Environmental Performance Index
As concluded in the previous subsection, the approach of production quality
assessment is appropriate for evaluating multidimensional treatment quality when
hospitals can be treated as production units. However, although production quality
assessment has been applied to the hospital sector to measure productive quality,
there seems no empirical works using the PQA to study treatment quality from my
knowledge. It is observed that the production of successful treatments along with
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deaths is similar to the production of electricity along with pollutants. This section
argues the environmental performance index in the field of environmental
protection is also a valid measure of treatment quality.
Färe et al. (1989) describe good outputs and bad outputs as desirable outputs
and undesirable outputs. They first propose assuming weak disposability when
undesirable outputs appear in the production process and are jointly produced
with desirable outputs. Färe et al. (2004) define environmental performance as the
degree to which a production unit can produce good outputs while simultaneously
accounting for the reduction of bad outputs. They construct an environmental
performance index (EPI) to evaluate environmental performance as described
below.
𝑀
Let the inputs, desirable outputs and undesirable outputs be 𝑥 ∈ ℝ𝑁
+ , 𝑔 ∈ ℝ+

and 𝑏 ∈ ℝ𝐿+ , respectively. The production set at time 𝑡 = 1, … , 𝑇 is ℑ𝑡 =
{(𝑥, 𝑔, 𝑏): x can produce (𝑔, 𝑏) 𝑖𝑛 𝑡𝑖𝑚𝑒 𝑡}. Define the output set 𝑃𝑡 (𝑥) ≔
{(𝑔, 𝑏): (𝑥, 𝑔, 𝑏) ∈ ℑ𝑡 }, the desirable output set 𝑃𝑡 (𝑥|𝑏) ≔ {𝑔: (𝑥, 𝑔, 𝑏) ∈ ℑ𝑡 },
the undesirable output set 𝑃𝑡 (𝑥|𝑔) ≔ {𝑏: (𝑥, 𝑔, 𝑏) ∈ ℑ𝑡 } and the input
requirement set 𝐿𝑡 (𝑔, 𝑏) ≔ {𝑥: (𝑥, 𝑔, 𝑏) ∈ ℑ𝑡 }. Desirable and undesirable outputs
are jointly weakly disposable: if (𝑥, 𝑔, 𝑏) ∈ ℑ𝑡 and 0 ≦ 𝜃 ≦ 1, then
(𝑥, 𝜃𝑔, 𝜃𝑏) ∈ ℑ𝑡 . Desirable outputs and inputs are strongly disposable: if
(𝑥, 𝑔, 𝑏) ∈ ℑ𝑡 and (−𝑥, 𝑔) ≦ (−𝑥 ′ , 𝑔′ ), then (𝑥 ′ , 𝑔′ , 𝑏) ∈ ℑ𝑡 . It is obvious that,
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(𝑥; 𝑔, 𝑏) ∈ ℑ𝑡 ⟺ 𝑔 ∈ 𝑃𝑡 (𝑥|𝑏) ⟺ 𝑏 ∈ 𝑃𝑡 (𝑥|𝑔) ⟺ 𝑥 ∈ 𝐿𝑡 (𝑔, 𝑏).
The following technological properties are assumed: ℑ𝑡 shows constant
returns to scale, i.e., for 𝜏 > 0, 𝜏ℑ𝑡 = ℑ𝑡 . All inputs are essential: 𝑥𝑛 = 0 ⟹
(𝑔, 𝑏) = 0. Inputs and desirable outputs are strongly disposable, i.e., (𝑥; 𝑔, 𝑏) ∈
ℑ𝑡 ⟹ (𝑥 ′ ; 𝑔′ , 𝑏) ∈ ℑ𝑡 for (−𝑥 ′ , 𝑔′ ) ≦ (𝑥, 𝑔). Desirable and undesirable outputs
are jointly weakly disposable, i.e., (𝑥; 𝑔, 𝑏) ∈ ℑ𝑡 ⟹ (𝑥; 𝜆𝑔, 𝜆𝑏) ∈ ℑ𝑡 for 0 <
𝜆 ≦ 1.
The distance functions for desirable outputs and undesirable outputs with
respect to technology ℑ𝑡 are
𝑔
𝐷𝑔 (𝑥, 𝑔, 𝑏|ℑ𝑡 ) ≔ 𝑖𝑛𝑓 {𝜃: (𝑥; , 𝑏) ∈ ℑ𝑡 }.
𝜃
𝜃

(5)

𝑏
𝐷𝑏 (𝑥, 𝑔, 𝑏|ℑ𝑡 ) ≔ sup {𝜃: (𝑥; 𝑔, ) ∈ ℑ𝑡 }.
𝜃
𝜃

(6)

Let (𝑥 𝑟 , 𝑏 𝑟 ) be two reference vectors for inputs and undesirable outputs.
The desirable output quantity index, 𝑄𝑔𝑜𝑢𝑡 (𝑔t , 𝑔0 ; 𝑏 𝑟 , 𝑥 𝑟 |ℑ𝑡 ) is defined as,
𝑄𝑔𝑜𝑢𝑡 (𝑔𝑡 , 𝑔0 ; 𝑥 𝑟 , 𝑏 𝑟 |ℑ𝑡 ) ≔

𝐷𝑔 (𝑥 𝑟 ; 𝑔𝑡 , 𝑏 𝑟 |ℑ𝑡 )
.
𝐷𝑔 (𝑥 𝑟 ; 𝑔0 , 𝑏 𝑟 |ℑ𝑡 )

(7)

On the right-hand side of (7), the only change is from 𝑔0 to 𝑔𝑡 . Hence tis
index captures the change in the desirable output vector 𝑔t relative to the
desirable output vector 𝑔0 with respect to technology ℑ𝑡 and reference vectors
(𝑥 𝑟 , 𝑏 𝑟 ).
Similarly, the undesirable output quantity index measures the change in the
undesirable output vector from 𝑏 0 to 𝑏 𝑡 with respect to technology ℑ𝑡 and
reference vectors (𝑥 𝑟 , 𝑔𝑟 ):
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𝑄𝑏𝑜𝑢𝑡 (𝑏 𝑡 , 𝑏 0 ; 𝑥 𝑟 , 𝑔𝑟 |ℑ𝑡 ) ≔

𝐷𝑏 (𝑥 𝑟 ; 𝑔𝑟 , 𝑏 𝑡 |ℑ𝑡 )
.
𝐷𝑏 (𝑥 𝑟 ; 𝑔𝑟 , 𝑏 0 |ℑ𝑡 )

(8)

Finally, from Equations (5) and (6), the output-oriented environmental
performance index 𝐸𝑃𝐼 𝑜𝑢𝑡 of the investigated output vectors (𝑔t , 𝑏 t ) relative to
the output vectors (𝑔0 , 𝑏 0 ) is
𝐸𝑃𝐼

𝑜𝑢𝑡 (

t

t

0

0

𝑟

𝑟

𝑟

𝑔 , 𝑏 ; 𝑔 , 𝑏 ; 𝑥 , 𝑔 , 𝑏 |ℑ

𝑡)

𝑄𝑔𝑜𝑢𝑡 (𝑔𝑡 , 𝑔0 ; 𝑥 𝑟 , 𝑏 𝑟 |ℑ𝑡 )
= 𝑜𝑢𝑡 t 0 𝑟 𝑟 𝑡 .
𝑄𝑏 (𝑏 , 𝑏 ; 𝑥 , 𝑔 |ℑ )

(9)

When desirable outputs and undesirable outputs are produced by utilising inputs,
𝐸𝑃𝐼 𝑜𝑢𝑡 measures the units of desirable outputs quantity index per unit of
undesirable outputs quantity index. Since both types of outputs are jointly
produced, environmental performance in this thesis refers to more desirable
outputs and less undesirable outputs. By reflecting the relative change in from the
initial output vectors ( 𝑔0 , 𝑏 0 ) to the investigated output vectors (𝑔t , 𝑏 t ),
𝐸𝑃𝐼 𝑜𝑢𝑡 can be used to measure environmental performance. When the value of
𝐸𝑃𝐼 𝑜𝑢𝑡 increases, there are more desirable outputs produced per unit of
undesirable outputs. Thus, environmental performance improves when 𝐸𝑃𝐼 𝑜𝑢𝑡
increases. The EPI introduced by Färe et al. (2004) has been widely used to
evaluate environmental performance in empirical studies in the energy sector
(Tsoulfas and Pappis, 2008; Munksgaard et al., 2007).
The main feature of EPI is the construction of quantity indices of the two
types of outputs. As long as there is a well-defined production technology, EPI is
applicable. Medical services are like desirable outputs and mortalities are like
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undesirable outputs. With doctors, beds, etc. as inputs, the method of Färe et al.
(2004) can be adopted to construct quantity indices for the good outputs and bad
outputs in the hospital sector to measure treatment quality.

2.5 Modelling Production Technology with Undesirable Outputs in DEA
Undesirable outputs exist in many industries (e.g. air pollution caused by
electricity power generation, deaths during medical treatments). On the one hand,
this type of outputs has negative values and are not wanted. They are classified as
undesirable outputs. On the other hand, these outputs are jointly produced with
desirable outputs. At the end of the last subsection, it is mentioned that EPI can be
adopted to measure treatment quality when the production technology of
producing desirable outputs and undesirable outputs from utilizing inputs is welldefined. Thus, the first major issue of adopting the production quality assessment
is the modelling of the production technology from empirical data. Yet
undesirable outputs are unavoidable if positive quantities of desirable outputs are
produced. The existence of joint production complicates theoretical and empirical
modelling of the production technology.
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The first concern is finding an empirical production frontier. There are two
major approaches of estimating the production frontier from data: the data
envelopment analysis (DEA) approach and the stochastic frontier analysis (SFA)
approach. The former applies linear programming techniques and the frontier is
deterministic. The latter incorporates random errors so that the frontier is
deterministic. Econometric techniques are used. Hollingsworth (2008)
systematically reviews 317 journal papers that apply the SFA and DEA
approaches to productivity and efficiency measurement in the hospital sector. It
finds out that using the DEA approach to investigate the productivity and
efficiency in the hospital sector becomes more popular. Ferrari (2006) uses the
DEA approach to measure Malmquist productivity index of 53 Scottish hospitals
during the NHS reform period from 1992 to 1997. It concludes that the total factor
productivity has slightly improved during the reform and this improvement comes
from technological improvement. Street (2003) compares SFA and OLS in UK
hospitals. It finds that the efficiency scores are sensitive to the error distribution.
Kiadaliri et.al. (2013) review 29 studies using SFA and DEA for measuring the
efficiency in hospitals. They find no significant different results from both
approaches. In conclusion, DEA can deal with multiple outputs whereas SFA in
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general can only apply to a single output case. Thus, in the presence of
multidimensional outputs, the DEA approach is more appropriate for quality
assessment in hospital sector.
The second concern is the incorporation of undesirable outputs in the
production process. Following Dakpo et al.’s (2016) classification of methods of
incorporating undesirable outputs in the production process, the pros and cons of
various ways to model the production technology with undesirable outputs are
discussed in the following subsections.

2.5.1 Treating undesirable outputs as inputs
Some researchers observed the similarities between undesirable outputs and
inputs. Both must appear in the production process. Producing more units of
outputs is usually associated with larger quantities of undesirable outputs and
inputs. Further, both undesirable outputs and inputs are bounded below to produce
a certain output vector. In view of these, Hailu and Veeman (2001) suggested
treating undesirable outputs as strongly disposable inputs in constructing the
empirical production frontier.
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Let the inputs, desirable outputs and undesirable outputs be 𝑥 ∈ ℝ𝑁
+, 𝑔 ∈
𝐿
ℝ𝑀
+ and 𝑏 ∈ ℝ+ , respectively. The production set is ℑ =

{(𝑥, 𝑔, 𝑏): x can produce (𝑔, 𝑏) }. Outputs and inputs are strongly disposable: if
(𝑥, 𝑔, 𝑏) ∈ ℑ and (−𝑥, 𝑔, −𝑏) ≦ (−𝑥 ′ , 𝑔′ , −𝑏′), then (𝑥 ′ , 𝑔′ , 𝑏′) ∈ ℑ. There are
K numbers of decision-making units (DMU). Production unit k uses input vector
𝑥 𝑘 to production (𝑔𝑘 , 𝑏 𝑘 ), 𝑘 = 1,2, . . , K. Thus, (𝑥 𝑘 ; 𝑔𝑘 , 𝑏 𝑘 ) ∈ ℑ for all k,
𝑘
where 𝑥 𝑘 = (𝑥1𝑘 , … , 𝑥𝑁𝑘 ), 𝑔𝑘 = (𝑔1𝑘 , … , 𝑔𝑀
) 𝑎𝑛𝑑 𝑏 𝑘 = (𝑏1𝑘 , … , 𝑏𝐿𝑘 ). The

empirical production set suggested by Hailu and Veeman (2001) is:
𝐾
𝑘
(𝑥; 𝑔, 𝑏): ∑ 𝑧𝑘 𝑔𝑚
≧ 𝑔𝑚 , 𝑚 = 1, … , 𝑀;
𝐾

𝑘=1

∑ 𝑧𝑘 𝑏𝑙𝑘 ≦ 𝑏𝑚 , 𝑙 = 1, … , 𝐿;

ℑ𝐻𝑉 ≔

(10)

𝑘=1
𝐾

∑ 𝑧𝑘 𝑥𝑛𝑘 ≦ 𝑥𝑛 , 𝑛 = 1, … , 𝑁;
{

𝑘=1

𝑧𝑘 ≧ 0, 𝑤ℎ𝑒𝑟𝑒 𝑘 = 1, … , 𝐾.

}

The third inequality is a standard way to model inputs in DEA. In this
formulation, the mathematical properties of b and x are the same.
Many studies adopt the SDA to model the undesirable outputs as inputs. For
example, Paul, et.al. (2002) study the costs and chemical uses in U.S. agricultural
production. By treating undesirable outputs as inputs, they hypothesize the
producer maximizing the desirable outputs and minimizing the inputs and
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undesirable outputs simultaneously. Yang and Pollitt (2009) use four-stage
models to compute the environmental inefficiency of the energy sector in China.
In the basic model of DEA, the undesirable output SO2 emission are modelled
with SDA as the same as inputs. Mahlberg and Sahoo (2011) decompose the
Luenberger productivity indicator with SDA for both undesirable outputs and
inputs. It argues that undesirable outputs can be treated as inputs since both two
incur cost for the producer since reducing undesirable outputs requires some
additional efforts and resources to meet the environmental regulations. Firms try
to minimize both inputs and undesirable outputs at the same time. Considine and
Larson (2006) consider the market transfer of the pollution permit quota which is
costly for firms. Undesirable outputs can be treated as the inputs since the
pollution permit quota is one of the resources for producing desirable outputs.
An advantage of this approach is its simplicity. However, treating
undesirable outputs as inputs cause problems. Färe and Grosskopf (2003) make
critical comment to the SDA approach from Hailu and Veeman (2001). This
comment shows that “the monotonicity condition introduced by Hailu and
Veeman is inconsistent with physical laws.” Base on the monotonicity assumption
in equation (10), if the set is defined as (𝑥, 𝑔, 𝑏) ∈ ℑ and 𝑏 ′ > 𝑏, then
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(𝑥, 𝑔, 𝑏′) ∈ ℑ must satisfied. Färe and Grosskopf (2003) point out “This implies
that using fixed amounts of energy, capital, labor, and materials can yield an
unbounded amount of undesirable outputs such as total suspended solids, etc. This
is, of course, physically impossible.”
Also, substitution effect is not expected to appear between undesirable
outputs and inputs. If such substitution does exist, we can reduce the quantities of
undesirable outputs by employing higher quantities of inputs. Since the two types
of outputs are jointly produced, the substitution between undesirable outputs and
inputs are in general not possible without affecting the quantities of desirable
outputs. Note that in ℑ𝐻𝑉 , such substitutions are allowed without affecting the
production of desirable outputs. If the set is defined as (𝑥, 𝑔, 𝑏) ∈ ℑ, there are
always exist 𝑏 ′ > 𝑏 and 𝑥 ′ < 𝑥 that let (𝑥′, 𝑔, 𝑏′) ∈ ℑ satisfied. That implies
we can always use less labour and materials to generate the same desirable
outputs with more pollutants. This is obviously violating the physical rule also.
There is an inconsistency between theoretical concepts and empirical modelling.

2.5.2

Material balance principal approach
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The material balance principle (MBP) is introduced by Field (1994). The
idea comes from the fundamental physics principle that the materials do not
disappear during the transformation of outputs to outputs.
Let the inputs, desirable outputs and undesirable outputs be 𝑥 ∈ ℝ𝑁
+, 𝑔 ∈
ℝ𝑀
+ and 𝑏 ∈ 𝑅+ , respectively. In the production approach, resources appear on
the input side. Desirable outputs and residual undesirable outputs are on the
output side. Under the material balance principle, the materials on the two side
should be equivalent. The equation implied by the MBP as described in Coelli
𝑀
et.al. (2005) is: 𝑏 = 𝑁 ′ 𝑥 − 𝑀′𝑔, where N∈ ℝ𝑁
+ and M∈ ℝ+ are non-negative

shadow price vectors. There are K numbers of decision-making units (DMU).
Production unit k uses input vector 𝑥 𝑘 to production (𝑔𝑘 , 𝑏 𝑘 ), 𝑘 = 1,2, . . , K.
Thus, (𝑥 𝑘 ; 𝑔𝑘 , 𝑏 𝑘 ) ∈ ℑ𝑀𝐵 for all k, where 𝑥 𝑘 = (𝑥1𝑘 , … , 𝑥𝑁𝑘 ), 𝑔𝑘 =
𝑘
(𝑔1𝑘 , … , 𝑔𝑀
) 𝑎𝑛𝑑 𝑏 𝑘 . The empirical frontier for the MBP is,
𝐾
𝑘
(𝑥; 𝑔, 𝑏): ∑ 𝑧𝑘 𝑔𝑚
≧ 𝑔𝑚 , 𝑚 = 1, … , 𝑀;
𝐾

ℑ𝑀𝐵 ≔

𝑘=1

(11)

∑ 𝑧𝑘 𝑥𝑛𝑘 ≦ 𝑥𝑛 , 𝑛 = 1, … , 𝑁;
𝑘=1

{

𝑏 = 𝑁 ′ 𝑥 − 𝑀′𝑔
𝑧𝑘 ≧ 0, 𝑤ℎ𝑒𝑟𝑒 𝑘 = 1, … , 𝐾.
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}

Lauwers and Van Huylenbroeck (2003) define the environmental technical
efficiency and environmental allocative efficiency based on the MBP in DEA
approach. Coelli, et.al. (2005) explicitly introduces the method to estimate the isoenvironmental line and iso-nutrition line from MBP. It decomposes the
environmental efficiency into technical efficiency and environmental allocative
efficiency.
However, some problems occur for the multidimensional undesirable
outputs. The MBP’s formula relies on the existence of one single undesirable
output. For multidimensional undesirable outputs, the MBP formula cannot be
applied. Also, the MBP assumes that the only source of reducing the undesirable
outputs is from the allocation of input-mix. If there is only one input, based on the
MBP, there is no way for further reduction of the undesirable output.

2.5.3 By-product modelling approach
The by-production approach (BPA) is a relative novel approach which was
introduced by Murty et al. (2012). In the BPA, two independent production sets
are assumed: one is the normal production set ℑ𝐵𝑃1 to generate the desirable
outputs and the other one is the residual production set ℑ𝐵𝑃2 to generate the
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undesirable outputs. The materials inputs can separate into non-pollutant inputs
and pollutant generate inputs: all inputs are used to produce desirable outputs; the
only pollutant generate inputs are used to generate the residual undesirable
outputs.
Let the inputs, desirable outputs and undesirable outputs be 𝑥 ∈ ℝ𝑁
+, 𝑔 ∈
𝐿
𝑆
ℝ𝑀
+ and 𝑏 ∈ ℝ+ , respectively. 𝑥 has two sub-vectors: 𝑥𝑔 ∈ ℝ+ is the input

which generate desirable outputs only and 𝑥𝑏 ∈ ℝ𝑁−𝑆
is pollution-generating
+
input which generate undesirable outputs 𝑏. The general technology ℑ𝐵𝑃 is
defined as (𝑥𝑔 , 𝑥𝑏 ; 𝑔, 𝑏) ∈ ℑ𝐵𝑃 which is the interaction set for the first-stage
production set (𝑥𝑔 , 𝑥𝑏 ; 𝑔) ∈ ℑ𝐵𝑃1 and second-stage production set( 𝑥𝑏 ; 𝑏) ∈
ℑ𝐵𝑃2 . Thus, ℑ𝐵𝑃 = ℑ𝐵𝑃1 ∩ ℑ𝐵𝑃2 . The technology ℑ𝐵𝑃1 has strongly disposable
inputs and desirable output as: if (𝑥𝑔 , 𝑥𝑏 ; 𝑔) ∈ ℑ𝐵𝑃1 and (𝑥𝑔 , 𝑥𝑏 ; −𝑔) ≦
(𝑥𝑔′ , 𝑥𝑏′ ; −𝑔′), then (𝑥𝑔′ , 𝑥𝑏′ , 𝑔′ ) ∈ ℑ𝐵𝑃1 . The technology ℑ𝐵𝑃2 has strongly
disposable inputs and undesirable output as, if ( 𝑥𝑏 , 𝑏) ∈ ℑ𝐵𝑃2 and (− 𝑥𝑏′ ; 𝑏′) ≧
(𝑥𝑏 ; 𝑏), then ( 𝑥𝑏 ; 𝑏′) ∈ ℑ𝐵𝑃2 . There are K numbers of decision-making units
(DMU). DMU k uses input vector 𝑥 𝑘 to production (𝑔𝑘 , 𝑏 𝑘 ), 𝑘 = 1,2, . . , K.
Thus, (𝑥 𝑘 ; 𝑔𝑘 , 𝑏 𝑘 ) ∈ ℑ for all k, where 𝑥 𝑘 = (𝑥𝑔𝑘 , 𝑥𝑏𝑘 ), 𝑥𝑔𝑘 = (𝑥1𝑘 , … , 𝑥𝑆𝑘 ), 𝑥𝑏𝑘 =
𝑘
𝑘
(𝑥𝑆+1
, … , 𝑥𝑁𝑘 ), 𝑔𝑘 = (𝑔1𝑘 , … , 𝑔𝑀
) , 𝑎𝑛𝑑 𝑏 𝑘 = (𝑏1𝑘 , … , 𝑏𝐿𝑘 ).
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The empirical general production set in Murty et al. (2012) is,
𝐾
𝑘
(𝑥𝑔 , 𝑥𝑏 ; 𝑔, 𝑏): ∑ 𝑧𝑘 𝑔𝑚
≧ 𝑔𝑚 ,
𝐾

𝑚 = 1, … , 𝑀;

𝑘=1

∑ 𝑧𝑘 𝑥𝑛𝑘 ≦ 𝑥𝑛 ,

𝑛 = 1, … , 𝑁;

𝑘=1
𝐾

ℑ𝐵𝑃 ≔

𝐾

∑ 𝑢𝑘 𝑏𝑙𝑘
𝑘=1

≦ 𝑏𝑙 ,

∑ 𝑢𝑘 𝑥𝑠𝑘 ≧ 𝑥𝑠 ,
{

𝑘=1

𝑧𝑘 ≧ 0, 𝑢𝑘 ≧ 0,

(12)

𝑙 = 1, … , 𝐿;
𝑠 = 𝑆 + 1, … , 𝑁;
𝑘 = 1, … , 𝐾.

}

Some recent empirical studies adopt BPA to estimate environmental
efficiency. The BPA is suitable for modelling the production approach with the
coexistence of non-pollution generating inputs and pollution generating inputs.
For example, Arjomandi et al. (2018) adopt the BPA to find out the consistent
improvement of the environmental performance of airlines in the European
Union. Cui and Li (2017) use BAP to evaluate the performance of 29 global
airlines. They find that these airlines cannot meet the requirement of“Carbon
Neutral Growth from 2020” strategy.
When inputs cannot be separated into two distinct groups under joint
production, BAP is not applicable. For example, in hospital sector, successful
treatments and various types of deaths are desirable and undesirable outputs
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respectively. It is obviously unreasonable to assume some nurses, for example, are
contributed to treat patients and other nurses are devoted to produce deaths.

2.5.4 Weak disposability assumption
The weak disposability assumption (WDA) is first introduced in Shephard
(1970) to model the congestion of inputs. When there is over utilization of input
factors, the production of outputs may reduce under a certain level. Färe et al.
(1986, 1989) first propose using the weak disposability approach to model
undesirable outputs in empirical studies. The crucial characteristics of this
approach is that desirable outputs and inputs are strongly disposable whereas
desirable outputs and undesirable outputs are jointly weakly disposable.
Desirable outputs and inputs are strongly disposable: if (𝑥, 𝑔, 𝑏) ∈ ℑ𝑊𝐷
and (−𝑥, 𝑔) ≦ (−𝑥 ′ , 𝑔′ ), then (𝑥 ′ , 𝑔′ , 𝑏) ∈ ℑ𝑊𝐷 . Desirable and undesirable
outputs are jointly weakly disposable: if (𝑥, 𝑔, 𝑏) ∈ ℑ𝑊𝐷 and 0 ≦ 𝜆 ≦ 1, then
(𝑥, 𝜆𝑔, 𝜆𝑏) ∈ ℑ. There are K numbers of decision-making units (DMU). DMU k
uses input vector 𝑥 𝑘 to produce (𝑔𝑘 , 𝑏 𝑘 ), 𝑘 = 1,2, . . , K. Thus, (𝑥 𝑘 ; 𝑔𝑘 , 𝑏 𝑘 ) ∈
𝑘
ℑ𝑊𝐷 for all k, where 𝑥 𝑘 = (𝑥1𝑘 , … , 𝑥𝑁𝑘 ), 𝑔𝑘 = (𝑔1𝑘 , … , 𝑔𝑀
) 𝑎𝑛𝑑 𝑏 𝑘 =

(𝑏1𝑘 , … , 𝑏𝐿𝑘 ). The corresponding empirical production set is,
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𝐾
𝑘
(𝑥; 𝑔, 𝑏 ): ∑ 𝑧𝑘 𝑔𝑚
≧ 𝜃𝑔𝑚 ,
𝐾

𝑘=1

∑ 𝑧𝑘 𝑏𝑙𝑘 = 𝑏𝑙 ,

ℑ𝑊𝐷 ≔

𝑚 = 1, … , 𝑀;

𝑙 = 1, … , 𝐿;

(13)

𝑘=1
𝐾

∑ 𝑧𝑘 𝑥𝑛𝑘 ≦ 𝑥𝑛 ,
{

𝑘=1

𝑧𝑘 ≧ 0,

𝑛 = 1, … , 𝑁;
𝑘 = 1, … , 𝐾.

}

This approach has been applied to empirical studies extensively. Chung et al.
(1997) construct the Malmquist productivity index with undesirable outputs using
WDA. Färe et al. (2004), who adopt weak disposability of undesirable outputs to
construct an environmental performance index (EPI) to evaluate environmental
performance. Färe et.al. (2012) propose a Luenberger total factor productivity
indicator with undesirable outputs using WDA.
The joint weakly disposability of desirable and undesirable outputs is the
main characteristic of this approach. Together with null-jointness of undesirable
outputs, the nature of joint production between the two types of outputs can be
modelled. The appearance of multiple outputs can be handled easily in empirical
studies by adopting the method of data envelopment analysis, as shown in the
equation (13). In summary, for this thesis, the requirements of modelling the
empirical production technology are fourfold: (i) The treatment of undesirable
outputs must conform with economic principles. (ii) The method can handle
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multi-dimensions of desirable and undesirable outputs. (iii) The method can
incorporate the nature of joint production between desirable and undesirable
outputs. (iv) The method should applicable to hospital sector (should not violate
the physical law of medical services). From the previous discussions, each method
in 2.4.1 to 2.4.3 violates at least one requirement. The production technology
assuming weakly disposable undesirable outputs satisfies all criteria. Therefore,
this approach is adopted in this thesis. The empirical production set ℑ𝑊𝐷 has
been shown to be not convex by Kuosmanen (2005). He then introduces a convex
production set with WDA in undesirable outputs. Since most constructed
production sets in DEA are convex, Kuosmanen’s (2005) formulation will be
adopted in the empirical study in Chapter 4 (Essay 3).

2.6 Conclusion
This chapter reviews the literature on quality assessment of health care.
Section 2.1 discusses the definition of quality in healthcare from WHO which
includes six dimensions. Due to its importance and rareness in production quality
assessment, evaluation of treatment quality is the focus of this thesis. Section 2.2
classifies quality assessment into non-production approach and production
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approach. Section 2.3 reviews the studies on treatment quality evaluation in the
hospital sector. It is pointed out that the production approach is appropriate when
hospitals can be treated as production units. Section 2.4 points out that the
environmental performance index in the field of energy study can be borrowed to
measure treatment quality. Section 2.5 summarizes major methods of modelling
the production technology with undesirable outputs. It is concluded that assuming
weakly disposable undesirable outputs and estimating the empirical production set
by DEA is the most suitable for measuring treatment quality in the hospital sector.
Although quality assessment is a crucial issue for some sectors, there is no
unifying framework to evaluate quality in the literature. By reviewing quality
assessment of medical services, this chapter lays out a framework of analysis for
measuring the quality of medical treatment. Specifically, it is argued that
production quality assessment is better than other approaches of assessing
treatment quality. The environmental performance index is a suitable tool in the
production quality assessment. To compute the environmental performance index,
weak disposability of undesirable outputs should be assumed in the modelling of
the production technology.
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Chapter 3
Environmental Performance Indices: Input-oriented and Malmquist
Approaches
Undesirable outputs as joint-products are unavoidable in some industries,
such as air pollution in the energy sector and deaths in treatment in the healthcare
sector. There are many studies on environmental issues. Färe et al. (1989) propose
the weak disposability approach to model undesirable outputs. Using the strong
and weak disposability of outputs and inputs, they define desirable outputs and
undesirable outputs in their theoretical framework. Chung et al. (1997) adopt this
framework to use directional distance functions to construct the Malmquist
productivity index with undesirable outputs. This essay follows the concept of
environmental performance in Färe et al. (2004), who adopt weak disposability of
undesirable outputs to construct an environmental performance index (EPI) to
evaluate environmental performance. In the last chapter, EPI was suggested to be
adopted for measuring treatment quality.
Although EPI has been used to evaluate environmental performance in many
empirical studies in the energy sector (Tsoulfas and Pappis, 2008; Munksgaard et
al., 2007), it has some unsolved problems. The current formulation of EPI is a
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ratio between two quantity indices of desirable and undesirable outputs
constructed from output distance functions. Each quantity index indicates the
change from a base vector to a current vector. From the formula of (?), the
computation of EPI involves benchmark production frontiers and reference
vectors. Surprisingly, all existing EPI applications use minimum observed outputs
and maximum observed inputs as reference vectors and base vectors. Further, all
observations from different periods are evaluated with respect to the same
production frontier. The reference vectors and production frontier used in the EPI
are not common in other indices of the data envelopment analysis approach. For
example, the Malmquist productivity index and the Hicks–Moorsteen productivity
index use observations from the previous year or the current year as reference
vectors and the previous year’s frontier or the current year’s frontier as reference
frontiers to measure quantity and productivity (Kerstens et al., 2014; Tone, 2004;
Färe et al., 2011). The choice of reference vectors and frontiers reflects the
benchmark for the change in environmental performance. No other index uses
minimum outputs and maximum inputs as reference vectors, except the EPI.
Allowing different production frontiers in different years and more flexible
reference vectors are the directions of research in this chapter.
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The current formulation of EPI is a ratio between two quantity indices of
desirable and undesirable outputs constructed from output distance functions. Its
computation involves benchmark production frontiers and reference vectors.
Current empirical studies adopting EPI unanimously choose restrictive versions of
such benchmark production frontiers and reference vectors. By pointing out the
limitations of using output distance functions, this chapter explores alternative
measures of environmental performance in two directions. First, since output
distance functions cannot ensure the existence of solutions in the computation of
EPI, input distance functions are adopted to construct output quantity indices of
desirable and undesirable outputs. Its ratio becomes a modified version of EPI.
Second, the original formulation of EPI is a ratio between two quantity indices.
The environmental performance index is similar to a productivity index. So, the
Malmquist productivity index is borrowed to capture the “productivity” between
desirable and undesirable outputs. One main contribution of this chapter is the
construction of two new formulas of EPI from input distance functions and the
Malmquist productivity index. These two new formulas improve upon the existing
one in the sense of allowing conventional benchmark production frontiers and
reference vectors in the computation of environmental performance.
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The rest of this chapter is organised as follows. Section 3.1 provides vigorous
evidence of the weaknesses of the current output-oriented EPI. Section 3.2
introduces the input-oriented EPI. Section 3.3 presents the Malmquist EPI and its
decomposition. Section 3.4 discusses the chosen reference vectors and frontiers.
Finally, Section 3.5 concludes the essay.

3.1 The Weaknesses of the Output-oriented EPI
The current formulation of EPI is a ratio between two quantity indices of
desirable and undesirable outputs constructed from output distance functions. Its
computation involves benchmark production frontiers and reference vectors. As
stated in the introduction of this chapter, current empirical studies adopting EPI
unanimously choose restrictive versions of such benchmark production frontiers
and reference vectors. The key reason is that the output-oriented EPI has
restrictive conditions to ensure feasibility. Previous studies applying the EPI do
not mention its feasible conditions. This subsection studies this issue in detail.
Since distance functions are used to compute EPI, the condition of having
finite values in these functions is crucial. This is explored in the following
proposition.
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Proposition 3.1 Let ℑ be a production set with constant returns to scale. Suppose
that inputs and desirable outputs are strongly disposable, while undesirable
outputs are weakly disposable. Suppose that 𝐷𝑔 (𝑥, 𝑔, 𝑏|ℑ𝑡 ) is a finite number for
𝑟
𝑀
𝑟
(𝑥, 𝑔, 𝑏) ∈ ℑ𝑡 . Consider the reference vectors 𝑥 𝑟 ∈ ℝ𝑁
++ , 𝑔 ∈ ℝ++ and 𝑏 ∈

ℝ𝐿++ . Let (𝑥 𝑡 , 𝑔𝑡 , 𝑏 𝑡 ) ∈ ℑ𝑡 .
a.

If (𝑥 𝑟 , 𝑔, 𝑏 𝑟 ) ∈ ℑ𝑡 for some 𝑔 > 0, then 𝐷𝑔 (𝑥 𝑟 , 𝑔𝑡 , 𝑏 𝑟 |ℑ𝑡 ) is a finite
number.

b.

Define a cone: 𝐾(𝑥 𝑟 , 𝑔𝑟 ) ≔ {𝑏 > 0: 𝛼𝑏 ∈ 𝑃𝑡 (𝑥 𝑟 |𝑔𝑟 ) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 > 0}.
Then 𝐷𝑏 (𝑥 𝑟 , 𝑔𝑟 , 𝑏 𝑡 |ℑ𝑡 ) is a finite number if and only if 𝑏 𝑡 ∈ 𝐾(𝑥 𝑡 , 𝑔𝑡 ).
Proposition 3.1a suggests that the output distance function for desirable

outputs is a finite number if the undesirable output vector 𝑏 𝑟 can be produced by
𝑥 𝑟 for a vector with positive desirable outputs. Thus, this distance function is
Well defined. Conversely, although (𝑥 𝑡 , 𝑔𝑡 , 𝑏 𝑡 ) are feasible, the undesirable
output vector 𝑏 𝑡 needs not be in the cone 𝐾(𝑥 𝑟 , 𝑔𝑟 ) under weak disposability
assumption. The following results are immediate consequences of Proposition 3.1.
Corollary to Proposition 3.1a Suppose that desirable outputs are strongly
disposable. Let 𝑥 𝑟 and 𝑏 𝑟 be two reference vectors for inputs and undesirable
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outputs. If there is 𝑔 > 0 such that (𝑥 𝑟 ; 𝑔, 𝑏 𝑟 ) ∈ ℑ𝑡 and (𝑥 𝑟 ; 𝑔, 𝑏 𝑟 ) ∈ ℑ𝑡−1 ,
𝑄𝑔𝑜𝑢𝑡 (𝑔𝑡 , 𝑔𝑡−1 ; 𝑥 𝑟 , 𝑏 𝑟 ) is a finite number for any 𝑔𝑡−1 and 𝑔𝑡 .
Proof:
From Equation (7),
𝑄𝑔𝑜𝑢𝑡 (𝑔𝑡 , 𝑔𝑡−1 ; 𝑥 𝑟 , 𝑏 𝑟 )

𝐷𝑔 (𝑥 𝑟 ; 𝑔𝑡 , 𝑏 𝑟 |ℑ𝑡 )
∶=
.
𝐷𝑔 (𝑥 𝑟 ; 𝑔𝑡−1 , 𝑏 𝑟 |ℑ𝑡−1 )

As (𝑥 𝑟 ; 𝑔, 𝑏 𝑟 ) ∈ ℑ∗ for some 𝑔 > 0, I have

𝑔𝑡
𝜃

(14)

< 𝑔 for any 𝑔𝑡 , t = 1, …,

T, if 𝜃 > 0 is sufficiently large. As desirable outputs are strongly disposable, I
have (𝑥 𝑟 ;

𝑔𝑡
𝜃

𝑔𝑡

, 𝑏 𝑟 ) ∈ ℑ𝑡 . Applying Proposition 3.1a, let 𝑔∗ = 𝜃∗ ≧ 𝑔, so that

(𝑥 𝑟 ; 𝑔∗ , 𝑏 𝑟 ) ∈ ℑ𝑡 and (𝑥 𝑟 ; 𝑔∗ + 𝜀, 𝑏 𝑟 ) ∉ ℑ𝑡 for any 𝜀 > 0. Then
𝐷𝑔 (𝑥 𝑟 , 𝑔𝑡 , 𝑏 𝑟 |ℑ𝑡 ) is a finite number. Similarly, 𝐷𝑔 (𝑥 𝑟 , 𝑔𝑡−1 , 𝑏 𝑟 |ℑ𝑡−1 ) is a finite
number. The value of 𝑄𝑔𝑜𝑢𝑡 (𝑔𝑡 , 𝑔𝑡−1 ; 𝑥 𝑟 , 𝑏 𝑟 ) is the ratio of two real numbers and
is therefore a finite number.
Q.E.D.
Corollary to Proposition 3.1b Suppose that the desirable outputs and undesirable
outputs are jointly Weakly disposable. Let 𝑥 𝑟 and 𝑔𝑟 be two reference vectors
for inputs and desirable outputs. If (𝑥 𝑟 ; 𝑔𝑟 , 𝑏 𝑡 ) ∈ ℑ𝑡 for 𝑡 = 1, 2, … , 𝑇,
𝑄𝑏𝑜𝑢𝑡 (𝑏 𝑡 , 𝑏 𝑡−1 ; 𝑥 𝑟 , 𝑏 𝑟 ) is a finite number.
Proof:
From Equation (8),
𝑄𝑏𝑜𝑢𝑡 (𝑏 𝑡 , 𝑏 𝑡−1 ; 𝑥 𝑟 , 𝑔𝑟 ) ∶=
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𝐷𝑏 (𝑥 𝑟 ; 𝑔𝑟 , 𝑏 𝑡 )
.
𝐷𝑏 (𝑥 𝑟 ; 𝑔𝑟 , 𝑏 𝑡−1 )

(15)

As (𝑥 𝑟 ; 𝑔𝑟 , 𝑏 𝑡 ) ∈ ℑ𝑡 and (𝑥 𝑟 ; 𝑔𝑟 , 𝑏 𝑡−1 ) ∈ ℑ𝑡−1 . From Proposition 3.1b,
the undesirable output vectors 𝑏 𝑡 and 𝑏 𝑡−1 are in the cone 𝐾(𝑥 𝑟 , 𝑔𝑟 ), with
𝐾(𝑥 𝑟 , 𝑔𝑟 ) ≔ {𝑏 𝑡 > 0: 𝛼𝑏 𝑡 ∈ 𝑃𝑡 (𝑥 𝑟 |𝑔𝑟 ) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 > 0}. As 𝑏 𝑡 ∈ 𝐾(𝑥 𝑡 , 𝑔𝑡 ),
𝐷𝑏 (𝑥 𝑟 , 𝑔𝑟 , 𝑏 𝑡 |ℑ𝑡 ) is a finite number. As 𝑏 𝑡−1 ∈ 𝐾(𝑥 𝑡−1 , 𝑔𝑡−1 ),
𝐷𝑏 (𝑥 𝑟 , 𝑔𝑟 , 𝑏 𝑡−1 |ℑ𝑡 ) is a finite number. The value of 𝑄𝑏𝑜𝑢𝑡 (𝑔𝑡 , 𝑔𝑡−1 ; 𝑥 𝑟 , 𝑏 𝑟 ) is
the ratio of two real numbers and is therefore a finite number.
Q.E.D
As the output-oriented EPI is constructed from the quantity indices of the
desirable and undesirable outputs, if both quantity indices are finite numbers, the
EPI score is a finite number. An ideal property of this index is that the EPI scores
should not change under different reference vectors. In other words, a good
environmental performance index should be independent of the reference vectors.
This is a demanding condition, as shown in the following proposition.
Proposition 3.2 Consider the desirable output vectors 𝑔𝑡−1 and 𝑔𝑡 and the
undesirable output vectors 𝑏 𝑡−1 and 𝑏 𝑡 . For any reference vector (𝑥𝜑𝑟 ; 𝑔𝜑𝑟 , 𝑏𝜑𝑟 )
𝑟
𝑟
𝑟 ),
and (𝑥𝜔
; 𝑔𝜔
, 𝑏𝜔

𝐸𝑃𝐼 𝑜𝑢𝑡 ( 𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥𝜑𝑟 , 𝑔𝜑𝑟 , 𝑏𝜑𝑟 )
𝑟
𝑟
𝑟)
= 𝐸𝑃𝐼 𝑜𝑢𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥𝜔
, 𝑔𝜔
, 𝑏𝜔

(16)

if and only if for any (𝑥; 𝑔, 𝑏)
𝐷𝑔 (𝑥; 𝑔, 𝑏) = 𝑓(𝑔) ∙ 𝐷𝑔 (𝑥; 1, 𝑏)

(17)

𝐷𝑏 (𝑥; 𝑔, 𝑏) = ℎ(𝑏) ∙ 𝐷𝑏 (𝑥; 𝑔, 1).

(18)

and

Proof:
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Suppose that Equations (17) and (18) hold. By combining these two equations
with Equations (5) and (6),
𝐸𝑃𝐼 𝑜𝑢𝑡 ( 𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥𝜑𝑟 , 𝑔𝜑𝑟 , 𝑏𝜑𝑟 )
=

𝑓(𝑔𝑡 ) ∙ 𝐷𝑔 (𝑥𝜑𝑟 ; 1, 𝑏𝜑𝑟 )

ℎ(𝑏 𝑡 ) ∙ 𝐷𝑔 (𝑥𝜑𝑟 , 𝑔𝜑𝑟 , 1)

/
𝑓(𝑔𝑡−1 ) ∙ 𝐷𝑔 (𝑥𝜑𝑟 ; 1, 𝑏𝜑𝑟 ) ℎ(𝑏 𝑡−1 ) ∙ 𝐷𝑔 (𝑥𝜑𝑟 , 𝑔𝜑𝑟 , 1)
𝑓(𝑔𝑡 ) ∙ ℎ(𝑏 𝑡−1 )
=
.
𝑓(𝑔𝑡−1 ) ∙ ℎ(𝑏 𝑡 )
As the reference vectors (𝑥𝜑𝑟 ; 𝑔𝜑𝑟 , 𝑏𝜑𝑟 ) do not appear on the right side, the
value of 𝐸𝑃𝐼 𝑜𝑢𝑡 for ( 𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ) will be the same regardless of the
reference vectors. This means that
𝑟
𝑟
𝑟 ).
𝐸𝑃𝐼 𝑜𝑢𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥𝜑𝑟 , 𝑔𝜑𝑟 , 𝑏𝜑𝑟 ) = 𝐸𝑃𝐼 𝑜𝑢𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥𝜔
, 𝑔𝜔
, 𝑏𝜔

Conversely, suppose that Equation (16) holds. From Equation (9), I have
𝑄𝑔 (𝑔𝑡 , 𝑔𝑡−1 ; 𝑥𝜑𝑟 , 𝑏𝜑𝑟 )

𝑟
𝑟)
𝑄𝑔 (𝑔𝑡 , 𝑔𝑡−1 ; 𝑥𝜔
, 𝑏𝜔
=
.
𝑟 , 𝑔𝑟 )
𝑄𝑏 (𝑏 𝑡 , 𝑏 𝑡−1 ; 𝑥𝜑𝑟 , 𝑔𝜑𝑟 ) 𝑄𝑏 (𝑏 𝑡 , 𝑏 𝑡−1 ; 𝑥𝜔
𝜔

(19)

Given that (𝑔𝑡 , 𝑔𝑡−1 ) do not appear in the denominators and (𝑏 𝑡 , 𝑏 𝑡−1 ) do not
appear in the numerators, it is obvious that
𝑟
𝑟)
𝑄𝑔 (𝑔𝑡 , 𝑔𝑡−1 ; 𝑥𝜑𝑟 , 𝑏𝜑𝑟 ) = 𝛾 ∙ 𝑄𝑔 (𝑔𝑡 , 𝑔𝑡−1 ; 𝑥𝜔
, 𝑏𝜔

(20)

𝑟
𝑟 ),
𝑄𝑏 (𝑏 𝑡 , 𝑏 𝑡−1 ; 𝑥𝜑𝑟 , 𝑔𝜑𝑟 ) = 𝛾 ∙ 𝑄𝑏𝑜𝑢𝑡 (𝑏 𝑡 , 𝑏 𝑡−1 ; 𝑥𝜔
, 𝑔𝜔

(21)

where 𝛾 > 0.
As Färe and Grosskopf (2004) p.24 point out, Equations (20) and (21) hold
𝑟
𝑟
𝑟)
for any (𝑥𝜑𝑟 ; 𝑔𝜑𝑟 , 𝑏𝜑𝑟 ) and (𝑥𝜔
; 𝑔𝜔
, 𝑏𝜔
if and only if Equations (17) and (18) are

true. This completes the proof.
Q.E.D
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Proposition 3.2 shows the condition of independence of the reference
vectors. However, these two conditions are difficult to satisfy in the distance
functions for desirable outputs and undesirable outputs. Thus, the reference
vectors will affect the evaluation of environmental performance. The current
output-oriented EPI approach in empirical applications uses unconventional
reference vectors and benchmark production frontiers. Let the observed data of
desirable outputs, undesirable outputs and inputs for firm k at time 𝑡, 𝑘 =
𝑡
𝑡
𝑡
𝑡
), 𝑏𝑘𝑡 = (𝑏𝑘1
) and 𝑥𝑘𝑡 =
1, … , 𝐾 and 𝑡 = 1, … , 𝑇, be 𝑔𝑘𝑡 = (𝑔𝑘1
, ⋯ , 𝑔𝑘𝑀
, ⋯ , 𝑏𝑘𝐿
𝑡
𝑡
(𝑥𝑘1
), respectively. Current studies adopting 𝐸𝑃𝐼 𝑜𝑢𝑡 unanimously use
, ⋯ , 𝑥𝑘𝑁

one grand frontier ℑ∗ for the entire study period, i.e., ℑ1 ∪ ℑ2 ∪ … ∪ ℑ𝑇 = ℑ∗
such that (𝑥𝑘𝑡 , 𝑔𝑘𝑡 , 𝑏𝑘𝑡 ) ∈ ℑ∗ for all 𝑘 = 1, … , 𝐾 and 𝑡. The grand frontier can be
interpreted as a reference technology consisting of all observations for the years in
the sample, as proposed by Pastor and Lovell (2005). When the data are updated,
the grand frontier is likely to shift. The EPI score will change if an additional year
of observations is added to the sample. That is, all values of the EPI in previous
years may be different when future data are included, which is its main drawback.
Consider the following vectors,
𝑡
𝑚𝑖𝑛
𝑔𝑚
≔ 𝑚𝑖𝑛{𝑔𝑘𝑚
: 𝑘 = 1, ⋯ , 𝐾} , 𝑚 = 1, ⋯ , 𝑀.
𝑘

𝑡
𝑥𝑛𝑚𝑎𝑥 : = 𝑚𝑎𝑥{𝑥𝑘𝑛
: 𝑘 = 1, ⋯ , 𝐾} , 𝑛 = 1, ⋯ , 𝑁.
𝑘

In existing empirical applications of EPI, the reference vectors are
(𝑔𝑟 , 𝑏 𝑟 , 𝑥 𝑟 ) = (𝑔𝑚𝑖𝑛 , 𝑏 𝑟 , 𝑥 𝑚𝑎𝑥 ), where 𝑏 𝑟 is arbitrary. I call (𝑔𝑚𝑖𝑛 , 𝑏 𝑟 , 𝑥 𝑚𝑎𝑥 )
min-max reference vectors. Based on the corollaries of Proposition 3.1a and 3.1b,
it is clear that,
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(𝑥 𝑚𝑎𝑥 , 𝑔, 𝑏 𝑟 ) ∈ ℑ∗ for some 𝑔 > 0 and 𝐾(𝑥 𝑚𝑎𝑥 , 𝑔𝑚𝑖𝑛 ) ≔ {𝑏 > 0: 𝛼𝑏 ∈
𝑃∗ (𝑥 𝑚𝑎𝑥 |𝑔𝑚𝑖𝑛 ) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 > 0}.
From corollaries of Proposition 3.1, it is clear that 𝐸𝑃𝐼 𝑜𝑢𝑡 is always a finite
number for any observed input-output vector with respect to the min-max
reference vectors and the grand frontier. I think that the following properties
should be held by any index that measure environmental performance with respect
to the production technology. First, the index should capture the shifts of the
production frontier over time. Second, the index should allow for various choices
of reference vectors.
Current 𝐸𝑃𝐼 𝑜𝑢𝑡 applications choose the min-max reference vectors with the
grand frontier. Then, 𝐸𝑃𝐼 𝑜𝑢𝑡 (𝑥𝑘𝑡 ; 𝑔𝑘𝑡 , 𝑏𝑘𝑡 ; 𝑥 𝑚𝑎𝑥 , 𝑔𝑚𝑖𝑛 , 𝑏 𝑟 ) is well-defined for 𝑘 =
1, ⋯ , 𝐾 and 𝑡 = 1, . . . , 𝑇. If the min-max reference vectors and the grand
frontier are not adopted simultaneously, 𝐸𝑃𝐼 𝑜𝑢𝑡 may have no solution, as shown
in the corollary to Proposition 3.1. Here is an example of 𝑏 ∉ 𝐾(𝑥 𝑟 , 𝑔𝑟 ) in Graph
1. Suppose that there are two periods 𝑡1 and 𝑡2. In each period, there are three
firms 𝑓1, 𝑓2 and 𝑓3. In the production process, there is only one desirable
output 𝑔, one input 𝑥 and two undesirable outputs 𝑏1 and 𝑏2. The quantity of
inputs and outputs are listed in table 1,
Table 1: Numerical example of infeasible case
Time
𝑡1
𝑡1
𝑡1
𝑡2
𝑡2
𝑡2

PU 𝑔 𝑥 𝑏1 𝑏2
𝑓1 5 5 1.5 2
2 1.5
𝑓2 5 5
2
2
𝑓3 5 5
4
𝑓1 10 10 2
2
𝑓2 10 10 4
4
𝑓3 10 10 4
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I can conclude that 𝐸𝑃𝐼 𝑜𝑢𝑡 is not feasible as
𝑏 ∉ 𝐾(𝑥 𝑟 , 𝑔𝑟 ) ≔ {𝑏 > 0: 𝛼𝑏 ∈ 𝑃∗ (𝑥 𝑟 = 5|𝑔𝑟 = 5) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 > 0}.
As shown in the following graph,
Graph 1

The min-max reference vectors are one of many choices of reference vectors.
The grand frontier is only one of many choices of benchmark production frontier.
The above example shows that the output-oriented EPI may well-defined.
Therefore, the two properties stated before are not satisfied. There are additional
drawbacks. The grand frontier may shift when new data are added. Thus, existing
results will be affected by future data, which is not satisfactory. Furthermore, the
min-max reference vectors are extreme values of desirable outputs and inputs, the
values of EPI computed based on them are very sensitive to outliers. In summary,
the current formulation of EPI allows for very restrictive benchmark production
frontier and reference vectors only. A formula that can incorporate flexible
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choices is needed. The next section explores a new direction from inputorientation.

3.2 Input-oriented Environmental Performance Index
This section proposes an alternative input-oriented approach to construct the
environmental performance index. To proceed, let us define the production set
with unrestricted undesirable outputs as ℑ𝑡𝑏 ≔ {(𝑥, 𝑔): (𝑥; 𝑔, 𝑏) ∈ ℑ𝑡 , 𝑏 ≧ 0}. In
this production set, (𝑥, 𝑔) are feasible as long as (𝑔, 𝑏) can be produced by 𝑥
for some 𝑏 ≧ 0. Similarly, the production set with unrestricted desirable outputs
is ℑ𝑡𝑔 ≔ {(𝑥, 𝑏): (𝑥; 𝑔, 𝑏) ∈ ℑ𝑡 , 𝑔 ≧ 0}.
The input distance function for desirable outputs with respect to ℑ𝑡𝑏 is
𝑥
𝐷𝑖 (𝑥, 𝑔|ℑ𝑡𝑏 ) ≔ 𝑠𝑢𝑝 {𝜆: ( , 𝑔) ∈ ℑ𝑡𝑏 }.
𝜆
𝜆

(22)

This is a modified version of the input-oriented distance function. When the
function is defined, there is a vector of undesirable outputs 𝑏 ∈ ℝ𝐿+ such that
(𝑥/𝐷𝑔𝑖𝑛 (𝑥; 𝑔|ℑ𝑡𝑏 ); 𝑔, 𝑏) ∈ ℑ𝑡 . Similarly, the input distance function for
undesirable outputs with respect to ℑ𝑡𝑔 is
𝑥
𝐷𝑖 (𝑥, 𝑏|ℑ𝑡𝑔 ) ≔ 𝑠𝑢𝑝 {𝜆: ( , 𝑏) ∈ ℑ𝑡𝑔 }.
𝜆
𝜆

(23)

Let 𝑥 𝑟 be a reference vector of inputs. The input-oriented quantity index of
the desirable output vector 𝑔t relative to the vector 𝑔𝑡−1 with respect to the
technology in 𝑡 is
𝑄𝑔𝑖𝑛 (𝑔t , 𝑔𝑡−1 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) =
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𝐷𝑖 ( 𝑔𝑡−1 ;𝑥 𝑟 |ℑ𝑡𝑏 )
𝐷𝑖 ( 𝑔𝑡 ;𝑥 𝑟 |ℑ𝑡𝑏 )

.

(24)

Note that under strong disposability of inputs, the input distance function for
desirable outputs decreases Weakly in 𝑔. If 𝑔𝑡−1 ≦ 𝑔𝑡 , then 𝐷𝑖 ( 𝑔𝑡−1 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) ≧
𝐷𝑖 ( 𝑔𝑡 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) and 𝑄𝑔𝑖𝑛 (𝑔t , 𝑔𝑡−1 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) ≧ 1.
Similarly, the input-oriented quantity index of the undesirable output vector
𝑏 t relative to the vector 𝑏 𝑡−1 with respect to the technology in 𝑡 is
𝑄𝑏𝑖𝑛 (𝑏 t , 𝑏 𝑡−1 ; 𝑥 𝑟 |ℑ𝑡𝑔 ) =

𝐷𝑖 ( 𝑏 0 ; 𝑥 𝑟 |ℑ𝑡𝑔 )
𝐷𝑖 ( 𝑏 𝑡 ; 𝑥 𝑟 |ℑ𝑡𝑔 )

.

(25)

The input distance function for undesirable outputs decreases Weakly in
𝑏. If 𝑏 0 ≦ 𝑏 𝑡 , then 𝐷𝑖 ( 𝑏 0 ; 𝑥 𝑟 |ℑ𝑡𝑔 ) ≧ 𝐷𝑖 ( 𝑏 𝑡 ; 𝑥 𝑟 |ℑ𝑡𝑔 ) and
𝑄𝑏𝑖𝑛 (𝑏 t , 𝑏 0 ; 𝑥 𝑟 |ℑ𝑡𝑔 ) ≧ 1.
Finally, the input-oriented environmental performance index of the output
vectors (𝑔t , 𝑏 t ) relative to the output vectors (𝑔𝑡−1 , 𝑏 𝑡−1 ) with respect to the
input reference vector 𝑥 𝑟 and the technology in 𝑡 is
𝐸𝑃𝐼

𝑖𝑛 (

t

t

𝑔 ,𝑏 ;𝑔

𝑡−1

,𝑏

𝑡−1

;𝑥

𝑟)

=

𝑄𝑔𝑖𝑛 (𝑔t , 𝑔𝑡−1 ; 𝑥 𝑟 |ℑ𝑡𝑏 )
𝑄𝑏𝑖𝑛 (𝑏 t , 𝑏 𝑡−1 ; 𝑥 𝑟 |ℑ𝑡𝑔 )

.

(26)

Compared with the output-oriented EPI in Equation (9) that has three
reference vectors, there is only one reference vector for the input-oriented EPI in
Equation (26). The main difference is that the input-oriented EPI uses an
unrestricted desirable output production set or an unrestricted undesirable output
production set and the input-oriented distance function to solve the infeasibility
problem. To show the quantity change of undesirable outputs, all changes in the
index must come from the change of undesirable outputs. I set the inputs and
desirable outputs as identical reference vectors in the distance functions.
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Therefore, the only difference between the reference vectors and the evaluation
comes from undesirable outputs. The undesirable output quantity index is the ratio
of the input-distance function of observed undesirable outputs to the reference of
undesirable outputs. Thus, the quantity index shows the change in the quantity of
undesirable outputs. Similarly, I can use the input-oriented distance function to
show the change in the quantity of desirable outputs. The feasible conditions of
unrestricted input-distance functions are the following.
Proposition 3.3 Let ℑ𝑡 , 𝑡 = 1, ⋯ , 𝑇, be a production set with constant returns to
scale at time 𝑡. Suppose that inputs and desirable outputs are strongly disposable,
while undesirable outputs are Weakly disposable,
a.

If there is 𝑔′ > 0 such that (𝑥 𝑔 ; 𝑔′ , 𝑏 𝑔 ) ∈ ℑ𝑡 for some (𝑥 𝑔 , 𝑏 𝑔 ) ∈ ℝ𝑁×𝑀
,
+
then the input distance function for desirable outputs with respect to ℑ𝑡𝑏 ,
𝐷𝑖 (𝑥 𝑟 , 𝑔|ℑ𝑡𝑏 ), is well-defined for 𝑔 > 0 and 𝑥 𝑟 > 0.

b.

If there is 𝑏 ′ > 0 such that (𝑥 𝑏 ; 𝑔𝑏 , 𝑏 ′ ) ∈ ℑ𝑡 for some (𝑥 𝑏 , 𝑔𝑏 ), then the
input distance function for undesirable outputs with respect to ℑ𝑡𝑔 ,
𝐷𝑖 (𝑥 𝑟 , 𝑏|ℑ𝑡𝑔 ), is Well defined for 𝑏 > 0 and 𝑥 𝑟 > 0.

Proof:
a.

Let 𝑔 > 0, based on the hypothesis in (a), (𝑥 𝑔 ; 𝑔′ , 𝑏 𝑔 ) ∈ ℑ𝑡 for some

(𝑥 𝑔 , 𝑏 𝑔 ) ∈ ℝ𝑁×𝑀
and 𝑔′ > 0. Under constant returns to scale,
+
(𝜃𝑥 𝑔 ; 𝜃𝑔′ , 𝜃𝑏 𝑔 ) ∈ ℑ𝑡 for 𝜃 > 0. If 𝜃 is sufficiently large, then 𝜃𝑔′ ≧ 𝑔.
Under strong disposability of outputs, (𝜃𝑥 𝑔 ; 𝑔, 𝜃𝑏 𝑔 ) ∈ ℑ𝑡 . For any 𝑥 𝑟 > 0,
𝜏𝑥 𝑟 ≧ 𝜃𝑥 𝑔 for a sufficiently large 𝜏. Under strong disposability of inputs,
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(𝜃𝑥 𝑔 ; 𝑔, 𝜃𝑏 𝑔 ) ∈ ℑ𝑡 ⟹ (𝜏𝑥 𝑟 , 𝑔, 𝜃𝑏 𝑔 ) ∈ ℑ𝑡 ⟹ (𝜏𝑥 𝑟 , 𝑔) ∈ ℑ𝑡𝑔 . Thus, 𝜆 = 1⁄𝜏 is
a feasible solution, so that (𝑥 𝑟 ⁄𝜆 , 𝑔) ∈ ℑ𝑡𝑏 . It follows that 𝐷𝑖 (𝑥 𝑟 , 𝑔|ℑ𝑡𝑏 ) ≔
𝑥

𝑠𝑢𝑝 {𝜆: (𝜆 , 𝑔) ∈ ℑ𝑡𝑏 } is a finite number.
𝜆

b.

Let (𝑥 𝑏 ; 𝑔𝑏 , 𝑏) ∈ ℑ𝑡 . For any 𝑥 𝑟 > 0, 𝜏𝑥 𝑟 ≧ 𝑥 𝑏 for a sufficiently large 𝜏.

Under strong disposability of inputs, (𝑥 𝑏 ; 𝑔𝑏 , 𝑏) ∈ ℑ𝑡 ⟹ (𝜏𝑥 𝑟 , 𝑔𝑏 , 𝑏) ∈ ℑ𝑡 ⟹
𝑥𝑟

(𝜏𝑥 𝑟 , 𝑏) ∈ ℑ𝑡𝑏 . Thus, 𝐷𝑖 (𝑥 𝑟 , 𝑏|ℑ𝑡𝑔 ) ≔ 𝑠𝑢𝑝 {𝜆: ( , 𝑏) ∈ ℑ𝑡𝑔 } is a finite number.
𝜆
𝜆

Q.E.D
Proposition 3.5 suggests that the input distance function for desirable outputs
and undesirable outputs are finite numbers if the positive desirable output vector
𝑔′ can be produced by the given inputs and undesirable outputs vector (𝑥 𝑔 , 𝑏 𝑔 )
and the positive undesirable output vector 𝑏 ′ can be produced by the given inputs
and desirable outputs vector (𝑥 𝑏 , 𝑔𝑏 ). Thus, these input distance functions of
desirable outputs and undesirable outputs are Well defined. The feasible
conditions of the input-oriented EPI can be satisfied by the following reference
vectors and frontier,
Sequential frontier: ℑ𝑠𝑡 : = ℑ1 ∪ ℑ2 ∪ … ∪ ℑ𝑡 for 𝑡 = 1, ⋯ , 𝑇.
Prior-lag references: (𝑥 𝑟 ; 𝑔𝑟 , 𝑏 𝑟 ) = (𝑥 𝑡 ; 𝑔𝑡 , 𝑏 𝑡 ) or (𝑥 𝑡−1 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ).
The sequential frontier and prior-lag reference vectors are commonly used
references in previous studies of the productivity index (Shestalova, 2003; Oh and
Heshmati, 2010). The sequential frontier contains all observations from the first
period to the current period. Thus, the sequential frontier is likely to shift up over
time. The last sequential frontier is the same as the grand frontier. The prior-lag
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reference vectors are the most commonly used reference vectors in empirical
studies of productivity
Many studies on the dynamic analysis of changes over time adopt moving
reference vectors and take the geometric mean. My input-oriented environmental
performance index can accommodate this. Consider the change in environmental
performance from (𝑥 𝑡−1 , 𝑔𝑡−1 , 𝑏 𝑡−1 ) to (𝑥 𝑡 , 𝑔𝑡 , 𝑏 𝑡 ). I use 𝑥 𝑡−1 and 𝑥 𝑡 as
reference vectors and define the input-oriented environmental performance index
with respect to the technology in 𝑡 as
𝐸𝑃𝐼 𝑖𝑛 ( 𝑔t , 𝑏 t ; 𝑔t−1 , 𝑏 t−1 ; 𝑥 𝑡−1 , 𝑥 𝑡 )
0.5

= (𝐸𝑃𝐼 𝑖𝑛 ( 𝑔t , 𝑏 t ; 𝑔t−1 , 𝑏 t−1 ; 𝑥 𝑡−1 )𝐸𝑃𝐼 𝑖𝑛 ( 𝑔t , 𝑏 t ; 𝑔t−1 , 𝑏 t−1 ; 𝑥 𝑡 ))

.

The following proposition demonstrates the feasibility of the input-oriented
EPI with the sequential frontier and prior-lag reference vectors.
Proposition 3.4 Suppose that the technology sets ℑ𝑡𝑔 and ℑ𝑡𝑏 show constant
returns to scale. Suppose that ℑ𝑡−1
⊂ ℑ𝑡𝑔 and ℑ𝑡−1
⊂ ℑ𝑡𝑏 , 𝑡 = 2, ⋯ , 𝑇. Then
𝑔
𝑏
𝐸𝑃𝐼 𝑖𝑛 ( 𝑔t , 𝑏 t ; 𝑔t−1 , 𝑏 t−1 ; 𝑥 𝑡−1 , 𝑥 𝑡 ) is a finite number for all 𝑡.
Proof: given ℑ𝑡−1
⊂ ℑ𝑡𝑔 , I have (𝑥 𝑖 , 𝑏 𝑖 ) ∈ ℑ𝑡𝑔 , 𝑖 = 𝑡 − 1, 𝑡. Given ℑ𝑡−1
⊂ ℑ𝑡𝑏 , I
𝑔
𝑏
have (𝑥 𝑖 , 𝑔𝑖 ) ∈ ℑ𝑡𝑏 , 𝑖 = 𝑡 − 1, 𝑡. Thus, the hypotheses of Propositions 3.3a and
3.3b are satisfied. All input-oriented distance functions in Equation (19) and (20)
are Well defined. Therefore, 𝐸𝑃𝐼 𝑖𝑛 ( 𝑔t , 𝑏 t ; 𝑔t−1 , 𝑏 t−1 ; 𝑥 𝑡−1 , 𝑥 𝑡 ) is a finite
number.
Q.E.D.
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Proposition 3.4 shows that the input-oriented EPI can guarantee a feasible
solution of the sequential frontier with the prior-lag reference vectors. This is an
improvement over the output-oriented EPI that offers a feasible solution only
when using the min-max reference vectors with the grand frontier. My new
approach is better than that of the output-oriented EPI as it allows for more
choices of the benchmark technology and reference vectors. The input-oriented
EPI satisfies the following desirable properties as reported in Färe et al. (2004,
p.346).
a.

Homogeneity:
𝐸𝑃𝐼 𝑖𝑛 (𝜃𝑔t , 𝜆𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ) =

𝜃
𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 )
𝜆

for 𝜃 > 0 and 𝜆 > 0.
b.

Time-reversal:
𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ) 𝐸𝑃𝐼 𝑖𝑛 (𝑔0 , 𝑏 0 , 𝑔𝑡 , 𝑏 𝑡 ; 𝑥 𝑟 ) = 1.

c.

Transitivity:
𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔 𝑠 , 𝑏 𝑠 ; 𝑥 𝑟 ) 𝐸𝑃𝐼 𝑖𝑛 (𝑔s , 𝑏 s , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ) = 𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ).

d.

Dimensionality:
𝐸𝑃𝐼 𝑖𝑛 (𝜃𝑔t , 𝜆𝑏 t , 𝜃𝑔0 , 𝜆𝑏 0 ; 𝑥 𝑟 ) = 𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 )
for 𝜃 > 0 and 𝜆 > 0.

Proposition 3.5 (Homogeneity) Suppose that the technology sets ℑ𝑡𝑔 and ℑ𝑡𝑏
show constant returns to scale. For 𝜏 > 0,
𝐷𝑖 (𝑥; 𝜏𝑔) = 𝜏 −1 𝐷𝑖 (𝑥; 𝑔)
and
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(27)

𝐷𝑖 (𝑥; 𝜏𝑏) = 𝜏 −1 𝐷𝑖 (𝑥; 𝑏).

(28)

Proof:
For 𝜏 > 0,
𝑥

𝐷𝑖 (𝑥; 𝜏𝑔) ≔ sup {𝜆: (𝜆 ; 𝜏𝑔, 𝑏) ∈ ℑ𝑡 , 𝑏 ≧ 0}
λ

𝑥

𝑏

1

𝑏

= sup {𝜆: (𝜏𝜆 ; 𝑔, 𝜏 ) ∈ 𝜏 ℑ𝑡 , 𝜏 ≧ 0}
λ

1

𝑥

𝑏

1

𝑏

= 𝜏 sup {𝜏𝜆: (𝜏𝜆 ; 𝑔, 𝜏 ) ∈ 𝜏 ℑ𝑡 , 𝜏 ≧ 0}
τλ

= 𝜏 −1 𝐷𝑖 (𝑥; 𝑔).
Thus, I have 𝐷𝑖 (𝑥; 𝜏𝑔) = 𝜏 −1 𝐷𝑖 (𝑥; 𝑔).
𝑥

𝐷𝑖 (𝑥; 𝜏𝑏) ≔ sup {𝜆: (𝜆 ; 𝑔, 𝜏𝑏) ∈ ℑ𝑡 , 𝑔 ≧ 0}
λ

𝑥

𝑔

1

𝑔

= sup {𝜆: (𝜏𝜆 ; 𝜏 , 𝑏) ∈ 𝜏 ℑ𝑡 , 𝜏 ≧ 0}
λ

1

𝑥

𝑔

1

𝑔

= 𝜏 sup {𝜏𝜆: (𝜏𝜆 ; 𝜏 , 𝑏) ∈ 𝜏 ℑ𝑡 , 𝜏 ≧ 0}
τλ

= 𝜏 −1 𝐷𝑖 (𝑥; 𝑏).
Thus, I have 𝐷𝑖 (𝑥; 𝜏𝑏) = 𝜏 −1 𝐷𝑖 (𝑥; 𝑏).
Q.E.D.
The following properties of quantity indices are the natural consequences of
the two corollaries of Proposition 3.5.
Corollary to Proposition 3.5a Suppose that the technology sets ℑ𝑡𝑔 and ℑ𝑡𝑏
show constant returns to scale. For 𝛼, 𝛽 > 0 and 𝑡 = 1, , 𝑇,
𝑄𝑔𝑖𝑛 (𝛼𝑔t , 𝛽𝑔𝑡−1 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) =
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𝛼 𝑖𝑛 𝑡 𝑡−1 𝑟 𝑡
𝑄 (𝑔 , 𝑔 ; 𝑥 |ℑ𝑏 )
𝛽 𝑔

(29)

and
𝑄𝑏𝑖𝑛 (𝛼𝑏 t , 𝛽𝑏 𝑡−1 ; 𝑥 𝑟 |ℑ𝑡𝑔 ) =

𝛼 𝑖𝑛 𝑡 𝑡−1 𝑟 𝑡
𝑄 (𝑏 , 𝑏 ; 𝑥 |ℑ𝑔 ).
𝛽 𝑏

(30)

Corollary to Proposition 3.5b Suppose that the technology sets ℑ𝑡𝑔 and ℑ𝑡𝑏
show constant returns to scale. For 𝛼, 𝛽, 𝛾, 𝛿 > 0 and 𝑡 = 1, , 𝑇,
𝐸𝑃𝐼 𝑖𝑛 (𝛼𝑔𝑡 , 𝛽𝑏 𝑡 ; 𝛾𝑔𝑡−1 , 𝛿𝑏 𝑡−1 ; 𝑥 𝑟 ) =

𝛼𝛿
𝐸𝑃𝐼 𝑖𝑛 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥 𝑟 ).
𝛽𝛾

Proposition 3.6 (Time-reversal) Suppose that the technology sets ℑ𝑡𝑔 and ℑ𝑡𝑏
show constant returns to scale. For a given reference vector 𝑥 𝑟 , I have
𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ) 𝐸𝑃𝐼 𝑖𝑛 (𝑔0 , 𝑏 0 , 𝑔𝑡 , 𝑏 𝑡 ; 𝑥 𝑟 ) = 1.
Proof:
From Equations (24) and (25), I have，
𝐸𝑃𝐼

𝑖𝑛 (𝑔t

t

0

0

,𝑏 ,𝑔 ,𝑏 ;𝑥

𝑟)

𝐷𝑖 ( 𝑔0 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) 𝐷𝑖 ( 𝑏 0 ; 𝑥 𝑟 |ℑ𝑡𝑔 )
=
/
.
𝐷𝑖 (𝑔𝑡 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) 𝐷𝑖 (𝑏 𝑡 ; 𝑥 𝑟 |ℑ𝑡𝑔 )

(31)

𝐷𝑖 ( 𝑔𝑡 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) 𝐷𝑖 ( 𝑏 𝑡 ; 𝑥 𝑟 |ℑ𝑡𝑔 )
/
.
𝐷𝑖 (𝑔0 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) 𝐷𝑖 (𝑏 0 ; 𝑥 𝑟 |ℑ𝑡𝑔 )

(32)

𝐸𝑃𝐼 𝑖𝑛 (𝑔0 , 𝑏 0 , 𝑔𝑡 , 𝑏 𝑡 ; 𝑥 𝑟 ) =
For the same 𝑥 𝑟 , obviously, I have，

𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ) 𝐸𝑃𝐼 𝑖𝑛 (𝑔0 , 𝑏 0 , 𝑔𝑡 , 𝑏 𝑡 ; 𝑥 𝑟 ) = 1.
Q.E.D
Proposition 3.7 (Transitivity) Suppose that the technology sets ℑ𝑡𝑔 and ℑ𝑡𝑏
show constant returns to scale. For a given reference vector 𝑥 𝑟 , I have
𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔 𝑠 , 𝑏 𝑠 ; 𝑥 𝑟 ) 𝐸𝑃𝐼 𝑖𝑛 (𝑔s , 𝑏 s , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ) = 𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ).
Proof:
From Equations (24) and (25), I have，
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𝐸𝑃𝐼

𝑖𝑛 (𝑔t

t

𝑠

𝑠

,𝑏 ,𝑔 ,𝑏 ;𝑥

𝑟)

𝐷𝑖 ( 𝑔 𝑠 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) 𝐷𝑖 ( 𝑏 𝑠 ; 𝑥 𝑟 |ℑ𝑡𝑔 )
=
/
.
𝐷𝑖 (𝑔𝑡 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) 𝐷𝑖 (𝑏 𝑡 ; 𝑥 𝑟 |ℑ𝑡𝑔 )

(33)

𝐷𝑖 ( 𝑔0 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) 𝐷𝑖 ( 𝑏 0 ; 𝑥 𝑟 |ℑ𝑡𝑔 )
/
.
𝐷𝑖 (𝑔 𝑠 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) 𝐷𝑖 (𝑏 𝑠 ; 𝑥 𝑟 |ℑ𝑡𝑔 )

(34)

𝐸𝑃𝐼 𝑖𝑛 (𝑔s , 𝑏 s , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ) =
For the same 𝑥 𝑟 , obviously, I have

𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ) 𝐸𝑃𝐼 𝑖𝑛 (𝑔s , 𝑏 s , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 )
𝐷𝑖 ( 𝑔0 ; 𝑥 𝑟 |ℑ𝑡𝑏 ) 𝐷𝑖 ( 𝑏 0 ; 𝑥 𝑟 |ℑ𝑡𝑔 )
=
/
= 𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ).
𝑡
𝑡
𝑟
𝑡
𝑡
𝑟
𝐷𝑖 (𝑔 ; 𝑥 |ℑ𝑏 ) 𝐷𝑖 (𝑏 ; 𝑥 |ℑ𝑔 )
Q.E.D
Proposition 3.8 (Dimensionality) Suppose that the technology sets ℑ𝑡𝑔 and ℑ𝑡𝑏
show constant returns to scale. For a given reference vector 𝑥 𝑟 , I have
𝐸𝑃𝐼 𝑖𝑛 (𝜃𝑔t , 𝜆𝑏 t , 𝜃𝑔0 , 𝜆𝑏 0 ; 𝑥 𝑟 ) = 𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ) for 𝜃 > 0 and 𝜆 > 0.
Proof:
From Corollary to Proposition 3.5b, I have
𝐸𝑃𝐼 𝑖𝑛 (𝜃𝑔t , 𝜆𝑏 t , 𝜃𝑔0 , 𝜆𝑏 0 ; 𝑥 𝑟 ) =

𝜃𝜆
𝐸𝑃𝐼 𝑖𝑛 (𝑔t , 𝑏 t , 𝑔0 , 𝑏 0 ; 𝑥 𝑟 ).
𝜆𝜃
Q.E.D

I mention an ideal property of the EPI in Section 2, namely that the index is
independent of the reference vectors. This means that for the change from
(𝑔𝑡−1 , 𝑏 𝑡−1 ) to (𝑔𝑡 , 𝑏 𝑡 ), the value of the input-oriented EPI remains the same for
any arbitrary reference vector 𝑥 𝑟 . An ideal property of this index is that the EPI
scores should not change under different reference vectors. In other words, a good
environmental performance index should be independent of the reference vectors.
The relevant condition is on the input side, as shown in the following proposition.
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Proposition 3.9 (Independent) Suppose that the technology sets ℑ𝑡𝑔 and ℑ𝑡𝑏
show constant returns to scale. Consider the desirable output vectors 𝑔𝑡−1 and
𝑔𝑡 and the undesirable output vectors 𝑏 𝑡−1 and 𝑏 𝑡 . For any reference vector 𝑥𝜑𝑟
𝑟
and 𝑥𝜔
,
𝑟
𝐸𝑃𝐼 𝑖𝑛 ( 𝑔t−1 , 𝑏 t−1 ; 𝑔t , 𝑏 t ; 𝑥𝜑𝑟 ) = 𝐸𝑃𝐼 𝑖𝑛 (𝑔t−1 , 𝑏 t−1 ; 𝑔t , 𝑏 t ; 𝑥𝜔
)

(35)

if and only if
𝐷𝑖 (𝑥; 𝑔) = 𝑤(𝑥)𝐷𝑖 (𝟏𝑵 ; 𝑔)

(36)

𝐷𝑖 (𝑥; 𝑏) = 𝑤(𝑥)𝐷𝑖 (𝟏𝑵 ; 𝑏).

(37)

and

Proof:
Suppose that Equations (36) and (37) hold,
𝐸𝑃𝐼 𝑖𝑛 ( 𝑔t−1 , 𝑏 t−1 ; 𝑔t , 𝑏 t ; 𝑥𝜑𝑟 )
𝑤(𝑥𝜑𝑟 )𝐷𝑖 (𝟏𝑵 ; 𝑔t−1 |ℑ𝑡𝑏 ) 𝑤(𝑥𝜑𝑟 )𝐷𝑖 (𝟏𝑵 ; 𝑏 t−1 |ℑ𝑡𝑔 )
=
/
𝑤(𝑥𝜑𝑟 )𝐷𝑖 (𝟏𝑵 ; 𝑔t |ℑ𝑡𝑏 )
𝑤(𝑥𝜑𝑟 )𝐷𝑖 (𝟏𝑵 ; 𝑏 t |ℑ𝑡𝑔 )
=

𝐷𝑖 (𝟏𝑵 ; 𝑔t−1 |ℑ𝑡𝑏 )𝐷𝑖 (𝟏𝑵 ; 𝑏 t |ℑ𝑡𝑔 )
𝐷𝑖 (𝟏𝑵 ; 𝑔t |ℑ𝑡𝑏 )𝐷𝑖 (𝟏𝑵 ; 𝑏 t−1 |ℑ𝑡𝑔 )

.

As the reference vector 𝑥𝜑𝑟 does not appear on the right side, the value of 𝐸𝑃𝐼 𝑖𝑛
for ( 𝑔t−1 , 𝑏 t−1 ; 𝑔t , 𝑏 t ) will be the same, regardless of the reference vectors. This
means that
𝑟 ).
𝐸𝑃𝐼 𝑖𝑛 ( 𝑔t−1 , 𝑏 t−1 ; 𝑔t , 𝑏 t ; 𝑥𝜑𝑟 ) = 𝐸𝑃𝐼 𝑖𝑛 ( 𝑔t−1 , 𝑏 t−1 ; 𝑔t , 𝑏 t ; 𝑥𝜔

Conversely, I have
𝑄𝑔𝑖𝑛 (𝑔𝑡−1 , 𝑔𝑡 ; 𝑥𝜑𝑟 |ℑ𝑡𝑏 )
𝑄𝑏𝑖𝑛 (𝑏 𝑡−1 , 𝑏 𝑡 ; 𝑥𝜑𝑟 |ℑ𝑡𝑏 )
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=

𝑟
𝑄𝑔𝑖𝑛 (𝑔𝑡−1 , 𝑔𝑡 ; 𝑥𝜔
|ℑ𝑡𝑏 )
𝑟 |ℑ𝑡 )
𝑄𝑏𝑖𝑛 (𝑏 𝑡−1 , 𝑏 𝑡 ; 𝑥𝜔
𝑔

.

(38)

Given that (𝑔𝑡−1 , 𝑔𝑡 ) do not appear in the denominators and (𝑏 𝑡−1 , 𝑏 𝑡 ) do not
appear in the numerators, it is obvious that
𝑟
𝑄𝑔𝑖𝑛 (𝑔𝑡−1 , 𝑔𝑡 ; 𝑥𝜑𝑟 |ℑ𝑡𝑏 ) = 𝛾 ∙ 𝑄𝑔𝑖𝑛 (𝑔𝑡−1 , 𝑔𝑡 ; 𝑥𝜔
|ℑ𝑡𝑏 ).

(39)

𝑟
𝑄𝑏𝑖𝑛 (𝑏 𝑡−1 , 𝑏 𝑡 ; 𝑥𝜑𝑟 |ℑ𝑡𝑔 ) = 𝛾 ∙ 𝑄𝑏𝑖𝑛 (𝑏 𝑡−1 , 𝑏 𝑡 ; 𝑥𝜔
|ℑ𝑡𝑔 ).

(40)

where 𝛾 > 0.
Equations (39) and (40) hold for any 𝑥𝜑𝑟 if and only if (36) and (37) are true.
Q.E.D
There is a difference between Proposition 3.2 and Proposition 3.9. Consider
the following definition.
Definition: The production technology ℑ𝑡 is input-homothetic if the input
distance function is separable from the input vector in the form of
𝑥
𝐷𝑖 (𝑥; 𝑔, 𝑏) ≔ sup {𝜆: ( ; 𝑔, 𝑏) ∈ ℑ𝑡 } = 𝑤(𝑥)𝐷𝑖 (1𝑁 ; 𝑔, 𝑏),
𝜆
𝜆
where 𝑤(𝑥) is a linearly homogeneous and weakly increasing function. Input
homotheticity is a sufficient condition for the second part of Proposition 7, as
shown in the following lemma.
Corollary to Proposition 3.9 If the production technology is input-homothetic,
then
𝐷𝑖 (𝑥; 𝑔|ℑ𝑡𝑏 ) = 𝑤(𝑥)𝐷𝑖 (𝟏𝑵 ; 𝑔|ℑ𝑡𝑏 )

(41)

𝐷𝑖 (𝑥; 𝑏|ℑ𝑡𝑔 ) = 𝑤(𝑥)𝐷𝑖 (𝟏𝑵 ; 𝑏|ℑ𝑡𝑔 ).

(42)

and

Proof:
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Based on the definition of the input-oriented distance function (22), it is obvious
that (𝑥; 𝑔, 𝑏) ∈ ℑ𝑡 if and only if 𝐷𝑖 (𝑥; 𝑔, 𝑏) ≧ 1. Then,
𝑥
𝐷𝑖 (𝑥; 𝑔|ℑ𝑡𝑏 ) = sup {𝜆: 𝐷𝑖 ( ; 𝑔, 𝑏) ≧ 1, 𝑏 ≧ 0}.
𝜆
λ

(43)

As the production technology is input-homothetic, 𝐷𝑖 (𝑥; 𝑔, 𝑏) =
𝑤(𝑥)𝐷𝑖 (1𝑁 ; 𝑔, 𝑏). Hence,
𝑥
𝐷𝑖 (𝑥; 𝑔|ℑ𝑡𝑏 ) = sup {𝜆: 𝑤 ( ) 𝐷𝑖 (𝟏𝑵 ; 𝑔, 𝑏) ≧ 1, 𝑏 ≧ 0}. (44)
𝜆
λ
As 𝑤(𝑥) is homogeneous of degree 1,
1

𝐷𝑖 (𝑥; 𝑔|ℑ𝑡𝑏 ) = sup {𝜆: 𝜆 𝑤(𝑥)𝐷𝑖 (𝟏𝑵 ; 𝑔, 𝑏) ≧ 1, 𝑏 ≧ 0}
λ

= 𝑤(𝑥) sup {
λ⁄𝑤(𝑥)

𝜆
𝜆
: 𝐷𝑖 (𝟏𝑵 ; 𝑔, 𝑏) ≧
, 𝑏 ≧ 0}
𝑤(𝑥)
𝑤(𝑥)

= 𝑤(𝑥)𝐷𝑖 (𝟏𝑵 ; 𝑔|ℑ𝑡𝑏 ).
The proof for 𝐷𝑖 (𝑥; 𝑏) is similar.
Q.E.D.
Thus, homotheticity in desirable and undesirable outputs is required in
Proposition 3.2, whereas only input homotheticity is needed in Proposition 3.9.
Although input homotheticity is still required in Proposition 3.9, it is an
improvement in the sense that I have one less reference vector and no joint
homotheticity is required. I expect that the input-oriented EPI scores with
different reference vectors are not comparable with each other. In this case,
choosing an appropriate reference vector is crucial for measuring the inputoriented EPI.
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3.3 Malmquist Environmental Performance Index
The goal of environmental performance is to maximise the ratio of desirable
outputs to undesirable outputs. Thus, more desirable outputs with the same
amount of undesirable outputs are preferred. Färe et al. (2004) point out that the
environmental performance index is similar to the productivity index. When the
input reference vector is fixed, the environmental performance indices are similar
to the productivity indices, using the desirable outputs as outputs and the
undesirable outputs as inputs. In addition, some empirical studies treat undesirable
outputs as inputs (Hu et.al., 2012; Seiford and Zhu, 2002). Environmental
performance has the same rationale of productivity. Indeed, being more
environmentally friendly means that the firm produces more desirable outputs and
fewer undesirable outputs. The EPI is constructed from the desirable output
quantity index 𝑄𝑔 over the undesirable output quantity index 𝑄𝑏 as follows:
𝐸𝑃𝐼 =

𝑄𝑔
.
𝑄𝑏

(45)

For the case with one desirable output 𝑔 and one undesirable output 𝑏, the
EPI is

𝑔
𝑏

. The productivity index (PI) is constructed from the output quantity

index 𝑄𝑦 over the input quantity index 𝑄𝑥 as follows:
𝑃𝐼 =
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𝑄𝑦
.
𝑄𝑥

(46)

For the case with one output y and one input 𝑥, 𝑃𝐼 is

𝑦
𝑥

. Both desirable

outputs and normal outputs are good outputs that I want to maximise in the
production process. Conversely, undesirable outputs and inputs are expensive and
unavoidable and I want to minimise them in the production process. For
environmental performance, I can consider both the benefit and the cost of the
social aspect. Suppose that the total social Welfare 𝑊 = 𝛼𝐺 − 𝜇𝐵 is defined as
the benefit 𝛼𝐺 from the desirable output vector 𝐺 at the output value vector 𝛼
minus the Welfare loss 𝜇𝐵 from the undesirable output vector by-product 𝐵 at
the cost vector 𝜇. Environmental performance is defined as

𝐺
𝐵

when 𝛼 and 𝜇

are fixed. Therefore, a higher EPI score shows a higher level of social Welfare
with more benefits from desirable outputs or lower cost from undesirable outputs.
For the productivity index showing productivity performance, I consider the
economic profit of the producer. Suppose that the profit 𝜋 = 𝑝𝑦 − 𝑐𝑥 is defined
as the revenue 𝑝𝑦 from the output vector 𝑦 at the price vector 𝑝 minus the cost
𝑐𝑥 from the input vector 𝑥 at the cost vector 𝑐. Productivity is defined as

𝑦
𝑥

when the prices of inputs and outputs are fixed. Therefore, higher productivity
shows higher profits with more revenue from outputs or lower cost from inputs.
As I treat the desirable outputs as normal outputs and the undesirable outputs as
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inputs, the EPI can be treated as the productivity index. Following this reasoning,
I can construct the EPI from productivity index.
3.3.1 Malmquist EPI with Farrell-type distance function
As the Malmquist index is one of the most popular productivity indices, I use
it to construct the environmental performance index. Consider the Malmquist
productivity index (MPI) that captures productivity using input-oriented distance
functions. The Malmquist productivity index uses the pair of inputs and outputs to
capture productivity. For periods 𝑡 and 𝑡 − 1 and the productivity indices for
the pair of inputs and outputs for each period (𝑥 𝑡−1 , 𝑦 𝑡−1 ) and (𝑥 𝑡 , 𝑦 𝑡 ), the inputoriented Malmquist productivity index for ℑ𝑡 is,
𝑀𝑃𝐼𝑖𝑡

𝐷𝑖𝑡 (𝑥 𝑡 , 𝑦 𝑡 )
= 𝑡 𝑡−1 𝑡−1 .
𝐷𝑖 (𝑥 , 𝑦 )

(47)

Similarly, the output-oriented Malmquist productivity index for ℑ𝑡 is,
𝐷𝑜𝑡 (𝑥 𝑡 , 𝑦 𝑡 )
.
(48)
𝐷𝑜𝑡 (𝑥 𝑡−1 , 𝑦 𝑡−1 )
For a pair of desirable outputs and undesirable outputs (𝑔𝑡−1 , 𝑏 𝑡−1 ) and
𝑀𝑃𝐼𝑜𝑡 =

(𝑔𝑡 , 𝑏 𝑡 ), I set the input reference vector as 𝑥 𝑟 . Thus, the change of distance
functions from 𝐷(𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥 𝑟 ) to 𝐷(𝑔𝑡 , 𝑏 𝑡 ; 𝑥 𝑟 ) shows the change of
environmental performance from (𝑔𝑡−1 , 𝑏 𝑡−1 ) to (𝑔𝑡 , 𝑏 𝑡 ). The Malmquist
Environmental Performance Index (MEPI) with desirable output-oriented distance
function for ℑ𝑡 is
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𝑀𝐸𝑃𝐼𝑔𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥 𝑟 )

𝐷𝑔 (𝑔𝑡 , 𝑏 𝑡 ; 𝑥 𝑟 |ℑ𝑡 )
=
.
𝐷𝑔 (𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥 𝑟 |ℑ𝑡 )

(49)

Similarly, the Malmquist environmental performance index (MEPI) with
undesirable output-oriented distance function for ℑ𝑡 is,
𝑀𝐸𝑃𝐼𝑏𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥 𝑟 ) =

𝐷𝑏 (𝑔𝑡 , 𝑏 𝑡 ; 𝑥 𝑟 |ℑ𝑡 )
.
𝐷𝑏 (𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥 𝑟 |ℑ𝑡 )

(50)

Environmental performance improves when the Malmquist EPI score
increases. When the desirable output vector and the undesirable output vector are
identical, (𝑔𝑡 , 𝑏 𝑡 ) = (𝑔𝑡−1 , 𝑏 𝑡−1 ), the MEPI is equal to 1. When the MEPI is
greater than 1, environmental performance is better in (𝑔𝑡 , 𝑏 𝑡 ) than in
(𝑔𝑡−1 , 𝑏 𝑡−1 ). When the MEPI is less than 1, environmental performance is worse
in (𝑔𝑡 , 𝑏 𝑡 ) than in (𝑔𝑡−1 , 𝑏 𝑡−1 ). The Malmquist EPI constructed from the Farrelltype distance function may well-defined. Consider Proposition 3.1 in Section 3.1.
In Proposition 3.1a, 𝐷𝑔 (𝑔𝑡 , 𝑏 𝑡 ; 𝑥 𝑟 |ℑ𝑡 ) is well-defined if and only if there
exists 𝑔, such that (𝑥 𝑟 , 𝑔, 𝑏 𝑡 ) ∈ ℑ𝑡 .And 𝐷𝑔 (𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥 𝑟 |ℑ𝑡 ) is well-defined
if and only if there exist 𝑔, such that (𝑥 𝑟 , 𝑔, 𝑏 𝑡−1 ) ∈ ℑ𝑡 . 𝐷𝑏 (𝑔𝑡 , 𝑏 𝑡 ; 𝑥 𝑟 |ℑ𝑡 ) is
Well defined if and only if 𝑏 𝑡 ∈ 𝐾(𝑥 𝑟 , 𝑔𝑡 ) and 𝐷𝑏 (𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥 𝑟 |ℑ𝑡 ) is welldefined if and only if 𝑏 𝑡−1 ∈ 𝐾(𝑥 𝑟 , 𝑔𝑡−1 ).
Corollary to Proposition 3.1a 𝑀𝐸𝑃𝐼𝑔𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥 𝑟 ) is a finite number
if and only if there exist 𝑔, such that (𝑥 𝑟 , 𝑔, 𝑏 𝑡 ) ∈ ℑ𝑡 and (𝑥 𝑟 , 𝑔, 𝑏 𝑡−1 ) ∈ ℑ𝑡 .
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Corollary to Proposition 3.1b 𝑀𝐸𝑃𝐼𝑏𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ; 𝑥 𝑟 ) is a finite number
if and only if 𝑏 𝑡 ∈ 𝐾(𝑥 𝑟 , 𝑔𝑡 ) and 𝑏 𝑡−1 ∈ 𝐾(𝑥 𝑟 , 𝑔𝑡−1 ).
These two corollaries are the same as the corollary to Proposition 3.1. As
previous example in Appendix 3.4, 𝐸𝑃𝐼 𝑜𝑢𝑡 may have no solution. Similarly, these
corollaries indicate that the MEPI with Farrell-type distance function is not
feasible for some reference vectors and frontier. I propose another version of the
EPI to solve this infeasibility problem.
3.3.2 Malmquist EPI with unrestricted input production set
In the input-oriented EPI, I use the unrestricted production set with desirable
outputs and undesirable outputs to ensure the feasibility of the input-oriented
distance function. Similarly, I construct the unrestricted input production set to
solve the infeasibility problem of the output-oriented distance function. I use the
output-oriented distance function with unrestricted inputs in the output-oriented
EPI. Let’s define the production set with unrestricted inputs as ℑ𝑡𝑖 ≔
{(𝑔, 𝑏): (𝑥; 𝑔, 𝑏) ∈ ℑ𝑡 , 𝑥 ≧ 0}. In this production set, (𝑔, 𝑏) are feasible as long
as they can be produced for some 𝑥 ≧ 0. The desirable output-oriented distance
function for (𝑔, 𝑏) with respect to the production set ℑ𝑡𝑖 is
𝑔
𝐷𝑔 (𝑔, 𝑏|ℑ𝑡𝑖 ) ≔ 𝑖𝑛𝑓 {𝜃: ( ; 𝑥, 𝑏) ∈ ℑ𝑡 , 𝑥 ≧ 0}.
𝜃
𝜃
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(51)

Similarly, the undesirable output-oriented distance function for (𝑔, 𝑏) with
respect to the production set ℑ𝑡𝑖 , is
𝑏
𝐷𝑏 (𝑔; 𝑏|ℑ𝑡𝑖 ) ≔ 𝑠𝑢𝑝 {𝜃: ( ; 𝑥, 𝑔) ∈ ℑ𝑡 , 𝑥 ≧ 0}.
𝜃
𝜃

(52)

From the desirable output-oriented distance function and the undesirable
output-oriented distance function, I construct the MEPI with respect to the
unrestricted input production set ℑ𝑡𝑖 as
𝑀𝐸𝑃𝐼𝑔𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 )

𝐷𝑔 (𝑔𝑡 , 𝑏 𝑡 |ℑ𝑡𝑖 )
=
.
𝐷𝑔 (𝑔𝑡−1 , 𝑏 𝑡−1 |ℑ𝑡𝑖 )

(53)

𝐷𝑏 (𝑔𝑡 , 𝑏 𝑡 |ℑ𝑡𝑖 )
=
.
(54)
𝐷𝑏 (𝑔𝑡−1 , 𝑏 𝑡−1 |ℑ𝑡𝑖 )
Similar to the MEPI using the Farrell-type distance function, the unrestricted
𝑀𝐸𝑃𝐼𝑏𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 )

Malmquist EPI shows the change in environmental performance. Environmental
performance improves when the EPI score increases. When the desirable output
vector and the undesirable output vector are identical, (𝑔𝑡 , 𝑏 𝑡 ) = (𝑔𝑡−1 , 𝑏 𝑡−1 ),
the MEPI is equal to 1. When the MEPI is greater than 1, environmental
performance is better in (𝑔𝑡 , 𝑏 𝑡 ) than in (𝑔𝑡−1 , 𝑏 𝑡−1 ). When the MEPI is less
than 1, environmental performance is worse in (𝑔𝑡 , 𝑏 𝑡 ) than in (𝑔𝑡−1 , 𝑏 𝑡−1 ).
Proposition 3.10 checks the feasible conditions of the undesirable output-oriented
MEPI and the desirable output-oriented MEPI.
Proposition 3.10 Let ℑ be a production set with constant returns to scale.
Suppose that inputs and desirable outputs are strongly disposable, while
undesirable outputs are Weakly disposable. Suppose that 𝐷𝑔 (𝑔, 𝑏|ℑ𝑡𝑖 ) is a finite
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𝑟
number for (𝑔, 𝑏) ∈ ℑ𝑡𝑖 . Consider the reference vectors 𝑔𝑟 ∈ ℝ𝑀
++ and 𝑏 ∈

ℝ𝐿++ . Let (𝑔𝑡 , 𝑏 𝑡 ) ∈ ℑ𝑡𝑖 .
a.

If (𝑔, 𝑏 𝑟 ) ∈ ℑ𝑡𝑖 for some 𝑔 > 0, then 𝐷𝑔 (𝑔𝑡 , 𝑏 𝑟 |ℑ𝑡𝑖 ) is a finite number.

b.

Define a cone: 𝐾(𝑔𝑟 ) ≔ {𝑏 > 0: 𝛼𝑏 ∈ 𝑃𝑡 (𝑔𝑟 ) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 > 0}. Then
𝐷𝑏 (𝑔𝑟 , 𝑏 𝑡 |ℑ𝑡𝑖 ) is a finite number if and only if 𝑏 𝑡 ∈ 𝐾(𝑔𝑟 ).
For sequential frontiers, it is always true that (𝑔𝑡 , 𝑏 𝑡 ) ∈ ℑ𝑡𝑖 and

(𝑔𝑡−1 , 𝑏 𝑡−1 ) ∈ ℑ𝑡𝑖 . Thus, 𝑀𝐸𝑃𝐼𝑔𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 |ℑ𝑡𝑖 ) is well-defined from
Proposition 3.10a. In addition, as 𝑏 𝑡 ∈ 𝐾(𝑔𝑡 |ℑ𝑡𝑖 ) and 𝑏 𝑡−1 ∈ 𝐾(𝑔𝑡−1 |ℑ𝑡𝑖 ),
𝑀𝐸𝑃𝐼𝑏𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 |ℑ𝑡𝑖 ) is well-defined from Proposition 3.10b. Therefore,
the MEPIs with respect to the unrestricted inputs production set can achieve
feasible solutions with sequential frontiers and prior-lag reference vectors. Similar
to the desirable properties of the input-oriented EPI, the MEPI (both 𝑀𝐸𝑃𝐼𝑔 and
𝑀𝐸𝑃𝐼𝑏 ) satisfies the following properties.
Homogeneity:
𝑀𝐸𝑃𝐼(𝛼𝑔𝑡 , 𝛽𝑏 𝑡 , 𝛾𝑔𝑡−1 , 𝛿𝑏 𝑡−1 |ℑ𝑡𝑖 ) =

𝛼𝛿
𝑀𝐸𝑃𝐼(𝑔𝑡 , 𝑏 𝑡 , 𝑔𝑡−1 , 𝑏 𝑡−1 |ℑ𝑡𝑖 )
𝛽𝛾

for 𝜃 > 0, 𝜆 > 0, 𝛼 > 0, and 𝛽 > 0.
Dimensionality:
𝑀𝐸𝑃𝐼(𝜃𝑔𝑡 , 𝜆𝑏 𝑡 , 𝜃𝑔𝑡−1 , 𝜆𝑏 𝑡−1 |ℑ𝑡𝑖 ) = 𝑀𝐸𝑃𝐼(𝑔𝑡 , 𝑏 𝑡 , 𝑔𝑡−1 , 𝑏 𝑡−1 |ℑ𝑡𝑖 ) for 𝜃 > 0
and 𝜆 > 0.
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Proposition 3.11 (Homogeneity) Suppose that the production set with
unrestricted inputs ℑ𝑡𝑖 shows constant returns to scale. Suppose that the previous
technology is contained in the current technology ℑ𝑡−1
⊂ ℑ𝑡𝑖 , 𝑡 = 2, ⋯ , 𝑇. In
𝑖
addition, desirable outputs and undesirable outputs are jointly weakly disposable.
For 𝛼, 𝛽, 𝛾, 𝛿 > 0,
𝑀𝐸𝑃𝐼𝑔 (𝛼𝑔𝑡 , 𝛽𝑏 𝑡 ; 𝛾𝑔𝑡−1 , 𝛿𝑏 𝑡−1 |ℑ𝑡𝑖 ) =

𝛼𝛿
𝑀𝐸𝑃𝐼𝑔 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 |ℑ𝑡𝑖 ).
𝛽𝛾

From the property of homogeneity, I can directly derive dimensionality.
Dimensionality is an important property for a good index that is independent of
the measure of the unit. This can be shown as follows.
Corollary to Proposition 3.11 (Dimensionality) Suppose that the production set
with unrestricted inputs ℑ𝑡𝑖 shows constant returns to scale. Suppose that the
previous technology is contained in the current technology ℑ𝑡−1
⊂ ℑ𝑡𝑖 , 𝑡 =
𝑖
2, ⋯ , 𝑇. In addition, desirable outputs and undesirable outputs are jointly Weakly
disposable. For 𝜃 > 0 and 𝜆 > 0,
𝑀𝐸𝑃𝐼𝑔 (𝜃𝑔𝑡 , 𝜆𝑏 𝑡 ; 𝜃𝑔𝑡−1 , 𝜆𝑏 𝑡−1 |ℑ𝑡𝑖 ) = 𝑀𝐸𝑃𝐼𝑔 (𝑔𝑡 , 𝑏 𝑡 , 𝑔𝑡−1 , 𝑏 𝑡−1 |ℑ𝑡𝑖 ).
Both the Malmquist EPI and the input-oriented EPI are finite numbers for
various benchmark production frontiers and reference vectors. They are superior
to the output-oriented EPI in this sense. The only difference between these two
measures is that the Malmquist EPI is constructed from the productivity index,
whereas the input-oriented EPI is constructed from the quantity index.
3.3.3 Decomposition of the Malmquist EPI
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The formula of the Malmquist productivity index is used to construct the
Malmquist EPI in the previous subsection. As the Malmquist productivity index
can be decomposed into technological change and efficiency change, I can
decompose the change in environmental performance into environmental
technological change and environmental efficiency change. Consider the
decomposition of the output-oriented Malmquist productivity index as follows
(the input-oriented Malmquist productivity index being similar, I skip this
discussion)
𝑀𝑃𝐼𝑜𝑡 =

𝐷𝑜𝑡 (𝑥 𝑡 , 𝑦 𝑡 )
𝐷𝑜𝑡 (𝑥 𝑡 , 𝑦 𝑡 )
𝐷𝑜𝑡−1 (𝑥 𝑡−1 , 𝑦 𝑡−1 )
=
.
𝐷𝑜𝑡 (𝑥 𝑡−1 , 𝑦 𝑡−1 ) 𝐷𝑜𝑡−1 (𝑥 𝑡−1 , 𝑦 𝑡−1 ) 𝐷𝑜𝑡 (𝑥 𝑡−1 , 𝑦 𝑡−1 )
efficiency change

technological change

Similarly, the Malmquist productivity index with unrestricted inputs of the
desirable output-oriented approach and the undesirable output-oriented approach
can be broken down into
𝑀𝐸𝑃𝐼𝑔𝑡 =

𝐷𝑔𝑡 (𝑔𝑡 , 𝑏 𝑡 )
𝐷𝑔𝑡 (𝑔𝑡 , 𝑏 𝑡 )
𝐷𝑔𝑡−1 (𝑔𝑡−1 , 𝑏 𝑡−1 )
=
.
𝐷𝑔𝑡 (𝑔𝑡−1 , 𝑏 𝑡−1 ) 𝐷𝑔𝑡−1 (𝑔𝑡−1 , 𝑏 𝑡−1 ) 𝐷𝑔𝑡−1 (𝑔𝑡−1 , 𝑏 𝑡−1 )

𝑀𝐸𝑃𝐼𝑏𝑡

𝐷𝑏𝑡 (𝑔𝑡 , 𝑏 𝑡 )
𝐷𝑏𝑡 (𝑔𝑡−1 , 𝑏 𝑡−1 )

environmental efficiency change

=

=

𝐷𝑏𝑡 (𝑔𝑡 , 𝑏 𝑡 )
𝐷𝑏𝑡−1 (𝑔𝑡−1 , 𝑏 𝑡−1 )

environmental efficiency change

environmental technological change

𝐷𝑏𝑡−1 (𝑔𝑡−1 , 𝑏 𝑡−1 )
.
𝐷𝑏𝑡−1 (𝑔𝑡−1 , 𝑏 𝑡−1 )
environmental technological change

Hence, when there is a change in environmental performance indicated by
the MEPI, the above decomposition helps decision makers to identify the source
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of change: Does it come from catching-up effect (moving towards the frontier), or
technological change (shift of production frontier), or both? This is a definite
advantage of the MEPI over the input-oriented and output-oriented EPI.

3.4 Reference Vectors and Frontiers in DEA
In the productive performance analysis of the data envelopment analysis
approach, there are three commonly used reference frontiers: the current frontier,
the sequential frontier and the grand frontier. The current frontier at time t
ℑ𝑡𝑐 (𝑥 𝑡 ; 𝑔𝑡 , 𝑏 𝑡 ) is constructed from all observed productions in time t. The
empirical frontier for period t is constructed as follows,
𝐾

(𝑥 𝑡 ; 𝑔𝑡 , 𝑏 𝑡 ): ∑ 𝑧𝑘𝑡 𝑔𝑘𝑡 ≧ 𝑔𝑡 ,
𝑘=1

𝐾

∑ 𝑧𝑘𝑡 𝑏𝑘𝑡 = 𝑏 𝑡 ,

ℑ𝑡𝑐 ≔
𝐾

𝑘=1

.

(55)

∑(𝑧𝑘𝑡 + 𝜇𝑘𝑡 )𝑥𝑘𝑡 ≦ 𝑥 𝑡 ,
𝑘=1

{𝜇𝑡𝑘 ≧ 0, 𝑧𝑡𝑘 ≧ 0 𝑓𝑜𝑟 𝑘 = 1, ⋯ 𝐾}
The corresponding production set with unrestricted undesirable outputs for
𝑡𝑐
𝑡
𝑡
𝑡
𝑡 𝑡
𝑡𝑐 𝑡
the current frontier ℑ𝑡𝑐
𝑏 is ℑ𝑏 ≔ {(𝑥 , 𝑔 ): (𝑥 ; 𝑔 , 𝑏 ) ∈ ℑ , 𝑏 ≧ 0}. The

empirical frontier is,

69

𝐾

(𝑥 𝑡 , 𝑔𝑡 ): ∑ 𝑧𝑘𝑡 𝑔𝑘𝑡 ≧ 𝑔𝑡 ,
𝑘=1

𝑏 𝑡 ≧ 0,

ℑ𝑡𝑐
𝑏 ≔

𝐾

.

(56)

∑(𝑧𝑘𝑡 + 𝜇𝑘𝑡 )𝑥𝑘𝑡 ≦ 𝑥 𝑡 ,
{𝜇𝑡𝑘

𝑘=1

≧ 0, 𝑧𝑡𝑘 ≧ 0 𝑓𝑜𝑟 𝑘 = 1, ⋯ 𝐾}

The corresponding production set with unrestricted desirable outputs for the
𝑡𝑐
𝑡 𝑡
𝑡
𝑡 𝑡
𝑡𝑐 𝑡
current frontier ℑ𝑡𝑐
𝑔 is ℑ𝑔 ≔ {(𝑥 , 𝑏 ): (𝑥 ; 𝑔 , 𝑏 ) ∈ ℑ , 𝑔 ≧ 0}. The

empirical frontier is,
(𝑥 𝑡 , 𝑏 𝑡 ): 𝑔𝑡 ≧ 0,
𝐾

∑ 𝑧𝑘𝑡 𝑏𝑘𝑡 = 𝑏 𝑡 ,
ℑ𝑡𝑐
𝑔 ≔

𝐾

𝑘=1

.

(57)

∑(𝑧𝑘𝑡 + 𝜇𝑘𝑡 )𝑥𝑘𝑡 ≦ 𝑥 𝑡 ,
𝑘=1

{𝜇𝑡𝑘 ≧ 0, 𝑧𝑡𝑘 ≧ 0 𝑓𝑜𝑟 𝑘 = 1, ⋯ 𝐾}
The sequential frontier ℑ𝑡𝑠 is constructed from all observed data from all
previous years and the current year. When using the sequential frontier, it is
assumed that there is no technological reduction, thus all previous productions
must be within the current frontier. The previous technology is contained in the
current technology ℑ𝑡−1 ⊂ ℑ𝑡 , 𝑡 = 2, ⋯ , 𝑇. The empirical frontier for period t is
constructed as follows,
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𝑡

(𝑥 𝑡

𝑡

;𝑔 ,𝑏

𝑡 ):

𝐾

∑ ∑ 𝑧𝑘𝑖 𝑔𝑘𝑖 ≧ 𝑔𝑡 ,

𝑖=1 𝑘=1
𝐾

𝑡

∑ ∑ 𝑧𝑘𝑖 𝑏𝑘𝑖 = 𝑏 𝑡 ,

ℑ𝑡𝑠 ≔

(58)

𝑖=1 𝑘=1
𝐾

𝑡

∑ ∑(𝑧𝑘𝑖 + 𝜇𝑘𝑖 )𝑥𝑘𝑖 ≦ 𝑥 𝑡 ,
𝑖=1 𝑘=1
𝜇𝑘𝑖

≧ 0, 𝑧𝑘𝑖 ≧ 0
{ 𝑓𝑜𝑟 𝑘 = 1, ⋯ 𝐾; 𝑖 = 1, ⋯ , 𝑡 }
The corresponding production set with unrestricted undesirable outputs for
𝑡𝑠
𝑡 𝑡
𝑡
𝑡 𝑡
𝑡𝑠 𝑡
the sequential frontier ℑ𝑡𝑠
𝑏 is ℑ𝑏 ≔ {(𝑥 , 𝑔 ): (𝑥 ; 𝑔 , 𝑏 ) ∈ ℑ , 𝑏 ≧ 0}. The

empirical frontier is,
𝑡

𝐾

(𝑥 𝑡 , 𝑔𝑡 ): ∑ ∑ 𝑧𝑘𝑖 𝑔𝑘𝑖 ≧ 𝑔𝑡 ,
𝑖=1 𝑘=1
𝑡

ℑ𝑡𝑠
𝑏

≔

𝑡

𝑏 ≧ 0,

𝐾

∑ ∑(𝑧𝑘𝑖 + 𝜇𝑘𝑖 )𝑥𝑘𝑖 ≦ 𝑥 𝑡 ,

.

(59)

𝑖=1 𝑘=1
𝜇𝑘𝑖

≧ 0, 𝑧𝑘𝑖 ≧ 0
{𝑓𝑜𝑟 𝑘 = 1, ⋯ 𝐾; 𝑖 = 1, ⋯ , 𝑡}
The corresponding production set with unrestricted desirable outputs for the
𝑡𝑠
𝑡 𝑡
𝑡
𝑡 𝑡
𝑡𝑠 𝑡
sequential frontier ℑ𝑡𝑠
𝑔 is ℑ𝑔 ≔ {(𝑥 , 𝑏 ): (𝑥 ; 𝑔 , 𝑏 ) ∈ ℑ , 𝑔 ≧ 0}. The

empirical frontier is,
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(𝑥 𝑡 , 𝑏 𝑡 ): 𝑔𝑡 ≧ 0,
𝑡

𝐾

∑ ∑ 𝑧𝑘𝑖 𝑏𝑘𝑖 = 𝑏 𝑡 ,
ℑ𝑡𝑠
𝑔 ≔

𝑖=1 𝑘=1
𝐾

𝑡

∑ ∑(𝑧𝑘𝑖
𝑖=1 𝑘=1
𝜇𝑘𝑖 ≧

+

𝜇𝑘𝑖 )𝑥𝑘𝑖

𝑡

≦𝑥 ,

.

(60)

0, 𝑧𝑘𝑖 ≧ 0
{𝑓𝑜𝑟 𝑘 = 1, ⋯ 𝐾; 𝑖 = 1, ⋯ , 𝑡}
The last one is the grand frontier ℑ∗ for the entire study period, i.e., ℑ𝑡 =
ℑ∗ such that (𝑥𝑘𝑡 , 𝑔𝑘𝑡 , 𝑏𝑘𝑡 ) ∈ ℑ∗ for all 𝑘 = 1, … , 𝐾 and 𝑡 = 1, … , 𝑇. The
empirical frontier is,
𝑇

𝐾

(𝑥; 𝑔, 𝑏): ∑ ∑ 𝑧𝑘𝑡 𝑔𝑘𝑡 ≧ 𝑔,
𝑡=1 𝑘=1
𝐾

𝑇

∑ ∑ 𝑧𝑘𝑡 𝑏𝑘𝑡 = 𝑏,

∗

ℑ ≔

𝑇

𝑡=1 𝑘=1
𝐾

.

(61)

∑ ∑(𝑧𝑘𝑡 + 𝜇𝑘𝑡 )𝑥𝑘𝑡 ≦ 𝑥 ,
𝑡=1 𝑘=1
𝜇𝑘𝑡

≧ 0, 𝑧𝑘𝑡 ≧ 0
{𝑓𝑜𝑟 𝑘 = 1, ⋯ 𝐾; 𝑡 = 1, ⋯ , 𝑇}
The corresponding production set with unrestricted undesirable outputs for
the grand frontier ℑ∗𝑏 is ℑ∗𝑏 ≔ {(𝑥, 𝑔): (𝑥; 𝑔, 𝑏) ∈ ℑ∗ , 𝑏 ≧ 0}. The empirical
frontier is,
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𝑇

𝐾

(𝑥, 𝑔): ∑ ∑ 𝑧𝑘𝑡 𝑔𝑘𝑡 ≧ 𝑔,
𝑡=1 𝑘=1

𝑏 ≧ 0,

ℑ∗𝑏

𝑇

≔

𝐾

∑ ∑(𝑧𝑘𝑡 + 𝜇𝑘𝑡 )𝑥𝑘𝑡 ≦
𝑡=1 𝑘=1
𝜇𝑘𝑡 ≧ 0, 𝑧𝑘𝑡 ≧ 0

𝑥,

.

(62)

{𝑓𝑜𝑟 𝑘 = 1, ⋯ 𝐾; 𝑡 = 1, ⋯ , 𝑇}
The corresponding production set with unrestricted desirable outputs for the
grand frontier ℑ∗𝑔 is ℑ∗𝑔 ≔ {(𝑔, 𝑏): (𝑥; 𝑔, 𝑏) ∈ ℑ∗ , 𝑔 ≧ 0}. The empirical
frontier is
(𝑥, 𝑏): 𝑔 ≧ 0,
𝑇

𝐾

∑ ∑ 𝑧𝑘𝑡 𝑏𝑘𝑡 = 𝑏,
ℑ∗𝑔 ≔

𝑇

𝑡=1 𝑘=1
𝐾

∑ ∑(𝑧𝑘𝑡 + 𝜇𝑘𝑡 )𝑥𝑘𝑡 ≦
𝑡=1 𝑘=1
𝜇𝑘𝑡 ≧ 0, 𝑧𝑘𝑡 ≧ 0

𝑥,

.

(63)

{𝑓𝑜𝑟 𝑘 = 1, ⋯ 𝐾; 𝑡 = 1, ⋯ , 𝑇}
One of the disadvantages of the grand frontier is that the technology is fixed
and does not show dynamic changes. It will overestimate the production set for
the first serval years. In addition, the grand frontier will be changed for all years
when new data are added. The most appropriate frontier for capturing dynamic
change is the current frontier, which can capture technological change based on
current observed data. In the analysis of productivity and efficiency, the current
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frontier is the common reference frontier. Unfortunately, current frontier may
cause infeasibility problem in EPI. Thus, I suggest sequential frontier as reference
frontier in input-oriented EPI and Malmquist EPI.
Next, I discuss the reference vectors to be used in the EPI evaluation.
Currently, two reference vectors are used. The first vector is the min-max
reference vector used in the output-oriented EPI. This reference vector is
constructed from the minimum desirable output vector and the maximum input
vector. The min-max reference vector in time t is,
𝑅𝑡 𝑚𝑖𝑛−𝑚𝑎𝑥 ≔ (𝑥 𝑚𝑎𝑥 , 𝑔𝑚𝑖𝑛 )
Where 𝑥 𝑚𝑎𝑥 = (𝑥1𝑚𝑎𝑥 , ⋯ , 𝑥𝑁𝑚𝑎𝑥 ) and

𝑚𝑖𝑛
𝑔𝑚𝑖𝑛 = (𝑔1𝑚𝑖𝑛 , ⋯ , 𝑔𝑀
),

𝑡
𝑥𝑛𝑚𝑎𝑥 : = 𝑚𝑎𝑥 {𝑥𝑘𝑛
: 𝑘 = 1, ⋯ , 𝐾; 𝑡 = 1, ⋯ , 𝑇} , 𝑛 = 1, ⋯ , 𝑁.
𝑘,𝑡

𝑡
𝑚𝑖𝑛
𝑔𝑚
: = 𝑚𝑖𝑛{𝑏𝑘𝑚
: 𝑘 = 1, ⋯ , 𝐾; 𝑡 = 1, ⋯ , 𝑇} , 𝑚 = 1, ⋯ , 𝑀.
𝑘,𝑡

The problem is that there is no explicit economic interpretation for the minmax reference vectors. In addition, the min-max reference vectors are constructed
from extreme values, which are sensitive to outliers. The values of output-oriented
EPI computed based on the min-max reference vectors will be sensitive to
outliers, too. It seems the only reason of using these reference vectors is to ensure
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feasible solutions. When the EPI formula allows for flexible choices of reference
vectors, the min-max reference vectors can be abandoned.
Another commonly used reference vector in the analysis of productivity
performance uses the observations of the previous year, which I call the lag
reference vectors 𝑅𝑙𝑎𝑔 . The EPI uses these reference vectors to reflect the
dynamic change in the same decision-making unit between last year and the
current year. The lag reference vectors 𝑅𝑙𝑎𝑔 (𝑥 𝑡−1 ; 𝑔𝑡−1 , 𝑏 𝑡−1 ) in period t for firm
k are,
𝑙𝑎𝑔

𝑅𝑡

≔ (𝑥𝑘𝑡−1 ; 𝑔𝑘𝑡−1 , 𝑏𝑘𝑡−1 ).

These reference vectors are commonly used in productivity indices, such as
the Malmquist index. The EPI will start from the second year (the EPI score for
the first year is used as benchmark). If the EPI score is greater than 1, the
environmental performance of this decision-making unit is better than that of the
previous year. Conversely, if the EPI score is less than 1, environmental
performance is worse than the previous year. There are some limitations. First,
there is no cross-sectional comparison between different decision-making units. I
can only evaluate the improvement in environmental performance for each unit.
Second, I cannot evaluate environmental performance in the first year. Finally, the
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EPI score reflects the change in environmental performance, not the level of
environmental performance.
An alternative dynamic reference vector is the current reference
vector𝑠 𝑅 𝑐𝑢𝑟 (𝑥 𝑡 ; 𝑔𝑡 , 𝑏 𝑡 ), which use next year’s observations as the reference. The
formula of 𝑅 𝑐𝑢𝑟 (𝑥 𝑡 ; 𝑔𝑡 , 𝑏 𝑡 ) in period 𝑡 for firm 𝑘 is
𝑅𝑡𝑐𝑢𝑟 ≔ (𝑥𝑘𝑡 ; 𝑔𝑘𝑡 , 𝑏𝑘𝑡 ).
I can take the geometric mean of the EPI score from the ‘prior’ reference
vectors and the lag reference vectors. I call this approach the prior-lag reference
vectors. Next, one may consider using the average of the current observations as
reference vectors, which I call the current-average reference vectors 𝑅 𝑐𝑎 . The EPI
computed from these reference vectors shows the relative environmental
performance compared with the current average level. The formula of 𝑅 𝑐𝑎 in
period t is
𝑅𝑡𝑐𝑎

𝐾
𝐾
𝑘
𝑘
𝑘
∑𝐾
𝑘=1 𝑥𝑡 ∑𝑘=1 𝑔𝑡 ∑𝑘=1 𝑏𝑡
≔(
;
,
).
𝐾
𝐾
𝐾

For the current average reference vectors, if the EPI score is greater than 1,
environmental performance is better than the average level of environmental
performance that year. If one concerns the environmental performance of a unit
relative to the average, then the current average reference vectors are a good
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choice. If the objective is to monitor the environmental performance of the same
unit over time, then other reference vectors should be chosen.
Finally, I propose a fixed reference vector that can compare the change in
environmental performance with respect to in initial situation. I suggest the firstyear average reference vectors 𝑅 𝑓𝑎 , which are constructed from the averages of
the inputs and outputs observed the first year of the data set. The reference vector
is the same for all time t,
𝑅

𝑓𝑎

𝑘
𝐾
𝑘
𝐾
𝑘
∑𝐾
𝑘=1 𝑥1 ∑𝑘=1 𝑔1 ∑𝑘=1 𝑏1
≔(
;
,
).
𝐾
𝐾
𝐾

Using this formula, the EPI score reflects the relative environmental
performance compared with the environmental performance of the first-year
average. If the EPI score is greater than 1, environmental performance is better
than the environmental performance of the average production in the initial year.
Thus, the environmental performance of all observations of the entire period can
be compared.
For empirical studies, the current frontier with constant returns to scale is the
best choice. For the choice of reference vectors, there are two better choices with
regard to the research question. First, for a cross-sectional comparison, to
investigate the difference between different production units, the fixed reference
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vectors with current year average are the best choice. Second, for a dynamic
comparison, the current-lag reference vectors are the best as they compare the
change in the same production unit between last year and the current year.

3.5 Conclusions
The output-oriented environmental performance index is not well-defined
without restrictive conditions, namely the grand frontier and the min-max
reference vectors. Therefore, I propose alternative approaches to construct the
environmental performance index. Two approaches are introduced in this chapter.
First, the environmental performance index is the ratio between the desirable
output quantity index and the undesirable output quantity index.
My contribution is to replace the output-oriented distance functions in the
formulas of output quantity index by input-oriented distance functions. Second,
the environmental performance index is the ability to produce desirable outputs
against undesirable outputs as by-products. Thus, I use the Malmquist
productivity index to construct the Malmquist EPI. In both approaches, the newly
introduced concepts of unrestricted production sets are crucial. The two modified
EPIs improve upon the existing output-oriented EPI by ensuring the existence of
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solutions with more benchmark production frontiers and reference vectors. An
additional contribution of this chapter is the ability of the Malmquist EPI to
decompose the change in environmental performance into technological change
and efficiency change.
Compared with other approaches, the MEPI can identify the source of
environmental performance change: moving towards the frontier or shift of
production frontier. In addition to the decomposition. It uses the pair of desirable
outputs and undesirable outputs of the current observations. To evaluate the
dynamic change in environmental performance from the pair of desirable outputs
and undesirable outputs, the Malmquist EPI reflects environmental change when
desirable outputs and undesirable outputs are paired for a dynamic comparison.
For the choice of reference vectors, there are two better choices with regard
to the research question. First, for a cross-sectional comparison, the fixed
reference vectors with current-year average are the best choice. Second, for a
dynamic comparison, the current-lag reference vectors are the best choice. The
problem of infeasible solutions has not been completely solved. Constructing the
production frontier from current years may still have no solutions for some
observations. This is a direction for future research.
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Chapter 4
Treatment Quality Performance in the Hospital Sector in China:
Effects of Marketisation and Government Subsidies

The Chinese government has reformed the hospital sector over time. There
are two alternative policy directions for healthcare reforms. The first policy
direction is market-oriented reform, which includes four main strategies to
increase the degree of marketisation in the hospital sector (Helderman et al., 2005;
Harrison and Calltorp, 2000; Schlesinger, 2002). The first strategy is expanding
the market share of private hospitals or for-profit hospitals in the hospital sector.
The second is releasing the price regulation of medical services and reducing
direct subsidies to public hospitals. The third is allowing the transformation of the
ownership of public hospitals into private hospitals. The fourth is developing the
medical insurance market and let people choose. These policy strategies to
implement the market-oriented reform are called market-oriented strategies. The
second policy direction is the government-oriented reform, which is the opposite
of the market-oriented reform. The target of the government-oriented reform is to
increase the degree of government intervention in the hospital sector. The policy
strategies to implement the government-oriented reform are called governmentoriented strategies. Government-oriented strategies are in the opposite direction of
market-oriented strategies. Key points of the government-oriented strategies are as
follows (He and Tian, 2008; Ho, 2010; Bai et al., 2006). First, expanding the
market share of public hospitals or non-profit hospitals in the hospital sector.
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Second, increasing the degree of price regulation of medical services and
increasing direct subsidies to public hospitals. Third, encouraging the
transformation of the ownership of private hospitals into public hospitals. Finally,
creating a compulsory social health insurance system for citizens.
Health care reforms have shifted back and forth between market-oriented and
government-oriented policies (Blomqvist, 2009). China’s healthcare reform began
with the market-oriented reform, which implemented administrative
decentralisation and then added market forces to the hospital sector (Akin et al.,
2005). Before the 1980s, all medical organisations in China were state-owned.
However, with the rapid growth of the Chinese economy, both medical demand
and medical costs increased drastically. To solve the financial problems of the
healthcare sector, China launched the market-oriented reform in 1984, which
continued until 2005. On the one hand, the ownership reform encouraged the
establishment of new private hospitals and the government sold some state-owned
hospitals to private investors. On the other hand, state-owned hospitals became
more financially independent with the financial reform. In 2005, the central
government announced the failure of the previous market-oriented healthcare
reform2. In contrast to the market-oriented reform, the government then limited
market competition by increasing financial support to public hospitals and
controlling the price of medical services at a low level. Since 2009, the

2

The report of the healthcare reform, in Chinese
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government has tried to strike a balance between market-oriented policies and
government invention, increasing subsidies and encouraging the creation of more
private hospitals to increase competition.
Market-oriented reform can have positive and negative effects on the
healthcare sector. On the one hand, Hu et.al. (2012) believes that market
competition can promote efficiency and productivity in the healthcare sector. On
the other hand, Forder and Allan (2014) argues that the profit target with
asymmetric information can lead hospitals to make less effort in the quality of
treatment. Many studies point out the drawbacks of market-oriented reform that it
can increase the cost of medical services and reduce their quality (Forder and
Allan 2014; Liu, 2005; Gu, 2005). On the other hand, government intervention
also has problem on cause inefficiency and shortages of supply. (Gerald and Gu,
1997; Feng and Yu, 2008; Chen et al., 2008).
As Blomqvist (2009) points out, in the absence of government intervention, a
high degree of market failure can be expected. In contrast, when the government
is too involved in the provision of healthcare services, inefficient operations
occur. Currently, as in other countries, China has both for-profit healthcare
institutions and government-funded institutions. The net effects of marketisation
and government intervention are not yet clear. Applying the modified EPIs in the
last chapter, this chapter seeks to determine the relative merits of higher level of
marketisation and greater government involvement from the point of view of
quality performance of the hospital sector in China.
One of the main measures of market-oriented policies is to increase the
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number of private hospitals. This measure promotes competition in the hospital
sector, leading hospitals to pay more attention to costs and revenue. This should
result in more medical services using fewer resources. However, deaths are
inevitable during the process of providing medical services and can be regarded as
undesirable outputs in the production process. Reducing the number of deaths
during treatments is also an important consideration for providing medical
services from a societal perspective. In this chapter, treatment quality is defined as
the amount of treatment (medical services) per death. It should be noted that
pursuing less deaths during treatments may not increase profits. Hence a higher
treatment quality is not necessarily consistent with profit maximisation. The net
effects of increasing market competition on treatment quality are unknown.
In contrast, one of the main measures of government-oriented policies is to
provide direct subsidies to hospitals. With less competitive market pressure and
more subsidies, doctors can focus on treating patients and avoiding deaths
simultaneously. However, less competitive pressure can reduce productive
efficiency. The final consequences of more subsidies on treatment quality are also
unknown. Currently, private hospitals and public hospitals coexist in China. The
issue of increasing the number of private hospitals is under intense discussion. By
ascertaining the effects of a higher level of marketisation and greater government
involvement on treatment quality in the hospital sector, this chapter aims to
provide implications for both policies.
Some studies focus on treatment quality and government subsidies in the
hospital sector, such as Bloom, Propper and Van (2015) and Duggan (2000).
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However, they do not consider these variables simultaneously for market-oriented
and government-oriented policies. To conduct a thorough analysis of the
performance of the hospital sector in China, this chapter adopts a production
approach that integrates the multidimensional nature of production variables and
treatment quality.
Hospitals can be treated as production units, with desirable outputs (medical
services), undesirable outputs (deaths)3 and inputs. This chapter adopts the data
envelopment analysis (DEA) approach to study the performance of treatment
quality of hospitals in China. The current literature using the DEA approach to
investigate hospital performance focuses on technical efficiency and productivity,
see Hollingsworth (2008) for a survey. By adopting the environmental
performance index (EPI) discussed in Essay 2 to reflect the quality of services
provided by hospitals, I am able to identify the patterns of treatment quality of
Chinese hospitals during the study period and across regions. In this chapter, I call
the EPI the treatment quality performance index (TQI) to evaluate the
performance of treatment quality. By examining the determinants of treatment
quality, I can quantify the effects of market-oriented and government-oriented
policies. This can help policymakers develop better policies to reform the
healthcare sector.
The rest of this chapter is organised as follows. Section 1 provides

3

Undesirable outputs produced by hospitals include more items than deaths. Only deaths are
considered here because various types of deaths during treatments are the most important
undesirable outputs and because of availability of data.
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background information on the hospital sector in China. Section 2 explains the
methodology for estimating treatment quality. Section 3 describes the data and
presents the estimates of treatment quality in China. Section 4 explores the
determinations of TQI and policy implications. Section 5 discusses policy
implications and Section 6 concludes the essay.

4.1 Background Information
Before 1978, all hospitals in China were public hospitals. For urban
residents, all treatment costs were covered by their employers. For rural residents,
the price of medical services was controlled by the central government at a low
level. The mortality rate fell from 1.23% in 1955 to 0.62% in 1978 and life
expectancy increased from 35 to 66 years during the same period. However, both
medical demand and medical costs increased drastically. From 1965 to 1985,
medical expenditure increased more than 28 times, while GDP increased only
about 13 times. Thus, the old central planning medical system could no longer
cover the huge medical expenditure.
The market-oriented reform in the Chinese hospital sector began in 1984. It
had three main goals: increasing market competition with ownership reform,
increasing financial independence with financial reform and reducing price
regulation with price reform (Yip and Hsiao, 2009; Blumenthal and Hsiao, 2015).
First, ownership reform allowed the creation of private hospitals and some public
hospitals were sold to private investors. Second, public hospitals became more
financially independent with financial reform. The share of public hospital
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revenue based on government subsidies decreased from 32.16% in 1978 to
13.24% in 2015. Finally, hospitals had the power to determine the prices of
medical services and drugs, except for those listed in the basic price regulation of
medical services and drugs, with price reform. These market-oriented strategies
solved the financial problems of hospitals and encouraged investments in the
hospital sector. However, the price of medical services increased dramatically
after the market-oriented reform.
In 2005, the central government announced the failure of the previous
market-oriented healthcare reform (The report of the healthcare reform, in
Chinese). According to the report of the healthcare reform, the market-oriented
reform caused two major problems. One was the dramatic increase in unregulated
treatment costs and the other was the decrease in the quality of treatment.
Furthermore, many studies reveal that the market-oriented reform led to expensive
and low-quality medical services (Liu, 2005; Gu, 2005). As opposed to the
market-oriented reform, the government then limited market competition by
increasing financial support to public hospitals and controlling the price of
medical services at a low level. However, many researchers show that government
intervention reduced efficiency and increased supply shortages (Gerald and Gu,
1997; Feng and Yu, 2008; Chen et al., 2008).
After 2009, the government tried to strike a balance between marketisation
and government intervention. Government subsidies Were increased. Financial
support to the hospital sector increased from RMB482 billion in 2009 to
RMB1,058 billion in 2014. The government also encouraged the creation of more
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private hospitals to increase competition. The ratio of private hospitals in the
hospital sector increased rapidly from 28% in 2009 to 49% in 2014. These new
policies are part of the ‘new healthcare reform’, which had three main objectives:
increasing the supply of medical services in response to the shortage problem,
reducing the financial burden of patients and improving treatment quality.
In this chapter, policies that focus on market forces are called marketoriented strategies. Conversely, policies that focus on government intervention are
called government-oriented strategies. When market forces and government
intervention are of equal importance, I call this a mixed strategy. Researchers do
not agree on the roles of marketisation and government intervention in the
hospital sector. Therefore, there is no conclusion about the optimal strategy. One
view is that there is a market failure in the hospital sector and that private
hospitals will increase the price of medical services and reduce investment in
prevention. For example, Liu (2004) points out that as hospital financing in China
became increasingly privatised, hospitals were less interested in public health
work. The other view is that inefficiency and supply shortages in the hospital
sector in China are due to price regulation and the vacancy of hospitals’
independent management right. Chen et al. (2008) find that due to lack of
competition, excessive government subsidies led to the inefficiency of public
hospitals.
O’Newell et al. (2008) conduct a systematic review of empirical studies on
the hospital sector using the DEA approach published between 1984 and 2004.
Moreover, in general, private hospitals are more efficient than public hospitals in
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Germany and the U.S. (Herr, 2008; Ozcan et al., 1992). Previous studies also
show evidence to support the market-oriented ownership reform (Sloan et al.,
2001; Kolstad and Kowalski, 2012; López-Casasnovas and Puig-Junoy, 2000).
However, most studies focus on technical efficiency and do not consider
undesirable outputs. Hu et.al. (2012) incorporate undesirable outputs in their study
and find that a high proportion of private hospitals and high-quality hospitals can
help increase technical efficiency. These studies focus mainly on the technical
efficiency of hospitals.
From my point of view, more private hospitals can promote competition in
the hospital sector, with hospitals providing medical services using fewer
resources. Regardless of the production techniques used to treat patients, this
strategy can push hospitals to provide more medical services with the same
amount of resources, which may improve treatment quality. However, there may
be several ways to treat the same disease and the higher the cost, the lower the
probability of death. Although reducing the number of deaths is also an important
consideration in the provision of medical services from a societal perspective, it
needs not be consistent with profit maximisation. The final consequences of
increased competition on treatment quality are unknown. Conversely, with more
government subsidies, the pressure of market competition is lower. Therefore,
doctors can focus on treating patients and avoiding deaths simultaneously.
However, less competitive pressure can reduce productive efficiency. The final
consequences of more government subsidies on treatment quality are also
unknown.
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The literature on treatment quality usually adopts two popular methods. The
first method uses patient satisfaction as a measure of treatment quality (Al-Abri
and Al-Balushi, 2014; Fenton et al., 2012). However, this measure is subjective
and not comparable between different patients. The second method aggregates
different objective measures (mortality rate, reinfection rate, average number of
days of hospitalisation, medical malpractice rate, etc.) into a single index to
reflect treatment quality (Jha et al., 2005; Schreyögg et al., 2011; Nolan, 2001).
The problem with this method is to find an appropriate aggregation method.
This chapter applies the environmental performance index (EPI) discussed in
Essay 2 to investigate the performance of treatment quality. In this chapter, I call
this index the treatment quality performance index (TQI). I analyse the treatment
quality performance of Chinese hospitals from different versions of TQI: the
output-oriented TQI, the input-oriented TQI and the Malmquist TQI. The
performance of treatment quality is a concern of the third objective of the new
healthcare reform of China and is rarely studied using the production approach.
The final consequences of increasing the number of private hospitals and the
amount of government subsidies are generally unknown, as mentioned earlier.
Therefore, I estimate the effectiveness of these two measures to evaluate whether
their coexistence can be justified. The next section explains the methodology of
the treatment quality index.

4.2 Treatment Quality Performance Index
The evaluation of the performance of treatment quality is similar to the
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evaluation of environmental performance. Both concepts seek to minimise
undesirable outputs and maximise desirable outputs. In Essay 2 (Chapter 3), I
discuss the environmental performance index used to measure the ability to
produce desirable outputs against undesirable outputs as by-products. As deaths
during treatment can be treated as undesirable outputs and medical services as
desirable outputs, I can evaluate treatment quality based on the environmental
performance index. In environmental performance, undesirable outputs are
pollutants, while in the performance of treatment quality, undesirable outputs are
deaths during treatment. In addition, in environmental performance, desirable
outputs are industrial outcomes, while in the performance of treatment quality,
desirable outputs are medical services. Improving the performance of treatment
quality of hospitals involves reducing the mortality rate of different types of
medical services.
I treat each hospital as a production unit, similar to the production definition
in Essay 2, with the vector of medical services 𝑔 = (𝑔1 , … , 𝑔𝑀 ) and the input
vector 𝑥 = (𝑥1 , … , 𝑥𝑁 ). The production of desirable outputs is accompanied by
the vector of deaths during treatment 𝑏 = (𝑏1 , … , 𝑏𝐿 ). The technology is
modelled by hospitals, using inputs to provide medical services with deaths as byproducts:  = {(𝑥, 𝑔, 𝑏): 𝑥 𝑐𝑎𝑛 𝑝𝑟𝑜𝑑𝑢𝑐𝑒 (𝑔, 𝑏)}. Similar to Essay 2, there are
three types of treatment quality index (TQI): the output-oriented TQI, the inputoriented TQI and the Malmquist TQI. I use these three indices to measure the
performance of treatment quality of Chinese hospitals.
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The output-oriented TQI of the investigated output vectors (𝑔t , 𝑏 t ) relative
to the output vectors (𝑔0 , 𝑏 0 ) with respect to the reference vector (𝑥 𝑟 , 𝑔𝑟 , 𝑏 𝑟 )
and the technology in 𝑡 is
𝑇𝑄𝐼

𝑜𝑢𝑡 (

t

t

0

0

𝑟

𝑟

𝑔 ,𝑏 ;𝑔 ,𝑏 ;𝑥 ,𝑔 ,𝑏

𝑟)

𝑄𝑔𝑜𝑢𝑡 (𝑔𝑡 , 𝑔0 ; 𝑥 𝑟 , 𝑏 𝑟 |ℑ𝑡 )
= 𝑜𝑢𝑡 t 0 𝑟 𝑟 𝑡 .
𝑄𝑏 (𝑏 , 𝑏 ; 𝑥 , 𝑔 |ℑ )

(64)

The input-oriented TQI of the output vectors (𝑔𝑡 , 𝑏 𝑡 ) relative to the output
vectors (𝑔𝑡−1 , 𝑏 𝑡−1 ) with respect to the input reference vector 𝑥 𝑟 and the
technology in 𝑡 is
𝑇𝑄𝐼

𝑖𝑛 (

t

t

𝑔 ,𝑏 ;𝑔

𝑡−1

,𝑏

𝑡−1

;𝑥

𝑟)

=

𝑄𝑔𝑖𝑛 (𝑔t , 𝑔𝑡−1 ; 𝑥 𝑟 |ℑ𝑡𝑏 )
𝑄𝑏𝑖𝑛 (𝑏 t , 𝑏 𝑡−1 ; 𝑥 𝑟 |ℑ𝑡𝑔 )

.

(65)

The Malmquist TQI with desirable output-oriented distance function and the
Malmquist TQI with undesirable output-oriented distance function with respect to
the unrestricted input production set ℑ𝑡𝑖 are
𝑀𝑇𝑄𝐼𝑔𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 )

𝐷𝑔 (𝑔𝑡 , 𝑏 𝑡 |ℑ𝑡𝑖 )
=
.
𝐷𝑔 (𝑔𝑡−1 , 𝑏 𝑡−1 |ℑ𝑡𝑖 )

(66)

𝑀𝑇𝑄𝐼𝑏𝑡 (𝑔𝑡 , 𝑏 𝑡 ; 𝑔𝑡−1 , 𝑏 𝑡−1 )

𝐷𝑏 (𝑔𝑡 , 𝑏 𝑡 |ℑ𝑡𝑖 )
=
.
𝐷𝑏 (𝑔𝑡−1 , 𝑏 𝑡−1 |ℑ𝑡𝑖 )

(67)

and

In general, the treatment quality index indicates the quantity of desirable
outputs (treatment quantity index) produced per unit of undesirable outputs
(mortality quantity index). The performance of treatment quality improves when
the 𝑇𝑄𝐼 score increases. I evaluate the performance of treatment quality of
Chinese hospitals using these three indices and compare the results.
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4.3 Treatment Quality Performance in the Chinese Hospital Sector
4.3.1 Data source
To evaluate the performance of treatment quality in the Chinese hospital
sector, I use a panel dataset of 31 Chinese provinces (exclude Taiwan, Hong
Kong, Macau, and Tibet) for the 2009-2014 period collected from the China
Public Health Statistical Yearbooks published by the National Bureau of Statistics
of China. There are six desirable outputs, five undesirable outputs and six inputs.
Desirable outputs are the outcomes of medical services. The six desirable outputs
are inpatient visits, outpatient visits, observation visits, babies born in hospitals,
physical examinations and surgeries. For inputs, I divide labour into two types:
doctors and other medical staff. In addition, the number of beds is used as a proxy
for hospital capacity. Therefore, the three inputs are doctors, other medical staff
and beds.
In this chapter, undesirable outputs are the five types of deaths during
treatment: observation visit deaths, inpatient visit deaths, contagious disease
deaths, pregnant women deaths and infant deaths. For deaths during treatment, the
literature on the hospital sector usually includes ‘amenable deaths’, which are
preventable. The mortality rate is adjusted for different cases of illness. However,
my dataset does not contain such information. I follow the approach of Hu et.al.
(2012) to adjust undesirable outputs based on provincial life expectancy. Let
𝑙𝑖𝑓𝑒 𝑡 be the national average life expectancy at time t, and 𝑙𝑖𝑓𝑒𝑘𝑡 be the
provincial life expectancy at time t for province k. I define the risk adjustment
factor for province k: 𝛿𝑘𝑡 = 𝑙𝑖𝑓𝑒𝑘𝑡 ⁄𝑙𝑖𝑓𝑒 𝑡 . A higher value of 𝛿𝑘 indicates a longer
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life expectancy. In terms of longer life expectancy, more deaths are inevitable and
fewer deaths are preventable. Thus, I adjust the mortality due to undesirable
outputs 𝑏𝑘𝑡 to the risk adjustment factor 𝛿𝑘 . In the following computation of the
̃𝑡 = 𝑏 𝑡 ⁄𝛿 𝑡 as
treatment quality index, I use the risk-adjusted mortality 𝑏
𝑘
𝑘
𝑘
undesirable outputs. Table 2 lists the definitions and descriptive statistics of
outputs and inputs. Note that the undesirable outputs are already adjusted to the
risk adjusted mortality rate.
Table 2: Definitions and descriptive statistics of outputs and inputs
Variable
Definition
Desirable outputs
OPV
Outpatient visits (hundred million)
OBV
Observation visits (million)
SUG
Surgeries (million)
BABY
Babies born (million)
PHE
Physical examinations (hundred million)
IPV
Inpatient visits (million)
Undesirable outputs (Risk-adjusted mortality)
OBD
Observation visit deaths (risk adjusted)
IPD
Inpatient visit deaths (thousand)
INFD
Infant deaths (thousand)
COTGD
Contagious disease deaths (thousand)
PGD
Pregnant women deaths
Inputs
DOCTOR Number of doctors (thousand)
OTH
Number of other medical staff (thousand)
BED
Number of beds in hospitals (thousand)

Mean

SD

Min

Max

2.00
2.12
11.21
4.75
1.07
0.54

1.58
1.79
8.46
3.63
0.86
0.37

0.09
0.02
0.17
0.36
0.11
0.14

7.59
8.47
47.00
16.34
3.93
1.50

1129.2
18.09
2.98
0.51
76.6

1079.9
14.44
2.02
0.62
57.2

0
0.11
0.17
0.02
1.9

4776
68.08
8.15
3.42
226

83.4
124.4
176.7

52.3
78.7
112.6

4
4.5
8.4

231.8
365.2
500.6

From Table 2, I cannot obtain information on the change over time of
desirable outputs and undesirable outputs. In Table 3, I list the annual average of
desirable outputs and undesirable outputs. Thus, I can see the trend over time of
different types of medical services and deaths during treatment.
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Table 3: Annual average of desirable outputs and undesirable outputs
Variable

2009

2010

2011

2012

2013

2014

OPV
OBV
SUG
BABY
PHE
IPV
OBD
IPD
INFD
COTGD
PGD

2014
2009

1.67
2.18
7.42
4.29
0.85
0.45
1.11
14.53
3.44
0.48
94.08

1.78
2.17
9.26
4.56
0.94
0.46
1.10
15.46
3.23
0.46
89.09

1.92
2.27
11.09
4.92
1.05
0.47
1.10
16.58
2.96
0.50
73.38

2.11
2.10
11.84
5.75
1.19
0.50
1.13
17.88
2.94
0.55
70.03

2.25
2.07
12.53
6.17
1.28
0.49
1.19
20.88
2.70
0.53
67.89

2.34
1.93
12.03
6.57
1.41
0.49
1.15
23.25
2.63
0.52
65.17

140%
88%
162%
153%
166%
110%
104%
160%
76%
109%
70%

From Table 3, I find that most desirable outputs increased between 10% and
62% during the investigation period, except for observation visits. In addition,
only one undesirable output, inpatient deaths, increased by approximately 60%,
while observation deaths and contagious deaths increased only slightly.
Conversely, infant deaths and pregnant women deaths decreased by about 30%.
Overall, I can see the trend over time, with an increase in desirable outputs and a
decrease in undesirable outputs between 2009 and 2014. Thus, the performance of
treatment quality improved during the investigation period. In the next section, I
use the different versions of TQI to confirm the conclusion regarding the
improvement of the performance of treatment quality.
4.3.2 Empirical frontier and reference vectors
There are 31 provinces in this dataset. Suppose that hospital k at time t
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𝑡
𝑡
produces the vector of desirable outputs, 𝑔𝑘𝑡 = (𝑔𝑘1
, … , 𝑔𝑘𝑀
), using the input
𝑡
𝑡
vector, 𝑥𝑘𝑡 = (𝑥𝑘1
, … , 𝑥𝑘𝑁
). The production of desirable outputs is accompanied
𝑡
𝑡
by the vector of undesirable outputs, 𝑏𝑘𝑡 = (𝑏𝑘1
, … , 𝑏𝑘𝐿
). Thus, K = 31, M = 6, N

= 5 and L = 3. I adopt the production frontier introduced by Kuosmanen (2005).
This empirical production technology is convex with strongly disposable inputs,
strongly disposable desirable outputs and jointly weakly disposable of desirable
outputs and undesirable outputs. I have three types of empirical frontiers. The first
frontier is the grand production set ℑ∗ constructed from all observed inputs and
outputs in the dataset. Following the discussion in Essay 2, the output-oriented
TQI can only apply the grand frontier, which contains all observations from the
first year to the last year. It is estimated as follows:
𝑇

𝐾

(𝑥; 𝑔, 𝑏): ∑ ∑ 𝑧𝑘𝑡 𝑔𝑘𝑡 ≧ 𝑔,
𝑇

ℑ∗ ≔

𝑡=1 𝑘=1
𝐾

∑ ∑ 𝑧𝑘𝑡 𝑏𝑘𝑡 = 𝑏,
𝑇

.

𝑡=1 𝑘=1
𝐾

(68)

∑ ∑(𝑧𝑘𝑡 + 𝑢𝑘𝑡 )𝑥𝑘𝑡 ≦ 𝑥,
𝑡=1 𝑘=1
𝑗
𝑢𝑘 ≧

𝑗

0, 𝑧𝑘 ≧ 0，
{ 𝑓𝑜𝑟 𝑘 = 1, ⋯ , 𝐾; 𝑡 = 1, ⋯ , 𝑇}
The second frontier is a production set in which the technology at time t is
constructed from the observed data at time t and before. This frontier is called the
sequential frontier ℑ𝑡𝑠 in Essay 2. Under constant returns to scale, the empirical
sequential frontier at time 𝑡 = 1, … , 𝑇 is
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𝑡

(𝑥 𝑡

𝑡

;𝑔 ,𝑏

𝑡 ):

𝐾
𝑗

𝑗

∑ ∑ 𝑧𝑘 𝑔𝑘 ≧ 𝑔𝑡 ,

𝑗=1 𝑘=1
𝐾
𝑗 𝑗
∑ ∑ 𝑧𝑘 𝑏𝑘 = 𝑏 𝑡 ,
𝑗=1 𝑘=1
𝑡
𝐾
𝑗
𝑗
𝑗
∑ ∑(𝑧𝑘 + 𝑢𝑘 )𝑥𝑘 ≦
𝑗=1 𝑘=1
𝑗
𝑗
𝑢𝑘 ≧ 0, 𝑧𝑘 ≧ 0,
𝑡

ℑ𝑡𝑠 ≔

.

(69)

𝑥𝑡 ,

{ 𝑓𝑜𝑟 𝑘 = 1, ⋯ , 𝐾; 𝑡 = 1, ⋯ , 𝑇 }
Thus, when the sequential frontier is used, the production frontier in each
time is likely to be different from previous frontiers. In contrast, the production
frontier is the same over the study period for the grand production set. The
following two reference vectors discussed in Chapter 3 are used in the
computation.
Min-max reference vectors: 𝑅𝑚𝑖𝑛−𝑚𝑎𝑥 ≔ (𝑥 𝑚𝑎𝑥 , 𝑔𝑚𝑖𝑛 ). These reference
vectors are generally adopted in the empirical applications of TQI in the current
literature.
Current-lag reference vectors: For hospital 𝑘 = 1, ⋯ , 𝐾, data from the previous
year 𝑅𝑙𝑎𝑔 ≔ (𝑥𝑘𝑡−1 , 𝑔𝑘𝑡−1 , 𝑏𝑘𝑡−1 ) and the current year 𝑅 𝑐𝑢𝑟 ≔ (𝑥𝑘𝑡 , 𝑔𝑘𝑡 , 𝑏𝑘𝑡 ) are
used to compute two values. The final TQI value is the geometric mean of these
two numbers.
The TQI with the current-lag reference vectors shows the relative change in
treatment quality from the previous year to the current year in the same hospital. I
want to modify the TQI to compare it across different units and different periods
and let the TQI start from the first year. I use the following two steps to modify
the TQI with the ‘current-lag’ reference vectors.
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1)

The TQI of the first year with the current-lag reference vectors is replaced by
1
𝐾
1
𝐾
1
∑𝐾
𝑘=1 𝑥𝑘 ∑𝑘=1 𝑔𝑘 ∑𝑘=1 𝑏𝑘

the first-year average reference vectors: 𝑅 𝑓𝑎 ≔ (

𝐾

,

𝐾

,

𝐾

). In this

case, I can compute the TQI score for the first year. I use the current-lag reference
vectors from the second year.
2)

Starting from the second year, the TQI score with the current-lag reference

vectors is multiplied by the TQI score from the previous year to adjust the TQI for
comparison between different units, TQI𝑡 = ∏𝑡−1
𝑖=1 𝑇𝑄𝐼𝑖 , 𝑤ℎ𝑒𝑛 𝑡 > 1. In this case,
all TQI scores refer to the relative change of the first-year average. As a result, the
performance of treatment quality is comparable across the panel data.
In the next section of this chapter, the TQI score with the current-lag
reference vectors is adjusted using this method. Next, I compute the TQI scores
from different frontiers (grand frontier and sequential frontier), different reference
vectors (min-max reference vector and current-lag reference vector) and different
approaches (input-oriented approach, output-oriented approach, and Malmquist
approach). For the grand frontier and the sequential frontier, I compute the outputoriented TQI and input-oriented TQI. In each orientation, I compute using the
min-max and the current-lag reference vectors. As I have two approaches (the
input-oriented TQI and the output-oriented TQI), for each approach, I use two
frontiers: the grand frontier and the sequential frontier. In addition, I use two
reference vectors: the min-max reference vectors and the current-lag reference
vectors. Moreover, I compute the environmental performance of the Malmquist
TQI. In total, I have 2 × 2 × 2 + 2 = 10 TQI versions for each province in one
year. The TQI scores with different reference vectors have different meanings.
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The TQI score with the min-max reference vectors shows the relative
environmental performance by comparing the ratio of observed desirable outputs
to observed undesirable outputs with the ratio of minimum desirable outputs to
minimum undesirable outputs. The TQI score with the current-lag reference
vectors shows the relative environmental performance by comparing the ratio of
observed desirable outputs to observed undesirable outputs with the ratio of
desirable outputs from the previous/current year to undesirable outputs from the
previous/current year. The input-oriented TQI and the output-oriented TQI are
constructed from the quantity index with the reference vectors of desirable outputs
and undesirable outputs. Thus, they can use the min-max reference vectors with
minimum outputs and maximum inputs as the reference. In contrast, the
Malmquist TQI is constructed from the Malmquist productivity index with the
pair of desirable outputs and undesirable outputs. Thus, the min-max reference
vectors cannot be used for the Malmquist TQI. The list of different EPI versions is
shown in Table 4.
Table 4: All versions of TQI
Frontier
Sequential frontier
Grand frontier

Reference
min-max
current-lag
min-max
current-lag

Input-oriented TQI
V1
V2
V3
V4

Output-oriented TQI
V5
V6
V7
V8

Malmquist TQI
NA
V9
NA
V10

4.3.3 TQI scores in different versions
Table 3 summarises the average TQI scores for the entire country in 10 TQI
versions from 2009 to 2014. For TQI with the current-lag reference vectors (V2,
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V4, V6, V8 and V9), the TQI scores for the first year are not available. For the
output-oriented TQI with the current-lag reference vectors (V6 and V8), there are
161 infeasible cases with the grand frontier and 175 infeasible cases with the
sequential frontier out of 184 observations. In addition, the output-oriented TQI
with the min-max reference vectors (V5) has 37 infeasible cases out of 184
observations. The average TQI scores are not available from 2009 to 2014. As
most cases of V6 and V8 are infeasible, the average scores are also unavailable,
while the average score of V5 only reports the feasible cases. The averages TQI
scores of the different versions are presented in Table 5,
Table 5: Average TQI scores in different versions
TQI
V1
V2
V3
V4
V5
V6
V7
V8
V9
V10

2009
0.91
0.77

2010
1.01
0.82

2011
1.07
0.84

2012
1.18
0.88

2013
1.25
0.94

2014
1.27
0.99

2009-2014

0.99
0.77
72.5
NA
43.0
NA
1.04
1.06

1.07
0.84
60.0
NA
44.9
NA

1.14
0.90
51.1
NA
48.3
NA

1.20
0.94
51.1
NA
49.5
NA

1.29
1.01
50.4
NA
53.3
NA

1.27
0.99
49.5
NA
54.7
NA

1.04
1.08

1.14
1.18

1.23
1.26

1.28
1.31

1.33
1.33

128%
128%
68%
NA
128%
NA
128%
125%

140%
117%

From Table 5, I obtain the average TQI scores of different versions. The
following conclusions can be drawn from the table above. First, V6 and V8 are
infeasible in most cases, with both versions using the current-lag reference vectors
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in the output-oriented TQI. Therefore, I can conclude that I cannot use the currentlag reference vectors in the output-oriented TQI. Second, the average TQI scores
in most versions increase during the investigation period (except V5). This shows
that overall, the TQI scores of the Chinese hospital sector increased between 2009
and 2014. Third, the results of the sequential frontier and the grand frontier in the
output-oriented TQI go in the opposite direction. In V7 with the grand frontier
setting, the performance of treatment quality improved by approximately 28%
between 2009 and 2014. Conversely, in V5 with the sequential frontier setting, the
performance of treatment quality decreased by about 32% between 2009 and
2014. This shows that the output-oriented TQI is not only an infeasibility
problem, but it is also sensitive to the reference frontier. Finally, in most indices,
the performance of treatment quality improved by about 30%. Thus, I can
conclude that the performance of treatment quality improved by about 30%
between 2009 and 2014.
The results of the evaluation of the different versions of TQI are robust and
consistent with the data. In Table 5, I compare the average dynamic changes of
desirable outputs and undesirable outputs

𝐺𝑡
𝐵𝑡
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for the first year and the change

over time of different TQI versions for the first period

𝑇𝑄𝐼𝑡
𝑇𝑄𝐼1

. I normalise all of the

indices and first-year average data to 1. The average dynamic changes of desirable
outputs and undesirable outputs are computed from the following equation
1 6 𝑔𝑖𝑡
∑
6 𝑖=1 𝑔𝑖1

𝐺𝑡
=
.
𝐵𝑡 1 5 𝑏𝑖𝑡
∑
5 𝑖=1 𝑏𝑖1

(70)

I compare the difference between the average dynamic changes of desirable
outputs and undesirable outputs

𝐺𝑡
𝐵𝑡

and the dynamic changes of TQI, as

𝐺𝑡
𝐵𝑡

can

show the change in quality performance. If my measures can also show the
performance of treatment quality, the correlation of the two should be strong. The
dynamic changes of different TQI versions and the correlation are presented in
Table 6.
Table 6: Average TQI scores in different versions

𝑇𝑄𝐼𝑡 /𝑇𝑄𝐼1
V1
V2
V3
V4
V5
V6
V7
V8
V9
V10

𝐺𝑡 /𝐵𝑡

2009
1.00
1.00
1.00
1.00
1.00
NA
1.00
NA
1.00
1.00
1.00

2010
1.11
1.06
1.08
1.09
0.83
NA
1.04
NA
1.00
1.02
1.10

2011
1.18
1.09
1.15
1.17
0.70
NA
1.12
NA
1.10
1.11
1.23

2012
1.30
1.14
1.21
1.22
0.70
NA
1.15
NA
1.18
1.19
1.28

2013
1.37
1.22
1.30
1.31
0.70
NA
1.24
NA
1.23
1.24
1.30

2014 Correlation
1.40
0.96
1.29
0.89
1.28
0.96
1.29
0.97
0.68
-0.97
NA
NA
1.27
0.93
NA
NA
1.28
0.92
1.25
0.95
1.32
1.00

V1 to V4 are the input-oriented TQI, V5 to V8 are the output-oriented TQI
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and V9 and V10 are the Malmquist TQI. From the correlation, the input-oriented
TQI and the Malmquist TQI show a strong correlation with

𝐺𝑡
𝐵𝑡

. This indicates that

the input-oriented TQI and the Malmquist TQI are good measures of the
performance of treatment quality. However, the output-oriented TQI presents an
infeasibility problem and is sensitive to the reference frontier. The output-oriented
TQI with the grand frontier and the min-max reference vectors still shows a strong
correlation with

𝐺𝑡
𝐵𝑡

. In summary, I suggest that the input-oriented TQI and the

Malmquist TQI are good measures of the performance of treatment quality.
However, for the moment, I cannot determine which index is the best for
measuring the performance of treatment quality. The only difference is that the
input-oriented TQI is constructed from the quantity index, while the Malmquist
TQI is constructed from the productivity index. In the following analysis, I use the
output-oriented TQI, the input-oriented TQI and the Malmquist TQI in a
robustness test.
After comparing the average dynamic changes in the performance of
treatment quality, the next step is a cross-sectional comparison. This is also an
important issue as China is a developing country whose development is
unbalanced across different regions. In China, the economic gap between coastal
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regions and non-coastal regions is significant. Hu et al. (2012) also discuss the
difference between coastal regions and non-coastal regions in terms of hospital
efficiency. They find that hospitals in coastal regions are significantly more
efficient than those in non-coastal regions. Here, I investigate the difference in
treatment quality between coastal and non-coastal regions. Table 6 shows the
average TQI scores for each year in coastal and non-coastal regions for the outputoriented TQI, the input-oriented TQI and the Malmquist TQI. As the difference
between each approach is small, I retain only the results of one version of each
TQI in the following analysis. For the output-oriented TQI, I use the grand
frontier with the min-max reference vectors. For the input-oriented TQI and the
Malmquist TQI, I use the sequential frontier with the ‘current-lag’ reference
vectors. I use the sequential frontier because the grand frontier only contains
information on the first-year technology of the sequential frontier. Table 7
presents the average TQI scores of different versions in coastal and non-coastal
regions. There are two regional groups: coastal regions and non-coastal regions.
Table 7: Regional average TQI scores from 2009 to 2014
Version
Year
2009
2010

𝑇𝑄𝐼 𝑜𝑢𝑡
Coast
64.94
71.36

Non-coast
44.64
46.22

𝑇𝑄𝐼 𝑖𝑛
Coast
0.94
1.09
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Non-coast
0.94
1.06

𝑀𝑇𝑄𝐼
Non-coast
Coast
1.03
1.29
1.06
1.29

2011
2012
2013
2014
average

75.30
68.74
73.73
78.38
72.08

47.42
49.07
54.84
54.71
49.48

1.25
1.64
2.24
3.14
1.72

1.21
1.45
2.04
2.72
1.57

1.31
1.34
1.36
1.36
1.32

1.07
1.11
1.19
1.23
1.11

All TQI scores for coastal regions are better than non-coastal regions in
terms of treatment quality. This shows that the performance of treatment quality of
coastal regions is better than that of non-coastal regions. Therefore, the Chinese
government should focus on ways to improve treatment quality in non-coastal
regions. However, this table cannot show the reasons for the gap between coastal
and non-coastal regions. In the next section, I explore the determinants of
treatment quality in different provinces.

4.4 Determinants of the Treatment Quality Index
4.4.1 Data Description and Regression Model
One of the objectives of this chapter is to examine the effects of marketoriented strategies and government-oriented strategies on treatment quality. The
performance of treatment quality is measured by the treatment quality index in
Section 4. I use the ratio of private hospitals (𝑀𝑅𝐾𝑅𝑇) as an indicator of
marketisation, which is a measure of market-oriented policies. A larger value of
𝑀𝑅𝐾𝑅𝑇 means increased market competition between hospitals. The ratio of
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hospital revenue from government subsidies (𝑆𝐵𝑆𝐷𝑌𝑅𝑇) is used to reflect the
importance of government resources in the operation of hospitals, which is a
measure of government-oriented policies. A larger value of 𝑆𝐵𝑆𝐷𝑌𝑅𝑇 indicates
more government influence and less competitive pressure on hospital
administrators. Following Hu et al. (2012), I include six other control variables in
my regression model: 𝐵𝐸𝑆𝑇𝑅𝑇, 𝑃𝐸𝑅_𝐺𝐷𝑃, 𝑈𝑅𝐵𝐴𝑁𝑅𝑇, 𝑃𝑂𝑃𝐷𝐸𝑁𝑆𝐸,
𝑀𝐸𝐷𝐶𝑂𝑆𝑀 and 𝐶𝑂𝐴𝑆𝑇.
𝐵𝐸𝑆𝑇𝑅𝑇 is the ratio of first-class hospitals to all hospitals in each
province. In China, each hospital is classified at a different level based on its size
and the quality of its treatment. First-class hospitals are called ‘San-jia’ hospitals.
According to The Measures for the Administration of Hospital Grades published
by the Ministry of Health in China, to be a San-jia hospital, a hospital must meet
the following requirements: 1) have more than 500 beds for inpatient services; 2)
have more than 25 departments for medical services and research in the given list;
3) have more than 1.04 medical technical staff and 0.4 nurse for each bed; 4) have
more than two associate professors in each department; 5) have more than 60
types of medical equipment in the given list; and 6) meet other fixed asset and
space size requirements. Until December 2017, only 1,331 hospitals in the country
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Were classified as San-jia hospitals. These San-jia hospitals had the best
equipment, the most advanced medical technologies and the most efficient
medical services in China. I control the ratio of first-class hospitals as it refers to
the allocation of medical resources in each province, which can affect treatment
quality. 𝑃𝐸𝑅_𝐺𝐷𝑃 is the real GDP per capita based on its value in 2008. Higher
real GDP per capita refers to a higher level of income. I expect it to affect
treatment quality as a Well-developed economy can help the development of the
hospital sector. 𝑈𝑅𝐵𝐴𝑁𝑅𝑇 is the ratio of urban residents in each province.
Medical resources are usually centralised in cities. Therefore, in the process of
urbanisation, more people benefit from the high quality of treatment of hospitals
in large cities. 𝑃𝑂𝑃𝐷𝐸𝑁𝑆𝐸 is the population density. Population density has two
effects on treatment quality. First, a higher population density can increase the
demand for medical services. Thus, medical services are more needed in densely
populated regions, which may help develop high-quality services. Second, a
higher population density can increase the pressure of the health administration.
Indeed, contagious diseases are easier to transmit and the probability of an
accident may also increase. 𝑀𝐸𝐷𝐶𝑂𝑆𝑀 is the ratio of medical expenditure to
individual consumption. I control this variable as a proxy for the price of medical
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services. Usually, a higher quality of services may require a higher price. 𝐶𝑂𝐴𝑆𝑇
is the regional dummy to indicate if this province is a coastal region. In the
previous section, I find that coastal regions have better treatment quality than noncoastal regions. By controlling these environmental variables, I examine whether
the regional difference still persists.
Although I adopt the same control variables as Hu et al. (2012), the
relationships between the dependent variable and the control variables are
different. In particular, the dependent variable in this chapter is treatment quality,
whereas Hu et al. (2012) use technical efficiency. The variables and their
definitions are presented in Table 8. The data for the regressors are collected from
the China Public Health Statistical Yearbooks between 2009 and 2014.
Table 8: Definitions and descriptive statistics of the regression variables
Variable
MRKRT
SBSDYRT
BESTRT
POPDENSE
PER_GDP
URBANRT
MEDCOSM
COAST

Definition
Market rate: ratio of the number of private hospitals (%)
Subsidy rate: ratio of revenue in the health sector from
government subsidies (%)
Ratio of first-class hospitals to all hospitals (%)
People per square kilometre
GDP per capita based on 2008 (thousand)
Ratio of urban residents in the population
Ratio of medical expenditure to consumption (%)
Regional dummy variable: coastal areas

The regression model is as follows:
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Mean(SD)
34.16(14.55)
16.71(7.47)

min
3
8.23

max
69.42
53.79

4.41(2.24)
371(418)
37.35(19.86)
37.94(16.79)
7.37(1.81)

0.97
2
10.26
16.14
2.53

10.98
2303
99.6
90.03
11.86

TQI𝑖,𝑡 = 𝛽0 + 𝛽1 𝑀𝑅𝐾𝑅𝑇𝑖,𝑡 + 𝛽2 𝑆𝐵𝑆𝐷𝑌𝑅𝑇𝑖,𝑡 + 𝛽3 𝐵𝐸𝑆𝑇𝑅𝑇𝑖,𝑡
+ 𝛽4 ln(𝑃𝐸𝑅𝐺𝐷𝑃 𝑖,𝑡 ) + 𝛽5 𝑈𝑅𝐵𝐴𝑁𝑅𝑇𝑖,𝑡 + 𝛽6 ln(𝑃𝑂𝑃𝐷𝐸𝑁𝑆𝐸𝑖,𝑡 )
+ 𝛽7 𝑀𝐸𝐷𝐶𝑂𝑆𝑀𝑖,𝑡 + 𝛽8 𝐶𝑂𝐴𝑆𝑇𝑖𝑡 + 𝜀𝑖,𝑡 .

(71)

The first two explanatory variables are the focus of this chapter. If 𝛽1 is
positive, then a larger value of 𝑀𝑅𝐾𝑅𝑇 will increase the value of 𝑇𝑄𝐼. As
𝑀𝑅𝐾𝑅𝑇 is a proxy for market-oriented policies, this means that marketisation
helps promote treatment quality in the hospital sector. Conversely, if 𝛽2 is
positive, then a larger value of 𝑆𝐵𝑆𝐷𝑌𝑅𝑇 will increase the value of 𝑇𝑄𝐼. As
𝑆𝐵𝑆𝐷𝑌𝑅𝑇 is a proxy for government-oriented policies, this means that
government intervention can improve the treatment quality of the hospital sector.
Their coefficients are expected to be positive. For example, the ratio of firstclass hospitals (𝐵𝐸𝑆𝑇𝑅𝑇) is an indicator to show the quality of the hospital sector
in each province. A higher value of BESTRT indicates that a province has superior
medical equipment and knowledge. I expect 3 > 0 because first-class hospitals
should provide better medical services and cause fewer deaths. Furthermore, real
GDP per capita (𝑃𝐸𝑅_𝐺𝐷𝑃) indicates the income level of each province. People
with higher income should be healthier. Ceteris paribus, the mortality rate of highincome patients should be lower. Thus, I expect 4 > 0. In the next section, I
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present the empirical results of different versions of TQI and different estimation
models.
4.4.2 Estimation results
For panel data regression, I use the period fixed effects model. The estimated
results of the Regression Equation (71) are reported in Model (1) of Table 9.
Another consideration is the potential problem of endogeneity between the
performance of treatment quality (represented by 𝑇𝑄𝐼) and market forces and
government subsidies (represented by 𝑀𝑅𝐾𝑅𝑇 and 𝑆𝐵𝑆𝐷𝑌). There is also a
potential problem of reverse causality, in which treatment quality may affect
market competition or government subsidies because the government may want to
subsidise more hospitals with advanced medical technologies, leading to higher
treatment quality. To solve the endogeneity problem, I use the two-stage least
squares (2SLS) regression and the instrumental variables (IV) regression. The
instrumental variables are the lag terms of MRKRT and SUBSDRT. The lag terms
of MRKRT and SUBSDRT meet the requirements of the instrumental variables.
First, they are correlated, as there is autocorrelation in time series data. Second,
these lag terms are not theoretically correlated with the current error term in the
Regression Equation (71). I check the effectiveness of my IV regression. The
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values of the first-stage F-test are 37 and 45. Both support the validity of the lag
terms of MRKRT and SUBSDRT as IV. The estimated results of the Regression
Equation (14) with instrumental variables are reported in Model (3) of Table 9.
Table 9: Determinants of TQI from different models
Model (1)

Model (2)

TQI𝑜𝑢𝑡 𝑂𝐿𝑆 TQI𝑜𝑢𝑡 𝐼𝑉
Constant
MRKRT
SUBDY
BESTRT
PER_GDP
MEDCOM
URBANRT
POPDEN
COAST
N
̃
𝑅2

-211.16***
(53.5)
0.25**
(0.11)
1.73***
(0.33)
-1.76***
(0.72)
17.57***
(0.72)
0.9
(0.8)
-0.35***
(0.16)
8.71***
(1.78)
3.19
(3.57)
186
0.34

-329.77***
(66.42)
0.23*
(0.14)
2.86***
(0.5)
2.06**
(0.86)
23.06***
(6.47)
1.45*
(0.95)
-0.35***
(0.19)
13.82***
(2.43)
2.28
(4.13)
155
0.43

Model (3)

Model (4)

TQI𝑖𝑛 𝑂𝐿𝑆

TQI𝑖𝑛 𝐼𝑉

1.33
(1.16)
0.01***
(0.003)
0.02***
(0.007)
-0.007
(0.015)
0.35***
(0.12)
0.04***
(0.017)
0.01***
(0.003)
-0.03
(0.04)
0.34***
(0.07)
186
0.32

0.91
(1.49)
0.02***
(0.003)
0.04***
(0.01)
0.02
(0.02)
0.43***
(0.14)
0.07***
(0.02)
0.01***
(0.003)
-0.001
(0.05)
0.45***
(0.09)
155
0.35

Model (5)

Model (6)

TQI𝑚𝑞 𝑂𝐿𝑆 TQI𝑚𝑞 𝐼𝑉
1.83
(2.87)
0.02***
(0.006)
0.02***
(0.0017)
-0.013
(0.039)
0.25***
(0.09)
0.04***
(0.01)
0.04***
(0.007)
0.12
(0.09)
0.33***
(0.08)
186
0.64

1.08
(3.72)
0.016***
(0.005)
0.036***
(0.003)
-0.009
(0.05)
0.36***
(0.06)
0.05***
(0.01)
0.04***
(0.007)
0.05
(0.13)
0.50***
(0.12)
155
0.71

Notes: Numbers in parentheses are standard errors.
*, ** and *** indicate significance at the 10%, 5% and 1% levels.

From Model (1) to Model (6), all estimation results of 𝑀𝑅𝐾𝑅𝑇 and 𝑆𝐵𝑆𝐷𝑌
consistently show that marketisation and government subsidies help significantly
improve the performance of treatment quality. The results of the IV regression and
the simple OLS regression for the models show no significant difference,
indicating that my models do not have a serious endogeneity problem. For the
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goodness of fit, the adjusted R-squared in the Malmquist TQI model is about
twice that of the input-oriented TQI model and the output-oriented TQI model. As
a result, the Malmquist TQI is better than the output-oriented TQI and the inputoriented TQI in this dataset. For the control variables, different models generate
different results, although only 𝑃𝐸𝑅_𝐺𝐷𝑃 is consistently significantly positive.
This shows that a higher level of economic development can improve the
performance of treatment quality in the hospital sector. Compared with Model (1)
and Model (2), Model (3) to Model (6) show consistent results for other control
variables. This indicates that the input-oriented TQI and the Malmquist TQI are
more robust than the output-oriented TQI. In the following analysis, I use the
estimation results of the input-oriented TQI and the Malmquist TQI. From Model
(3) to Model (6), 𝑃𝐸𝑅_𝐺𝐷𝑃, 𝑈𝑅𝐵𝐴𝑁𝑅𝑇, 𝑀𝐸𝐷𝐶𝑂𝑆𝑀 and 𝐶𝑂𝐴𝑆𝑇 are
significantly positive. This reveals that real GDP per capita and urbanisation can
improve the performance of treatment quality. In addition, higher quality medical
services require a higher price, which explains the significant positive relationship
between medical consumption and TQI. Moreover, I find that coastal regions still
perform significantly better in terms of treatment quality than non-coastal regions
after excluding the effects of other environmental factors. 𝐵𝐸𝑆𝑇𝑅𝑇 and
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𝑈𝑅𝐵𝐴𝑁𝑅𝑇 have no significant effect in Model (3) to Model (6). These results are
unexpected, as they show that more first-class hospitals cannot improve the
performance of treatment quality.
4.4.3 Analysis of the Regression Results
The estimated results of the six models show that marketisation and
government subsidies can improve treatment quality in the hospital sector in
China. The estimated coefficients of 𝑀𝑅𝐾𝑅𝑇 and 𝑆𝐵𝑆𝐷𝑌 in Table 9 are
significant at 1%. Specifically, when the ratio of private hospitals (𝑀𝑅𝐾𝑅𝑇)
increases by 1 percentage point, 𝑇𝑄𝐼 increases by about 0.02. When the ratio of
revenue from government subsidies (𝑆𝐵𝑆𝐷𝑌) increases by 1 percentage point,
𝑇𝑄𝐼 increases by about 0.04. From Table 9, the means of 𝑀𝑅𝐾𝑅𝑇 and
𝑆𝐵𝑆𝐷𝑌𝑅𝑇 are 34.16% and 16.71%, respectively. Both marketisation and the
level of subsidies are at a low level. Therefore, there is great potential to improve
treatment quality by increasing the number of for-profit hospitals and increasing
subsidies to the hospital sector.
For the control variables, as the output-oriented TQI has different results from
the input-oriented TQI and the Malmquist TQI, I use the results of Model (3) to
Model (5) to explain the control variables, because the results of the control
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variables are not consistent from Model (1) to Model (6). The estimation results
and the explanations are only for reference. The results of the control variables are
not robust and strong enough for policy implications. As expected in the previous
section, the estimated coefficients of real GDP per capita (𝑙𝑛(𝑃𝐸𝑅_𝐺𝐷𝑃)) are
significantly positive. This result confirms that higher GDP per capita can increase
the value of 𝑇𝑄𝐼. Thus, economic growth should improve treatment quality in the
healthcare sector. The estimated coefficients of the ratio of urban residents in the
population (𝑈𝑅𝐵𝐴𝑁𝑅𝑇) are also significantly positive. This means that a higher
rate of urbanisation has a positive effect on treatment quality. Medical resources
are usually centralised in cities. Indeed, in the process of urbanisation, more
people benefit from the high treatment quality of hospitals in large cities. The ratio
of medical expenditure to consumption (𝑀𝐸𝐷𝐶𝑂𝑀) also has a significant positive
effect on the performance of treatment quality. This may be due to the higher cost
of providing high-quality medical services. When the performance of treatment
quality improves, the hospital sector will charge higher prices to cover additional
costs. The regional dummy variable for coastal regions (𝐶𝑂𝐴𝑆𝑇) indicates that
after controlling for other variables, there is still a difference between coastal and
non-coastal provinces. Thus, the Chinese government should focus more on the
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balanced development between coastal regions and non-coastal regions with
regard to the performance of treatment quality.

4.5 Mixed Policies of Healthcare Reforms in China
The empirical analysis gives several important results. First, the Chinese
hospital sector performance improved during the 2009-2014 period in terms of
patient treatment. Although the results show a clear upward trend in desirable
outputs, undesirable outputs do not follow this trend and remain constant. This
indicates a decrease in the mortality rate during treatment. Thus, treatment quality
has improved over time. Second, there is a big gap between the coastal regions
and non-coastal regions of different provinces. From an equity perspective, the
government should try to eliminate this big gap and strike a balance in the
development of the hospital sector. Finally, if the ratio of private hospitals
(𝑀𝑅𝐾𝑅𝑇) and the ratio of revenue from government subsidies (𝑆𝐵𝑆𝐷𝑌) can
capture the main effects of market-oriented policies and government-oriented
policies on the hospital sector, then the coexistence of the two policies should
improve treatment quality in the hospital sector in China.
In previous studies, market-oriented strategies and government-oriented
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strategies are distinct alternatives. Before 2009, healthcare reforms in China Were
characterised by market-oriented strategies or government-oriented strategies, but
not both. However, the new healthcare reform launched in 2009 in China adopts a
mixed policy, strengthening market forces and government intervention at the
same time. According to the official documents of the National Health and Family
Planning Commission on the healthcare reform published in 2015 and 2016, the
Chinese government plans to simultaneously increase the ratio of private hospitals
to market share and financial support to the hospital sector.
As mentioned in Section 4.1, one of the main goals of the current healthcare
reform is to improve treatment quality in the hospital sector. In 2014, the ratio of
private hospitals in China was 49% and the ratio of revenue from government
subsidies was only 12%. There is room to increase the market share of private
hospitals and government subsidies. Hence, the mixed strategy is feasible. My
empirical results in Section 4.4 confirm the positive effects of increasing the
number of private hospitals and increasing government subsidies on treatment
quality. Therefore, improving treatment quality is both feasible and achievable by
adopting a mixed strategy.
According to the official report of the Chinese government, one of the main
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objectives of the government is to promote treatment quality in general. The
mixed strategy can help increase treatment quality. First, the market-oriented
ownership reform can help improve treatment quality. Indeed, Hadley et.al. (1996)
show that financial pressure improves the efficiency of hospitals. Bloom, Propper
and Van (2015) also find that competition promotes treatment quality. Therefore,
the government should encourage more private investors to invest in the hospital
sector to increase market competition. Second, government subsidies should be
increased. Duggan (2000) argues that increasing government spending cannot
increase healthcare outcomes. However, I find that increasing government
spending can improve treatment quality. There are two ways to support the
healthcare sector. One way is to support the supply side by investing directly in
the creation of public hospitals or directly subsidising hospitals. The other way is
to support the demand side by paying for medical insurance or directly subsidising
patients. Due to data availability, this study focuses solely on supply-side
subsidies to hospitals, including public and private hospitals.
My study recommends the mixed strategy to promote treatment quality as
follows: (i) the government should encourage more market competition in the
current status of the hospital sector. Strong market competition in the hospital
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sector can improve treatment quality. (ii) The government has a crucial role to
play in providing more support to promote treatment quality. The government
should increase its financial support to private hospitals, as public hospitals
receive most of the financial support at the current stage.

4.6 Conclusions
This chapter analyses the performance of treatment quality of the hospital
sector in China using the treatment quality index (𝑇𝑄𝐼) from 2009 to 2014.
Adopting the data envelopment analysis approach, I compute the treatment quality
index. I find that the treatment quality index of the hospital sector in China
increases during the studied period. The current healthcare reform launched in
2009 has improved the treatment quality of the hospital sector. I also identify
different patterns of treatment quality between coastal and non-coastal provinces.
This chapter also reveals the determinants of treatment quality. The current
healthcare reform adopts a mixed strategy. If the ratio of private hospitals
(𝑀𝑅𝐾𝑅𝑇) and the ratio of revenue from government subsidies (𝑆𝐵𝑆𝑌𝐷) can
capture the main effects of market-oriented policies and government-oriented
policies, then my empirical results confirm that the mixed strategy of the current
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healthcare reform is moving in the right direction to improve treatment quality.
The estimated regression equations also indicate that after controlling for other
variables, the regional difference between coastal and non-coastal provinces still
persists. The government should pay more attention to the balanced development
of the hospital sector, particularly to improving treatment quality in non-coastal
regions.
The results of this study are subject to the following caveats. First, this
chapter only estimates the effects of subsidies without considering other major
intervention measures. For an in-depth study of government intervention, a larger
dataset containing more information should be used. Second, my treatment quality
index does not capture all aspects of the overall quality of a hospital’s services. If
data are available, more dimensions other than deaths should be included. Third,
provincial data are used in this study. However, a dataset with individual hospitals
may be more appropriate as hospitals are real production units.
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Chapter 5
Summary
This thesis investigated the quality of medical services in the hospital sector
from measures and application. Chapter 2 discussed the definition of treatment
quality and critical reviewed the measurement of quality assessment. It shows that
the environmental performance index can applied to hospital sector as quality
assessment tool. Chapter 3 proposed two new environmental performance indices,
which can also be used to evaluate the performance of treatment quality in the
hospital sector. Chapter 4 used the new measures of the performance of treatment
quality to evaluate the quality of the Chinese hospital sector and further
investigated the effects of marketisation and government subsidies on treatment
quality.
Chapter 2 (Essay 1) defines the quality from favourable and unfavourable
dimensions. This chapter classified the quality assessment from production
approach and non-production approach. It shows that the environmental
performance index can apply to hospital sector. The production approach with
weak disposability assumption of undesirable outputs is suitable for assess
treatment quality.
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Chapter 3 (Essay 2) explicitly highlights the weakness of the output-oriented
environmental performance index, which is ill-defined without restrictive
conditions (min-max reference vector and the grand frontier). This essay proposes
two alternative approaches input-oriented EPI and Malmquist EPI to construct
measure environmental performance: replacing output distance functions by input
distance functions in the formulas of output quantity indices of the output-oriented
EPI, and replacing all output quantity indices by the Malmquist productivity
index. It has been shown that both new formulas improve upon the outputoriented EPI in ensuring finite values of EPI when various production frontiers
and reference vectors are adopted. Further, based on the Malmquist index, I
decompose the change of environmental performance. The decomposition of
Malmquist EPI can identify the source of environmental performance change as
shifting of technology or the efficiency improvement.
Chapter 4 (Essay 3) analyse the performance of treatment quality in the
hospital sector in China using the treatment quality index (TQI) from 2009 to
2014. Adopting the data envelopment analysis approach, I compute the treatment
quality index. I show that the treatment quality index of the hospital sector in
China increased during the study period. The current healthcare reform launched
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in 2009 has improved the treatment quality of the hospital sector. I also find
different patterns of treatment quality between coastal and non-coastal provinces.
This chapter also investigates the determinants of treatment quality. The current
healthcare reform adopts a mixed strategy. If the ratio of private hospitals and the
ratio of revenue from government subsidies policies, then my empirical results
confirm that the mixed strategy of the current healthcare reform is moving in the
right direction to improve treatment quality.
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