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Abstract

Many important applications in the social, ecological, epidemiological, and biological sciences can be modeled as complex systems in which a node or variable interacts
with another via the edges in the network. Community detection has been known
to be important in obtaining insights into the network structure characteristics of
these complex systems. The existing community detection methods often assume
that the pairwise interaction data between nodes are already available, and they simply apply the detection algorithms to the network. However, the predefined network
might contain inaccurate structures as a result of indirect e↵ects that stem from the
nodes’ high-order interactions, which poses challenges for the algorithms upon which
they are built. Meanwhile, existing methods to infer the direct interaction relationships su↵er from the difficulty in identifying the cut point value that di↵erentiates
the direct interactions from the indirect interactions. In this thesis, we consider the
overlapping community detection problem with determination and integration of the
structural information of direct dependency interactions. We propose a new overlapping community detection model, named direct-dependency-based nonnegative
matrix factorization (DNMF), that exploits the Bayesian framework for pairwise
ordering to incorporate the structural information of the underlying network. To
evaluate the e↵ectiveness and efficiency of the proposed method, we compare it with
state-of-the-art methods on benchmark datasets collected from di↵erent domains.
Our empirical results show that after the incorporation of a direct dependency network, significant improvement is seen in the community detection performance in
networks with homophilic e↵ects.
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Chapter 1
Introduction
1.1
1.1.1

Motivation
The Importance of Community Detection

Networks play an essential role in modeling and understanding real-world data [11].
The study of networks ranges from the protein-protein interaction network in biological systems [44] to the social network in online systems [27], the di↵usion network
of a contagion [39], and so forth. These networks are usually represented as graphs,
in which nodes represent the application-specific entities and the edges connect two
nodes if they have interactions. These networks usually contain communities that
are formed by groups of nodes that are more tightly connected to each other, such as
researchers who work in similar research fields or proteins with the same functions
[52, 80]. Community detection is known to be an important process in obtaining
insights into the network structure characteristics of complex systems.
Community detection has attracted increasing interest in the fields of social
science, biology, and computer science [72, 96], and many algorithms have been proposed [34]. Sociologists have a long history of using hierarchical clustering methods
to find communities [87]. The community hierarchies can be constructed in an agglomerative way in which the most similar communities are iteratively joined based
on certain similarity measures between nodes or in a divisive manner in which edges
1

with high betweenness scores are progressively removed, like the Girvan-Newman
(GN) algorithm [37]. In computer science, the community detection problem is usually referred to as finding the best partitions to separate the network into groups.
The graph bisection method is one of the most promising approaches. It iteratively divides the graph into two groups until a satisfactory result is reached. Many
variants of the graph bisection methods have been proposed, such as the spectral
bisection methods [33, 81] and the Lanczos method [38], which make use of the
spectral property of graph Laplacian to find communities. In the overlapping community detection [98] problem, a node might belong to multiple communities. The
NMF model [82, 109] and the clique percolation (CP) model [78] are two widely
used overlapping community detection models. The NMF model assumes that the
adjacent matrix can be approximated using the product of low-rank matrices, and
it uses the low-rank matrix to represent the community membership relations. The
CP model assumes that the communities in the network lead to several small overlapping network cliques, and the communities can be detected by investigating the
k-cliques to find the dense sub graphs in the network.

1.1.2

The Inaccurate Structures in Predefined Networks

The existing community detection methods often assume that the pairwise interaction data between nodes are already available, and they simply apply the detection
algorithms to the network. In the literature of network inference, the determination of whether to add the pairwise interaction between nodes as an edge in the
underlying network can be addressed in several di↵erent ways, which can be categorized into two types: contact-frequency-based methods and statistical dependency
methods. In the contact-frequency-based methods, nodes are connected if their interaction frequency exceeds a certain manually tuned threshold value; it has been
used to build many social contact networks such as cell-phone call networks [26]
and e-mail networks[21, 49]. In the statistical dependency approach, the pairwise
interaction is estimated by evaluating the correlation or some other dependency
2

measures between nodes. For example, in modeling the gene regulatory network
[44], proteins can act as activators or inhibitors of other proteins’ production, forming a network with nodes that represent proteins and directed edges that represent
the dependence between the proteins. The pairwise interactions between proteins
can be captured by the correlations between molecular signatures, with significant
correlations indicating a strong interaction between them. Similarly, the metabolic
pathway network can be constructed from the pairwise correlation of metabolomics
data [43], in which the vertices represent the metabolic substrates or products and
the edges represent the metabolic reaction between them. However, both the contact frequency approach and the statistical dependency approach might result in a
network with edges that connect some distal nodes [13].
For the networks constructed by statistical dependency measures such as pairwise correlations, indirect pairwise dependencies might be added as an edge in the
structure. For example, if strong correlations exist between node A and B and
between nodes A and C, the correlation score between nodes B and C might also
be high even though they do not interact in the real world. In a gene regulatory
network, proteins interact with many other proteins that act as co-activated or coexpressed transcription factors, which indirectly regulate the expression of mRNA
genes [86]. There are also indirect correlations between distant metabolites [54].
The number of indirect edges might exhibit quadratic growth as the network’s size
increases, leading to inaccurate structures in the estimated networks [23].
For the networks constructed with a frequency-based approach, pairwise interaction between unfamiliar friends might also be included in the network structure.
To further understand this phenomenon, we refer to studies that seek to understand
how nodes are connected in a social network. An important principle for network
structure formation is the homophily principle [62], which states that similar people are more likely to be connected in a network; this principle has been studied
for centuries in various types of networks. Homophily also acts as an important
mechanism in the formulation of communities [59], because peoples’ experiences are
3

reinforced by interaction with others who are like themselves, so the tendency to join
the same communities is also reinforced. However, the determination of whether to
include pairwise interaction between nodes as an edge in the structure is sensitive
to the threshold value, and many edges that connect to dissimilar node pairs might
be added to the network, resulting in inaccurate structures for the related social
network analysis tasks.
The indirect edges in correlation networks and occasional interactions for distant nodes in the contact-frequency-based approach lead to structures that can not
accurately describe the underlying interaction mechanism of the real-world applications, which poses challenges for the algorithms upon which they are built. For
example, in terms of constructing communities, it is not the number of friends who
are connected with you, but rather the number of friends who have close relations
with you, that a↵ects your preference the most.

1.1.3

The Limitations of Direct Interaction Inference

To infer and analyze direct and indirect interactions is an important problem in many
areas such as system biology and chemical kinetics because it helps us to understand
the pairwise interplay between node pairs. Several approaches have been proposed to
distinguish the direct and indirect interactions. The underlying idea is to determine
whether the dependency between two variables can be a↵ected by the existence
of other variables in the system. These methods can be generally grouped into
three categories: the correlation-based approach, the information-theoretic-based
approach, and the tie-strength-based approach [35, 40, 93].
The correlation-based approach [10, 22, 84, 94] is constructed on the basis of
correlation-based network, in which nodes are connected if they have high pairwise
correlation. It attempts to remove the indirect e↵ects by calculating the partial
correlation and dropping the edges whose partial correlation value are below a certain
threshold [22].
The information-theoretic approach [7, 29, 60, 61, 64, 65, 85, 95, 110] is con4

structed on the basis of information-theoretic-based networks, in which the relevance
between variables is inferred by mutual information [14]. Many methods along this
stream of research attempt to remove the uncertainty introduced by the indirect
e↵ects according to the information-theoretic properties. The ARINE algorithm
[7, 60, 61], for example, use data processing inequality (DPI) to eliminate indirect
e↵ects of interactions in a gene-regularization network. Other methods such as the
direct connectivity metric (DCM) [110] adjusts the pairwise mutual information by
a factor of least conditional mutual information contributed by other genes. The
information-theoretic-based approaches also requires to cut the collections at some
thresholds to yield the direct edges.

The tie-strength-based approach [3, 9, 17, 35, 40, 70] is constructed on the basis
of social network that is inferred by contact frequency; research in such networks
often comes with the notion of ties that represent the interactive relationships among
nodes. Strong ties refer to connections between familiar friends, and weak ties refer
to that of acquaintances. In identifying the influence between node pairs, the e↵ect
from occasional interaction is very subtle and might only take e↵ect in combination
with the influence from strong ties. Therefore, the problem of identifying the direct
dependency interaction in contact-frequency-based social networks can be taken as
the same as the problem of di↵erentiating the strong ties and weak ties.

In all these approaches, the determination of whether an interaction is a direct
dependency interaction is sensitive to the threshold value, and many indirect dependency interaction between node pairs might be added in the network if the threshold
is too low. Otherwise, many direct dependency interactions might not be added to
the structure if the threshold is too high; these are referred to as false-positive and
false-negative errors respectively. However, the determination of the correct threshold value is intractable because we do not have the ground-truth data of the direct
dependency network in most applications.
5

1.2

Main Contributions

In this thesis, we consider the community detection problem with determination and
integration of the structural information of direct dependency or strong interaction
relation. For simplicity of expression, in the remainder of our thesis, we denote such
pairwise interaction as direct dependency interaction and the network they form as
direct dependency network.
We consider the interaction process to be transitive in the network. With the
transitive process comes the growth of interaction orders. As the interaction order
increases, the possibility of forming ties also increases; thus, high-order interactions
correlate well with the probability of forming social ties [89]. Many studies have used
high-order interactions to gain insight into complex networks, such as, hierarchical
community organization [52] and higher-order network structures using network
motifs [8].
Network deconvolution [31] takes the network as a cumulative result of high-order
interactions, regardless of whether it is constructed with the statistical dependency
approach or the contact frequency approach. Instead of modeling and inferring
the high-order interactions, it attempts to recover the first-order interactions via a
nonlinear reverse filtering approach on the eigenvalues of the network. Compared
with traditional methods to infer direct dependency interactions such as correlationbased, information-theoretic-based, and the tie-strength-based methods, network
deconvolution is computational efficient, and can be applied to various types of
networks. However, they are all su↵ering from the difficulty of identifying the cut
point value that di↵erentiates the direct dependency interactions from the indirect
dependency interactions, because hardly any real-world applications had the groundtruth data of the direct dependency network for a validation.
Our main contributions are as follows:
1. We propose a new overlapping community detection model, named the directdependency-based nonnegative matrix factorization (DNMF), that incorporates the structural information of the latent direct dependency interactions
6

in the underlying network to identify communities.
2. We derive a framework that can both distinguish the direct dependency interaction from the indirect dependency interaction and detect communities.
3. We achieve significant improvement in the community detection performance
in networks with homophilic e↵ects.

1.3

Outline of the Thesis

The thesis is organized as follows:
In chapter 2, we present the related work on community detection, including the
models, related metrics, and quantifying criteria, from which we show how community detection models work from di↵erent perspectives. We also present a literature
review on identifying the direct dependency structures in a network.
In chapter 3, we propose the problem statement. We provide a formal definition
of direct dependency structures. We further justify our intuition of the use of direct
dependency structures in overlapping community detection via observations from
the experimental results in the existing algorithms.
In chapter 4, we formulate our overlapping community detection model by incorporating the conveyed information in direct dependency structures and derive
learning algorithms to infer the parameters.
In chapter 5, we show the experimental results by comparing our model with
state-of-art methods on benchmark datasets.
In chapter 6, we make our conclusions and point out the future work that requires
investigation.

7

Chapter 2
Literature Review
In Chapter 2, we present the related work on community detection, including the
models, related metrics, and quantifying criteria, from which we show how the community detection models work from di↵erent perspectives. We also present a literature review to identify the direct dependency structures in di↵erent types of
networks.

2.1
2.1.1

Community Structures and Properties
Community Structures

Many important real-world networked systems in biology, epidemics, the social sciences, and other fields have community structures. A community is generally referred to as a subset of nodes that are densely connected in a network; it can refer
to groups of proteins with the same functions in a protein-protein interaction network [52, 80], researchers working in the same research fields, or a group of web
pages that cover the same or related topics. The identification of communities is
important to gain insight into the network structure characteristics of complex systems, which are considered essential in many network analysis problems [34]. In
these networked systems, the network structures usually di↵er, and the community
structures formed upon the heterogenous network environment also di↵er. Figure
8

2.1 illustrates three social networks and their community structure identified by the
Girvan-Newman algorithm [37]: Zachary’s karate network [102], collaboration network [69], and dolphins network [59], with vertices in the same communities marked
by the same color.

Figure 2.1:

Community structures of (a) Zachary’s karate network adapted from

[34, 102](b) Collaboration network adapted from [34, 69] (c) Dolphins network
adapted from [34, 59]

.

2.1.2

Properties of Community Structures

Real-world networks are usually denoted as graphs in which the vertices represent the
individual identities and the edges represent the connection or interaction between
nodes. The existence of communities separates these interactions into two parts:
interactions within the same community and interactions between communities. On
this basis, several quantifying metrics for communities are proposed.
9

Vertex Similarity Measures
Communities are generally referred to as groups of densely connected nodes; when
identifying communities, it is natural to measure the proximity of two vertices in
the network on the basis of certain similarity metrics. Given the adjacency matrix
A of the graph, in which each row Ai represents the interactions between node i
and other nodes, we can take each node as a multidimensional variable and measure
the (similarity or distance) between vertices on the basis of the following commonly
used metrics:
• Pearson Correlation. The Pearson correlation coefficient is
P
1
µj )
k (Aik µi )(Ajk
n
xij =

(2.1.1)

i j

in which µi and i are the mean and variance of node i: µi =
P
1
2
µi ) 2 .
i = n
j (Aij

1
n

P

j

Aij ,

• Euclidean Distance. The distance between two nodes i and j is calculated
as:
xij =

sX

(Aik

Aij )2

(2.1.2)

k6=i,j

• Cosine Similarity. The cosine similarity between two nodes i and j works in
an inner product space. Suppose the angle between two nodes in the embedded
multidimensional space is ✓; the similarity between them is calculated as:
P
Aik Ajk
xij = cos(✓) = pP k qP
(2.1.3)
2
2
A
A
k ik
k jk

Although these metrics are commonly adopted in many real-world applications,

in terms of vertices in graphs, the structural properties should be considered, therefore metrics that consider the structural equivalence are proposed [55].
Vertex betweenness measures a vertex’s influence over the information flow between other node pairs in the network and has been proposed as a measure of
centrality [73]. Formally, the vertex betweenness of node i is defined as the fraction
10

of the number of shortest paths that run through node i compared with the total
number of shortest paths between all other node pairs.
g(i) =

X X

u6=i v6=i,v6=u

where

uv

uv (i)

(2.1.4)

uv

denotes the number of shortest paths between u and v and

uv (i)

denotes

the number of shortest paths between u and v that pass through i.
Edge Similarity Measures
Edge betweenness is a measure used to decide the importance of the edge in the
graph; it is defined as the fraction of shortest paths connecting other vertices that
run through the edge compared with all of the shortest paths between these vertices.
(m)

Suppose x and y are two vertices in the graph, pxy = {exi , eij ..., ea,b ....eky } is one of
the shortest paths between x and y, in which eij is one edge that lies on this path,
and i, j 2 V are the nodes connected by eij .
g(a, b) =

X |eab 2 {p(1)
xy , ....}|
(1)

x,y

|{pxy , ....}|

, 8x, y 2 V

(2.1.5)

A high score of edge betweenness suggests that ea,b is more likely to be the edge
that connects two di↵erent communities; therefore, a, b might not lie within the
same community.
Modularity
Modularity is defined as the di↵erence between the fraction of edges that fall in
communities and the expected fraction of edges if they were randomly distributed
in the graph. It measures the tightness of connections within one community [18].
The modularity over the observed network is formally defined as
Q=

1 X
(Aij
2m i,j2V

(di dj )/(2m)) (ci , cj )

(2.1.6)

where Aij = 1 if i and j are connected in the observed graph G, and (ci , cj ) is
the delta function. If i and j are in the same community, (ci , cj ) = 1; otherwise
11

(ci , cj ) = 0. A larger modularity value indicates that the inferred model has greater
probability; therefore, many studies attempt to detect communities by maximizing
modularity [16].

2.2

Community Detection

Due to the importance of community detection in many areas, various community detection approaches have been proposed; these approaches can be placed into
three categories: hierarchical clustering, graph partitioning, and spectral algorithms.
These methods study the community detection problem from di↵erent perspectives
and find uses in di↵erent kinds of applications. Here, we briefly list the properties
of the di↵erent approaches and then give more detailed introductions to each.
• Hierarchal clustering methods discover communities by iterative construction
of the hierarchy based on the similarity metrics generated from structural
properties.
• A graph partitioning algorithm aims to find optimal partitions that have maximal edges lying within each partition and minimal edges lying between them.
• Spectral methods generally work on the eigenspace of the graph and often use
the graph’s spectral property to detect communities.

2.2.1

Hierarchical Clustering

The use of hierarchical clustering in the study of social networks has been studied
extensively for the analysis of networked data. The basic idea behind hierarchical
clustering is to iteratively join the most similar communities or progressively remove
edges on the basis of certain metrics, which is often referred to as agglomerative
hierarchical clustering and divisive hierarchical clustering, respectively.
The Girvan-Newman (GN) algorithm [37] is a state-of-the-art algorithm used for
community detection. It is a divisive hierarchical clustering approach that iteratively
12

removes the edges with the highest edge-betweenness score. The main steps of the
GN algorithm are summarized in Algorithm 1.
Algorithm 1 Girvan-Newman (GN) algorithm for community detection
procedure Girvan-Newman Algorithm
Calculate betweenness of all edges
repeat
Remove the edge with highest betweenness score
Recalculate the betweenness of all a↵ected edges by the removal
until No remaining edges
return Communities by cutting the dendrogram
The stream of the agglomerative hierarchical clustering approach for the detection of communities relies on the similarity measures to construct the dendrogram,
on the basis of which it identifies the community partitions. For example, link
community(LC) [2] constructs the hierarchical link dendrogram according to link
similarity and cuts the dendrogram at certain thresholds. The basic idea of the
link similarity measure is that link pairs are similar if they share similar nodes in
the network, and it has been adopted in many large-scale graph-based applications
[111, 100]. In addition, the LC method can extract communities on multiple scales
with the use of various thresholds to cut the dendrogram.

2.2.2

Graph Partitioning Methods

In computer science, the community detection problem is usually thought of as
locating the best partitions to separate the network into groups.
In finding good partitions in a graph, we expect there are a small number of
edges that connect di↵erent communities, and the community size should be comparable [75, 46]. Following this intuition, the community detection problem is usually formulated as determination of an optimal partition that leads to a minimal
cut size and comparable community volume. Suppose we find two non-overlapping
communities ci and cj , that {v 2 ci } \ {u 2 cj } =
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, the cut size between

ci and cj is the number of edges that connect them, we denote it as cut(ci , cj ),
cut(ci , cj ) = |{eu,v |u 2 ci , v 2 cj }|, and the volume of the community is the number of edges within it; for example, vol(ci ) = |{eu,v |u 2 ci , v 2 ci }|. To generate balanced partitioning of the graph with a minimal cut size [5], the normalized cut [90] is defined as the fraction of the cut size to the community volume
N cut(ci , cj ) = cut(ci , cj )/vol(ci ) + cut(ci , cj )/vol(cj ). Based on the normalized cut,
we can determine the optimal partition of a graph as the one that minimizes the
normalized cut value, and we can iteratively divide the graphs into two partitions
until satisfactory results are reached. The problem of finding the minimal cut in a
graph is a well-studied problem in graph theory; the reader can refer to [28, 25, 38]
for more discussions on graph partitioning algorithms.

2.2.3

Spectral Methods

One stream of the community detection problem attempts to find communities using
the graphs spectral properties [76]. Given a graph with n nodes, we denote A as the
P
adjacency matrix and D as the diagonal matrix with Di,i = j Aij 8i 2 {1, ...n},
and we construct the normalized Laplacian matrix as L = D

1/2

(D

A)D

1/2

.

The spectral community detection methods are then constructed on the basis of the
eigendecomposition of the Laplacian matrix in the spectral graph theory.

Spectral Clustering
Spectral clustering [77] is one of the most widely used clustering approaches for
multivariate data analysis. It can also be used for the community detection problem
[92] because the graph can map to a multidimensional metric space using the eigendecomposition of the graph Laplacian. Because the vertices in the same community
are related to close eigenvectors values, they can be embedded into an M dimensional space, and good partitions can be found for the graph by clustering on the
spectral vectors of these points. We list the process in detail in algorithm. 2 There
are quite many varieties along the line of clustering on the spectral space, such as
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Algorithm 2 Spectral clustering algorithm for community detection
procedure Spectral Clustering Algorithm
Input: Adjacency matrix of graph: A, Community number: K
Output: the community assignment result of all nodes.
Construct the normalized graph laplacian matrixL = D

1/2

(D

A)D

1/2

Stack the k largest eigenvectors of L in matrix X = [x1 x2 ...xM ] 2 Rn⇥k
P
Get the row normalized matrix Y via Yij = Xij /( j Xij2 )1/2

Treat each node i in the graph as a M dimensional row vector Yi , run k-means
to cluster them into K clusters.
the power iteration clustering approach that can be used to find the low dimensional
embedding by power iterations [58] and the local spectral clustering methods [56]
that start with local subsets of spectral clustering and gradually expand the seed
set to find communities in a global structure.

Spectral Bisection
Spectral bisection methods [33, 81] locate optimal partitions in the graph based on
the second-smallest eigenvalue of graph Laplacian; the nodes that correspond to positive values are separated in one group and those that correspond to negative values
are placed in another group. The spectral bisection methods then repeat the bipartition process until satisfactory results are reached. The theoretical basis of spectral
bisection methods is the spectral properties of graphs and expanders [6, 42], because
the second-smallest eigenvector of graph Laplacian defines a partition of the graph
with small normalized cut. The derived algorithms are also of great importance in
many applications such as image segmentation [12, 48]. In many real-world applications, the adjacency matrices of graph G(V, E) are block-stochastic[63], resulting
in a piecewise function of the first k eigenvectors that are constant over k communities. Nodes within the same communities have spectral representations close to
each other, whereas nodes in di↵erent communities have a large spectral distance.
Thereby, many algorithms are derived on the basis of the spectral properties of the
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graph and the communities [58, 45, 104].

2.3

Overlapping Community Detection

In many real-world applications, community structures can overlap and have complex relationships with one another [52], and they can be categorized as non-overlapping
and overlapping communities. In non-overlapping community detection, each node
belongs to a maximum of one community, whereas overlapping communities are
related to assigning multiple communities to nodes. The existence of overlapping
communities is important in explaining the properties and structures in real-world
systems, which often involve the influence of di↵erent kinds of factors.
As the importance of the overlapping community detection problem is increasingly realized in many applications, many approaches have been proposed, among
which the nonnegative matrix factorization model [82, 109] and the clique percolation model [78] are two of the most widely used.

2.3.1

Clique Percolation Model

The clique percolation model [78] assumes that the communities in the network
lead to several small overlapping dense subgraphs defined as network cliques and
that the communities can be detected by investigating the k-cliques to locate the
dense clusters in the network. The overlapping community detection in the clique
percolation model is separated into two steps [1]:
• First, find all the k-cliques in the graph and build a new graph based on these
cliques such that each k-clique is taken as a vertex in the new graph and there
is an edge between the new vertices if their related k-cliques in the old graphs
share k

1 nodes.

• Second, construct the communities by identifying the connected components
in the constructed graph. The detected communities can overlap because the
vertex in the old graph can be shared by multiple vertices in the new graph.
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The clique percolation model has been used for community detection in di↵erent
kinds of networks, such as proteins in cancer metastasis, coauthorship, and word
association networks [78]. The clique percolation model also has many variants. For
example, the link community (LC) model [2] constructs the overlapping communities
using links instead of nodes, and the sequential clique percolation (SCP) model [51]
sequentially constructs the communities while generating the cliques, which can lead
to a fast overlapping community detection algorithm.

2.3.2

Nonnegative Matrix Factorization Model

Matrix factorization (MF) is a standard dimensional reduction technique used in
the statistical analysis of multivariate data in many important applications [53]. It
approximates the sparse feature matrix S 2 Rn⇥m into two low dimensional matrix
U 2 Rn⇥k , and V 2 Rk⇥n , so that S ⇡ U V . The nonnegative matrix factorization
(NMF) [53] problem adds a nonnegative constraint to the matrices V, H and thus
meets the restrictions of many real-world applications.
The NMF models for community detection assume that the adjacency matrix
is the sparse matrix to be approximated, and they try to decompose the adjacency
matrix to lower rank matrix that relates to the community-membership relationships. Suppose A is the adjacency matrix of the graph, with A 2 Rn⇥n , and F is the
node community membership matrix with each row Fi. corresponding to each node
in the graph, and each column corresponding to one of the communities; we have
F 2 Rn⇥k . The NMF community detection approaches interpret each element Aij
as the cumulative e↵ects of nodes i and j in the same communities, Aij ⇡ Fi. Fj.T 8i.
Their aim is to find a community membership matrix F so that the loss function is
minimized.
minimize l(A, F F T )

(2.3.7)

where l(.) is the loss function of the approximation that measures the quality of the
approximation. l(.) can be constructed based on a certain distance measure between
the observed adjacency matrix A and its approximations Â = F F T .
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In the literature, the NMF model has been extended in various ways. For instance, BNMF [82] learns the approximation matrix via parameter inference of a
generative graphical model. In doing so, it sets a half-normal prior for the communities and learns the parameter by maximizing the log likelihood function. [109]
considers explicitly the model and learns the community membership structure by
tri-factorization, in the form of U BU T , with B as a matrix representing the relationships among communities.
In addition, the bigclam model [99] provides a probabilistic interpretation of edge
connection under the assumption that the connection strength of two nodes i and j in
community c is governed by Poisson distribution. Take F as the community member
affiliation matrix with Fic as the coefficients of node u that belong to community
c. The probability of having an edge between i and j can then be represented as
p(i, j) = 1

exp( Fi. Fj.T ). Based on this assumption, the community membership

affiliation matrix F can be estimated by maximizing the likelihood function.
F̂ = argmax

X

log(1

exp( Fi. Fj.T ))

X

Fi. Fj.T

(2.3.8)

(i,j)2E
/

(i,j)2E

The preference-based nonnegative matrix factorization (PNMF model) [105] integrates the implicit preference order conveyed in the network structure in the NMF
model, following the intuition that neighbors are more likely to share similar community preferences. This model is further extended in the LNMF model [107] by
adding one more assumption that local non-neighbors are preferred to distant nonneighbors, in which the local non-neighbors are the nodes that are directly connected
and can be reached within k steps. They learn the node-community a✏iction matrix
F by optimizing the Bayesian optimal criteria for pairwise ranking via stochastic
gradient descent with the help of pairwise sampling.
Although the objective functions in these methods di↵er from one another, they
share similar intuition that identifies the community membership relationships by
value approximation. Although the adjacency matrix is often taken as the matrix to
be approximated, other variants are also considered, including the di↵usion kernel
function in [108] and the correlation function in [103].
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2.4

Direct Interaction Inference

To infer and analyze direct and indirect interactions is an important problem in many
areas such as system biology and chemical kinetics because it helps us to understand
the pairwise interplay between node pairs. Several approaches have been proposed to
distinguish the direct and indirect interactions. The underlying idea is to determine
whether the dependency between two variables can be a↵ected by the existence
of other variables in the system. These methods can be generally grouped into
three categories: the correlation-based approach, the information-theoretic-based
approach, and the tie-strength-based approach [35, 40, 93].

2.4.1

Correlation-based Approach

In many applications, the pairwise interactions among variables are measured by
correlations [54, 86], and those with a high correlation value are then added as an
edge in the underlying network structure. The constructed network often contains
indirect edges that are correlated due to the existence of the other variables.
To capture the meaning interaction in the network, partial correlation is adopted
as a metric to remove the indirect e↵ects of other variables [10, 84, 94]. The partial
correlation approach works in two steps [22]:

• First, build the network based on pairwise correlations. Two commonly adopted
correlation measures are the Pearson correlation coefficient and the Spearman
correlation coefficient. The Pearson correlation coefficient measures the linear
dependence between two variables, and the Spearman correlation coefficient is
defined as the Pearson correlation between the ranked variables.

• Second, remove the edges from the constructed network whose partial correlations are below a certain threshold.
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2.4.2

Information-Theoretic-based Approach

Mutual information is a widely used information-theoretic measure to infer the relevance between variables[14], and it has been applied to reconstruct the dependency
network in many important applications. To identify the direct interactions in these
systems, a large variety of algorithms has been proposed, most of which are based
on the property of mutual information.
[110] defined the direct connectivity metric as the product of mutual information
between two variables and the least conditional mutual information contributed by
other genes. DCM (u, v) = I(u., v).minz2V

uv

I(u, v|z), where minz2V

uv

I(u, v|z) is

the least conditional mutual information given by any other gene z.
The context likelihood of the related technique CLR [29] estimates the interactions under the intuition that the most probably edges in the network are the
interactions with mutual information scores greater than the mutual information of
a background distribution that involves all possible interactions within this node
pair.
The minimum redundancy networks technique [65] uses the idea of maximum
relevance minimum redundancy [24, 79] in featuring selections to determine whether
to add the interaction between variables as an edge in genetic networks. It was
extended in [64] by a backward selection and replacement strategy.
The ARACNE algorithm[7, 60, 61] uses data processing inequality (DPI) to
eliminate the indirect e↵ects of interactions in a gene-regularization network. The
DPI is an important property of mutual information[20], and it states that if the
three variables u ! v ! z form a Markov chain, the mutual information between the
directly connected variables is larger than that of the indirectly connected variables
I(u, v)

I(u, z). The ARACNE algorithm works in two steps:

• First, construct a candidate network based on the pairwise mutual informaP P
p(x,y)
tion I(u, v) = x y p(x, y)log( p(x)p(y)
), and make node pairs whose mutual

information is greater than the threshold connected in the candidate network.

• Second, apply data processing inequality to discard indirect interactions. The
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ARACNE algorithm investigates all three sets of mutual information that are
greater than the threshold and removes the edge with smallest value.
The entropy reduction technique [85] removes the indirect e↵ect based on the
mathematical property of entropy that the conditional entropy of variable u conditioning on other variables v 2 V is less than or equal to the entropy of variable
u, with the equal condition that can be satisfied only if u and v are independent.
This technique determines whether the entropy of variable u is a↵ected by the other
variables in the system in an iterative way. It iteratively adds the variables to the
conditional variable set until the resulting conditional entropy does not decrease
and outputs an ordered set of variables that a↵ect the given species. The entropy
reduction technique has been extended in the MIDER model [95] by combining the
entropy metric construction techniques.

2.4.3

Tie-Strength-based Approach

Research in social network analysis often comes with the notion of ties that represent
the interactive relationships among nodes. Strong ties refer to connections between
familiar friends, and weak ties refer to that of acquaintances. In forming social
structures, the individuals’ close friends are often tightly connected with each other
and form densely knit clusters, whereas the acquaintances have their own close
friends and therefore lie in di↵erent clusters [40].
Strong ties and weak ties make di↵erent contributions to the information flow[35].
Strong ties are more important to promoting information within communities, whereas
weak ties have more importance in spreading information across communities [40].
To understand the interaction process of ties [9, 3], we refer to the literature on the
formation of ties in social networks. An important principle for network structure
formation is the homophily principle [62], which states that similar people are more
likely to be connected in the network; it has been studied for centuries in various
types of networks. Homophily also acts as an important mechanism in the formation of communities [59], because peoples’ experiences are reinforced by interaction
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with others who are like themselves, so the tendency to join the same communities
is also reinforced. In identifying the influence from other nodes, the e↵ect from
occasional interaction is very subtle and might only take e↵ect in combination with
the influence from strong ties. Therefore, di↵erentiation between the strong ties and
the weak ties can help us to understand the pairwise interplay between node pairs.
In the literature, the strong ties and weak ties are usually compared by some
interaction strength measures that are based on certain factors. For example, the
tie strength in the research community [70] is computed with additional information
from each publication relating to the coauthors and paper contributions, such as the
number of papers coauthored by each pair of scientists and the number of coauthors
in each paper. However, in reality, we might not be able to measure the strength
of the pairwise interactions. Because nodes influence others for di↵erent reasons in
di↵erent applications, the metrics to quantify such influence also di↵er by application; in many situations, we may not have the necessary information to complete
the calculation because many demographic, geographic, and socioeconomic factors
are usually involved in the applications, such as gender, age, and friends’ income
[17]. Even worse, in most cases, even if we have sufficient additional data, we might
not able to measure the tie strength due to the uncertainty of the mechanisms for
such measurement. These considerations make it difficult to e↵ectively determine
the influence strength [91, 32].

2.4.4

Global Approach

Instead of removing indirect edges based on testing of pairwise relationships, network
deconvolution [31] take the networks as a cumulative result of high-order interactions
and learns the first-order interactions by inverting from the final observation graph,
which involves a nonlinear filter to calculate the inverse of the Taylor series over the
eigenvalues of the observed network. A detailed description is as follows:
Let G(h) = (V, E (h) ) be hth order interaction graph, where E (h) represents the
interactions of hth order. The interaction process of high-order interactions proceeds
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as follows. Given the first-order graph G1 in which edges represent the weight of
the first-order interactions, it assumes that an individual’s influence can spread
when the node with which it interacted connects with other nodes in the next step,
with its strength diluted along with the increase in the interaction order. The final
observations are the cumulative e↵ects of all the order of interactions, they have:
Gobs = G(1) + G(2) + G(3) + ....

(2.4.9)

Denote the network structure G(h) using a |V |⇥|V | weight matrix W (h) . Each el(h)

ement wij in the weight graph represents the hth order connection strength between
nodes i and j. In general, they assume that each weight element is a nonnegative
real value between 0 and 1. From the high-order interaction property of networks
W (h) = W (h

1)

W1 = (W1 )h , h = 2, 3, .... Based on the property of the power of

matrix, it can be represented as follows
W (h) = (W1 )h = U (⌃1 )h U

1

(2.4.10)

in which ⌃1 and U are the eigenvalues and eigenvectors of first-order interaction W1 ,
and the observation graph
Wobs = (W1 ) + W (2) + W (3) + ....
= (W1 ) + (W1 )2 + (W1 )3 + ....
0
P
dir i
...
i 1( 1 )
B
B
B
.
.
B
= UB
B
.
.
B
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P
0
...
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The first-order matrix is constructed as follows.
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(2.4.11)

1

C
C
C
C
CU
C
C
A

1

(2.4.12)

in which the

obs
i

is the ith eigenvector for a scaled observation graph. If

obs
i

1,

the deconvolution process can be achieved by scaling the observation graph with
factor ↵, which was chosen as a function of the eigenvalues. Lemma 2.4.1 describes
the choice of ↵.
Lemma 2.4.1. [31] Given the largest positive eigenvalue
eigenvalue

of unscaled observation graph Gobs , and
↵  min(

(1

)

,
+

(1 + )

+

and smallest negative

< 1, by choosing ↵ as
)

(2.4.13)

We have W = ↵Wobs is a matrix with eigenvalues within range of (-1,1)
Algorithm 3 Network Deconvolution
procedure Network deconvolution
Input: Observed network G(V, E)
Output: First-order interaction network Algorithm:
Gs

Scale G following Lemma 2.4.1

W

Direct dependency graph via equation 2.4.12

Gdir (V, E dir ), with W as the weight of all edges.
return Gdir
The detailed steps of network deconvolution are listed in Algorithm 3. For a
large-scale network, the first-order interaction can be derived by applying similar
transformation based on the top K eigenvalues and eigenvectors. According to the
property of high-order iterations, the tie strength can be described by the weight of
the estimated direct dependency graph.
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Chapter 3
Problem Statement
In Chapter 3, we propose the problem statement and provide a formal definition
of direct dependency structures. We further justify our intuition of using direct
dependency structures in overlapping community detection via the observations from
the experimental results in the existing algorithms.

3.1
3.1.1

Problem Definition
Direct Dependency Structures

Definition 3.1.1 (Complex Networks). A complex network with n nodes and m
edges can be denoted as G(V, E), in which V is a set of nodes and E is the set of
edges that connect the node pairs. E ✓ V ⇥ V and |V | = n, |E| = m.
Complex networks are widely used to model many important applications in
social, ecological, epidemiological, and biological sciences [11], in which a node or
variable interacts with another via the edges in the network. The network structure
is typically inferred by certain similarity metrics or constructed on the basis of the
observed social connections. Given the data observations in real-world applications,
the inference of the network structure is to determine whether to include pairwise
interactions as edges between nodes.
Definition 3.1.2 (Pairwise Interaction). In a network G(V, E), the edges E depict
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the pairwise interactions between nodes, E ✓ V ⇥ V , ⌘ is the threshold value such
that an edge (u, v) 2 E if the ⇢(u, v)

⌘ with some value functions ⇢ and threshold

⌘.
Where ⇢ is the value function that maps the pairwise interaction space to a value
space; in the literature, the value function might have di↵erent formulations because
the pairwise interactions can be described by di↵erent approaches in di↵erent realworld applications. For instance, in the traditional social network [26], the pairwise
interaction is described by the social connection data collected in interviews and
questionnaires [97]. In many dependency-based networks, the pairwise interactions
are estimated by evaluating the correlation or some other statistical dependency
measures between the nodes. The network inference problem is reduced to selection
of the correct threshold so that the pairwise interaction that exceeds the threshold
can be included as an edge in the network.
Some of the most commonly used formulations of ⇢ are listed as follows:
• Pearson Correlation ⇢(u, v) =

1
n

P

i (ui

µu )(vi µv )
u v

mean and variance of node u, µv and

v

, in which µu and

u

are the

are the mean and variance of node v

respectively. Some networks constructed using the correlation function include
the gene regulatory network constructed by the pairwise correlations between
molecular signatures [44] and the metabolic pathway network constructed from
the pairwise correlation of metabolomics data [43].
• Mutual Information ⇢(u, v) = I(u, v) =

P P
x

y

p(x,y)
p(x, y)log( p(x)p(y)
), where p(x)

is the probability mass function relating to node u and p(y) is the probability
mass function relating to node v. Mutual information is an information theoretic measure that measures the dependencies between nodes. It has been
applied to reconstruct biological networks since the 1990s [7]; for example,
the use of mutual information to identify the genetic interactions in the generegulation network [64, 36]. Mutual information can be interpreted as the
reduction of node u’s uncertainty upon gaining the knowledge of node v and
can be represented in terms of entropy [88] as I(u, v) = H(u)
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H(u|v) =

P
H(u, v), with the entropy of u as H(u) =
x p(x)logp(x),
P
the entropy of v as H(v) =
y p(y)logp(y), and the joint entropy of u and
P P
v as H(u, v) =
x
y p(x, y)logp(x, y).
H(u) + H(v)

• Contact Frequency ⇢(u, v) = length(u(g(u, v) > ✏)), where g(u, v) > ✏ is
an application-specific criterion to determine ”contact”. The ”contact” can
be referred to as the calls in a mobile phone network [21], the e-mail message
contacts in an e-mail network [49], or situations in which marine animals come
closer to each other within a particular range [37]. In building the social
contact networks, two nodes are connected in the underlying network if their
contact frequency exceeds the threshold ⌘.
Traditionally, the edges of a network are determined by evaluating the pairwise
interactions in an iterative manner. There is also a stream of work to infer all of
the interactions within one framework, such as inferring the network structure with
the maximum likelihood approach based on network di↵usion or disease propagation
data [68]. The interdependency structures can also be modeled in graphical models
and estimated using a certain regularized framework, such as the Gaussian graphical
models [66, 67, 101], which have brought research interest in modeling the gene
regulatory network [50]. However, a detailed discussion of these methods is beyond
the scope of this thesis, as we are interested in inferring, analyzing, and utilizing
the direct dependency interactions to fulfill our goal of finding optimal community
assignments.
Definition 3.1.3 (Direct Dependency Interaction). A pairwise interaction (u, v) in
network G(V, E) is a direct dependency interaction if, after removing the influence
of all other nodes z 2 Z, Z = V

{u, v}, the interaction strength between u and v

is larger than a particular threshold value ⌧ .
⇢(u, v|Z) > ⌧

(3.1.1)

In terms of the networks inferred by correlation measures, ⇢(u, v|Z) can be taken
as a partial correlation function that measures the Pearson correlation between node
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u and v after removing the e↵ect of all other variables. Suppose z is a third node
z 2 Z, Z = {V

{u, v}}, the partial correlation of removing the influence of z can

be expressed as follows.
⇢(u, v) ⇢(u, z)⇢(v, z)
⇢(u, v|z) = p
(1 ⇢2 (u, v))(1 ⇢2 (v, z)

(3.1.2)

In terms of the networks inferred by mutual information, ⇢(u, v|Z) can be taken
as conditional mutual information that measures the shared information of u and
v when the knowledge of all other nodes is known. Suppose z is the third node
z 2 Z, Z = {V

{u, v}}, with probability mass density p(z); the conditional mutual

information correlation of removing the uncertainty of z can be expressed as follows.
⇢(u, v|z) = H(u|z)

H(u|v, z) =

X

(x,y,z)

p(x, y, z)log

p(x, y|z)
p(x|z)p(y|z)

(3.1.3)

In terms of the networks inferred by contact frequency. ⇢(u, v|Z) can be taken
as the interaction strength between u and v independent of other nodes’ influence.
Because the e↵ect from acquaintance is very subtle, it might only take e↵ect when
combined with the influence from close friends. The threshold ⌧ in the condition
3.1.1 could filter out the weak ties in the network. Therefore, the problem of identifying the direct dependency interaction in our thesis is the same as the problem of
di↵erentiating the strong ties and weak ties.

3.1.2

Community Detection

Definition 3.1.4 (Communities). Communities are a list of non-empty node subsets, C = {c1 , ...cK }, where ci 2 V , K is the total number of communities, and
[K
i=1 ci ✓ V .
A community ci is a subset of nodes that are densely connected in the network;
it can be researchers who work in same research field, groups of proteins with the
same functions in the protein-protein interaction network [80, 52], or a group of web
pages that cover the same or related topics in World Wide Web.
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Definition 3.1.5 (Community Detection). Given a network G(V, E), the aim of
community detection is to find an optimal community assignment for all nodes,
such that the assignment f : V ! C can minimize or maximize an objective.
w(V, C|G)

(3.1.4)

The objective w(.) can be built on many evaluation metrics, such as the normalized cut, which is based on the idea that nodes within the same communities are
densely connected and nodes in di↵erent communities have few connections.
Whereas traditional community detection methods attempt to locate disjointed
communities that also satisfy ci \ cj =

for ably i 6= j and [K
i=1 ci = V , the

overlapping community detection methods remove such constraints and allow an individual node to be a member of multiple communities, which makes the traditional
graph-partition-based community detection algorithms no longer feasible, and new
approaches should be considered for the overlapping community detection problem.
In this thesis, we focus on the nonnegative matrix factorization (NMF) approach for
inference of overlapping community membership relationships.
Definition 3.1.6 (Overlapping Community Detection via NMF). Given a network
G(V, E), the aim of overlapping community detection via NMF is to learn a nodecommunity affiliation matrix F 2 Rn⇥k so that the loss function is minimized
argminF l(A, F F T )

(3.1.5)

where A 2 Rn⇥n is the adjacency matrix of the graph, in which each element Aij
describes the pairwise interactions between nodes, Aij 2 {0, 1}. n is the node number,
k is the community number, and Fic represents the confidence of node i being in
community c.
The NMF-based overlapping community detection model associates each node
i with a K column vector Fi. that stores the its membership relationships in the
communities, in which each column is related to a community and each element Fic
stores the confidence score for node i being a member of community c. Each item
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stores the confidence score that node i belongs to community c. It interprets each
element in adjacency matrix Aij as the cumulative e↵ects of nodes i and j in the
same communities, Aij ⇡ Fi. Fj.T .
For non-adjacent nodes in networks, we have

P

c

Fic Fjc ⇡ 0 with Fic , Fjc

0,

8c, which indicates that for all communities, if node i has strong confidence to be
a member of community c, then node j should have very weak confidence to be a
P
member of the same community; otherwise, c Fic Fjc ⇡ 0 won’t hold. In contrast,
P
if i and j are adjacent in the network, we have Aij = 1, and thus c Fic Fjc ⇡ 1,

which means if node i has strong confidence to be a member of community c, node
j is more likely to have a high confidence value in the same community.

3.2

Key Observations

To justify our intuition of using the direct dependency structures for the overlapping
community detection problem, we select two state-of-the-art NMF-based overlapping
community detection methods and compare their performance in a network that has
direct interaction strength information between node pairs with their performance
in the same network without incorporation of such information.
In real-world applications, it is not easy to find a network with direct interaction strength information; such data are usually unavailable. We thus refer to the
well-studied example created by [70] by defining the tie strength in the research
community, based on the coauthorship network [71], which describes the collaborative relationships among 1589 scientists. The collaboration strength is computed
using additional information from each publication, such as the number of papers
coauthored by each pair of scientists and the number of coauthors for each of the
papers, and the strengths of connection are calculated with the consideration of the
coauthors and papers’ contributions. As we discussed in section 3.1.1, the problem
of identifying the direct dependency interaction in the coauthorship network is the
same as the problem of finding the strong ties, because the indirect e↵ects from
acquaintance are very subtle and might be filtered out in the process. Therefore, we
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now have a weighted graph and an unweighted graph to denote networks with and
without the directed interaction strength for the same underlying structure.
In the test, we use the following models.
• The Bayesian nonnegative matrix factorization (BNMF) model [82] The BNMF
model for overlapping community detection is one of the classic NMF models to identify communities; it learns the approximation matrix via parameter
inference of a generative graphical model.
• The preference nonnegative matrix factorization(PNMF) model [106]

The

PNMF model for overlapping community detection integrates the implicit preference order conveyed in the network structure in the NMF model, following
the intuition that neighbors are more likely to share similar community preferences. They then learn the node-community a✏iction matrix by optimizing
the Bayesian optimal criteria for pairwise ranking via stochastic gradient descent with the help of pairwise sampling based on the structure.
To apply these methods to a network that incorporates direct interaction weights
between nodes, we change the goal from recovering adjacency matrix A in both
methods to approximating weighted graph W ⇡ Fw FwT , and evaluate the modularity
based on the learned node-community membership Fw .
Figure 3.1 compares the results on the network that incorporates direct interaction weights with the results we obtained on the unweighted graph. We exploit
modularity as our measurements. For each method, we find that the results on the
weighted graph outperform those on the unweighted graph, which indicates that
direct interaction strength is an important factor for improvement of community
detection performance.
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Figure 3.1:

Comparison of model performance on coauthorship network with and

without direct interaction weights
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Chapter 4
Overlapping Community
Detection Exploiting Direct
Dependency Structures
In Chapter 4, we define our overlapping community detection model by incorporating
the conveyed information in direct dependency structures and derive a learning
algorithm to infer the model parameters.

4.1

Preliminary

Given an undirected and unweighted graph G = (V, E) with V being the set of
nodes and E being the set of edges. Let eij = (vi , vj ) denote an edge between nodes
i and j. For each node vi , define its neighboring components as the set of connected
neighboring nodes C(vi ) = {vj , eij 2 E} where vj is the neighboring nodes connected
with vi . Accordingly, we define the set of nodes vk that do not connect with vi as
vi ’s non-neighboring components N C(vi ) = {vk , eik 62 E}.
The direct dependency structures are formed by all direct dependency pairwise
interactions in graph G(V, E), which can be denoted as Gdir (V, E dir ), with E dir ✓ E
representing the set of edges that only include direct dependency interactions. We
define a direct neighboring set that has a direct dependency relationship with vi
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Figure 4.1:

Illustration of direct dependency neighbors and indirect dependency

neighbors

as D(vi ) = {vj , eij 2 E dir } and take the set of nodes that connect to node vi but
does not have direct dependency with it as the indirect dependency neighboring set
ID(vi ) = {vj , eij 2 E ^ eij 2
/ Edir }. It is straightforward to derive the indirect
dependency neighboring set by subtracting the neighboring set C(vi ) and direct
neighboring set D(vi ): ID(vi ) = C(vi )

D(vi ).

Figure 4.1 illustrates a node w and its neighborhood C(w) = {v1 , v2 , v3 , v4 , v5 , v6 }
in graph G. The neighborhood falls in two parts: D(w) = {v1 , v2 , v3 } and ID(w) =
{v4 , v5 , v6 }. D(w) consists of nodes that interconnect with w in Gdir , and ID(w)
contains nodes that interconnect with w in G but not in Gdir . The indirect dependencies are connected in the observed network G because of the transitive e↵ects of
the node’s dependency. For example, if there is direct interaction between nodes w
and v1 and between v1 and v4 in Gdir , the interaction between nodes w and v4 will
also be visible in the observed network.
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4.2

Model Formulation

4.2.1

Modeling Direct Dependency Structures

In determining whether an interaction is a direct dependency interaction, the threshold value ⌧ in condition 3.1.1 should be carefully determined.
• In a network inferred by correlation measures, the threshold ⌧ defines the
minimum partial correlation value for a direct dependency pairwise interaction.
• In a network inferred by information-theoretic measures, ⌧ is related to a
threshold for conditional mutual information.
• In networks inferred by contact frequency, it is related to determination of the
threshold that di↵erentiates strong ties and weak ties.
The determination process is sensitive to the threshold value, and many indirect
dependency interaction between node pairs might be added in the network if the
threshold is too low. Otherwise, many direct dependency interactions might not be
added in the structure if the threshold is too high; these are referred to as falsepositive and false-negative errors respectively.
We consider that the interaction process is transitive in the network, the strength
of the influence of direct dependency interactions to other nodes dilutes as the
interaction order increases, and many indirect edges are generated in the process.
From this point of view, identification of the direct dependency structures is closely
related to inference of the first-order interactions. This idea is similar to network
deconvolution [31], which take the networks as a cumulative result of high-order
interactions and learns the first-order interactions by inverting from the observed
network. The output of network deconvolution is a weighted network with weights
that represent the strength of first-order interactions.
To see the e↵ectiveness of network deconvolution in capturing the direct dependency strengths between nodes, [31] applied network deconvolution to the coauthorship network created by Newman [71], compared the result to the widely adopted
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weighted coauthorship network [70] that we described in section 3.2, and showed
that 77% of strong collaborations in the weighted network are recognized. The results demonstrate that network deconvolution is suitable for determination of the
direct dependency structures.
Compared with other methods for identifying the direct dependency structures,
network deconvolution is computationally efficient, and can be applied to various
type of networks, regardless of whether it is constructed with the statistical dependency approach or the contact frequency approach. However, it also requires an
arbitrary threshold value to di↵erentiate the direct dependency interactions from
the indirect dependency interactions. For example, they use an arbitrary threshold
of 0.64 to correspond to the 36% of strong collaboration interactions in the weighted
coauthorship network. However, in most of the real-world applications, the determination of the threshold is intractable because we do not have a well-studied rule
to obtain the ground-truth data of direct dependency network. This limitation restricts the use of network deconvolution and many other direct interaction inference
algorithms.
If the ground-truth data is known, the separation of direct dependency interactions and indirect dependency interactions can be cast as a traditional classification
problem; and the objective function can be formulated as the area under the ROC
curve(AUC) optimization, which is a widely used metric used to find a tradeo↵
between false-positive and false-negative error rates [30]. The AUC for a classifier [15, 41] that separates the interactions into direct dependent interactions and
indirect dependent interactions in the network datasets can be expressed as the
probability p(f (a, i) > f (a, j)|⌧, eai 2 E dir , eaj 62 E dir ), where ⌧ is the threshold
that corresponds to the minimum strength of direct dependency interactions, and
f (.) is the value function that retrieves the direct interaction strength between node
pairs. The expression is equivalent to
p(f (a, i) > ⌧ ^ f (a, j) < ⌧ )|⌧, eai 2 E dir , eaj 62 E dir , i 6= j 6= a)

(4.2.1)

In such a situation, the problem of maximizing the AUC is equivalent to choosing the
36

threshold ⌧ that di↵erentiates the direct dependency interactions with the indirect
dependency interactions, which is traditionally estimated by minimizing a certain
loss function compared with the ground-truth data.

4.2.2

Model Assumptions

In this thesis, we focus on overlapping community detection by incorporating the
structural information of the underlying network. Our work is most closely related to
the preference-based nonnegative matrix factorization (PNMF) model [106], which
exploits the implicit information conveyed in the network structure for the overlapping community detection problem. It follows the intuition that neighbors are
more likely to share similar community preferences than non-neighbors. The PNMF
algorithm is based on two fundamental assumptions:
• The node independence assumption states that each node decides its preference
independently. In other words, each node’s interaction strength to node i has
no relationship to its interaction strength to node j.
• The pairwise independence assumption states that for a fixed node a, the
preference order over di↵erent pairs of nodes is independent. In other words,
the fact that the interaction strength between node a and node i is greater than
that between nodes a and j, has no relationship to the strength comparison
between pairwise interactions a, u and a, v.
These independence assumptions, which arise from the Bayesian pairwise ranking (BPR) [83] for modeling the implicit preference between users and items in
recommender systems, might be too strong in network systems because it neglects
the indirect e↵ects from other nodes.
Instead, we proposed the following assumptions based on the direct dependency
structures Gdir (V, E dir ), which formed by all the direct dependency pairwise interactions in the network.
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Assumption 4.2.1 (Node independence in direct dependency network). For each
node a, its interaction strength with another nodes i and j in the direct dependency
network is independent
Assumption 4.2.2 (Pairwise independence in direct dependency network). For
each node a, its direct interaction strength with node i and j in direct dependency
network is independent to its direct interaction strength with another pair of nodes
u and v.
Assumption 4.2.3 (Interaction strength order). For each node a, its interaction
strength with directly connected neighbors in Gdir is higher than that with the nodes
not directed interacted.
We further propose the following assumptions for modeling the relationship between indirect interaction and direct interaction in the transitive process:
• The dependence interaction relationship can be approximated as the product
of independent interaction
• The dependency interaction strength is the sum of direct and indirect interactions.

4.2.3

Objective Function

Our thesis aims to incorporate the structural information of the latent direct dependency interactions in the underlying network to identify communities. In this
section, we attempt to connect the structure of latent direct dependency interactions with the resulting network structure by exploiting the Bayesian framework for
strength ordering, based on which we construct the dependency structures aware
community detection model.
Deriving Direct Dependency Structures
Suppose we have h di↵erent candidate threshold value ⌧ 2 {⌧1 , ⌧2 , ...⌧h } for the
determination of direct dependency interactions, each ⌧ corresponds to a candidate
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direct dependency structures, which we denote as Gdir (V, E dir )|⌧ . The structural
properties of each direct dependency network Gdir (V, E dir )|⌧ can be preserved in a
rank structure p(f (a, i|⌧ ) > f (a, j|⌧ ), eai 2 E dir |⌧, eaj 62 E dir |⌧ ), in whichf (a, i|⌧ )
denotes node a’s direct interaction strength with node i in Gdir |⌧ , and f (a, j|⌧ )
denotes that strength between node a and j. For simplicity, we use >a |⌧ to denote
the direct interaction strength rank structure for node a 2 V in Gdir |⌧ , with i >a j|⌧
representing that node a’s direct interaction strength with node i is greater than its
direct interaction strength with node j. The objective function of finding optimal
cutting point value ⌧ that di↵erentiate direct interactions with indirect interaction
can be represented as:
argmax⌧ 2{⌧1 ,⌧2 ,...⌧h } p(>a,8a2V |⌧ )

(4.2.2)

For any node pairs (i, j) in a candidate dependency network Gdir |⌧ 2 {⌧1 , ..⌧h },
i 6= a, j 6= a, and i 6= j, with probability p(i >a j|⌧ ), node i has greater direct
interaction strength with a than node j, and with probability 1

p(i >a j|⌧ ), node

i has less direct interaction strength with a than node j. Based on the pairwise
independence assumption in the direct dependency network 4.2.2, we can model the
structural properties of node a based on its direct interaction strength with other
nodes
p(>a |⌧ ) =

Y

p(i >a j|⌧ )

(f (a,i|⌧ )>f (a,j|⌧ ))

(1

p(i >a j|⌧ ))

(f (a,i|⌧ )f (a,j|⌧ ))

(4.2.3)

i,j

in which (.) is an indicator function with (z) = 1 if z is true, and (z) = 0
otherwise. Based on the interaction strength order assumption 4.2.3, p(>a |⌧ ) can
be reformulated as
p(>a |⌧ ) =

Y

p(i >a j|⌧ )

(ea,i 2E dir |⌧ ^ea,j 62E dir |⌧ )

i,j2V

⇤(1

p(i >a j|⌧ ))

(ea,i 62E dir |⌧ ^ea,j 2E dir |⌧ )

(4.2.4)

Based on the node independence assumption in the direct dependency network 4.2.1,
the joint distribution of all nodes’ structural properties can be modeled as:
p(>a,8a2V |⌧ ) =

Y

a2V
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p(>a |⌧ )

(4.2.5)

Combining equations 4.2.3, 4.2.4, and 4.2.5, the objective function of AUC maximization can be reformulated as as

argmax⌧ 2{⌧1 ,⌧2 ,...⌧h }

Y

a2V

=

Y

p(>a |⌧ )
p(i >a j|⌧ )

(f (a,i|⌧ )>f (a,j|⌧ ))

a,i,j

⇤(1 p(i >a j|⌧ )) (f (a,i|⌧ )f (a,j|⌧ ))
Y
dir
dir
=
p(i >a j|⌧ ) (ea,i 2E |⌧ ^ea,j 62E |⌧ )
a,i,j2V

⇤(1

p(i >a j|⌧ ))

(ea,i 62E dir |⌧ ^ea,j 2E dir |⌧ )

(4.2.6)

The individual probability p(i >a j|⌧ ) characterizes the structural properties of
node a’s direct interaction strength in Gdir |⌧ . We interpret this distribution making
use of sigmoid function, which is a mathematical function that maps any real number
to (0, 1). Sigmoid function has been widely used in logistic regression to model how
the probability of an event might be a↵ected by certain factors; and can characterize
the relationships among di↵erent node pairs in the direct interaction network. The
individual probability p(i >a j|⌧ ) can be interpreted as
p(i >a j|⌧ ) = (xaij |⌧ )

(4.2.7)

in which (z) = 1/(1 + e z ) is the sigmoid function, xaij captures the relationships
among a, i, and j. Therefore, the AUC optimization objective function can be
represented as
argmax⌧ 2{⌧1 ,⌧2 ,...⌧h }

Y

a2V

=

p(>a |⌧ )

Y

a,i,j2V

(xaij |eai 2 E dir |⌧, eaj 62 E dir |⌧ )

(4.2.8)

Direct-dependency-based Nonnegative Matrix Factorization (DNMF) for
Overlapping Community Detection
In the overlapping community detection problem, our aim is to learn a node community affiliation matrix F 2 Rn⇥K to approximate the adjacency matrix A 2 Rn⇥n
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so that A ⇡ F F T . Given a direct dependency network Gdir |⌧ and the joint distribuQ
tion of its structural properties a2V p(>a |⌧ ). The objective function of overlapping
community detection is to maximize the likelihood of the posterior distribution
argmaxF

Y

a2V

p(>a |⌧, F )p(F )

(4.2.9)

In the NMF-based overlapping community detection problem, the relationships
among node a, i, and j can be captured their corresponding row vector of the node
community affiliation matrix F . We define f (a, i) = Fa. Fi.T , and f (a, j) = Fa. Fj.T for
simplicity, and reformulate p(>a |⌧, F ) as
p(>a |⌧, F ) =

=

Y

⌧ ^ f (a, j) < ⌧ )

p(f (a, i)

i,j

⇤(1
Y

(f (a,i)>f (a,j))

⌧ ^ f (a, j) < ⌧ ))

p(f (a, i)

(f (a,i)f (a,j))

⌧ ^ f (a, j) < ⌧ |eai 2 E dir , eaj 62 E dir )(4.2.10)

p(f (a, i)

i,j

which is analogous to equation 4.2.2 in the AUC optimization. Thereby, maximizing
the posterior function in our framework corresponds to choosing the classifier to
maximize the AUC, which provides additional benefits in extraction of the direct
dependency network.
Introducing a prior density of p(F ) as a normal distribution:
p(F ) ⇠ N (0,

F I)

(4.2.11)

our objective function can be formulated as:
argminF,⌧ J(F ) =

XX

ln[p(i >a j|⌧, F )

(ea,i 2Edir ^ea,j 62Edir )

]

a2V i,j2V

⇤[(1
+

where

F

p(i >a j|⌧, F ))

(ea,i 62Edir ^ea,j 2Edir )

]

2
F ||F ||F

(4.2.12)

can be taken as the penalty parameters that regularize F .

Combing equations 4.2.8 and 4.2.12, our objective function can now be reformulated as
argminF J(F ) =

X

X

X

a2V i2V ^eai 2E dir |⌧ j2V ^eaj 62E dir |⌧
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ln (xaij |⌧ ) +

2
F ||F ||F

(4.2.13)

in which we define xaij = Fa. Fi.T

Fa. Fj.T to capture the relationships among node

a, i, and j, and have p(i >a j|⌧, F ) = (xaij |⌧ ) = (Fa. Fi.T

Fa. Fj.T |⌧ ).

We further incorporate more structural information in our objective function
by relaxing the independence assumption in the direct dependency network to the
observed graph G in that
• Node Independence For each node a 2 V , the interaction strength to its indirect neighboring node i 2 ID(a) is independent of the interaction strength of
non-neighboring node j 2 N C(a).
• Pairwise Independence For each node a 2 V , its interaction strength order with
indirect neighboring node i 2 ID(a) and non-neighboring node j 2 N C(a) is
independent of its interaction strength order with indirect neighboring node
u 2 ID(a) and non-neighboring node v 2 N C(a).
• Strength Order For each node a 2 V , its interaction strength with indirectly
connected neighbors in ID(a) is higher than that with the non-neighboring
node N C(a).
The relaxed independency assumption holds in that a non-neighboring node has
little e↵ect on inferring the direct interaction of node a, and it can be thus be
removed from the conditional dependency variable list. With the extended strength
order assumption, we can incorporate more structural properties via p(>a ).
p(>a ) =

Y

p(i >a j|⌧, F )

((i2D(a)^j2ID(a))_(i2(ID(a)^j2N C(a)))

i,j2V

⇤(1

p(i >a j|⌧, F ))

((i2ID(a)^j2D(a))_(i2(N C(a)^j2ID(a)))

(4.2.14)

Thus we have our final objective function:
argminF J(F ) =

X X
[

X

ln (xaij|⌧ )

a2V i2D(a) j2ID(a)
a

X

X

ln (xajk|⌧ )] +

j2ID(a) k2N C(a)

=

X X

X

X

2
F ||F ||F

a2V i2D(a) j2ID(a) k2N C(a)

[ ln (xaij|⌧ ) +
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a ln

(xajk|⌧ )] +

2
F ||F ||F

(4.2.15)

4.3

Parameter Learning

The parameters related to our model are the threshold ⌧ , node community affiliation
matrix F , and penalty parameters

F

and

a.

Therefore, in the learning step, our

main task is to estimate ⌧ and F based on the objective function Eq.4.2.15.
The estimation of F relies on the structural information of direct dependent
interactions, which is derived by applying network deconvolution [31], and filtered
on the basis of certain threshold value ⌧ . In section 4.2.3, we showed that our
objective function corresponds to choosing ⌧ to maximize the AUC. Therefore, in
our experiment, we drive the direct dependency structure by examining the objective
function with varying threshold ⌧ and choose the one that generates the optimal
value.
Given a fixed threshold ⌧ , we estimate the node community affiliation matrix
F based on its corresponding direct dependency network. Due to the nonnegative restriction, we use the projected stochastic gradient descent (projected SGD)
algorithm[57] as our optimization method. In each step, we improve the approximation quality moving backward to the gradient direction by a learning step , and
update F based on the following projection rule:

F new = max{F old

@J
, 0}
@F

(4.3.16)

The detailed steps for learning the model are summarized in Algorithm 4.
At each iteration of our algorithm, we randomly sample a subset of nodes from
the directed dependency network and the observed graph, and for each set of sampled
data, it includes the target nodes a, its direct depended node i 2 D(a), the indirect
depended node j 2 ID(a), and non-neighbor node k 2 N C(a), corresponding to
the row vector Fa. , Fi. , Fj. , and Fk. respectively. We derive the gradients of our
objective function as:
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Algorithm 4 Overlapping Community Detection using DeconvNMF
procedure DeconvNMF
Input: network G = (V, E), threshold ⌧
Output: node-community affiliation matrix F
Gdir

direct dependency graph from Alg. 3

Initialize:F |⌧
repeat
Draw (a, i, j, k):
a 2 V, i 2 D(a), j 2 ID(a), k 2 N C(a)|⌧
Update parameters according to Equation 4.3.16
until Convergence
return F |⌧

@J
=
Fa.

e (xaj )
(F T Fj.T )
1 + e (xaij ) i.
e (xajk )
(Fj.T Fk.T )
a
(x
)
ajk
1+e
+2 F Fa.

(4.3.17)

(xaij )

@J
e
=
Fa. + 2 F Fi.
Fi.
1 + e (xaij )
@J
e (xaij )
= +
Fa.
Fj.
1 + e (xaij )
e (xajk )
Fa. + 2 F Fj.
a
1 + e (xajk )
@J
e (xajk )
= a
Fa. + 2 F Fk.
Fk.
1 + e (xajk )

(4.3.18)

(4.3.19)
(4.3.20)

Here we discuss some implementation issues in more detail.
• Initialization We initial each entry of the F with a very small random number. Specifically, it is set to be a random number generated by the following
function: abs(rand(0, 1)

0.5)/n, in which n is the node number.

• Choosing the number of communities In order to initialize the membership
matrix F 2 RN ⇥K between nodes and communities, we need to choose K, the
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number of communities. To find the most appropriate value for K, we used
the cross-validation approach described in [4]. First, we divide the nodes into
a training set that contains 80% of the node pairs and a validation set with
the remaining 20%. We then train our model on the training set with various
values of K as an input parameter, and calculate the likelihood value in the
validation set using the trained matrix. Finally, we choose the one that has
the maximum likelihood value.
• Setting membership threshold To determine whether a node a belongs to community c, we refer to the membership matrix item Fac . We normalize the
output matrix F and then choose a threshold ✏ to determine whether a is a
community member of c, that is, if Fac is smaller than ✏, then a does not
belong to c, otherwise, it’s in c’s group. We set the threshold following the
approach in [105].
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Chapter 5
Experiments
In Chapter 5, we evaluate the e↵ectiveness and efficiency of the proposed method.
We evaluate our model on benchmark social networks from di↵erent domains, and
compare it with four state-of-the-art overlapping community detection methods on
the benchmark networks. Our empirical results show that after incorporating the
direct dependency structures, a significant improvement is seen in the community
detection performance in most of the networks.

5.1

Evaluation on Existing Benchmark Social Networks

We evaluate our model in six benchmark social networks with di↵erent structures
that come from di↵erent domain. To apply our model, we must address the following
setting issues:
• Thresholds In section 4.2.3, we discussed the importance of deriving the
direct dependency network for our algorithm. The output of the network
deconvolution is a weighted matrix in which the value ranges might vary for
di↵erent datasets. In our experiments, we considered di↵erent percentages of
edges being included in direct dependency network ↵ 2 [5%, 50%], separated
by steps of 5%. For each setting ↵, we choose the top ↵ percent edges from
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the network deconvolution outputs and evaluate the performance in terms of
modularity. We found that the values between 20% and 30% produce the
greatest modularity for all of the studied datasets.
• Tradeo↵ Parameters In our experiment, we set the regularization parameters for each dataset by searching from

✓

2 {0.001, 0.01, 0.1} and

a

2

{0.2, 0.4, 0.6, 0.8, 1}, and di↵erent value might be used in di↵erent datasets.
• Convergence Criteria At each iteration, we compare the di↵erence with the
previous loss, and the algorithm stops if the di↵erence is less than ✏ fraction
of initial loss or if it reached the iteration threshold. In our experiment, we
choose ✏ as 0.001, and the maximum iteration number as 100 ⇤ epoch, with
each epoch defined as ceil(10sqrtn) random iterations in our experiments. Our
algorithm can converge within the first 50 epochs in all benchmark networks.
• Learning step
A small value for

The learning step a↵ects the convergence of our algorithm.
means that we require more iterations and thus a greater

computational cost to calculate the gradients, whereas a large value for

might

lead to to divergent iterations. In practice, the learning step is often chosen
by investigating the stepwise approximation loss with varying values. In our
experiment, we alternate the the learning step by initially setting a large ,
and updating the parameters with a factor of 0.9 after every epoch, in which
n is the node number in the network. The initial value of

is chosen from

{1, 0.1, 0.01}; if we set the initial value as 0.1, the value of

will reach 0.01

after about 20 epochs and 0.001 after about 40 epochs.
To evaluate the e↵ectiveness of the proposed model, we made use of 6 benchmark
unweighted networks collected from various domains1 .
• Dolphins Network The dolphins network consists of associations between
62 bottlenose dolphins living in Doubtful Sound, New Zealand, according to
1

http://www-personal.umich.edu/~mejn/netdata/
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their activities over a 7-year study [59]. Dolphins are connected in the network
if often interacted with each other more often during the investigation period.
[59] showed that dolphins with sex and age-related homophily are more likely
to be connected.
• Character Coappearance Network The coappearance network connects
characters in the novel Les Miserables if they coappear in the same chapters[47].
• Word Adjacency Network The word adjacency network connects common
adjectives and nouns if they are adjacent in the novel David Copperfield [74].
• Books about US Policies Network The books about US policies network
connects US-policies-related books if they are frequently co-purchased by the
same buyers on Amazon.com around the time of 2004 presidential election.
• Coauthership Network The network science coauthorship network [71] describes the collaboration between 1589 scientists who work in the network
science field. Two scientists are considered to be connected if they have coauthored at least one paper. [70] constructed a weighted coauthorship network
by considering the coauthor and paper contributions, summing the coauthors’
contributions based on the number of papers coauthored by each pair of author’s, and down-weighting the paper ’s contribution by considering the number of coauthors on each papers.
• Football Network The American football network [37] presents the Division I
game schedule between college teams in the 2000 season. It has the structural
properties that nodes within groups are very closely connected and nodes
between groups are loosely connected.

We list the basic information of these datasets in Table 5.1 and give a detailed
description of their structures and the learned communities via our model.
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Dataset

Nodes

Dolphins

62

159

Les Miserables

77

254

Books about US policies

105

441

Word adjacencies

112

425

American college football

115

613

Network science

1589

2742

Table 5.1:

5.2

Edges

Data statistics

Comparison Study with State-of-the-art Methods

In our evaluation we compare our designed model with four state-of-the-art overlapping community detection approaches upon the benchmark datasets, given as:
• Model 1: BNMF[82]
• Model 2: bigclam[99]
• Model 3: PNMF[105]
• Model 4: Demon[19]
• Model 5: Our proposed model: DNMF
Model 1 is the baseline NMF model, which simply approximates the adjacency
matrix based on matrix decomposition and derives the matrix that represents the
node community relationship. The loss function of Model 1 can be squared loss or
the generalized KL-divergence; and we use squared loss in this experiment.
Model 2 is a variant of NMF models that tries to model node connections from
the probabilistic perspective. It assumes that the connection strength of two nodes
u and v in community c is governed by Poisson distribution and builds an objective
function to maximize the likelihood function. The model requires a community
number as input, which we determine by means of cross validation.
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Model 3 integrates the implicit preference order conveyed in the network structure in the NMF model, following the intuition that in terms of joining communities
together, a node prefers its neighbors over other nodes. Similarly, in running the
model, we determine the community number by means of cross validation.
Model 4 is a variant of the CP model. It first detects the local communities
according to the voting results of local nodes and then merges them to form global
collections. We run the algorithm using the default settings.
Model 5 is our proposed model. Our model attempts to identify the latent interaction patterns of nodes that cause the connection transition to occur in networks
and then connect the structure of latent direct dependency interactions with the
resulting network structure by exploiting the Bayesian framework for strength ordering. We obtain the ML estimates of the model parameters by sampling and
updating based on both the latent interaction network and the observed network.
The detailed settings of our model are listed in section 5.1.

5.2.1

Evaluation Metric

We used modularity to evaluate the di↵erent models because the ground-truth is unknown. Modularity measures the tightness of the connections within one community
[18]. It is formally defined as
Q=

1 X
(Auv
2|E| u,v2V

du dv /(2|E|)) (cu , cv )

(5.2.1)

where A is the adjacency matrix; Auv equals 1 if node u and v are connected in the
observed graph G, du and dv are the degree of nodes u and v, respectively, |E| is
the edge number of the network, and (cu , cv ) = 1 if the two nodes are in the same
community, and 0 otherwise.

5.2.2

Comparison Results

Table 5.2 evaluates the community detection performance using the five models. For
each dataset, we find that after considering the implicit preference conveyed in the
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Dataset

Demon

BNMF bigclam

PNMF

DNMF

Dolphins

0.5367

0.5067

0.3874

0.5575

0.6479

Les Miserables

0.1930

0.1247

0.4532

0.6384

0.7021

Books about US policies

0.6015

0.4613

0.4143

0.5248

0.6730

Word adjacencies

0.0160

0.2539

0.1961

0.4711

0.4883

American college football

0.5159

0.5584

0.5328

1.4307

0.7020

Network science

1.0729

0.6673

0.7509

1.1230

1.6655

Table 5.2:

Comparison of model performance in terms of modularity

connections, there is apparent improvement in the performance. After introducing
the direct dependency graph, which considers the node strength in the model, the
modularity was significantly increased for the dolphins, Les Miserables, and network
science dataset, which conforms to the homophily e↵ect in [59].
The experiment shows that our DNMF model does not outperform others with
all datasets. As shown in Table 5.2, the modularity score of the American college
football dataset is not as good as that of the PNMF model. The PNMF model was
the first model to exploit implicit information conveyed in the network structure for
the overlapping community detection problem; however, it does not identify the difference between direct dependency interaction and indirect dependency interaction.
PNMF models are rely purely on the structural information between non-neighbor
nodes and neighbor nodes. In section 4.2.3, we relaxed our independence assumption and incorporated the structure information conveyed in the observed graph
with respect to neighbors and non-neighbors. Thus, the comparison results indicate
how the direct dependency structures can help in these networks by stripping away
the influence of all other factors.
Recall that our method relies on the idea of decoding the formulation process
and exploiting the truly important relationships to find communities. We can see
that our benchmark networks can be categorized into two groups based on their
formulation mechanism: those with homophily e↵ects and those without homophily
e↵ects. Our method are expected to have good performance in the former category of
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networks, but it might capture less information in the latter category of networks.
A review of the formulation process of these networks follows to yield a further
understanding of our results.
• Social networks with homophilic e↵ects In our experiment, the social
networks with homophily e↵ects include the dolphin network, the coauthorship network, the character coappearance network, and the word adjacency
network. The underlying formulation mechanism behind the dolphin network
is that the dolphins, particularly those with sex and age-related homophily, interacted more often during the 7-year study, and the networks are constructed
on the basis of thresholding the contact frequency with certain self-defined
values[59]. The underlying formulation process of the coauthorship network is
that scientists who are familiar with each other tend to work together more
often and to generate many coauthored papers; unfamiliar scientists might
work together occasionally along with other collaborators, and scientists are
connected as a result of their activities during a period of time. Similarly, the
coappearance network depicts the actors’ activities along with the progression
of the story, and they are connected if they appear in the same chapter of
the novel Les Miserables [47]. The word adjacency network also follows the
story progression of another novel, David Copperfield [74]. The underlying
mechanisms of these networks, either from real-world observations or from
the fictional world of human interactions, are a result of frequent interactions
between strongly dependent roles and the less frequent interactions between
weakly dependent roles. These networks can thus be categorized as networks
with homophily e↵ects, and our model can capture these relationshipss and
use them to make more accurate predictions.
• Social networks without homophilic e↵ects The football network is based
on a football game schedule over a season, in which the connections are built
not out of the node’s tendency to contact with familiar nodes but because
they are scheduled to play each other; thus the homophony principle does
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not apply in this network, and the resulting network cannot be described
as the accumulation of direct and indirect interactions, which leads to poor
performance with our DNMF model.

5.2.3

Discussion

Our thesis provides an overlapping community detection method that incorporates
the implicit structure information of the network. It should be pointed out the
observed results may depend on the specific assumptions that were made in the
design of our model.
First, we have assumed that the networks are the cumulative results of direct
and indirect interactions and that the indirect interactions are generated via the
transitive e↵ects of direct interactions. We identified two types of networks that
support this assumption: the statistical dependency-based network based on the
pairwise correlation or mutual information, and the social network based on an
individual’s social contacts. However, this assumption might not apply in some other
networks. For example, in our experiment, we attempted to detect communities in
the football network, and the result demonstrates our model’s weakness with social
networks without homophily e↵ects.
Second, in our proposed model, we rely on network deconvolution[31] to estimate
the strength of first-order interactions, which take the network as a cumulative result
of a transitive process with infinite order, and neglect the fact that most of the indirect interactions might be described within a certain order of the transitive process.
It would be interesting to extend the current model by incorporating the e↵ects,
that is, to deconvolve the network with consideration of the order of interactions.
In addition to the limitations mentioned above, our model requires that the
community size be given beforehand. Furthermore, in this thesis, we do not consider networks inferred by network di↵usion[68] and graphical models[66, 67, 101],
which have recently attracted increasing research interest. In the future, it would
be interesting to investigate these issues.
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Chapter 6
Conclusions and Future Work
In Chapter 6, we conclude our thesis and point out future work for investigation.

6.1

Conclusions

In this thesis, we propose a new overlapping community detection model, named
DNMF, that incorporates the structural information of the underlying network to
identify communities. The novelty of our model compared with previous methods
is that we derive a framework that can both distinguish the direct dependency
interactions from indirect dependency interactions and find communities to exploit
the hidden direct dependency structures. We evaluate our model by comparing
its modularity with four state-of-the-art methods on benchmark datasets collected
from di↵erent domains. The results show significant improvement in the community
detection performance in networks with homophilic e↵ects. Our model makes the
following contributions:
1. It can improve overlapping community detection performance by incorporating
hidden structural information, and most importantly, it overcomes the weakness of previous methods by introducing the direct dependency structures.
2. It provides a feasible method to distinguish the direct dependency structures,
which, despite their importance in many areas, remain a challenging problem
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due to the difficulty of determining the threshold value for a lack of ground
truth data.
3. It can be applied to various types of networks that are constructed either by
the statistical dependency approach or by the contact frequency approach,
which covers a wide range of networks from biological [23, 44, 86] to social
networks [59, 62].

6.2

Future Work

In the future, we will focus on the use of our approach to address further factors,
in addition to the detection of communities. Many important applications in the
environmental, epidemiological, social and economic sciences require identification
of the intrinsic dependency structure, which usually involves data sequences that
correlate both spatially and temporally. These observations can also be taken as the
cumulative result of direct and indirect causal e↵ects. Our model or a variant of it
might be able to provide valuable insight into the relationships of spatial temporal
phenomena. For example, we may extract a spatial temporal movement network on
the basis of the direct causal relationship and for efficient prediction of air pollution.
Thus far, the existing work on overlapping community detection considers only
a one-layer network in which edges represent the pairwise interactions between the
nodes. However, in reality, the relationships among di↵erent node pair interactions
might be constructed for di↵erent reasons. For example, some connections might be
a result of the node’s preference in domain A, whereas another connection might be
a result of its preference in domain B. Therefore, the network can be interpreted
in di↵erent perspectives, relating to their relationships in multilayer or multiplex
networks and the formulation of di↵erent community structures in di↵erent layers.
It might be more reasonable to consider the overlapping communities as groups
formulated via di↵erent perspectives. From such a network, we may discover the
direct dependency interactions across the layers and gain an understanding of how
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the network is formulated as the convolutional results of a multilayer or multiplex
network.
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