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Abstract

Since its inception in 1970, optical manipulation has evolved into a versatile tool
across many fields of science. Notably, the now widely employed optical tweezers
invented in 1986 is a good example, which is in essence a strongly focused
fundamental Gaussian beam. Although the optical tweezers remained as an
important tool in optical manipulation, the shaped structured light such as an
optical vortex beam also provides unusual light patterns and promotes exciting
discoveries.

This thesis is devoted to some unsolved theoretical aspects of optical manipulation.

Since optical force acting on a micro-particle is typically on the order of pN and
seldom larger than nN, it is a common belief that optical force is relevant in particle
manipulation only when all other forces are comparable or smaller than the optical
force. In chapter 2, surprisingly we showed that this is not always the case. Here,
we find that under appropriate condition, optical vortices can make a sphere orbit
around the beam center owing to the non-conservative optical force. If the sphere
is attached to a mechanical spring, the spring can be stretched significantly even
when the mechanical spring is orders of magnitude stronger than the optical force.
To the best of my knowledge, this is the first demonstration on how a weak optical
force can stretch a much stronger spring.
ii

In chapter 3, through rigorous simulations, the light scattering induced optical
binding of 1D dielectric photonic crystals (PC) is studied. The optical forces that
correspond to the pass band, band gap, and band edge are qualitatively different. It
is showed that light can induce self-organization of dielectric slabs into stable
photonic crystals, with the lower band edge of the photonic crystal coinciding with
the incident light frequency. To our knowledge, this is the first report of stable
binding of PC consisting of infinitely many particles. Incident light at normal and
oblique incidence, 2D photonic crystal consisting of dielectric cylinders, photonic
quasi-crystal, and photonic crystals with parity-time symmetry are also considered.

In chapter 4, we extend and generalize effective medium theory to compute
electromagnetic stress in metamaterials using effective medium theory and the
Helmholtz tensor. For a metamaterial, which consists of a large number of subwavelength constituents, it will be extremely computationally expensive and
difficult to solve the macroscopic electromagnetic fields. Fortunately, it is known
that conventional effective medium theory can faithfully describe the wave
propagation through these materials in the long wavelength limit. Here we find that
the numerical values of the permittivity and permeability alone are insufficient in
calculating the optical stress. We need the electrostriction and magnetostriction
terms as well. We further generalize previous approach by treating the
electrostriction and magnetostriction as operators. This approach turns out to be
quite accurate, and we can easily go beyond previous limitation such as the
iii

requirement of low filling ratio. An effective medium theory that works for stress
calculation is highly desired. Using effective medium theory to treat the
metamaterial as a homogenous bulk material will greatly simplify the scattering
problem. Additionally, the effective medium approach also captures the underlying
physics.

iv
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Chapter 1: Introduction

1.1

Introduction to optical trapping, optical binding

Not surprisingly the interaction between light and matter has caught the attention
of scientists for almost as long as the history of science. We are all under the
illumination of the sun light every day, and this is the major source of energy on
earth. In the macroscopic world, our common sense seems to suggest that light
exerts no force on matter, simply because we feel nothing as the light shines upon
us. In reality, there is actually a light induced radiation pressure that is way too
small to be detectible by our sense.

Based on his electromagnetic theory, Maxwell showed the existence of the
radiation pressure along the direction of the propagation of the electromagnetic
waves is a consequence of the transfer of the momentum from electromagnetic
waves to the object under illumination [1]. This now well—known radiation
pressure is also called the optical scattering force, a technical term that denotes the
non-conservative part of the optical force. This scattering force tends to push the
object to move in the direction of light propagation. The transfer of momentum
pushes the object to move forward. On the other hand, the gradient of the
electromagnetic field tends to draw the object toward the high intensity regions to
minimize the free energy of the system. This kind of force due to the gradient of
1

the field intensity is called gradient force, which is responsible for the phenomenon
of optical trapping and it has very wide applicability. Optical trapping is proven to
be a very useful tool in many fields of science and engineering wherever small
particles play a role [2-26], since its first experimental demonstration in 1970 [27]
and the first observation of a single beam gradient force optical trap in 1986 [28].


The gradient force with vanishing curl ∇ × Fg = 0 is a conservative force, while

the scattering and absorption force with vanishing divergence ∇ ⋅ Fk = 0 is a non-

conservative force. And they are the two components of the total optical force [29].
For a dielectric particle, as the gradient force dominates near the focus of a strongly
focused beam, it can overcome the scattering force arising from the radiation
pressure, and thus the particle can be optically trapped near the focus. Although the
standard Gaussian beam is exploited in most trapping schemes, the phase and
amplitude of the optical field can be shaped by equipment such as the spatial light
modulator to provide unusual light patterns and promotes exciting discoveries [3045]. Among the exciting family of structured light, optical vortex beam such as
Laguerre Gaussian (LG) beam is a simple but remarkable example.

In 1989, Burns and coworkers demonstrated another weaker interaction between
multiple particles, which is now known as the optical binding force arising from
the multiple scattering of light between particles [9]. The light scattered by the
particles interfere with the background incident light, which modifies the spatial
2

distribution of the electromagnetic fields of the system and thus modifying the
optical force and coupling the particles together. Burns’ work has encouraged some
scientists to study the phenomenon — optical binding [10, 23, 46-58]. This optical
binding force turns out to have a very long interaction range, i.e., The optical
binding force are inversely proportional to the separations between the particles. It
is then supposed that such interactions can modulate the particles positions and can
serve as a novel way for optical manipulation and bind particles into stable
configuration. However, to the knowledge of the author, the stable cluster bound
by the optical binding is not big, on the order of hundreds of particles at most.
Whether optical binding can bind a large number of particles in stable states
remains an open question.

In chapter 2, we show how a strong mechanical spring attached to a metal particle
can be excited by a much weaker optical force, demonstrating that the limited
optical force can be significant even when it is confronted with other strong forces
such as a strong 3D harmonic oscillator. Optical force is typically on the order of
pico-Newton. Accordingly it is anticipated that only processes whose force scale
is on the order of pico-Newton will be relevant. Here, on the contrary, we find that
due to its non-conservativeness, optical vortices can effectively excite a spring with
orders of magnitude stronger stiffness compared to that of the optical trap. An
optical vortex beam can rotate a particle around the beam center, even if the sphere
3

is connected to a spring with stiffness orders magnitudes stronger than that of the
optical trap. When the system comes to its steady state, the sphere moves in a
circular orbit. The strong restoring force from the spring is counter balanced by the
centripetal force plus the small optical force. This work provides a novel route to
stretch an object that is bound by a much stiffer spring (by >3 orders of magnitude
stronger) and it has great advantages over the driven harmonic oscillators as the
latter can only be excited with strong amplitude when driven at the resonance
frequency.

In chapter 3, a large number of parallel dielectric slabs in air are optically bound
into a stable photonic crystal, demonstrating for the first time that optical binding
can bind objects into a periodic structures like real material. Photonic crystal is put
forward by Yablonovitch [59] and John in 1987 [60]. Just like real crystals can
control the motion of electrons [61], photonic crystal can alter the motion of light,
forming photonic band structure, which analogous to the electronic band structure.
Light with frequencies in the band gap is forbidden to pass through the photonic
crystal [62]. Equilibrium configuration of the photonic crystal under light
illumination is identified by us using the pseudo molecular dynamics simulation.
Stable equilibrium configurations are found only when the structure is illuminated
by light with frequency at the lower band edge, where the stability is proven by the
linear stability analysis. Besides, by using the dynamical matrix approach, it is
4

found that even for infinite number of slabs, at the lower band edge, we can always
find a stable equilibrium configuration. Consequently, if the slabs are arranged
nearly periodically, with the illumination of light at the lower band edge frequency,
they will assemble themselves into a stable photonic crystal.

In chapter 4, how to calculate the optical force density inside a metamaterial in the
framework of effective medium theory (EMT) is discussed. Computing the
electromagnetic fields in a metamaterial can be formidably complicated when a
large number of unit cells are involved. However, if we apply effective medium
theory to treat the entire metamaterial as a piece of homogenous material, it will be
much easier, and with Helmholtz tensor, the optical force density in metamaterial
can be calculated. W. J. Sun et al. first analytically derived the electrostriction term
required in evaluating the Helmholtz tensor for two-dimensional (2D)
metamaterial systems using multiple scattering theory [63]. However, Sun treated
the deformed system as isotropic, so did the electrostriction, and introduced an
effective wave vector, which is not reasonable. In consequence, the force computed
by the Helmholtz tensor in terms of the effective medium fields is inaccurate. Here,
we treat the electrostriction and magnetostriction terms as operators rather than a
function to compute optical force density in the metamaterial. Results computed
by Helmholtz tensor using different EM models agree with those computed by
Maxwell tensor in terms of the microscopic structures very well, demonstrating
5

that our approach is precise in computing the force inside a medium.

6

1.2

Recent progress in optical trapping and binding

1.2.1 Optical trapping
It was A. Ashkin who pioneered the optical trapping field in its early years. In 1970,
he demonstrated, for the first time, that particles can be accelerated by the radiation
pressure. When illuminated by a pair of counter-propagating TEM00 -mode laser
beams, particles can be trapped stably, i.e. stably confined in a fixed position [27].
He also experimentally demonstrated the stable levitation of a glass sphere by a
single TEM00-mode laser beam [64], as the gravity of the sphere is offset by the
radiation pressure. After years of exploration, he eventually developed a single
beam gradient force optical trap [28], which is now known as the “optical
tweezers”. This optical tweezers is versatile and simple, and can grab and move the
particles. Since then, optical trapping has become a main stream tool in many fields
of science.

Optical trapping turns out to be a very important technique. It played a very
important role in laser cooling and trapping of atoms. Steven Chu and others
successfully achieved the trapping of neutral atoms using a single, strongly focused
beam optical trap [19, 65, 66]. The series of works in laser cooling and trapping of
atoms won Steven Chu, Claude Cohen-Tannoudji and William Daniel Phillips
the Nobel Prize in Physics in 1997.
7

Optical trapping is also widely applied in biology such as manipulating living
bacteria, viruses, cells, and large molecules [5, 67-69]. The success of trapping red
blood cells in capillaries of living mice is a big step forward of the optical tweezer’s
application in biology [69]. This experiment exhibits great potential that optical
tweezers might be applied to processes in vivo like the targeted drug delivery, cell
sorting, and cell migration [69]. Optical tweezers are also applied to study the
biological molecules. As the molecules are so small that they may not be
manipulated by optical tweezers directly, they are often attached to a micrometersized dielectric bead which serves as a handle. By manipulating the position of the
bead, one can move the biological molecules as well. As a result, optical tweezers
becomes an exquisite tool in manipulating the biomolecules such as DNA and RNA.
This is an important step in studying intricate biological process [15, 70-72].

After the breakthrough work of Allen in 1992, the laser beam carrying orbital
angular momentum has attracted significant attention [73]. Such beams have been
applied in the field of optical manipulation and have achieved great success.
Optical tweezers carrying angular momentum (including spin angular momentum
which is abbreviated as SAM and orbital angular momentum which is abbreviated
as OAM) not only can trap a particle but can also spin or rotate the trapped particle
due to the spin and orbital angular momentum of the beam [32,74]. K. T. Gahagan
8

demonstrated a three dimensional trapping of a hollow sphere using a laser vortex
beam carrying angular momentum holographically generated in 1996 [44]. In 1997,
Simpson et al. set up an apparatus which operates like an optical spanner using a
LG mode laser beam. In the experiment, not only the particle can be trapped by the
optical spanner but also can be rotated if the particle is absorbing. This experiment
in turn proved that a LG beam possesses orbital angular momentum [75]. Later, in
2001, L. Paterson and his group demonstrated a spiral interference pattern of a LG
beam with a plane wave. This setup can set the objects trapped into rotation even
if the particle is lossless. By changing the beam pattern, rotation rates of the objects
are controlled [76].

Most common optical trapping schemes use a high numerical aperture (NA)
objective to highly focus the laser beam, which is known as far-field trapping
scheme. This is because the trapping is performed by the propagating far-field
component of a focused laser beam. In addition to the far-field trapping, a nearfield trapping which utilizes the evanescent wave illumination has also been
proposed [77-81] and demonstrated [80-81].

Novotny [78] proposed an optical trapping scheme based on the highly enhanced
electric field close to a laser-illuminated metal tip. This trapping scheme can be
used to trap and align the particles in aqueous environment at the nanometer scale.
9

In this near-field trapping scheme, the particle is first trapped by conventional
approach, then a sharp metal tip is brought to the focus of the beam. Once the
polarization of the beam is along the tip axis, the particle can be trapped to the near
field of the tip. By translating the tip, the particle can be moved within the focal
region of the beam. If the laser illumination is turned off, the trapped particle can
be released. However, this approach also faces some difficulties in the experiment
because of the strong heating effect due to the sharply pointed metal tip.

K. Dholakia et al. achieved the near-field optical micromanipulation using the
cavity enhanced evanescent waves produced with a resonant dielectric waveguide
(or dielectric resonator) [79]. The dielectric resonator is composed of a high
refractive index cavity layer and a low refractive index coupling layer and can be
used to generate Fabry-Perot-like cavity modes. The optical force for the colloids
in the experiment is ten times enhanced as the evanescent waves is enhanced due
to the dielectric resonator. In addition, using two counter-propagating cavity
enhanced waves, one can achieve stable accumulation and ordering of large scale
arrays of colloids.

Grigorenko et al. report the first experimental realization of three-dimensional
nanometric optical trap using the strongly enhanced and localized near-fields of a
metallic nanostructure instead of a sharply pointed metal tip [81]. Arrays of gold
10

nanodots arranged in tightly spaced pairs are fabricated on a glass substrate using
high-resolution electron beam lithography, with the illumination of light, the
plasmon resonances can be excited. When the light is focused close enough to the
substrate, as the near-field of nanodots dominates the trapped bead, the trapped
bead can move in a step-like manner from one stable trapping point generated by
near-fields of an illuminated nanodot pair to the next illuminated pair as the laser
is moved along the nanodot array.

11

1.2.2 Optical binding
It was M. M. Burns who first put forward the concept of optical binding in 1989
after studying the light scattering induced interaction between two dielectric
spheres [9]. When illuminated by a 2.2 W argon-ion laser beam, the spheres were
found to have some preferred separations and these preferred separations are
multiple of wavelengths where the interaction energy is believed to be a minimum
there. With this fundamental but pivotal discovery, optical binding is thought to
have the potential of becoming a useful tool to the self—organization of a
structure—sometimes known as optical matter [10].

In 1990, Burns et al. studied the self-assembly of the colloidal suspension of
polystyrene spheres illuminated by interference fields composed of up to five
beams [10]. This is a good example of particle self-organization due to the intensity
of the incident light beams. Ng et al. theoretically studies the organization of stable
photonic clusters that are bound by light in 2005 [82]. Shortly after the theoretical
prediction, in 2006, C. D. Mellor et al. assembled particles into ordered 2D arrays
using evanescent waves [83] and found that the particle size and the polarization
of the two laser beams determined the symmetry and dynamics of the self-arranged
arrays [84].

Two groups independently reported the longitudinal optical binding [48, 85]. The
12

particles bound by two counter-propagating beams arrayed themselves into one
dimensional chain along the axis of the beam propagation. In the experiment
performed by S. A. Tatarkova et al., colloidal suspensions of polystyrene spheres
were bound into one dimensional arrays using two counter-propagating Gaussian
beams. These one dimensional arrays are observed with spheres the diameter of
which is either 2.3 µ m or 3 µ m [48]. W. Singer and his group trapped several
particles into one dimensional array using a pair of fiber optical trap [85]. The
behavior of the trapped particles depends on their size strongly. The particles which
are larger than the laser wavelength formed a chain in touch with their neighbors
while those smaller than the laser wavelength are equal-distantly separated.

M. P. MacDonald and his group successfully constructed 3D structures using two
interfered LG beams. If a frequency difference is introduced between the two laser
beams, the optically bound 3D structures can be rotated continuously [86].

In 2006, T. M. Grzegorczyk proposed that particle can be stably trapped in a regime
where only the scattering force and optical binding force are involved [87]. Using
a single plane wave (x direction incident) and two walls each of which is composed
of 9 vertical arranged particles (y direction) separated by 595nm, stable equilibrium
is created around the middle (x=297.5nm) of the two walls. This is because the x
component of the forces is positive when x<297.5nm while negative when
13

x>297.5nm and the vertical force is null, so stable trapping is achieved [87].

Many other theoretical works are worth mentioning. F. Depasse formulated the
optical binding force explicitly between two Rayleigh particles. However, this
method is invalid for the particles that are beyond Rayleigh regime [88]. In 2001,
P. C. Chaumet et al. studied the optical binding of two particles either isolated in
water, or on the surface of a flat dielectric [46] using the coupled dipole method
(CDM), which was invented by E.M. Purcell and C. R. Pennypacker to compute
the scattering of light by small particles [89]. The CDM where the object is divided
into a set of dipole can be used to calculate the optical force of particles with
arbitrary shape and composition. In 2007, V. Karesek and P. Zemanek analytically
described the longitudinal optical binding force acting on two nano-spheres in two
counter propagating Bessel beams using the CDM [90]. Later V. Karasek and his
group investigated the longitudinal optical binding of several spherical particles
theoretically and several stable equilibrium configurations of the particles were
observed in the experiment, which agreed well with the analysis by the CDM in
2009 [91].

Quite recently, there are many reports on trapping and binding of aerosol particles
in air. M. Guillon for the first time studied the longitudinal optical binding between
two oil droplets in air experimentally and theoretically in 2006 [56]. The forces
14

acting on the particles are calculated by an exact multiple scattering theory. Later,
D. R. Brunham and D. McGloin demonstrated the aerosol droplets trapping and
binding in air using the Holographic optical tweezers [92]. In 2008, M. Guillon and
B. Stout used the imaging and spectroscopic analysis to study the mode coupling
in the optically bound salt-water droplets in air. The deformation of glare point [3]
images in the optical binding systems implied a mode coupling of the structures
[94]. The binding phenomenon in air developed new opportunities to selfassembling photonic crystals.

15

Chapter 2: Strong Spring Excited by Weak Force

In a typical experiment, optical force is on the order of pico-Newton. Accordingly
it is anticipated that only processes whose force scale is on the order of picoNewton or below will be relevant to optical forces. Here, on the contrary, we find
that owing to its non-conservativeness, optical vortices can effectively excite or
stretch a spring that are orders of magnitude stronger than the optical forces.
Thereby proving that under appropriate conditions, the limited optical force can be
significant even when it is confronted with other much stronger forces.

The Poynting vector of an optical vortex propagates along the beam axis in a spiral
manner due to the orbital angular momentum the vortex carries [88, 93, 95-103].
A torque is exerted on the particle by this rotating energy flux, leading to the
rotation of the particle about the beam axis. If the particle is attached to a strong
mechanical spring (for simplicity, the effect of the spring on the beam is neglected
here), the beam may gradually set the particle into rotation, where the centrifugal
force associated with the circular motion counterbalance the restoring force from
the strong spring. Once the frictional force due to the ambient damping is offset by
the rotatory force generated by the beam, the sphere will rotate in a ring at a
uniform speed with the centripetal force mostly provided by the spring, as the
centripetal force due to the beam is negligible. As long as the viscosity of the
16

ambient medium and the radius of the sphere are known, the angular speed of the
sphere can be computed by Stokes’ law. As the sphere moves in uniform circular
motion, we can easily compute the radius of the ring if the stiffness of the spring is
known and vice versa.
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2.1 Exciting a strong spring with an optical vortex beam

2.1.1 Optical angular momentum
In 1909, Poynting noticed that the polarization of light is associated with spin
angular momentum of light [104]. However, the orbital angular momentum of light
caught attention at a much later time: L. Allen and his group at Huygens laboratory
of Leiden University found in 1992 that laser light beam with its amplitude
possessing an azimuthal angular dependence of exp(−ilφ ) possesses a welldefined orbital angular momentum that is independent of the polarization state of
the beam [73]. The amplitude of the LG beam can be described by
−r2

2r 2 ( w2 ) − ilφ
E ( LG ) ∝ r L ( 2 )e e ,
w
l
p

l l
p

2.1

where w is the beam waist or the radius at which the Gaussian factor falls to 1/e of
its on-axis value, r is the distance from the central axis, Llp is the generalized
Laguerre polynomial and φ is the azimuthal angle [105, 106]. l is the topological
charge, while p denotes the number of radial nodes. Figure 2.1.1 illustrates a LG
beam with l = ±1 . For these beams, the angular momentum arises not from the
photon spin but the helical phase front. With the helical wave front, the Poynting
vector (beam energy flux) might spiral along the direction of the beam propagation
[106, 107, 108], producing orbital angular momentum. As the Poynting vector
spirals around the beam axis and has a dark center, such beams are also called
optical vortices. This angular momentum can be transferred to the material objects
18

[109], driving them into rotation.

As the Laguerre-Gaussian beam possesses an explicit azimuthal angular
dependence of e − ilφ , it is a very convenient way to study orbital angular momentum.
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Fig. 2.1.1 LG beam with the topological charge l = ±1 and the number of radial
nodes p = 0 . The instantaneous phase schematic of the beam is showed on the left
column while the projection of the intensity profile in the XY-plane is showed in
the middle column. The right column is the intensity profile of the beam.
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2.1.2 Principles of exciting a strong mechanical spring by using
a weak optical force
The force analysis of a sphere attached to a mechanical spring and illuminated by
a vortex beam is shown in Fig, 2.1.2. The total force exerted on the particle is equal
to the sum of the optical force, the force due to the spring, and the damping force.
Optical force can be expressed in a Taylor series and only the linear term dominates
at the vicinity of the equilibrium position:



d 2 ∆x  
=
Fo m 2 ≈ K o ∆x .
dt

2.2






 
d 2 ∆x
d ∆x  
d ∆x
= K ∆x − γ
F = m 2 ≈ ( K o + K s )∆x − γ
,
dt
dt
dt

2.3

The total force is


where m is the mass of the particle, ∆x is the displacement away from the



∂ ( flight ) j
equilibrium position, ( K o ) jk =
∂∆x is force constant matrix for the optical
k


 
force, and K s is the force constant matrix for the spring. K o ∆x is the optical force,
 
K s ∆x is the force due to the spring and γ is the damping constant of the ambient




medium. K is the sum of K o and K s . And the friction term is due to the Stokes’
drag between the particle and the ambient medium. Here, the Brownian motion is
neglected as we assume that the optical force is significantly stronger at high
intensity. The spring is also assumed to be small so it does not affect the
electromagnetic fields. The eigenvalues of the force constant matrix are the eigen
force constants (EFCs), while the eigenvectors represent the vibration modes.
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By introducing the transformation


Vη ,
∆x ' =

2.4




where the columns of V are the eigenvectors of K and diagonalizing the K with
eigenvalues K i ’s,

 
V −1 KV = ∑ xˆi xˆiT K i ,

2.5

i

the equations of motion are decoupled and can be simplified to

d 2ηi
dη
m =
K iηi − b i ,
2
dt
dt

2.6

which can be solved by substituting the general solution into Eq. 2.6:

η i = η i 0 e iΩ t ,
i

2.7

where ηi 0 is a constant. The natural vibration frequency of the system is given by

Ωi 0 =

− Ki
.
m

2.8

There can be several distinct and qualitatively different types of characteristic
vibration modes for the sphere attached to a spring illuminated by the vortex beam:
unstable mode, stable mode and complex mode which includes complex unstable
mode and complex quasi-stable mode.

Unstable mode associated with an imaginary natural vibration frequency
If the eigenvalue of the force constant matrix Ki is real and positive, from the
definition of natural vibration frequency Eq. 2.8, the natural frequency is purely
imaginary and the corresponding vibration mode is
22



−t
=
∆xi (t ) e −γ t /2 mV { Ai e

( γ /2 m )2 +|Ωi 0 |2

+ Bi e

t ( γ /2 m )2 +|Ωi 0 |2

},

2.9

where Ai and Bi depend on the initial conditions. This kind of mode is unstable as
the displacement away from the origin diverges with time as illustrated in Eq. 2.9.

Stable mode associated with real natural vibration frequency
If the eigenvalue of the force constant matrix Ki is real and negative, the natural
vibration frequency is real and the corresponding vibration mode is similar to that
of a damped harmonic oscillator. For (γ / 2m) 2 > Ωi20 ,



−t
=
∆xi (t ) e −γ t /2 mVi { Ai e

( γ /2 m )2 −Ωi20

+ Bi e

t ( γ /2 m )2 −Ωi20

},

2.10

where Ai and Bi depend on the initial conditions. The vibration mode is over
damped. For (γ / 2m) 2 = Ωi20 , the motion of the particle is



∆=
xi (t ) e −γ t /2 mVi [ Ai + Bi t ] ,

2.11

where Ai and Bi depend on the initial conditions. The vibration mode is critically
damped. And for (γ / 2m) 2 < Ωi20 , the motion of the particle is



=
∆xi (t ) Ai e−γ t /2 mVi sin( Ωi20 − (γ / 2m) 2 t + φi ) ,

2.12

where Ai and φi depend on the initial conditions. The vibration mode is under
damped. These three damping modes: 2.10, 2.11 and 2.12 all converge to the
equilibrium position as time goes by. Therefore, they are all stable modes.

Complex mode associated with complex natural vibration frequency
For an optical vortex beam, as the force constant matrix is not symmetric, a
complex conjugate pair of eigenvalues will appear sometimes. And the trajectories
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corresponding to the conjugate pair of eigenvalues are




=
∆xi ± (t ) Ai ± e − Im( Ωi± )t {Re(Vi )sin[Re(Ωi ± )t + φi ± ] + Im(Vi ) cos[Re(Ωi ± )t + φi ± ]} , 2.13


where the columns of Vi are the eigenvectors corresponding to eigenvalue Ki of the


force constant matrix, K . { Ai ± , φi ± } depend on the initial conditions, and
[(γ 2 + 4m Re{K i }) 2 + 16m 2 Im{K i }2 ]1/4 sin(δ i / 2)
Re(Ωi ± ) =
2m
, 2.14
2
2
γ ± [(γ + 4m Re{K i }) + 16m 2 Im{K i }2 ]1/4 cos(δ i / 2)
Im(Ωi ± ) =
2m

and

 −1 4m Im{K i }
if γ 2 + 4m Re{K i } > 0
 tan 2
γ + 4m Re{K i }

δi = 
.
2
π − tan −1 4m Im{K i }
if γ + 4m Re{K i } < 0

γ 2 + 4m Re{K i }


2.15

Complex unstable mode associated with complex natural vibration frequency
where Re{ K i } > 0


When Re{K i } > 0, Im(Ωi+ ) > 0 , the ∆xi + (t ) mode will spiral inward and finally

settle down at the equilibrium, thus it is stable. While Im(Ωi− ) < 0 , the ∆xi − (t ) mode
will spiral outward and diverge with time, so it is unstable. Therefore, the system
possessing a complex eigenvalue K i with positive real part is unstable.

Quasi-stable mode associated with complex natural vibration frequency where

Re{ K i } < 0

When Re{K i } < 0, the Im(Ωi+ ) > 0 , thus the ∆xi + (t ) mode will spiral inward and


finally settle down at the equilibrium. Here the ∆xi − (t ) mode is more complicated.
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0 , and the vibration frequency is real. In this
There is a point where Im(Ωi− ) =

situation, the damping γ is called γ critical , ∆xi − (t ) modes will not spiral outward


nor inward. If γ > γ critical , or equivalently Im(Ωi− ) > 0 , the ∆xi − (t ) mode will spiral
inward while outward when γ < γ critical , i. e. Im(Ωi− ) < 0 . We call this kind of
mode the quasi-stable mode as the stability depends on the ambient damping.

Substituting Eq. 2.7 into Eq. 2.6, we arrive at
−mΩi2= K i − iΩiγ .

2.16

As Ωi is real and Ki is complex, Eq. 2.16 can be simplified

−mΩi2 =Re( K i )
iΩ i γ =
i Im( K i )

.

2.17

Eliminating Ωi from Eq. 2.17, the expression for γ critical is obtained

γ critical =

m Im( K i )

.

2.18

Re( K i )

Generally, the solution to the linearized equation of motion 2.6 is a linear
combination of stable mode which will finally settle down at the equilibrium,
unstable mode which diverges with time and complex mode including the complex
unstable mode that diverge with time and quasi-stable mode which can be
stabilized when the ambient damping is bigger than the critical damping. If there
are only stable modes, the system will be stable. If the stable mode and quasi-stable
mode appeared, it is called quasi-stable, i.e. it can be stabilized when the ambient
damping is sufficiently strong i.e., γ > γ critical , and unstable otherwise.
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Fig. 2.1.2, Force analysis of a sphere attached to a spring illuminated by an optical
vortex beam. The spring force (blue) is computed according to Hook’s law, the
damping force (violet) is calculated according to Stokes’ law, the optical force
(black) is computed using Mie theory and Maxwell stress tensor.
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2.2 Dynamics of a sphere attached to a spring

2.2.1 Excitation of the strong spring by optical vortex beam
In our simulation, a focused LG beam serves as the invisible driving motor to excite
the strong spring that is attached to a sphere. The strong string can be a molecule,
cell, or otherwise. The scattered field is calculated by the Mie theory while the
influence on the electromagnetic field by the spring is assumed to be negligible
[110] (see Appendix A) and the optical force is computed using the Maxwell stress
tensor formalism via a surface integral [111, 112]. In light of linear stability
analysis, for a trapping beam propagating along z direction with a sphere attached
to a spring in the beam center, the force constant matrix can be expressed in the
general form:

 a + kx
 
=
K  g
 0


d
b + ky
0

0 

0 ,
c + k z 

2.19

where a, b and c represent the three restoring force constants induced by the optical
force and k x , k y , k z represent three restoring force constants due to the spring [113].
By the reflection symmetry of the system,

∂flight , z

∂y

∂flight , x

∂z

,

∂flight , y

∂z

,

∂flight , z

∂x and

are zeros [35]. As the vortex beam carries orbital angular momentum, it

will experience a torque denoted by the off-diagonal elements d and g. Because the
Poynting vector (beam energy flux) spirally propagates along the beam axis,
exerting a torque on the sphere. Three eigenvalues
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K axial = c + k z and

K trans ± =

1
[a + k x + b + k y ± (a + k x − b − k y ) 2 + 4dg ]
2

are

obtained

by

diagonalizing the force constant matrix. It can be seen that K trans ± are complex
numbers when −4dg > (a + k x − b − k y ) 2 .

The eigenmodes corresponding to the complex eigenvalues are Eq. 2.13 discussed
above. We also learned from linear stability analysis that for the quasi-stable
eigenmodes, the damping of the surrounding medium and the critical damping
determine whether the sphere can be trapped stably or not. Therefore, to see
whether we can excite the strong spring by the weak optical force, we need to find
out the critical damping of the system. In light of Eq. 2.18, the critical damping
for an isotropic strong spring ( k x = k y ) can be expressed as

γ critical =

(a − b) 2 + 4dg

m

a + b + 2k x

.

2.20

The force constant matrix of the system in which only a sphere is trapped is given
by

a
 
K =g

0

0

b 0 .
0 c 

d

K trans ±=

The eigenvalues of Eq. 2.21 are

2.21

1
[a + b ± (a − b) 2 + 4dg ] and
2

K axial = c , the critical damping is expressed as
γ critical =

m

(a − b) 2 + 4dg
a+b

.

2.22

Compared with Eq. 2.20 and Eq. 2.22, the sphere—spring system has a smaller
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critical damping than a system trapped by the vortex beam as the denominator is
larger while the numerator is the same. Therefore, it will be harder to drive the
sphere because it has a harsher requirement on the surrounding medium due to the
smaller critical damping in the experiment.

To be concrete, we attached a gold sphere to a strong spring whose stiffness is

1 N / m . The permittivity of gold can be described by the Drude model [110]:

ε = 1−

ω p2
ω 2 + iωγ

,

2.23

where =
ω p 1.37 ×1016 rad / s is the plasma frequency and γ = 4.084 ×1013 rad / s is
the damping constant [114]. At the incident wavelength of λ = 1064 nm , the
permittivity of the gold is ε =
−58.85 + 1.38i . The EFCs (a) and phase diagrams
(b) for a gold sphere—spring system in air trapped by a linearly and circularly
polarized LG beam at a power of 1 W are respectively shown in Fig. 2.2.1 and
Fig. 2.2.2. The red regions in the phase diagrams are unstable while the white
regions are stable. The critical damping of the system is denoted by the blue curves.

From the Stokes’ law, the frictional force acting on a small sphere moving through
a viscous fluid is

Fd = 6 π η r v ,

2.24

where Fd is the Stokes’ drag – the frictional force acting on the particle, η is the
dynamic viscosity (the viscosity of air at 20 C is about 17.51 pN µ m -2 µ s ) and r
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is the radius of the sphere and v is the relative velocity between the fluid and the
sphere. Now we can see that the damping of air Fd / v at room temperature is
about 330 r pN µ m -2 µ s . The damping of air is indicated in Fig. 2.2.1(b) and Fig.
2.2.2(b) by the cyan curves. Clearly, for the circular polarized LG beam, when the
radius of the gold sphere is 0.5 µ m , and mass is 1.011×10-14 kg, the damping of
air is about 165 pN µ m -1 µ s which is smaller than the critical damping as is
shown in Fig. 2.2.2 (b). This implies that it is possible to excite the sphere.

The trajectories of the sphere—isotropic spring system when illuminated by the
LG beam at a power of 1 W are plotted in Fig. 2.2.3 at four different damping
levels in units of pN µ m -1 µ s which are (a) 55, much smaller than the damping of
air, (b) 165, about the damping of air, (c) 250, larger than the damping of air but
smaller than the critical damping and (d) 550, far beyond the critical damping.
When the damping is weak, as shown in (a), the sphere spirals outward at first, and
finally, it will go into in a periodic orbit centered at the origin (red lines in (a)-(c)).
The smaller the damping, the larger the radius of the orbit. As the sphere is linked
to the strong spring, the radius of the orbit is the stretch of the spring. When the
ambient damping is strong, the sphere will rapidly damped to a stable equilibrium
position where the total force is zero as shown in (d).

Accordingly, as long as the condition

γ air < γ < γ critical ,
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2.25

is satisfied, the sphere—isotropic spring system can be excited and will eventually
be in a stable orbital motion. It should be noted that the circular orbit has a radius
on the order of microns. Therefore the restoring force at that elongation from the
spring is about 3 orders larger compare to the optical force. The reason that the
optical force can excite or stretch such a strong spring is because the restoring force
from the spring is counter balanced by the centrifugal force associated with circular
motion.

The centripetal force mostly comes from the strong spring (the force due to the LG
beam is ignored here because it is too small), in terms of Newton’s law
   ν 2
f=
k s ⋅ r =m  ,
s
r

2.26



where f s is the force due to the spring, m is the mass of the gold sphere, ν is


the velocity of the sphere, r denotes the position of the sphere, k s represent the

stiffness tensor of the spring.

Simplifying Eq. 2.26 yields






ν =
((k x r cos θ ) 2 + (k y r sin θ ) 2 ) / m =
kx r / m =
ky r / m ,

2.27

where k=
k=
1 N / m for the spring is isotropic.
x
y

According to Eq. 2.27, the velocity of the sphere should be linearly proportional
to the radius of the orbit in which the sphere will finally be trapped in. The
velocities versus the radius of the red orbit of (a), (b) and (c) in Fig. 2.2.3 are plotted
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in Fig. 2.2.4 and are denoted by the red, blue and black circles, respectively. The
slope of the line joining the three points is precisely 1/ m , as expected.

Taking the data of the red circle from the Fig. 2.2.4 as an example:

The radius of the orbit in which the sphere is trapped is 0.9809 µ m , while the
velocity of the sphere orbit around the origin is 9.7507 m / s . Substituting these
information into Eq. 2.26, we find that the force due to the spring is 980.9 nN
while the force comes from the right term is 980.51 nN . Consequently, the optical
force due to the LG beam is only 0.39 nN . In light of Stokes’ law, the friction force
along the tangential direction is fγ =
γv =
50 × 9.7507 =
0.488 nN , which is also
much smaller that the force due to the spring ( 980.9 nN ). This is an explicit proof
showing that the small optical force can be significant even when it is confronted
with other much stronger force.
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Fig. 2.2.1 (a) The transverse eigen force constants. (b) Phase diagram for a gold
sphere attached to a spring trapped in air at a power of 1 W by a linearly polarized
LG beam with λ = 1064 nm , l = 1 , f = 1 , NA = 1.2 . The white (red) regions are
stable (unstable). The blue line denotes γ critical while the cyan line marks the
damping of air at room temperature.
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Fig. 2.2.2 (a) The transverse eigen force constants. (b) Phase diagram for a gold
sphere attached to a spring trapped in air at a power of 1 W by a circularly
polarized LG beam with λ = 1064 nm , l = 1 , f = 1 , NA = 1.2 . The white (red)
regions are stable (unstable). The blue line denotes γ critical while the cyan line
marks the damping of air at room temperature.

34

Fig. 2.2.3 The trajectories of a 0.5-micron-diameter gold sphere attached to a spring
at four different damping levels. The cyan, magenta, blue and red colors denote the
four consecutive time intervals from early to late. The damping constant for each
panel are given by (a) 55, (b) 165, (c) 250, (d) 550 in units of pN µ m -1 µ s .
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Fig. 2.2.4 Red, blue and black circles are corresponding to (a), (b) and (c) in Fig.
2.2.3. As can be seen, the velocities are proportional to the radii of the orbits, as
shown by the magenta straight line.
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2.2.2 Excitation of the spring when the system is misaligned
Typically, in the experiment, it is difficult to align the equilibrium position and the
beam center. Therefore, it is important to explore whether the spring can be
stretched when the system is misaligned. The trajectories of the gold sphere trapped
in air by a circularly polarized LG beam at a power of 1 W is plotted in Fig. 2.2.5.
The damping for each panel are given by (a) 165, (b) 200, (c) 550, (d) 1000 in units
of pN µ m -1 µ s . The equilibrium positon of the sphere—spring system is assumed


to be at the position r = (0.01, 0.02, 0.03) µ m . The four distinct colors: cyan,
magenta, blue and red represent the four consecutive time intervals from early to
late. As seen, the spring can still be stretched as long as the ambient damping

γ < γ critical as shown in (a) and (b). (c) and (d) show that once the ambient damping
is larger than the critical damping, the sphere will finally converge to an
equilibrium position where the net force is zero.
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Fig. 2.2.5 Trajectories of the gold sphere (off center) trapped in air by a circularly
polarized LG beam at a power of 1 W . The damping for each panel are given by
(a) 165, (b) 200, (c) 550, (d) 1000 in units of pN µ m -1 µ s .
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2.2.3 Tension spring
We also consider a spring that only exerts a force that is parallel to its length. The
force due to the deformation is given by



=
f k ( r − l )er ,

2.28


where k is the stiffness, l is the equilibrium length of the spring, er denotes the



unit vector of r . The sphere is still gold, the radius is 0.5 µ m and the
surrounding medium is air with ambient damping of 165 pN µ m -1 µ s , which is the
damping in air when the radius of the sphere is 0.5 µ m . Fig. 2.2.6 (a) and (b) show
the trajectories of the spheres when the equilibrium lengths of the spring are,
respectively, 1.0 µ m and 0.6 µ m . The four different colors cyan, magenta, yellow
and blue denote four consecutive periods from early to late. As shown in Fig. 2.2.6,
the sphere finally settles into a periodic ellipse orbit which is marked by the bold
blue curves.
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Fig. 2.2.6 Trajectories of the sphere—spring system at two different free lengths
of the spring: (a) 1.0 µ m and

(b) 0.6 µ m , respectively. The damping of air is

165 pN µ m -1 µ s . The sphere settles into a stable periodic ellipse orbit at last which
is marked by the bold blue line.
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2.3 Conclusion and Discussion

The strong spring has been stretched successfully in air by attaching it to a gold
sphere driven by a circularly polarized LG beam due to its non-conservativeness.
If the spring is isotropic, the sphere will end in a uniform circular motion. The
stretch of the strong spring is contrary to our intuition as the optical force (~pN)
the sphere experienced is much smaller than the spring force (~nN), which shows
that the limited optical force can be significant even when it is confronted with
other stronger forces.

This approach can be used to manipulate biological molecules even they are much
stiffer. However, the damping of the water makes this stretching approach much
less effective, while in air, the chemistry and dynamics of the molecules are
different. This should also be taken into account carefully.
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Chapter 3: Photonic Crystals Bound by Light

Optical tweezers is usually used to trap a single particle. When it comes to many
particles, trapping becomes more difficult as particles from the edge of the structure
are blocking light and preventing it to reach the center of the structure. The spatial
intensity of light is thus redistributed due to the interference of the scattered and
incident light. Nevertheless, such particles may gather together into a stable
configuration via another mechanism other than trapping, a phenomenon called
optical binding. This optical binding was first observed in an experiment between
two spheres by Burns in 1989. There are preferred separation between the two
spheres and these preferred separations are separated by integer multiples of the
incident wavelength to minimize the interaction energy between the spheres. Thus,
optical binding was anticipated to bind a large number of particles into a stable
structure called “optical matter” [10, 52]. However, large-scale optical binding has
yet to be observed, despite some significant progress [46, 53, 54, 58, 112, 115, 116].
Here, we prove that an infinitely large structure can be bound by optical binding,
at least in the special case of a one-dimensional (1D) dielectric slab/air photonic
crystal. We rigorously confirm that with a beam of light tuned to the lower band
edge of the illuminated PC, the PC can be stabilized regardless of its size (e.g., 50,
500, 1000, or infinite slabs). To the best of our knowledge, this is the first report of
the stable binding of a PC with an infinite number of particles.
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3.1 Optical force densities in a 1D PC

3.1.1 Band structure of 1D PC
The unit cell of a one-dimensional (1D) PC we consider in this study is made of
several different materials. The terms anj and bnj are the electric field amplitudes
of the forward and backward waves, respectively, in the jth layer of the nth unit
cell, which consisted of three different materials, as shown in Fig. 3.1.1. According
to the electromagnetic boundary conditions, the electric field amplitudes in the jth
j +1
and (j+1)th layers are connected by a matrix M j , that is,

 anj 
 anj +1 
j +1
 j  = M j  j +1  ,
 bn 
 bn 

 cos δ j
M jj +1 = 
 iη sin δ
j
 j


sin δ j 
ηj
,
cos δ j 

3.1

i

3.2

where δ j = k0 n j d j cos θ j , here, k0 is the wave vector in free space, nj is the
refractive index of the jth layer, dj and θ j are the corresponding thickness and wave
propagation direction. The effective refractive index: η j = n j cos θ j for TE mode
while η j = n j / cos θ j for TM mode. According to the above equation, the electric
field amplitudes in the (j+1)th and (j+2)th layers can be connected by a matrix

M jj++12 , given by
 anj +1 
 anj + 2 
j +2
 j +1  = M j +1  j + 2  .
 bn 
 bn 

3.3

Therefore, we can obtain the relation of the electric fields between the jth and
(j+2)th layers, which is given by
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 anj 
 anj +1 
 anj + 2 
j +1
j +1
j +2
=
=
M
M
M
 j 
j 
j
j +1 
 b j +1 
 b j + 2  .
 bn 
 n 
 n 

3.4

For simplicity, we use the structure shown in Fig. 3.1.1 as an example. Without
loss of generality, we choose j = 1, and the relation of the electric fields of the jth
layers of the nth and (n+1)th unit cells can be obtained

 anj 
 anj+1 
n +1
 j  = M n  j  ,
 bn 
 bn +1 
where M nn +1 = M n1 M n2 ...M nj ,

3.5

j is the total number of the layers in one unit cell.

Using the Bloch theorem, the corresponding layers in different unit cells possess
the relationship

 anj  iq Λ  anj+1 
 j  = e z  j  ,
 bn 
 bn +1 

3.6

where qz and Λ are the z-component of Bloch wave vector and lattice constant of
the PC, respectively. With Eqs. 3.5 and 3.6, we arrive at

 anj+1 
 anj+1 
M nn +1  j  =eiqz Λ  j  .
b 
b 
 n +1 
 n +1 

3.7

The eigen-solutions can be obtained when the determinant of following equation
vanishes.
M 11 − eiqz Λ
M 21

M 12
=0,
M 22 − eiqz Λ

3.8

where M 11 , M 12 , M 21 , M 22 are the four elements of the transfer matrix, M nn +1 .
We then obtain the band structure of the PC by solving secular Eq. 3.8
=
qz

1
1
arccos( ( M 11 + M 22 )) .
Λ
2
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3.9

Fig. 3.1.1. Two unit cells composed of three different materials of a 1D PC. The
coefficients anj and bnj denote the forward and backward electric fields, respectively,
in the jth layer of the nth unit cell.
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3.1.2 Analytical and numerical calculation of force densities in
a 1D PC
To be concrete, we consider an N-slab PC consisting of alternating dielectric and
air layers. Its unit cell is illustrated in Fig. 3.1.2(a). The corresponding photonic
band structure calculated by the standard transfer matrix method (TMM) [117] is
plotted in Fig. 3.1.2(b). The relative permittivity of the dielectric ε diel = 4 , the
permeability of the dielectric

µdiel = 1 , the thickness of the dielectric

d diel = 80 nm , and the thickness of air d air = 120 nm . The same physics was
observed when similar dielectric constants and lattice constants were used.

Under laser illumination, light can exert optical forces on the slabs. For the
collection of parallel, infinitely large dielectric slabs in air, the time averaged
optical force (hereafter referred as the optical force for simplicity) is given by

=
F

6

∑∫
i =1

surface i


T=
⋅ da

∫

surface 1


T ⋅ da + ∫

surface 2


T ⋅ da .

3.10

We depict surfaces 1 through 4 by the yellow dotted lines in Fig. 3.1.2(a). Surfaces
5 and 6 are the top and bottom cover of the rectangle formed by surfaces 1 through
4. The time averaged Maxwell Stress Tensor in the air (surface 1 and surface 2)
[112] is given by
 1  * 2 * 1
 c2

T
=
ε 0 EE + c BB − (E ⋅ E* ) I − (B ⋅ B* ) I  ,
2 
2
2


3.11

By symmetry, the contributions from surface 3 and 4, and 5 and 6 (which are not
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shown) are canceled. As the slabs are arranged alternately along the z-direction, Eq.
3.11 can be simplified to
Fz 1
=
([2(ε 0 Ez ⋅ Ez* + µ0 H z ⋅ H z* ) − (ε 0 E ⋅ E* + µ0 Η ⋅ H* )] |surface 2
A 4
−[2(ε 0 Ez ⋅ Ez* + µ0 H z ⋅ H z* ) − (ε 0 E ⋅ E* + µ0 Η ⋅ H* )] |surface 1 ),

3.12

where Fz / A is z-component of optical force density.

For both the TE and TM modes in terms of the defined variables, Eq. 3.12 can be
simplified to
2
2
2
2
Fz 1
=
ε 0 ( A0 + B0 − C0 − D0 ) cos 2 θ ,
A 2

where

A0

and

B0

3.13

represent the forward and backward electric field

amplitudes on the left side of the slab (surface 1), whereas C0 and D0 are the
corresponding quantities on the right side (surface 2), and θ denotes the incident
angle (see Appendix B). Eq. 3.13 can be further written in terms of the Poynting
vector as
2
2
2
2
Fz 1
=
ε 0 ( A0 + B0 − C0 − D0 ) cos 2 θ
A 2
,
(( S1z − S 2 z ) − ( S3 z − S 4 z )) cos(θ )
=
c

3.14

where Siz (i = 1,2,3,4) denotes the z-component of the Poynting vector marked in
the figure of Appendix B.

Figures 3.1.3 and 3.1.4 plot the optical force densities on the PC when it is
illuminated at the four selected frequencies marked by arrows in Fig. 3.1.2(b) at
normal incidence. When illuminated at the pass band [Fig. 3.1.3(a)], the optical
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force densities oscillate along the length of the PC because of the interference
between the forward and backward propagating waves. We note that since the
reflected waves for 20 and 40 slabs are different, their optical force densities are
also different. However, the oscillatory character of the optical force density is
generic for PCs illuminated at a frequency within the pass band. It is noteworthy
that the amplitude of oscillating force density vanishes when

2 ε diel
=
d diel m=
λ (m 1, 2,3...),

3.15

where λ is the incident wavelength in air. This condition (Eq. 3.15) corresponds
to unit transmission for every slab, and thus the force goes to zero. The force
densities associated with an incident wavelength inside the first band gap are
plotted in Figs. 3.1.3(b) and 3.1.4(b). The field attenuates rapidly as it propagates
though the PC, as do the force densities. Figures 3.1.3(c), 3.1.3(d), 3.1.4(c), and
3.1.4(d) show, respectively, the force densities associated with the lower and upper
band edges. The curves in Figs. 3.1.3(c) and (d) appear to be linear, but for a larger
PC, as shown in Figs. 3.1.4(c) and 3.1.4(d), the linear relationship no longer holds.
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Fig. 3.1.2. (a) Schematic of a PC consisting of dielectric/air normally illuminated
by a linearly polarized plane wave with a modest intensity of 1.33 ×10−2 mW / µ m 2 .

µ=
1, d diel = 80 nm,
(b) Band structure for the PC with ε diel = 4, ε air = 1, µ=
diel
air
and d air = 120 nm. The term qz denotes z-component of the Bloch wave vector,
whereas Λ is the lattice constant. The photonic band gap is indicated by the
region

shaded

in
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blue.

Fig. 3.1.3. Optical force acting on the individual slab at the four selected
frequencies marked in Fig. 3.1.2(b) by colored arrows for 20 slabs (blue) and 40
slabs (magenta): (a) pass band marked by the orange arrow, (b) band gap marked
by the green arrow, (c) lower band edge marked by the red arrow, and (d) upper
band edge marked by the violet arrow.
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Fig. 3.1.4. Optical forces acting on an N = 1000 PC at the four representative
frequencies marked by arrows in Fig. 3.1.2(b): (a) pass band marked by the orange
arrow, (b) band gap marked by the green arrow, (c) lower band edge marked by the
red arrow, and (d) upper band edge marked by the violet arrow.
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3.2 Equilibrium configurations

As discussed in Section 3.1 and depicted in Figs. 3.1.3 and 3.1.4, the force acting
on a PC is generally non-zero. We shall now explore the possibility of binding and
self-organizing a 1D PC using light-induced forces. We searched for equilibrium
configurations in which the force on each slab was zero or equal using molecular
static simulations [118] by relaxing a periodic PC. The former is known as a static
equilibrium (zero force), whereas the latter is known as a dynamical equilibrium
(equal force), in which the entire structure will move while its shape remains fixed.

The simulation results can be summarized as follows. After relaxation, if an
equilibrium configuration is found, the slabs sometimes organize themselves into
aperiodic structures (especially for small N) and sometimes into a PC with nearly
uniform separation between the slabs (for large N). Regardless of the incident
wavelength, the equilibriums found (if any) with the use of molecular statics are
dynamic equilibrium configurations. When the reflection of light is not zero, the
force on the entire PC must be greater than zero. Accordingly, dynamic equilibrium
is the only possibility, as static equilibrium must have zero total force. Moreover,
dynamical equilibrium with more slabs will generally be associated with a smaller
force on each slab, as Fz / A  1 / N for each slab, which is evident in Fig. 3.2.1(a).
The equilibrium separations (lattice constants) between adjacent slabs are plotted
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in Fig. 3.2.1(b). The lattice constant is generally uniform except near the end of the
PC. We also identified the corresponding static equilibriums when the PC was
illuminated by a pair of identical counter-propagating plane waves, which can be
coherent or incoherent (data not shown).

Fig. 3.2.2 shows the band structure for a PC before (blue) and after (red) relaxation.
The initial PC was illuminated by a linear polarized plane wave at the upper band
edge of its first band gap. After relaxation, the PC rearranged itself into another PC
whose lower band edge coincided with the incident light frequency. This same
phenomenon was observed in all simulations we performed. In fact, in all of our
simulations, if the equilibrium configuration was a PC, one of its lower band edges
always coincide with the incident wavelength because at lower band edges,
standing waves that localized on the dielectrics are formed. The greater the number
of slabs, the less deviation from the equilibrium configuration to the ideal PC.
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Fig. 3.2.1. (a) Optical force acting on individual slab with different numbers of
slabs. The greater the number of slabs, the smaller the force. (b) The separations
(lattice constants) between two adjacent slabs in stable PCs bound by light.
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Fig. 3.2.2. Band structure of the initial PC, denoted by the blue line, and the newly
formed PC, denoted by the red line. Clearly, the lower band edge of the final PC is
aligned with the incident frequency.
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3.3 Linear stability analysis and dynamical matrix

3.3.1 Linear stability analysis
Equilibrium configurations were found, as mentioned above; however, whether
they were stable or not was unknown. Here, we adopted linear stability analysis
[82] similar to that mentioned in Chapter 2. What was different in this case was
that the force constant matrix here is for z-direction only. Because only the zdirection was considered here, the element of the force constant matrix was given
by


∂f j
K ij =
,
∂∆zi

3.16

where f j is the optical force acting on the jth slab when the ith slab is displaced
away from the equilibrium position by a distance ∆z .

In short, the stability is dictated by the natural vibration frequency through the
dependence of e − iΩt , where Ω is the natural vibration frequency. Depending on
the nature of the natural vibration frequency, the vibrational mode of an equilibrium
configuration can be stable (real frequency), unstable (imaginary frequency),
neutral (zero frequency), quasi-stable (complex frequency), or complex unstable
(complex frequency) [82]. All periodic equilibrium configurations we found
fulfilled the condition that the incident frequency matched one of the lower band
edges of the PC. Moreover, all were stable in the sense that their natural vibration
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modes were real numbers. The natural vibration frequencies for PCs with 50, 500,
or 1000 slabs were calculated and plotted in Fig. 3.3.1. All frequencies are real,
indicating that the structures are stable.
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Fig. 3.3.1. Natural vibration frequencies for PCs with parameters ε diel = 4, ε air = 1,

µ=
µ=
1, d diel = 80 nm, and d air = 120 nm .
diel
air
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3.3.2 Dynamical matrix of 1D periodic structure
We numbered the slabs using n and m. The term zn denotes the z-component of
the equilibrium position of the nth slab, and its displacement away from the
equilibrium position is denoted by un . The optical force acting on slab m, Fm , which
is a function of the coordinates of all slabs, can be expanded in a Taylor series about
the equilibrium positions zn :

∂Fm
un + 
n , m ∂un

Fm ( zn + un=
) Fm ( zn ) + ∑

=Fm ( zn ) + ∑ F u + 

.

3.17

m
n
n

n,m

The first term is zero because, by definition, there is no force at equilibrium.
Because it is near the equilibrium, the linear term dominates. The higher terms in
the expansion can be ignored. The quantity Fmnum is the force exerted on slab n when
slab m is displaced from the equilibrium position by distance um in the z-direction.
For the displacement un of slab n, Newton’s law gives
M nun − ∑ Fmnum =
0.

3.18

m

For periodic structures, it is appropriate to write the displacement un in terms of
a plane wave with respect to the slab coordinates according to the Bloch theorem.

un =

1
u (qz )ei ( qz ⋅ zn −ωt ) ,
Mn

3.19

Here, qz denotes the z-component of the Bloch wave vector. Submitting this form
into Eq.3.18, we can obtain an equation for the amplitude u .

ω 2u ( qz ) + ∑
m

1
Fmn eiqz ⋅( zm − zn )u (qz ) =
0.
3.20
M nM m
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We define

Dmn (qz ) = −

1
Fmn eiqz ⋅( zm − zn ) .
M nM m

3.21



Here, Dmn (qz ) is the component of the dynamical matrix D(qz ) . A system of linear
homogeneous equations only has solutions (eigen-solutions) when the following
determinant vanishes:



Det{D(qz ) − ω 2 I } =
0,

3.22


Here, I denotes the identity matrix.

The needed dynamical matrix was approximated by using the matrix formed by a
finite PC with 50, 500, and 1000 slabs. The fact that the results for 50, 500, and
1000 slabs agree excellently well with each other in Fig. 3.3.2. This suggests a
good convergence of our results. As shown in Fig. 3.3.2, the natural vibration
frequencies are all real, it is clear that when a PC is illuminated at the lower band
edge, we can find stable equilibrium state even for an infinite PC. The existence of
stable PC when illuminated at the lower band edge can be understood heuristically
[119]. At lower band edge, the inter-slab forces are zeros by symmetry. Also the
electromagnetic energy is mainly localized in the dielectrics, since the gradient
force tends to drive dielectrics to the high intensity region, the equilibrium is
expected to be stable. On the contrary, for the upper band edge, even though it also
corresponds to an equilibrium, its electromagnetic energy is localized in air,
rendering it unstable.
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Fig. 3.3.2. (a) Dynamical matrix for the infinite PC calculated by finite PCs with
50, 500, and 1000 periodicities. (b) Natural vibration frequencies, which are all
real, indicate that stable equilibrium configurations exist, even for infinite PCs.
Here, qz is the z-component of Bloch wave vector and Λ is the lattice constant.
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3.4 PT-symmetric PC and equilibrium configuration

3.4.1 Introduction of PT symmetry in optics
Bender found that with a weaker condition of parity-time (PT) symmetry rather
than Hermitian, complex Hamiltonians possessing real spectra can be obtained
[120]. In quantum mechanics, the effect of parity P is to make spatial reflections
pˆ → − pˆ , xˆ → − xˆ , whereas the effect of time reversal T is to replace
pˆ → − pˆ , xˆ → xˆ and i → −i, where p̂ denotes the momentum operator and x̂

denotes the position operator. Generally, in quantum mechanics, the necessary

=
Hˆ pˆ 2 / 2m + V ( xˆ )
condition for a Hamiltonian

to be PT-symmetric is

V (=
xˆ ) V * (− xˆ ) . In optics, the spatial distributions of permittivity play the role of
potentials in quantum mechanics. Thus, a PT-symmetric system can be designed

) ε * (− xˆ ) is satisfied [121-125]. This means that
as long as the condition ε ( xˆ=
ε ( xˆ )] Re[ε * (− xˆ )]
Re[=
− Im[ε * (− xˆ )]
Im[ε ( xˆ )] =

,

3.23

where Re and Im, respectively, represent the real part and imaginary part.

An illustration of a 1D PC with PT symmetry is plotted in Fig. 3.4.1(a). The band
structure is plotted in Fig. 3.4.1(b), with ε G = 4 − ϒi, ε L = 4 + ϒi, ε Air = 1.0,

d=
d=
80nm; d air
= 120nm and ϒ= 4.0, Λ= dG + d L + 2d air . The points at
G
L
which two lines in the band structure merge are exceptional points [126-128],
beyond which the band structure develops an imaginary component corresponding
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to broken PT symmetry. A non-zero positive imaginary part in the frequency
implies

that

the

fields

are

unboundedly

increasing

with

time

( ∝ e − iωt =
e − i Re[ω ]t e Im[ω ]t diverges with increasing t). Accordingly, the optical
binding when PT symmetry is broken will be more complicated and is a timedependent problem. We shall not consider these situations here as they are not
equilibrium configurations. Figure 3.4.2 exhibits the real and imaginary parts of
the band structures with the same parameters as those shown in Fig. 3.4.1(b) but
with different ϒ values. The figures in the left column are the real and imaginary
parts, with ϒ =2.0 , whereas the figures in the right column are those with ϒ =5.0 .
Also, the trajectory of the exceptional point M in ( qz , ϒ ) space is plotted in Fig.
3.4.3, where the gray region represents the PT-exact phase and the white region
represents the PT-broken phase. One can see that for ϒ > 3.9 , there will be no PTexact phase for any qz, but for qz and ϒ within the PT-exact phase (shaded), the
type of optical binding of the PC we described is possible.
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Fig. 3.4.1. (a) Schematic of a PT-symmetric PC. (b) Band structure with

ε G = 4 − ϒi; ε L = 4 + ϒi; ε Air = 1.0; d=
d=
80nm; d air
= 120nm and ϒ =4.0 ,
G
L
Λ = dG + d L + 2d air . The areas shaded in blue denote the photonic band gaps. The

qz term represents the Bloch wave vector, whereas Λ denotes the lattice constant.
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Fig. 3.4.2. Real and imaginary parts of the band structures of PT-symmetric PCs
with different ϒ values. The left column is for ϒ =2.0 and the right column is for
ϒ =5.0 .

65

Fig. 3.4.3. The trajectory of the exceptional points M in (qz, ϒ ) space, where the
gray region represents the PT-exact phase and the white region represents the PTbroken phase.
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3.4.2 Optical force densities and equilibrium configurations of
1D PT-symmetric PC
Similar to lossless PCs, the lower band edge corresponds to a stable configuration.
If we fix the incident wavelength, Fig. 3.4.4(a) shows that PCs with ϒ =2, 4,5
re-arrange themselves into PCs with different lattice constants [Fig. 3.4.4(b)], and
in all cases, their lower band edges coincide with the incident wavelength [Fig.
3.4.4(c)].

Alternatively, in addition to having equilibrium configuration at the same
wavelength, we can make the PCs with ϒ =2, 4,5 share the same lattice
constants. For each ϒ , we chose the incident wavelength to match the lower band
edge of the desired PC (not the initial PC). The band structures of the PC after
relaxation are plotted in Fig. 3.4.5(a), and their force densities and lattice constants
at equilibrium are shown in Fig. 3.4.5(b) and Fig. 3.4.5(c), respectively. The force
at equilibrium decreases with ϒ , whereas the lattice constants coincide fairly well.

The natural vibration frequencies for the PT-symmetric PCs with 50, 500, and 1000
slabs, denoted by blue, black, and red lines, are plotted in Fig. 3.4.6. The values are
all positive, demonstrating the equilibrium configurations are stable.
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Fig. 3.4.4. (a) Force per unit area on each of the slabs with ϒ =2.0 (blue line),
ϒ =4.0 (red line), and ϒ =5.0 (black line). The incident frequency is 0.5625

( ωΛ / 2πc ) and N = 50. (b) The separations between two adjacent slabs of the
newly formed PCs with ϒ =2.0 (blue line), ϒ =4.0 (red line), and ϒ =5.0
(black line); (c) Band structures of the newly formed PCs with ϒ =2.0 (blue line),
ϒ =4.0 (red line), and ϒ =5.0 (black line). Clearly, the newly formed PCs are

in equilibrium states, and their lower band edges are aligned with the incident
wavelength.
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Fig. 3.4.5. (a) Band structure of the newly formed PCs (N = 50) with ϒ =2.0
(blue line), ϒ =4.0 (red line), and ϒ =5.0 (black line), with the lattice
constants fixed. (b) Force per unit area on each of the slabs after relaxation. (c)
Separations between two adjacent slabs.
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Fig. 3.4.6. Natural vibration frequencies for PCs with PT symmetry with 50, 500,
and 1000 slabs, which are all positive, demonstrating that these PCs are in stable
equilibrium states.
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3.5 Oblique incidence

We also consider oblique incidence. Figure 3.5.1(a) shows the force densities
acting on slabs of a PC illuminated at the same incident frequency but at different
incident angles. The stability was also verified by linear stability analysis. The
lattice constant is plotted in Fig. 3.5.1(b), which varies with angle of incidence (30°,
45°, 60°, 80°). Initially, the lower band edges associated with the four incident
angles were at different frequencies, as shown in Fig. 3.5.2 by the small arrows.
After relaxation, the PCs rearranged themselves such that all their lower band edges
coincided with the incident wavelength, which is marked by the large bold green
arrow.
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Fig. 3.5.1. (a) Force densities at incident angles of 30°, 45°, 60° and 80° at
equilibrium states, denoted by the blue, red, black, and magenta lines, respectively.
(b) The separations between two adjacent slabs of the newly formed PCs at the
different incident angles.
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Fig. 3.5.2 The lowest band edges of the PC, as shown in Fig. 3.1.2, at different
incident angles marked by blue (30°), red (45°), black (60°), and magenta (80°)
arrows before relaxation, whereas that of the newly formed PCs, which is aligned
with the incident frequency, is marked by the bold green arrow.
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3.6 Optical force densities in quasi-photonic crystals

3.6.1 What is a quasi-photonic crystal?
In April 1982, Shechtman found a metallic solid with fivefold symmetric axes that
was incompatible with the translational order in elementary crystallography.
Unfortunately, the scientific community generally disbelieved his work, because
the idea that crystals were composed of periodically arranged identical unit cells
and that no crystals should possess rotational symmetry out of 2-, 3-, 4-, and 6-fold
rotation was deeply rooted among scientists. It took more than 2½ years until his
discovery was finally published in 1984 [129]. Shechtman was awarded the Nobel
Prize in Chemistry in 2011 for this discovery.

Here we consider the optical forces in a 1D quasi-crystal defined by the Fibonacci

=
S0 {=
diel}, and S1 {air} , as in Fibonacci sequences, the
sequences. Assuming
next number is always the sum of the previous two numbers, and thus we have

=
S2 {=
diel air}, S3 {air diel air} , which can be summarized as S j +1 = {S j −1 , S j }
[130-132]. The property of self-similarity of the Fibonacci PC is characterized by
the Fourier transform spectrum which is shown in Fig. 3.6.1 [133], denoting the
long-range order and absence of perfect short-range periodicity [133]. The Fourier
transform spectra for periodic and random structures are also plotted in Fig. 3.6.1
for comparison.
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Fig.3.6.1 Left: the schematic of a periodic structure (top), a quasiperiodic
structure (middle) and a complete random structure (bottom). Right: Fourier
transformation spectra of the correspondign structures show a single sampling
frequency (periodic), a self-similar frequency distribution pattern (quasiperiodic)
and an uncorrelated flat spectrum with no specific frequency (random) [133].
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3.6.2 Optical force densities in Fibonacci crystals
The transmission spectra for Fibonacci crystals S10 and S13, where Sn is the nth
Fibonacci sequence are plotted in Fig. 3.6.2(a). The transmission spectra are
computed using the transfer matrix method. Figures 3.6.2(b), (c), and (d) are the
force densities acting on each of the slabs in the pass band (400 nm), at the band
edge (609.48 nm), and in the band gap (625 nm), respectively. From Fig. 3.6.2, it
is clear that the force per unit area at the band edge is much stronger than those in
the pass band and band gap. The reason for this strange phenomenon is that some
of the so-called band edges of quasi-photonic crystals result from the localization
of the light because of quasi-periodicity [134]. Clearly, determination of
equilibrium configurations in quasi-PCs will be difficult near the band edge, as it
actually corresponds to large optical forces rather than a configuration close to the
equilibrium.
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Fig. 3.6.3 (a) Spectra for Fibonacci quasi-photonic crystals S10 and S13 with the
same parameters in those given in Fig. 3.1.2. Force density on every slab in S10 in
(b) the pass band (400 nm), (c) the band edge (about 609.48 nm), and (d) the band
gap (625 nm).
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3.7 Optical force densities in 2D PCs

The force density inside a two-dimensional (2D) PC in which the unit cell (Fig.

=
µ 1.0 )
3.7.1) was a square lattice with a dielectric cylinder inside=
( ε c 8.9,
surrounded by air was computed using the commercial software COMSOL
Multiphysics, which adopt a numerical algorithm called finite element method. The
lattice constant of the PC was assumed to be 375 nm and the radius of the cylinder
inside was 70 nm. The cylinders were grouped into slabs in planes perpendicular
to the propagating direction of the incident light. Using the plane wave expansion
method (see Appendix C), the band structure was computed and plotted in Fig.
3.7.2(a). Figures 3.7.2(b) through (d) show plots of the forces on cylinders in
different slabs (100 slabs in total). Figures 3.7.2(b), 3.7.2(c), and 3.7.2(d)
correspond to the pass band, an inflection point with zero group velocity marked
by a purple arrow in Fig. 3.7.2(a), and the partial band gap along ΓΧ direction,
respectively. Figure 3.7.2(c) also plots the force densities on cylinders with 50 and
200 periods. Clearly, along the ΓΧ direction, the 2D PC behaved like the 1D PC.
In the pass band, the force densities oscillate because of the Fabry–Perot
interference, whereas in the band gap, the force density decays very rapidly
because of field attenuation.
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Fig. 3.7.1 The unit cell of the 2D PC was a square lattice with a cylinder in the
center surrounded by air. The lattice constant was 375 nm, and the radius of the
cylinder inside was 70 nm.
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Fig. 3.7.2 (a) Band structure of the 2D PC (square lattice). (b) The magenta curves
denote the force density on each cylinder in the pass band [ 0.4003 (ωΛ / 2πc) ] with
100 periods. (c) The blue, magenta, and cyan curves denote the force densities at
the marked frequency [ 0.4265 (ωΛ / 2πc) ] with 50, 100, and 200 periods,
respectively. (d) Force densities in the partial band gap along ΓΧ direction
[ 0.4628 (ωΛ / 2πc) )] with 100 periods.
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3.8 Conclusions and discussion

We demonstrated the optical binding of stable periodic 1D structures, which are
photonic crystals illuminated at one of its lower band edges. We have repeated our
calculations over PCs with different lattice constants and dielectric constants, and
observed the same phenomenon. It appears to us that we can use our approach to
build any PC with a single slab per unit cell, as long as the initial configurations
are not too far away from it. For example, if we want to build a PC with a certain
period, we can illuminate the collection of slabs with a laser with a frequency equal
to that of the lower band edge of that desired PC. The collection of slabs will
automatically relax to the appropriate positions.

By using the dynamical matrix approach, we showed that a PC that consists of an
infinite number of slabs can be stably bonded. To our knowledge, this is the first
report of stable binding of a PC consisting of an infinite number of particles.

81

Chapter 4: Optical Force Density Calculated by Effective
Medium Theory

The optical forces acting on the 1D PC in Chapter 3 are computed by using the
Maxwell stress tensor via a surface integral where the microscopic fields required
are approximated by the macroscopic electromagnetic fields. Here the scattering
of light by the microscopic structure is considered. However, when it comes to a
very large number of particles, solving the macroscopic field will be impractical,
especially in two dimensional (2D) and three dimensional (3D) metamaterials or
photonic crystals. It will be extremely computationally expensive and difficult in
solving the macroscopic electromagnetic fields, which fluctuates in space.
Fortunately, it is known that a metamaterial with lattice constant much smaller
compare to the incident light wavelength, can be described by the effective medium
theory [135-140]. This greatly simplifies the scattering problem as the complicated
metamaterial are treated as a homogenous bulk material characterized by effective
permittivity and permeability. Additionally, the effective medium approach also
makes the underlining physics more explicit. It would be of great convenience if
the optical force density can be computed in the framework of effective medium,
which makes things much easier and practical.

Such attempt was made by Sun et al. who, for the first time computed the optical
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force density in a 2D PC by using the effective electromagnetic fields via the
Helmholtz tensor [63]. Using effective medium theory, the optical properties of the
2D metamaterial were described by effective medium parameters ( ε eff , µeff ).
Nonetheless, it was discovered that while effective permittivity and permeability
can faithfully describe wave propagation, they cannot fully describe optical stress.
In addition to the permittivity and permeability, the electrostriction and
magnetostriction terms are required. A deformed body can be described by the
strain tensor [141]. And the change in permittivity (permeability) with respect to
the components of the strain tensor is called electrostriction (magnetostriction).
Apart from the effective permittivity and permeability, electrostriction and
magnetostriction are also needed to correctly compute the force density.

However, in Sun’s work, although he calculated the electrostriction terms for wave
propagates in different direction, the propagation direction of a general field is not
well defined, as it is composed of a collection of Fourier components, which makes
his approach ill defined. The approach that using the Helmholtz tensor in the
framework of effective medium theory can be applied to compute the force density
accurately if the electrostriction and magnetostriction can be calculated accurately.
However, if more than one wave propagates in the metamaterial, the wave vector
is ill-defined, so is the electrostriction. Sun resolves this situation by introducing
the effective wave vector approach, which is in essence, the direction of the
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Poynting vector. Thus his approach is not always valid, especially when the filling
ratio is high [63]. Here, for the first time, we treat the electrostriction and
magnetostriction as operators instead of a function for a 1D PC (metamaterial). We
consider a 1D PC because it is the simplest system that still capturing the physics.
With all the wave vectors taken into consideration rather than introducing an
effective wave vector as in the work by Sun et al., the optical force densities acting
on the slabs in the PC computed by the Helmholtz tensor using the effective
medium fields are in excellent agreement with the benchmarking results calculated
by Maxwell stress tensor using the macroscopic fields.

In this chapter, we introduce the Helmholtz tensor in section 4.1. Two effective
medium models (isotropic and hyperbolic) are adopted for the calculation for the
1D PC in section 4.2. Electrostriction and magnetostriction operators are then
derived in terms of the strain tensors in Section 4.3. With the effective medium
fields, electrostriction, and magnetostriction, the optical force densities are
obtained by using the Helmholtz tensor within the framework of effective medium,
which is compared with those computed by Maxwell stress tensor using the
macroscopic fields. Finally, the case with two incident beams with different wave
vectors are considered. The results demonstrate that the force densities computed
by the Helmholtz tensor are in excellent agreement with those calculated using the
Maxwell stress tensor for lossless metamaterials (at least 1D PCs).
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4.1 Introduction to Helmholtz tensor

At the microscopic level, materials are composed of nuclei and electrons, which
can be treated as point particles. The equation that governing the microscopic
electromagnetic fields for these point charges are given by the Maxwell equations
in free space [112]

∂b
=0
∂t
,
1 ∂e
∇×b - 2
= µ0 j
c ∂t

∇ ⋅ b = 0,

∇×e +

∇ ⋅ e = η /ε 0 ,

4.1

where e and b are the microscopic electric and magnetic fields. The microscopic
charge and current densities are denoted byη and j, respectively, ε 0 and µ0 are the
permittivity and permeability of free space, c is speed of light in free space. It can
be rigorously shown that the optical forces can be calculated from a surface integral
of the time-averaged Maxwell stress tensor
2

b
bi bk* 1
1
2
*
Re[ε 0 ei ek +
)δ ] ,
=
− (ε 0 e +
Tik , Mi
2
µ0 2
µ0 ik

4.2

where i, k denote x, y, z. Re[…] denotes the real part of […].

In the macroscopic level, the microscopic Maxwell equation is fully rigorous and
accurate but impractical. As the microscopic fields produced by these charges vary
extremely rapidly in space and in time, and also an extremely large number of
charges are involved. Therefore, it is extremely difficult to cope with any
macroscopic problem with the microscopic fields. The trick to get around this
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problem is of course the use of macroscopic Maxwell equations, where we spatially
averaged the microscopic fields to obtain:

∂B
=0
∂t
,
∂D
∇×H =J
∂t

∇ ⋅ B = 0,

∇×E +

∇ ⋅ D = ρ,

4.3

where E = e and B = b are the macroscopic electric and magnetic fields, ...
denotes the spatial average, D and H are the electric displacement vector and
magnetic induction field. Macroscopic current density and charge density are
denoted by J and ρ .

In vacuum, the Maxwell stress tensor can be applied to compute the optical forces.
Since the microscopic fields can be accurately approximated by the macroscopic
fields, the optical force can be computed by the following tensor:
2

=
Tik , Ma

B
B B* 1
1
2
Re[ε 0 Ei Ek* + i k − (ε 0 E +
)δ ] .
µ0 2
µ0 ik
2

4.4

However, stress calculation must be performed on site, i.e. inside the material.
Accordingly, the Maxwell stress tensor should not work. Some researchers believe
that one can obtain a correct tensor by replacing the permittivity and permeability
of free space by those of the materials:
2

B
B B* 1
1
2
Re[ε 0ε r Ei Ek* + i k − (ε 0ε r E +
)δ ] ,
=
Tik , Ma
2
µ0 µ r 2
µ0 µr ik

4.5

However, we remark that there is no evidence or reasoning that justify the use of
either 4.4 and 4.5. We will show that both of them are indeed insufficient. In
essence the failure stems from the fact that
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E2 ≠ E ,
2

4.6

i.e., the spatial averaging that works for the field do not ensure the correctness of
the averaging of any quantities that are second order in fields.

Helmholtz introduced the electrostriction and magnetostriction, which is precisely
to offset the difference between

E2

and

2

E .

The Helmholtz tensor is given by

=
Tik , H

E D * + E k* D i H i B k* + H k* Bi
1
+
Re[ i k
2
2
2
∂ε
2
2
2
∂ε
∂ε
1
− ε 0 ((ε rx + rx ) E x + (ε ry + ry ) E y + (ε rz + rz ) E z )
∂uik
∂uik
∂uik
2

,

4.7

∂µ
2
2
2
∂µ
∂µ
1
− µ0 (( µrx + rx ) H x + ( µry + ry ) H y + ( µrz + rz ) H z )]
∂uik
∂uik
∂uik
2
where E = E and H = H are the effective medium fields, uik represents the strain
tensor uik=

1
 
(∂ui / ∂xk + ∂uk / ∂xi ) , with u ( x ) being a displacement vector [141];
2

∂ε r ∂µr
,
[142-146] are the electrostrictive and magnetostrictive tensors.
∂uik ∂uik
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4.2 Two different models of effective medium theory

4.2.1 Isotropic effective medium model
Effective medium theory is widely used to describe the optical properties of
materials that are composed of subwavelength elements where lattice constant is
much smaller than the operating wavelength [147-149]. The structure we deal with
here is illustrated in Fig. 4.2.1. The multilayered PC is modeled by effective
medium theory, which treats the PC as a homogeneous metamaterial. The lattice
constant of the modeled PC is much smaller than the wavelength, which ensures
the EM model can be applied. Based on the transmission and reflection coefficients,
the relative effective permeability and permittivity can be written as [150]
N

µreff = ∑ µrn d n / d
n =1
N

N

d
1
ε reff =
ε rn d n / d − sin θ (∑ n −
)
∑
µreff
=
n 1=
n 1 µ rn d

,

4.8

,

4.9

2

for TE mode, while for TM mode
N

ε reff = ∑ ε rn d n / d
n =1
N

N

d
1
µreff =
µrn d n / d − sin θ (∑ n −
)
∑
ε reff
=
n 1=
n 1 ε rn d
2

where d n , d are the thicknesses of the nth layer in a unit cell and the lattice
constant of the structure, respectively, and ε rn , µrn are the relative permittivity
and permeability, respectively, of the nth layer.

µ=
1 , Eq. 4.8 can be reduced to
For TE mode, because µreff= µ=
rn
r
88

N

µeff = ∑ µrn d n / d
n =1
N

ε eff = ∑ ε rn d n / d

,

4.10

n =1

from which it can be seen that the effective permeability and permittivity are
independent of the incident angle. In terms of the 1D PC, as shown in Fig. 4.1.1,
Eq. 4.10 becomes

ε rd d d + ε ra d a
da + dd .
=1

ε reff =
µreff

4.11

For TM mode
N

ε reff = ∑ ε rn d n / d
n =1
N

N

d
1
µreff =
µrn d n / d − sin θ (∑ n −
)
∑
ε reff
n 1=
n 1 ε rn d t
=

.

4.12

2

where θ stands for the incident angle. In terms of the 1D PC, as shown in Fig.
4.2.1, Eq. 4.9 becomes

ε reff =
µreff =

ε rd d d + ε ra d a
da + dd

µrd d d + µra d a

.

da + dd

− sin 2 θ (

4.13

dd
da
da + dd
)
+
−
(d a + d d )ε rd (d a + d d )ε ra ε rd d d + ε ra d a

For TM mode, the relative effective permittivity and permeability shows that the
1D PC is treated as a homogenous metamaterial whose relative permeability is not
equal to 1, except for the case in which θ = 0 .

89

4.2.2 Hyperbolic (anisotropic) EM model
Another effective medium model we shall consider treats the 1D PC as a hyperbolic
material [151, 152].

The hyperbolic medium is a uniaxial medium (two ordinary and one extra-ordinary
axes), of which the permittivity and permeability are given by a tensor.

ε⊥

ε = 0
0



 µ⊥
 
µ = 0

 0

0

ε⊥
0
0

µ⊥
0

0

0 ,
ε  


,
µ 

4.14

0
0

where ε ⊥ , µ⊥ and ε  , µ are the perpendicular and parallel components of the
effective permittivity and permeability tensors, respectively, in terms of the
anisotropic axis, as shown in Fig. 4.2.1.

The ordinary constitutive relations are

D⊥ d = ε 0ε rd E⊥ d ,
D⊥ a = ε 0ε ra E⊥ a ,

4.15

where ε 0 , ε rd , ε ra are the permittivity in free space and the relative permittivities
of the dielectric and air, respectively; E⊥ d , E⊥ a are the transverse components of
the electric field at the boundary of the dielectric and air sides, respectively,
whereas D⊥ d , D⊥ a are the associated electric displacement components.

The effective fields are written as
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E=
E=
(d d E⊥ d + d a E⊥ a ) / d ,
eff
ave
D
=
D=
(d d D⊥ d + d a D⊥ a ) / d ,
eff
ave

4.16

where d d , d a , d are the thicknesses of the slab and air and the lattice constant,
respectively.

The boundary condition gives

E=
E=
E⊥ .
⊥d
⊥a

4.17

Substituting Eq. 4.17 into Eq. 4.16, we arrive at
Eeff =
Eave =
E⊥ ,
(d s E⊥ d + d a E⊥ a ) / d =
Deff =
Dave =
ε 0 (d d ε rd E⊥ d + d aε ra E⊥ a ) / d =
ε 0ε r ⊥ E⊥ .

4.18

Eliminating the electric fields of Eq. 4.18 gives

=
ε r ⊥ (d d ε rd + d aε ra ) / d .

4.19

For the extraordinary component, the boundary condition yields

D=
D=
D .
d
a

4.20

And the effective fields are

D
D
1
1 D
Eeff =
Eave =
(d d d + d a a ) / d =

ε0

ε rd

ε ra

ε 0 ε r .

4.21

Deff ==
Dave (d d Dd + d a Da ) / d =
D
Eliminating the electric displacement components of Eq. 4.21 gives the
extraordinary component of the permittivity:

1
=

ε r

1 dd 1 da
+
.
ε rd d ε ra d

Therefore, the effective permittivity for the anisotropic model is
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4.22

ε r ⊥ (d d ε rd + d aε ra ) / d
=

ε r  =ε raε rd ( d a + d d ) / ( ε ra d d + ε rd d a )

.

4.23

Similarly, we can derive the corresponding relations for the magnetic fields:

H=
H=
H⊥
⊥d
⊥a
B=
B=
B
d
a

,

4.24

and the effective permeability are :
=
µr ⊥ (d d µrd + d a µra ) / d

µr  =µra µrd ( d a + d d ) / ( µra d d + µrd d a )
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.

4.25

Fig. 4.2.1. Schematic of 1D PC with lattice constant d. The brown layer denotes
air, whereas the green layer denotes a dielectric slab. ε ⊥ , µ⊥ are the transverse
components (i.e. the components perpendicular to the z axis) of the effective
permittivity and permeability tensors, respectively, whereas ε  , µ

are the

parallel components of the effective permittivity and the permeability tensor,
respectively.
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4.3 Derivation of electrostriction and magnetostriction

For a 1D PC, the deformation can be written as

u=
where Λ 0 and Λ

z (Λ − Λ 0 )
,
Λ0

4.26

are the lattice constants before and after deformation,

respectively. From the definition of strain tensor, one arrives at

∂u (Λ − Λ 0 )
=
.
Λ0
∂z

u=
zz

4.27

For the TE mode in the isotropic model, the electrostriction term is

∂ε reff ∂ε reff ∂Λ ∂ (
=
=
∂u zz
∂Λ ∂u zz

ε rd d d + ε ra (Λ − d d )
Λ
∂Λ

)

d (ε − ε )
∂Λ
≈ d ra rd . 4.28
(Λ − Λ 0 )
Λ0
∂(
)
Λ0

When µreff = 1 , the magnetostriction term in the Helmholtz tensor vanishes.
We arrive at

ε eff +

∂ε eff
∂u zz

ε d d + ε ra d a

=rd

da + dd

+

d d (ε ra − ε rd )
d + dd
≈ εa a
=
εa =
1.
d d + d a0
dd + da

4.29

Thus, for TE mode, the Helmholtz tensor reduces to Maxwell stress tensor. But this
is not the case for the TM mode in the isotropic model. While the electrostriction
term is identical with the one for TE mode, the magnetostriction term is

∂µreff
∂u zz

d d ( µra − µrd +

( ε ra − ε rd )

2

( da ε
2

ra

− d d2ε rd ) sin 2 [θ ]

ε raε rd ( d aε ra + d d ε rd )

=

da + dd

and
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2

)

,

4.30

µreff +

∂µreff
∂uzz

=
µra −

d d2 (ε ra − ε rd ) 2 sin 2 θ
.
ε ra (d aε ra + d d ε rd ) 2

4.31

For the anisotropic model, the relative effective permittivity and permeability in
Eqs. 4.23 and 4.25 can be written in Cartesian coordinates as
(d d ε rd + d aε ra ) / d ,
ε reffx
= ε reffy
= ε=
r⊥

ε reffz = ε r  =ε raε rd ( d a + d d ) / ( ε ra d d + ε rd d a ) ,
(d d µrd + d a µra ) / d ,
µreffx
= µreffy
= µ=
r⊥

4.32

µreffz = µr  =µra µrd ( d a + d d ) / ( µra d d + µrd d a ) .
The electrostriction terms in the Helmholtz tensor are then given by
∂ε reffz
∂u zz

=

d a (d a + d d )ε raε rd (ε ra − ε rd )
,
(d d ε ra + d aε rd ) 2

∂ε reffx ∂ε reffy d d (ε ra − ε rd )
= =
,
∂u zz
∂u zz
dd + da
∂µreffz
∂u zz

d (d + d d ) µra µrd (ε ra − ε rd )
= a a
,
(d d µra + d a µrd ) 2

∂µreffx ∂µreffy d d ( µra − µrd )
= =
.
∂u zz
∂u zz
dd + da
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4.33

4.4 Comparison of the optical force density computed by
Maxwell and Helmholtz tensors

The force density on each slab is computed by the Maxwell stress tensor, where
the macroscopic fields are used to approximate the microscopic field. We aware
that Maxwell stress tensor requires microscopic fields rather than macroscopic
field. Nevertheless, in air or vacuum, the microscopic fields can be accurately
approximated by the macroscopic fields. While the Maxwell stress tensor approach
is accurate and can be applied in very wide situations, in many occasion, it can be
difficult to calculate the macroscopic fields. This is especially true in structured
materials such as PCs or metamaterials, where there are a large number of repeated
unit cell. Here we consider a PC or metamaterial with lattice constant small
compare to the wavelength. We shall show that it is possible to use effective
medium theory to compute the optical force density given that one takes the
electrostriction and magnetostriction into account, i.e. using the Helmholtz tensor.

The force density for a 1D PC composed of 200 lossless dielectric slabs with TE
incident beam is shown in Fig. 4.4.1 where ε diel = 4 (dielectric constant of the
dielectric), µdiel = 1 (permeability of the dielectric), d diel = 5 nm (thickness of the
dielectric), and d air = 5 nm (thickness of air). The incident wavelength was 70
times the lattice constant so that the structure can be described by the effective
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medium accurately. The black line in the figure denotes the force density computed
by the Maxwell stress tensor, whereas the circles stand for those calculated by the
Helmholtz tensor associated with the isotropic EM model. Figs. 4.4.1(a), (b), (c),
and (d) show the force densities with the incident beam at normal incidence and at
30°, 60°, and 80°, respectively. The force densities computed using the Maxwell
denoted by black line and Helmholtz tensors denoted by red circles agree
surprisingly well with each other.

For the TM incident wave, the force densities computed using the Helmholtz tensor
with effective medium theory are denoted by red circles (isotropic model) and
dotted lines (hyperbolic model). The black line denotes the force densities
computed using the Maxwell stress tensor. The corresponding results with the TM
mode incident wave at normal incidence and 30°, 60°, and 80° are plotted in Figs.

−4.0, µdiel =
−2.0 ).
=
ε diel 4.0,
=
µdiel 1.0 ) and 4.4.3 (with ε diel =
4.4.2 (with

Clearly, for the 1D PC composed of dielectric slabs and air, at least for transparent
materials, the force densities calculated using the Helmholtz tensor agree well with
those computed using the Maxwell tensor.
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Fig. 4.4.1. Force densities computed using the Maxwell tensor (black line) and
Helmholtz tensor (red circles) for TE mode incident beam for ε diel = 4 , µdiel = 1 ,

d diel = 5 nm and d air = 5 nm . The incident angles are (a) 0°, (b) 30°, (c) 60° and
(d) 80°. The results obtained from the Helmholtz and Maxwell tensors match
remarkably.
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Fig. 4.4.2. Force densities calculated by the Maxwell stress tensor (black solid line),
the Helmholtz tensor associated with the isotropic EM model (circles) and the
Helmholtz tensor associated with the hyperbolic EM model (dotted line) for the
TM incident beam. The parameters are

ε diel = 4 , µdiel = 1 , d diel = 5 nm and

d air = 5 nm . The four figures are plotted at (a) normal incidence and at (b) 30°, (c)
60° and (d) 80°. The results obtained from the Helmholtz and Maxwell tensors
match remarkably.

99

Fig. 4.4.3. Force densities computed using Helmholtz and Maxwell tensors for 1D

−4, µdiel =
−2 . (a), (b), (c), and (d)
PC composed of 200 dielectric slabs with ε diel =
are the results with the beam incident at normal incidence and at 30°, 60°, and 80°,
respectively.
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4.5 The optical force density for two incident beams

When there are two or more beams incident on the 1D PC, the situation becomes
more complex. Because the incident beams will interfere with each other, the
intensity of the light will be inhomogeneous. According to the isotropic effective
medium model, the effective permittivity and permeability will vary at various
incident angles; therefore, the electrostriction and magnetostriction terms in the
Helmholtz tensor will be somewhat more complex. Here, we prove that even for
multiple incident beams, the Helmholtz tensor associated with the two effective
medium models can calculate the correct forces using the real wave vectors in the
materials rather than introducing an effective wave vector, as in Sun’s approach.

For an effective isotropic material with multiple TM mode incident beams, because
the effective permittivity is independent of the incident angle, whereas the effective
permeability is not, Eq. 4.7 can be reduced to
∂ε
1
1
Re[ε 0ε reff E zt E zt* − ε 0 (ε reff δ zz + reff ) E xt2 + E zt2
2
2
∂u zz
∂B *yt
1
1
],
− H yt ⋅ B *yt − H yt ⋅
2
2
∂u zz

THelmholtz
=
, zz

where the total z- and x-components of=
E are E zt

E ; E
∑=
∑ E
zi

i

xt

xi

4.34

with E zi , E xi

i

 and B are
being the z- and x-components of beam i; the total y components of H

=
H yt

H ; B
∑=
yi

i

yt

µ0 ∑ µreffi H yi with H yi being the y components of beam i and
i
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µreffi being the relative effective permeability of the ith beam. The magnetostriction
term in Eq. 4.34 should be
∂B yt
∂u zz

= µ0 ∑
i

∂µreffi 
H yi .
∂u zz

4.35

For an effective hyperbolic material with multiple TM mode incident beams,
because the effective permittivity and effective permeability are all incident-angle–
independent, Eq. 4.34 can be reduced to
=
THelmholtz
, zz

∂ε reffx 
1
1
Re[ε 0ε reffz E zt E zt* − ε 0 ((ε reffx +
) Ext
∂u zz
2
2

+ (ε reffz +

∂ε reffz
∂u zz

) E zt

2

2
1
) − µ0 H yt ],
2

2

4.36

where the parameters in Eq. 4.36 are the same as those in Eq. 4.34.

The force densities exerted by two incident beams computed using the Maxwell
and Helmholtz tensors associated with the two EM models are plotted in Fig. 4.5.1
for

ε diel = 4 (dielectric constant of the dielectric), µdiel = 1 (permeability of the

dielectric), d diel = 5 nm (thickness of the dielectric), and d air = 5 nm (thickness
of air). It can been seen from the figure that the force densities computed using the
three models match with each other quite well, demonstrating that even for multiple
beams, this approach works well.
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Fig 4.5.1. (a) Force densities computed using the Maxwell tensor in terms of the
microscopic structure (black line) and using the Helmholtz tensor associated with
the effective medium for the isotropic model (red circle) and the anisotropic model
(dotted line) with two incident beams at 30° and 60°. (b) Corresponding forces per
unit area with two incident beams at 45° and 60°. The parameters here are the same
as those in Fig. 4.4.1.
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Chapter 5 Conclusions and Discussion

Several unsolved or controversial aspects of optical manipulation are theoretical
investigated in this thesis. We use rigorous and accurate theoretical tools, such as
the Mie theory, Maxwell stress tensor, Helmholtz tensor, transfer matrix method,
etc.

We demonstrated that under appropriate condition, optical force induced by a
vortex beam can drive a particle bound by a mechanical spring. Part of the optical
force drives the particle to evolve about the beam axis, and the particle will
accelerate angularly until the velocity dependent ambient damping exactly cancels
it. The rotating particle also experiences a restoring force from the mechanical
spring and the optical force, and these two serves as the centripetal force to keep
the particle in the circular orbit. In this way, the mechanical spring can be stretched.
Even when its stiffness is orders of magnitude stronger than that of the optical force,
significant stretching can still be achieved. This is rather unexpected. The dynamics
of a sphere–spring system was investigated by integrating the Newton’s second law.
Because the optical force is non-conservative, the sphere is rotated and the spring
is stretched. For an isotropic spring, the sphere will end in a uniform circular
motion, the radius of which is the stretch of the spring, which depends on the
ambient damping. The greater the ambient damping, the smaller the radius of the
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circle. For a tension spring, the motion of the sphere depends on the original
position of the sphere and free length of the spring. In short, we stretched a nN
spring by using a non-conservative pN optical force.

In second part, a 1D PC, even of infinite size, can be optically bound by a single
laser beam, thus proving, at least in principles, that optical binding can bind a large
number of particles together into a periodic structure. When one of the lower band
edges of the PC is illuminated by a laser beam, the initially randomly positioned
slabs can assemble themselves into a periodic structure. The stability of the
optically bound 1D PC was studied using linear stability analysis. A 1D PTsymmetric PC with alternating gain and loss was considered as well. It was found
that in the PT-exact region, a 1D PT-symmetric PC can be optically and stably
bound.

Finally, we compute the optical force densities in metamaterials using Helmholtz
tensor in the framework of effective medium theory. When the metamaterials are
composed of a very large number of unit cells, solving the macroscopic field will
be extremely computationally expensive and difficult, especially in two
dimensional (2D) and three dimensional (3D) metamaterials or photonic crystals.
Fortunately, in the long wavelength limit, the optical properties of the metamaterial
can be described by the effective medium parameters if the lattice constant of the
105

metamaterial is much smaller than the incident light wavelength. This greatly
simplify the scattering problem.

Sun et al., for the first time, computed the optical force density in a 2D PC by using
the effective electromagnetic fields via the Helmholtz tensor. However, in Sun’s
work, in order to make the electrostriction and magnetostriction terms well defined,
he introduced an effective wave vector. However, this is approximately correct if
the field is dominated by a single spatial Fourier component. Here, for the first time,
we treat the electrostriction and magnetostriction as operators instead of a function
for a 1D PC (metamaterial). We consider a 1D PC because it is the simplest system
that still capturing the physics. With all the wave vectors taken into consideration,
the optical force densities in the PC computed by the Helmholtz tensor using the
effective medium fields are in excellent agreement with the results calculated by
Maxwell stress tensor using the macroscopic fields.
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Appendix A

Mie Theory

The electromagnetic scattering problem of a sphere was solved by the Mie theory,
which is briefly outlined below.

The total incident field Ei and H i can be expanded in vector spherical wave
functions:
(1)
(1)
−∑ iEmn [ pmn N mn
Ei =
(k , r ) + qmn M mn
(k , r )]
n,m

=
Hi

ik

∑ iEmn [qmn N mn(1) (k , r ) + pmn M mn(1) (k , r )]

ωµ

,

A.1

n,m

where pmn and qmn are the expansion coefficients of the incident wave, for the
summation, n runs from 1 to +∞ and m runs from –n to +n. The scattered field and
internal field of the sphere can be written as

=
Es

∑ iE

mn

(3)
(3)
[amn N mn
(k , r ) + bmn M mn
(k , r )]

n,m

,
ik
(3)
(3)
Hs =
−
∑ iEmn [bmn N mn (k , r ) + amn M mn (k , r )]

ωµ

=
EI

∑ iE

mn

A.2

n,m

(1)
(1)
[d mn N mn
(ks , r ) + cmn M mn
(ks , r )]

n,m

.
ik
(1)
(1)
HI =
− s ∑ iEmn [cmn N mn
(ks , r ) + d mn M mn
(ks , r )]

ωµ

A.3

n,m

Using the field expressions above, together with the standard boundary conditions

( E + Es − EI ) × eˆr = ( H i + H s − H I ) × eˆr = 0 ,

A.4

we obtain four linear equations

=
jn ( x )qmn jn (mx)cmn + hn1 ( x)bmn
m=
[ xjn ( x)]' pmn m[ xhn1 ( x)]' amn + [mxjn (mx)]' d mn

µ=
[ xjn ( x)]' qmn µ[ xhn1 ( x)]' bmn + µ[mxjn (mx)]' cmn
µ=
jn ( x) pmn µ hn1 ( x)amn + µ mjn (mx)d mn
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,

A.5

=
x ka
=
ks / k with as the radius of the sphere, and k , ks is the
where
s, m
wave number in the surrounding medium (inside sphere). The four linear equations
can be solved to yield

=
amn a=
b=
c=
d n pmn ,
n pmn , bmn
n qmn , cmn
n qmn , d mn

A.6

where the Mie coefficients an , bn , cn , d n are given by
an =

µ m 2 jn (mx)[ xjn ( x)]'− µ s jn ( x j )[mxjn (mx)]'
,
µ m 2 jn (mx)[ xhn(1) ( x)]'− µ s hn(1) [mxjn (mx)]'

A.7

µ s jn (mx)[ xjn ( x)]'− µ jn ( x)[mxjn (mx)]'
,
µ s jn (mx)[ xhn(1) ( x)]'− µ hn(1) [mxjn (mx)]'

A.8

bn =

µ s jn ( x)[ xhn(1) ( x)]'− µ s hn(1) ( x)[ xjn ( x)]'
cn =
,
µ s jn (mx)[ xhn(1) ( x)]'− µ hn(1) ( x)[mxjn (mx)]'
dn =

A.9

µ s mjn ( x)[ xhn(1) ( x)]'− µ s mhn(1) ( x)[ xjn ( x)]'
.
µ m 2 jn (mx)[ xhn(1) ( x)]'− µ s hn(1) ( x)[mxjn (mx)]'

A.10

The coefficient Emn is given by

=
Emn E0 i n (2n + 1)

(n − m)!
,
(n + m)!

A.11

Finally, r is the position vector in the coordinate system. The vector spherical wave
(J )
(J )
, N mn
functions M mn
are given

(J )
=
M mn
(k , r ) [iπ mn (cos θ )eθ − τ mn (cos θ )eφ ]zn( J ) (kr )eimφ ,

(J )
(k , r ) [τ mn (cos θ )eθ + iπ mn (cos θ )eφ ]
N mn
=

1 d
[rzn( J ) (kr )]eimφ
kr dr

z ( J ) (kr ) imφ
e
+ er n(n + 1) P (cos θ ) n
kr

A.12

,

A.13

m
n

where {er , eθ , eφ } are the unit vectors in the spherical coordinates. zn( J ) is
appropriately selected from any of the four functions
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zn( J )

 jn if J = 1, 
 y if J = 2, 
 n

=  (1)
,
h
if
J
=
3,
 n

h (2) if J = 4, 
 n


A.14

where jn is the spherical Bessel function, yn is the spherical Neumann function, and

hn(1) , hn(2) are the Hankel spherical functions of the first and second kind,
respectively.
m m
Pn (cos θ )
sin θ
,
d m
τ n (cos θ ) =
Pn (cos θ )
dθ

π mn (cos θ ) =

A.15

are the angle-dependent functions and
n+m
1
2 m /2 d
(1
)
[( x 2 − 1) n ] ,
Pnm ( x) =
x
−
2n n !
dx n + m

A.16

is the associated Legendre polynomials of degree n(= 1, 2,3...) and order
m(= 0, ±1, ±2... ± n) .

The vector spherical wave functions satisfy the time harmonic vector wave
equation as
(J )
(J )
(kr ) − k 2 M mn
(kr ) = 0
∇ × ∇ × M mn
(J )
(J )
(kr ) − k 2 N mn
(kr ) = 0
∇ × ∇ × N mn

.

A.17

The relation between them is given by

1
(J )
∇ × N mn
(kr )
k
.
1
(J )
(J )
N mn (kr )=
∇ × M mn (kr )
k

(J )
M mn
(kr )=
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A.18

Appendix B Optical Force Density on a Slab

We assume that the electromagnetic fields in regions 1 and 2 (both are air) are given
by

Ei1 :[0, A0 eiφa eikz1 , 0]
Er1 :[0, B0 eiφb e-ikz1 , 0]
H i1 :[−

ε0
ε
A0 eiφ eikz cos(θ ), 0, 0 A0 eiφ eikz sin(θ )]
µ0
µ0

H r1 :[

ε0
ε
B0 eiφ e-ikz cos(θ ), 0, 0 B0 eiφ e-ikz sin(θ )]
µ0
µ0

a

b

a

1

b

1

1

,

1

E1 =
Ei1 + Er1 :[0, ( A0 eiφa eikz1 + B0 eiφb e-ikz1 ), 0]
=
H
H i1 + H r1 :
1
[−

ε0
ε
( A0 eiφ eikz - B0 eiφ e-ikz ) cos(θ ), 0, 0 ( A0 eiφ eikz + B0 eiφ e-ikz ) sin(θ )]
µ0
µ0
a

1

b

a

1

and
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1

b

1

B.1

Ei 2 :[0, C0 eiφc eikz2 , 0]
Er 2 :[0, D0 eiφd e-ikz2 , 0]
H i 2 :[−

ε0
ε
C0 eiφ eikz cos(θ ), 0, 0 C0 eiφ eikz sin(θ )]
µ0
µ0

H r 2 :[

ε0
ε
D0 eiφ e-ikz cos(θ ), 0, 0 D0 eiφ e-ikz sin(θ )]
µ0
µ0

c

d

c

2

d

2

2

,

2

B.2

E2 =
Ei 2 + Er 2 :[0, (C0 eiφc eikz2 + D0 eiφd e-ikz2 ), 0]
H
=
Hi 2 + H r 2 :
2
[−

ε0
ε
(C0 eiφ eikz - D0 eiφ e-ikz ) cos(θ ), 0, 0 (C0 eiφ eikz + D0 eiφ e-ikz ) sin(θ )]
µ0
µ0
c

2

d

c

2

2

d

2

for TE mode, where A0 , B0 , C0 , D0 are the forward and backward electric field
amplitudes in regions 1 and 2 and φa , φb , φc , φd are the corresponding phases. k is
the wave vector in free space. ε 0 , µ0 are the permittivity and permeability,
respectively, in free space.

For TM mode, the electromagnetic fields on the left (region 1) and right side
(region 2) of the slab are

H i1 :[0,

ε0
A eiφ eikz , 0]
µ0 0

H r1 :[0,

ε0
B0 eiφ e-ikz , 0]
µ0

a

b

1

1

Ei1 :[ A0 eiφa eikz1 cos(θ ), 0, − A0 eiφa eikz1 sin(θ )]
Er1 :[− B0 eiφb e-ikz1 cos(θ ), 0, − B0 eiφb e-ikz1 sin(θ )]

ε
µ0

H1 =
H i1 + H r1 :[0, 0 ( A0 eiφa eikz1 + B0 eiφb e-ikz1 ), 0]
E=
Ei1 + Er1 :
1
[( A0 eiφa eikz1 - B0 eiφb e-ikz1 ) cos(θ ), 0, −( A0 eiφa eikz1 + B0 eiφb e-ikz1 ) sin(θ )]
and

111

,

B.3

H i 2 :[0,

ε0
C eiφ eikz , 0]
µ0 0

H r 2 :[0,

ε0
D0 eiφ e-ikz , 0]
µ0

c

2

d

2

Ei 2 :[C0 eiφc eikz2 cos(θ ), 0, −C0 eiφc eikz2 sin(θ )]
Er 2 :[− D0 eiφd e-ikz2 cos(θ ), 0, − D0 eiφd e-ikz2 sin(θ )]

. B.4

ε
µ0

H2 =
H i 2 + H r 2 :[0, 0 (C0 eiφc eikz2 + D0 eiφd e-ikz2 ), 0]
E=
Ei 2 + E r 2 :
2
[(C0 eiφc eikz2 - D0 eiφd e-ikz2 ) cos(θ ), 0, −(C0 eiφc eikz2 + D0 eiφd e-ikz2 ) sin(θ )]
The optical force density for the slab is given by
Fz 1
=
([2(ε 0 E z ⋅ E*z + µ0 Η z ⋅ H*z ) − (ε 0 E ⋅ E* + µ0 Η ⋅ H* )] |surface 2
.
A 4
*
*
*
*
−[2(ε 0 E z ⋅ E z + µ0 Η z ⋅ H z ) − (ε 0 E ⋅ E + µ0 Η ⋅ H )] |surface 1 )

B.5

Upon substitution of the electromagnetic fields into Eq. B.5, we arrive at
Fz 1
ε 0 ( A02 + B02 − C02 − D02 ) cos 2 (θ ),
=
A 2

B.6

for both the TE and TM modes.

The Poynting vectors of the forward and backward electromagnetic waves in
regions 1 and 2 are given by
S1 =

ε
1
1 ε
Ei1 × H*i1 = [ 0 A02 sin(θ ), 0, 0 A02 cos(θ )]
2
2 µ0
µ0

S2 =

ε
1
1 ε
Er1 × H*r1 = [ 0 B02 sin(θ ), 0, − 0 B02 cos(θ )]
2
2 µ0
µ0

ε
1
1 ε
S3 =
Ei 2 × H*i 2 = [ 0 C02 sin(θ ), 0, 0 C02 cos(θ )]
2
2 µ0
µ0
S4 =

,

ε
1
1 ε
Er 2 × H*r 2 = [ 0 D02 sin(θ ), 0, − 0 D02 cos(θ )]
2
2 µ0
µ0

The total momentum pass through area A per unit time can be written as
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B.7

dP
=N k ,
dt

B.8

where  is the reduced Plank constant, k is the wave vector, and N is the total
number of photons that pass through area A per unit time, which can be written as
=
N

S ⋅ nA
=
ω

S A cos(θ )
,
kc

B.9

where n is the normal unit vector of area A, ω is the angular frequency of the
photon, c is the speed of light in free space, and A cos(θ ) is the projection of area
A perpendicular to the direction of wave propagation.

Substituting Eq. B.9 into Eq. B.8, we arrive at
dP
=
=N k
dt

S A cos(θ )
=
k
kc

S A cos(θ ) k
,
k
c

B.10

According to momentum theory,
d ∆P
= F.
dt

B.11

Because only the z-component of the force per unit area is considered, Eq. B.11
can be reduced to
d ∆Pz d ∆P
=
=
cos(θ ) Fz .
dt
dt

B.12

Upon substitution of Eqs. B.7 and B.10 into B.6, the force density in terms of
the Poynting vector is given as

Fz 1
=
ε 0 ( A02 + B02 − C02 − D02 ) cos 2 (θ )
A 2
,
(( S1z − S 2 z ) − ( S3 z − S4 z )) cos(θ )
=
c

B.13

where Siz (i =1,2,3,4) denotes the z-components of the corresponding Poynting
vectors Si marked by the blue in the schematic.
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Appendix C
Plane Wave Method (PWM) to Calculate the 2D Photonic
Band Structures (PBS)

I.

Plane Wave Expansion of Maxwell Equations

Maxwell equations, which govern light–matter interactions, are given by

 ∂B
∇× E + = 0
∂t
,


 ∂D 
∇ ⋅=
D 0 ∇× H + = J
∂t

∇ ⋅=
B 0

C.1



where E and B are the macroscopic electric field and magnetic induction,


respectively. D and H , which are the electric displacement and magnetic field,


respectively, correspond to derived fields related to E and B through the


polarization P and M magnetization of the material medium by


 
D=
ε 0 E + P,

 1  
H =B − M ,

µ0

C.2

To solve the so-called master equation of photonic crystals

∇×

 
ω 2  
1
 ∇ × H (r ) = ( ) H (r ) .
ε (r )
c

C.3

Using Bloch’s theorem, the eigen-modes can be expanded as a sum of infinite
numbers of plane waves as



 
ˆ(k , λ )h(k , λ )eik ⋅r ,
H (r ) = ∑
e


C.4

k ,λ


where eˆ(k , λ ), λ = 1, 2 are unit polarization vectors for a given plane wave vector

k . For transverse fields, we therefore have
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k ⋅ eˆ(k , λ ) =
0.

C.5

Let

1

f (r ) =  ,
ε (r )

C.6





f (r ) is periodic with r because ε (r ) is a periodic function of r . We can


therefore expand f (r ) in terms of the reciprocal lattice vector G :
 iG ⋅r

f (r ) = ∑
f
(
G
)e .


C.7

G

Substituting Eqs. C.4 and C.7 into C.3 yields
  
 


 
i ( k + G )⋅ r
ˆ
(
)
(
)[
(
,
)]
(
,
)
k
G
f
G
k
e
k
h
k
e
λ
λ
+
×
×
∑

k , λ ,G




ω
= −( ) 2 ∑ eˆ(k , λ )h(k , λ )eik ⋅r
c k , λ ,G

.

C.8

 

Multiplying both sides of Eq. C.8 by eˆ(k ', λ ')eik '⋅r and then integrating over all

the space, we can obtain the Fourier transformation of Eq. C.8
 



 
ˆ
ˆ
(
)
(
)[
(
,
)]
(
',
')
(
, λ )δ k ',k +G
k
G
f
G
k
e
k
e
k
h
k
λ
λ
+
×
×
⋅
∑

k , λ ,G




=
−( ) ∑ eˆ(k , λ ) ⋅ eˆ(k ', λ ')h(k , λ )δ k ',k
c k , λ ,G

ω

.

C.9

2

We then obtain
 
 
 
 
   
∑ [eˆ(k + G, λ ) ⋅ (k + G)] × f (G − G ')[(k + G ') × eˆ(k + G ', λ ')]h(k + G ', λ ')
λ ',G '

. C.10

 
ω
=
−( ) 2 h( k + G , λ )
c
We simplify Eq. C.10 using the vector formula
A ⋅ ( B × C × D) = ( A × B ) ⋅ (C × D) ,

into
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C.11

























∑ [(k + G) × eˆ(k + G, λ )] ⋅ [(k + G ') × eˆ(k + G ', λ ')] f (G − G ')h(k + G ', λ ')
λ

',G '

 
ω
= ( ) 2 h( k + G , λ )
c

. C.12

Therefore, we arrive at a system of linear equations

k

∑ Θλ
λ

',G '



,G , λ ',G '

 
 
ω
h(k + G ', λ ')= ( ) 2 h(k + G, λ ) ,
c

C.13

where the matrix Θ is

 
 
 
 
 
Θλk ,G ,λ ',G ' = [(k + G ) × eˆ(k + G, λ )] ⋅ [(k + G ') × eˆ(k + G ', λ ')] f (G − G ') .

C.14

According to reference [153], the simplified forms of the Θ matrix for the TM
mode and TE mode in two dimensions are given by

   
 
 
k
ΘTM
(G, G ') =
k + G k + G ' f (G − G ') ,

C.15


   
 
 
k
ΘTE
(G, G ') = (k + G ) ⋅ (k + G ') f (G − G ') .

C.16

and
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II.


Reciprocal Space Expression of f (r ) for Square Lattice


As mentioned above for Eq. C.7, f (r ) can be expanded into a Fourier series, and

we can solve for the Fourier expansion coefficients by taking the Fourier
transformation of Eq. C.7.


 
f (G ) = 1/ A∫ f (r )e − iG⋅r dr 2 ,

C.17

a

where a denotes the integration over a unit cell and A is the unit cell area.


1 
1 
1 
f (G ) = 1/ A∫ e − iG⋅r dr 2 + 1/ A∫ e − iG⋅r dr 2 − 1/ A∫ e − iG⋅r dr 2 , C.18
a

εm

c

εc

εm

c

where c denotes the area of the cylinder in the unit cell.



f (G ) =
f (G =
0) + f (G ≠ 0)

1 1 1 1
1
1 1 ,
f (G =
0) = + ( − ) ∫ dr 2 = + Pf ( − )
εm A εc εm c
εm
εc εm

C.19

where

Pf =

π R2
A

,

C.20

is the packing fraction. R is the radius of the cylinder and A is the area of the unit
cell.

 

1 1
1
1
1 J1 (GR )
2
− iG ⋅r
,
( − ) e
f (G ≠ 0)
dr= 2 Pf ( − ) 
=
A ε c ε m ∫c
ε c ε m GR

C.21



where J1 (GR) is the first-kind Bessel function. So, we now arrive at
1 1
1
+ Pf ( − )

 ε m
εc εm

f (G ) = 
2 P ( 1 − 1 ) J1 (GR)
 f ε c ε m
GR


0
G=

G≠0

.

C.22

Substituting Eq. C.22 into Eqs. C.15 and C.16, we can obtain the eigenfrequency of 2D photonic crystals for TM and TE polarization.
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