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A Novel Neural Network for Generally
Constrained Variational Inequalities

Xingbao Gao and Li-Zhi Liao

Abstract— This paper presents a novel neural network for
solving generally constrained variational inequality problems by
constructing a system of double projection equations. By defining
proper convex energy functions, the proposed neural network is
proved to be stable in the sense of Lyapunov and converges to an
exact solution of the original problem for any starting point under
the weaker cocoercivity condition or the monotonicity condition
of the gradient mapping on the linear equation set. Furthermore,
two sufficient conditions are provided to ensure the stability of the
proposed neural network for a special case. The proposed model
overcomes some shortcomings of existing continuous-time neural
networks for constrained variational inequality, and its stability
only requires some monotonicity conditions of the underlying
mapping and the concavity of nonlinear inequality constraints
on the equation set. The validity and transient behavior of the
proposed neural network are demonstrated by some simulation
results.

Index Terms— Convergence, neural network, nonmonotone
problem, stability, variational inequality.

I. INTRODUCTION

WE CONSIDER the following variational inequality
problem with linear and nonlinear constraints: find a

vector u∗ ∈ C such that:
(VI(F, C)) (u − u∗)T F(u∗) ≥ 0 ∀u ∈ C (1)

where u = (u1, . . . , un)
T ∈ �n is the decision vector and F is

a mapping from �n to itself

C = {u ∈ �|g(u) ≥ 0, Du = d}
where � = {u ∈ �n|li ≤ ui ≤ hi , i = 1, . . . , n} and some hi

or −li could be +∞, D ∈ �p×n , rank(D)= p (0 ≤ p < n),
d ∈ �p , g(u) = [g1(u), . . . , gm(u)]T with g1, . . . , gm being
concave on D = {u ∈ �n|Du = d} and continuously
differentiable on an open convex set B containing D.

Obviously, problem (1) includes nonlinear complementarity
problems (C = �n+ = {u ∈ �n|ui ≥ 0, i = 1, . . . , n}) and a
system of nonlinear equations (C = �n). In particular, for a
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continuously differentiable function f : �n → �, if u∗ is a
solution of the problem

min{ f (u)|u ∈ C} (2)

and then, it is also a solution of problem (1) with F(u) =
∇ f (u) = [∂ f (u)/∂u1, . . . , ∂ f (u)/∂un]T ∈ �n being the
gradient vector of f (u) at u. Thus, many constrained optimiza-
tion problems can be formulated as problem (1). Therefore,
problem (1) has many important applications in a wide variety
of scientific and engineering fields including network eco-
nomics, transportation science, game theory, military schedul-
ing, automatic control, signal processing, system identification,
filter design, regression analysis, structure design, mechanical
design, electrical networks planning, and so on (see [1]–[9]
and references therein). In many scientific and engineering
applications, the real-time solutions of optimization problems
in the form of (1) are desired. However, traditional numerical
algorithms (see [1]–[4], [6], [9]–[12], and references therein)
might not satisfy the real-time requirement, since most of
them are sequentially iterative methods and the computing
time required for a solution is greatly dependent on the
dimension and structure of the problem and the complexity
of the algorithm used. One promising approach is to employ
some artificial neural networks that are capable of hardware
implementation. Different from traditional numerical algo-
rithms, neural networks can be implemented by VLSI and
optical technologies where the computational procedure is
truly distributed and in parallel. Therefore, neural networks
are more competent for real-time applications and it is of great
interest in practice to develop some neural network models,
which could provide a real-time solution for problem (1).

Recently, neural networks for optimization problems have
achieved many significant results [5], [13]–[46]. Among
them, by means of gradient descent and exact penalization,
[35] proposed neural networks to solve convex optimization
and variational inequality problems. Even though the size
of each model is n, their right-hand sides are discontinuous
even when g is smooth and the convergence performance is
not ideal, since the trajectories of state variables are only
shown to asymptotically converge to the solution set of the
underlying problem under some mild conditions. The models
in [5], [42], and [45] have good stability performance
(see [5], [14], [21], [24], [39], [42], [45], and references
therein), and can be directly used to solve (1) without the
inequality and equality constraints (m = p = 0). However,
it is unwise for using them to solve (1), since another
nonlinear programming problem with the same constraints

2162-237X © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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must be solved to compute the projection on C. Moreover,
the model in [45] requires estimating the Lipschitz constant,
which is hard in practice, so this estimation may limit the
applicability of the model in [45] to practical optimization
problems. By directly extending the models in [5] and [42]
to (1), Xia [38], [40] developed two models with a one-
layer structure, and analyzed their stability and convergence
(see [21], [38], [40], [41], and references therein). Even though
they all can solve some nonmonotone problems and are very
suitable to parallel implementation, they might not be stable
even when g1, . . . , gm are differentiable and concave, and
the Jacobian matrix, ∇F(u), of F is symmetric and positive
semidefinite (or F is cocoercive) on � (see [19, Example 2]).
The model in [22] is designed for (1) with � = �n , and
it can solve (1) by introducing the Lagrange multipliers to
the constraints li ≤ ui ≤ hi (i = 1, . . . , n). However, the
model complexity must be substantially increased, since the
size of the resulting networks must be enlarged to m +2n + p,
and the resulting model might not be stable (see [19, Fig. 3]).
When applied to the nonlinear convex programming prob-
lem, i.e., (2) with f being convex on �, all the models
in [15], [16], [19], and [27] are asymptotically stable, but the
size of each model is m + n + p, the model in [15] could not
be applied to solve problem (1) with an asymmetric mapping,
and the stability of the models in [16] and [27] requires
the cocoercivity of F on � for (1). Moreover, the models
in [15], [16], [27], and [38] need the components of the initial
point corresponding to the decision variables lying in �, and
all the models in [15], [16], [19], [27], [38], and [40] could
not be directly applied to (1) with F (∇ f ) or some ∇gi being
defined on D = {u ∈ �n |Du = d} (see [20, Example 1] and
Examples 1 and 2).

On the other hand, all the models in [15], [16], [19], [27],
[38], and [40] can also be applied to (1) and its special cases in
two ways. One way is to replace projection on � with the pro-
jection on D. Even though the stability of the resulting network
for each model in [15], [16], [19], and [27] requires only cer-
tain monotonicity of F on D and each model in [38] and [40]
can solve some nonmonotone problems, the size of each
resulting model for them must be enlarged to at least
m + 2n by introducing the Lagrange multipliers to the con-
straints li ≤ ui ≤ hi (i = 1, . . . , n). Moreover, the models
in [15], [16], [27], and [38] need the components of the
initial point corresponding to the decision variables lying
in D. Another way is to solve the following transformed
problem by using variable elimination [26]: to find a v∗ ∈ V
such that:

(v − v∗)T QT U F[U T (Qv∗ + q)] ≥ 0 ∀v ∈ V (3)

where U ∈ �n×n is a permutation matrix, such that DU T =
(DI, DII) with DI ∈ �p×p being nonsingular and DII ∈
�p×(n−p), V = {v ∈ �n−p|(Ul)p+i ≤ vi ≤ (Uh)p+i for
i = 1, . . . , n − p, g[U T (Qv + q)] ≥ 0, lI ≤ D−1

I d −
D−1

I DIIv ≤ hI} with (lI)i = (Ul)i and (hI)i = (Uh)i for
i = 1, . . . , p

Q =
( −D−1

I DII
I

)
, q =

(
D−1

I d
0

)

with I being an identity matrix of order n − p. The stability
of each resulting network is the same as that in computing
the projection on D, and the size of each resulting model
for the models in [15], [16], [19], and [27] is m + n by
using the method in [16] to two-sided inequality constraints.
However, it requires to partition D (or find the matrix Q) and
transform some bounded constraints into two-sided inequality
constraints, and the size of resulting models for the models
in [38] and [40] is m + n + p. In particular, each resulting
model in [15], [16], [19], and [27] for (1) without inequality
constraints (m = 0) still has a two-layer structure [20].

Moreover, Gao and Liao [20] developed a one-layer
neural network for solving quadratic programming problems,
i.e., (2) with f and g being quadratic and linear, respectively.
This model has m + n state variables and its stability only
requires the convexity of f on D. When inequality con-
straints are absent, i.e., m = 0, Liu and Wang [33] and
Liu et al. [34] proposed two one-layer neural networks
to (2) and (1), respectively. These models have n state variables
and avoid the difficulty of computing the projection on the
set D ∩ � = {u ∈ �|Du = d} directly, but the improved
stability condition for them in [34] requires the differentiability
of F and a suitable design parameter when applied to (2).
Although the method to design the model in [20] cannot be
applied to (1), and the transformation of double projections
for the decision variables in [33] and [34] does not guarantee
the differentiability of the underlying mapping F and g even
when they are differentiable, they motivate our investigation
on a new neural network with good stability and overcoming
some drawbacks of the above models.

Based on the above important considerations and motivated
by some discontinuous models as the extensions of the corre-
sponding continuous-time version, in this paper, the following
hold.

1) We propose a new neural network model for solv-
ing problem (1) by constructing a system of double
projection equations: first projection onto D and then
onto � × �n+.

2) We prove that the proposed neural network is stable
in the sense of Lyapunov and converges to an exact
solution of the original problem under the weaker coco-
ercivity of F on D by using a proper convex energy
function.

3) We show the asymptotic stability of the proposed neural
network with F(u) = ∇ f (u), a gradient mapping, being
only monotone on D by using different convex energy
functions.

4) We discuss in detail the complexities and the stability
conditions of the existing models in [16], [19], [27],
[38], and [40] for (1).

Moreover, two sufficient conditions are provided to ensure
the asymptotic stability of the proposed neural network when
� = �n . The proposed model avoids the difficulty of com-
puting the projection onto the set {u ∈ �|Du = d} directly
(see Remark 1), has m + n state variables and no design para-
meter when applied to optimization problems, and overcomes
some shortcomings of the existing models in [15], [16], [19],
[22], [27], [33], [34], [38], and [40]. The performance of the



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

GAO AND LIAO: NOVEL NEURAL NETWORK FOR GENERALLY CONSTRAINED VARIATIONAL INEQUALITIES 3

proposed neural network is demonstrated by several numerical
examples.

In our following discussions, ‖ · ‖ denotes the Euclidean
norm of both vectors and matrices, I denotes the identity
matrix of order n, �m+ = {y ∈ �m |yi ≥ 0, i = 1, . . . , m},
∇ϕ(u) = [∂ϕ(u)/∂u1, . . . , ∂ϕ(u)/∂un]T ∈ �n denotes the
gradient vector of the differentiable function ϕ(u) at u, and
∇F(u) denotes the Jacobian matrix of the differentiable map-
ping F at u. For any closed convex set � ⊆ �n , P� : �n → �
denotes the projection operator defined by

P�(w) = arg min
v∈�

‖w − v‖.
A basic property of the projection mapping on a closed convex
set [7] is

[w − P�(w)]T [P�(w) − v] ≥ 0 ∀w ∈ �n, v ∈ �. (4)

A neural network is said to be stable in the sense of Lyapunov,
and asymptotically stable, if the corresponding dynamical
system is.

For the convenience of later discussions, it is necessary to
introduce the following definitions.

Definition 1: Mapping F : � ⊆ �n → �n can be any of
the following.

1) It is monotone on � if the following inequality holds:
(u − v)T [F(u) − F(v)] ≥ 0 ∀u, v ∈ �. (5)

2) It is strictly monotone on � if strict inequality (5) holds
whenever u �= v.

3) It is cocoercive on � if there is a constant γ > 0 such
that

(u − v)T [F(u)−F(v)] ≥ γ ‖F(u)−F(v)‖2 ∀u, v ∈ �.

4) F is monotone plus on � if F is monotone and
(u − v)T [F(u) − f (v)] = 0 implies F(u) = F(v) for
all u, v ∈ �.

Clearly, 2) or 3) ⇒ 4) ⇒ 1), but the converse is not true
in general.

Definition 2: A mapping F is said to be a gradient mapping
on � if there exists a differentiable function f : � → �1, such
that F(x) = ∇ f (x) for all x ∈ �; otherwise, F is said to be
an asymmetric mapping on �.

According to [8], when F is differentiable on �, F is a
gradient mapping if and only if ∇F is symmetric on �.

Throughout this paper, the following assumptions are
needed.

Assumptions:
1) There exists a finite u∗ ∈ C∗ = {u ∈ �n |u solves (1)}.
2) g′(u) = [∇g1(u), . . . ,∇gm(u)] is locally Lipschitz con-

tinuous on an open convex set B containing D.
3) Problem (1) satisfies the Slater condition (see [1, p. 97]),

i.e., there exists a u′ ∈ �n , such that

g(u′) > 0, Du′ = d, li < u′
i < hi for i = 1, . . . , n.

The rest of this paper is organized as follows. In Section II,
a neural network model for solving problem (1) is constructed.
The stability and convergence of the proposed neural network
are analyzed in Section III. Numerical simulation on several
examples is illustrated in Section IV. Finally, some concluding
remarks are drawn in Section V.

II. NEURAL NETWORK MODEL

In this section, we shall construct a neural network to solve
problem (1), and illustrate the characteristics of the new model.

Obviously, problem (1) is equivalent to the following convex
programming problem:

min{αuT F(u∗)|u ∈ C}
where α > 0 is a constant. By Assumption 3) and attaching
the Lagrange multipliers λ ∈ �m , μ ∈ �p , and ν ∈ �n to
the constraints g(u) ≥ 0, Du = d , and li < ui < hi for
i = 1, . . . , n, respectively, and then according to [1], u ∈ C∗
if and only if there exists a (λT , μT , νT )T ∈ �m+×�p+n , such
that u ∈ � and{

Du = d, αF(u) − g′(u)λ − DT μ = ν

λ ≥ 0, g(u) ≥ 0, λT g(u) = 0
(6)

where

νi

⎧⎨
⎩

≤ 0, if ui = hi

= 0, if li < ui < hi

≥ 0, if ui = li .
i = 1, . . . , n (7)

Since rank(D) = p, DDT is nonsingular. Denote{
P = I − DT (DDT )−1 D
s = DT (DDT )−1d

(8)

and then P2 = P , DP = 0, Ds = d , and y ∈ D if and only
if y = Py + s [33]. Thus

P[αF(u) − g′(u)λ − ν] = 0.

Furthermore, let x = u + (I − P)ν, and then Pu = Px and
Pν = ν − x + u. Thus, u = Pu + s = Px + s by Du = d and

P[αF(u) − g′(u)λ] + x − u = ν.

Since u ∈ C∗ ⊂ �, by (4) and the inequalities in (6), we can
obtain the following system:{

u = P�[2u − P(αF(u) − g′(u)λ) − x]
λ = [λ − g(u)]+ (9)

where u = Px + s and λ+ = (λ+
1 , . . . , λ+

m )T with λ+
i =

max{0, λi } for i = 1, . . . , m. The following lemma reveals
the relationship between the solutions of (1) and (9).

Lemma 1: Let K∗ = {z = (x T , λT )T ∈ �n × �m+|z
solves (9)}. Then, the following two statements are true.

1) If u ∈ C∗, then there is λ ∈ �m+, such that z ∈ K∗ with
u = Px + s.

2) If z ∈ K∗, then Px + s ∈ C∗.
Proof: See the Appendix.

Remark 1: Since PD(x) = Px + s, (9) can be rewritten as{
PD(x) = P�{2PD(x) − P[αF(PD(x)) − g′(PD(x))λ] − x}
λ = [λ − g(PD(x))]+.

Clearly, double projections are made in the right-hand side of
the system above, i.e., first projection onto D and then onto
� × �n+. Obviously, this avoids the difficulty to compute the
projection on the set D ∩ � = {u ∈ �|Du = d} directly
(this is a quadratic convex programming problem), preserves
the differentiability of g, and provides a way to design new
models for related optimization problems.
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Fig. 1. Block architecture of neural network (10)–(11).

Lemma 1 shows that each solution of (1) can be obtained
by solving (9), and vice versa. For simplicity, we denote
z = (x T , λT )T and λ̃ = [λ−g(Px+s)]+. Then, by replacing λ
in the first equation of (9) with λ̃, a neural network model to
solve problem (1) can be defined as follows:

State Equation:

dz

dt
= d

dt

(
x
λ

)

= −ρ

(
2[u − P�(2u − P(αF(u) − g′(u)λ̃) − x)]

λ − λ̃

)

(10)

Output Equation:

u = Px + s (11)

where ρ and α are positive constants.
Obviously, K∗ defined in Lemma 1 is just the equilibrium

point set of (10), and the output vector u defined in (11)
always satisfies equality constraints Du = d by (8). The
block architecture of neural network (10)–(11) is shown in
Fig. 1, where ρ̂ = 2ρ. The projection operators P�(·) and (·)+
could be easily implemented by using piecewise-activation
functions [15]. According to Fig. 1, the circuit realizing
the proposed neural network (10)–(11) consists of m + n
integrators, m + n activation functions for P�(·) and (·)+,
mn + n + m processors for g′(u), F(u), and g(u), mn analog
multipliers for g′(u)λ̃, 2n2 weighted connections, and some
amplifiers and adders.

To show clearly the characteristics of the proposed neural
network (10)–(11), Table I provides a comparison of the pro-
posed model with five existing models in [16], [19], [27], [38],
and [40] for (1) in three modes: to compute P� (projection
on �) and PD (projection on D), and to solve (3), where the
following hold.

1) The models in [16] and [27] are the same in the last two
modes, and include a parameter α for all three modes
when F is asymmetric and cocoercive with modular
γ > 0.

2) The method in [16] is used to cope with the two-sided
linear inequality constraints in the last mode for the
models in [16], [19], and [27].

3) C1 and C2 are the numbers of multiplication/division
and addition/subtraction per iteration for computing F(u),
g(u), and g′(u), H (u, λ) = ∇F(u) + ∑m

i=1 λi∇2gi(u)
(∇2gi(u) is the Hessian matrix of gi at u), u∗ is a solution
of (1), and V is defined in (3).

From Table I, we can see that even though the proposed
neural network has higher computational complexity than
others, it requires the following:

1) less state variables than the models in [16], [19],
and [27] to (1) by computing P� and PD and the models
in [38] and [40] in three modes;

2) weaker stability condition than the models in
[16] and [27] to (1) by computing PD;

3) weaker differentiability condition than the model in [38]
in three modes.

Meanwhile, unlike the third mode [to solve (3)], the proposed
model and the first two modes do not require to partition D
(or use Q R-decomposition for D). Moreover, the models
in [16] and [27] require the initial point lying in � × �m+p

and D × �m+n for the first two modes, respectively, and the
model in [38] requires the initial point lying in �×�m+ ×�p ,
D × �m+2n+ , and V × �m+2p

+ for three modes, respectively.
It should be noted that the models in [38] and [40] can solve
some nonmonotone problem in three modes, yet they might
be unstable even when g1, . . . , gm are differentially concave
and ∇F(u) is symmetric and positive semidefinite (or F is
cocoercive) (see [19, Example 2]), and the model in [40]
requires the differentiability of F and g′ in this case.

Furthermore, when applied to linearly constrained varia-
tional inequality, i.e., (1) with m = 0, the proposed model
(10)–(11) can be simplified as

State Equation:

dx

dt
= ρ{P�[2u − αP F(u) − x] − u} (12)

Output Equation:

u = Px + s (13)

where ρ and α are the positive constants. Similar to the
models in [33], [34], [38], and [40], this model has a one-layer
structure, while all the models in [16], [19], [27], and [15]
with m = 0 have a two-layer structure for the above-mentioned
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TABLE I

COMPARISON OF RELATED NEURAL NETWORKS IN TERMS OF MODEL COMPLEXITY AND STABILITY CONDITIONS

three modes. More importantly, even though model (12)–(13)
shares the same computational complexity as the models in
[33] and [34], it requires weaker stability conditions than
those in [33] and [34] (see Remark 1). Thus, the proposed
model overcomes some shortcomings of the above-mentioned
models, and possesses attractive stability properties.

Moreover, we have the following remarks on the relation-
ship of the proposed model with some existing models.

Remark 2:
1) When linear equality constraints are absent, i.e., p = 0,

the proposed model (10)–(11) is the same as the models
in [15], [16], and [27].

2) The stability of the models in the first mode (to compute
P�) cannot be compared with that in the last two modes
[to compute PD and solve (3)] because of the different
requirements on F and g′ from Table I.

In fact, as the model requiring the monotonicity of the
mapping on � cannot be applied to the problem with the
mapping being monotone only on D (see [20, Example 1]
and Examples 1 and 2), similarly the model requiring the
monotonicity of the mapping on D cannot be applied to the
problem with the mapping being monotone only on � either.
For example, consider the problem

min
{
u3/2

1 + u3/2
2 |u1 + u2 + u3 = 1, u ≥ 0

}
and then PD(x) = x − (x1 + x2 + x3)(1, 1, 1)T /3 and the
corresponding problem (3) becomes

min{(1 − u2 − u3)
3/2 + u3/2

2 |u2 + u3 ≤ 1, u2 ≥ 0, u3 ≥ 0}.
Thus, the model requiring the stability on D [or designed

by the projection on D or solving (3)] could not guarantee
the nonnegativeness of PD(x) and PD(x+) or 1 − u2 − u3.
Therefore, the proposed model and all resulting networks
of the models in [15], [16], [19], [27], [38], and [40] by
computing PD or solving (3) could not be applied to solve
the problem with F or some ∇gi being defined only on �.
In particular, the models in [33] and [34] could not be applied
to solve the problem with F being defined only on �.

III. STABILITY ANALYSIS

In this section, we will study in detail some dynamic
properties of (10)–(11). The following lemma will be very
useful in our later discussions.

Lemma 2: The function ‖λ̃‖2 is differentiable and convex
on �n+m and

∇(‖λ̃‖2) = 2

( −Pg′(Px + s)λ̃
λ̃

)
.

Proof: See the Appendix.
Lemma 2 paves a way for us to study the dynamics of

network (10)–(11). In the following, we divide our discussions
into two sections to state and prove the stability results of
(10)–(11) for two cases.

A. Asymmetric Mappings

In this section, we discuss the stability properties
for (10)–(11) with an asymmetric mapping F .

Theorem 1: Assume that P F is cocoercive on D with
γ > 0, where P is defined in (8). If α < 4γ , then neural
network (10)–(11) is stable in the sense of Lyapunov, and
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its state trajectory z(t) and output trajectory u(t) with initial
point z0 ∈ �n+m will converge to an point in K∗ and an
solution of (1), respectively. In particular, (10)–(11) is globally
asymptotically stable when K∗ = {z∗}.

Proof: See the Appendix.
Obviously, one can let α = 1 in (10)–(11) if P F is

cocoercive on D with γ > 1/4. Then, the proposed model
has no design parameter in this case.

Remark 3: In the following cases, Theorem 1 also holds.

1) F is cocoercive on D.
2) There is a constant γ > 0, such that the matrix Sγ (u) =

P{[∇F(u)]T + ∇F(u)}P − γ P[∇F(u)]T P∇F(u)P is
positive semidefinite for all u ∈ D.

Obviously, we only need to show that either 1) or 2) implies
that P F is cocoercive on D.

In fact, 1) can be obtained by ‖P‖ = 1 and ‖P[F(v) −
F(u)]‖ ≤ ‖F(v) − F(u)‖ for all u, v ∈ D.

For 2), according to [8] and the positive semidefiniteness of
Sγ (u) on D and P2 = P , we have

2(y − x)T P[F(Py + s) − F(Px + s)]
= 2(y − x)T P

∫ 1

0
∇F[y(ξ)]P(y − x)dξ

≥ γ

∫ 1

0
‖P∇F[y(ξ)]P(y − x)‖2dξ

≥ γ

n∑
i=1

[∫ 1

0
[P∇F(y(ξ))P(y − x)]i dξ

]2

= γ ‖
∫ 1

0
P∇F(y(ξ))P(y − x)dξ‖2

= γ ‖P[F(Py + s) − F(Px + s)]‖2 ∀x, y ∈ �n

where y(ξ) = Px + s + ξ P(y − x) ∈ D for all ξ ∈ [0, 1].
On the other hand, ∀u, v ∈ D, there exist x, y ∈ �n ,

such that u = Px + s and v = Py + s, since the mapping
y ∈ �n �→ Py+s ∈ D is surjective. Then, the above inequality
implies that 2(v − u)T [F(v) − F(u)] ≥ γ ‖P[F(v) − F(u)]‖2

for all u, v ∈ D, i.e., P F is cocoercive on D with γ /2.
When � = �n , model (10)–(11) can be simplified as

dz

dt
= d

dt

(
x
λ

)

= −ρ

(
P[F(Px + s) − g′(Px + s)λ̃ − x] + x − s

λ − λ̃

)

(14)

where ρ > 0 is a scaling constant. Obviously, this model
does not require the factor 2 in (dx/dt) and to choose the
parameter α. Moreover, unlike the original model (10)–(11),
the following result shows that the output variable of (14) is
just x .

Lemma 3: Let � = �n , and then the following two
statements are true.

1) If x ∈ C∗, then there is a λ ∈ �m+, such that
(xT , λT )T ∈ K∗.

2) If z ∈ K∗, then x ∈ C∗.
Proof: 1) is a direct result of Lemma 1.1).

2) If z ∈ K∗, then λ = [λ−g(u)]+ and P[F(u)−g′(u)λ]+
x −u = 0, where u = Px +s. Thus, P[F(u)−g′(u)λ] = 0 by
P2 = P . Therefore, x = u ∈ C, and the result can be obtained
by the same proof as Lemma 1.2).

Theorem 2: Assume that � = �n and F is monotone on D
and locally Lipschitz continuous on an open convex set B
containing D. If, in addition, (u − u∗)T F(u) = 0 implies
u ∈ C∗ for all u ∈ D, where u∗ ∈ C∗, then neural network (14)
is stable in the sense of Lyapunov, and its trajectory z(t) with
initial point z0 ∈ �n+m will converge to an equilibrium point
of (14). In particular, (14) is globally asymptotically stable
when (14) has a unique equilibrium point.

Proof: See the Appendix.
Remark 4:
1) Theorem 2 also holds if F is strictly monotone or

monotone plus on D.
2) According to Definition 1 and [8], F is monotone on D

if and only if the mapping P F(Px + s) is monotone on �n .
Furthermore, if F is differentiable on D, then F is monotone
on D if and only if the matrix P∇F(Px + s)P is positive
semidefinite on �n .

B. Optimization Problems

When applied to problem (2), that is{
min f (u)
s.t. g(u) ≥ 0, Du = d, u ∈ �

(10)–(11) can be simplified as
State Equation:

dz

dt
= d

dt

(
x
λ

)

= −ρ

(
2[u − P�(2u − P(∇ f (u) − g′(u)λ̃) − x)]

λ − λ̃

)

(15)

Output Equation:

u = Px + s (16)

where ρ > 0 is a scaling constant. Obviously, this model does
not have any design parameter. The following lemma reveals
the relationship between an equilibrium point of (15) and an
optimal solution of (2).

Lemma 4: Assume that f is pseudoconvex on D, that is

(u − v)T ∇ f (v) ≥ 0 ⇒ f (u) ≥ f (v) ∀u, v ∈ D.

If, in addition, z is an equilibrium point of (15), then
Px + s ∈ C∗ is an optimal solution of (2).

Proof: From Lemma 1.2), u = Px + s ∈ C∗,
i.e., (v − u)T ∇ f (u) ≥ 0 for all v ∈ C. Then, f (v) ≥ f (u) for
all v ∈ C by the pseudoconvexity of f on D. Thus, u is an
optimal solution of (2).

Theorem 3: Assume that f is differentiable and convex on
an open convex set B containing D. Then, neural network
(15)–(16) is stable in the sense of Lyapunov, and its state
trajectory z(t) and output trajectory u(t) with initial point
z0 ∈ �n+m will converge to an equilibrium point of (15)
and an optimal solution of (2), respectively. In particular,
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(15)–(16) is globally asymptotically stable when (15) has a
unique equilibrium point.

Proof: See the Appendix.
Remark 5: First, when applied to the linearly constrained

optimization problem, i.e., (2) with m = 0, model (12)–(13)
with F = ∇ f does not have any design parameter and is stable
and convergent only when f is differentiable and convex on D
from Theorem 3, while the model in [33] is discontinuous and
its stability requires the boundedness of state vector and the
convexity of f .

Second, by extending the model in [33], Liu et al. [34]
proposed a continuous-time neural network to (1) with m = 0.
This model has a one-layer structure, is stable and convergent
if the matrix I − P + αSα(u) is positive semidefinite on
X = {z = Px + s|x ∈ �} for some α > 0,
where Sα(u) is defined in Remark 3.1). But the stability of
model (12)-(13) does not require the differentiability of F
(see Theorem 1 and Example 1).

Finally, more importantly, there might be no α > 0, such
that the improved stability condition in [34] for the continuous-
time version of the model in [33] holds when f is twice
differentiable and convex on �n and X is unbounded. For
example, consider the following problem:

{
min f (u) = 1

12

(
u4

1 + u4
2

)
s.t. u1 − u2 = 1, u ≥ 0.

The matrix I − P + αSα(u) with F = ∇ f is indefinite on
X = {(x1 + x2 + 1, x1 + x2 − 1)T /2|x ≥ 0} for any α > 0.
In fact, the determinant of the matrix

I − P + αSα(u) = 1

2

(
1 + ξ ξ − 1

ξ − 1 1 + ξ

)

is ξ = α[(x1 +x2)
2 +1]{1−α[(x1 +x2)

2 +1]/8}/2. But ξ < 0
when x1 + x2 > (max{8/α − 1, 0})1/2 for all α > 0. Thus,
the stability conditions for the proposed model (15)–(16) is
weaker than those in [34].

Furthermore, when applied to (2) with � = �n , (15) can
be simplified as (14) with F = ∇ f , that is

dz

dt
= d

dt

(
x
λ

)

= −ρ

(
P[∇ f (Px + s) − g′(Px + s)λ̃ − x] + x − s

λ − λ̃

)

(17)

where ρ > 0 is a scaling constant. Then, we have the following
results for (17).

Lemma 5: Let � = �n . If f is pseudoconvex on D and
z ∈ K∗, then x ∈ C∗ is an optimal solution of (2).

Theorem 4: Assume that � = �n , and f is differentiable
and convex on an open convex set B containing D. Then neural
network (17) is stable in the sense of Lyapunov, and its state
trajectory z(t) with initial point z0 ∈ �n+m will converge to
an equilibrium point of (17).

Proof: See the Appendix.

Remark 6: When � is a ball or �2 norm constraint,
{u ∈ �n|‖u‖2 ≤ r}

P�(u) =
{

u, if ‖u‖ ≤ r
ru/‖u‖, if ‖u‖ > r

and the results in Lemma 1 and Theorems 1 and 3 hold. In fact,
we only need to show that (9) holds in this case. Obviously,
u ∈ C∗ if and only if there exists a (λ, μ, ν) ∈ �m+ ×�p ×�n ,
such that u ∈ � and{

αF(u) − g′(u)λ − DT μ + νu = 0
Du = d, λ = [λ − g(u)]+

where

ν

{ = 0, if ‖u‖ < r
≥ 0, if ‖u‖ = r.

(18)

Following the similar analysis as in Section II, we know that

P[αF(u) − g′(u)λ] + x + (ν − 1)u = 0

where u = Px + s. Let v = 2u − P[αF(u) − g′(u)λ] − x ,
then v = (ν+1)u from the above equation. Thus, u = v when
‖u‖ < r , and (ν + 1)r = ‖v‖, i.e., u = rv/‖v‖ when ‖u‖ = r
by (18). This and λ = [λ − g(u)]+ imply that (9) holds.

Remark 7: The dual problem of problem (2)⎧⎪⎪⎨
⎪⎪⎩

max f (u) − λT g(u) − μT (Du − d)

−ξT (u − l) − ηT (h − u)

s.t. ∇ f (u) − (g′(u))T λ − DT μ = ξ − η
λ ≥ 0, ξ ≥ 0, η ≥ 0

can be solved by neural network (15)–(16). In fact, if z∗ ∈
K∗, then it is easy to prove that [u∗, λ∗, μ∗, (P(∇ f (u∗) −
g′(u∗)λ∗) + x∗ − u∗)+, (P(g′(u∗)λ∗ − ∇ f (u∗)) + u∗ − x∗)+]
is an optimal solution of the above dual problem, where u∗ =
Px∗ + s and μ∗ = (DDT )−1 D[∇ f (u∗) − g′(u∗)λ∗ − x∗] +
(DDT )−1d .

IV. ILLUSTRATIVE EXAMPLES

In this section, three examples are provided to illustrate
both the theoretical results achieved in Section III and the
simulation performance of the proposed neural network. The
simulation is conducted in MATLAB, and the ode solver used
is ODE23s, which is a stiff medium-order method.

Example 1 shows that model (10)–(11) can be applied to
the problem without being defined outside D, and its stability
does not require the monotonicity of F or −g′ on � and
smoothness of F and g′ on D.

Example 1: Consider a constrained variational inequality
problem (1) with F(u) = [u2 −8.5u1+(3u1u2/2+1/16)1/2+
6, 3u1 + 2u2 − 2]T , C = {u ∈ �|9u2

1 ≥ u2 + 4u2
2 − 3, 3u1 −

2u2 = 1} and � = {u ∈ �2| − 1 ≤ u1, u2 ≤ 10}.
Then, it has a unique optimal solution u∗ = (−1/3,−1)T ,
g(u) = 9u2

1 − u2 − 4u2
2 + 3, D = (3,−2), and d = 1.

Obviously, F is asymmetric and undefined on set
{u ∈ �|u1u2 < −1/24}, and g is not concave on �, but F is
well defined and g is linear on D = {u ∈ �2|3u1 − 2u2 = 1},
since F[(2u2 + 1)/3, u2] = [(9.5 − 14u2)/3 + |u2 + 0.25|,
4u2 − 1]T and g[(2u2 + 1)/3, u2] = 3u2 + 4. Moreover,
one can verify that P F is cocoercive on D with modular
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Fig. 2. Transient behavior of (10) with 20 random initial points in Example 1.

Fig. 3. Transient behavior of the norm ‖z(t) − z∗‖ based on (10)
with 20 random initial points in Example 1.

0.590896. Then, Theorem 1 ensures that (10)–(11) with α =
1 are asymptotically stable. When applied to this problem,
all the simulation results show that the state variables and
output variables of (10)–(11) with α = 1 are asymptotically
stable. For example, let ρ = 10, α = 1, t = 1.5, and
x0 = −2(1, 1, 1)T , we get the unique equilibrium point
z∗ = (−2/3,−7/9, 0)T of (10), and thus obtain the unique
solution u∗ of this problem by (11). Let ρ = 10, α = 1,
and t = 1.5, and Figs. 2 and 3 show the trajectories x(t) and
(x T (t), ‖z(t) − z∗‖)T of (10) with 20 random initial points
marked by blue points converging to x∗ = (−2/3,−7/9)T

and ((x∗)T , 0)T marked by red points, respectively.
Next, let � = {u ∈ �2| − 1 ≤ u1, u2 ≤ 1/24}, and then

F is well defined and all the simulation results show that the
state variables and output variables of (10)–(11) with α = 1 are
asymptotically stable at the unique equilibrium point z∗ of (10)
and the unique solution u∗ of this problem, respectively.
Although the simulation results also show that all the models
in [16], [19], [27], [38], and [40] using PD and (3) are stable,
they are unstable using P� from Table II, where the initial
point is (1/24,−1, 0, 0)T , t = 200, Errt = ‖u(t) − u∗‖,
Iter. represents the iterative number, α = 1 in the models
of [16] and [27], the state vectors x(t) corresponding
to output vector u(t) for the models in [19] and [40]
are (0.588243, −2.396946)T and (8.858757, −7.193648)T ,
respectively, and for others are u(t). From Table II, we can
see that u(t) obtained by each model does not satisfy equality
constraint.

TABLE II

NUMERICAL RESULTS OF EXAMPLE 1 WITH ρ = 10

TABLE III

NUMERICAL RESULTS OF METHODS (19) AND (20) FOR EXAMPLE 1

It should be noted that Theorem 1 holds with
α < 0.01830567 when the cocoercivity of P F is replaced
by the cocoercivity of F from Remark 3.1). However, one
could not set α = 1 in (10)–(11) for this example to ensure
its stability in this case.

Finally, we solve this problem with � = {u ∈ �2|−1 ≤ u1,
u2 ≤ 1/24} using two typically numerical methods: a modified
projection-type method [10] and a forward-backward splitting
method [11] given by

wk+1 = wk − βγ (wk){wk − w̄k − α[G(wk) − G(w̄k)]}
(19)

and

wk+1 = PY [w̄k + α(G(wk) − G(w̄k))] (20)

respectively, where α and β are the positive parameters,
w = (uT , λT , μT )T , Y = � × �m+ × �p , w̄k =
PY [wk − αG(wk)], γ (wk) = ‖wk − w̄k‖2/‖wk − w̄k −
α[G(wk) − G(w̄k)]‖2, and G(w) = [(F(u) − g′(u)λ −
DT μ)T , (g(u))T , (Du − d)T ]T . Both (19) and (20) require
the mapping G being Lipschitz continuous with a constant
L > 0 on Y and α < 1/L. However, when g is nonlinear, this
condition is not satisfied even if all the mappings F, g′, and
g are Lipschitz continuous. Thus, their convergence cannot be
guaranteed for such cases. Moreover, (19) is not suitable for
parallel implementation due to the choice of the varying para-
meter γ (wk). Table III reports the numerical results obtained
by (19) and (20) with different parameters, where initial point
and Iter. are the same as Table II, Err = ‖uI ter. − u∗‖,
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TABLE IV

NUMERICAL RESULTS OF EXAMPLE 2 WITH ρ = 10

uI ter. = (1/24,−0.4375)T for (19) except for β = 0.6
and α = 0.1, uI ter. = (0.0416666,−1)T , (−1,−1)T and
(−1,−0.128847)T for (20) with α = 0.00015, 0.0001 and
0.00005, respectively. From Table III, we can see that (19)
does not converge to u∗, and uI ter. obtained by (20) does not
satisfy equality constraint.

Example 2: Consider a constrained optimization
problem (2) with C = {u ∈ �|1 ≥ u1 − u2(u4 − |u2|/2), u2 ≥
u2

4 − u1u3, u1 − u2 + u3 + u4 = 1, u2 + u4 = −1},
� = {u ∈ �4|u1 ≥ 0, −1 ≤ ui ≤ 2 for
i = 2, 3, 4} and f (u) = uT Au/2 + h(u), where h(u) =∑2

i=1{2[(ui −1/2)+]2+2[(ui −1)+]2+u4
i }/4+[(u4−u3)

+]2/2
and

A =

⎛
⎜⎜⎝

0.25 2.5 −7/8 0.5
2.5 −4 0.5 −1

−7/8 0.5 −0.25 −2
0.5 −1 −2 −4.

⎞
⎟⎟⎠.

Then, it has a unique optimal solution u∗ = (1, 0, 1,−1)T ,
d = (1,−1)T , g(u) = (1 − u1 + u2(u4 − |u2|/2),
u2 + u1u3 − u2

4)
T

g′(u) =
( −1 u4 − |u2| 0 u2

u3 1 u1 −2u4

)T

and

D =
(

1 −1 1 1
0 1 0 1

)
.

Even though h is convex on �4, it is easy to see that
−g1, −g2, and f are not convex on �, since ∇ f is not
pseudomonotone on � [in fact, let u1 = (0, 0, 0, 0)T and
u2 = (0.1, 0.1, 1, 1)T , then (u2 − u1)T ∇ f (u1) = 0, but
(u2 − u1)T ∇ f (u2) = −8.4123]. Let u3 = 2(1 + u2) − u1 and
u4 = −(u2 +1), and then g1(u) = 1−u1 −u2 −u2

2/2− (u+
2 )2

and g2(u) = u2 − (u1 − u2 − 1)2. Thus, g1 and g2 are
concave on D. Moreover, since P AP is positive semidefinite,
f is convex on D by Remark 4.2). Therefore, the conditions
of Theorem 3 are satisfied, and neural network (15)–(16)
can be applied to this problem on �6. All the simulation
results show that the state variables of (15)–(16) with any
initial point always converge to its unique equilibrium point
z∗ = (1, 0, 1,−1, 0.5, 3.75)T , and its output variables are
asymptotically stable at u∗. For example, let ρ = 10 and
t = 60, and Figs. 4 and 5 show the state and output trajectories
of (15)–(16) with 10 random initial points and converging to
z∗ and u∗, respectively.

Fig. 4. Transient behavior of the state trajectories of (15)–(16)
with 10 random initial points in Example 2.

Fig. 5. Transient behavior of the output trajectories of (15)–(16)
with 10 random initial points in Example 2.

It should be noted that the simulation results show that
all the models in [16], [19], [27], [38], and [40] using P�

are unstable for this example from Table IV, where initial
point is (1, . . . , 1)T ∈ �8, t = 600, α = 1 in models
[16] and [27], Iter. is the same as Table II, the state variables
x(t) corresponding to output vector u(t) for the models
in [19] and [40] are (1.414603,−3.216623, 1.501872,
−1.368507)T and (−0.415732, −6.24127, −1.958741,
−9.132018)T , respectively, and for others are u(t). From
Table IV, we can also see that u(t) obtained by each model
does not satisfy any equality or some inequality constraint
except that u(t) ∈ �. Meanwhile, similar to Example 1,
numerical results also show that methods (19) and (20) are
not suitable for this example. These numerical results are not
included due to the page limit.
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Fig. 6. Image fusion using (22)-(23) in Example 3. (a) Noise image. (b)–(d)
Fused images with n = 10, 20, 50.

Example 3: As an application, we consider the image
fusion problem in [44] and [46].

For a 2-D image with M × N gray level f (i, j), let

u((i − 1)N + j) = f (i, j), i = 1, . . . , M, j = 1, . . . , N

and then imagery information can be rewritten as a set of data
along time {u(t)}M×N

t=1 . Assume that the images are collected
by n different image sensors {ui (t)}n

i=1, and each image is
partly distorted by noise. According to [44] and [46], a fusion
image can be presented as

z(t) =
n∑

i=1

wi ui (t)

where w is an optimal solution of the following problem:{
min f (w) = 1

2
wT Cw

s.t. eT w = 1, w ≥ 0
(21)

e = (1, . . . , 1)T ∈ �n and C = u(t)u(t)T /N is a sample
variance matrix with u(t) = [u1(t), . . . , un(t)]T .

When applied to problem (21), the proposed model
(15)-(16) can be simplified as

State Equation:

1

ρ

dx

dt
= [(2P − I − PC P)x + ŝ]+ − Px − 1

n
e (22)

Output Equation:

u = Px + 1

n
e (23)

where ρ is the positive constant, P = I − eeT /n, and ŝ =
[(2+eT Ce/n)I −C]e/n. Obviously, (22)–(23) has a one-layer
structure and n neurons, while the neural networks in [44] and
[46] have a two-layer structure and n + 1 neurons.

To test the performance of neural network (22)–(23), we
apply it to the Lena image shown in Fig. 6, which is an
8-b gray level image with 256 × 256 pixels. Fig. 6(a) is

a noisy Lena image, Fig. 6(b)–(d) contains fused images
by (22)–(23), and the signal-to-noise ratio computed by
10 log(M N‖ f ‖2/‖z − f ‖2) for Fig. 6(a)–(d) are 56.67683,
76.660011, 82.383032, and 88.33621, respectively, where f is
the original image and z is a fused image. From Fig. 6, we
can see that the fused image becomes more clearer.

V. CONCLUSION

In this paper, we present a novel neural network model for
solving generally constrained variational inequality problems
by constructing a system of double projection equations: first
projection onto the linear constraint set D and then onto box
constraint � × �n+. Under the weaker cocoercivity condition
or the monotonicity condition of the gradient mapping on the
linear constraint set, the proposed neural network is proved
to be stable in the sense of Lyapunov and converges to an
exact solution of the original problem for any starting point
by defining proper convex energy functions. Meanwhile, the
complexities and the stability conditions of the existing models
in [16], [19], [27], [38], and [40] for (1) are discussed in
detail, and two sufficient conditions are provided to ensure the
stability of the proposed neural network for a special case by
using different energy functions. The proposed neural network
avoids the difficulty of computing the projection onto the set
{u ∈ �|Du = d} directly, and has no any design parameter
for a gradient mapping F . Theoretical analysis and illustrative
examples show that the proposed neural network requires
only some monotonicity conditions of F and the concavity of
nonlinear inequality constraints on linear equation constraint
set. Since the proposed network can be used directly to solve
a broad class of optimization problems and some related
problems, it has great application potential. Our simulation
results clearly demonstrate the convergence behavior and the
characteristics of the proposed network.

Further research can be focused on extending the proposed
model to the problem with a set-value mapping (or some
nonsmooth inequality constraints), or finding new stability and
convergence conditions of the proposed neural network.

APPENDIX

Proof of Lemma 1: Obviously 1) holds from the analysis
above. Then, we only need to prove and 2) in the following.

Since z ∈ K∗, (9) holds with u = Px + s. Let μ =
(DDT )−1 D[αF(u) − g′(u)λ − x] + (DDT )−1d , and then
αF(u)− g′(u)λ− DT μ = P[αF(u)− g′(u)λ]+ x − u by (8).
This and (9) imply that{

u = P�[u − αF(u) + g′(u)λ + DT μ]
λ = [λ − g(u)]+, Du = d

which is equivalent to (6). Thus, u ∈ C∗.
Proof of Lemma 2: Since u = Px + s ∈ D for all x ∈ �n ,

‖λ̃‖2 = ∑m
i=1[(λi − gi(u))+]2 is well defined on �n+m .

Obviously, for i = 1, . . . , m

(λi − gi(u))+ =
{

λi − gi (u), if λi ≥ gi (u)
0, otherwise.

Thus, the result can be obtained from [1] and the differentiable
concavity of g1, . . . , gm on D.
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Proof of Theorem 1: From (4) and the cocoercivity of P F
on D, we know that the projection operators P�(·) and (·)+
are nonexpansive and PF is Lipschitz continuous on D,
respectively. Since Px + s ∈ D for all x ∈ �n , it is easy
to prove that the right-hand side of (10) is well defined and
locally Lipschitz continuous on �n+m from Assumption 2).
Thus, for any z0 = [(x0)T , (λ0)T ]T ∈ �n+m , there exists a
unique continuous solution z(t) for (10) with z(0) = z0, and
[0, τ ) is its maximal interval of existence.

For simplicity, we denote x̃ = P�[2u − x − P(αF(u) −
g′(u)λ̃)], where u = Px + s. Let z∗ = [(x∗)T , (λ∗)T ]T ∈ K∗
be finite, u∗ = P�[2u∗− P(αF(u∗)−g′(u∗)λ∗)−x∗], and the
inequalities in (6) hold at z = z∗, where u∗ = Px∗ + s ∈ C∗
by Lemma 1.2). Substituting w = 2u−x − P(αF(u)−g′(u)λ̃)
and v = u∗ ∈ C ⊆ � into (4), we have

[2u − x − P(αF(u) − g′(u)λ̃) − x̃]T (x̃ − u∗) ≥ 0

for all z ∈ �n+m . It follows from u − u∗ = P(x − x∗) =
P(u − u∗), PT = P , and Px = Pu that:

(u − x̃)T [x − u∗ + P(αF(u) − g′(u)λ̃)]
≥ ‖u − x̃‖2 + (x − u)T (u − u∗)

+(u − u∗)T P[αF(u) − g′(u)λ̃]
= ‖u − x̃‖2 + (u − u∗)T [αF(u) − g′(u)λ̃]

for all z ∈ �n+m . Similarly, by substituting w = 2u∗ − x∗ −
P(αF(u∗)− g′(u∗)λ∗) and v = x̃ ∈ � in (4), u∗ = P�[2u∗ −
P(αF(u∗) − g′(u∗)λ∗) − x∗] and Pu∗ = Px∗

(u − x̃)T [u∗ − x∗ − P(αF(u∗) − g′(u∗)λ∗)]
≥ (u − u∗)T [u∗ − x∗ − P(αF(u∗) − g′(u∗)λ∗)]
= (u − u∗)T [g′(u∗)λ∗ − αF(u∗)] ∀z ∈ �n+m .

The above two inequalities imply that

(u − x̃)T [x − x∗ − P(g′(u)λ̃ − g′(u∗)λ∗)]
≥ ‖u − x̃‖2 − (u − u∗)T [g′(u)λ̃ − g′(u∗)λ∗]

+ α[u − u∗ − P(u − x̃)]T [F(u) − F(u∗)] (24)

for all z ∈ �n+m .
On the other hand, from λ̃ − λ = [g(u) − λ]+ − g(u) and

(λ̃)T [g(u) − λ]+ = 0, we have

(λ̃ − λ)T (λ̃ − λ∗) + (u − u∗)T [g′(u)λ̃ − g′(u∗)λ∗]
= (λ̃)T [(g′(u))T (u − u∗) − g(u)] − (λ∗)T [g(u) − λ]+

+ (λ∗)T [g(u) − (g′(u∗))T (u − u∗)]
≤ −(λ̃)T g(u∗) ≤ 0 ∀z ∈ �n+m (25)

where the first inequality follows by (6) at z = z∗ and:{
g(u∗) ≤ g(u) + [g′(u)]T (u∗ − u)

g(u) ≤ g(u∗) + [g′(u∗)]T (u − u∗) ∀u ∈ D

since g1, . . . , gm are differentiable and concave on D.
Now, consider the function

V1(z) = 1

2
(‖z − z∗‖2 + ‖λ̃‖2 + ‖λ∗‖2)

+ (x − x∗)T Pg′(u∗)λ∗ − λT λ∗. (26)

Then V1(z) is differentiable and convex on �n+m and

∇V1(z) =
(

x − x∗ − P[g′(u)λ̃ − g′(u∗)λ∗]
λ + λ̃ − 2λ∗

)

from Lemma 2. It follows from (24) and (25) and the coco-
ercivity of PF on D that:

d

dt
V1(z) =

(
dz

dt

)T

∇V1(z) = ρ(λ̃ − λ)T (λ̃ + λ − 2λ∗)

+ 2ρ(x̃ − u)T {x − x∗ − P[g′(u)λ̃ − g′(u∗)λ∗]}
≤ 2ρ{(u − u∗)T [g′(u)λ̃ − g′(u∗)λ∗] − ‖u − x̃‖2}

+ 2αρ[P(u − x̃) − (u − u∗)]T [F(u) − F(u∗)]
+ 2ρ(λ̃ − λ)T (λ̃ − λ∗) − ρ‖λ − λ̃‖2

≤ 2αρ‖u − x̃‖‖P[F(u) − F(u∗)]‖ − ρ‖λ̃ − λ‖2

− 2ρ[‖u − x̃‖2 + αγ ‖P[F(u) − F(u∗)]‖2]
≤ −ρ‖λ̃ − λ‖2 − 2ρ

(
1 − α

4γ

)
‖u − x̃‖2 (27)

for all 0 ≤ t < τ , where the last step follows by:
‖u − x̃‖ · ‖P[F(u) − F(u∗)]‖

≤ 1

4γ
‖u − x̃‖2 + γ ‖P[F(u) − F(u∗)]‖2.

Since ‖λ̃‖2 is differentiable and convex on �n+m (Lemma 2),
‖λ̃‖2 ≥ 2λT λ∗ − ‖λ∗‖2 − 2(x − x∗)T Pg′(u∗)λ∗ for all
z ∈ �n+m , and then V1(z) ≥ ‖z − z∗‖2/2 for all z ∈ �n+m .
Thus, by (27) and α < 4γ , we have

‖z(t) − z∗‖2 ≤ 2V1[z(t)] ≤ 2V1(z
0) ∀0 ≤ t < τ.

Therefore, {z(t)|0 ≤ t < τ } is bounded. So τ = +∞, and
systems (10)-(11) are well defined by Lemma 1.

From (27), with τ = +∞, V1(z) defined in (26)
is a Lyapunov function of (10)-(11). Then, (10)-(11) is
Lyapunov stable from [47, Th. 3.2]. Following the proof
of [15, Th. 2], the result can be obtained.

Proof of Theorem 2: From the assumption and the proof of
Theorem 1, it is easy to see that the right-hand side of (14) is
well defined, and there exists a unique continuous solution z(t)
for (14) with initial point z(0) = z0 ∈ �n+m and [0, τ ) (τ > 0)
as its maximal interval of existence.

Let z∗ ∈ K∗ be finite and u = Px + s; then, x∗ ∈ C∗ from
Lemma 3.2), u∗ = Px∗ + s = x∗, P[F(u∗) − g′(u∗)λ∗] = 0
by (14), u − u∗ = P(x − x∗), and Px = Pu by P2 = P and
Ps = 0. It follows from (25) and the monotonicity of F on
D that:

d

dt
‖z(t) − z∗‖2

= −2ρ(λ − λ∗)T (λ − λ̃)

− 2ρ(x − x∗)T {(x − u) + P[F(u) − g′(u)λ̃]}
= 2ρ[(λ̃ − λ)T (λ̃ − λ∗) − ‖λ − λ̃‖2 − ‖x − u‖2]

+ 2ρ(u − u∗)T [g′(u)λ̃ − g′(u∗)λ∗]
− 2ρ(u − u∗)T [F(u) − F(u∗)] ≤ 0 (28)

for all 0 ≤ t < τ . Thus, {z(t)|0 ≤ t < τ } is bounded.
Therefore, τ = +∞ and (14) is Lyapunov stable.
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From the analysis above, the set γ +(z0) = {z(t)|t ≥ 0} is
bounded. Then, z(t) → O(z0) as t → ∞, where the ω−limit
set O(z0) of γ +(z0) is nonempty, compact, connected, and
invariant (see [48]), and d‖z − z∗‖2/dt = 0 for all z ∈ O(z0)
by (28), since the function ‖z − z∗‖2 is bounded below. This,
(28), and the equality in (25) imply that⎧⎪⎪⎨

⎪⎪⎩

x = u, (u − u∗)T [F(u) − F(u∗)] = 0
λ = λ̃, (u − u∗)T g′(u)λ = 0
(λ∗)T g(u) = 0, (u − u∗)T g′(u∗)λ∗ = 0

∀z ∈ O(z0).

Then x ∈ C by x = u and λ = λ̃. Noticing that P F(u∗) =
Pg′(u∗)λ∗, (u − u∗)T F(u∗) = 0 by u − u∗ = P(u − u∗) and
P = PT , and thus{

x = u ∈ C, (x − x∗)T F(x) = 0
λ = λ̃, (x − x∗)T g′(x)λ = 0

∀z ∈ O(z0) (29)

by u∗ = x∗. So x ∈ C∗ for all z ∈ O(z0) from the assumption
and the second equation in (29).

Now, we prove that O(z0) ⊆ K∗. ∀ẑ = (x̂ T , λ̂T )T ∈ O(z0),
let ẑ(t) = [(x̂(t))T , (λ̂(t))T ]T be the unique continuous
solution of (14) with ẑ(0) = ẑ for all t ≥ 0, and then
{ẑ(t)|t ≥ 0} ⊆ O(z0) from the invariance of O(z0). Thus,
(29) holds with z = ẑ(t), x̂(t) ∈ C∗, and λ̂(t) = λ̂ for all
t ≥ 0 from (14), since λ̂(t) = [λ̂(t)− g′(x̂(t))]+ for all t ≥ 0.

Since x̂ ∈ C∗, there is (x̂, λ̂∗) ∈ K∗ from Lemma 3.1).
Similar to the above analysis, we can verify that (29) holds
with x∗ = x̂ . From (14) and (29) with z = ẑ(t), we have

d

dt
‖x̂(t) − x̂‖2 = −2ρ[x̂(t) − x̂]T {F[x̂(t)] − g′[x̂(t)]λ̂}

= 0 ∀t ≥ 0.

Then

‖x̂(t) − x̂‖2 = ‖x̂(0) − x̂‖2 = 0 ∀t ≥ 0.

Thus, x̂(t) = û(t) = x̂ for all t ≥ 0, and

x̂(t) − x̂ = ρ

∫ t

0
P{g′[û(ξ)]λ̂ − F[û(ξ)]}dξ

= ρP[g′(x̂)λ̂ − F(x̂)]t = 0 ∀t ≥ 0

by (14) and λ̂(t) = λ̂ = [λ̂ − g(x̂)]+. Therefore, P[g′(x̂)λ̂ −
F(x̂)] = 0, and ẑ ∈ K∗ by x̂ = û and (14). Following the
same proof as [15, Th. 2], the result can be obtained.

Proof of Theorem 3: Since f is differentiable and convex
on D, ∇ f is monotone and locally Lipschitz continuous
on D [1]. From the assumptions and the proof of Theorem 1,
for any z0 = [(x0)T , (λ0)T ]T ∈ �n+m , there exists a unique
continuous solution z(t) for (15) with z(0) = z0, and [0, τ ) is
its maximal interval of existence.

For simplicity, we employ the notations in the proof of
Theorem 1. Consider the function

V2(z) = V1(z) + f (u) − f (u∗) − (u − u∗)T ∇ f (u∗) (30)

where V1(z) is defined in (26), z∗ is an equilibrium point
of (15), u = Px + s, and u∗ = Px∗ + s. Since f is
differentiable and convex on D, u∗ is an optimal solution of (2)
from Lemma 4 and V2(z) ≥ ‖z − z∗‖2/2 for all z ∈ �n+m by

f (u) ≥ f (u∗) + (u − u∗)T ∇ f (u∗). It follows from (25) and
the first inequality in (27) and (15) that:

d

dt
V2(z)

=
(

dz

dt

)T

∇V1(z) + 2ρ[∇ f (u) − ∇ f (u∗)]T P(x̃ − u)

≤ 2ρ(λ̃ − λ)T (λ̃ − λ∗) − ρ‖λ̃ − λ‖2 − 2ρ‖u − x̃‖2

− 2ρ(u − u∗)T [∇ f (u) − ∇ f (u∗) − g′(u)λ̃ + g′(u∗)λ∗]
≤ −ρ‖λ̃ − λ‖2 − 2ρ‖u − x̃‖2 ∀0 ≤ t < τ

where the last step follows by (u−u∗)T [∇ f (u)−∇ f (u∗)]≥0,
since f is differentiable and convex on D. Using this result
and following the similar arguments as Theorem 1, the result
can be obtained.

Proof of Theorem 4: For simplicity, we employ the
notations in the proof of Theorem 3. For any z0 =
[(x0)T , (λ0)T ]T ∈ �n+m , let z(t) be the unique continuous
solution of (17) with z(0) = z0 for all t ≥ 0. Consider the
function

V3(z) = V2(z) + 1

2
‖x − x∗‖2

where z∗ is an equilibrium point of (17) and V2(z) is defined
in (30), V3(z) ≥ V2(z) ≥ ‖z − z∗‖2/2 for all z ∈ �n+m ,
x∗ = u∗ is an optimal solution of (2) by Lemma 5, and
P∇ f (u∗) = Pg′(u∗)λ∗. It follows from (17), (25), (26), (28),
and (30) that:

d

dt
V3(z) =

(
dz

dt

)T

∇V2(z) + (x − x∗)T dx

dt

= 2(z − z∗)T dz

dt
+

(
dx

dt

)T

P[∇ f (u) − g′(u)λ̃]

−
(

dx

dt

)T

P[∇ f (u∗) − g′(u∗)λ∗]

+
(

dλ

dt

)T

(λ̃ − λ)

≤ − 1

ρ
‖dz

dt
‖2 − 2ρ‖x − u‖2 + (u − x)T dx

dt

− 2ρ(u − u∗)T [∇ f (u) − ∇ f (u∗)]

≤ − 1

ρ

∥∥∥∥dz

dt

∥∥∥∥
2

− ρ‖x − u‖2

+ ρ(x − u)T P[∇ f (u) − g′(u)λ̃]

≤ − 1

ρ

∥∥∥∥dz

dt

∥∥∥∥
2

− ρ‖x − u‖2 ∀t ≥ 0

where the second inequality follows by the differentiable
convexity of f on D, and the last step follows by P = PT and
Px = Pu. Thus, (17) is Lyapunov stable from [47, Th. 3.2],
and dV3(z)/dt = 0 if and only if dz/dt = 0 and x = u. Using
the above results and following the same proof as Theorem 1,
the result can be obtained.
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