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Abstract

This thesis contains two parts. A general introduction to the main contribu-

tions is given in Chapter 1. The first part is included in Chapter 2 and 3. The

second part is included in Chapter 4 and 5.

In the first part, we present a new method for convex shape representation,

which is regardless of the dimension of objects. To the best of our knowledge,

the proposed prior is the first one which can work for high dimensional objects.

We first prove that the convexity of the considered object is equivalent to the

convexity of the associated signed distance function. Then, the second order

condition of convex functions is used to characterize the shape convexity equiv-

alently. We apply this new method to two applications: object segmentation

with convexity prior and convex hull problem (especially with outliers). We

also propose algorithms based on the alternating direction method of multipli-

ers to solve these models. Numerical experiments are conducted to verify the

effectiveness of proposed representation methods and algorithms. This part

has been published in [38] and [39].

In the second part, we derive an a priori error estimate for the mixed

residual method solving some elliptic PDEs by neural networks. Our work is

the first theoretical study of this method. We prove that the neural network

solutions will converge if we increase the training samples and network size.

Besides, our results suggest that the mixed residual method can recover high

order derivatives better than the deep Ritz method. This part is included in

the preprint [40] and [41].

Keywords: Segmentation; Shape prior; ADMM; Deep learning; Numerical

PDE
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Chapter 1

Introduction

In this thesis, we discuss two themes. The first one is fast algorithms for vari-

ational model with convexity prior. The proposed prior can output a convex

segmentation results even if the object of interest is partially blocked or noisy.

Our algorithm is applicable to both two- and three- dimensional objects. This

part has been published in [38] and [39]. The second one is error analysis of

deep neural networks methods (DNN) for solving partial differential equations

(PDEs). We derive error estimates for the mixed residual method and esti-

mate the convergence rate based on the network size and number of training

samples. We also compare our results with the error analysis results of the

deep Ritz method (DRM). This part is included in the preprint [40] and [41].

1.1 Convex shape representation method

In computer vision tasks, especially image segmentation, shape priors pro-

vide information crucial in improving the accuracy of object reconstruction.

Recently, generic and abstract shape priors, such as connectivity [76], star-

shaped [74, 82], hedgehog-shaped [32], and convexity [21, 72], have attracted

increasing attention. The convexity prior is an important prior. First, many

1



objects in natural and biomedical images, such as balls, buildings, and some

organs of the body [63], are convex. Second, convexity plays a critical role

in many computer vision tasks, such as human visual processing [43]. Sev-

eral methods for convexity prior representation and its applications have been

discussed in [23,72,81].

Many existing methods for convex shape representation can be divided into

two classes: discrete approaches and continuous approaches. The first class of

methods usually designed on the pixel level. In [70], the authors first intro-

duced a generalized ordering constraint for convex object representation. To

achieve the convexity of objects, one needs to explicitly model the boundaries

of objects. Later, a segmentation model with the convexity prior was presented

in [23]. This method is based on the convexity definition and the key idea is

penalizing all 1-0-1 configurations on all straight lines where 1 (resp. 0) rep-

resents the associated pixel inside (resp. outside) the considered object. This

method was then generalized for multiple convex objects segmentation in [22].

In [63], the authors proposed a segmentation model which can handle multiple

convex objects. They formulated the problem as a minimum cost multi-cut

problem with a novel convexity constraint: If a path is inside the concerned

object(s), then the line segment between the two ends should not pass through

the object boundary.

Continuous methods usually characterize the shape convexity by exploiting

the non-negativity of the boundary curvature in two-dimensional space. To the

best of our knowledge, curvature non-negativity was first incorporated into

image segmentation in [72]. A similar method was adopted for cardiac left

2



ventricle segmentation in [81]. In [2], Euler’s elastica energy-based model was

studied for convex contours by penalizing the integral of absolute curvatures.

The continuous or curvature-based methods have been developed further in

[45, 80]. For a given object in two-dimensional space, [80] proved that the

non-negative Laplacian of the associated signed distance function (SDF) [71]

is sufficient to guarantee the convexity of shapes. The authors in [45] proved

that this condition is also necessary. In addition, instead of solving negative

curvature penalizing problems as in [2, 72, 81], these two papers introduced a

non-negative Laplacian condition as a constraint in the considered optimization

problem. This method was extended for the segmentation of multiple convex

objects in [46]. In [80] and [45], the authors presented a projection algorithm

and an alternating direction method of multipliers (ADMM).

All of the methods mentioned above were originally designed for two-

dimensional problems. It is almost impossible to generalize them for three-

dimensional images. In some real-world applications, one needs to preserve

the convexity for high dimensional objects, such as tumors and organs in 3D

medical images. Therefore, it is meaningful to investigate efficient representa-

tion methods for high dimensional convex objects and develop corresponding

computational methods.

Main contribution:

1. The proposed algorithm is the first method to deal with a three-dimensional

convexity prior.

2. We theoretically prove that the convexity of an object is equivalent to

3



the convexity of its signed distance function.

3. We design efficient algorithms to solve the model.

4. This method can be easily generalized to multiple convex objects repre-

sentation

1.2 Error analysis of Neural networks

Deep neural networks, which are compositions of some linear and non-linear

mappings, have become the most popular method in artificial intelligence.

Their ability to fit complex functions allows them to achieve state-of-the-art

performances and outperform other methods in many areas, such as image

processing, video processing, and natural language processing. For a complete

introduction to deep learning, one can refer to [20,27,78]. Some applied mathe-

maticians have also successfully applied DNNs to solve some partial differential

equations (PDEs) recently [24,42,50,69,77,79]. The main advantage of DNNs

is that they can solve very high-dimensional problems that are intractable un-

der traditional numerical methods. For further information on the expressive

power of DNNs, refer to [3, 15,31,83].

To approximate the solution to PDEs, we must first define a subspace

(subset) of functions and then search for a good solution in this subspace

(subset). The classical finite element method (FEM) typically works with the

finite elements space. To construct a finite element space, we must discretize

the domain and then define finite elements based on the mesh. The solution

is then parameterized as a linear combination of all finite elements. FEM is

4



very powerful in two- and three-dimensional problems. However, it suffers

from the curse of dimensionality. Some mesh-free methods, e.g., smoothed

particle hydrodynamics [19], may be considered to solve the high-dimensional

problems, but they are highly inaccurate near the boundary. DNNs are used as

a new mesh-free tool for PDEs in recent years. They are accurate for various

problems, easy to implement and efficient to compute.

To solve PDEs with networks, we first parameterize the solution as a net-

work with certain structures. Fully connected networks (FCNs), residual net-

works (ResNets) and convolutional networks (CNNs) are examples of com-

monly used networks. A special case of the FCN is the two-layer network

(TLN) which is often used in theoretical analysis [3,44,49]. The TLN is closely

related to the Barron space [3], which we will also discuss in this thesis.

Generally, there are two types of method to solve PDEs by DNN. The

first type is the physics informed neural networks (PINN) [59] and the deep

Garlerkin method (DGM) [69]. This type of methods uses the strong form

of PDEs to construct the loss function. It is simple and effective, but the

training stage involves calculations of high order derivatives, requiring more

computational efforts. The second type is the deep Ritz method (DRM) [79].

Some PDEs have equivalent variational formulations in the weak sense. The

variational form usually contains only first order derivative. The DRM uses the

variational form as the training loss and is much more efficient computationally.

However, the accuracy of the DRM is typically lower than that of the PINN

and the DGM.

Another way to avoid higher order derivatives in PINN is to introduce an

5



auxiliary vector-valued network to approximate the gradient of target func-

tions. Then we add an extra penalty term in the loss of DGM to form a mixed

residual loss. This idea has been studied in [6, 48, 85]. [47] also attempted to

enforce the boundary condition exactly to the neural networks. This formu-

lation is also called the first order system least square method and has been

applied to the FEM [7].

In the study of numerical PDE methods, the error estimates are of par-

ticular interest. However, the error analysis in DNNs is generally difficult,

because of the non-linearity and non-convexity of the problem. The error of

neural networks typically consists of two parts: approximation errors and gen-

eralization errors, which is also called quadrature errors in some literature.

The approximation error measures how well a set of DNNs approximate a

given function and the quadrature error measures the deviation between the

expected loss and the empirical loss. The error of DRM is well-studied in the

literature [40,44,55]. [52,53] also gives an a posteriori error for PINNs. There

is no error analysis currently for the mixed residual method.

Main contribution:

1. This work is the first attempt at numerical analysis for the deep mixed

residual method.

2. Our results indicate that the mixed residual method can recover the high

order derivatives better than the DRM. We also observe this property in

numerical experiments.

3. Our analysis considers both homogeneous and non-homogeneous bound-

6



ary conditions while the analysis of the DRM [44, 55] only consider the

homogeneous cases.

4. In this work, we estimate the approximation error and the quadrature

error of TLNs equipped with a non-smooth activation function, the rec-

tified quadratic unit (ReQU) activation function.

5. In [44], the convergence of the DRM requires the number of training

samples to increase cubically with the network size. In our result, the

increase of training samples is independent of network size.

1.3 Organization

This thesis is organized as follow. In Chapter 2, we provide a brief overview

of image segmentation models with various representation forms. Then, we

introduce our convexity prior for high-dimensional objects and incorporate

it into the segmentation models in Chapter 3. We also propose numerical

algorithms to solve these models. In Chapter 4, we review the evolution of

deep learning. Finally, we introduce the mixed residual methods for solving

PDEs and derive an a priori error analysis in Chapter 5..
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Chapter 2

Brief introduction to variational

image segmentation

2.1 Variational model for image segmentation

Suppose we are given an input image I(x), which is defined on a rectangular

domain Ω ⊂ R2, we aim to divide the image into different phases Ωk, k =

1, . . . , n. For example, in Figure 2.1, we want to segment the foreground

(helicopter) and the background (sky).

One of the most famous segmentation model is the Mumford-Shah (MS)

model [54]. It aims to find an optimal piecewise smooth approximation func-

(a) Input image (b) Desired segmentation result

Figure 2.1: Image segmentation
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tion g to I(x), while minimizing the length of partition boundaries. Let

{∂Ωk}nk=1 represent a partitions of Ω. The MS model is given as:

min
g,{Ωk}nk=1

EMS(g, {Ωk}) =
n∑
k=1

∫
Ωk

(|g(x)− I(x)|2 + |∇g(x)|2)dx+ α

n∑
k=1

|∂Ωk|,

s.t. cl(∪nk=1Ωk) = Ω (2.1)

Ωk ∩ Ωl = ∅, k ̸= l.

where |∂Ωk| represents the length of the boundary of Ωk and cl(·) represent

the closure of a given set. This term can help the model get segmentation

masks with smooth and tight boundaries. One can get a simplified MS model

by setting g to be a piecewise constant function: (2.1):

min
{gk}nk=1,{Ωk}nk=1

EMS(g, {Ωk}) =
n∑
k=1

∫
Ωk

|gk − I(x)|2dx+ α
n∑
k=1

|∂Ωk|,

s.t. cl(∪nk=1Ωk) = Ω (2.2)

Ωk ∩ Ωl = ∅, k ̸= l,

where g(x) = gk in Ωk. When n = 2, if we further penalize the area of each

region |Ωi|, we can get the well-known Chan-Vese model [9]:

min
{gk}2k=1,{Ωk}2k=1

ECV (g, {Ωk}) =
2∑

k=1

∫
Ωk

|gk − I(x)|2dx+
2∑

k=1

(α|∂Ωk|+ β|Ωk|),

s.t. cl(Ω1 ∪ Ω2) = Ω (2.3)

Ω1 ∩ Ω2 = ∅

The Potts model [18, 58] is a more general version of the aforementioned

models. It was originally developed in statistical mechanics to model interact-

ing spins on crystalline lattice. It was then applied to computer vision and

9



signal processing [4, 5, 18]. More recently, the continuous version of the Potts

model has become particularly popular:

min
{Ωk}nk=1

EPotts({Ωk}) =
n∑
k=1

∫
Ωk

fk(x)dx+ α

n∑
k=1

|∂Ωk|, (2.4)

s.t. cl(∪nk=1Ωk) = Ω,

Ωk ∩ Ωl = ∅, ∀k ̸= l,

where fk(x) is called the data fidelity term of the k-th phase. Taking fk(x) =

|I(x)− gk|2, then we can exactly recover the Mumford Shah model. The Potts

model is also referred to as the the Markov random field (MRF) [18] in some

literature.

2.2 Level-set representation

[10] and [75] provided an efficient implementation of the Mumford-Shah model

using the level-set method [57]. For a sub-domain Ω0 in Ω, its corresponding

level-set function ϕ(x) should satisfy the following properties:

ϕ(x) < 0, x ∈ Ω0

ϕ(x) = 0, x ∈ ∂Ω0

ϕ(x) > 0, otherwise

.

Then, the characteristic function of Ω0 can be recovered simply by 1−H(ϕ),

where H(c)̇ is the Heaviside function defined as

H(x) =


1, x ≥ 0

0, x < 0

.
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The distributional derivative of H(x) is the Dirac delta function:

δ(x) =
d

dx
H(x).

Numerically, we often replace H(x) with a smooth approximation:

Hϵ(x) =
1

2
+

1

π
arctan(

x

ϵ
)

The boundary length of ∂Ω0 can then be written as [10]:

|∂Ω0| =
∫
Ω

|∇H(ϕ(x))| dx =

∫
Ω

δ(ϕ(x))|∇ϕ(x)| dx,

where
∫
Ω
|∇H(ϕ(x))|dx is the total variation (TV) of H(ϕ(x)). The TV is

defined as

TV (v; Ω) = sup
u∈C1

c (Ω)

{∫
Ω

v(x)div(u(x))dx|∥u∥∞ ≤ 1

}
,

where C1
c (Ω) is the space of functions in C1(Ω) with compact support. If

v ∈ C1(Ω), we have

TV (v; Ω) = sup
u(x)∈C1

c (Ω,R2)

{
−
∫
Ω

(∇v(x))Tu(x)dx|∥u∥∞ ≤ 1

}
=

∫
Ω

|∇v(x)|dx.

The space of functions with finite total variation is denoted as the bounded

variation space: BV (Ω). TV was first introduced to the field of image pro-

cessing by [64] in the ROF model for denoising. Since BV (Ω) allows sharp

discontinuity in functions, it is considered as the suitable for image analysis.

Readers can find more details and analysis in [1,8] related to the total variation,

Using the level-set representation, a 2-phase Potts model (2.4) can be for-

mulated as

min
ψ,c1,c2

∫
Ω

f1(x)(1−H(ϕ(x))) + f2(x)H(ϕ(x)) + δ(ϕ(x))|∇ϕ(x)| dx.

11



(a) (b) (c)

Figure 2.2: (A) shows a binary mask of a leaf (B) shows different level-sets of

the SDF of the leaf with periodic the boundary condition and (C) shows the

surface plot of the SDF.

For the multiphase segmentation problem, we can use overlapping level-set

functions [75] to encode sub-regions. For n level-set function: ϕ1, ϕ2, . . . , ϕn

defined on Ω, the sequence (H(ϕ1(x)), . . . , H(ϕn(x))) uniquely represents a

binary number. Therefore, n level-set functions can at most 2n different sub-

regions.

One of the most popular level-set function is the signed distance function

(SDF). For an open set Ω1 with piecewise smooth boundary Γ, the SDF of Γ

is defined as

ϕ(x) =



dist(x,Γ), x ∈ Ω0,

0, x ∈ Γ,

−dist(x,Γ), x ∈ Ω1,

where dist(x,Γ) = inf
z∈Γ
∥z − x∥2. In real application, we may assume the image

is defined on a torus. Then, the SDF would satisfy the periodic boundary

condition in the whole space. I give an example of periodic SDF in Figure 2.2
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It is well-known that the SDF is continuous and satisfies the Eikonal equa-

tion [56]:

|∇ϕ| = 1,

where the gradient is defined in the weak sense. Notice that the weak solution

of (2.2) is not unique, but one can define a unique solution in the viscosity

sense [14] given certain boundary conditions.
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Chapter 3

Image segmentation with

convexity prior

3.1 Convex sets and convex functions

First, we will briefly introduce some results from convex optimization in this

section. Given a set of points {xi}ki=1 in Rd, then
∑k

i=1 θixi is called a convex

combination of {xi} if θi ≥ 0 and
∑k

i=1 θi = 1. Then, given a set C in Rd, it

is said to be convex if all convex combinations of the points in C also belong

to C. Examples of convex sets includes an interval on R: [0, 1], a unit circle:

{(x, y)|x2 + y2 ≤ 1}, and a single point: {x}. It is easy to verify that those

points in these set satisfy the definition of convex set. A convex set can also

be unbounded. For example, we consider the points in Rd that is above the

curve y = x2:

{(x, y)|y ≥ x2}.

We take any two points in this set: (x1, y1) and (x2, y2) such that y1 ≥ x21

and y2 ≥ x22. Then, we take a convex combination of these 2 points (y3 =

θy1 + (1− θ)y2, x3 = θx1 + (1− θ)x2). we can verify that

y3 ≥ θx21 + (1− θ)x22 ≥ (θx1 + (1− θ)x2)2 = x23.
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Therefore (x3, y3) also belongs to {(x, y)|y ≥ x2}. This set is called the epi-

graph of the function f(x) = x2.

For a non-convex set, we can define its convex hull or convex envelope. We

first define the convex combination of points in a set C:

{
k∑
i=1

θixi|xi ∈ C, θi ≥ 0 for i = 1, . . . , k and
k∑
i=1

θi = 1},

where k can be any finite positive integer. Then, the convex hull Conv(C) can

be defined as the collection of all convex combinations of points in C. Besides,

Conv(C) is also the intersection of all convex sets containing C. In other

words, Conv(C) is the smallest convex set containing C. Thus, the convex

hull of a convex set is itself.

Another important concept is the convex function. Given a function f(x) :

Rd → R
⋃
{+∞}, f(x) is a convex function if its epigraph {(x, f(x))|x ∈ Rd}

is a convex set. If f is twice differentiable, a necessary and sufficient condition

for the convexity is that the Hessian matrix of f is positive semi-definite at

every x, i.e.

Hf(x) ≥ 0,

where Hf(x) denotes the Hessian matrix of f at x:

Hf(x) =



∂11f(x), ∂12f(x), . . . , ∂1df(x)

∂21f(x), ∂22f(x), . . . , ∂2df(x)

...

∂d1f(x), ∂d2f(x) . . . , ∂ddf(x)


and ∂ijf(x) represents the partial derivative of f(x) with respect to the i-th

and j-th variables.
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For any measurable f and real number α, we can define the α level-set, α

sublevel-set and α suplevel-set of f as follow:

Lα(f) = {x|x ∈ dom(f), f(x) = α},

L−
α (f) = {x|x ∈ dom(f), f(x) < α},

L+
α (f) = {x|x ∈ dom(f), f(x) > α},

where dom(f) denotes the domain of f . It is easy to verify that if f(x) is

convex, L−
α (f) is also convex for any α ∈ R.

In [45], the authors presented an equivalent condition of convexity of 2-

dimensional objects:

∆ϕ ≥ 0,

where ϕ is the associated SDF. It can be shown that ∆ϕ(x) equals to the mean

curvature of the level-set curve Lc(ϕ) at the point x, where c = ϕ(x). In the

two-dimensional space, if the mean curvatures of the zero level-set curves are

non-negative, the object Ω1 must be convex. However, this is not the case in

higher dimensions.

3.2 Convexity representation for high dimen-

sional shapes

The key observation is that the convexity of a shape is equivalent to the con-

vexity of its SDF, which is true for any dimensions. Before stating this result,

we need to introduce some lemmas.
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Lemma 3.1. Let Γ be the boundary of a bounded open convex subset Ω1 ⊂ Rd

and ϕ be the corresponding SDF of Γ. For any x in Ω0, there exists a unique

Px ∈ Γ such that

∥x− Px∥2 = inf
z∈Ω1

∥x− z∥2 = inf
z∈Γ
∥x− z∥2 = dist(x,Γ) = ϕ(x).

In other words, the projection of an exterior point must belong to Γ.

Proof. Suppose Px ∈ Ω1 which is open. Then, there exist a ϵ > 0 such that

Px + ϵ(x − Px) ∈ Ω1 and ∥x − (Px + ϵ(x − Px))∥ < ∥x − Px∥, which is a

contradiction.

Actually, one can generalize this result to non-convex Ω1 without difficulty

but the projection point Px may not be unique.

Lemma 3.2. Let Γ be the boundary of an open subset Ω1 ⊂ Rd and ϕ be the

corresponding SDF of Γ. Then for any element x ∈ Ω1 and non-negative c,

the inequality ϕ(x) ≤ −c is true if and only if B(x, c) ⊆ Ω1, where B(x, c) =

{z ∈ Rd|∥z − x∥2 < c}.

Proof. This lemma can be directly derived from the definition of signed dis-

tance functions.

A simple corollary of the Lemma 3.2 is that B(x, |ϕ(x)|) ⊆ Ω1 for any

x ∈ Ω1.

Theorem 3.1. Let Γ be the boundary of a bounded open convex subset Ω1 ⊂ Rd

and ϕ be the corresponding SDF of Γ. Then, Ω1 is convex if and only if ϕ(x)

is convex.
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Proof. We first assume Ω1 is convex. Let x1 and x2 be any two elements in Rd

and x0 = θx1 + (1− θ)x2. We would like to show that ϕ(x0) ≤ θϕ(x1) + (1−

θ)ϕ(x2) for any θ ∈ [0, 1]. We will divide the proof into three parts.

(i) First, if x1 and x2 are in Ω0, i.e., ϕ(x1) ≥ 0 and ϕ(x2) ≥ 0. By Lemma

3.1, there exist unique y1 ∈ Γ and y2 ∈ Γ such that ϕ(x1) = ∥x1 − y1∥2 and

ϕ(x2) = ∥x2 − y2∥2. If x0 ∈ Ω0, let y0 = θy1 + (1− θ)y2 ∈ Ω1, and we have

ϕ(x0) ≤ ∥x0 − y0∥2 = ∥θ(x1 − y1) + (1− θ)(x2 − y2)∥2

≤ θ∥x1 − y1∥2 + (1− θ)∥x2 − y2∥2

= θϕ(x1) + (1− θ)ϕ(x2).

If x0 ∈ Ω1, we have ϕ(x0) ≤ 0 ≤ ∥x0 − y0∥2.

(ii) If x1 and x2 are in Ω1, then x0 is also in Ω1. Let r = θ|ϕ(x1)| +

(1 − θ)|ϕ(x2)|. For any element y ∈ B(x0, r), there exist v1 and v2 such that

y = x0 + θv1 + (1 − θ)v2, where ∥v1∥2 ≤ |ϕ(x1)| and ∥v2∥2 ≤ |ϕ(x2)|. For

example, one can take v1 =
|ϕ(x1)|
r

(y−x0)and v2 = |ϕ(x2)|
r

(y−x0).Then, we can

rewrite y as y = θ(x1+v1)+(1−θ)(x2+v2). Since x1+v1 ∈ B(x1, |ϕ(x1)|) ⊆ Ω1

and x2 + v2 ∈ B(x2, |ϕ(x2)|) ⊆ Ω1, we have y ∈ Ω1. Thus, B(x0, |r|) ⊆ Ω1 and

ϕ(x0) ≤ −r = θϕ(x1) + (1− θ)ϕ(x2).

(iii) If x1 ∈ Ω1 and x2 ∈ Ω0, there exist a Px2 ∈ Γ such that ϕ(x2) =

∥x2 − Px2∥2. By the continuity of ϕ, there exist a x3 = αx1 + (1 − α)x2

where α ∈ (0, 1), ϕ(x3) = 0, and x0 ∈ Ω0 for any θ < α. Denote y0 =

αx1 + (1− α)Px2 ∈ Ω1. We can compute that

∥x3 − y0∥2 = ∥(1− α)(x2 − Px2)∥2 = (1− α)ϕ(x2).

By the definition of SDF, we know |ϕ(y0)| ≤ ∥y0−x3∥2 ⇒ ϕ(y0) ≥ −∥x3−y0∥2.
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Then, from the result of part (ii), we have

−(1− α)ϕ(x2) =− ∥x3 − y0∥2 ≤ ϕ(y0)

≤αϕ(x1) + (1− α)ϕ(Px2) = αϕ(x1).

Consequently, we have 0 = ϕ(x3) ≤ αϕ(x1)+(1−α)ϕ(x2). For any 1 ≥ θ > α,

x0 = θx1 + (1− θ)x2 ∈ Ω1, and then x0 =
1−θ
1−αx3 + (1− 1−θ

1−α)x1. Since x0 and

x1 are in Ω1, we know that

ϕ(x0) ≤
1− θ
1− α

ϕ(x3) + (1− 1− θ
1− α

)ϕ(x1)

≤ 1− θ
1− α

(αϕ(x1) + (1− α)ϕ(x2)) + (1− 1− θ
1− α

)ϕ(x1)

= θϕ(x1) + (1− θ)ϕ(x2).

If 0 ≤ θ < α, we can similarly derive that

ϕ(x0) ≤
θ

α
ϕ(x3) + (1− θ

α
ϕ(x2)) ≤ θϕ(x1) + (1− θ)ϕ(x2).

Based on (i), (ii) and (iii), we can conclude that ϕ(x0) ≤ θϕ(x1) + (1 −

θ)ϕ(x2) for any x1 and x2 in Rd. Conversely, If ϕ(x) is convex in Rd, by

the definition of convex function, all the sublevel-sets of ϕ are convex, so is

L−
0 (ϕ) = Ω1.

We have already proved that for any convex shape Ω1, its corresponding

SDF ϕ must be a convex function. Consequently, ϕ must satisfy the second-

order condition where it is secondly differentiable. Note that a SDF usually

is non-differentiable at a set of points with zero measure, so the second-order

condition holds almost everywhere in the continuous case. In the numerical
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computation, since we only care about the convexity of Γ, to save the com-

putational cost, we can only require the condition holds in a neighbourhood

around the object boundary, i.e.,

H(ϕ) ≥ 0 in L−
ϵ (|ϕ|) = {x ∈ Rd||ϕ(x)| ≤ ϵ},

for some ϵ > 0.

Lastly, using the Lemma 3.1 and Lemma 3.2, we can prove another useful

lemma.

Lemma 3.3. Suppose we are given two compact subset C1 and C2 in Rd. De-

notes their boundaries by Γ1 and Γ2, and their SDFs by ϕ1 and ϕ2 respectively.

Then C1 ⊆ C2 if and only if ϕ1(x) ≥ ϕ2(x) for any x.

Proof. Suppose C1 ⊆ C2, then we would like to show that ϕ1(x) ≥ ϕ2(x) for

any x ∈ Ω. If x ∈ Ω\C2, by Lemma 3.1, we have

ϕ1(x) = inf
z∈C1

∥z − x∥2 ≥ inf
z∈C2

∥z − x∥2 = ϕ2(x).

If x ∈ C2 but x /∈ C1, then ϕ1(x) ≤ 0 ≤ ϕ2(x). If x ∈ C1, by Lemma 3.2, then

we have

B(x, |ϕ1(x)|) ⊆ C1 ⊆ C2 ⇒ ϕ1(x) ≥ ϕ2(x).

Therefore, we can conclude that ϕ1(x) ≥ ϕ2(x) in Rd. Conversely, if ϕ1(x) ≥

ϕ2(x) in Ω, for any x ∈ C1, ϕ2(x) ≤ ϕ1(x) ≤ 0 which implies that C1 ⊆ C2.
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3.3 Two variational models with convexity con-

straint

In this section, we will present the models for two applications involved con-

vexity prior in details using the proposed convexity representation method.

3.3.1 Image segmentation with convexity prior

Given a digital image u(x) ∈ {0, 1, · · · , 255} defined on a discrete image do-

main Ω, the goal of image segmentation is to partition it into n disjoint sub-

regions based on some features. To achieve this goal, many algorithms have

been developed in the literature. Here we consider a 2-phase Potts model [58]

for segmentation:

argmin
{Ωj}1j=0

1∑
j=0

∑
xi∈Ωi

fj(xi) +
1∑
j=0

R(∂Ωi),

where fj is the corresponding region force term of each class and R(∂Ωj) is

the regularization term of the class boundaries.

In this thesis, we want to consider the segmentation problem with the

convexity prior, i.e., the object is known to be convex. Using the level-set rep-

resentation and the results in the previous section, we can write the concerned

segmentation problem as

argmin
ϕ

∑
xi∈Ω

(f1(xi)− f0(xi))h(ϕ(xi)) + g(xi)|∇h(ϕ(xi))|, (3.1)

s.t. |∇ϕ(xi)| = 1 in Ω,

H(ϕ(xi)) ≥ 0 in L−
ϵ (|ϕ|),
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where h(·) denotes the Heaviside function and g(x) = α
1+β|∇K∗u(x)| is an edge

detector. K denotes a smooth Gaussian kernel here. The first unitary gradient

constraint can maintain ϕ to be a SDF and the second constraint is the convex-

ity constraint. Since we only care about the convexity of the zero level-set, we

can only impose this constraint in a neighbourhood around the zero level-set

to save the computational time.

There are many ways to define the data terms f1 and f0. In this work,

we choose to use a probability-based region force term as in [45], where the

data terms are computed from some prior information. Suppose we know the

labels of some pixels as prior knowledge, then we denote I1 as the set of labeled

points belonging to phase 1 and I0 as the set of labeled points belonging to

phase 0. Define the similarity between any two points in Ω as

S(x, y) = exp{−a∥x− y∥22 − b∥u(x)− u(y)∥22},

where we will set a = 1 and b = 10 in this work. Then, the probability of a

pixel x belonging to phase 1 can be computed as

p1(x) =

∑
yi∈I1 S(x, yi)∑

yi∈I1∪I2 S(x, yi)
,

and the probability of belonging to phase 0 is p0(x) = 1 − p1(x). The region

force term is then defined as fi(x) = − log(pi(x)), i = 1, 2. One can refer

to [45] for more details about the segmentation model. Therefore, the model

22



(3.1) can be rewritten as

argmin
ϕ

∑
xi∈Ω

[− log(p1(xi)) + log(p0(xi))]h(ϕ(xi))

+ µg(xi)|∇h(ϕ(xi))| (3.2)

s.t. |∇ϕ(xi)| = 1 in Ω,

H(ϕ(xi)) ≥ 0 in L−
ϵ (|ϕ|),

ϕ(xi) ≤ 0 for xi ∈ I1, ϕ(xi) ≥ 0 for xi ∈ I0.

The numerical descritization scheme for the differential operators ∇(·) and

H(·) will be introduced later in Section 3.4. Similar to [38], we assume that

the input image u is periodic in Rd which implies that ϕ satisfies the periodic

boundary condition on ∂Ω. Using the fact that |∇h(ϕ)| = δ(ϕ)|∇ϕ| = δ(ϕ),

the last term in the objective functional can be written as g(x)δ(ϕ(x)) where

δ(·) is the Dirac delta function. In the numerical computation, we will replace

h(·) and δ(·) by their smooth approximations:

h(y) ≈ hα(y) =
1

2
+

1

π
arctan(

y

α
),

δ(y) ≈ h′α(y) = δα(y) =
α

π(y2 + α2)
,

where α is a small positive number. The segmentation model (3.2) can also be

directly generalized to high dimensional cases for object segmentation.

3.3.2 A Convex hull model

The convex hull model is a special variation of the segmentation model. Sup-

pose we are given a hyper-rectangular domain Ω ⊂ Rd and we want to find

the convex hull of a subset X ⊂ Ω. From the definition, we know that the
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convex hull is the smallest convex set containing X. If we denote the set of all

SDFs of convex subset in Ω as K, the SDF corresponding to the convex hull

minimizes the zero sub-level set area (or volume) among K:

min
ϕ∈K

∫
Ω

(1− h(ϕ(x)))dx.

By Lemma 3.3, we can obtain an equivalent and simpler form:

min
ϕ∈K

∫
Ω

−ϕ(x)dx,

which leads to the following discrete problem:

min
ϕ

∑
xi∈Ω

−ϕ(xi) (3.3)

s.t. |∇ϕ(xi)| = 1 in Ω,

H(ϕ(xi)) ≥ 0 in L−
ϵ (|ϕ|),

ϕ(xi) ≤ 0 for any xi ∈ X.

This model is a simplified version of the convex hull models in [38] and can be

applied to any dimensions. Here the first two constraints are the same with the

segmentation model (3.2). The last constraint requires the zero sublevel-set of

ϕ contain X. Again, we assume ϕ satisfies the periodic boundary condition.

As we mentioned before, when the input data contains outliers, it is not

appropriate to require L−
0 (ϕ) to enclose all the given data in X. Instead, we

can use a penalty function R(x) to penalize large ϕ(x) for all x ∈ X. By

selecting appropriate parameters, we can find an approximated convex hull of
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the original set with high accuracy. The approximation model is given as:

min
ϕ

∑
xi∈Ω

−ϕ(xi) + λm(xi)R(ϕ(xi)) (3.4)

s.t. |∇ϕ(xi)| = 1 in Ω,

H(ϕ(xi)) ≥ 0 in L−
ϵ (|ϕ|).

where m(x) equals to 1 in X and 0 elsewhere. Here we can choose R to be the

positive part function

R(s) =


s s > 0

0 s ≤ 0,

or its smooth approximation R(s) = 1
t
log(1 + ets) for some t > 0.

3.4 Numerical algorithms

Here we propose an algorithm based on the alternating direction method of

multipliers (ADMM) to solve the segmentation model (3.2) and the convex

hull models (3.3) (3.4). We will also introduce the descritization scheme for

the differential operators.
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3.4.1 ADMM algorithms for the segmentation model

and convex hull models

First, we write the three models (3.2), (3.3) and (3.4) in a unified framework:

min
ϕ

F (ϕ), (3.5)

s.t. |ϕ(xi)| = 1 in Ω,

H(ϕ(xi)) ≥ 0 in L−
ϵ (|ϕ|),

ϕ ∈ S,

where F (ϕ) could be the objective functional in (3.2), (3.3) or (3.4), and S is

defined as

{ψ : Ω→ R|ψ(xi) ≤ 0 in I1, ψ(xi) ≥ 0 ∈ I0}.

For the segmentation model (3.2), I0 and I1 are those labelled points. For

the exact convex hull model (3.3), I0 is the set X and I1 is empty. For the

approximate convex hull model (3.4), both I0 and I1 could be empty. If we have

any prior labels for the approximate convex hull model, we can also incorporate

them into the models to make I0 and I1 non-empty.

To solve model (3.5), we introduce three auxiliary variables p = ∇ϕ, Q =

H(ϕ), and z = ϕ. Then we can write the augmented Lagrangian functional as

L(ϕ, p,Q, z, γ1, γ2, γ3) =
∑
xi∈Ω

{−ϕ(xi) +
ρ1
2
|∇ϕ(xi)− p(xi)|2

+
ρ2
2
∥H(ϕ(xi))−Q(xi)∥2F +

ρ3
2
|ϕ(xi)− z(xi)|2

+ ⟨γ1(xi),∇ϕ(xi)− p(xi)⟩+ ⟨γ2(xi), H(ϕ(xi))−Q(xi)⟩F

+ γ3(xi)(ϕ(xi)− z(xi))}
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with the following constraints: |p| = 1 in Ω, Q ≥ 0 in L−
ϵ (|ϕ|) and z ∈ S, where

S is specified by the problems on hand. Applying the ADMM algorithm, we

can split the original problem into several sub-problems.

1. ϕ sub-problem:

ϕt+1 = argmin
ϕ

L(ϕ, pt, Qt, zt, γt1, γ
t
2, γ

t
3)

=argmin
ϕ

∑
xi∈Ω

−ϕ+
ρ1
2
|∇ϕ− pt|2 + ρ2

2
∥H(ϕ)−Qt∥2F

+
ρ3
2
|ϕ− zt|2 + ⟨γt1,∇ϕ− pt⟩

+⟨γt2, H(ϕ)−Qt⟩F + γt3(ϕ− zt).

Then the optimal ϕ must satisfy

∇∗(ρ1(∇ϕ− pt) + γt1) +H∗(ρ2(H(ϕ)−Qt) + γt2)

+ (ρ3(ϕ− zt) + γt3) = 1,

where ∇∗(·) is the adjoint operator of ∇(·) and H∗(·) is the adjoint

operator of H(·). It is equivalent to

−ρ1∆ϕ+ ρ2H
∗(H(ϕ)) + ρ3ϕ = rhst1,

where rhst1 is a constant vector here. Notice that H∗(H(ϕ)) = ∆2ϕ, and

then the fourth-order PDE can be rewritten as

ρ2∆
2ϕ− ρ1∆ϕ+ ρ3ϕ = rhst1, (3.6)

where rhst1 = 1−∇∗(−ρ1pt + γt1)−H∗(−ρ2Qt + γt2)− (−ρ3zt + γt3) is a

constant vector here. Since ϕ satisfies the periodic boundary condition,

we can apply FFT as [38] to solve it. The details of this step will be

given with the discretization scheme in the next section.
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2. p sub-problem:

pt+1 =argmin
|p|=1

L(ϕt+1, p, Qt, zt, γt1, γ
t
2, γ

t
3)

=argmin
|p|=1

∑
xi∈ω

ρ1
2
|∇ϕt+1 − p|2 + ⟨γt1,∇ϕt+1 − p⟩

=
γt1/ρ1 +∇ϕt+1

|γt1/ρ1 +∇ϕt+1|
. (3.7)

3. Q sub-problem:

Qt+1 =argmin
Q∈L−

ϵ (|ϕ|)
L(ϕt+1, pt+1, Q, zt, γt1, γ

t
2, γ

t
3)

=argmin
Q∈L−

ϵ (|ϕ|)

∑
xi∈Ω

ρ2
2
∥H(ϕt+1)−Q∥2F

+ ⟨γt2, H(ϕt+1)−Q⟩F

=


γt2/ρ2 +H(ϕt+1) for x /∈ L−

ϵ (|ϕ|)

ΠPSD{γt2/ρ2 +H(ϕt+1)} for x ∈ L−
ϵ (|ϕ|)

. (3.8)

The computation of this projection is very simple and can be done by the

same way with [62]. Given a real symmetric matrix A ∈ Rn×n, suppose

it’s singular value decomposition is A = QΛQT , where Q is orthonormal

and Λ = diag(λ1, . . . , λn) is a diagonal matrix with all the singular values

of A on its diagonal entries. We further assume that λ1, . . . , λm ≥ 0 and

λm+1, . . . , λn < 0. If we define

Λ+ = diag(max{λ1, 0}, . . . ,max{λn, 0}),

then the projection of A onto the set of all symmetric positive semi-

definite (SPSD) matrices under the Frobenius norm is A∗ = QΛ+QT .

The proof can be found in [28].
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4. z sub-problem:

zt+1 =argmin
z∈S

L(ϕt+1, pt+1, Qt+1, z, γt1, γ
t
2, γ

t
3)

=argmin
z∈S

∑
xi∈Ω

ρ3
2
|ϕt+1 − z|2 + γt3(ϕ

t − z)

=



min{0, γt3/ρ3 + ϕt+1} x ∈ I1

max{0, γt3/ρ3 + ϕt+1} x ∈ I0

γt3/ρ3 + ϕt+1 x /∈ I1 ∪ I0

. (3.9)

We summarize this procedure in Algorithm 1.

Algorithm 1 ADMM algorithm for variational models with convexity prior

1: Input the parameters ρ1, ρ2 and ρ3.

2: Initialize ϕ0 to be the SDF of an initial shape. Initialize p0, Q0, z0, γ01 , γ
0
2

and γ03 to be all zeros.

3: while stopping criterion is not satisfied do

4: compute ϕt+1 by solving the PDE (3.6) which can be done by applying

FFT on both side of the equation as [38].

5: compute pt+1 by (3.7).

6: compute Qt+1 by (3.8).

7: compute zt+1 by (3.9).

8: end while

3.4.2 Numerical descritization schemes

Suppose we are given a volumetric data I ∈ RN1×···×Nd which is a binary func-

tion defined on the discrete domain Ωh. I can also be viewed as a characteristic
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function of a subset Xh ⊆ Ωh. Each mesh point in Ωh can be represented by

a d-tuple x = (x1, . . . , xd) where xi is an integer in [1, Ni] for i = 1, . . . , d. To

compute the convex hull of Xh using the algorithm described before, we need

first to approximate the differential operators numerically. For any function

ϕ : Ωh → RN1×···×Nd , we denote ∂+i (x) and ∂
−
i (x) as

∂+i ϕ(x) =


ϕ(. . . , xi + 1, . . . )− ϕ(. . . , xi, . . . ) xi < Ni

ϕ(. . . , 1, . . . )− ϕ(. . . , Ni, . . . ) xi = Ni

,

∂−i ϕ(x) =


ϕ(. . . , xi, . . . )− ϕ(. . . , xi − 1, . . . ) xi > 1

ϕ(. . . , 1, . . . )− ϕ(. . . , Ni, . . . ) xi = 1

.

These are exactly the standard forward difference and backward difference.

Then we approximate the first and second order operators as follow:

∇ϕ ≈ ∇̃ϕ = (∂+1 ϕ, . . . , ∂
+
d ϕ)

T ,

∇∗p ≈ ∇̃∗ϕ = −
d∑
i=1

∂−i pi,

and

∆ϕ ≈ ∆̃ϕ = −∇̃∗(∇̃ϕ),

H(ϕ)ij ≈ H̃(ϕ)ij =


∂−i (∂

+
j ϕ) if i = j

∂+i (∂
+
j ϕ) if i ̸= j

,

H∗(Q) ≈ H̃∗(Q) =
n∑
i=1

∂−i ∂
+
i Qii +

∑
i ̸=j

∂−i ∂
−
j Qij.

One can verify that the relation H̃∗(H̃(ϕ)) = ∆̃2(ϕ) is also preserved by this

discretization scheme.
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In the previous mentioned ADMM algorithm, we need to perform FFT to

solve a fourth order PDE:

ρ2∆
2ϕ− ρ1∆ϕ+ ρ3ϕ = rhst1.

If we take ρ1 = 2
√
ρ2ρ3, then we can write the the PDE as

(
√
ρ2∆−

√
ρ3)

2ϕ = rhst1.

Denote the FFT and its inversion as F and F−1. Applying FFT on both sides

of the PDE, we can get the following pointwise relation:

F(ϕt+1)(i, j) = F(rhst1)(i, j)/p2(i, j),

where p(i, j) = 2
√
ρ2(cos(

2π(i−1)
M

) + cos(2π(j−1)
N

)− 2)−√ρ3. Then, just need to

perform the inverse transform F−1 on both sides to get the solution.

3.5 Numerical experiments

In this section, we are going to demonstrate some numerical experiments of

the segmentation models and convex hull models. The main purpose of these

experiments is to show that our prior can guarantee the convexity of concerned

objects accurately, especially in high dimensional cases. Due to the lack of

studies in this area before, we don’t make extensive comparisons with other

methods.

3.5.1 Image segmentation and object segmentation

We first test our segmentation model for some images from [45]. In Figure 3.1,

we test the segmentation model (3.2) on a tumor image (a). Since the model
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(a) original im-

age

(b) prior labels (c) initial curve

(d) without

convexity con-

straint

(e) with convex-

ity constraint by

[45]

(f) with our

convexity con-

straint

Figure 3.1: Segmentation results of a tumor with and without convexity con-

straint.

needs some prior information, we give the prior labels in (b) and the initial

curve in (c). One can observe that there exists a dark region in this tumor. If

we do not impose the convexity constraint, the result we get is shown in (d)

where the dark region is missing. After imposing the convexity constraint, we

can recover the whole tumor region. The result of our algorithm is shown in

(f) which is very similar to the result in [45] (e).

We also test the segmentation model on 3D data of brain tumor from [33].

The size of this volume is 240× 240× 152. In Figure 3.2, we show some cross-

sections of the original volume. Then we give some prior labels at these 9 slices

as in Figure 3.3 to compute the region force term. The initial region is taken

as the set where the region force is positive. One can observe that the initial

region shows some concavity in several slices, e.g, z = 90. We then compute
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(a) z = 30 (b) z = 40 (c) z = 50 (d) z = 60

(e) z = 70 (f) z = 80 (g) z = 90 (h) z = 100

Figure 3.2: Original 3-D volume of a brain tumor

the segmentation result using our proposed method. The 3-d visualization of

the segmentation result is shown in Figure 3.5 and some cross-sections are

presented in Figure 3.6. Though the initial shape is not convex, we can see

that the convexity method can obtain a convex shape. What’s more, the tumor

region is also identified accurately.

3.5.2 The Convex hull model

We first conduct experiments on 3-dimensional shapes from the ShapeNet

dataset [11]. The original object and computed convex hulls are shown in

Figure 3.7 and 3.8. For this set of experiments, we use ρ2 = 2000, ρ3 = 10,

ρ1 = 2
√
ρ2ρ3 and ϵ = 10. We also plot some level-set surfaces of the computed

SDF in Figure 3.10. For all the level-set surfaces up to 10, they are convex,

since we require the Hessian matrix is PSD in L10(|ϕ|). When we look at

the 15-level-set surfaces, we can easily find concavity. We also compute the

33



(a) z = 30 (b) z = 40 (c) z = 50 (d) z = 60

(e) z = 70 (f) z = 80 (g) z = 90 (h) z = 100

Figure 3.3: Prior labels assigned for the tumor. Red points represent fore-

ground labels and yellow points represent background labels.

(a) z = 30 (b) z = 40 (c) z = 50 (d) z = 60

(e) z = 70 (f) z = 80 (g) z = 90 (h) z = 100

Figure 3.4: Some cross sections of the initial shape for the model. The initial

shape is the set of points where the region force term is positive.
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(a) (b) (c)

Figure 3.5: Different views of the 3D visualization of the tumor.

relative error [38] compared to a benchmark result obtained by the quickhull

algorithm. The error of the chair and table objects are 5.18% and 4.31% re-

spectively. Moreover, we use the previous convexity prior [38] to compute the

convex hull (Figure 3.9) and it can be observed that the obtained results are

not convex at all, which is not surprising.

Then, an experiment with multiple objects has also been conducted. When

there is more than one object in the given volume, we may be interested in

obtaining convex hulls for each object separately. If we use some conventional

methods to do this, we may need some object detection algorithm to extract

the region of each object first. However, in our algorithms, we can achieve this

by selecting a small ϵ value. Recall that the convexity constraint we imposed

is that H(ϕ) ≥ 0 in Lϵ(|ϕ|). The SDF of multiple convex hulls is convex only

in a small neighborhood around each object. As long as our ϵ is small enough,

our algorithm will return the separated convex hulls of each object. More

specifically, ϵ should be smaller than half of the distance between each pair of

objects. The numerical results are shown in Figure 3.11. We use the same set

of parameters with the previous experiment here. From the result, we can see

that when ϵ = 5, our exact algorithm can compute the separated convex hulls

accurately. When we set ϵ = 20, we can get the big convex hull containing
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(a) z = 40 (b) z = 50 (c) z = 60 (d) z = 70

(e) z = 80 (f) z = 90 (g) z = 100 (h) z = 110

(i) y = 90 (j) y = 100 (k) y = 110 (l) y = 120

(m) y = 130 (n) y = 140 (o) y = 150 (p) y = 160

(q) x = 120 (r) x = 130 (s) x = 140 (t) x = 150

(u) x = 160 (v) x = 170 (w) x = 180 (x) x = 185

Figure 3.6: Different cross sections of the segmentation result of the brain

tumor.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.7: Convex hull of a chair. The first row shows the original volumetric

data and the last two rows show different views of the convex hull.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.8: Convex hull of a table. The first row shows the original volumetric

data and the last two rows show different views of the convex hull.

(a) (b)

Figure 3.9: Convex hull result using the previous convexity prior which cannot

guarantee the convexity for 3d objects.
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(a) (b) (c)

(d) (e) (f)

Figure 3.10: Different level-set surfaces. Here we plot the 0, 5, 10 and 15

level-set surfaces of the computed SDFs. The first row is for the chair object

and the second row is for the table object.

two cars together. We also plot the level-set surfaces to further illustrate how

it works in Figure 3.12. When ϵ = 5, we plot the 5 and 20 level-set surfaces.

We can observe that the 5 level-set consists of two separated surfaces and both

of them are convex. If we look at the 20 level-set surface, it is non-convex at

somewhere between two cars. Since we only require H(ϕ) ≥ 0 in L5(|ϕ|), the

non-convexity on the 20 level-set does not violate the constraint. However, if

we set ϵ = 20, this SDF is not feasible anymore and what we will get is the

SDF in (b) which corresponds to the convex hull of two cars combined.

As demonstrated in [38], the variational convex hull algorithm is very robust

to noise and outliers. In 3-dimensional cases, the model can still preserve this

advantage after applying our proposed prior. We choose two objects from the

shape-net dataset [11] and generate some outliers, which are randomly sampled

from a uniform distribution to the volumetric data. The approximate results
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(a) original data (b) ϵ = 5 (c) ϵ = 20

(d) original data (e) ϵ = 5 (f) ϵ = 20

(g) original data (h) ϵ = 5 (i) ϵ = 20

Figure 3.11: Convex hulls of multiple objects. The first column shows the

original data of two cars. The second column is the convex hulls when setting

ϵ = 5 and the third column is the convex hull when setting ϵ = 20.

(a) ϵ = 5 (b) ϵ = 20

Figure 3.12: Level-set surfaces of the corresponding SDF when ϵ = 5 and

ϵ = 20.
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(a) clean data (b) clean data (c) outliers

(d) convex hull (e) convex hull (f) convex hull

(g) convex hull (h) convex hull (i) convex

hull

Figure 3.13: Convex hull of a camera with some outliers.

are shown in Figure 3.13 and 3.14. The parameters we used in this experiments

is ρ0 = 400, ρ2 = 2000, ρ1 = 2
√
ρ0ρ2, λ = 800 and ϵ = 5.

We can observe that even if there exist large amount of outliers in the input,

our algorithm can still obtain a very good approximation to the original convex

hull. We also compare our result with the convex layer methods [12], which

is also called the onion peeling method. Though many convexity priors have

been proposed in recent years [21,23,45,63,76], they only work for 2d images,

so we can only compare our method with relatively old methods. Given a

finite set of points X, the convex hull of X is called the first convex layer.

Then, we remove those points on the boundary of Conv(X) and compute the
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(a) clean data (b) clean data (c) outliers

(d) convex hull (e) convex hull (f) convex hull

(g) convex hull (h) convex hull (i) convex

hull

Figure 3.14: Convex hull of a headphone with some outliers.
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(a) camera (b) headphone

Figure 3.15: Approximate convex hulls by the convex layer method.

convex hull for the rest points. The new convex hull is called the second convex

layer. By continuing the same procedure, we can get a set of convex layers

and each point in X must belong to one layer. The convex layer method for

outliers detection usually relies on two assumptions [25]. Firstly, the outliers

are located in the first few convex layers. In other words, the outliers are evenly

distributed around the object. Secondly, the approximate number of outliers

is known, which is not easy to obtain in some situations. We briefly described

a convex layer algorithm for convex hull approximation in Algorithm 2. For

the camera and the headphone objects, the estimated number of outliers K

are set to be 1400 and 2300, and the exact number of outliers are 1371 and

2268 respectively. From the results of the convex layers method in Figure 3.15,

we see that even a very accurate k is given, the approximate convex hulls still

deviate a lot from the true solution. Looking at the error in Table 3.1, our

method beats the convex layer method by a huge margin.
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Algorithm 2 convex layer method for convex hull approximation

1: Input a set of points X and the estimated number of outliers k, where k

should be smaller than |X|.

2: Set count = 0.

3: while count < k do

4: Compute the convex hull of X.

5: Set CX be the set of points lying on the boundary of Conv(X).

6: Delete points in CX from X.

7: count = count+ |CX |.

8: end while

9: Return Conv(X) as the approximated convex hull.

Table 3.1: The relative errors of our method and the convex layers method

method camera headphone

our method 8.45% 9.80%

convex layers method 33.29% 47.83%
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3.6 Conclusion and Future works

In this work, we presented a novel level-set based method for convexity shape

representation in any dimensions. The method uses the second order condi-

tion of convex functions to characterize the convexity. We also proved the

equivalence between the convexity of object and the convexity of associated

SDF. Numerical Experiments for 2 and 3 dimensional objects were presented

to show the effectiveness of the proposed method.

In the future research, we will devote our effort to exploring more repre-

sentation methods of generic shape priors and more potential applications of

our convexity prior, especially in high dimensional spaces.
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Chapter 4

Introduction to deep learning

4.1 From single-layer perceptrons to deep neu-

ral networks

Deep neural networks (DNNs), which comprise some linear and non-linear

mappings, have become the most widely used tool in artificial intelligence.

Their ability to fit complex functions enables them achieve state-of-the-art

performances and outperform traditional methods in many areas, including

image processing, video processing, and natural language processing.

The single-layer perceptron [61] was the first neural network model to be

proposed. It was designed for binary classification. Given an input data x ∈

Rd, the classification result of perceptron is computed as:

f(x) =


1 wTx+ b > 0

0 otherwise

,

where w ∈ Rd and b ∈ R are parameters to be learned from data. It can also

be written as f(x) = h(wTx + b) where h(·) is the Heaviside step function.

Suppose we are given a set of training samples (xi, yi) where xi is the input

data and yi ∈ {0, 1} is the desired output label. A simple training algorithm for
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perceptrons is given in Algorithm 3. This type of networks can only correctly

classify linearly separable data, i.e, data that can be divided by a hyperplane.

It has been shown that a single-layer perceptron is impossible to learn an

exclusive or operator [51].

Algorithm 3 Training algorithm for single-layer perceptron

Input the learning rate r ∈ (0, 1), and a set of training data {(xi, yi)}ni=1

while The change of 1
n

∑n
i=1 |f(xi)− yi| is larger than a threshold do

for each (xi, yi) in the training set do

Update the weight of w by: wj ← wj − r(f(xi)− yi)xij

end for

end while

A simple generalization of the single-layer perceptrons is multi layer per-

ceptrons (MLP). The MLP contains an input layer, an output layer, and at

least one hidden layer. An example of an MLP is:

f(x) = σ(wTσ(Wx+ b0) + b1),

where W ∈ Rd′×d, b0 ∈ Rd′ , w ∈ Rd′ and b1 ∈ Rd are parameters to be

learned. d′ is called the width of the hidden layers, and σ(·) is a specified

nonlinear activation function. A common choice for the activation function is

sigmoidal functions such as

σ(z) = tanh(z) and σ(z) =
1

1 + exp(−z)
.

This class of MLPs is also referred to as fully connected network (FCN) since

each node in the hidden layer is connected to all nodes in the previous layer

(see figure 4.1). The MLP is very similar to DNNs used in the last decade.
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Figure 4.1: A simple MLP with one hidden layer

The back-propagation (BP) [65] algorithm is commonly used to train MLPs.

The BP algorithm is a gradient decent-type method, and the term back-

propagation refers to the process of computing the gradient. We use the MLP

with one hidden layer f(x) = σ(wTσ(Wx+b0)+b1) as an example to demon-

strate the BP algorithm. Given the input data x ∈ Rd, we can compute the

derivative of f(x) with respect to parameters as follow:

∂f(x)

∂b1
= σ′(wT z + b1),

∂f(x)

∂wi

= σ′(wT z + b1)zi,

∂f(x)

∂(b0)i
=
∂f(x)

∂zi

∂zi
∂(b0)i

= σ′(wT z + b1)wiσ
′(W T

i·x+ (b0)i),

∂f(x)

∂W ij

=
∂f(x)

∂zi

∂zi
∂W ij

= σ′(wT z + b1)wiσ
′(W T

i·x+ (b0)i)xj,

where z = σ(Wx + b0) and Wi· represents the ith row of W . To train an
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MLP, we also need to define a loss function to measure how well the network

fits the training data. For example, we can take the L2 loss: li = l(f(xi), yi) =

|f(xi) − yi|2. Then, for any parameter θ in the MLP f(x), the gradient of li

with respect to θ is computed as ∂li
∂θ

= 2(f(xi) − yi)
∂f(xi)
∂θ

. A complete BP

algorithm for training a simple MLP is presented in Algorithm 4.

A general MLP is defined as:

f(x) = wTfL(x) + bL,

where

fi(x) = σ(Wi−1fi−1(x) + bi−1) for i = 1, 1, . . . , L

and

f1(x) = σ(W0x+ b0).

Each fi is called a fully connected layer or dense layer.

Algorithm 4 BP algorithm for MLP with one hidden layer

Input the learning rate r ∈ (0, 1) and a set of training data {(xi, yi)}ni=1

while The change of parameters is larger than a threshold do

Evaluate the loss function on the entire dataset: L = 1
n

∑n
i=1 l(f(xi), yi).

Compute the derivative of L with respect to each parameter θ

Update each parameter by θ ← θ − r ∂L
∂θ

= θ − r 1
n

∑n
i=1

∂li
∂θ

end while

In the early stages of MLP research, researchers could only train shallow

networks on small datasets because of the limitation of computational power.

LeNet [37] is a pioneering DNN that successfully applied a convolutional neural

network (CNN) with seven layers to handwritten digit recognition problems
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Figure 4.2: Structures of LeNet and AlexNet

outperforming other methods. In the next section, we discuss several well-

known structures of networks.

4.2 Structures of deep neural networks

4.2.1 Convolutional neural networks

The most successful network structure for computer vision tasks is the convo-

lutional neural networks (CNN). LeNet [37] and AlexNet [36] are two typical

CNN models. The structure of these two networks are shown in Figure 4.2.
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The convolutional layer is crucial to the success of CNNs. Given a two-

dimensional input image I of size M by N , and a convolutional kernel K, a

simple convolutional layer is defined as

σ(I ∗K),

where σ is an activation function. For example, the ReLU activation function:

ReLU(x) = max(x, 0).

Its derivative is the Heaviside step function. A convolutional layer can be

viewed as a regularized fully connected layer because the convolution operator

is also linear.

The pooling layer is used to reduce the input size. Suppose we divide the

input matrix into many 2 by 2 submatrices. The average pooling layer takes

the average over every submatrix to form a new matrix with sizeM/2 by N/2.

Similarly, the max pooling layer takes the maximum over each submatrix.

4.2.2 Residual neural networks

Network training becomes more difficult as the depths of networks increase

because of the “vanishing gradient” effect. To address this problem, [26] pro-

posed the residual network (ResNet), which uses skip connections to jump over

some layers (see Figure 4.3). Mathematically, a residual block can be defined

as:

F (x) = σ(x+ f2(f1(x))),

where f1 and f2 can be a fully connected layer, a convolutional layer, or other

types of layers. A ResNet is compositions of many residual layers (see Figure
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Figure 4.3: Structure of a residual block [26]

4.4). Another well-known network with similar skip connection structure is

U-Net [60] which is commonly used in biomedical image processing.

4.2.3 Other structures

Besides the well-known CNN and ResNet, various structures have been pro-

posed for diverse purposes. For example, to process sequential data, we can use

recurrent neural networks (RNNs), long short-term memory (LSTM) [30], and

transformers [73]. These networks have demonstrated superior performance

in natural language processing and time series analysis. Recently, some re-

searchers have also used transformers to solve problems in computer vision [16]

and achieved good results.
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Figure 4.4: Structures of ResNet compared with that of other CNNs [26]

4.3 Training of DNNs

The developments of GPU and optimization algorithms have enabled the train-

ing of DNNs on large datasets. For example, in the ILSVRC-2012 dataset [66],

containing about 128 millions training images, researchers from Oxford Uni-

versity used the VGG net [68] with approximately 130 millions parameters

and achieved high classification and detection accuracy. The most important

algorithm for training DNN is the stochastic gradient descent method (SGD).

Basically, we randomly sample Nbs images from training samples (without re-

placement) and evaluate the loss on this batch of images:

1

Nbs

Nbs∑
i=1

l(yi, f(xi)),

where Nbs is the batch size. Then, we compute the derivative of the loss

function with respect to all parameters in the networks by back propagation

and update them using gradient descent. An epoch is completed when all
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images in the training set have been sampled. Many epochs are repeated in

a full training stage. We also briefly describe the SGD in Algorithm 5. The

learning rate r should be carefully chosen because large learning rate can easily

lead to gradient explosion.

Algorithm 5 Stochastic gradient descent algorithm for training DNNs

Input the learning rate r ∈ (0, 1) and a set of training data {(xi, yi)}ni=1

for each epoch do

for each batch do

Randomly sample a batch of images without replacement from the

training set

Evaluate the loss function L on the batch

Compute the derivative of L with respect to each parameter θ.

Update each parameter by θ ← θ − r ∗ ∂L
∂θ
.

end for

end for

We can accelerate the optimization by adjusting the learning rate adap-

tively. Adaptive optimization algorithms such as Adagrad [17] and Adam [35]

perform better than SGD in various deep learning applications. The Adagrad

algorithm uses the sum of squares of gradients in previous steps to adaptively

adjust the learning rate for each parameter. This method assigns a low learn-

ing rate to dense feature parameters and a high learning rate to sparse feature

parameters. However, the learning rates in the Adagrad algorithm keep de-

creasing, so they become infinitesimally small for all parameters after a certain

number of iterations. In contrast, Adam uses first-order and second-order mo-
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ments of gradients to adjust the learning rate for different parameters. Today,

Adam is one of the most important optimization algorithms for deep learning.

4.4 Regularization

Overfitting is a common problem when training DNNs, i.e., the model fits

the training data well but performs poorly on the testing data. Our ultimate

goal in learning is to make a good prediction on unseen data. Therefore,

obtaining good performance only on training data is not enough. Overfitting

is likely to happen when model parameters are significantly more than training

samples. Some regularization techniques are usually applied to prevent models

from overfitting. Two types of regularization methods are commonly used in

practice: explicit regularization and implicit regularization.

Explicit methods introduce an extra regularization term to the training

loss function. Let Θ = {θj} denote the set of all learnable parameters in a

neural network. Then, we can use the sum of absolute values:∑
j

|θj|

or the squared sum: ∑
j

θ2j .

These two terms are called L1 penalty and L2 penalty respectively. These type

of regularization methods are easy to implement, but weights of regularization

terms should be carefully chosen.

Implicit regularization methods are often incorporated into training pro-

cess. Some popular implicit regularization methods are:
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Figure 4.5: Early stopping

1. early stopping:

This method aims to stop training before overfitting happens. In the

training stage, we keep minimizing the training error of networks on a

given set of training data. We may observe that the test error on the test

set decrease at the beginning, but stop decreasing after a certain number

of iterations, especially when the training samples are few (see Figure

4.5). If we can stop training as soon as the test error stops decreasing,

we can prevent overfitting. However, we cannot access the test set in the

training stage, and thus we can not evaluate the test error.

A solution is to take a small subset of the training set as the validation

set. The error of networks on this validation set is called the validation

error, which is an approximation to the test error. Samples in the vali-

dation set are not used in training. Then we can just stop training when

the validation error stop decreasing.

2. data augmentation:
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(a) original image (b) flip (c) rotation

(d) scaling (e) darkening (f) adding noise

Figure 4.6: Some common data augmentation techniques

Because small number of training samples may cause overfitting, we can

try to add more samples to the training set. However, in most machine

learning applications, acquiring data is not easy. In stead, we can manu-

ally generate some samples from the training set using some techniques.

We can apply transformation such as flip, rotation, and scaling to a train-

ing sample to obtain a new one. These type of techniques are called the

data augmentation.

Generative models can also be used to perform data augmentation [34,

84]. For example, the CycleGAN model can perform style transfer on

an image. In Figure 4.7, CycleGAN transfers a photograph taken in one

season to another season.

3. drop out:
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Figure 4.7: Examples of CycleGAN [84]

Dropout is proposed in [29] to prevent overfitting. This method randomly

omit some hidden units with certain probability during each training

batch (see Figure 4.8).

In [29], the authors indicate that the dropout procedure is an efficient way

to perform model averaging. Typically, model averaging requires training

and testing on various models, making it computationally expensive. In

dropout training, when we randomly omit some nodes, we obtain a new

sub-network and update its parameters correspondingly. We use all of the

hidden nodes in the testing stage. This procedure is similar to averaging

the outputs of many sub-networks.
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(a) full network

(b) sub network by dropout

(c) sub network by dropout

Figure 4.8: A simple example of dropout procedure.
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Chapter 5

Solving PDEs by deep learning

5.1 Preliminaries

5.1.1 General settings

Given a domain Ω ⊂ Rd, we consider the following PDE problem:

Lu(x) = 0 x ∈ Ω,

where L represents a differential operator, with Nuemann boundary condition:

∂u

∂n
= g1(x) x ∈ ∂Ω

or Dirichlet boundary condition:

u(x) = g2(x) x ∈ ∂Ω.

The classical methods, such as the finite element method (FEM) and the finite

difference method (FDM), are very powerful in two- and thee- dimensional

problems. However, they suffer from the curse of dimensionality, i.e., the

number of parameters increase exponentially with respect to the dimension

d. Mesh-free methods, e.g., the smoothed particle hydrodynamics [19], may

be considered to solve the high-dimensional problems, but these methods are
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very inaccurate near the boundary. Recently, DNNs have been used as a new

mesh-free tool for PDEs because of their ability to fit very complex functions.

They are also easy to implement and efficient to train.

We first introduce several commonly used network structures in deep learn-

ing methods for PDEs. The first structure is the classical multi layer percep-

tron (MLP) or fully connected network (FCN):

h1 = σ(W0x+ b0)

hj = σ(Wj−1xj−1 + bj−1), j = 2, . . . , L

ϕ(x) = ωThL,

where σ is a non-linear activation function and Wj, bj, ω are parameters to be

learned. If the output y is a vector, then we just replace ω with a matrix. A

variant of the MLP is the two-layer neural network [49] which contains only

the input layer and the output layer:

ϕ(x) =
1

m

m∑
i=1

σ(ωTi x+ bi).

It can be viewed as the average of m single layer perceptrons. This type of

networks are very useful in theoretical study.

Another well-known network structure is ResNet [26]:

h1 = σ(W0x+ b0)

hj = σ(Wj−1hj−1 + bj−1) + hj−1, j = 2, . . . , L

ϕ(x) = ωThL.

The main difference between ResNet and the previously mentioned structure is

that the additional hj−1 is added in each hj update, so the map σ(Wj−1hj−1+
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bj−1) equals to the residual hj − hj−1. This structure can avoid the so-called

gradient vanishing problem in the training of very deep networks. Refer to

[13] for more theoretical explanation of ResNet. In practice, ResNet usually

performs better than a simple MLP.

5.1.2 The deep Galerkin method

One of the earliest deep learning method for PDEs is the deep Galerkin method

(DGM) [69]. Later, a more general version of the DGM, called the physics

informed neural networks (PINN) method, [59] was proposed. The idea of the

DGM is using a DNN ϕ(x) to approximate the PDE solution. We expect ϕ(x)

to also satisfy the equation Lϕ(x) = 0 and the boundary condition ∂ϕ(x)/∂n =

g1(x) or ϕ(x) = g2(x) with a relatively small error. Therefore, we can define

the expected loss function as:

LDGM(ϕ) =

∫
Ω

|Lϕ(x)|2dx+
∫
∂Ω

|∂ϕ(s)
∂n

− g1(s)|2ds
(
+

∫
∂Ω

|ϕ(s)− g2(s)|2ds
)

We can see this learning problem is semi-supervised. All the derivative in

Lϕ(x) is computed through back propagation. In the training stage, we would

compute the empirical loss function instead of the expected loss, i.e., we ran-

domly generate samples from the interior Ω and boundary ∂Ω to approximate

the continuous integral. The general framework of DGM method is described

in Algorithm 6. In practice, we do not need to generate the same number of

training samples on the boundary and inside the domain. In general, DGM

or PINN can achieve very high accuracy in various problems. However, the

evaluation of high order derivative in Lϕ(x) requires significant computational

time.

62



Algorithm 6 DGM for solving PDEs

Initialize a network ϕ and an optimizer.

for i from 1 to number of iterations do

randomly sample n points {xi} from Ω and n points {x̂i} from ∂Ω.

Compute the empirical loss function by:

1

n

n∑
i=1

|ϕ(xi)|2 +
1

n

n∑
i=1

|∂ϕ(x̂i)
∂n

− g1(s)|2
(
+
1

n

n∑
i=1

|ϕ(x̂i)− g2(x̂i)|2
)

Use backpropagation to compute the derivative of the empirical loss with

respect to parameters in ϕ

Update the parameters in ϕ using the optimizer.

end for

5.1.3 The deep Ritz method

To avoid the evaluation of high order derivatives and save computational time,

we can consider the variational form of PDEs. For some problems, there exist

a variational form which is equivalent to the original equation in the weak

sense. For example, the following Poisson equation:

−∆u(x) + u(x) = f(x) x ∈ Ω (5.1)

∂u(x)

∂n
= 0 x ∈ ∂Ω

has the equivalent variational form:

J(u) =

∫
Ω

|∇u(x)|2 + |u(x)− f(x)|2dx.

It can be proved that the solution argminv∈H1(Ω) J(v) is a weak solution to

the original PDE. H1(Ω) denotes the Sobolev space. The deep Ritz method
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(DRM) [79] considers using the variational form as expected loss of training

DNN. We can directly minimize J(ϕ), where ϕ is a given network, to solve

the problem. If this PDE is equipped with the Dirichlet boundary condition:

u(x) = 0, we can add a penalty term to the loss:

Jλ(u) =

∫
Ω

|∇u(x)|2 + |u(x)− f(x)|2dx+ λ

∫
∂Ω

|u(s)− 0|2ds.

The gamma convergence of the minimizer of Jλ(u) to the PDE solution to

is presented in [55]. The training of the DRM is very similar to that of the

DGM. We just need to sample random data from the interior and boundary (if

needed), compute the empirical loss function, and then do the backpropagation

and update parameters. The variational form usually does not involve high

order derivatives. Therefore, the DRM is highly efficient in training. However,

the accuracy of solutions by DRM is much lower than that of the DGM and

the PINN.

5.1.4 The deep mixed residual methods for elliptic PDEs

Let Ω be a Lipschitz domain in the d-dimensional space. We consider the

following second order PDEs with Neumann boundary condition

−∆u+ u = f, x ∈ Ω,

∂u

∂n
= g1, x ∈ ∂Ω,

or the Dirichlet boundary condition

−∆u = f, x ∈ Ω,

u = g2, x ∈ ∂Ω.
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To solve the PDE problems, we define two neural networks ϕ(x; θ1) : Rd →

R and ψ(x; θ2) : Rd → Rd, where ϕ simulates the true solution u∗ and ψ

simulates ∇u∗. Let ϕ ∈ V and ψ ∈ W , where V and W are sets of scalar-

valued and vector-valued networks. The expected loss functions are given as

below respectively. For the Neumann problem:

LN(ϕ,ψ) = Rg(ϕ,ψ)
2 + λ1R

N
e (ϕ,ψ)

2 + λ2R
N
b (ϕ,ψ),

2 (5.2)

and for the Dirichlet problem:

LD(ϕ,ψ) = Rg(ϕ,ψ)
2 + λ1R

D
e (ϕ,ψ)

2 + λ2R
D
b (ϕ,ψ),

2 (5.3)

where

Rg(ϕ,ψ) = ∥∇ϕ−ψ∥L2(Ω),

RN
e (ϕ,ψ) = ∥ − div(ψ) + ϕ− f∥L2(Ω),

RD
e (ϕ,ψ) = ∥ − div(ψ)− f∥L2(Ω),

RN
b (ϕ,ψ) = ∥ψ · n− g1∥L2(∂Ω),

RD
b (ϕ,ψ) = ∥ϕ− g2∥L2(∂Ω).

The corresponding empirical loss functions are respectively denoted by

LNn (ϕ,ψ) =
1

n

n∑
i=1

(|(∇ϕ−ψ)(xi)|2 + λ1|(−div(ψ) + ϕ− f)(xi)|2)

+
1

n̄

n̄∑
i=1

λ2|(ψ · n− g1)(x̄i)|2,

and

LDn (ϕ,ψ) =
1

n

n∑
i=1

(|(∇ϕ−ψ)(xi)|2 + λ1|(−div(ψ)− f)(xi)|2)

+
1

n̄

n̄∑
i=1

λ2|(ϕ− g2)(x̄i)|2,
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where {xi}ni=1 is randomly sampled from Ω and {x̄i}n̄i=1 is the sample from

∂Ω. In following discussions, n̄ is an integer greater than or equals to n/d2.

The error of neural network solutions are measured by ∥ϕ − u∗∥2H1(Ω) and

∥ψ − ∇u∗∥2Hdiv(Ω) respectively. We briefly describe the training procedure of

the deep mixed residual method in Algorithm 7.

Algorithm 7

Require: A scalar-valued network ϕ : x → R; A vector-valued network

ψ : x → Rd; Total number of iterations Nitrs; The batch size Nbs; Two

optimizers O1 and O2 for ϕ and ψ respectively.

1: for i in range(Nitrs) do

2: Randomly sample Nbs points in Ω: Xint; Nbs points in ∂Ω: Xb

3: if The boundary condition is Dirichlet condition then

4: Evaluate ϕ(Xint), ϕ(Xb), ψ(Xint)

5: else

6: Evaluate ϕ(Xint), ψ(Xint), ψ(Xb)

7: end if

8: Compute the empirical loss function

9: Update the optimizer O1 and O2 respectively

10: end for

5.1.5 Barron spaces and two-layer neural networks

In this work, we assume that solutions to PDEs belong to the Barron space.

The Barron space was originally introduced by [3].

Definition 5.1. For a function u defined on Ω, if there exists a complex mea-

66



sure F (dω) = eiθ(ω)|ũ(ω)|dω such that

u(x) =

∫
Rd

eiω·xF (dω), x ∈ Ω,

and ∫
Rd

(1 + |ω|1)s|ũ(ω)|dω < +∞,

then u belongs to the Barron space Bs(Ω) associated with the Barron norm

∥u∥Bs := inf
ũ

∫
Rd

(1 + |ω|1)s|ũ(ω)|dω.

The infimum in the definition is taken over all of the possible complex

measure F (dω) = eiθ(ω)|ũ(ω)|dω. When s = 3, we denote Bs by B. It is easy

to see that Bs+1 ⊂ Bs for s ≥ 1 and [67] proves that Bs(Ω) ⊂ Hs(Ω) for any

positive integer s and bounded domain Ω ⊂ Rd.

Here we also generalize the definition of Barron space to vector-valued

functions.

Definition 5.2. For a vector-valued function u = (u1, . . . , ud) defined on Ω,

if uj ∈ Bs(Ω) for each j = 1, . . . , d, we say u belongs to the Barron space

Bs(Ω;Rd) associated with the Barron norm ∥u∥Bs(Ω;Rd) = (
∑d

j=1 ∥uj∥2Bs(Ω))
1/2.

Lemma 5.1. Given a function u ∈ Bs+1(Ω), we have ∇u ∈ Bs(Ω;Rd) and

∥∇u∥Bs(Ω;Rd) ≤ ∥u∥Bs+1(Ω).

Proof. Given any η > 0, there exists a F (dω) = eiθ(ω)|ũ(ω)|dω such that

u(x) =
∫
Rd e

iω·xF (dω) in Ω and
∫
Rd(1 + |ω|1)s+1|ũ(ω)|dω < ∥u∥Bs+1(Ω) + η.
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Since the gradient of u has the representation ∇u(x) =
∫
Rd e

iω·xiωF (dω), then

∥∇u∥2Bs(Ω;Rd) ≤
(∫

Rd

(1 + |ω|1)s|ω|1|ũ(ω)|dω
)2

<

(∫
Rd

(1 + |ω|1)s+1|ũ(ω)|dω
)2

<

(
∥u∥Bs+1(Ω) + η

)2

.

Let η go to 0 and we complete the proof.

For functions in the Barron space B(Ω), we can use two-layer ReLU acti-

vated networks to approximate them to arbitrary actuary. [40] gives an esti-

mation of the approximation error with the order O( 1√
m
), where m is width

of two-layer ReLU networks. In our discussions, the activation function needs

to be twice differentiable. Instead, we use the rectified quadratic unit(ReQU)

function

ReQU(x) = ReLU(x)2 = (max{x, 0})2.

We further define the set of ReQU activated networks associated with the

Barron space function u by

V m
u =

{
c+

1

m

m∑
i=1

aiReQU(ω⊤
i x+ bi)

∣∣∣∣ (5.4)

|c| ≤ 2∥u∥B, |ai| ≤ 8∥u∥B, |ωi|2 ≤ 1, |bi| ≤ 1, i = 1, . . . ,m

}
. (5.5)

and

Wm
u =

{
c+

1

m

m∑
i=1

ai ◦ ReQU(W ix+ bi)

∣∣∣∣|cj| ≤ 2∥uj∥B, |(ai)j| ≤ 8∥uj∥B,

∥W i∥2 ≤ 1, ∥bi∥∞ ≤ 1, i = 1, . . . ,m, j = 1, . . . , d

}
.
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5.2 Error analysis of the DRM

The error of DRM has been well studied [40, 44, 55]. In this section, we will

give a brief derivation of the error estimate for DRM.

5.2.1 Error analysis of some elliptic PDEs

In this section, we are going to estimate the H1 norm error of DRM for some

variational problems. We first considers the Poisson equation (5.1) with the

variational form:

J(u) =

∫
Ω

|∇u(x)|2 + |u(x)− f(x)|2dx.

In DRM, we solve this PDE By minimizing the empirical loss

min
ϕ∈V

Ĵ(ϕ) =
1

n

n∑
i=1

|∇ϕ(xi)|2 + |ϕ(xi)− f(xi)|2

where V is a given set of neural networks. This discretized loss function de-

pends on randomly generated training samples. Then we can derive the fol-

lowing error estimate for DRM:

Theorem 5.1. Let u∗ ∈ H1(Ω) be the weak solution to problem (5.1) and ϕ̂

be the neural network solution:

ϕ̂ = argmin
ϕ∈V

Ĵ(ϕ).

Then the error of ϕ̂ has the following estiamte:

∥ϕ̂− u∗∥2H1(Ω) ≤ min
ϕ∈V
∥ϕ− u∗∥2H1(Ω) + 2 sup

ϕ∈V
|J(ϕ)− Ĵ(ϕ)|.

The first term minϕ∈V ∥ϕ−u∗∥2H1(Ω) represent the approximation error and the

second term supϕ∈V |J(ϕ)− Ĵ(ϕ)| represents the quadrature error.
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Proof. Let ϕ ∈ V be any neural network. Then,

∥ϕ̂− u∗∥2H1(Ω) = J(ϕ̂)− J(u∗)

= J(ϕ̂)− Ĵ(ϕ̂) + Ĵ(ϕ̂)− J(u∗)

≤ J(ϕ̂)− Ĵ(ϕ̂) + Ĵ(ϕ)− J(ϕ) + J(ϕ)− J(u∗)

= ∥ϕ− u∗∥2H1(Ω) + J(ϕ̂)− Ĵ(ϕ̂) + Ĵ(ϕ)− J(ϕ).

Since the inequality holds for any ϕ ∈ V , we can have

∥ϕ̂− u∗∥2H1(Ω) ≤ min
ϕ∈V
∥ϕ− u∗∥2H1(Ω) + 2 sup

ϕ∈V
|J(ϕ)− Ĵ(v)|.

For the Dirichlet problem (5.1.4) with homogeneous boundary condition:

−∆u(x) = f(x), x ∈ Ω (5.6)

u(x) = 0, x ∈ ∂Ω.

we also have the similar estimate. Let’s define the expected loss of DRM as

Jλ(u) = ∥∇u∥2L2(Ω) + ⟨u, f⟩+ λ∥u∥2L2(∂Ω)

and the empirical loss as

Ĵλ(u) =
1

n

n∑
i=1

|∇u(xi)|2 + u(xi)f(xi) +
λ

n̂

n̂∑
i=1

|u(x̂i)|2

From [55], we have the following lemma:

Lemma 5.2. Suppose u∗ is the true solution to (5.6), uλ is the solution to

min
v∈H1(Ω)

Jλ(v).

Let v be any neural network in the set V . Then

∥v−u∗∥H1(Ω) ≲
√
Jλ(v)−min

ϕ∈V
Jλ(ϕ) + min

ϕ∈V
(∥∇ϕ−∇uλ∥2L2(Ω) + λ∥ϕ− uλ∥2L2(∂Ω))+

1

λ
.
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Then, we can prove derive an error estimate for DRM:

Theorem 5.2. Suppose u∗ is the true solution to (5.6), uλ is the solution of

minv∈H1(Ω) Jλ(v), and ϕ̂ = argminϕ∈V Ĵ(ϕ). Then, we have

∥v−u∗∥H1(Ω) ≲
√

2 sup
ϕ∈V
|Jλ(ϕ)− Ĵλ(ϕ)|+min

ϕ∈V
(∥∇ϕ−∇uλ∥2L2(Ω) + λ∥ϕ− uλ∥2L2(∂Ω))+

1

λ
.

Proof. For any ϕ ∈ V , we have

Jλ(ϕ̂)−min
v∈V

Jλ(v) = Jλ(ϕ̂)− Ĵλ(ϕ̂) + Ĵλ(ϕ̂)−min
v∈V

Jλ(v)

≤Jλ(ϕ̂)− Ĵλ(ϕ̂) + Ĵλ(ϕ)−min
v∈V

Jλ(v)

= Jλ(ϕ̂)− Ĵλ(ϕ̂) + Ĵλ(ϕ)− Jλ(ϕ) + Jλ(ϕ)−min
v∈V

Jλ(v).

By taking ϕ = argminv∈V Jλ(v), we have

Jλ(ϕ̂)−min
v∈V

Jλ(v) ≤ 2 sup
ϕ∈V
|Jλ(ϕ)− Ĵλ(ϕ)|.

Then, using Lemma 5.2, we can finish the proof.

5.2.2 An error analysis of the generalized DRM

We are also interested in solving other forms of variational models by neural

networks. Many variational models from computer vision and data science has

the following form: L(u) = Eρx (D(u(x), y(x)) +R(u(x))) where ρx is a cer-

tain probability measure, D(u(x), y(x)) is a data fidelity term which measures

how well the model u(x) fits the ground truth label y(x), and R(u(x)) is a

regularization term.

We would focus on two regularization terms: total vairation (TV) |∇u(x)|

and Tikhonov regularization |∇u(x)|2. We further assume that D(u, y) is α-
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Lipchitz continuous with respect to u, i.e,:

|D(u1(x), y(x))−D(u2(x), y(x))| ≤ α|u1(x)− u2(x)|

We consider a general expected loss with TV regularization

JTV (u) = Eρx (D(u(x), y(x)) + |∇u(x)|) ,

and expected loss with Tikhonov regularization

JT ik(u) = Eρx
(
D(u(x), y(x)) + |∇u(x)|2

)
.

Let {xi}ni=1 be training samples generated from ρx(Ω). Then, the empirical

loss functions are defined as:

ĴTV (u) =
1

n

n∑
i=1

(D(u(xi), y(xi)) + |∇u(xi)|) ,

and

ĴT ik(u) =
1

n

n∑
i=1

(
D(u(xi), y(xi)) + |∇u(xi)|2

)
.

Suppose U is a certain function space and V ⊂ U is a set of neural networks.

Then, we can derive the following estimate using the similar techniques.

Theorem 5.3. Let u∗ = argminu∈U J
TV (u), ϕ̂ = argminϕ∈V Ĵ

TV (ϕ). Then

0 ≤ JTV (ϕ̂)− JTV (u∗)

≲ sup
ϕ∈V
|ĴTV (ϕ)− JTV (ϕ)|+min

ϕ∈V
∥ϕ− u∗∥H1(ρx)

where ∥u∥H1(ρx) =
√
Eρx (|(ϕ− u∗)(x)|2 + |∇(ϕ− u∗)(x)|2).
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Proof. For any ϕ ∈ V , we have

JTV (ϕ̂)− JTV (u∗) = JTV (ϕ̂)− ĴTV (ϕ̂) + ĴTV (ϕ̂)− JTV (u∗)

≤ JTV (ϕ̂)− ĴTV (ϕ̂) + ĴTV (ϕ)− JTV (u∗)

= JTV (ϕ̂)− ĴTV (ϕ̂) + ĴTV (ϕ)− JTV (ϕ) + JTV (ϕ)− JTV (u∗)

≤ JTV (ϕ̂)− ĴTV (ϕ̂) + ĴTV (ϕ)− JTV (ϕ)

+ Eρx (α|ϕ(x)− u∗(x)|+ |∇(ϕ− u∗)(x)|)

≤ JTV (ϕ̂)− ĴTV (ϕ̂) + ĴTV (ϕ)− JTV (ϕ)

+ (α + 1)∥ϕ− u∗∥H1(ρx)

Let ϕ = argminϕ∈V ∥ϕ−u∗∥H1(ρx). Then, we can have the following inequality:

JTV (ϕ̂)− JTV (u∗)

≲ sup
ϕ∈V
|ĴTV (ϕ)− JTV (ϕ)|+min

ϕ∈V
∥ϕ− u∗∥H1(ρx).

For the Tikhonov regularized problem, we can conduct a similar analysis.

Theorem 5.4. Let u∗ = argminu∈U J
T ik(u), ϕ̂ = argminϕ∈V Ĵ

T ik(ϕ). Then

0 ≤ JT ik(ϕ̂)− JT ik(u∗)

≲ sup
ϕ∈V
|ĴTV (ϕ)− JTV (ϕ)|+ ∥ϕ− u∗∥H1(ρx).
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Proof. For any ϕ ∈ V , we have

JT ik(ϕ̂)− JT ik(u∗) = JT ik(ϕ̂)− ĴT ik(ϕ̂) + ĴT ik(ϕ̂)− JT ik(u∗)

≤ JT ik(ϕ̂)− ĴT ik(ϕ̂) + ĴT ik(ϕ)− JT ik(u∗)

= JT ik(ϕ̂)− ĴT ik(ϕ̂) + ĴT ik(ϕ)− JT ik(ϕ) + JT ik(ϕ)− JT ik(u∗)

≤ JT ik(ϕ̂)− ĴT ik(ϕ̂) + ĴT ik(ϕ)− JT ik(ϕ)

+Eρx
(
α|ϕ(x)− u∗(x)|+ |∇(ϕ− u∗)(x)|2 + 2∇(ϕ− u∗)(x)∇u∗(x)

)
≤ JT ik(ϕ̂)− ĴT ik(ϕ̂) + ĴT ik(ϕ)− JT ik(ϕ)

+(α + 2)∥ϕ− u∗∥H1(ρx) + ∥∇(ϕ− u∗)∥2L2(ρx)
.

Take ϕ = argminϕ∈V ∥ϕ− u∗∥H1(ρx) Then, we can have:

JT ik(ϕ̂)− JT ik(u∗)

≲ sup
ϕ∈V
|ĴTV (ϕ)− JTV (ϕ)|+ ∥ϕ− u∗∥H1(ρx).

We can observe that errors of generalized DRM can also be represented by

the summation of the approximation error and the quadrature error.

5.3 Error analysis for mixed residual method

In this section, we will show how the error of neural networks can be controlled

by the approximation error and quadrature error for elliptic PDEs with differ-

ent boundary conditions.
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5.3.1 The Neumann boundary condition

Suppose V and W be sets of scalar-valued and vector-valued neural networks

with fixed structures and activation functions in H2(R). Then, for the PDE

problem (5.1.4) with Neuman boundary condition, we have the following error

estimate.

Theorem 5.5. Let u∗N be the classical solution to the Neumann problem (5.1.4)

and

(ϕ̂, ψ̂) = argmin
ϕ∈V,ψ∈W

LNn (ϕ,ψ).

Then, we have

∥ϕ̂− u∗N∥2H1(Ω) ≲ E1 + E2,

and

∥ψ̂ −∇u∗N∥2Hdiv(Ω) ≲ E1 + E2,

where

E1 = 2 sup
ϕ∈V,ψ∈W

|LN(ϕ,ψ)− LNn (ϕ,ψ)|,

and

E2 = min
ψ∈W

(
∥ψ −∇u∗N∥2Hdiv(Ω) + ∥ψ −∇u∗N∥2H1(Ω)

)
+min

ϕ∈V

(
∥ϕ− u∗N∥2H1(Ω)

)
.

To prove Theorem 5.5, we first show that the errors of two networks can

be bounded by some multiples of the expected loss functions.

Lemma 5.3. Let ϕ ∈ V and ψ ∈ W be two networks, and u∗N be the classical

solution to the Neumann problem (5.2). Then, we have

∥ϕ− u∗N∥2H1(Ω) ≤ 4CΩ(R
N
b )

2 + 2R2
g + 2(RN

e )
2,
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and

∥ψ −∇u∗N∥2Hdiv(Ω) ≤ 6R2
g + 6(RN

e )
2 + 8CΩ(R

N
b )

2.

Proof. Since u∗N is the classical solution to the PDE problem (5.1.4), it satisfy

the variational form:∫
Ω

∇u∗N∇v + u∗Nv dx =

∫
Ω

fv dx+

∫
∂Ω

g1v ds,

for any v ∈ H1(Ω). Let v = ϕ̂ = ϕ− u∗N . We have∫
Ω

∇u∗N∇ϕ̂+ u∗N ϕ̂ dx =

∫
Ω

fϕ̂ dx+

∫
∂Ω

g1ϕ̂ ds.

Then, by adding
∫
Ω
(div(ψ)− ϕ)ϕ̂ dx−

∫
∂Ω
ϕ̂∇ϕ · n ds on both sides,∫

Ω

(f + div(ψ)− ϕ)ϕ̂ dx−
∫
∂Ω

ϕ̂(∇ϕ−∇u∗N) · n ds

=

∫
Ω

(∇u∗N −ψ) · ∇ϕ̂+ (u∗N − ϕ)ϕ̂ dx−
∫
∂Ω

ϕ̂(∇ϕ−ψ) · n ds

=

∫
Ω

(∇u∗N −∇ϕ+∇ϕ−ψ) · ∇ϕ̂+ (u∗N − ϕ)ϕ̂ dx+
∫
∂Ω

ϕ̂(ψ −∇ϕ) · n ds

=−
∫
Ω

|∇ϕ̂|2 dx−
∫
Ω

|ϕ̂|2 dx+
∫
Ω

(∇ϕ−ψ) · ∇ϕ̂ dx+
∫
∂Ω

ϕ̂(ψ −∇ϕ) · n ds.

By rearranging the equation, we get∫
Ω

|∇ϕ̂|2 dx+
∫
Ω

|ϕ̂|2 dx

=−
∫
Ω

(f + div(ψ)− ϕ)ϕ̂+

∫
Ω

(∇ϕ−ψ) · ∇ϕ̂ dx+
∫
∂Ω

ϕ̂(ψ −∇u∗N) · n ds

=

∫
∂Ω

ϕ̂(ψ · n− g1) ds+
∫
Ω

(∇ϕ−ψ) · ∇ϕ̂ dx+
∫
Ω

(−div(ψ) + ϕ− f)ϕ̂ dx

≤CΩ∥ψ · n− g1∥2L2(∂Ω) +
∥ϕ̂∥2L2(∂Ω)

4CΩ

+
R2
g

2
+

1

2

∫
Ω

|∇ϕ̂|2 dx+ (RN
e )

2

2
+

1

2

∫
Ω

|ϕ̂|2 dx

≤CΩ(R
N
b )

2 +
∥ϕ̂∥2H1(Ω)

4
+
R2
g

2
+

1

2

∫
Ω

|∇ϕ̂|2 dx+ (RN
e )

2

2
+

1

2

∫
Ω

|ϕ̂|2 dx,
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where the last two inequalities are derived by applying the trace theorem and

CΩ is a constant that depends on the domain Ω. Then, we combine like terms

and obtain

∥ϕ− u∗N∥2H1(Ω) = ∥ϕ̂∥2H1(Ω) ≤ 4CΩ(R
N
b )

2 + 2R2
g + 2(RN

e )
2.

For ∥ψ −∇u∗N∥2Hdiv(Ω), we have

∥ψ −∇u∗N∥2Hdiv(Ω)

= ∥ψ −∇u∗N∥2L2(Ω) + ∥div(ψ)−∆u∗N∥2L2(Ω)

= ∥ψ −∇ϕ+∇ϕ−∇u∗N∥2L2(Ω) + ∥div(ψ) + f − ϕ+ ϕ− u∗N∥2L2(Ω)

≤ 2R2
g + 2(RN

e )
2 + 2∥ϕ̂∥2H1(Ω)

≤ 2R2
g + 2(RN

e )
2 + 2(4CΩ(R

N
b )

2 + 2R2
g + 2(RN

e )
2)

= 6R2
g + 6(RN

e )
2 + 8CΩ(R

N
b )

2.

Next, we are going to prove the expected loss can be bounded by the

approximation error of function classes V and W to the solution u∗N .

Lemma 5.4. Let

(ϕ∗,ψ∗) := argmin
ϕ∈V,ψ∈W

LN(ϕ,ψ).

Then,

LN(ϕ∗,ψ∗) ≲ min
ψ∈W

(
∥ψ −∇u∗N∥2Hdiv(Ω) + ∥ψ −∇u∗N∥2H1(Ω)

)
+min

ϕ∈V

(
∥ϕ− u∗N∥2H1(Ω)

)
.
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Proof. For any ϕ̃ ∈ V and ψ̃ ∈ W , we have

LN(ϕ∗,ψ∗) ≤ LN(ϕ̃, ψ̃)

=∥ψ̃ −∇ϕ̃∥2L2(Ω) + λ1∥ − div(ψ̃) + ϕ̃− f∥2L2(Ω) + λ2∥(ψ̃ −∇u∗N) · n∥2L2(∂Ω)

≤∥ψ̃ −∇u∗N +∇u∗N −∇ϕ̃∥2L2(Ω) + λ2∥ψ̃ −∇u∗N∥2L2(∂Ω)

+ λ1∥ − div(ψ) + div(∇u∗N) + ϕ̃− u∗N∥2L2(Ω)

≤2∥ψ̃ −∇u∗N∥2L2(Ω) + 2∥∇ϕ̃−∇u∗N∥2L2(Ω) + λ2CΩ∥ψ̃ −∇u∗N∥2H1(Ω)

+ 2λ1∥div(ψ̃)− div(∇u∗N)∥2L2(Ω) + 2λ1∥ϕ̃− u∗N∥2L2(Ω)

≤c1(∥ψ̃ −∇u∗N∥2Hdiv(Ω) + ∥ψ̃ −∇u∗N∥2H1(Ω)) + c2∥ϕ̃− u∗N∥2H1(Ω),

where c1 = max{1, 2λ1, λ2CΩ} and c2 = max{2, 2λ1}. Then we can take

minimum on the right hand side of the inequality and finish the proof.

Now, we can prove the error estimates in Theorem 5.5 using Lemma 5.3

and Lemma 5.4 directly.

Proof. Suppose

(ϕ∗,ψ∗) = argmin
ϕ∈V,ψ∈W

LN(ϕ,ψ).

By Lemma 5.3, we have

∥ϕ̂− u∗N∥2H1(Ω) ≲ LN(ϕ̂, ψ̂)

and

∥ψ̂ −∇u∗N∥2Hdiv(Ω) ≲ LN(ϕ̂, ψ̂).
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Since

LN(ϕ̂, ψ̂) = LN(ϕ̂, ψ̂)− LNn (ϕ̂, ψ̂) + LNn (ϕ̂, ψ̂)

≤ LN(ϕ̂, ψ̂)− LNn (ϕ̂, ψ̂) + LNn (ϕ
∗,ψ∗)

= LN(ϕ̂, ψ̂)− LNn (ϕ̂, ψ̂) + LNn (ϕ
∗,ψ∗)− LN(ϕ∗,ψ∗) + LN(ϕ∗,ψ∗)

≤ 2 sup
ϕ∈V,ψ∈W

|LN(ϕ,ψ)− LNn (ϕ,ψ)|+ LN(ϕ∗,ψ∗).

Then we just apply Lemma 5.4 and we finish the proof.

5.3.2 The Dirichlet boundary condition

Problem (5.1.4) also has a similar error estimate.

Theorem 5.6. Suppose u∗D is the solution to the Dirichlet problem (5.1.4) and

(ϕ̂, ψ̂) = argmin
ϕ∈V,ψ∈W

LDn (ϕ,ψ).

Assume that parameters of networks in W are uniformly bounded. Then, we

have

∥ϕ̂− u∗D∥2H1(Ω) ≲
√
E3 + E4

and

∥ψ̂ −∇u∗D∥2Hdiv(Ω) ≲
√
E3 + E4,

where

E3 = 2 sup
ϕ∈V,ψ∈W

|LD(ϕ,ψ)− LDn (ϕ,ψ)|

and

E4 = min
ψ∈W

(
∥ψ −∇u∗D∥2Hdiv(Ω)

)
+min

ϕ∈V

(
∥ϕ− u∗D∥2H1(Ω)

)
.
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Similar to the proof of Theorem 5.5, we also need to show the error of

neural networks can be bounded by the expected loss.

Lemma 5.5. Let ϕ ∈ V and ψ ∈ W be two networks, and u∗D be the classical

solution to the Dirichlet problem (5.1.4). Then

∥ϕ− u∗D∥2H1(Ω) ≤ 2C̃Ω

(
CBR

D
b + (RD

b )
2 +

C̃Ω

2
R2
g +

C̃Ω

2
(RD

e )
2

)
,

and

∥ψ−∇u∗D∥2Hdiv(Ω) ≤ 4CBC̃ΩR
D
b +4C̃Ω(R

D
b )

2+(2+2C̃2
Ω)R

2
g+2C̃2

Ω(R
D
e )

2+(RD
e )

2,

where CB =
√
|∂Ω| supψ∈W,x∈∂Ω |ψ(x)|+ CΩ∥∇u∗D∥H1(Ω) is a constant.

Proof. We need to introduce the Poincaré-Friedrichs inequality: For any u ∈

H1(Ω), there exist a constant C̃Ω such that

∥u∥2H1 ≤ C̃Ω

(∫
∂Ω

|u|2 ds+
∫
Ω

|∇u|2 dx
)
.

Since u∗D is the classical solution to the Dirichlet problem (5.1.4), we multiply

ϕ̂ on both sides of (5.1.4) and integrate them over Ω, we get

−
∫
∂Ω

ϕ̂∇u∗D · n ds+

∫
Ω

∇u∗D∇ϕ̂ dx =

∫
Ω

fϕ̂ dx.

Next, we add
∫
Ω
div(ψ)ϕ̂ dx on both sides,∫

Ω

(f + div(ψ))ϕ̂ dx

=−
∫
∂Ω

ϕ̂∇u∗D · n ds+

∫
Ω

∇u∗D∇ϕ̂+ div(ψ)ϕ̂ dx

=−
∫
∂Ω

ϕ̂(∇u∗D −ψ) · n ds+

∫
Ω

(∇u∗D −ψ)∇ϕ̂ dx

=−
∫
∂Ω

(ϕ− g2)(∇u∗D −ψ) · n ds+

∫
Ω

(∇u∗D −∇ϕ+∇ϕ−ψ)∇ϕ̂ dx

=

∫
∂Ω

(ϕ− g2)(ψ −∇u∗D) · n ds+

∫
Ω

(∇u∗D −∇ϕ+∇ϕ−ψ)∇ϕ̂ dx.
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By rearranging the equation, we get∫
Ω

|∇ϕ̂|2 dx

=

∫
∂Ω

(ϕ− g2)(ψ −∇u∗D) · n ds+

∫
Ω

(∇ϕ−ψ)∇ϕ̂ dx−
∫
Ω

(f + div(ψ))ϕ̂ dx

≤∥ψ −∇u∗D∥L2(∂Ω)R
D
b +

C̃Ω

2
R2
g +
∥∇ϕ̂∥2L2(Ω)

2C̃Ω

+
C̃Ω

2
(RD

e )
2 +
∥ϕ̂∥2L2(Ω)

2C̃Ω

≤CBRD
b +

C̃Ω

2
R2
g +
∥∇ϕ̂∥2L2(Ω)

2C̃Ω

+
C̃Ω

2
(RD

e )
2 +
∥ϕ̂∥2L2(Ω)

2C̃Ω

,

where CB =
√
|∂Ω| supψ∈W,x∈∂Ω |ψ(x)|+ CΩ∥∇u∗D∥H1(Ω). Using the Poincaré-

Friedrichs inequality,

∥ϕ̂∥H1(Ω) ≤ C̃Ω

(
(RD

b )
2 + ∥∇ϕ̂∥2L2(Ω)

)
≤ C̃Ω

(
(RD

b )
2 + CBR

D
b +

C̃Ω

2
R2
g +

C̃Ω

2
(RD

e )
2

)
+

1

2
∥ϕ̂∥2H1(Ω),

which implies that

∥ϕ̂∥2H1(Ω) ≤ 2C̃Ω

(
(RD

b )
2 + CBR

D
b +

C̃Ω

2
R2
g +

C̃Ω

2
(RD

e )
2

)
and

∥ψ̂∥2Hdiv(Ω) ≤
(
Rg + ∥∇ϕ̂∥L2(Ω)

)2
+ (RD

e )
2

≤ 2R2
g + (RD

e )
2 + 2∥ϕ̂∥2H1(Ω)

≤ 2R2
g + (RD

e )
2 + 4C̃Ω((R

D
b )

2 + CBR
D
b +

C̃Ω

2
R2
g +

C̃Ω

2
(RD

e )
2)

≤ 4CBC̃ΩR
D
b + 4C̃Ω(R

D
b )

2 + (2 + 2C̃2
Ω)R

2
g + 2C̃2

Ω(R
D
e )

2 + (RD
e )

2.

Next, we can show that the expected loss can be bounded by the approxi-

mation error.
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Lemma 5.6. Let

(ϕ∗,ψ∗) := argmin
ϕ∈V,ψ∈W

LD(ϕ,ψ).

Then,

LD(ϕ∗,ψ∗) ≲ min
ψ∈W

(
∥ψ −∇u∗D∥2Hdiv(Ω)

)
+min

ϕ∈V

(
∥ϕ− u∗D∥2H1(Ω)

)
.

Proof. For any ϕ̃ ∈ V and ψ̃ ∈ W , we have

LD(ϕ∗,ψ∗) ≤LD(ϕ̃, ψ̃)

=∥ψ̃ −∇ϕ̃∥2L2(Ω) + λ1∥div(ψ̃) + f∥2L2(Ω) + λ2∥ϕ̃− g2∥2L2(∂Ω)

≤λ1∥div(ψ̃)− div(∇u∗D)∥2L2(Ω) + λ2CΩ∥ϕ̃− u∗D∥2H1(Ω)

+ 2∥ψ̃ −∇u∗D∥2L2(Ω) + 2∥∇ϕ̃−∇u∗D∥2L2(Ω)

≤C3∥ψ̃ −∇u∗D∥2Hdiv(Ω) + C4∥ϕ̃− u∗D∥2H1(Ω),

where C3 = max{2, λ1} and C4 = max{2, λ2CΩ}.

Then, the proof of Theorem 5.6 is quite similar to that of Theorem 5.5. It

follows directly from Lemma 5.5 and 5.6.

5.3.3 The convergence rate and comparison with DRM

Suppose the the approximation error of neural networks in the set V for any

function u in a specific space X, equipped with the norm ∥ · ∥X , has the

following estimates

min
ϕ∈V
∥ϕ− u∥2H1(Ω) ≲ m−γ∥u∥2X ,

where m is a parameter proportional to the total number of parameters in

networks of V and γ > 0 is a positive constant. Similarly, we can expect the
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approximation error of networks in W for ∇u to have the same rate if ∇u has

the desired regularity:

min
ψ∈W
∥ψ −∇u∥2H1(Ω) ≲ m−γ∥∇u∥2Xd ,

where ∥∇u∥2
Xd =

∑d
i=1 ∥∂iu∥2X . Besides, ∥ψ −∇u∥2Hdiv(Ω) ≤ d∥ψ −∇u∥2H1(Ω),

so we have

min
ψ∈W
∥ψ −∇u∥2Hdiv(Ω) ≲

1

mγ
∥∇u∥2Xd .

Then we can derive the convergence rate for the mixed residual method when

solving the Neumann problem (5.13) and the Dirichlet problem (5.12). Let

us neglect the quadrature error part here, since the estimates of quadrature

errors are quite similar for different methods. For the Neumann problem, let

(ϕ∗,ψ∗) := argmin
ϕ∈V,ψ∈W

LN(ϕ,ψ) and u∗N ∈ X. The following convergence rate can

be derived from Theorem 5.5

∥ϕ∗ − u∗N∥2H1(Ω) ≲
∥∇u∗N∥2Xd

mγ
+
∥u∗N∥2X
mγ

,

and

∥ψ∗ −∇u∗N∥2Hdiv(Ω) ≲
∥∇u∗N∥2Xd

mγ
+
∥u∗N∥2X
mγ

.

For the Dirichlet problem, With a slight abuse of notation, we let (ϕ∗,ψ∗) :=

argmin
ϕ∈V,ψ∈W

LD(ϕ,ψ) and u∗D ∈ X. Then, from Theorem 5.6, we can derive the

convergence rate:

∥ϕ∗ − u∗D∥2H1(Ω) ≲

√
1

mγ

√
∥∇u∗D∥2Xd + ∥u∗D∥2X ,

and

∥ψ∗ −∇u∗D∥2Hdiv(Ω) ≲

√
1

mγ

√
∥∇u∗D∥2Xd + ∥u∗D∥2X .
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Let us compare the above convergence rate with that of the DRM. The

a priori error of the DRM with homogeneous boundary conditions has been

well-studied in the literature [40, 44, 55]. For the Neumann problems with

homogeneous boundary conditions, DRM uses the following loss function:

J(u) = ∥u− f∥2L2(Ω) + ∥∇u∥2L2(Ω).

Let ϕ∗ be the solution to minϕ∈V J(ϕ). Then, the error of ϕ
∗ can be estimated

by

∥ϕ∗ − u∗N∥2H1(Ω) ≤ min
ϕ
∥ϕ− u∗N∥2H1(Ω) ≲

1

mγ
∥u∥2X .

For the Dirichlet problem with homogeneous boundary condition, the DRM

uses the following loss:

Jλ(ϕ) = −⟨ϕ, f⟩L2(Ω) + ∥∇ϕ∥2L2(Ω) + λ∥u∥L2(∂Ω),

where λ controls the weight of boundary penalty. Let ϕ∗
λ be the solution to

minϕ∈V Jλ(ϕ). Then it has the following estimates as in [55]:

∥ϕ∗
λ − u∗D∥2H1(Ω) ≲

(√
min
ϕ
{∥ϕ− u∗D∥2H1(Ω) + λ∥ϕ− u∗D∥2L2(∂Ω)}+

1

λ
+

1

λ

)2

≲

(√
1 + λ

mγ
∥u∗D∥2X +

1

λ
+

1

λ

)2

.

The best rate is then 1
mγ/2 when choosing λ = mγ/2.

Generally, the mixed residual method achieve the same convergence rate

with respect to m with DRM in both problems. Our result suggests that the

mixed residual method can also recover the Laplacian of the solution by com-

puting the divergence of the ψ network. Moreover, our result can be applied

to both homogeneous boundary and non-homogeneous boundary problems.
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5.4 Estimates of approximation error and quadra-

ture error

In the previous sections, we derive error estimates which consists of approxima-

tion error and quadrature error. In this section, i will estimate these two parts

respectively. For approximation error, we should assume the target function

belongs to the Barron space and the neural networks are two layer networks.

Then, we can derive an explicit bound for the approximation error depending

on the network width. For the quadrature error, we will use the rademacher

complexity to estimate.

5.4.1 Approximation errors of Barron space functions

For functions in the Barron space B2(Ω), we can use two-layer ReLU activated

networks to approximate them to arbitrary accuracy [40].

Lemma 5.7. For any function f ∈ B2(Ω) and m ∈ N+, there exists a two-

layer ReLU network fm

fm = c+
1

m

m∑
k=1

akReLU(ω
⊤
k x+ bk),

where |c| ≤ 2B, |ak| ≤ 16B, |ωk|1 = 1, |bk| ≤ 1 for k = 1, . . . ,m, such that

∥f − fm∥H1(Ω) ≲
∥f∥B2(Ω)√

m

Proof. For any η > 0, there exist a complex measure F (dω) = eiζ(ω)|f̃(ω)|dω
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such that

f̄(x) = f(x)− f(0) = Re

∫
Rd

(eiω·x − 1)F (dω)

=

∫
Rd

(cos(ω · x+ ζ(ω))− cos(ζ(ω)))|f̃(ω)|dω

=

∫
Rd

Cf
(1 + |ω|1)2

(cos(ω · x+ ζ(ω))− cos(ζ(ω)) F̂ (dω)

=

∫
Rd

g(x, ω)F̂ (dω),

where Cf =
∫
(1 + |ω|1)2|f̃(ω)|dω ≤ ∥f∥B(Ω) + η, F̂ (dω) = (1+|ω|1)2

Cf
|f̃(ω)|dω is

a probability distribution; and

g(x, ω) =
Cf

(1 + |ω|1)2
(cos(ω · x+ ζ(ω))− cos(ζ(ω)) .

Define a set of function Gcos as:

Gcos :=

{
γ

(1 + |ω|1)2
(cos(ω · x+ b)− cos(b))

∣∣∣∣|γ| ≤ Cf , b ∈ R
}
. (5.7)

Consequently, f̄ is in the H1 closure of the convex hull of Gcos. To prove this,

we suppose {ωk}mk=1 be a set of i.i.d. random variables generated from the

distribution F̂ (dω). Notice that for each g(x, ω) ∼ F̂ and x ∈ Ω, we have:

|g(x, ω)| ≤ Cf
(1 + |ω|1)2

|ω|1 ≤ Cf ,

and

|∇g(x, ω)|2 ≤ |∇g(x, ω)|1 =
Cf

(1 + |ω|1)2
|ω|1| sin(ω · x)| ≤ Cf ,
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for any x ∈ Ω. Then, by Fubini’s theorem,

Eωk∼F̂

∥∥∥∥∥f̄ − 1

m

m∑
k=1

g(x, ωk)

∥∥∥∥∥
2

H1(Ω)


=

∫
Ω

Eωk∼F̂

∣∣∣∣∣f(x)− 1

m

m∑
k=1

g(x, ωk)

∣∣∣∣∣
2

+

∣∣∣∣∣∇f(x)− 1

m

m∑
k=1

∇g(x, ωk)

∣∣∣∣∣
2

2

 dx
≤ 1

m

∫
Ω

Eω∼F̂
[
|g(x, ω)|2 + |∇g(x, ω)|22

]
dx

≤
2C2

f

m
.

The expected H1 norm error converges to 0 as m tends to infinity, which

implies that there exist a sequence of convex combination of functions in Gcos

converges to f̄ .

We next define a one dimensional function g(z) = γ(cos(|ω|1z + b) −

cos(b))/(1+|ω|1)2 where γ ≤ Cf and z ∈ [−1, 1]. Notice that g(x, ω) is the com-

position of g(z) and z = ω · x/|ω|1. Let g̃(z) = g(z) + γ sin(b)|ω|1z/(1+ |ω|1)2.

We can examine that ∥g̃(s)∥L∞([−1,1]) ≤ 2Cf for s = 0, 1, 2 and g̃(0) = g̃′(0) = 0.

Lemma 5.8 (Lemma 4.5 in [44]). Given g ∈ C2([−1, 1]) with ∥g(s)∥L∞([−1,1]) ≤

B and g′(0) = 0 for s = 0, 1, 2. Define {zk}2mk=0 = {−1+ k/m}2mi=0 be a uniform

partition of [−1, 1]. Then, there exist a ReLU network gm of the form:

gm(z) = c+
1

2m

2m∑
k=1

aiReLU(ϵkz + bk),

where c = g(0), |ak| ≤ 4B, ϵk ∈ {−1, 1} and |bk| ≤ 1, such that

∥g − gm∥W 1,∞([−1,1]) ≤
2B

m
.

Consequently, for any g ∈ Gcos, there exist a convex combination of ReLU
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functions such that∥∥∥∥∥g̃ − 1

2m

2m∑
k=1

aiReLU(ϵkz + bk)

∥∥∥∥∥
W 1,∞([−1,1])

=

∥∥∥∥∥g + γ sin(b)|ω|1z
(1 + |ω|1)2

− 1

2m

2m∑
k=1

aiReLU(ϵkz + bk)

∥∥∥∥∥
W 1,∞([−1,1])

=

∥∥∥∥∥g + 1

2
(2a0ReLU(z + 1))− 1

4m

2m∑
k=1

2aiReLU(ϵkz + bk)− a0

∥∥∥∥∥
W 1,∞([−1,1])

≤4Cf
m

,

where a0 = γ sin(b)|ω|1
(1+|ω|1)2 , |a0| ≤ Cf , |ak| ≤ 8Cf , ϵk ∈ {−1, 1}, and |bk| ≤ 1 for

k = 1, . . . , 2m. Therefore, g lies in the H1-closure of the convex hull of the

following set:

GReLU :=
{
c+ aReLU(ω · x+ b)

∣∣|a| ≤ 16Cf , |ω|1 = 1, |b| ≤ 1, |c| ≤ Cf
}
,

(5.8)

and so does f̄ . For any g ∈ GReLU, we have ∥g∥2H1(Ω) ≤ ((32Cf + Cf )
2 +

(16Cf )
2) = 1345C2

f . Therefore, by the Maurey’s Lemma (Lemma 1 in [3]),

there exists a two-layer ReLU network

fm = c+
1

m

m∑
k=1

aiReLU(ωk · x+ bk),

where |ak| ≤ 16Cf , |ωk|1 = 1, |bk| ≤ 1 and |c| ≤ 2Cf , such that

∥f − fm∥H1(Ω) ≤
√
1345Cf√
m

≤
√
1345(∥f∥B2(Ω) + η)

√
m

.

Since η can be arbitrarily small, we have

∥f − fm∥H1(Ω) ≲
∥f∥B2(Ω)√

m
.

Notice that f(0) =
∫
Rd F (dω) ≤ Cf has been added to the constant term c.
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Since we require the activation function to be secondly differentiable, we

can not apply our results to ReLU networks. Instead, we use the rectified

quadratic unit(ReQU)

ReQU(x) = ReLU(x)2.

Then, the approximation error of networks in V m
u is presented in [41]:

Lemma 5.9. For any function u ∈ B(Ω) and m ∈ N+, there exists a network

um ∈ V m
u such that

∥u− um∥2H1(Ω) ≲
∥u∥2B
m

,

.

Here we require u belongs to B(Ω) instead of B2(Ω). The detailed proof of

this lemma can be found in [41].

We can easily generalize this approximation error to functions in B(Ω;Rd)

with the set of networks Wm
u . For any ψ ∈ Wm

u , the ith entry of ψ is a two-

layer network in V m
ui

and the following lemma is a direct corollary of Lemma

5.9.

Lemma 5.10. For any function u ∈ B(Ω;Rd) and m ∈ N+, there exist a

network um ∈ Wm
u such that

∥u− um∥2H1(Ω) ≲
∥u∥2B(Ω;Rd)

m
.
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5.5 Estimation of the Rademacher Complex-

ity

In this section, we show that the quadrature error trained on a finite dataset

{Xi}ni=1 can be estimated by the Rademacher complexity. For simplicity, we

consider Xi ∈ Ω = [0, 1]d in the following estimation.

Definition 5.3. Let {Xi}ni=1 be a set of random variables independently dis-

tributed and {εi}ni=1 be an i.i.d sequence of Rademacher variables (i.e. taking

the values of {1,-1} equiprobably). Then the empirical Rademacher Com-

plexity of the function class F is a random variable given by

R̂n(F) := Eε[sup
f∈F
| 1
n

n∑
i=1

εif(Xi)|].

Taking its expectation yields the Rademacher Complexity of the function

class F

Rn(F) := EX [R̂n(F)] = EXEε[sup
f∈F
| 1
n

n∑
i=1

εif(Xi)|].

To complete the quadrature error, we give the estimation of Rademacher

complexity with respect to the following function classes, determined by the

expected loss functions LN(ϕ, ψ) and LD(ϕ, ψ).

LN := {|∇ϕ− ψ|2 + λ1(−∇ · ψ + ϕ− f)2|ϕ ∈ V m
u , ψ ∈ Wm

u },

LNb = {λ2(ψ · n− g1)2|ψ ∈ Wm
u },

LD := {|∇ϕ− ψ|2 + λ1(−∇ · ψ − f)2|ϕ ∈ V m
u , ψ ∈ Wm

u },

LDb = {λ2(ϕ− g2)2|ϕ ∈ V m
u },

(5.9)
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Lemma 5.11 (Rademacher complexity for the Neumann and the Dirichlet

problem). Let LN ,LNb ,LD,LDb defined as (5.9) be the function classes of deep

mixed residual method with respect to the two layer networks V m
u and Wm

u .

Then

Rn(LN) +Rn̄(LNb ) ≤
C2∥u∥2B(Ω)√

n
,

Rn(LD) +Rn̄(LDb ) ≤
C2∥u∥2B(Ω)√

n
,

(5.10)

where C2 depends on d, l0, l1, l2 and n̄ ∼ n
d2
.

The proof can be found in [41]. The connection between the Rademacher

complexity and quadrature error is given by the following lemma.

Lemma 5.12. Let F be a set of functions and {X1, · · · , Xn} be i.i.d. random

variables. Then

EX sup
u∈F
|L(u)− 1

n

n∑
i=1

l(u(Xi))| ≤ 2Rn(L), (5.11)

where L := {l(u)|u ∈ F}.

5.6 Main results

Our main results are given in the following theorems.

Theorem 5.7. Suppose the solution to Neumann problem (5.1.4) u∗N belongs

to the Barron space B4(Ω). Let ϕ̂, ψ̂ be the neural network solutions:

(ϕ̂, ψ̂) = argmin
ϕ∈Vm

u∗
N
,ψ∈Wm

u∗
N

LNn (ϕ,ψ).

Then, we have

E∥ϕ̂− u∗N∥2H1(Ω) ≲
∥u∗N∥2B4(Ω)

m
+
∥u∗N∥2B4(Ω)√

n
,
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and

E∥ψ̂ −∇u∗N∥2Hdiv(Ω) ≲
∥u∗N∥2B4(Ω)

m
+
∥u∗N∥2B4(Ω)√

n
,

where the expectation is taken on the random sampling of training data in Ω

and ∂Ω.

Proof. From Theorem 5.5, we know that the error ∥ϕ̂ − u∗N∥2H1(Ω) and ∥ψ̂ −

∇u∗N∥2Hdiv(Ω) can be bounded by the quadrature error:

E1 = 2 sup
ϕ∈V,ψ∈W

|LN(ϕ,ψ)− LNn (ϕ,ψ)|

and the approximation error:

E2 = min
ψ∈W

(
∥ψ −∇u∗N∥2Hdiv(Ω) + ∥ψ −∇u∗N∥2H1(Ω)

)
+min

ϕ∈V

(
∥ϕ− u∗N∥2H1(Ω)

)
.

By Lemma 5.9 and 5.10, since u∗N ∈ B4(Ω) and ∇u∗N ∈ B(Ω;Rd), we can derive

an estimate for the approximation error:

E2 ≲
∥u∗N∥2B4(Ω)

m
.

For the quadrature error, it is easy to check the activation function ReQU(x)

satifies

|ReQU(ω · x+ b)| ≤ (
√
d+ 1)2,

|ReQU′(ω · x+ b)| ≤ 2(
√
d+ 1),

|ReQU′′(ω · x+ b)| ≤ 2.

for all x ∈ Ω. Then we can apply Lemma 5.11 and 5.12 to derive the estimate

hold for any ϕ ∈ V m
u∗N

and ψ ∈ Wm
u∗N

:

E|LNn (ϕ,ψ)− LN(ϕ,ψ)| ≤ 2(Rn(LN) +Rn̄(LNb )) ≲
∥u∗N∥2B4(Ω)√

n
.
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If n̄ is no less than n/d2 and the constant is at most a polynomial of d, then

E1 also has the same estimate. Therefore, we have proved the theorem.

Theorem 5.8. Suppose the solution to Dirichlet problem (5.1.4) u∗D belongs

to the Barron space B4(Ω). Let ϕ̂, ψ̂ be the neural network solutions:

(ϕ̂, ψ̂) = argmin
ϕ∈Vm

u∗
D
,ψ∈Wm

u∗
D

LDn (ϕ,ψ).

Then, we have

E∥ϕ̂− u∗D∥2H1(Ω) ≲
∥u∗D∥2B4(Ω)√

m
+
∥u∗D∥2B4(Ω)

n1/4
,

and

E∥ψ̂ −∇u∗D∥2Hdiv(Ω) ≲
∥u∗D∥2B4(Ω)√

m
+
∥u∗D∥2B4(Ω)

n1/4
,

where the expectation is taken on the random sampling of training data.

Proof. The proof is very similar to that of Theorem 5.7. We just apply the

approximation error estimate and the quadrature error estimate to Theorem

5.6.

5.7 Numerical experiments

5.7.1 Experiment setups

In this section, we compare the DRM with the mixed residual methods in

solving various PDEs. The DGM is used as a benchmark. We use the ResNet

for all the experiments. The activation function is the RePU function:

RePU(x) := (max{0, x})p,
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where p ≥ 2. Is is also called ReQU and ReCU when p = 2 and p = 3

respectively. To control the total number of parameters, the network depth is

fixed to 10 in all the experiments and the width depends on a given positive

integer w. For the deep Ritz method and the deep Galerkin method, the width

is set to ⌈
√
5w⌉. For the mixed residual method, the width of the ϕ network

is w and the width of the ψ network is 2w. For example, if we give w = 10,

then the network width is 23 for the DRM and the DGM, and the width is 10

and 20 for the mixed residual method.

In the training process, we randomly generate 1,000 samples from interior

of the domain and 1,000 samples from the boundary in each iteration. We

then update the parameters using the Adam algorithm with 0.0001 learning

rate. For each test, the total number of iterations is 500,000.

We evaluate the algorithms by computing the relative errors:

e0 =

√∫
|ϕ− u∗|2dx∫
|u∗|2dx

e1 =

√∫
|∇ϕ−∇u∗|2dx∫
|∇u∗|2dx

e2 =

√∫
|∆ϕ−∆u∗|2dx∫
|∆u∗|2dx

,

where u∗ is the analytical solution to the original PDE problem and ϕ is the

neural network solution. For the mixed residual method, ∇ϕ and ∆ϕ in e1

and e2 are replaced by ψ and div(ψ). The integral is estimated using 10,000

randomly sampled quadrature points.
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5.7.2 Elliptic PDEs

We consider the Poisson equation with Dirichlet boundary condition:

−∆u(x) = dπ2

d∏
i=1

sin(πxi) (5.12)

u(x) = 0 on ∂Ω,

where Ω = [0, 1]d. The true solution is u∗(x) =
∏d

i=1 sin(πxi). The expected

loss function for the mixed residual method is (5.3) where λ1 = 100 and λ2 =

10. The loss of the DRM is

∥∇ϕ∥2L2(Ω) − ⟨ϕ, dπ2

d∏
i=1

sin(πxi)⟩L2(Ω) + λ1∥ϕ− 0∥2L2(∂Ω),

where λ1 = 1000, and the loss of the DGM is

∥∆ϕ+ dπ2

d∏
i=1

sin(πxi)∥2L2(Ω) + λ1∥ϕ− 0∥2L2(∂Ω),

where λ1 = 100. Changes of weights of residual terms would not affect the

results significantly. The numerical result is shown in Table 5.1. We can

observe that the DRM have the largest relative error in all the cases. Besides,

the e2 error of DRM is significantly larger than its e0 and e1 error. The mixed

residual method achieves similar accuracy with that of the benchmark and it

cost about 30% less time.

We also test the elliptic PDE with Neumann boundary condition:

−∆u(x) + u(x) = (π2 + 1)
d∑
i=1

cos(πxi) (5.13)

∂u(x)

∂n
= 0 on ∂Ω.
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Activation dimension method e0 e1 e2 time(s) NoP

ReQU

d = 2

Mixed 0.0003 0.0013 0.0006 3.88 5410

DGM 0.0024 0.0029 0.0083 5.17 5589

Ritz 0.038 0.0308 0.07993 1.61 5589

d = 5

Mixed 0.0091 0.0255 0.0054 5.89 32650

DGM 0.0168 0.0376 0.0226 8.31 33402

Ritz 0.0214 0.0301 0.1607 1.53 33402

d = 10

Mixed 0.0565 0.0845 0.0082 9.61 129050

DGM 0.0463 0.0733 0.0326 13.31 130063

Ritz 0.0737 0.0917 0.2608 1.72 130063

ReCU

d = 2

Mixed 0.0001 0.0003 0.0003 3.50 5410

DGM 0.0001 0.0003 0.0005 5.07 5589

Ritz 0.0104 0.0077 0.0214 1.65 5589

d = 5

Mixed 0.0071 0.0209 0.0021 5.94 32650

DGM 0.0039 0.0089 0.0019 8.47 33402

Ritz 0.0255 0.0245 0.083 1.65 33402

d = 10

Mixed 0.04991 0.0626 0.0057 9.80 129050

DGM 0.0234 0.0403 0.01 13.51 130063

Ritz 0.066 0.0838 0.2387 1.86 130063

Table 5.1: Errors of three neural networks methods with different activation

functions on the Dirichlet problem. For d = 2, 5 and 10, the w is chosen to be

10, 25 and 50 respectively. The averaged time per 100 iterations and number

of parameters (NoP) are listed in the last two columns as well.
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The true solution is u∗(x) =
∑d

i=1 cos(πxi). The expected loss function for the

mixed residual method is (5.2) with λ1 = 100 and λ2 = 10. The loss of DRM

is:

∥ϕ− (π2 + 1)
d∑
i=1

cos(πxi)∥2L2(Ω) + ∥∇ϕ∥2L2(Ω).

The loss of the DGM is:

∥ −∆ϕ+ ϕ− (π2 + 1)
d∑
i=1

cos(πxi)∥2L2(Ω) + λ1∥
∂ϕ

∂n
− 0∥2L2(∂Ω),

where λ1 = 100. The relative errors are shown in Table 5.2. We also observe

that the DRM has the largest relative errors in all the cases. The mixed

residual method achieve similar accuracy to that of the benchmark, and it

uses less time.

We also want to compare the relative error of the mixed residual method

and DRM when we increase the width of networks. We fix the depth to be 2,

and set w = 5, 10, 20, 40 and 80 respectively. Then, we evaluate the relative

error on Dirichlet and Nuemann problems with d = 10. The logarithm of e0, e1

and e2 after 500,000 iterations are shown in Figure 5.2. Generally, the e0 and

e1 errors of DRM are competitive to the mixed residual method, while the e2

error of the mixed residual method always decay much faster than DRM. The

behaviour of the e2 error of two methods meets our expectation, since only the

mixed residual method has convergence results for ∥∆ϕ−∆u∗∥L2 .

5.7.3 Cahn–Hilliard equation

Although the above analysis is for elliptic PDEs, a high order Cahn–Hilliard

(CH) equation is also given to show the recovery ability for higher order deriva-
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Activation Dimension Method e0 e1 e2 time(s) NoP

ReQU

d = 2

Mixed 0.0006 0.002 0.0025 3.58 5410

DGM 0.0017 0.0017 0.0051 4.24 5589

Ritz 0.077 0.0136 0.0847 1.99 5589

d = 5

Mixed 0.0027 0.0096 0.0086 5.00 32650

DGM 0.0077 0.0027 0.0076 7.44 33402

Ritz 0.0377 0.0484 0.12 1.85 33402

d = 10

Mixed 0.0114 0.0258 0.0187 8.55 129050

DGM 0.0123 0.016 0.0253 12.76 130063

Ritz 0.0446 0.0475 0.1439 2.10 130063

ReCU

d = 2

Mixed 0.0000 0.0002 0.0003 3.86 5410

DGM 0.0003 0.0002 0.0005 4.76 5589

Ritz 0.0162 0.0019 0.0292 1.85 5589

d = 5

Mixed 0.0006 0.0013 0.0009 5.67 32650

DGM 0.0005 0.0004 0.0009 8.21 33402

Ritz 0.0176 0.0172 0.0324 1.68 33402

d = 10

Mixed 0.002 0.004 0.0038 8.84 129050

DGM 0.0022 0.0016 0.0013 13.16 130063

Ritz 0.0852 0.0252 0.0479 1.90 130063

Table 5.2: Errors of three neural networks methods with different activation

functions on the Nuemman problem. For d = 2, 5 and 10, the w is chosen

to be 10, 25 and 50 respectively. The averaged time per 100 iterations and

number of parameters (NoP) are listed in the last two columns as well.
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(a) log(e0) (b) log(e1) (c) log(e2)

Figure 5.1: The relative errors of the mixed residual method and the DRM with

different network size on the Dirichlet problem. The depth of the networks are

fixed to be 2.

(a) log(e0) (b) log(e1) (c) log(e2)

Figure 5.2: The relative errors of the mixed residual method and DRM with

different network size on the Neumann problem. The depth of the networks

are fixed to be 2.
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tives. The 1-D CH equation is given as

ut + ϵuxxxx + f(u)xx = 0, x ∈ [0, 2π], t ∈ [0, 1], (5.14)

where f(u) = u − u3. Given the initial condition u0(x) = cosx and the

periodic boundary condition, we compare the mixed residual method and the

DGM. The true solution is replaced by a reference solution obtained by spectral

method. The result is shown in Table 5.3 and hyperbolic tangent activation is

given as

tanh(x) =
ex − e−x

ex + e−x
.

We observe that the DGM finds it difficult to solve the equation when the

activation function is ReQU, and it is more likely to fail when the ϵ is small.

These problems occur because of the limitation of the ability of the direct

form to recover high order derivatives. The mixed residual method shows

stronger recovery ability of high order derivatives and more flexible choice of

activation functions. Furthermore, since high order derivatives are complex

to be calculated in deep neural network, the mixed method significantly saves

computing times.

5.8 Conclusion and future works

In this part of thesis, we derive a priori error estimates for the mixed residual

method for solving two elliptic PDEs. The convergence rate of the error with

respect to the network size and number of training samples are presented as

well. Our rate is better than that of the DRM in other papers. However, it
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Activation ϵ Method e0 e1 e2 time(s) NoP

DGM 0.0087 0.0063 0.0014 0.75 1321
0.1

Mixed 0.0102 0.0104 0.0021 0.13 1342

DGM 0.1917 0.1910 0.0345 1.18 7801
0.3

Mixed 0.0091 0.0145 0.0044 0.18 7852

DGM 0.5115 0.6430 0.1977 2.30 30601

tanh

0.01
Mixed 0.0066 0.0161 0.0143 0.41 30702

DGM 0.8151 0.5382 0.0394 1.40 7801
ReQU 0.1

Mixed 0.0029 0.0071 0.0016 0.24 7852

Table 5.3: Errors of the DGM and the mixed residual method with different

activation functions on the Cahn–Hilliard equation. For the tanh activation

with ϵ = 0.1, 0.03 and 0.01, the w is chosen to be 20, 50 and 100 respectively

and for ReQU activation with ϵ = 0.1, w = 50. The average time per 100

iterations and number of parameters (NoP) are listed in the last two columns.
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is still difficult to observe the derived convergence rate in numerical experi-

ments because of the optimization error. Besides, our main assumption, which

requires the PDE solution belongs to the Barron space, is not easy to satisfy.

In future works, we will try to estimate the error of more PDE problems,

such as non-linear PDEs and time-dependent PDEs. Moreover, we will also

try to assumptions which are easier to satisfy on the PDE solutions.

102



Bibliography

[1] R. Acar and C. R. Vogel, Analysis of bounded variation penalty meth-

ods for ill-posed problems, Inverse Problems, 10 (1994), pp. 1217–1229.

[2] E. Bae, X.-C. Tai, and W. Zhu, Augmented lagrangian method for an

Euler’s elastica based segmentation model that promotes convex contours,

Inverse Problems & Imaging, 11 (2017), pp. 1–23.

[3] A. R. Barron, Universal approximation bounds for superpositions of a

sigmoidal function, IEEE Transactions on Information Theory, 39 (1993),

pp. 930–945.

[4] Y. Boykov, O. Veksler, and R. Zabih, Markov random fields

with efficient approximations, in Proceedings. 1998 IEEE Computer So-

ciety Conference on Computer Vision and Pattern Recognition (Cat. No.

98CB36231), IEEE, 1998, pp. 648–655.

[5] Y. Boykov, O. Veksler, and R. Zabih, Fast approximate energy

minimization via graph cuts, IEEE Transactions on Pattern Analysis and

Machine Intelligence, 23 (2001), pp. 1222 – 1239.

[6] Z. Cai, J. Chen, M. Liu, and X. Liu, Deep least-squares methods:

An unsupervised learning-based numerical method for solving elliptic pdes,

Journal of Computational Physics, 420 (2020), p. 109707.

103



[7] Z. Cai, R. Lazarov, T. A. Manteuffel, and S. F. McCormick,

First-order system least squares for second-order partial differential equa-

tions: Part i, SIAM Journal on Numerical Analysis, 31 (1994), pp. 1785–

1799.

[8] A. Chambolle, V. Caselles, D. Cremers, M. Novaga, and

T. Pock, An introduction to total variation for image analysis, Theoret-

ical Foundations and Numerical Methods for Sparse Recovery, 9 (2010),

p. 227.

[9] T. Chan and L. Vese, An active contour model without edges, in

International Conference on Scale-Space Theories in Computer Vision,

Springer, 1999, pp. 141–151.

[10] T. F. Chan and L. A. Vese, Active contours without edges, IEEE

Transactions on Image Processing, 10 (2001), pp. 266–277.

[11] A. X. Chang, T. Funkhouser, L. Guibas, P. Hanrahan,

Q. Huang, Z. Li, S. Savarese, M. Savva, S. Song, H. Su, J. Xiao,

L. Yi, and F. Yu, ShapeNet: An Information-Rich 3D Model Repository,

Tech. Rep. arXiv:1512.03012 [cs.GR], Stanford University — Princeton

University — Toyota Technological Institute at Chicago, 2015.

[12] B. Chazelle, On the convex layers of a planar set, IEEE Transactions

on Information Theory, 31 (1985), pp. 509–517.

104



[13] R. T. Chen, Y. Rubanova, J. Bettencourt, and D. Duvenaud,

Neural ordinary differential equations, arXiv preprint arXiv:1806.07366,

(2018).

[14] M. G. Crandall, H. Ishii, and P.-L. Lions, User’s guide to viscos-

ity solutions of second order partial differential equations, Bulletin of the

American Mathematical Society, 27 (1992), pp. 1–67.

[15] G. Cybenko, Approximation by superpositions of a sigmoidal function,

Mathematics of Control, Signals and Systems, 2 (1989), pp. 303–314.

[16] A. Dosovitskiy, L. Beyer, A. Kolesnikov, D. Weissenborn,

X. Zhai, T. Unterthiner, M. Dehghani, M. Minderer,

G. Heigold, S. Gelly, et al., An image is worth 16x16 words: Trans-

formers for image recognition at scale, in International Conference on

Learning Representations, 2020.

[17] J. Duchi, E. Hazan, and Y. Singer, Adaptive subgradient methods for

online learning and stochastic optimization., Journal of Machine Learning

Research, 12 (2011), pp. 2121–2159.

[18] S. Geman and D. Geman, Stochastic relaxation, gibbs distributions,

and the bayesian restoration of images, IEEE Transactions on Pattern

Analysis and Machine Intelligence, 6 (1984), pp. 721–741.

[19] R. A. Gingold and J. J. Monaghan, Smoothed particle hydrodynam-

ics: theory and application to non-spherical stars, Monthly Notices of the

Royal Astronomical Society, 181 (1977), pp. 375–389.

105



[20] I. Goodfellow, Y. Bengio, A. Courville, and Y. Bengio, Deep

learning, MIT Press Cambridge, 2016.

[21] L. Gorelick, O. Vekslar, Y. Boykov, and C. Nieuwenhuis, Con-

vexity shape prior for binary segmentation, IEEE Transactions on Pattern

Analysis and Machine Intelligence, 39 (2017), pp. 258–270.

[22] L. Gorelick and O. Veksler, Multi-object convexity shape prior for

segmentation, in International Workshop on Energy Minimization Meth-

ods in Computer Vision and Pattern Recognition, Springer, 2017, pp. 455–

468.

[23] L. Gorelick, O. Veksler, Y. Boykov, and C. Nieuwenhuis, Con-

vexity shape prior for segmentation, in European Conference on Computer

Vision, Springer, 2014, pp. 675–690.

[24] J. Han, A. Jentzen, and E. Weinan, Solving high-dimensional partial

differential equations using deep learning, Proceedings of the National

Academy of Sciences, 115 (2018), pp. 8505–8510.

[25] A. Harsh, J. E. Ball, and P. Wei, Onion-peeling outlier detection

in 2-d data sets, arXiv Preprint arXiv:1803.04964, (2018).

[26] K. He, X. Zhang, S. Ren, and J. Sun, Deep residual learning for

image recognition, in Proceedings of the IEEE Conference on Computer

Vision and Pattern Recognition, 2016, pp. 770–778.

[27] C. F. Higham and D. J. Higham, Deep learning: An introduction for

applied mathematicians, SIAM Review, 61 (2019), pp. 860–891.

106



[28] N. J. Higham, Matrix Nearness Problems and Applications, Citeseer,

1988.

[29] G. E. Hinton, N. Srivastava, A. Krizhevsky, I. Sutskever, and

R. R. Salakhutdinov, Improving neural networks by preventing co-

adaptation of feature detectors, arXiv preprint arXiv:1207.0580, (2012).

[30] S. Hochreiter and J. Schmidhuber, Long short-term memory, Neu-

ral Computation, 9 (1997), pp. 1735–1780.

[31] K. Hornik, M. Stinchcombe, H. White, et al., Multilayer feedfor-

ward networks are universal approximators., Neural Networks, 2 (1989),

pp. 359–366.

[32] H. Isack, O. Veksler, M. Sonka, and Y. Boykov, Hedgehog shape

priors for multi-object segmentation, in IEEE Conference on Computer

Vision and Pattern Recognition, 2016, pp. 2434–2442.

[33] F. Isensee, P. Kickingereder, W. Wick, M. Bendszus, and

K. H. Maier-Hein, Brain tumor segmentation and radiomics survival

prediction: Contribution to the brats 2017 challenge, in International

MICCAI Brainlesion Workshop, Springer, 2017, pp. 287–297.

[34] T. Karras, S. Laine, and T. Aila, A style-based generator architec-

ture for generative adversarial networks, in Proceedings of the IEEE/CVF

Conference on Computer Vision and Pattern Recognition, 2019, pp. 4401–

4410.

107



[35] D. P. Kingma and J. Ba, Adam: A method for stochastic optimiza-

tion, in 3rd International Conference on Learning Representations, ICLR

2015, San Diego, CA, USA, May 7-9, 2015, Conference Track Proceedings,

Y. Bengio and Y. LeCun, eds., 2015.

[36] A. Krizhevsky, I. Sutskever, and G. E. Hinton, Imagenet clas-

sification with deep convolutional neural networks, in Advances in Neural

Information Processing Systems, vol. 25, 2012.

[37] Y. LeCun, B. Boser, J. Denker, D. Henderson, R. Howard,

W. Hubbard, and L. Jackel, Handwritten digit recognition with a

back-propagation network, Advances in Neural Information Processing

Systems, 2 (1989).

[38] L. Li, S. Luo, X.-C. Tai, and J. Yang, Convex hull algorithms based

on some variational models, arXiv preprint arXiv:1908.03323, (2019).

[39] L. Li, S. Luo, X.-C. Tai, and J. Yang, A level set representation

method for n-dimensional convex shape and applications, Communications

in Mathematical Research, 37 (2021), pp. 180–208.

[40] L. Li, X.-C. Tai, and J. Yang, Generalization error analysis

of neural networks with gradient based regularization, arXiv preprint

arXiv:2107.02797, (2021).

[41] L. Li, X.-C. Tai, J. Yang, and Q. Zhu, Priori error anal-

ysis of deep mixed residual method for elliptic pdes, Preprint:

http://dx.doi.org/10.13140/RG.2.2.21143.65446, (2022).

108



[42] Z. Liu, Multi-scale deep neural network (mscalednn) for solving poisson-

boltzmann equation in complex domains, Communications in Computa-

tional Physics, 28 (2020), pp. 1970–2001.

[43] Z. Liu, D. W. Jacobs, and R. Basri, The role of convexity in percep-

tual completion: Beyond good continuation., Vision Research, 39 (1999),

pp. 4244–4257.

[44] J. Lu, Y. Lu, and M. Wang, A priori generalization analysis of the

deep ritz method for solving high dimensional elliptic equations, arXiv

preprint arXiv:2101.01708, (2021).

[45] S. Luo and X.-C. Tai, Convex shape priors for level set representation,

arXiv preprint arXiv:1811.04715, (2018).

[46] S. Luo, X.-C. Tai, L. Huo, Y. Wang, and R. Glowinski, Convex

shape prior for multi-object segmentation using a single level set function,

in Proceedings of the IEEE International Conference on Computer Vision,

2019, pp. 613–621.

[47] L. Lyu, K. Wu, R. Du, and J. Chen, Enforcing exact boundary

and initial conditions in the deep mixed residual method, arXiv preprint

arXiv:2008.01491, (2020).

[48] L. Lyu, Z. Zhang, M. Chen, and J. Chen, Mim: A deep mixed

residual method for solving high-order partial differential equations, arXiv

preprint arXiv:2006.04146, (2020).

109



[49] C. Ma, L. Wu, et al., Barron spaces and the compositional func-

tion spaces for neural network models, arXiv preprint arXiv:1906.08039,

(2019).

[50] Y. L. Ming et al., Deep nitsche method: Deep ritz method with essen-

tial boundary conditions, Communications in Computational Physics, 29

(2021), pp. 1365–1384.

[51] M. Minsky and S. Papert, Perceptrons., MIT press, 1969.

[52] S. Mishra and R. Molinaro, Estimates on the generalization error of

physics informed neural networks (pinns) for approximating pdes, SAM

Research Report, 2020 (2020).

[53] , Estimates on the generalization error of physics informed neural

networks (pinns) for approximating pdes ii: A class of inverse problems,

SAM Research Report, 2020 (2020).

[54] D. Mumford and J. Shah, Optimal approximations by piecewise

smooth functions and associated variational problems, Communications

on Pure and Applied Mathematics, 42 (1989), pp. 577–685.

[55] J. Müller and M. Zeinhofer, Error estimates for the varia-

tional training of neural networks with boundary penalty, arXiv preprint

arXiv:2103.01007, (2021).

[56] S. Osher and R. Fedkiw, Level Set Methods and Dynamic Implicit

Surfaces, vol. 153, Springer Science & Business Media, 2002.

110



[57] S. Osher and R. Fedkiw, Level set methods and dynamic implicit

surfaces, vol. 153 of Applied Mathematical Sciences, Springer-Verlag, New

York, 2003.

[58] R. B. Potts, Some generalized order-disorder transformations, Mathe-

matical Proceedings of the Cambridge Philosophical Society, 48 (1952),

pp. 106–109.

[59] M. Raissi, P. Perdikaris, and G. E. Karniadakis, Physics-

informed neural networks: A deep learning framework for solving for-

ward and inverse problems involving nonlinear partial differential equa-

tions, Journal of Computational Physics, 378 (2019), pp. 686–707.

[60] O. Ronneberger, P. Fischer, and T. Brox, U-net: Convolutional

networks for biomedical image segmentation, in International Confer-

ence on Medical image computing and computer-assisted intervention,

Springer, 2015, pp. 234–241.

[61] F. Rosenblatt, The perceptron: a probabilistic model for information

storage and organization in the brain., Psychological Review, 65 (1958),

p. 386.

[62] G. Rosman, Y. Wang, X.-C. Tai, R. Kimmel, and A. M. Bruck-

stein, Fast regularization of matrix-valued images, in Efficient Algorithms

for Global Optimization Methods in Computer Vision, Springer, 2014,

pp. 19–43.

111



[63] L. A. Royer, D. L. Richmond, C. Rother, B. Andres, and

D. Kainmueller, Convexity shape constraints for image segmentation,

in Proceedings of the IEEE Conference on Computer Vision and Pattern

Recognition, 2016, pp. 402–410.

[64] L. I. Rudin, S. Osher, and E. Fatemi, Nonlinear total variation based

noise removal algorithms, Physica D: Nonlinear Phenomena, 60 (1992),

pp. 259–268.

[65] D. E. Rumelhart, G. E. Hinton, and R. J. Williams, Learning

representations by back-propagating errors, Nature, 323 (1986), pp. 533–

536.

[66] O. Russakovsky, J. Deng, H. Su, J. Krause, S. Satheesh, S. Ma,

Z. Huang, A. Karpathy, A. Khosla, M. Bernstein, A. C. Berg,

and L. Fei-Fei, ImageNet Large Scale Visual Recognition Challenge,

International Journal of Computer Vision, 115 (2015), pp. 211–252.

[67] J. W. Siegel and J. Xu, Approximation rates for neural networks with

general activation functions, Neural Networks, 128 (2020), pp. 313–321.

[68] K. Simonyan and A. Zisserman, Very deep convolutional networks for

large-scale image recognition, arXiv preprint arXiv:1409.1556, (2014).

[69] J. Sirignano and K. Spiliopoulos, Dgm: A deep learning algo-

rithm for solving partial differential equations, Journal of Computational

Physics, 375 (2018), pp. 1339–1364.

112



[70] E. Strekalovskiy and D. Cremers, Generalized ordering constraints

for multilabel optimization, in 2011 International Conference on Computer

Vision, IEEE, 2011, pp. 2619–2626.

[71] M. Sussman, P. Smereka, and S. Osher, A level set approach for

computing solutions to incompressible two-phase flow, Journal of Compu-

tational Physics, 114 (1994), pp. 146–159.

[72] E. Ukwatta, J. Yuan, W. Qiu, M. Rajchl, and A. Fenster,

Efficient convex optimization-based curvature dependent contour evolution

approach for medical image segmentation, in Medical Imaging 2013: Image

Processing, vol. 8669, 2013, pp. 866–902.

[73] A. Vaswani, N. Shazeer, N. Parmar, J. Uszkoreit, L. Jones,

A. N. Gomez,  L. Kaiser, and I. Polosukhin, Attention is all you

need, in Advances in Neural Information Processing Systems, vol. 30,

2017.

[74] O. Veksler, Star shape prior for graph-cut image segmentation, in Eu-

ropean Conference on Computer Vision, Springer, 2008, pp. 454–467.

[75] L. A. Vese and T. F. Chan, A multiphase level set framework for

image segmentation using the Mumford and Shah model, International

Journal of Computer Vision, 50 (2002), pp. 271–293.

[76] S. Vicente, V. Kolmogorov, and C. Rother, Graph cut based

image segmentation with connectivity priors, in 2008 IEEE Conference on

Computer Vision and Pattern Recognition, IEEE, 2008, pp. 1–8.

113



[77] B. Wang, Multi-scale deep neural network (mscalednn) methods for os-

cillatory stokes flows in complex domains, Communications in Computa-

tional Physics, 28 (2020), pp. 2139–2157.

[78] E. Weinan, Machine learning and computational mathematics, Commu-

nications in Computational Physics, 28 (2020), pp. 1639–1670.

[79] E. Weinan and B. Yu, The deep Ritz method: A deep learning-based

numerical algorithm for solving variational problems, Communications in

Mathematics and Statistics, 6 (2018), pp. 1–12.

[80] S. Yan, X.-C. Tai, J. Liu, and H.-Y. Huang, Convexity shape

prior for level set based image segmentation method, arXiv Preprint

arXiv:1805.08676, (2018).

[81] C. Yang, X. Shi, D. Yao, and C. Li, A level set method for con-

vexity preserving segmentation of cardiac left ventricle, in International

Conference on Image Processing, 2017, pp. 2159–2163.

[82] J. Yuan, W. Qiu, E. Ukwatta, M. Rajchl, Y. Sun, and A. Fen-

ster, An efficient convex optimization approach to 3d prostate mri seg-

mentation with generic star shape prior, Prostate MR Image Segmenta-

tion Challenge, MICCAI, 7512 (2012), pp. 82–89.

[83] D.-X. Zhou, Universality of deep convolutional neural networks, Applied

and Computational Harmonic Analysis, 48 (2020), pp. 787–794.

[84] J.-Y. Zhu, T. Park, P. Isola, and A. A. Efros, Unpaired image-

to-image translation using cycle-consistent adversarial networks, in Pro-

114



ceedings of the IEEE International Conference on Computer Vision, 2017,

pp. 2223–2232.

[85] Q. Zhu and J. Yang, A local deep learning method for solving high order

partial differential equations, arXiv preprint arXiv:2103.08915, (2021).

115



CURRICULUM VITAE

Academic qualifications of the thesis author, Mr. Li Lingfeng:

• Received the degree of Bachelor of Science from Sun Yat-sen University,

June 2016.

• Received the degree of Master of Science from Rutgers University, May

2018.

August 2022

116


