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Abstract

The interior transmission eigenvalue problem is a class of non-elliptic, non-selfadjoint

and nonlinear eigenvalue problems that arises in the theory of wave scattering and it

is related to the direct and inverse scattering problems in many ways. The intrinsic

geometric structures of the transmission eigenfunctions is not only mathematically

interesting and intriguing but also practically important and useful. Meanwhile, the

inverse scattering theory itself plays a central role in mathematical physics. It involves

various areas such as medical imaging, remote sensing, geophysics, signal processing,

nondestructive testing, and so on. This thesis is concerned with the mathemati-

cal study on geometric structures of the interior transmission eigenfunctions and an

application of the inverse problems.

In the first part, we present the discovery of a novel and intriguing global geomet-

ric structure of the interior transmission eigenfunctions associated with the Helmholtz

system. It is shown in generic scenarios that there always exists a sequence of trans-

mission eigenfunctions with the corresponding eigenvalues going to infinity such that

those eigenfunctions are localized around the boundary of the domain. We provide

a comprehensive and rigorous justification in the case within the radial geometry,

whereas for the non-radial case, we perform extensive numerical experiments to quan-

titatively verify the localizing behaviours.

Based on this kind of surface-localized eigenstates (SLEs), we propose two novel

applications including producing a super-resolution imaging scheme for the inverse

acoustic scattering problem and generating the so-called pseudo surface plasmon res-

onant (PSPR) modes with a potential sensing application.

In the second part of this thesis, we consider to utilize the electromagnetic scat-

tering techniques to regenerate three dimensional human shapes. Our reconstruction

scheme relies on a fact that we can view the body as the support of the electromag-

netic source. With the help of vector spherical harmonics expansion of the magnetic

far field pattern, we build on a smart one-to-one correspondence between the geo-

metric body space and the multi-dimensional vector space that consists of all co-

e�cients of the spherical vector wave function expansion of the magnetic far field
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pattern. Therefore, these coe�cients can serve as the shape generator. For a collec-

tion of given geometric body shapes, we obtain the inputs (characteristic values of

the given geometric body shapes) and the outputs (the coe�cients of the spherical

vector wave function expansion of the corresponding magnetic far field patterns).

Then, for any unknown geometric body shape with the known characteristic set,

we use multivariate Lagrange interpolation to get the shape generator of this new

shape. Finally, by the multiple-frequency Fourier method, we get the reconstruction

of this unknown geometric body shape. Unlike other existing methods, which are

based on non-Euclidean approximation and interpolation or function interpolation,

our method only needs to deal with vector interpolation. So, the proposed method

is easy to implement and time-e�cient. Further, since we resort to electromagnetic

source scattering techniques, the relatively small wavelength of the electromagnetic

wave implies the fineness of the result of the method. Several three dimensional nu-

merical examples verify the theoretically predicted e↵ectiveness and e�ciency of the

method.
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Chapter 1

Introduction

The interior transmission eigenvalue problem is a class of unconventional eigenvalue

problems that originates in the inverse scattering problems. Since its non-ellipticity,

non-selfadjointness and non-linearity, the research on this issue is challenging and

stimulating. Although the study of the transmission eigenvalues has been in-depth

and extensive, the study of the nature of the transmission eigenfunctions is still in

its very early stage. The first half of the thesis mainly focus on the global geometric

structures of the interior transmission eigenfunctions associated with the Helmholtz

equation. Besides, their applications on inverse scattering problems are also con-

sidered, including producing a super-resolution imaging scheme and generating the

so-called pseudo surface plasmon resonant (PSPR) modes with a potential sensing

application. In the second part of this thesis, we consider a novel application of the

inverse scattering technique. Based on the idea that the 3D geometric body shape

can be viewed as the support of the electromagnetic sources, we formulate a scheme

to regenerate 3D human shapes by the inverse scattering theory.

1.1 Interior transmission eigenvalue problem

The interior transmission eigenvalue problem is a class of non-elliptic, non-selfadjoint

and nonlinear eigenvalue problems that stems from the scattering theory for inho-

mogeneous media [54]. This type of problem is very di↵erent from the traditional

eigenvalue problems. Since its non-ellipticity, non-selfadjointness and non-linearity,
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even for the “simplest” case, which is associated with the acoustic scattering, the

research on this issue is stirring. Meanwhile, the interior transmission eigenvalue

problem is closely related to the direct and inverse scattering problems and it plays

an important role in inverse scattering theory [35]. For instance, the transmission

eigenvalues can provide information about the uniqueness and reconstruction results

in inverse scattering theory and the physical properties of the scattering object [17,24].

Early research on the interior transmission eigenvalue problem mainly focused on

its well-posedness. There are two types of methods to solve this problem, namely

integral equation methods [34, 52] and variational formulations [9]. Meanwhile, the

study of the transmission eigenvalues has been in-depth and extensive. Generally

speaking, for acoustic, electromagnetic and elastic cases, the transmission eigenval-

ues exist and form at most a discrete set with positive infinity as the only possible

accumulation point [8]. Numerically, the transmission eigenvalues can be determined

from the knowledge of the far field data or the near field data [25,86].

Although there is a lot of research about the transmission eigenvalue, until re-

cently some intriguing geometric properties of the transmission eigenfunctions were

unveiled. Nature of eigenfunctions is an important topic of spectrum theory. For

Dirichlet/Neumann Laplacian eigenfunctions, there are a great number of famous

conjectures, such as the Courant’s nodal domain theorem, the hot-spot conjecture

and the Schi↵er conjecture [28, 67]. While, for the transmission eigenfunctions, the

story has just begun. The study was pioneered in [16] by finding that near a corner

on the scatterer, under a certain mild regularity conditions on the transmission eigen-

functions locally around the corner, they must be vanishing near the corner point.

After that, a series of work illustrate that the transmission eigenfunctions nearly van-

ish on the boundary of the scatterer where the magnitude of the external curvature

is su�ciently large [11, 13, 17, 71]. On the other hand, it is numerically shown that

if the required regularity conditions are not satisfied, the singularity of the transmis-

sion eigenfunctions at the corner points results in the localizing phenomenon around

the corner points [12]. However, the regularity assumption is a physical condition

that can be fulfilled, so one always has the locally vanishing properties. This local

geometric structure actually has been used to establish novel unique identifiability

2



and stability results for Schi↵er’s inverse shape problem [11, 13, 17, 18, 27, 68], which

is concerned with recovering the shape of the scattering target by a single far-field

measurement.

It is clear that the geometric structures of the transmission eigenfunctions dis-

cussed previously are of the local nature. In Chapter 2, a certain global geometric

structure of the transmission eigenfunctions associated with Helmholtz equation is

revealed for the first time [31]. In two generic situations (corresponding to the refrac-

tive index of the inhomogeneous medium), there exists a sequence of transmission

eigenfunctions that are localized around the boundary of the scattering object. The

existence of such surface-localized eigenstates (SLEs) is topologically robust against

deformation but SLEs themselves are topologically sensitive to the material interface.

Based on the obtained global geometric structures of the transmission eigenfunc-

tions, some intriguing applications are proposed. The one is producing a super-

resolution imaging scheme. The other is generating the so-called PSPR modes with

a potential sensing application. These results can be found in Chapter 3.

1.2 Generating geometric body shapes with elec-

tromagnetic scattering techniques

Inverse scattering theory plays a central role in mathematical physics. It involves

various areas such as medical imaging, remote sensing, geophysics, signal processing,

and nondestructive testing. Meanwhile, the realism of virtual humans has brought

an increasing number of important applications in modern industries, like mechanical

engineering, film making, clothing industry and virtual game design.

In Chapter 4, we consider to borrow the electromagnetic source scattering tech-

niques to generate 3D human shapes. Our reconstruction scheme relies on a fact that

we can view the body as the support of the electromagnetic source. With the help of

vector spherical harmonics expansion of the magnetic far field pattern, we build on a

smart one-to-one correspondence between the geometric body space and the multi-

dimensional vector space that consists of all coe�cients of the spherical vector wave

function expansion of the magnetic far field pattern. Therefore, these coe�cients can

3



serve as the shape generator. For a collection of given geometric body shapes, we

obtain the inputs (characteristic values of the given geometric body shapes) and the

outputs (the coe�cients of the spherical vector wave function expansion of the corre-

sponding magnetic far field patterns). Then, for any unknown geometric body shape

with the known characteristic set, we use multivariate Lagrange interpolation to get

the shape generator of this new shape. Finally, by the multiple-frequency Fourier

method, we get the reconstruction of this unknown geometric body shape.

4



Chapter 2

On the geometric structures of

transmission eigenfunctions

In this chapter, we are concerned with the global geometric structures of the interior

transmission eigenfunctions. Under generic scenarios and for a pair of transmission

eigenfunctions, one of them is localized around the boundary of the inhomogeneous

refractive medium. The existence of such localized eigenstates is topologically very

robust against large deformation or even twisting of the material interface, while the

eigenstates themselves are topologically sensitive to the material interface. Firstly,

we introduce the interior transmission eigenvalue problems and the related research.

2.1 Introduction

Let ⌦ be a bounded Lipschitz domain in R
d
, d = 2, 3, with a connected complement

R
d
\⌦. Let n2(x) 2 L

1(⌦) and k 2 R+. Consider the following system of partial

di↵erential equations (PDEs) for w 2 H
1(⌦) and v 2 H

1(⌦):

8
>>>>><

>>>>>:

�w + k
2n2(x)w = 0 in ⌦,

�v + k
2
v = 0 in ⌦,

w = v,
@w

@⌫
=
@v

@⌫
on @⌦,

(2.1)
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where ⌫ is the exterior unit normal vector to @⌦. The problem (2.1) is referred to as

the interior transmission eigenvalue problem associated with the Helmholtz equation.

Physically, n2 signifies the refractive index of an inhomogeneous medium supported in

⌦ and k 2 R+ signifies a wavenumber. Clearly, w ⌘ v ⌘ 0 is a pair of trivial solutions

to (2.1). If there exists a non-trivial pair of solutions (w, v) to (2.1), k 2 R+ is called

a transmission eigenvalue, and w, v are the associated transmission eigenfunctions.

The transmission eigenvalue problem arises in the scattering theory of time-harmonic

waves and was first proposed in [54] in the contexts of a reconstruction scheme for

the inverse scattering problem. It also relates to the non-scattering phenomenon,

a.k.a invisibility cloaks [16, 17, 20]. An alternative formulation of the transmission

eigenvalue problem is given for w0 2 H
2
0 (⌦) as:

�
�+ k

2n2
� �
�+ k

2
�
w0 = 0 in ⌦. (2.2)

In fact, it can be shown that if w, v 2 H
2(⌦) in (2.1), then w0 := w�v 2 H

2
0 (⌦) satis-

fies the transmission eigenvalue problem (2.2). The transmission eigenvalue problem

is non self-adjoint, non-elliptic and nonlinear (in the sense of the formulation (2.2)

which is quadratic in terms of k2). Hence, its study is practically important and

mathematically challenging.

The study of the transmission eigenvalue problem has a long and colorful history.

The spectral properties of the transmission eigenvalues have been intensively and ex-

tensively studied in the literature. Roughly speaking, the spectral properties of the

transmission eigenvalues resemble those of the classical Dirichlet/Neumann Laplacian

in many aspects. In fact, under certain generic conditions on n, particularly including

the case with n 6= 1 being a positive constant, it is known that there exists an infinite

and discrete set of eigenvalues satisfying 0 < k1  k2  · · ·  k`  · · · ! +1, with

+1 the only accumulating point. For each eigenvalue, the corresponding eigenspace

is finite dimensional. We refer to [35, 77] and the references therein for the related

studies of the aforementioned and other properties of transmission eigenvalues. Re-

cently, it is revealed in [11–13, 16–18, 26, 37] that the transmission eigenfunctions

possess rich and peculiar geometric structures; see also a recent survey paper [66]

for more related discussions. The studies indicate that near a point on @⌦ where

6



the magnitude of the extrinsic curvature is su�ciently large, then the transmission

eigenfunctions must be nearly vanishing. In particular, in the extreme case where

the high-curvature part degenerates to become a corner, then under a certain mild

regularity conditions on the transmission eigenfunctions locally around the corner,

they must be vanishing near the corner point. The regularity conditions are char-

acterized by the Hölder-continuity of the transmission eigenfunctions or a certain

blowup rate of the Herglotz kernels via the Herglotz approximations of the transmis-

sion eigenfunctions (cf. [12, 16–18]). It is noted that in (2.1), only H
1-regularity is

imposed on the transmission eigenfunctions and by the standard Sobolev embedding,

the Hölder-continuity of the transmission eigenfunctions is not always fulfilled. It is

numerically shown in [12] that if the required regularity conditions are not fulfilled,

the singularity of the transmission eigenfunctions around the corner point leads to

a certain localizing phenomenon locally around the corner point. Nevertheless, it

is pointed out that in the physical situation where the transmission eigenfunctions

are connected to the acoustic wave scattering problems, the regularity conditions are

fulfilled and hence one always has the locally vanishing properties; see [66] for more

related discussion on this aspect. In fact, the vanishing properties have been used in

establishing several novel unique recovery results for the inverse scattering problems

in di↵erent scenarios by a single far-field measurement [11,15,17,18, 26,27,37].

The purpose of the current chapter is to present an intriguing discovery of a cer-

tain global geometric property of the transmission eigenfunctions. It is clear that the

geometric structures of the transmission eigenfunctions mentioned earlier are of local

features. In this chapter, we show that under generic scenarios, either the transmis-

sion eigenfunction w or v is localized on the boundary surface in R
3 or the boundary

curve in R
2. That is, the energy of w (resp. v) is localized around @⌦ and barely

enters into the bulk ⌦. More precisely, it is shown that if n > 1, there exists a

sequence of vj, j = 1, 2, . . . , which are SLEs such that the corresponding eigenvalues

kj ! +1, and if 0 < n < 1, the same geometric property holds for the transmission

eigenfunction w. In the next section, we first consider the case that ⌦ is a ball in R
d

and n is a constant, we rigorously justify such a spectral property. For the general

geometry with a constant/piecewise constant n, we conduct extensive numerical ex-

7



periments to verify this spectral property. The reasons for us to do so are as follows.

For the radial geometry and constant n, we can have a thorough understanding of the

SLEs for the transmission eigenvalue problem (2.1), whereas for the general case, we

can only derive a qualitative understanding of the SLEs, which we shall present in a

forthcoming paper [30]. The numerical examples here not only verify the existence of

the SLEs in the generic scenario, but also demonstrate their intriguing quantitative

behaviors. It is shown that the existence of SLEs are topologically robust against

large deformation or even twisting of the boundary surface/curve @⌦. However, the

SLEs themselves are topologically sensitive to the change of the boundary. Our study

unveils a significant physical phenomenon, which has the similar localization property

to the whispering gallery modes [41]. Moreover, it provides a new perspective on wave

localization, which is a central topic to many practical applications including surface

plasmon resonances [10] and cloaking due to anomalous localized resonance [5,60,75].

In the rest of this chapter, we present the SLEs with both theoretical and numer-

ical verifications in di↵erent scenarios.

2.2 Surface-localized transmission eigenstates

In this section, we first give the definite description of the SLEs. Next, we illustrate

the existence of the SLEs for a special case theoretically. Then, for general situations,

we provide extensive numerical examples to verify the existence of the SLEs and show

their intriguing quantitative behaviors.

Definition 2.2.1. Consider a function w 2 L
2(⌦). It is said to be surface-localized

if there exists a su�ciently small ✏0 2 R+ such that

kwkL2(N✏0 (@⌦))

kwkL2(⌦)
= 1�O(✏0),

where

N✏0(@⌦) := {x 2 ⌦; dist(x, @⌦) < ✏0}.

8



2.2.1 Spherical geometry and constant n

In this part, we let ⌦ := {x 2 R
d : |x| < r0 2 R+}, d = 2, 3, and n be a positive

constant. For this case, we provide a comprehensive and accurate characterization of

the SLEs. To that end, we let m 2 N be a positive integer, Jm(|x|) be the first kind

Bessel function of order m, and J
0
m
(|x|) be the derivative of Jm(|x|). We also let jm,s

denote the s-th positive zero of Jm(|x|), and j
0
m,s

be the s-th positive zero of J
0
m
(|x|).

Recalling from [1, Section 9.5, p. 370], one has

m  j
0

m,1 < jm,1 < j
0

m,2 < jm,2 < j
0

m,3 < · · · , (2.3)

Jm(|x|) =
(x/2)m

�(m+ 1)

1
⇧
s=1

✓
1�

|x|
2

j2
m,s

◆
. (2.4)

To prove the localizing phenomena, we suppose that the order m of the Bessel

function Jm(|x|) is su�ciently large, and choose two sequences of integers s and s
0 as

follows:

s(m) := [m�1 ] , s
0(m) := [m�2 ] , 0 < �1 < �2 < 1, (2.5)

where [t] signifies the integer part of a real number t, namely t = [t]+✏t with 0 < ✏t <

1. The quantities �1 and �2 are two di↵erent constants that satisfy 0 < �1 < �2 < 1.

Lemma 2.2.1. Let ⌦ = {x 2 R
d : |x| < r0 2 R+}, d = 2, 3, and n > 1 be a constant.

Let {km,`} denote the subset of transmission eigenvalues k of (2.1), where m is the

positive integer order of the Bessel function and ` denotes the `-th eigenvalue for a

fixed m. Then there exists a subsequence of {km,l}, denoted as {km,s(m)}, such that

for m su�ciently large, it holds that

km,s 2 (jm,s(m), jm,s0(m)), (2.6)

where s(m) and s
0(m) are defined in (2.5). Moreover, one has

km,s

m
! 1, as m!1. (2.7)

9



More specifically, there exists & 2 (�2/3, 0) such that

km,s = m (1 +m
& + o(m&)) .

Proof. Without loss of generality, we assume that the radius of ⌦ is r0 = 1. Since

n is a positive constant, we can expand the solutions w and v of the system (2.1)

into Fourier series in terms of the Bessel functions Jm(|x|) or the spherical Bessel

functions jm(|x|) of the first kind and the spherical harmonics:

w(x) =

8
>>><

>>>:

1P
m=�1

↵mJm(kn|x|)eim✓
, d = 2,

1P
m=0

mP
l=�m

↵
l

m
jm(kn|x|)Y l

m
(x̂), d = 3,

v(x) =

8
>>><

>>>:

1P
m=�1

�mJm(k|x|)eim✓
, d = 2,

1P
m=0

mP
l=�m

�
l

m
jm(k|x|)Y l

m
(x̂), d = 3,

where Y
l

m
is a spherical harmonic function of degree m and order l. Since

jm(|x|) =

r
⇡

2|x|
Jm+1/2(|x|),

we only consider the two-dimensional case and the three-dimensional case can be

proved in a similar manner.

For a fixed m 2 N+, the solutions of �w+ k
2n2

w = 0 and �v+ k
2
v = 0 in ⌦ can

be written as

wk = ↵mJm(kn|x|)e
im✓

,

vk = �mJm(k|x|)e
im✓

.

In order to ensure that w = v on the boundary @⌦, i.e., when |x| = 1, we choose

�m =
Jm(kn)

Jm(k)
↵m.

Moreover, the transmission eigenvalues k’s are determined from the relation

@w

@⌫
=
@v

@⌫
on @⌦.

10



Thus, with the help of the recurrence relation of the derivatives of the Bessel functions,

the eigenvalues k’s are positive zeros of the following function (see [36])

fm(k) = Jm�1(k)Jm(kn)� nJm(k)Jm�1(kn), m � 1.

From (2.3) and (2.4), one can deduce that

Jm(|x|) � 0, |x| 2 [0, j
0

m,1].

Next, we compute the following identity:

fm(jm,s)fm(jm,s0) = Jm�1(jm,s)Jm(njm,s)Jm�1(jm,s0)Jm(njm,s0).

It can be shown [79] that the zeros jm,s of the Bessel function Jm(|x|) has the following

sharp upper and lower bounds

m�
as

21/3
m

1/3
< jm,s < m�

as

21/3
m

1/3 +
3

20
a
2
s

21/3

m1/3
, (2.8)

where as is the s-th negative zero of the Airy function and has the representation

as = �


3⇡

8
(4s� 1)

�2/3
(1 + �s).

Here, �s can be estimated by

0  �s  0.130


3⇡

8
(4s� 1.051)

��2

.

By noting the choice of s(m) and s
0(m) in (2.5) for m su�ciently large, there holds

jm,s = m
�
1 + C0m

2(�1�1)/3 + o(m2(�1�1)/3)
�
,

jm,s0 = m
�
1 + C0m

2(�2�1)/3 + o(m2(�2�1)/3)
�
,

(2.9)

where C0 is a positive constant. Note that the Bessel function admits the following

11



asymptotic formula (see [57], p. 129):

Jm(|x|) =

s
2

⇡

p
|x|2 �m2

cos

✓p
|x|2 �m2 �

m⇡

2
+marcsin

m

|x|
�
⇡

4

◆
(1 + o(1)) ,

(2.10)

for |x| > m and m ! 1. By combining (2.9), (2.10) and some straightforward

computations, one obtains

Jm(njm,s) = Cm,ncos

✓
m

✓
p
n2 � 1�

⇡

2
+ arcsin

1

n
+O(m&1)

◆
�
⇡

4

◆�
1 + o(1)

�
,

where &1 := 2(�1 � 1)/3 and

Cm,n :=

r
2

⇡

�
n2

j
2
m,s
�m

2
��1/4

=

r
2

⇡

�
(n2
� 1)m

��1/4
+O(m2&1).

And similarly,

Jm�1(jm,s0) = Cm,1cos
⇣
mO(m2&2)�

⇡

4

⌘ �
1 + o(1)

�
,

where &2 := 2(�2 � 1)/3 and

Cm,1 :=

r
2

⇡

�
j
2
m,s0 �m

2
��1/4

=

r
2

⇡
O(m�1/2

m
�&2/4).

Without loss of generality, we suppose that

Jm�1(jm,s)Jm(njm,s) > 0.

We next show that there exists at least one choice of s0 = m
�2 such that

Jm�1(jm,s0)Jm(njm,s0) < 0,

that is,

cos
⇣
mO(m2&2)�

⇡

4

⌘
cos

✓
m

✓
p
n2 � 1�

⇡

2
+ arcsin

1

n
+O(m&2)

◆
�
⇡

4

◆
< 0.

(2.11)

12



Indeed, (2.11) can be easily realized by modifying �2 (noting that the two cosine

functions above are always of di↵erent frequencies w.r.t &2(�2)). Thus one has km,s 2

(jm,s(m), jm,s0(m)) and by using (2.9), one gets (2.7), which completes the proof.

Remark 2.2.1. The parameters �1 and �2 in (2.5) are used to guarantee that there

exists a transmission eigenvalue km,s 2 (jm,s(m), jm,s0(m)) when m is su�ciently large.

It is worth stating that the construction of s(m) and s
0(m) is important and technical

for the proof of SLEs in the radial case.

With the help of Lemma 2.2.1, we are able to show the following important results

about the existence of the SLEs.

Theorem 2.2.1. Let ⌦ = {x 2 R
d : |x| < r0 2 R+}, d = 2, 3, and n > 1 be

a constant. Consider the transmission eigenvalue problem (2.1). Then there exists

a subsequence {km,s} of the transmission eigenvalues {kl} such that 1 is the only

accumulation point of the sequence {km,s} and the corresponding eigenfunctions vkm,s

are surface-localized around the boundary @⌦.

Proof. Without loss of generality, we assume that the radius of ⌦ is r0 = 1, we only

consider the two-dimensional case and the three-dimensional case can be discussed

similarly. We choose the sequence of km,s satisfy (2.6) such that s and s
0 are chosen

in (2.5), then such sequence km,s ! m, m ! 1. We prove that the corresponding

eigenfunctions vkm,s are surface-localized around the boundary @⌦. Let ⌦⌧ := {x 2

R
2 : |x| < ⌧, ⌧ < 1} with " := 1 � ⌧ being a su�ciently small constant. We first

prove that Jm(km,sr) is monotonously increasing with respect to r 2 (0, 1). By using

(2.3) and (2.8) one can show that

j
0
m,1 = m

�
1 +O(m�2/3)

�

as m!1. Since we also have from (2.9) that

km,s = m(1 +m
&), & 2 [&1, &2],

13



where &j = 2(�j � 1)/3, j = 1, 2. One thus has

km,sr = mr(1 +m
&) < j

0
m,1,

for any fixed r < 1 and su�ciently large m. One thus has J 0
m
(km,sr) > 0 for 0 < r < 1

as j0
m,1 is the first maximum of the Bessel function Jm(km,sr). Furthermore, we note

that there admits the following asymptotic formula (see [57], p. 129):

Jm(km,sr) =
z
mem

p
1�z2

(2⇡m)1/2(1� z2)1/4(1 +
p
1� z2)m

�
1+o(1)

�
, z =

km,sr

m
, 0 < r < 1.

Thus one can derive the following asymptotic expansion:

Jm(km,s|x|) < Jm(km,s⌧) =Cm
�1/2

0

BB@
km,s⌧

m

e

r
1�

⇣
km,s⌧

m

⌘2

1 +

r
1�

⇣
km,s⌧

m

⌘2

1

CCA

m

�
1 + o(1)

�

=Cm
�1/2

 
(1� ")

e
p

2"(1+o(1))+Cm&

1 +
p

2"(1 + o(1)) + Cm&

!m

�
1 + o(1)

�

=Cm
�1/2(1� ")m (1 + o(1))m (1 + o(1))

(2.12)

for x 2 ⌦⌧ , where C is a positive constant. On the other hand, for m su�ciently

large, one can choose r1 by

r1 =
j
0
m,1

km,s

,

where ⌧ < r1 < 1. Since

m < j
0
m,1 = km,sr1,

14



by using the asymptotic expansion (2.10), there holds

m
1�&/2

Z 1

⌧

J
2
m
(km,sr)rdr

� m
1�&/2

Z 1

r1

J
2
m
(km,sr)rdr

�
2

⇡

m
1�&/2

p
k2
m,s
�m2

Z 1

r1

cos2
✓
r

r
k2
m,s
�

m2

r2
�

m⇡

2
+marcsin

✓
m

km,sr

◆
�
⇡

4

◆
dr

=
2

⇡

m
1�&/2

p
k2
m,s
�m2

1� r1

2

⇣
1 +R(m)

⌘
=

1
p
2⇡

⇣
1 + o(1) +R(m)

⌘
�

1
p
2⇡

⇣
1 +R(m)

⌘
,

(2.13)

where the remaining term R(m) fulfils the following estimate as m!1,

R(m) =
1

1� r1

Z 1

r1

sin
⇣
2r
q

k2
m,s
�m2

�
1 +O(m�2/3�& +m

2/3&)
�⌘

dr

=
1

2(1� r1)
p

k2
m,s
�m2

Z p
k2m,s�m2

r1

p
k2m,s�m2

sin
�
r
0 �1 +O(m�2/3�& +m

2/3&)
��

dr0 ! 0.

(2.14)

Note that

lim
m!1

(1� ")mm�&/2 = 0. (2.15)

Therefore, from (2.12), (2.13), (2.14) and (2.15), it holds that

kvkm,sk
2
L2(⌦⌧ )

kvkm,sk
2
L2(⌦)

=

R
⌧

0 J
2
m
(km,sr)rdrR 1

0 J2
m
(km,sr)rdr


m

1�&/2
J
2
m
(km,s⌧)

R
⌧

0 rdr

m1�&/2
R 1

r1
J2
m
(km,sr)rdr

! 0 as m!1.

Hence, the transmission eigenfunction vkm,s is surface-localized on the boundary @⌦.

The proof is complete.

Theorem 2.2.2. Under the same assumptions in Theorem 2.2.1 and suppose that

{wkm,s} are the corresponding eigenfunctions with respect to w in (2.1). Then {wkm,s}

are not surface-localized around the boundary @⌦, i.e., there exists a su�ciently small

✏0 2 R+, which is independent of m, and ⌦1�✏0 := {x : |x| < 1� ✏0}, such that

lim inf
m!1

kwkm,sk
2
L2(⌦1�✏0 )

kwkm,sk
2
L2(⌦)

> �0,
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where �0 is a positive constant.

Proof. Since wkm,s = �mJm(km,sn|x|), one can immediately obtain that for |x| =

1
n

j
0
m,1

km,s
, wkm,s attains its maximum value. Since 1

n

j
0
m,1

km,s
<

1
n < 1 holds uniformly, thus

there exists ⌧ which is independent of m, such that 1
n < ⌧ < 1 (one can then choose

✏0 = 1� ⌧). Noting that j0
m,1/km,s < 1 and by using Theorem 2.2.1, one has

Z 1

0

J
2
m
(km,snr)rdr =

1

n2

Z n

0

J
2
m
(km,sr

0)r0dr0

=
1

n2

Z j0m,1
km,s

0

J
2
m
(km,sr

0)r0dr0 +
1

n2

Z n

j0m,1
km,s

J
2
m
(km,sr

0)r0dr0

<
2

n2

Z n

j0m,1
km,s

J
2
m
(km,sr

0)r0dr0

= 2

Z 1

1
n

j0m,1
km,s

J
2
m
(km,snr)rdr.

(2.16)

By following a similar arguments as in Theorem 2.2.1, one has for ⌧  t  1,

Q(t) : =

Z
t

1
n

j0m,1
km,s

J
2
m
(km,snr)rdr

=
2

⇡

Z
t

1
n

j0m,1
km,s

cos2
⇣
r

q
k2
m,s

n2 �m2/r2 �
m⇡

2 +marcsin
⇣

m

km,snr

⌘
�

⇡

4

⌘

q
k2
m,s

n2 �m2/r2
dr

⇠
1

⇡k2
m,s

⇣q
k2
m,s

n2t2 �m2 �

q
j
02
m,1 �m2

⌘
.

(2.17)

Thus, combining (2.16) and (2.17), one has

kwkm,sk
2
L2(⌦⌧ )

kwkm,sk
2
L2(⌦)

=

R
⌧

0 J
2
m
(km,snr)rdrR 1

0 J2
m
(km,snr)rdr

�

R
⌧

1
n

j0m,1
km,s

J
2
m
(km,snr)rdr

2
R 1

1
n

j0m,1
km,s

J2
m
(km,snr)rdr

=
Q(⌧)

2Q(1)

⇠

p
k2
m,s

n2⌧ 2 �m2 �

q
j
02
m,1 �m2

2
⇣p

k2
m,s

n2 �m2 �

q
j
02
m,1 �m2

⌘

⇠

p
n2⌧ 2 � 1

2
p
n2 � 1

> 0,
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which completes the proof.

Theorem 2.2.1 and 2.2.2 indicate that we find a sequence of eigenfunction pairs

{(wkm,s , vkm,s)} such that {vkm,s} are SLEs, whereas {wkm,s} are not SLEs. However,

we would like to point out that we did not exclude the possibility of finding a sequence

of eigenfunction pairs with both eigenfunctions being SLEs. Nevertheless, we can

easily have the following result.

Theorem 2.2.3. Let ⌦ = {x 2 R
d : |x| < r0 2 R+}, d = 2, 3, and 0 < n <

1 be a constant. Consider the transmission eigenvalue problem (2.1). Then there

exists a subsequence {km,s} of the transmission eigenvalues {kl} such that 1 is the

only accumulation point of the sequence {km,s} and the corresponding eigenfunctions

{wkm,s} are surface-localized around the boundary @⌦.

Proof. Set k̃ = k/n. It is directly verified that the first two equations in (2.1) become

(�+ k̃
2)w = 0 and (�+ k̃

2n�2)v = 0, while the transmission conditions on @⌦ remain

unchanged. Noting that n�1
> 1, all of the previous results in Theorem 2.2.1 hold

with v replaced by w. Thus, one has that wklm
is surface localized on the boundary

@⌦.

2.2.2 General case

In this part, we consider the case where ⌦ is not necessarily of radial geometry

and the refractive index n2 might be a piecewise-constant (but real) function. By

extensive numerics, we shall verify that the spectral properties in Theorems 2.2.1 and

2.2.3 still hold in the general case. Moreover, through our numerical experiments,

we can find more quantitative properties of the SLEs. In principle, we shall see that

the SLEs are topologically robust against large deformation or even twisting of the

material interface @⌦, and moreover the behaviors of the SLEs are mainly related to

the refractive index n2 in a neighborhood of @⌦. It is also observed that a pair of

transmission eigenfunctions w and v cannot be SLEs simultaneously. Furthermore,

the occurrence of SLEs can be more often if n2 is su�ciently large locally around @⌦

(for v) or su�ciently small locally around @⌦ (for w).
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To begin with, we note that if (w, v) is a pair of eigenfunctions to (2.1), so is

↵ · (w, v) for any ↵ 2 C \ {0}. Hence, throughout the rest of this section, we shall

normalize v (or w in some occasions). Moreover, we note the following scaling prop-

erty of k in (2.1) with respect to the size of ⌦: for ⇢ 2 R+, ⇢ · k is an eigenvalue to

(2.1) associated with ⌦⇢ :=
1
⇢
⌦. Hence, we always assume that diam(⌦) ⇠ 1 in order

to calibrate our study. Next, we present some typical numerical results to verify and

demonstrate the SLEs in di↵erent scenarios. We mainly discuss the case n > 1 and

briefly remark the case 0 < n < 1.

2.2.3 SLEs for high-contrast mediums

First, we consider the scenario that n is su�ciently large, which corresponds to the

case that a high-contrast medium is located inside ⌦ (the medium outside ⌦ possesses

n ⌘ 1). We would like to point out that in optics, mediums with refractive indices

of the order of 2 are already considered as highly indexed. Nevertheless, there are

some experimental realizations of very highly-indexed materials (around 20) [29]. In

Fig. 2.1, we calculate a transmission eigenvalue k = 1.0080 for ⌦ being a unit disk

and plot the corresponding eigenfunctions w and v. It is clearly seen that v is an

SLE. However, it is pointed out that the eigenfunction w is not an SLE. That is, w

and v are not SLEs simultaneously. It is emphasized that this is only a numerical

observation and there might exist a pair of transmission eigenfunctions which are

SLEs simultaneously, which deserves further investigation. Moreover, in Fig. 2.1, we

note that diam(⌦), being 2, is much smaller than the underlying wavelength, being

2⇡/k ⇡ 2⇡. Such an observation is critical for our subsequent development of the

super-resolution imaging scheme. Fig. 2.1, (c) presents the SLE of a triangle and

in particular, in (d), (e), and (f) we note significant localization phenomena at the

concave part of @⌦, which is also a critical ingredient for our subsequent development

of the super-resolution wave imaging.

2.2.4 SLEs for high-wavenumber modes

Next, we consider the case that n is relatively small, namely n ⇠ 1. Fig. 2.2 presents

several examples in both 2D and 3D.
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(a) w (b) v (c) k = 1.1932

(d) k = 1.0007 (e) k = 1.1370 (f) k = 1.1370

Figure 2.1: (a)&(b): eigenfunctions w and v to (2.1) associated with n = 30, where
k = 1.0080; (c)&(d): eigenfunctions v’s to (2.1) of di↵erent shapes with n = 30;
(e)&(f): eigenfunction v to (2.1) with n = 10.

2.2.5 Topological robustness of the existence of SLEs

The existence of the SLEs is topologically very robust against large deformation or

even twisting of the material interface @⌦; see Fig. 2.3.

2.2.6 SLEs for variable refractive inhomogeneities and coated

objects

As remarked earlier, the SLEs also exist for variable refractive inhomogeneities. In

Fig. 2.4 (a), the eigenfunction v is associated with n = 30 in the outside thin layer and

n = 4 in the inside triangle. It is emphasized that the outside layer is not required

to be very thin in order to exhibit the SLEs. Indeed, as long as n is su�ciently

large locally around @⌦, the SLEs can be found even for relatively small eigenvalues

(cf. Fig. 2.1). This specific example shall be used again in our subsequent study.

Fig. 2.4 (b), corresponds to a coated object, where the inside kite-domain is a sound-

soft obstacle. That is, in (2.1), w does not exist in the inside kite-domain and we

impose a zero Dirichlet condition of w on the boundary of the inside kite-domain.
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(a) k = 7.1925 (b) k = 7.9604

(c) k = 7.1023 (d) k = 7.0818

Figure 2.2: Transmission eigenfunctions v’s to (2.1) associated with n = 4, for
di↵erent ⌦’s and k’s.
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(a) k = 1.2802 (b) k = 1.9604

(c) k = 1.0007 (d) k = 1.0133

Figure 2.3: The existence of SLEs is topologically robust. Here, n = 20 for all cases.

Finally, we would like to remark that if 0 < n < 1, all the surface localization

results presented in the above numerical examples still hold with v replaced by w.
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(a) k = 2.4454 (b) k = 1.0001

Figure 2.4: Transmission eigenfunctions v’s. (a): n = 30 in the outside layer and
n = 4 in the inside triangle; (b): n = 30 in the outside layer and the inside kite is a
sound-soft obstacle.
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Chapter 3

Applications of SLEs

In this chapter, we consider two interesting and practically important applications of

the newly discovered SLEs presented in the previous section.

3.1 Super-resolution wave imaging

3.1.1 Introduction

In this section, we consider the inverse scattering problem for time-harmonic acoustic

waves in an inhomogeneous medium. This type of problem arises from a variety of im-

portant practical applications such as radar, remote sensing, geophysical exploration,

medical imaging and non-destructive testing. Let ⌦ ⇢ R
d
, d = 2, 3, be a bounded

simply connected region with piecewise smooth boundary @⌦. Let ⌫ denote the unit

outward normal to @⌦. Assume the refractive index n2 is a real-valued piecewise-

constant function such that n(x) ⌘ 1 for x 2 R
d
\ ⌦ and 1/|n2

� 1| 2 L
1(⌦). We

take the incident field u
i to be a time-harmonic plane wave of the form

u
i := u

i(x, ✓, k) = eikx·✓, x 2 R
d
,

where i =
p
�1 is the imaginary unit, k = !/c the wavenumber, ! 2 R+ and

c 2 R+ the angular frequency and sound speed, respectively, ✓ 2 S
d�1 the direction

of propagation and S
d�1 := {x 2 R

d : |x| = 1} is the unit sphere in R
d. Clearly, the
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incident field u
i satisfies the Helmholtz equation

�u
i + k

2
u
i = 0 in R

d
.

Physically, the presence of the scatterer ⌦ interrupts the propagation of the incident

wave u
i, giving rise to the scattered field u

s. Let u := u
i + u

s denote the total wave

field. The forward scattering problem is modeled by the following system

8
>>>>>><

>>>>>>:

�u+ k
2n2(x)u = 0 in R

d
,

u = u
i + u

s in R
d
,

lim
r!1

r
d�1
2

✓
@u

s

@r
� ikus

◆
= 0,

(3.1)

where r = |x| and the last limit in (3.1) characterizes the outgoing nature of the

scattered wave field u
s. The well-posedness of the scattering system (3.1) is estab-

lished [35], and in particular, there exists a unique solution u 2 H
2
loc
(Rd). Further-

more, the scattered field has the following asymptotic expansion:

u
s(x, ✓, k) =

ei
⇡
4

p
8k⇡

 
e�i⇡4

r
k

2⇡

!d�2
eikr

r
d�1
2

⇢
u
1(x̂, ✓, k) +O

✓
1

r

◆�
as r !1,

which holds uniformly for all directions x̂ := x/|x| 2 S
d�1. The complex-valued

function u
1(x̂, ✓, k) = u

1(x̂, eikx·✓), defined on the unit sphere S
d�1, is known as the

far field pattern of u, which encodes the information of the refractive index n2. We

are concerned with the inverse problem of imaging the support of the inhomogeneity,

namely ⌦, by knowledge of u1(x̂, ✓, k) for x̂, ✓ 2 S
d�1 and k 2 I := (0,1), which is

an open interval in R+. It can be recast as the following nonlinear operator equation

F(⌦,n) = u
1(x̂, ✓, k), x̂ 2 S

d�1
, ✓ 2 S

d�1
, k 2 I, (3.2)

where F is defined by the Helmholtz system (3.1).

The classical inverse scattering problems for acoustic waves can be divided into

two categories, the inverse obstacle problem and the inverse medium problem. In the

inverse obstacle problem, the scatterer is a homogeneous obstacle with given bound-
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ary data and the inverse problem is to determine the shape of the obstacle by the

information of the far field pattern. The inverse medium problem concerns about the

case in which the scatterer is an inhomogeneous medium such that the interior param-

eters vary and the inverse problem is to determine the geometric or the parametric

information of the scatterer from the far field data. These inverse scattering problems,

as mentioned above, are nonlinear and ill-posed. Both of two properties, especially

the latter, make it particularly di�cult to solve the inverse scattering problem. In

recent decades, based on the fundamental paper of Tikhonov [90] in the mid-1960s,

together with the rapid development of computing facilities, there have been many

theoretical and numerical studies on inverse acoustic scattering problem. If the ho-

mogeneous obstacle is assumed to be a polyhedron, then a single incident plane wave

can uniquely determine the scatterer as verified by Alessandrini and Rondi [3], and

by Liu and Zou [72]. Further, Rondi [81] and Liu et al. [70] established optimal

stability estimates for the determination of polyhedral scatterers by far field mea-

surements. Over the past thirty years, a variety of reconstruction methods have been

developed to deal with the inverse acoustic scattering problem. Roughly speaking,

all numerical methods can be classified into two types: iterative methods and direct

methods. Kress and Rundell [58] presented a quasi-Newton method to determine

the shape of the obstacle. Johansson and Sleeman [48] proposed an iterative method

to identify a sound-soft obstacle from the knowledge of the far field datum for one

incident wave. These iterative methods have shortcomings that they need good ini-

tial assumptions, which may not always be achieved in practical applications. In the

recent twenty years, a lot of e↵orts have been devoted to explore fast non-iterative

methods. Colton and Kirsch [32] proposed the linear sampling method. The factor-

ization method was established by Kirsch [53]. The probe method was first proposed

by Ikehata [47] and numerically implemented by Erhard and Potthast [40]. Although

these sampling-type methods are convenient and e�cient, it is well known that the

linear sampling methods and the factorization methods [53] only succeed when the

wavenumbers are not Laplacian eigenvalues in ⌦ for the inverse obstacle scattering

problems. Similarly, these methods only succeed when the wavenumbers are not in-

terior transmission eigenvalues in ⌦ for the inverse medium scattering cases. Hence,
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one has to avoid those resonant wavenumbers in order to achieve satisfactory recon-

struction results.

However, everything has two sides. Recently, Liu et al. [69] developed a novel

shape reconstruction method for solving the inverse acoustic obstacle scattering prob-

lem using those resonant modes. And that method yields enhanced resolution of the

reconstructions in terms of the wavelength. When the scatterer is an inhomogeneous

medium, there is a close connection between the interior transmission eigenvalue

problem and the inverse medium scattering theory. The interior transmission eigen-

value problem is a type of non-elliptic and non-self-adjoint problem, so its study

is mathematically interesting and challenging. Recently, the interior transmission

eigenvalues have been extensively studied because they carry information about the

material properties of the scatterer. Päivärinta and Sylvester [77] first proved the ex-

istence of transmission eigenvalues. Thereafter, a large number of results concerning

the transmission eigenvalues have emerged, including the existence, discreteness and

infiniteness, and Weyl laws [19,59,80]. However, there are only a few results about the

intrinsic properties of the transmission eigenfunctions, which reveal certain distinct

and intriguing features of the scatterers. For instance, Bl̊asten and Päivärinta [19] and

Robbiano [80] verified the completeness of the set of generalized transmission eigen-

functions in L
2. Bl̊asten, Päivärinta and Sylvester [20] proved that the transmission

eigenfunctions cannot be analytically extended across a corner with an interior angle

less than ⇡. Recently, some local geometric structure of the transmission eigenfunc-

tions have been discovered for the first time. Bl̊asten and Liu [16] proved that the

transmission eigenfunctions vanish at a corner with an interior angle less than ⇡.

Bl̊asten et al. [12] numerically showed that the transmission eigenfunctions vanish

near the cusp if its interior angle is less than ⇡, while localize near the cusp if its inte-

rior angle is bigger than ⇡. Further, Bl̊asten and Liu [17] illustrated that the interior

transmission eigenfunctions must be nearly vanishing at a high-curvature point on

the boundary of the scatterer. Gratifyingly, our discovery of SLEs, which is a novel

and intriguing global geometric structure of the transmission eigenfunctions. This

result can greatly help us to determine the support of the inhomogeneous medium.

Further, several illustrative experiments numerically showed that our imaging scheme
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can break the Abbe resolution limit [65] in recovering the fine details of @⌦ for (3.2),

independent of n, in certain scenarios of practical interest.

The proposed imaging scheme consists of three phases. In Phase I, we determine

the transmission eigenvalues within the interval I by knowledge of the far-field data in

(3.2), namely u1(x̂, ✓, k) for x̂ 2 S
d�1

, ✓ 2 S
d�1 and k 2 I. In Phase II, we determine

the corresponding transmission eigenfunctions associated to the transmission eigen-

values computed from Phase I. Finally, in Phase III, we make use the transmission

eigenfunctions from Phase II to design an imaging functional which can be used to

determine the shape of the medium scatterer, namely ⌦.

3.1.2 Phase I: determination of transmission eigenvalues

In this part, we consider the determination of the transmission eigenvalues within the

interval I by knowledge of the far-field data in (3.2). In fact, this problem has been

addressed in [23]. Nevertheless, for completeness and self-containedness, we briefly

discuss the main procedure as well as the rationale behind the method. To that end,

for any given z 2 R
d, we let  (x, z, k) be the fundamental solution [35] to the PDO

��� k
2:

 (x, z, k) =

8
>><

>>:

i
4H

(1)
0 (k|x� z|), d = 2,

1

4⇡

eik|x�z|

|x� z|
, d = 3,

where H
(1)
0 is the first-kind Hankel function of zeroth-order [76]. Let  1(x̂, z, k)

signify the far-field pattern of  (x, z, k), which is given by

 1(x̂, z, k) =

8
>><

>>:

e
i⇡
4

p
8k⇡

e�ikx̂·z
, d = 2,

1

4⇡
e�ikx̂·z

, d = 3.

The determination of the transmission eigenvalues is based on the mechanism of

the so-called linear sampling method (LSM), which is a qualitative method in inverse

scattering theory to reconstruct the shape of the scatterer without a priori knowledge

of either the physical properties or the number of disconnected components of the
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scatterer [33]. The core of the LSM is the following far-field equation

(Fkg)(x̂) =  
1(x̂, z, k), z 2 R

d
, g 2 L

2(Sd�1), (3.3)

where Fk : L2(Sd�1) 7! L
2(Sd�1) is the far-field operator defined by

(Fkg)(x̂) :=

Z

Sd�1

u
1(x̂, ✓, k)g(✓) ds(✓), x̂ 2 S

d�1
. (3.4)

From a practical point of view, there is always noise attached to the far-field data.

We let u
1,✏(x̂, ✓, k) denote the noisy measurement of the far-field data u

1(x̂, ✓, k),

where 0 < ✏ < 1 signifies the noise level. In fact, ✏ signifies the level of di↵erence

between the ideal data u
1(x̂, ✓, k) and the noisy data, namely u

1,✏(x̂, ✓, k). Let F ✏

k

be the far-field operator corresponding to noisy measurement of the far-field data,

i.e.,

(F ✏

k
g)(x̂) :=

Z

Sd�1

u
1,✏(x̂, ✓, k)g(✓) ds(✓), x̂ 2 S

d�1
.

Define the Herglotz wave function

vg,k(x) := Hkg(x) =

Z

Sd�1

g(✓)eikx·✓ ds(✓), x 2 R
d
, (3.5)

where g(✓) 2 L
2(Sd�1) is called the Herglotz kernel of vg,k(x). It is obvious that

Herglotz wave functions are entire solutions to the Helmholtz equation. According

to the strict mathematical justification for the e↵ectiveness of the linear sampling

method (see Section 6.5 in [22]), we have the following result:

Lemma 3.1.1. If k is not a transmission eigenvalue, then there exists an approxi-

mate solution g✏(·, z) 2 L
2(Sd�1) of the far-field equation (3.3) such that Hkg✏(·, z)

converges in the H
1(⌦) norm as ✏! 0 when z 2 ⌦.

However, if k is indeed a transmission eigenvalue, the statement in Lemma 3.1.1

is not true. To get the relevant result, we need the following assumption for all points

z 2 ⌦,

lim
✏!0
kF

✏

k
g✏(·, z)� 

1(·, z, k)kL2(Sd�1) = 0. (3.6)

Actually, the equation (3.6) is verified in [23]. Moreover, the following lemma char-
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acterizes the solution to (3.6) when k is a transmission eigenvalue.

Lemma 3.1.2. [23] Suppose that k is a transmission eigenvalue and assume that

(3.6) holds. Then for almost every z 2 ⌦, kHkg✏(·, z)kL2(⌦) can not be bounded as

✏! 0.

Since Hk is compact, there exists a constant M > 0 such that

kHkg✏(·, z)kL2(⌦) Mkg✏(·, z)kL2(Sd�1).

Thus, kg✏(·, z)kL2(Sd�1) can not be bounded as ✏! 0 if k is a transmission eigenvalue.

By the above two lemmas, we note that kg✏(·, z)kL2(Sd�1) behaves quite di↵erently

when k is a transmission eigenvalue or not. Hence, one can use kg✏(·, z)kL2(Sd�1) as

an indicator to identify if k is a transmission eigenvalue or not. We formulate the

following scheme, dubbed as Algorithm I, to determine the transmission eigenvalues.

Algorithm I: Determination of transmission eigenvalues

Step 1 Collect a family of far-field data u
1,✏(x̂, ✓, k) for (x̂, ✓, k) 2 S

d�1
⇥

S
d�1
⇥ I, where I is an open interval in R+.

Step 2 Pick a point z 2 ⌦ (a-priori information) and for each k 2 I, solve
(3.3) to obtain the solution g✏(·, z).

Step 3 Plot kg✏(·, z)kL2(Sd�1) against k 2 I and find the transmission eigen-
values where peaks appear in the graph.

We note that ⌦ is unknown, so we consider kg✏(·, z)kL2(Sd�1), instead of kHkg✏(·, z)kL2(⌦)

in Step 3 of Algorithm I though kHkg✏(·, z)kL2(⌦) also behaves di↵erently when k is

a transmission eigenvalue or not.

3.1.3 Phase II: determination of transmission eigenfunctions

In Phase I, we determine the transmission eigenvalues within the interval I by knowl-

edge of the far-field data in (3.2). We proceed to determine the corresponding trans-

mission eigenfunctions. To that end, we first recall the following denseness result of

the Herglotz wave introduced in (3.5).

Lemma 3.1.3. [92] Let ⌦ be a bounded domain of class C
↵,1, ↵ 2 N [ {0}, in

R
d. Denote by H the space of all Herglotz wave functions of the form (3.5). Define,
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respectively,

H(⌦) := {u|⌦ : u 2 H},

and

H(⌦) := {u 2 C
1(⌦) : �u+ k

2
u = 0 in ⌦}.

Then H(⌦) is dense in H(⌦) \H
↵+1(⌦) with respect to the H

↵+1(⌦)-norm.

The following theorem states that if k 2 R+ is a transmission eigenvalue, then

there exists a Herglotz wave function vg✏,k such that the scattered field, corresponding

to this vg✏,k as the incident field, is nearly vanishing.

Theorem 3.1.1. Suppose that k 2 R+ is a transmission eigenvalue in ⌦. For any

su�ciently small ✏ 2 R+, there exists g✏ 2 L
2(Sd�1) such that

kFkg✏kL2(Sd�1) = O(✏) and kvg✏,kkL2(⌦) = O(1),

where Fk is the far field operator defined by (3.4) and vg✏,k is the Herglotz wave

function defined by (3.5) with the kernel g✏.

Proof. Let vk be a normalized transmission eigenfunction in ⌦ associated to the

transmission eigenvalue k
2, which means that vk with kvkkL2(⌦) = 1 is a solution of

�vk + k
2
vk = 0 in ⌦.

By Lemma 3.1.3, for any su�ciently small ✏ > 0, there exists g✏ 2 L
2(Sd�1) such that

kvg✏,k � vkkL2(⌦) < ✏,

where vg✏,k is the Herglotz wave function with the kernel g✏. Then, by the triangle

inequality,

kvg✏,kkL2(⌦)  kvg✏,k � vkkL2(⌦) + kvkkL2(⌦) < ✏+ kvkkL2(⌦),

and

kvg✏,kkL2(⌦) � kvkkL2(⌦) � kvg✏,k � vkkL2(⌦) > kvkkL2(⌦) � ✏.
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Thus, one must have that kvg✏,kkL2(⌦) = O(1).

Furthermore, from the definition of the far-field operator, Fkg✏ is the far-field

pattern produced by the incident wave vg✏,k. According to Proposition 4.2 in [16],

one has that

kFkg✏kL2(Sd�1) < C✏,

where C = C(n, k) is a positive constant.

The proof is complete.

By Theorem 3.1.1 and normalization if necessary, we can say that the following

optimization problem:

min
g2L2(Sd�1)

kFkgkL2(Sd�1) s.t. kvg,kkL2(⌦) = 1 (3.7)

has at least one (approximate) solution g0 2 L
2(Sd�1) when k 2 R+ is a transmission

eigenvalue in ⌦. However, since ⌦ is unknown, the constraint kvg,kkL2(⌦) = 1 in

the optimization formulation (3.7) is unpractical. Nevertheless, it is reasonable to

address this issue by considering an alternative optimization problem:

min
g2L2(Sd�1)

kFkgkL2(Sd�1) s.t. kvg,kkL2(BR) = 1, (3.8)

where BR is an a-priori ball containing ⌦.

Let g0 be a “reasonable” solution to the optimization problem (3.8). Next, we

show that the corresponding Herglotz wave vg0,k is generically indeed an approxima-

tion to the transmission eigenfunction vk associated to the transmission eigenvalue

k.

Theorem 3.1.2. Suppose k 2 R+ is a transmission eigenvalue in ⌦ and g0 is a

solution to the optimization problem (3.8) satisfying

kFkg0kL2(Sd�1)  ✏⌧ 1. (3.9)

If we further assume that ⌦ is of class C
1,1 and |n2

� 1| � �0 for a certain �0 2

R+ in a neighborhood of @⌦, then the Herglotz wave vg0,k is an approximation to a
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transmission eigenfunction vk associated with the transmission eigenvalue k in the

H
2(⌦)-norm.

Proof. Consider the scattering system (3.1). We let ui = vg0,k, u
s

g0,k
and u be respec-

tively the incident, scattered and total wave fields. It is clear that one has

8
>>>>>>>>><

>>>>>>>>>:

�u+ k
2n2(x)u = 0 in ⌦,

�vg0,k + k
2
vg0,k = 0 in ⌦,

u = vg0,k + u
s

g0,k
on @⌦,

@u

@⌫
=
@vg0,k

@⌫
+
@u

s

g0,k

@⌫
on @⌦.

(3.10)

According to our earlier discussion, Fkg0 is the far-field pattern of us

g0,k
. By virtue

of (3.9) as well as the quantitative Rellich theorem established in [14], one has

ku
s

g0,k
k
H3/2(@⌦) +

����
@u

s

g0,k

@⌫

����
H1/2(@⌦)

  (✏), (3.11)

where  is the stability function in [14], which is of double logarithmic type and

satisfies  (✏)! 0 as ✏! +0. This result illustrates that the smallness of the far-field

pattern can ensure the scattered data on the boundary are also small. For more

details about the quantitative Rellich theorem and the stability function  , we refer

to [14, 69].

Consider the transmission eigenvalue problem (2.1). Setting W = w� v, V = k
2
v

and � = �k2, (2.1) can be rewritten as (cf. [74, 87]):

8
>>>>>>>>><

>>>>>>>>>:

(�� �n2(x))W + (n2(x)� 1)V = 0 in ⌦,

(�� �)V = 0 in ⌦,

W = 0 on @⌦,

@W

@⌫
= 0 on @⌦.

Let �00 denote the Laplacian with domain H
2
0 (⌦) and ��� denote the Laplacian

with domain H
2(⌦). By [74, 87], the squares of interior transmission eigenvalues are
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the spectrum of the generalized eigenvalue problem

(A� �In)

0

@W

V

1

A :=

0

@�00 n2
� 1

0 ���

1

A

0

@W

V

1

A� �

0

@n2 0

0 1

1

A

0

@W

V

1

A = 0, (3.12)

where (W,V ) 2 H
2
0 (⌦)�H

2(⌦).

Now, we consider the PDE system (3.10). By the standard Sobolev extension as

well as noting (3.11), we let ⇣ 2 H
2(⌦) be such that

⇣ = u
s

g0,k
,

@⇣

@⌫
=
@u

s

g0,k

@⌫
on @⌦, (3.13)

and

k⇣kH2(⌦)  C (✏), (3.14)

where C is a generic constant depending on ⌦. Introducing

⌥1 = �(�+ k
2n2)⇣, ⌥2 = 0, ⌥ = (⌥1,⌥2)

T
2 L

2(⌦)� L
2(⌦), (3.15)

and setting eu := u� ⇣ 2 H
2(⌦), (3.10) can be rewritten as

8
>>>>>>>>><

>>>>>>>>>:

�eu+ k
2n2(x)eu = ⌥1 in ⌦,

�vg0,k + k
2
vg0,k = ⌥2 in ⌦,

eu = vg0,k on @⌦,

@eu
@⌫

=
@vg0,k

@⌫
on @⌦.

(3.16)

Setting Wg0,k = eu � vg0,k and Vg0,k = k
2
vg0,k, we can rewrite the system (3.16) into

the operator form

(A� �In)

0

@Wg0,k

Vg0,k

1

A = ⌥, Wg0,k 2 H
2
0 (⌦), Vg0,k 2 H

2(⌦). (3.17)

Note that � = �k2 is an eigenvalue to the operator equation (3.12). It is shown

in [87] that I
�1
n A possesses a UTC (upper triangular compact) resolvent. This en-

ables one to apply the upper triangular analytic Fredholm theorem to the eigen-
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value problem (3.12) as well as the operator equation (3.17), which enjoys the same

properties as those within the analytic Fredholm theorem (in the current setup of

our study). Next, we shall prove that the operator equation (3.17) solvable in the

quotient space (H2
0 (⌦) � H

2(⌦))/(W � V), where W � V is the finite-dimensional

eigen-space to (3.12). In order to apply the Fredholm theorem, it is su�cient for us

to show that ⌥ 2 Ker[(A � �In)⇤]?. The kernel of (A � �In)⇤ consists of functions

(⇠, ⌘) 2 H
2(⌦)�H

2
0 (⌦) satisfying

8
>><

>>:

(�� �)⌘ + (n2
� 1)⇠ = 0 in ⌦,

(�� �)⇠ = �(n2
� 1)⇠ in ⌦,

(3.18)

which, by introducing e⌘ = ⇠+�⌘ 2 H
2(⌦), is equivalent to the following PDE system

8
>>>>>><

>>>>>>:

(�� �)e⌘ = 0 in ⌦,

(�� �)⇠ = �(n2
� 1)⇠ in ⌦,

e⌘ = ⇠, @⌫e⌘ = @⌫⇠ on @⌦.

(3.19)

With the above fact and using (3.15), we have

⌥ · (⇠, ⌘)T =

Z

⌦

⌥1 · ⇠

=

Z

⌦

�(�+ k
2n2)⇣ · ⇠ =

Z

@⌦

@⌫⇠ · ⇣ � ⇠ · @⌫⇣ (3.20)

=

Z

@⌦

@⌫⇠ · u
s

g0,k
� ⇠ · @⌫u

s

g0,k
(3.21)

where in (3.20) we have made use of the fact (� + k
2n2)⇠ = 0 from (3.18); and in

(3.21) we have made use of the fact in (3.13). From (3.10), we see that

u
s

g0,k
= u� vg0,k, @⌫u

s

g0,k
= @⌫u� @⌫vg0,k on @⌦,

which readily yields that

Z

@⌦

@⌫⇠ · u
s

g0,k
� ⇠ · @⌫u

s

g0,k

34



=

✓Z

@⌦

@⌫⇠ · u� ⇠ · @⌫u

◆
�

✓Z

@⌦

@⌫⇠ · vg0,k � ⇠ · @⌫vg0,k

◆
(3.22)

=

Z

@⌦

e⌘ · @⌫vg0,k � @⌫e⌘ · vg0,k = 0, (3.23)

where from (3.22) to (3.23), we have made use of the transmission conditions on @⌦

from (3.19). This implies that

⌥ 2 Ker[(A� �In)
⇤]?.

Hence, (3.17) is solvable in (H2
0 (⌦)�H

2(⌦))/(W� V).

Set 0

@W
⇤
g0,k

V
⇤
g0,k

1

A = (A� �In)
�1⌥ in (H2

0 (⌦)�H
2(⌦))/(W� V). (3.24)

By (3.14), we obviously have

k⌥kL2(⌦)2  C (✏), (3.25)

with C a generic constant depending on n, k and ⌦. Finally, by combining (3.24) and

(3.25), one can show that

kVg0,k � VkkH2(⌦)  C (✏)! 0 as ✏! +0 for Vk 2 V,

which readily implies that vg0,k is an approximation to a transmission eigenfunction

vk.

The proof is complete.

Remark 3.1.1. It is remarked that in Theorem 3.1.2, the C
1,1-regularity on @⌦ is a

technical condition. It is required in (3.11) and (3.13), and in particular according

to [14], higher regularity might be required in deriving (3.11), which we choose not to

explore further since it is not the focus of this article. Nevertheless, we believe that

this regularity assumption on @⌦ can be relaxed. In fact, according to our numeri-

cal examples in what follows, even if @⌦ is only Lipschitz continuous, one can still

determine the approximate transmission eigenfunctions by solving the optimization
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problem (3.8).

Remark 3.1.2. In the whole section, we assume that n is real and |n2
� 1| � �0.

This assumption is mainly required for establishing the surface-localization of the

transmission eigenfunctions. In fact, most of the results presented in this section, say

Theorems 3.1.1 and 3.1.2, can be extended to the more general case where n2 satisfies

the more general assumptions of [87].

3.1.4 Phase III: imaging of the scatterer

In Phases I and II, using the far-field data in (3.2), we respectively determine the

transmission eigenvalues within the interval I and the corresponding transmission

eigenfunctions. In this part, we shall show that the transmission eigenfunctions can

be used for the qualitative imaging of the shape of the medium scatterer (⌦,n2),

namely @⌦ independent of n2. The basic idea can be described as follows. Let

vg0,k be determined from Phase II which approximates a transmission eigenfunction

within ⌦. Then according our study in the previous chapter, vk can be a SLE if the

conditions in Chapter 2 are fulfilled. In fact, we know from the numerical examples

in Sections 2.2.3 and 2.2.6, that if n is su�ciently large in a neighborhood of @⌦,

even for a relatively small transmission eigenvalues, the corresponding transmission

eigenfunction is a SLE. Furthermore, in such a case, the SLEs occur very often in

our extensive numerical experiments and a major part of the calculated transmission

eigenfunctions are SLEs. This is a highly interesting phenomenon that is worth

further theoretical investigation. Based on such an observation, it naturally leads to

the following imaging functional for recovering ⌦:

I
Res
k

(z) := �ln|vg0,k(z)|.

If the underlying transmission eigenfunction vk is a SLE, then vg0,k is referred to as

an approximate SLE. It can be easily seen that if vg0,k an approximate SLE, then

I
Res
k

(z) possesses a relative large value if z belongs to the interior of ⌦, or z is located

at the corner/edge/highly-curved place on @⌦, whereas it possesses a relatively small

value if z is located in the other places around @⌦. Since in Phase II, multiple
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transmission eigenfunctions can be determined, we can superpose the imaging e↵ects

by introducing the following imaging functional:

I
Res
KL

(z) := �ln
X

k2KL

|vg0,k(z)|, (3.26)

where KL = {k1, k2, · · · , kL} denotes the set of L distinct transmission eigenvalues

determined in Phase I. Based on the imaging functional (3.26), we then propose

the following imaging scheme, which is referred to as imaging by interior resonant

modes. Indeed, the proposed scheme is based on using the interior transmission

eigen-modes, which are usually “discarded” or “avoided” in many existing inverse

scattering schemes, say e.g. the linear sampling method [33] and the factorization

method [55].

Algorithm II: Imaging by interior resonant modes

Step 1 For each resonant wavenumber k found in Algorithm I, solve the
optimization problem (3.8) by the FTLS method or the GTLS
method [69] to obtain the Herglotz kernel g0.

Step 2 Calculate the Herglotz wave function vg0,k with the Herglotz kernel
g0 by the definition (3.5).

Step 3 Plot the indicator function (3.26) in a proper domain containing the
scatterer ⌦ and identify the interior and corners (two dimension) or
edges (three dimension) as bright points, and other boundary places
as dark points in the graph to obtain the shape of the scatterer ⌦.

Finally, we would like to emphasize that according to our discussion above, the

proposed imaging scheme should work for imaging a medium scatterer whose re-

fractive index is highly-contrasted in a neighborhood of its boundary. This clearly

includes the case that the medium scatterer itself already possesses a highly-contrast

refractive index. On the other hand, for a regular refractive-indexed scatterer, one

would need to first coat the scatterer by indirect means with a thin layer of highly

refractive-indexed material, then our imaging scheme would work as well. Hence,

it is unobjectionable to claim that the proposed method possesses a practical value

for generic inverse scattering imaging. In what follows, we present several numerical

examples to illustrate the e↵ectiveness of the proposed imaging scheme. In order

to simplify the situation, we only consider imaging a medium scatterer possessing
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a constant refractive index of a relatively high magnitude in two dimensions. It is

remarked that the higher the refractive index is, the better imaging e↵ect one can

expect to achieve. Moreover, as emphasized above, this highly refractive-indexed

medium can be located only in a neighborhood of @⌦. It is worth mentioning that

there is the well-known Abbe di↵raction limit for imaging the fine details of @⌦ [65].

In fact, one has a minimum resolvable distance of �/(2N ), where � and N stand

for the wavelength and numerical aperture respectively. In modern optics, the Abbe

resolution limit is roughly about half of the wavelength. Here, based on the use of

the SLEs, we could produce an imaging scheme that can break the Abbe resolution

limit in recovering the fine details of @⌦ for (3.2) in certain cases.

3.1.5 Numerical examples

In this section, we present the numerical experiments as mentioned above. To avoid

the inverse crime, we use the finite element method to compute the scattering ampli-

tudes u1(x̂i, dj), i = 1, 2, · · · ,M0, j = 1, 2, · · · , N0, where x̂i, i = 1, 2, . . . ,M0 denote

the discrete observation directions and dj j = 1, 2, . . . , N0 denote the discrete inci-

dent directions. In the two dimensions, the observation and incident directions are

equidistantly distributed on a unit circle. Then we consider the collected far-field

matrix F 2 C
M0⇥N0 such that

F =

2

6666664

u
1(x̂1, d1) u

1(x̂1, d2) · · · u
1(x̂1, dN0)

u
1(x̂2, d1) u

1(x̂2, d2) · · · u
1(x̂2, dN0)

...
...

. . .
...

u
1(x̂M0 , d1) u

1(x̂M0 , d2) · · · u
1(x̂M0 , dN0)

3

7777775
.

In order to test the sensibility of the proposed method, we further perturb F with

random noise by setting

F
� = F + �kFk

R1 +R2i

kR1 +R2ik
,

where � > 0 represents the noise level, R1 and R2 are twoM0⇥N0 matrixes containing

pseudo-random values drawn from a normal distribution with the mean being zero
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and the standard deviation being one. In the following two examples, the noise level

is given by � = 1%.

Square domain. In the first example, we let ⌦ be a square with the side length

being 2 and the refractive index being n = 10. The synthetic far-field data are com-

puted at 100 observation directions, 100 incident directions and 3000 wavenumbers

within the interval I = [0.6, 0.9], all equally distributed. Firstly, we use Algorithm I

to determine four transmission eigenvalues, such as k1 = 0.6219, k2 = 0.6896, k3 =

0.7858 and k4 = 0.8370. Next, we can determine 4 approximate transmission eigen-

functions as well. Since n is relatively large, it turns out that the computed eigen-

functions are all approximate SLEs. We would like to emphasize again that we did

not purposely design such a numerical example and indeed, as discussed earlier, the

occurrence of the SLEs are very often. We present the reconstruction results in

Fig. 3.1, (a)–(c), by using 1, 2 and 4 SLEs, respectively. One readily sees that the

square is already finely reconstructed with 4 SLEs. For comparisons, we also present

the reconstruction results by using a sampling type method developed in several

works [44, 62, 63, 73] by using the multiple frequency scattering data in (3.2). The

reconstruction results are presented in Fig. 3.1, (d)–(f). It can be seen that the recon-

structions basically yield a spot without any resolution of the square-shape object. In

fact, one can also implement the other popular imaging schemes including the linear

sampling method or the factorization method [35], and the reconstruction e↵ects shall

remain almost the same. It is clear that the length of the square is much smaller than

the underlying wavelength, 2⇡/k. This result illustrates that super-resolution recon-

struction can be realized by the proposed method. This is unobjectionably expected

since we make use of the interior resonant modes for the reconstruction. Finally, it is

pointed out if one further performs standard imaging processing to the reconstructed

image in Fig 3.1 (c), one should be able to obtain a nearly-accurate reconstruction

of the square-object. However, this is not the focus of this article and we shall not

explore further about this point.

kite-shaped domain. Fig. 3.2 presents another example where the target do-

main is a kite-shaped object with n = 10. The imaging frequencies are chosen

within [1, 3.1], and the computed transmission eigenvalues are k1 = 1.2387, k2 =
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Figure 3.1: Reconstructions of a square-object by multiple SLEs (top row) and
multiple-frequency direct sampling method (bottom row), respectively, where n = 10
for all cases.

1.4771, k3 = 2.0513, k4 = 3.0013. The reconstructions by our proposed method are

given by (a)–(c), meanwhile the reconstructions by the sampling-type method are

given by (d)–(f). The sub-figures (g)–(i) present the combined results of the above

two reconstructions. Clearly, Fig. 3.2, (i) yields a very nice reconstruction of the

kite-object, especially the concave part.

Three remarks are in order. First, it can seen from the reconstructions in Fig. 3.2

that the sampling-type method tends to reconstruct a “larger” object while our pro-

posed method tends to reconstruct a “smaller” object. This is physically reasonable

since the sampling-type method as well as the other traditional inverse scattering

schemes make use the measurement data away from the scatterer for the reconstruc-

tion, which amounts to “seeing” the scattering object from its outside, whereas our

method makes use of the interior resonant modes, which amounts to “seeing” the

scattering object its inside. Hence, hybridizing the two types of methods can yield

a better reconstruction. Second, it is arguable that the super-resolution e↵ect comes

from the high-contrast medium parameter n in this specific example (cf. [4]). In-

deed, as discussed earlier, a high-contrast n leads to a relatively small k that can
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Figure 3.2: Reconstructions of a kite-object by multiple SLEs (top row) and multiple-
frequency direct sampling method (middle row), respectively, where n = 10 for all
cases. Bottom row gives the corresponding reconstructions of combining the above
two reconstruction means.

induce the desired SLE for the reconstruction, which is a matter of fact. However,

in practice, for a regular refractive inhomogeneity, one may first coat the object via

indirect means with a thin layer of high-contrast medium (cf. Fig. 2.4), then apply

the same reconstruction procedure as above. According to the results in Fig. 2.4, one

would have the same super-resolution reconstructions as in Fig. 3.1, (a)–(c). Third,

the super-resolution is achieved at the cost of a large amount of computations and

a restrictive requirement on the high-precision of the measurement data. This is

unobjectionable due to the increasing capabilities of physical apparatus nowadays.
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3.2 Pseudo surface plasmon resonances and po-

tential applications

Surface plasmon resonance (SPR) is the resonant oscillation of conducting electrons

at the interface between negative and positive permittivity materials stimulated by

incident light. It is a non-radiative electromagnetic surface wave that propagates in

a direction parallel to the negative permittivity/dielectric material interface [10, 42,

56]. Clearly, the SPR wave is a surface-localized mode. It is in this sense that the

SLE can be viewed as a certain SPR. Indeed, viewed from the inside of ⌦ (this is

unobjectionable since v is only supported in ⌦), the behavior of a SLE is very much

like an SPR. However, SPR usually occurs in the quasi-static regime (subwavelength

scale), whereas SLEs can occur in both the quasi-static regime and the high-frequency

regime. Moreover, the SPR is usually generated from direct light incidence, whereas

the generation of SLEs is rather indirect according to our earlier study. As is known

that the SPR can have many industrial and engineering applications including color-

based biosensors, di↵erent lab-on-a-chip sensors and diatom photosynthesis [56]. In

what follows, we show that the SLEs can also be generated through direct wave

incidences. This will pave the way for the proposal of an interesting SLE sensing

that is similar to the SPR sensing.

First, we recall that assuming R
d
\⌦ connected, the Herglotz waves of the form

(3.5) are dense in the space

{v 2 H
1(⌦) : (�+ k

2)v = 0 in ⌦}.

Hence, for any transmission eigenfunction v to (2.1), there exists g 2 L
2(Sd�1) such

that vk
g
⇡ v in H

1(⌦). Next, for a refractive inhomogeneity n2, 0 < n < 1, supported

in ⌦ with R
d
\⌦ connected, we let k0 be an eigenvalue to (2.1) with the eigenfunctions

denoted as (w⌦, v⌦) such that w⌦ is a SLE. Let vk0
g

be a Herglotz wave function of the

form (3.5) such that vk0
g
⇡ v⌦ inH

1(⌦). Now, we consider the scattering problem (3.1)

with the incident field u
i = v

k0
g
. It is straightforward to show that if u1(x̂, vk0

g
) ⌘ 0

(equivalent to u
s(x, vk0

g
) = 0 in R

d
\⌦ by Rellich’s Theorem [35]), one then has the

transmission eigenvalue problem (2.1) with k = k0, w⌦ = u|⌦ and v = u
i
|⌦, where u is
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the total field to (3.1). Conversely, noting that ui
⇡ v⌦ from our earlier construction,

one can show (cf. [16]) that u1
⇡ 0, and more importantly u|⌦ ⇡ w⌦. Since w⌦ is a

SLE, we see that u|⌦ is also a SLE (at least approximately). Set

bw =

8
><

>:

u� u
i in R

d
\⌦,

u in ⌦.
(3.27)

Clearly, bw is generated from a direct incidence on the inhomogeneity n2. bw ⇡ 0

in R
d
\⌦ and bw ⇡ w⌦. That is, bw is localized around @⌦, which exhibits a similar

behavior to the SPR oscillation. In what follows, we refer to bw as a PSPR mode.

In Fig. 3.3 (a)–(c), we present a numerical illustration of the generation of a PSPR

mode.

We next propose a potential sensing application of the PSPR mode. Let (⌦,n2)

be an a-priori known inhomogeneity. Due to a certain reason, it is supposed that @⌦

has some fine defects, namely, the support of the inhomogeneity actually becomes

@e⌦. Following the spirit of SPR sensing, one can detect the boundary defects as

follows. Let u
i be an incident field that can generate a PSPR bw associated with

(⌦,n2) as above. The field impinges on (e⌦,n2), and we let ew be the associated field

according to (3.27). In Fig. 3.3(e) and 3.3(f), we present the corresponding numerical

results. It can be seen that the di↵erence ew� bw is highly sensitive with respect to the

boundary defects @e⌦� @⌦. Hence, by the PSPR sensing, one can easily identify the

existence of the fine boundary defects. It would be interesting to proceed further to

recover such fine boundary defects by using the sensing data ew� bw, which we choose

to present in a forthcoming paper.
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Figure 3.3: Generation of the PSPR mode, where k = 7.6548 and n = 1/4. (u, bw)
and (eu, ew), respectively, denote the corresponding fields associated with (⌦,n2) and
(e⌦,n2).
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Chapter 4

Generating geometric body shapes

with electromagnetic scattering

techniques

In this chapter, we are concerned with the 3D geometric body shape generation with

the help of electromagnetic scattering techniques.

4.1 Introduction

Recent advances in technology have enabled the construction of high-density point

data sets that describe the surfaces of real objects, such as the human body. This

development has brought an increasing number of important applications in modern

industries [49], like mechanical engineering, film making, clothing industry and vir-

tual game design. Moreover, the realism of virtual humans can be used in health

and fitness research, including evaluation of body composition, study of nutritional

disorders (obesity, coronary artery disease, metabolic arthritis and etc). All methods

for capturing and processing 3D human surface data could be mainly categorized into

three types—silhouette-based methods, marker-based methods and measurement-

based methods. When using the silhouette method [78,89], a silhouette of the whole

human body is photographed on a reduced scale from di↵erent directions to obtain

measurements of 3D geometric shapes by re-reading of two-dimensional forms, which
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can be extracted relatively robustly from images and they encode a great deal of in-

formation to recover 3D shapes. However, the performance of this method is limited

due to artifacts such as shadow and noisy background segmentation. Marker-based

body capture systems acquire the positions of the markers, which are attached to the

surface of the body and create a complete surface mesh given the sparse marker posi-

tions [2, 7]. While silhouette-based methods and marker-based methods are e↵ective

and visually convincing, these types of approaches need to take several measurements

on every subject in the sample, which are costly, time consuming and labour inten-

sive. Besides, these methods could easily become ine↵ective when the subjects wear

heavy or baggy garments.

The above-mentioned defects of these methods motivate researchers to adopt sim-

ple and time-e�cient measurement-based methods [50,51,84]. Using anthropometric

landmarks, i.e. several well-selected features of the body shape as characteristic val-

ues is the usual way to model human body. Among the options of the characteristic

values, the qualitative description such as body attributes (banana, pear, apple or

hourglass shape) can reflect general character of body shape. And this kind of param-

eters can significantly reduce the number of characteristic values needed. The most

relevant numerical values to these attributes is hip-to-waist ratio (HWR). Another

parameter that can characterize body shape globally is body mass index (BMI), which

can not be obtained from silhouette-based and marker-based data. And it is obvi-

ous that such characteristic values are relatively insusceptible to articulation changes

than those silhouettes measurements. By employing the appropriate parameters, one

can determine the decent body shape uniquely. Recently, Li et al. [61] built a novel

system, which borrows the source scattering and machine learning techniques to gen-

erate the desired geometric body shape by a couple of input characteristic values,

such as height and relative weight.

In this chapter, we consider to borrow the electromagnetic source scattering tech-

niques to regenerate 3D human shapes [46]. Our reconstruction scheme relies on

a fact that we can view the body as the support of the electromagnetic source J
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satisfying the following time-harmonic Maxwell system

r⇥E � i!µ0H = 0,

r⇥H + i!"0E = J ,

(4.1)

where i =
p
�1 is the imaginary unit, E,H are time-harmonic electromagnetic fields,

! > 0 is the radial frequency, µ0 > 0 and "0 > 0 are magnetic permeability and

electric permittivity constants of the isotropic homogeneous background medium,

respectively. By the theory of source scattering, we can establish a smart one-to-

one correspondence between a geometric body shape and the far-field pattern of the

inverse source problem induced by the Maxwell system. With the help of the vector

spherical harmonics expansion of the magnetic far field pattern, we can further build

on a one-to-one correspondence between the geometric body space and the multi-

dimensional vector space, which consists of all coe�cients of the spherical vector wave

function expansion of the magnetic far field pattern. Therefore, we could define these

coe�cients as the shape generator. For a collection of given geometric body shapes,

the inputs (characteristic values of the given geometric body shapes) and the outputs

(the coe�cients of the spherical vector wave function expansion of the corresponding

magnetic far field patterns) assemble a training data set. Then, we utilize these

data to train the learning model. So, for any new unknown geometric body shape

with the known characteristic set, we use multivariate Lagrange interpolation to get

the shape generator of this unknown shape. Next, with the help of the multiple-

frequency Fourier method, we can finally obtain the reconstruction of this geometric

body shape.

A pivotal idea in our method is that we view 3D human shapes as the support

of the electromagnetic sources. So we can resort to electromagnetic source scattering

techniques. For the electromagnetic waves, due to their relatively small wavelength

compared with the wavelength of acoustic wave and because we can expect the op-

timum resolution to be around the half wavelength, our method is superior to most

existing methods in terms of fineness. Moreover, unlike many other methods, which

are based on non-Euclidean approximation and interpolation [43, 85] or function in-

terpolation [61], our method only needs to deal with vector interpolation. This makes
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the proposed scheme easy to implement. Numerical examples in Section 4.5 illustrate

the e↵ectiveness and high-e�ciency of our method.

The rest of this chapter is organized as follows. In the next section, we give the def-

inition of geometric body shape space and characteristic value space. In Section 4.3,

we describe the multi-frequency direct and inverse electromagnetic source scattering

problem. After that, we develop a novel scheme for geometric body generation in

Section 4.4. We first introduce the notion—shape generator. Then we use training

dataset to train the learning model by multivariate Lagrange interpolation. Finally,

the geometric body shape is reconstructed by the multiple-frequency Fourier method.

In Section 4.5, we conduct several 3D experiments to illustrate the e↵ectiveness and

high-e�ciency of our method. In this chapter, we use bold font to signify vectorial

quantities (typically in 3D).

4.2 Manifold theory

In this section, we recall some elementary knowledge about the shape manifold theory,

which will be used in our subsequent research.

Definition 4.2.1. Let U be a topological n-manifold with n 2 N+ and  U := { 
p
}p2P

a set of characteristic values associated with U that are invariant under any isometry.

Here,  U is said to be a characteristic set of U if it uniquely determines U , and vice

versa.

Actually, the above definition includes much general geometric shape. In our

study, we are exclusively consider cases in which U can be embedded into R
3, as a

bounded domain. However, this case is generally su�cient to embrace the human

body shape as a specific example.

Obviously, more complex the geometric shape is, more characteristic values as-

sociated with it needed. For those complicated shape, such as human body, the

cardinality of the set of characteristic values may be infinite. However, for realistic

reason, we always consider finite characteristic values for those complicated geometric
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shape. In our study, we consider the following space

S := U ⇥ V

where U is the space of all bounded domains in R
3 and V is the N -dimensional vector

space consisting of all characteristic values. By Definition 4.2.1, there is a one-to-one

correspondence between a geometric shape and its characteristic set.

4.3 Electromagnetic source scattering problem

A critical idea in our method is that the 3D human shapes can be regarded as the

support of the electromagnetic sources. So, in this section, we present some knowl-

edge about the electromagnetic source scattering problem that are pertinent to our

subsequent study. Assume the time-harmonic resultant electromagnetic field E,H

radiated from a electromagnetic source J is given by (4.1). Further, the behavior of

an electromagnetic wave satisfies the Silver-Müller radiation condition

lim
|x|!+1

|x|(
p
µ0H ⇥ x̂�

p
"0E) = 0, (4.2)

for all directions x̂ = x/|x| with x = (x1, x2, x3) 2 R
3. The wavenumber is defined

by k := !
p
µ0"0.

In this work, we will assume that the electromagnetic source J is a volume cur-

rent that is supported in U , where U ⇢ R
3 is a simply-connected bounded domain

with a Lipschitz boundary @U . Since non-radiating sources produce no radiating

field outside U , one can only recover the radiating part of the current distribution

without any a prior knowledge. In order to formulate the one-to-one correspondence

between the electromagnetic field and the electromagnetic source, we assume that

the electromagnetic source J only contains radiating sources and has the following

form [45,64]

J = pf,

where f equals one in U , and equals zero otherwise, and the polarization vector p is

assumed to be known. Assume U is contained in a cube D := [�a/2, a/2]3, where
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a 2 R+ is independent of the wavenumber k 2 R+. In this setting, determining the

source J is equivalent to determining the manifold U .

Using the vectorial Green function [88], the radiating fields to the Maxwell system

(4.1), (4.2) can be written as

E(x) = i!µ0

⇣
I +

1

k2
rr ·

⌘Z

R3

�(x,y)J(y)dy, (4.3)

H(x) = r⇥

Z

R3

�(x,y)J(y)dy, (4.4)

where I is the 3⇥ 3 identity matrix and

�(x,y) =
eik|x�y|

4⇡|x� y|
, x 6= y,

is the fundamental solution to the Helmholtz equation. The radiating solution to the

Maxwell system has the asymptotic form [35],

E(x) =
eik|x|

|x|

⇢
E1(x̂) +O

✓
1

|x|

◆�
, |x|! +1,

H(x) =
eik|x|

|x|

⇢
H1(x̂) +O

✓
1

|x|

◆�
, |x|! +1,

and with the help of integral representations (4.3) and (4.4), we obtain

E1(x̂) =
i!µ0

4⇡

⇣
I � x̂x̂

>
⌘Z

R3

e�ikx̂·y
J(y)dy, (4.5)

H1(x̂) =
ik

4⇡
x̂⇥

Z

R3

e�ikx̂·y
J(y)dy. (4.6)

With the above formulation, the multi-frequency electromagnetic direct source

problem and inverse source problem can be stated as follows:

Direct Problem. Given a fixed polarization vector p 2 P, a finite setK of admissible

wavenumbers, and the electromagnetic source J = pf , find a solutionE,H satisfying

the Maxwell system (4.1), (4.2).

Inverse Problem. Given a fixed polarization vector p 2 P and a finite set K of

admissible wavenumbers, recover the source J = pf from the measured electric far-
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field data {E1(x̂, k;U)}k2K or the magnetic far-field data {H1(x̂, k;U)}k2K.

The definitions of P and K are given in the next section.

4.4 A scheme for geometric body generation

Based on the sound theoretical basis for electromagnetic source scattering, we proceed

to formulate a novel scheme, which can generate 3D human shapes with partial input

parameters.

4.4.1 Shape generators by inverse source scattering

In this section, we will bring in an important notion, shape generator, so we can

establish the one-to-one correspondence between the geometric shape space and a

finite dimensional vector space. For self-containment, we first give the definition of

finite set K of admissible wavenumbers, the corresponding observation direction set

and the admissible polarization direction set.

Definition 4.4.1. Let � be a su�ciently small positive constant, N1 2 N. Any

wavenumber that belongs to the set K is defined by

kl :=

8
>><

>>:

2⇡

a
|l|1, l 2 Z

3
\ {0}, |l|1  N1,

2⇡

a
�, l = 0.

The corresponding observation direction that consists in the set X is given by

x̂l :=

8
<

:
l̂, l 2 Z

3
\ {0}, |l|1  N1,

(1, 0, 0)>, l = 0,
(4.7)

where l̂ = l/|l|. Besides, the admissible set of polarization direction is defined by

P := {p 2 S
2
|p⇥ x̂l 6= 0},

where S
2 := {x 2 R

3 : |x| = 1} is the unit sphere, x̂l defined in (4.7).
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According to Theorem 3.1 in [91] and the integral representations (4.5) and (4.6),

we know that there is a one-to-one correspondence between the geometric body shape

U and the electric far-field data {E1(x̂, k;U)}k2K or the magnetic far-field data

{H1(x̂, k;U)}k2K.

Next, we give the spherical vector wave function expansion of the magnetic far-

field pattern. Let {Y
m

n
(x̂) : m = �n, · · · , n, n = 0, 1, 2, · · · } be the spherical har-

monics. Then the vector spherical harmonics are

V
m

n
(x̂) =

1p
n(n+ 1)

GradY m

n
(x̂), W

m

n
(x̂) = x̂⇥ V

m

n
(x̂), x̂ 2 S

2
.

Let L
2
t
(S2) := {a 2 (L2(S2))3 |a · ⌫ = 0 a.e. on S

2
} be the space of tangential L2

vector fields on the unit sphere, where ⌫ is the unit outer normal vector on S
2. The

vector spherical harmonics V
m

n
and W

m

n
for m = �n, · · · , n, n = 1, 2, · · · , form a

complete orthonormal system in L
2
t
(S2). Further, since H1 is analytic [35], there is

the following expansion

H1 =
1X

n=1

nX

m=�n

⇣
an,mV

m

n
+ bn,mW

m

n

⌘
,

with the coe�cients

an,m =

Z

S2

H1 · V m
n
ds, bn,m =

Z

S2

H1 ·Wm
n
ds, (4.8)

where the overline denotes the complex conjugate. The norm of H1 in L
2
t
(S2) is

defined by

kH1kL2
t (S

2) :=

✓ 1X

n=1

nX

m=�n

⇣
|an,m|

2 + |bn,m|
2
⌘◆1/2

.

In practical applications, the infinite series H1 always need to be truncated by

H1,N0 =
N0X

n=1

nX

m=�n

⇣
an,mV

m

n
+ bn,mW

m

n

⌘
, (4.9)

where N0 2 N.

Remark 4.4.1. From the previous analysis, ignoring the negligible truncation errors,
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we have established a one-to-one correspondence between a geometric body space

and finite dimensional vector space that consists of coe�cients {an,m, bn,m;m =

�n, · · · , n;n = 1, · · · , N0} of the spherical vector wave function expansion of the

magnetic far-field pattern.

Hence, we could call such vectors as shape generators. We give the following

formal definition.

Definition 4.4.2. For a simply-connected bounded geometric shape U ⇢ R
3, the finite

dimensional vector (an,m(k;U), bn,m(k;U);m = �n, · · · , n;n = 1, · · · , N0), where

{an,m(k;U), bn,m(k;U);m = �n, · · · , n;n = 1, · · · , N0} are defined by (4.8), is called

a shape generator of U .

4.4.2 Shape generator prediction using multivariate Lagrange

interpolation

After establishing a one-to-one correspondence between a geometric body space and

finite dimensional vector space, we actually obtain the one-to-one correspondence

between two finite dimensional vector spaces, which contain characteristic values of

geometric body shapes and shape generators of geometric body shapes, respectively.

In this part, we introduce the approach, by which we obtain the shape generator of

a unknown geometric body shape from the given characteristic values of this shape.

For a collection of given geometric body shapes (Us, Us)s=1,··· ,S, whose shape

generators are {(an,m(k;Us), bn,m(k;Us);m = �n, · · · , n;n = 1, · · · , N0)}k2K,s=1,··· ,S,

we define the training dataset of geometric body shape generation as follow:

Definition 4.4.3. For each given geometric body shape U with N well selected charac-

teristic values { p(U)}p=1,··· ,N , we can get the shape generators {(an,m(k;U), bn,m(k;U);m =

�n, · · · , n;n = 1, · · · , N0)}k2K. A pair ({ p(U)}p=1,··· ,N , {(an,m(k;U), bn,m(k;U);m =

�n, · · · , n;n = 1, · · · , N0)}k2K) is called a training example, and the collective dataset

that we’ll be using to learn—({ p(Us)}p=1,··· ,N , {(an,m(k;Us), bn,m(k;Us);m = �n, · · · , n;n =

1, · · · , N0)}k2K)s=1,··· ,S —is called a training dataset. Here, N well selected character-

istic values { p(U)}p=1,··· ,N are the inputs, the shape generators {(an,m(k;U), bn,m(k;U);m =

�n, · · · , n;n = 1, · · · , N0)}k2K are the outputs.
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The training dataset consists of a collection of geometric body shapes with their

characteristic values and the corresponding shape generators, which can be calculated

before training. Here, we aim to establish a learning model F : RN
! C

2N0(N0+2)(N1+1)

that maps the characteristic values of geometric body shapes to the correspond-

ing shape generators. Due to the pairwise independence of the Fourier coe�cients

{an,m(k;U), bn,m(k;U);m = �n, · · · , n;n = 1, · · · , N0}k2K and because the real parts

and the imaginary parts of these coe�cients do not a↵ect each other, we build

4N0(N0 + 2)(N1 + 1) learning models Rea(k)n,m := F
(k)
1,n,m( 

1
, · · · , 

N), Ima
(k)
n,m :=

F
(k)
2,n,m( 

1
, · · · , 

N), Reb(k)n,m := F
(k)
3,n,m( 

1
, · · · , 

N), Imb
(k)
n,m := F

(k)
4,n,m( 

1
, · · · , 

N);

m = �n, · · · , n;n = 1, · · · , N0; k 2 K, respectively. Without loss of generality,

we give the elaborate description of one learning model construction as following.

Let F
( 2⇡a )
1,1,�1( 

1
, · · · , 

N) be an N�variable multinomial function of degree q, i.e.,

F
( 2⇡a )
1,1,�1( 

1
, · · · , 

N) =
X

ej ·1q

�ej 
ej ,

where the �ej are the coe�cients in F
( 2⇡a )
1,1,�1,  = ( 1

, · · · , 
N) is the N -tuple of

independent variables of F
( 2⇡a )
1,1,�1, ej = (e1j, · · · , eNj) is an exponent vector with non-

negative integer entries consisting of an ordered partition of an integer between 0

and q inclusive, ej · 1 :=
NP
r=1

erj is the vector dot product,  ej :=
NQ
r=1

( r)erj . As

there are
�
q+N

q

�
= S terms in F

( 2⇡a )
1,1,�1, the training dataset should consist of S

distinct bodies, which corresponds to S distinct points ( 1
i
, · · · , 

N

i
,Rea

( 2⇡a )
1,�1,i) 2

R
N+1

, 1  i  S,Rea
( 2⇡a )
1,�1,i = F

( 2⇡a )
1,1,�1( 

1
i
, · · · , 

N

i
), for F

( 2⇡a )
1,1,�1 to be uniquely de-

fined. Following the idea of multivariate Lagrange interpolation [21, 82, 83], we

wish to write F
( 2⇡a )
1,1,�1 =

SP
i=1

Rea
( 2⇡a )
1,�1,ili( ), where li( ) is a multinomial function w.r.t

the independent variables  1
, · · · , 

N with the property that when  =  i, i.e.

( 1
, · · · , 

N) = ( 1
i
, · · · , 

N

i
), then li( i) = 1 and lj( i) = 0(j 6= i). Thus, we con-

sider the system Rea
( 2⇡a )
1,�1,i =

P
ej ·1q

�ej 
ej
i
, where  

ej
i

:=
NQ
r=1

( r

i
)erj , 1  i  S. Then,
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we can construct the sample matrix A = [ 
ej
i
] :

A =

2

6666666664

 e1
1 · · ·  eS

1

...
...

 e1
i

· · ·  eS
i

...
...

 e1
S

· · ·  eS
S

3

7777777775

.

Since F
( 2⇡a )
1,1,�1 is unique if and only if its sample matrix is nonsingular, we assume

det(A) 6= 0. Further, we substitute  for  i in A, this gives the following matrix

Ai( ):

Ai( ) =

2

6666666664

 e1
1 · · ·  eS

1

...
...

 e1 · · ·  eS

...
...

 e1
S

· · ·  eS
S

3

7777777775

 i
th row.

Obviously, li( ) :=
det(Ai( ))

det(A) satisfies li( i) = 1 and lj( i) = 0(j 6= i). Hence,

F
( 2⇡a )
1,1,�1 =

SX

i=1

Rea
( 2⇡a )
1,�1,i

det(Ai( ))

det(A)
.

Following the same steps, we can get similar Lagrange interpolation expressions of

F
(k)
1,n,m, F

(k)
2,n,m, F

(k)
3,n,m, F

(k)
4,n,m; m = �n, · · · , n;n = 1, · · · , N0; k 2 K.

Until now, learning models have been established. For a new unknown geometric

body shape Unew with given characteristic set  Unew , we could use the previous estab-

lished model to get the approximate new shape generators {(an,m(k;Unew), bn,m(k;Unew);m =

�n, · · · , n;n = 1, · · · , N0)}k2K.

4.4.3 Shape reconstruction with multiple-frequency Fourier

method

With the help of previous results, here, we can use the multiple-frequency Fourier

method [91] to reconstruct the unknown shape Unew with the approximate shape
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generator {(an,m(k;Unew), bn,m(k;Unew);m = �n, · · · , n;n = 1, · · · , N0)}k2K.

Firstly, we recall the Fourier basis functions

�l(x) = exp

✓
i
2⇡

a
l · x

◆
, l 2 Z

3
,x 2 R

3
. (4.10)

The Fourier expansion of the electric current density J is

J = pf = p

X

l2Z3

f̂l�l,

where the Fourier coe�cients are given by

f̂l =
1

a3

Z

D

f(x)�l(x)dx.

By Definition 4.4.1, the Fourier basis functions (4.10) can be rewritten as

�l(x) = exp
�
ikll̂ · x

�
, l 2 Z

3
,x 2 R

3
.

For every l 2 Z
3
\{0}, there is

f̂l =
4⇡x̂l ⇥ p · fH1(x̂l, kl;Unew)

ikla3|x̂l ⇥ p|2
. (4.11)

For l = 0, we have

f̂0 =
�⇡

a3sin�⇡

✓
4⇡x̂0 ⇥ p · fH1(x̂0, k0;Unew)

ik0|x̂0 ⇥ p|2

�

X

l2Z3\{0}

f̂l

Z

D

exp
�
i(kll̂� k0x̂0) · y

�
dy

◆
.

(4.12)

All kl, x̂l above come from Definition 4.4.1. For an appropriate N1 2 N [91], J can

be approximated by

JN1 = p

X

|l|1N1

f̂l�l, (4.13)
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where f̂0 could be approximately represented by

f̂0 ⇡
�⇡

a3sin�⇡

✓
4⇡x̂0 ⇥ p · fH1(x̂0, k0;Unew)

ik0|x̂0 ⇥ p|2

�

X

1|l|1N1

f̂l

Z

D

exp
�
i(kll̂� k0x̂0) · y

�
dy

◆
.

(4.14)

4.4.4 Shape reconstruction scheme

With the above preparations, we are ready to formulate the geometric body shape

regeneration scheme in Algorithm III as follows.

Algorithm III: Geometric body shape regeneration scheme

Step 1 Select the parameters N0,�, N1, the admissible wavenumber set K
and the admissible observation direction set X.

Step 2 For the given {Us; { p(Us)}p=1,··· ,N}s=1,··· ,S, solve the direct problem
(4.1), (4.2) to get {H1(x̂, k;Us)}k2K,s=1,··· ,S and compute the corre-
sponding coe�cients {an,m(k;Us), bn,m(k;Us);m = �n, · · · , n;n =
1, · · · , N0}k2K,s=1,··· ,S.

Step 3 Use the training dataset
�
{ 

p(Us)}p=1,··· ,N , {(an,m(k;Us), bn,m(k;Us);m =
�n, · · · , n;n = 1, · · · , N0)}k2K

�
s=1,··· ,S to train learning models of

multivariate Lagrange interpolation.
Step 4 For a new characteristic set { 

p(Unew)}p=1,··· ,N , obtain the
new shape generators {(an,m(k;Unew), bn,m(k;Unew);m =
�n, · · · , n;n = 1, · · · , N0)}k2K with the help of multivariate
Lagrange interpolation, then get the approximate new magnetic
far-field pattern {fH1(x̂, k;Unew)}k2K.

Step 5 Compute the Fourier coe�cients f̂l for |l|1  N1 by (4.11) and
(4.14).

Step 6 Select the sampling mesh Th in the region D. For each sampling
point zj 2 Th, calculate the functional JN1 defined by (4.13), then
Unew is got as the support of JN1 .

4.5 Numerical examples

In this section, we conduct some numerical experiments to illustrate the e↵ectiveness

of our shape regeneration method.

First, we obtain the magnetic data H(x, k;Us) by solving the direct problem of

(4.1). In order to avoid the inverse crime, the quadratic finite elements are used on a
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truncated spherical domain enclosed by a perfectly matched layer (PML), where the

mesh of the forward solver is successively refined till the relative error of the successive

artificial radiated data is below 0.1%. Then the synthetic magnetic far-field data

{H1(x̂, k;Us)}k2K are generated by applying the Kirchho↵ integral formula to the

radiated data. Thus, the shape generators {an,m(k;Us), bn,m(k;Us)} are generated by

using equation (4.8). It is remarked that we use an open source system Meshlab for

processing and editing 3D triangular meshes.

Next, we present the implementation of multivariate Lagrange interpolation. Given

the characteristic values { p(Us)}p=1,··· ,N and the shape generators (an,m(k;Us), bn,m(k;Us) :

m = �n, · · · , n;n = 1, · · · , N0; k 2 K), the training dataset is given by

�
{ 

p(Us)}
N

p=1; (an,m(k;Us), bn,m(k;Us) : m = �n, · · · , n;n = 1, · · · , N0; k 2 K)
 S

s=1
.

Here the input datum and output datum are defined by

zs = { 
p(Us)}

N

p=1 2 R
N
,

ys = {an,m(k;Us), bn,m(k;Us)}m=�n,··· ,n;n=1,··· ,N0;k2K 2 C
2N0(N0+2)(N1+1)

.

Therefore, we establish the mapping from the characteristic set to the shape gener-

ator. Moreover, for each wavenumber kj, j = 1, 2, · · · , N1 + 1, we use multivariate

Lagrange interpolation to obtain the shape generator (an,m(kj;Unew), bn,m(kj;Unew) :

m = �n, · · · , n;n = 1, · · · , N0) with the new given characteristic set { p(Unew)}Np=1.

Finally, we specify details of reconstructing the geometry body shape. As dis-

cussed above, reconstructing the geometry body shape is equal to reconstructing

the electromagnetic source function J . Based on the predicted shape generator

(an,m(kj;Unew), bn,m(kj;Unew) : m = �n, · · · , n;n = 1, · · · , N0; j = 1, · · · , N1 + 1),

one can deduce the magnetic far-field data {H1(x̂, kj;Unew) : j = 1, · · · , N1 + 1} by

(4.9). In the discrete formula, the domain D is divided into a uniform mesh with size

100⇥100⇥100 in three dimensions. Furthermore, the approximated Fourier series f̂l

are computed at the mesh nodes Tj, j = 1, · · · , 1003 by (4.11) and (4.12). Thus, the

geometry body shape Unew is approximated by the boundary of the imaging results

J , i.e., the support domain of the function f .
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In the following examples, the parameters are given by N0 = 10, N1 = 20,� =

10�3 and the number of training dataset is given by S = 495. In addition, the

polarization direction is given by p = [
p
5/3,�1/3,

p
3/3].

Example 1. In the first example, we aim to reconstruct a 3D human body

shape. The training dataset consists of 495 shapes of children which are generated

randomly by the MakeHuman software [93]. In this experiment, the characteristic

values of body are defined by default values of a standard three years children body

for the MakeHuman software. Here, we consider changing four characteristic values,

i.e., weight, muscle, scale horizontally and scale vertically of the body. To simplify,

we use relative characteristic values, where the relative weight and muscle are from

50% to 150%, and the relative scale horizontally and scale vertically are from 80%

to 120%. Some human body shapes in the training dataset are presented in Figure

4.1. We set ↵ = 1 and choose a set of test dataset that is not covered by the training

dataset, where the relative weight is 95%, relative weight is 105%, relative scale

horizontally is 90% and relative scale horizontally 85%. Figure 4.2 shows the exact

and the reconstructed body shape with the given characteristic values. It is clear that

the reconstructed result is very closed to the exact body shape though the details

are not recovered well. On the whole, the result shows that the proposed method is

e�cient to predict the human body shape.

Example 2. In this example, we would like to extract some more detailed fea-

ture values so that we could reconstruct details on the human body shape. Here,

we consider reconstructing the 3D human head shape and devote to determining the

details of the head. The training dataset consists of 495 human heads which are also

generated randomly by the MakeHuman software. In this experiment, the character-

istic values of head are defined by default values of a standard grown-up body for the

MakeHuman software. Here, we just consider changing the four major characteristic

values, i.e., age, head fat, angle of the face and scale depth of parietal side. For con-

venience of calculations, we also use relative characteristic values, where the relative

values are from 75% to 125%. Figure 4.3 presents some human head shapes of the

training dataset. We set ↵ = 0.3 and choose a group of characteristic values that is

not covered by the training dataset, where the relative age is 123%, relative head fat
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(a) (b)

(c) (d)

(e) (f)

Figure 4.1: Isosurface plots of some random training body data with di↵erent char-
acteristic values.
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(a) (b)

Figure 4.2: Isosurface plots of the exact and reconstructed body shapes. (a) The
exact child body, (b) the reconstructed child body with the given characteristic values.

is 110%, relative scale horizontally is 95% and relative scale depth of parietal side is

115%. Figure 4.4 shows the exact and the predicted head shapes with the given four

characteristic values. This example confirms the e↵ectiveness of our method when

dealing with details on body shapes.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.3: Isosurface plots of some random training head data with di↵erent char-
acteristic values.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.4: Plots of the exact and reconstructed head shapes with the given char-
acteristic values. The left column: the exact head shapes, the right column: the
reconstructed head shapes.
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Chapter 5

Discussion

5.1 Concluding remarks

In chapter 2, we present the discovery of a certain intriguing global geometric struc-

ture of the transmission eigenfunctions. It is shown that there exist the so-called

SLEs. We rigorously and comprehensively justify this spectral property in the radial

geometry case. For the general case, we conducted extensive numerical experiments,

which not only verified such a spectral property but also revealed many delicate and

subtle quantitative behaviors of the SLEs. The results derived in this chapter not

only unveil an important spectral phenomenon that was unknown before, but also

generate some interesting applications of practical values.

In chapter 3, we apply the spectral results mentioned earlier to develop a super-

resolution wave imaging scheme and also propose a procedure of generating the so-

called PSPR mode, which has the potential to be used in sensing technology. In

the first part, we propose an inverse scattering scheme that makes use of the longly

neglected interior resonant modes to recover the unknown or inaccessible scatterer.

The proposed imaging scheme consists of three stages. Firstly, we determine the

transmission eigenvalues by knowledge of the far-field data. Then, we determine the

corresponding transmission eigenfunctions associated to the transmission eigenvalues

computed before. Finally, we make use the transmission eigenfunctions obtained from

the previous step to design an imaging functional which can be used to determine the

shape of the medium scatterer. Here, based on the use of the SLEs, we develop an
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imaging scheme that can break the Abbe resolution limit in recovering the fine details

of the boundary of the scatterer. As for the second application, SPR. Clearly, the

SPR wave is a surface-localized mode. It is in this sense that the SLE can be viewed

as a certain SPR. So, in chapter 3, we also apply the SLEs to propose a procedure of

generating the so-called PSPR mode, which has the potential to be used in sensing

technology.

In chapter 4, we are concerned with 3D geometric body shape generation with

the help of the inverse scattering technique. Since 3D human shapes can be viewed

as the support of the electromagnetic sources, we formulate a scheme to regenerate

3D human shapes by inverse electromagnetic scattering theory. With the help of

vector spherical harmonics expansion of the magnetic far field pattern, we build on a

smart one-to-one correspondence between the geometric body space and the multi-

dimensional vector space that consists of all coe�cients of the spherical vector wave

function expansion of the magnetic far field pattern. Therefore, these coe�cients can

serve as the shape generator. For a collection of geometric body shapes, we obtain

the inputs (characteristic values of the body shapes) and the outputs (the coe�cients

of the spherical vector wave function expansion of the corresponding magnetic far

field patterns). Then, for any unknown body shape with the given characteristic set,

we use the multivariate Lagrange interpolation to get the shape generator of this

new shape. Finally, we get the reconstruction of this unknown shape by using the

multiple-frequency Fourier method. Numerical examples of both whole body shapes

and human head shapes verify the e↵ectiveness of the proposed method.

5.2 Future works

As the study of the geometric structures of the transmission eigenfunctions is still

in its very early stage, I plan to continue working on this promising but challenging

project. As I have observed, there are only two works [13, 38] focusing on the prop-

erties of the transmission eigenfunctions associated with Navier equations and they

only discussed some local vanishing features. I would like to explore more local and

global geometric structures of the elastic transmission eigenfunctions in the future.
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1) Although there are already two papers about the local vanishing property of the

elastic transmission eigenfunctions, the result is only established near the corner

points. So, I plan to study the analogous vanishing results near the high-curvature

points on the boundary of the scatterer’s support. Besides, I would like to ex-

plore the quantitative relationship between the local vanishing property of elastic

transmission eigenfunctions and the interior angle of the singular point/extrinsic

curvature of a boundary point of the scatterer.

2) As is mentioned above, we have discovered the surface localizing properties of

the transmission eigenfunctions associated with the Helmholtz equation. I plan

to investigate this kind of global geometric structures of the transmission eigen-

functions with respect to the Navier equations. Moreover, I would like to look

for the quantitative relationship between the localizing properties and the Lamé

constants.

3) For the Dirichlet Laplacian eigenfunctions, there is a noted Courant’s nodal do-

main theorem [39], which describes the global relationship between the eigenfunc-

tion and the domain. I would like to investigate if there are similar property for

elastic transmission eigenfunctions. Since the elastic transmission eigenfunctions

possess the vanishing property and the highly probable surface-localizing property,

I plan to explore their local nodal domain property, which looks more reasonable.

Like dealing with the acoustic case, I would like to consider the “simplest” do-

main, a ball first. For this scenario, the properties of the Bessel functions need to

be fully utilized. Then, I will generalize the case to some more unspecific situations.

Because the main body of this future research is the Navier equation, it is neces-

sary to exploit the spectral properties of the elastic Neumann-Poincaré operator [6].

Besides, Rellich’s lemma and unique continuation principle can take the far-field mea-

surement to the boundary of the target object, which carries the information we care

about. Therefore, I think it is feasible to establish the qualitative, further the quan-

titative relationship between the behavior of elastic transmission eigenfunctions and

the corresponding Lamé constants with these tools.

The proposed research about the geometric structures of the elastic transmission
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eigenfunctions is not only of mathematically interest in spectral theory, but also cen-

tral for many industrial and engineering applications. After obtaining its geometric

structures, I would like to propose several novel applications with the help of these

properties.

1) The geometric structures of the elastic transmission eigenfunctions give us an

alternative understanding of the invisibility. The vanishing property of the corner

points and the nearly vanishing property of the high-curvature points of the elastic

transmission eigenfunctions imply that these places scatter every incident field

nontrivially. Physically speaking, corner points and high-curvature points on the

support of the scattering target make the object easier to be seen or detected. The

quantitative relationships between the vanishing property of elastic transmission

eigenfunctions and the angle of the singular point/curvature of the boundary point

of the scattering object guide us how to design the material structures such that no

scattering occurs. The singular behavior of the elastic transmission eigenfunctions

near corner points or high-curvature points may push us to devise the invisible

device with smooth shape.

2) Similar to the acoustic case, the geometric structures of the elastic transmission

eigenfunctions can be used to produce a super-resolution wave imaging scheme. I

plan to use the long neglected interior resonant modes to recover the unknown or

inaccessible scatterer. First, I need to determine the elastic transmission eigenval-

ues by the knowledge of the far-field data via linear sampling method or factor-

ization method. Next, I determine the corresponding approximate transmission

eigenfunctions with the help of the denseness of Herglotz wave functions. Here, the

analytic Fredholm theory needs to be used. Finally, with the aid of the geomet-

ric structures of the elastic transmission eigenfunctions, the qualitative imaging

scheme can be designed.

3) We recall that SPR is the resonant oscillation of conducting electrons at the in-

terface between positive and negative permittivity materials aroused by incident

light. As SPR wave is a kind of surface-localized mode. We could view the po-

tential elastic SLE as a certain SPR. We all know that SPR has many industrial
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and engineering applications, such as color-based biosensors, di↵erent lab-on-a-

chip sensors and diatom photosynthesis [56]. One of them is SPR sensing, which

is a reference technique in the field of biomolecular detection, which is a useful

tool to detect molecules and viruses rapidly. As I mentioned before, we can use

the geometric structures of elastic transmission eigenfunctions to design a super-

resolution imaging scheme. Therefore, hybridizing this kind of imaging scheme

and the SLE sensing, we can get very fine detection results. Besides, we can also

expect elastic SLEs to have other applications with respect to SPR.
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[20] E. Bl̊asten, L. Päivärinta and J. Sylvester, Corners always scatter, Comm. Math.

Phys., 331 (2014), 725–753.

[21] C. De Boor and A. Ron, Computational aspects of polynomial interpolation in

several variables, Math. Comput., 58 (1992), 705–727.

[22] F. Cakoni, D. Colton, A Qualitative Approach to Inverse Scattering Theory, New

York: Springer, 2014.

[23] F. Cakoni, D. Colton, and H. Haddar, On the determination of Dirichlet or

transmission eigenvalues from far field data, C. R. Math., 348 (2010), 379–383.

[24] F. Cakoni, D. Colton, and P. Monk, On the use of transmission eigenvalues to

estimate the index of refraction from far field data, Inverse Problems, 23 (2007),

507–522.

[25] F. Cakoni, D. Colton, and P. Monk, The Linear Sampling Method in Inverse

Electromagnetic Scattering, Society for Industrial and Applied Mathematics,

2011.

[26] F. Cakoni and J. Xiao, On corner scattering for operators of divergence form

and applications to inverse scattering, Comm. PDE, 46 (2020), 413–441.

[27] X. Cao, H. Diao, and H. Liu, Determining a piecewise conductive medium body by

a single far-field measurement, CSIAM Transactions on Applied Mathematics,

1 (2020), 740–765.

[28] X. Cao, H. Diao, H. Liu and J. Zou, On nodal and generalized singular structures

of Laplacian eigenfunctions and applications to inverse scattering problems, J.

Math. Pures Appl., 143 (2020), 116–161.

[29] M. Choi, et al., A terahertz metamaterial with unnaturally high refractive index,

Nature, 470 (2011), 369–373.

[30] Y. T. Chow, Y. Deng, Y. He, H. Liu and X. Wang, On surface localization of

transmission eigenfunctions, in preparation, 2021.

71



[31] Y. T. Chow, Y. Deng, Y. He, H. Liu and X. Wang, Surface-localized transmission

eigenstates, super-resolution imaging and pseudo surface plasmon modes, SIAM

J. Imaging Sci., 14 (2021), 946–975.

[32] D. Colton and A. Kirsch, A simple method for solving inverse scattering problems

in the resonance region, Inverse problems, 12 (1996), 383–393.

[33] D. Colton, A. Kirsch and P. Monk, The linear sampling method in inverse scatter-

ing theory, Surveys on Solution Methods for Inverse Problems. Springer, (2000),

107–118.
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