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GAUSS–BONNET–CHERN THEOREM AND

DIFFERENTIAL CHARACTERS

MAN-HO HO

Abstract. In this paper we first prove that every differential charac-
ter can be represented by differential form with singularities. Then we
lift the Gauss–Bonnet–Chern theorem for vector bundles to differential
characters.
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1. Introduction

The purpose of this paper is to prove that every differential character
[9, 3] can be represented by differential form with singularities and to prove
a version of the Gauss–Bonnet–Chern theorem (GBC theorem) for vector
bundles taking values in differential characters.

The subject of study in this paper is differential characters, whose phi-
losophy can be traced back to Chern’s intrinsic proof of the GBC theorem
[11, 12]. The main idea is transgression form. For a given even dimensional
Riemannian manifold X Chern constructs a differential form on the total
space of the sphere bundle of TX → X so that its differential is the pullback
of the Euler form of X. Since then transgression form had found lots of ap-
plications. Among them, transgression form is used to give integral formula
of characteristic classes (see [10, 1, 23, 14, 24, 25, 21, 22] for example). An
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instructive example is the Stiefel–Whitney class. For a given k ∈ N and
an integral domain A of R, Allendoerfer and Eells define the notion of an
(A, k)-pair of differential forms with singularities [2] on a manifold X (the
precise definition is given in §2.2). They use it to define de Rham coho-
mology of X with coefficients in A and prove an analogue of the de Rham
theorem. Then Eells gives an integral formula of the k-th Stiefel–Whitney
class of orientable Riemannian manifolds [14, Theorem 4D] using a partic-
ular (Z, k)-pair of forms, which are certain pullbacks of the k-th universal
Gauss curvature form and the (k− 1)-th universal geodesic curvature form.

Using Chern–Weil theory, Chern and Simons are able to express any given
characteristic form, which lives in the total space of the principal bundle, in
terms of the exterior differential of its transgression form [13, Proposition
3.2]. It turns out that such a transgression form defines a cohomology class
of the principal bundle in certain cases (see [13, Theorem 3.9] for example).
Thus it can be regarded as a secondary invariant of principal bundle. One
of the motivations of defining differential characters is to obtain secondary
invariants of principal bundle living in the base [9, Proposition 2.8]. More-
over, the Euler class, the Chern classes and the Pontrjagin classes of vector
bundles can be lifted to differential characters and each of them can be rep-
resented by a pair of characteristic form and its transgression form (in a
certain sense) via some integral formulas [9, §3-5]. Then a natural question
is whether every differential character can be represented by a pair of differ-
ential forms (possibly with singularities, for example the integral formula of
Stiefel–Whitney class given by Eells mentioned above) via integral formula.

Cheeger answers the question by stating (without proof) that every dif-
ferential character can be represented by differential form with singularities
[8, Proposition 3]. Motivated by deriving formulas for the Abel–Jacobi map
of groups of cycles on a complex algebraic variety to intermediate Jacobians,
Harris [16] gives a proof of [8, Proposition 3] under additional assumptions.
In the other direction, Bär–Becker [3] show that every differential char-
acter can be written as a sum of two integrals of differential forms when
the underlying manifold is extended to a large class of stratified spaces,
called stratifolds. In this paper we prove [8, Proposition 3] in full generality
(Proposition 1). More precisely, we prove that any differential character

f ∈ Ĥk(X;R/A) can be represented by an (A, k)-pair of differential forms
with singularities.

The answer to the above question leads us to ask whether equalities of
characteristic classes (or forms) can be lifted to the level of differential char-
acters. We show that the GBC theorem does have such a lift (Theorem
1). This is not surprising because Chern’s intrinsic proof of the GBC the-
orem is the starting point of secondary invariants. Thus the GBC theorem
ought to take place in differential characters. However, we cannot find such
a statement nor a proof in literature so we feel it is worthwhile to write
it down. Another example of such lifts is the differential Grothendieck–
Riemann–Roch theorem [5, 7, 15].
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The version of the GBC theorem considered here states that for a given
oriented Euclidean vector bundle (E, hE ,∇E) with a Euclidean metric hE

and a metric-compatible connection ∇E we have the following equality in
differential characters

χ̂(∇E)− v∗Û(hE ,∇E) = i2(ω),

where χ̂ is the differential Euler class, Û∗ is the differential Thom class, and
v is an arbitrary but fixed section of E → X (the remaining details are given
in §2.3). Another purpose of stating and proving the GBC theorem taking
values in differential characters is to serve as a first step to extend the GBC
theorem for (at least) flat vector bundles over manifolds with boundary [6,
Theorem 3.2] to differential characters.

1.1. Relation to previous work. Harvey–Lawson–Zweck [17] define dif-
ferential characters in terms of de Rham–Federer theory of currents, and
they show that it is naturally isomorphic to the Cheeger–Simons’ definition
of differential characters [17, Theorem 4.1]. Thus [17, Theorem 4.1] and our
proof of [8, Proposition 3] are the same in spirit, but stated in a different
language.

Harvey–Zweck [18, §8] define the differential Euler class χ̂ in terms of the
Euler sparks [18, Definition 7.3], and they give a comparison between the
approaches of defining χ̂ in [9] and in [18, §8] is given in [18, Remark 8.9].
Moreover, they prove a refined version of the GBC theorem [18, Corollary
5.3] which is stated in the language of currents. One can apply these results
to prove Theorem 1 in the language of [17].

The paper is organized as follows. In section 2 we review the back-
ground material needed to prove the main results, including Cheeger–Simons
differential characters, differential form with singularities and the Mathai–
Quillen’s Thom form. In section 3 we prove the main results.

Acknowledgement

The author would like to thank Christian Becker and Steve Rosenberg for
their comments and valuable suggestions.

2. Background material

Throughout this paper, X is a closed manifold, A is a proper subring of
R and π : E → X is a real oriented vector bundle of rank 2k. Let hE be a
Euclidean metric and ∇E a Euclidean connection on E → X respectively.
We write these data as (π : E → X,hE ,∇E).

2.1. Cheeger–Simons differential characters. In this subsection we re-
call Cheeger–Simons differential characters [9, 3].

Let k ≥ 1. A degree k differential character with coefficients in A is a
group homomorphism f : Zk−1(X) → R/A for which there exists a fixed



4 MAN-HO HO

ωf ∈ Ωk(X) such that for all c ∈ Ck(X),

f(∂c) =

∫
c
ωf mod A.

The abelian group of degree k differential characters is denoted by Ĥk(X;R/A).
Note that ωf is a closed k-form with periods in A and is uniquely deter-

mined by f ∈ Ĥk(X;R/A). Denote by Ωk
A(X) the group of closed k-forms

on X with periods in A. Define a map δ1 : Ĥk(X;R/A) → Ωk
A(X) by

δ1(f) = ωf . For every f ∈ Ĥk(X;R/A) there exists T ∈ Ck(X;R) such

that (δT )(c) =

∫
c
ωf mod A. Thus there exists u ∈ Ck(X;A) such that

δT = ωf − u. The cohomology class [u] ∈ Hk(X;A) is independent of the
choice of T and it satisfies r([u]) = ωf , where r is induced by the inclu-

sion of coefficients A ↪→ R. Define a map δ2 : Ĥk(X;R/A) → Hk(X;A)
by δ2(f) = [u]. Every (k − 1)-form ω can be considered as a differential
character by integrating over (k − 1)-cycles, and is realized by the map

i2 :
Ωk−1(X)

Ωk−1
A (X)

→ Ĥk(X;R/A) defined by i2(ω)(z) =

∫
z
ω mod A, where

z ∈ Zk−1(X), is injective.

2.2. Differential form with singularities. In this subsection we briefly
recall differential form with singularities [2] and its relation with differential
characters [8, 16].

Let ϕ be a (k − 1)-form defined on X \ e(ϕ), where e(ϕ) is a closed
nowhere dense set. Suppose ω is a k-form defined on X \ e(ω), where e(ω)
is a closed subset of e(ϕ), such that ω is an extension of dϕ to X \ e(ω). A
chain c ∈ Ck(X;A) satisfying |c| ∩ e(ω) = ∅ and |∂c| ∩ e(ϕ) = ∅ is called an
admissible chain for the pair (ω, ϕ). The pair (ω, ϕ) is called an (A, k)-pair
[2, §3] if

(1) e(ω) and e(ϕ) lie on smooth locally finite polyhedra of dimensions
≤ n− k − 1 and ≤ n− k respectively, and

(2) for any admissible k-chain c ∈ Ck(X;A) for the pair (ω, ϕ), the
difference

R[(ω, ϕ), c] :=

∫
c
ω −

∫
∂c
ϕ

lies in A.

Define an equivalence relation on the set of (A, k)-pairs as follows. Let
(ω, ϕ) ∼ (ω′, ϕ′) if R[(ω, ϕ), c] = R[(ω′, ϕ′), c] for all chains c ∈ Ck(X;A)
admissible for both pairs. Still denote by (ω, ϕ) the equivalence class of the
(A, k)-pair (ω, ϕ) and by Ωk(X;A) the set of equivalence classes of (A, k)-
pairs. Note that Ωk(X;A) is an A-module.

For any (A, k)-pair (ω, ϕ) with e(ω) = ∅, one can define a differential char-
acter as follows [8]. For any zk−1 ∈ Zk−1(X), there exists z′k−1 ∈ Zk−1(X)
such that |z′k−1| ∩ |e(ϕ)| = ∅ and zk−1 = ∂ck + z′k−1 for some ck ∈ Ck(X).
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Define a differential character s(ϕ) : Zk−1(X) → R/A associated to (ω, ϕ)
by

s(ϕ)(zk−1) =

∫
ck

ω +

∫
z′k−1

ϕ mod A. (2.1)

We call s(ϕ) the differential character induced by the differential form ϕ
with singularities.

2.3. Mathai–Quillen’s Thom form. In this subsection we briefly recall
the construction of the Mathai–Quillen’s Thom form [20] using the Berezin
integral given in [4, §1.6], but follow the sign convention given in [26, §3.2].

The Euler form χ(∇E) ∈ Ω2k
Z (X) of (π : E → X,hE ,∇E) is defined by

χ(∇E) =
1

(2π)k
Pf(RE).

Denote by T : Ω(X,Λ(E)) → Ω(E) the Berezin integral. Consider the
pullback

π∗E −−−−→ Ey y
E −−−−→

π
X

Equip π∗E → E with the Euclidean metric π∗hE and Euclidean connection
π∗∇E . The tautological section x ∈ Γ(E, π∗E) is defined by x(e) = e ∈
(π∗E)e ∼= Eπ(e). Define

Ω :=
1

2
‖x‖2 + π∗∇Ex− π∗RE ∈ Ω(E,Λ(π∗E)), (2.2)

whereRE is the curvature of∇E . The Mathai–Quillen’s Thom form U(hE ,∇E) ∈
Ω2k
Z (E) of E → X [4, (1.37)] is defined by

U(hE ,∇E) :=
1

(2π)k
T (e−Ω).

Note that by pulling back U(hE ,∇E) to the unit ball bundle of E by the

map y 7→ y√
1− ‖y‖2

, it has compact support.

The transgression formula for the Mathai–Quillen’s Thom form when the
metric is being rescaled by t is given as follows. Rescale Ω in (2.2) by

Ωt =
1

2
t2‖x‖2 + tπ∗∇Ex− π∗RE .

Write Ut(h
E ,∇E) =

1

(2π)k
T (e−Ωt). By [26, Proposition 3.5] we have

d

dt
Ut(h

E ,∇E) = −(−1)k(2k+1)

(2π)k
dT (xe−Ωt). (2.3)
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Write a(k) =
(−1)k(2k+1)

(2π)k
. By integrating both sides of (2.3) we have

χ(π∗∇E)− Ut(hE ,∇E) = d

∫ t

0
a(k)T (xe−Ωt)dt. (2.4)

Consider the sphere bundle π̃ : SE → X and pull E → X back by π̃

π̃∗E −−−−→ Ey yπ
SE −−−−→

π̃
X

For any section v ∈ Γ(X,E), (2.3) implies that

d

dt
v∗Ut(h

E ,∇E) = −a(k)dT (v ∧ e−Ωt,v),

where Ωt,v :=
t2

2
‖v‖2 + tπ∗∇Ev − π∗RE . Thus

χ(∇E)− v∗U(hE ,∇E) = d

(∫ 1

0
a(k)T (v ∧ e−Ωt,v)dt

)
, (2.5)

where we have used the fact that v∗ ◦ π∗ = (π ◦ v)∗ = id∗. As noted in [4,
p.56], (2.5) is a more general version of the GBC theorem for vector bundles.

3. Main Results

In this section we prove the main results in this paper.

3.1. Representing differential character by form with singularities.
First of all we prove that for any (A, k)-pair (ω, ϕ) the homomorphism s(ϕ) :
Zk−1(X)→ R/A is a well defined differential character of degree k.

Lemma 1. Let (ω, ϕ) ∈ Ωk(X;A). The map s(ϕ) given by (2.1) defines a
differential character of degree k.

Proof. We first show that s(ϕ) : Zk−1(X) → R/A is a well defined map.
Suppose z̃ ∈ Zk−1(X) and c̃ ∈ Ck(X) are such that

z̃ + ∂c̃ = z = ∂c+ z′

and |z̃| ∩ |e(ϕ)| = ∅. Since(∫
c̃
ω +

∫
z̃
ϕ

)
−
(∫

c
ω +

∫
z′
ϕ

)
=

∫
c̃−c

ω +

∫
z̃−z′

ϕ

=

∫
c̃−c

ω +

∫
∂(c−c̃)

ϕ

=

∫
c̃−c

ω −
∫
∂(c̃−c)

ϕ

= R[(ω, ϕ), c̃− c] ∈ A,
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where the integral

∫
∂(c̃−c)

ϕ makes sense because |∂c| ⊆ |c| and |c1 + c2| ⊆

|c1| ∪ |c2|, it follows that s(ϕ) is a well defined map. Obviously s(ϕ) is a
group homomorphism.

If z ∈ Zk−1(X) is a coboundary, say z = ∂c, it follows from the definition
of s(ϕ) that

s(ϕ)(∂c) =

∫
c
ω mod A.

Thus s(ϕ) is a differential character of degree k. �

We now give a proof of [8, Proposition 3].

Proposition 1. Every differential character f ∈ Ĥk(X;R/A) can be written
as a differential character induced by a differential form with singularities.

In [16] Proposition 1 is proved for A = Z under the assumption that δ1(f)
is the Poincaré dual of a compact oriented (n− k)-submanifold of X.

Proof. Write ω = δ1(f) and [u] = δ2(f). By [2, Theorem 5C] there exists
a smooth differential form ϕ of degree k − 1 with singularities lying on an
(n−k)-cycle such that (ω, ϕ) is an (A, k)-pair. Thus the induced differential

character s(ϕ) ∈ Ĥk(X;R/A) is given by

s(ϕ)(z) =

∫
c
ω +

∫
z′
ϕ mod A,

where z ∈ Zk−1(X).
Take a lift Tf ∈ Ck−1(X;R) of f such that Tf (z) = f(z) mod A. Then

there exists a cocycle u ∈ Zk(X;A) depending on T such that

δTf = ω − u.

Note that the cohomology class [u] = δ2(f) is independent of the choice of
Tf . Denote by Tϕ ∈ Ck−1(X;R) and uϕ ∈ Zk(X;A) the corresponding lift
and cocycle of s(ϕ) respectively. Since δTϕ = ω − uϕ, it follows that

u− uϕ = δ(Tϕ − Tf ).

Thus δ2(f) = [u] = [uϕ] = δ2(s(ϕ)). Since (δ1, δ2)(f − s(ϕ)) = 0, it fol-
lows from the third exact sequence in [9, Theorem 1.1] that f − s(ϕ) ∈
Hk−1(X;R)

r(Hk−1(X;A))
∼=

Ωk−1
d=0(X)

Ωk−1
A (X)

, where the later isomorphism is induced by the

de Rham isomorphism. Thus f−s(ϕ) = i2(α) for some α ∈
Ωk−1
d=0(X)

Ωk−1
A (X)

. Thus

f = s(ϕ+ α). �
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3.2. A lift of the Gauss–Bonnet–Chern theorem. In this subsection
we state and prove the GBC theorem for oriented Euclidean vector bundles
taking values in differential characters.

Theorem 1. Let E → X be a real oriented vector bundle of rank 2k with
a Euclidean metric hE and a Euclidean connection ∇E . If v ∈ Γ(X,E) is
any section, then

χ̂(E, hE ,∇E)− v∗Û(E, hE ,∇E) = i2

(∫ 1

0
a(k)T (v ∧ e−Ωt,v)dt

)
(3.1)

in Ĥ2k(X;R/Z).

In the following proof we adopt the notations in §2.3.

Proof. First of all we give a formula of the differential Euler class following
[9, §3]. The fibration SE → X with fibers S2k−1 gives the following exact
sequence

H2k−1(S2k−1) −−−−→ H2k−1(SE)
π̃∗−−−−→ H2k−1(X) −−−−→ 0

Thus for z ∈ Z2k−1(X), there exist y ∈ Z2k−1(SE) and w ∈ C2k(X) such
that

z = π̃∗(y) + ∂w.

Then

χ̂(E, hE ,∇E)(z) = χ̂(E, hE ,∇E)(π̃∗y + ∂w)

= (π̃∗χ̂(E, hE ,∇E))(y) +

∫
w
χ(∇E) mod Z.

Consider the sphere bundle π̃ : SE → X and pull E → X back by π̃; i.e.,

π̃∗E −−−−→ Ey yπ
SE −−−−→

π̃
X

There exists a “canonical” form Q ∈ Ω2k−1(SE), which is natural, such that

χ(π̃∗∇E) = dQ and

∫
S2k−1

Q = 1.

See [9, (3.2)]. Since the structure group of the vector bundle π̃∗E → SE is
SO(2k), by applying [9, Proposition 2.8] and [13, Proposition 3.6], we have

(π̃∗χ̂(E, hE ,∇E))(y) =

∫
y
Q mod Z. Thus, as in [9, (3.3)], χ̂(E, hE ,∇E)(z)

is given by

χ̂(E, hE ,∇E)(z) =

∫
y
Q+

∫
w
χ(∇E) mod Z.

We express the differential form Q ∈ Ω2k−1(SE) in terms of Berezin
integral. As noted in [26, p.51] (see also [5, (2.6)]), by restricting (2.4) to
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SE and noting that lim
t→+∞

T (e−Ωt) = 0, the right-hand side of (2.4) converges

when t→∞, and therefore

χ(π̃∗∇E) = d

∫ ∞
0

a(k)T (xe−Ωt)dt. (3.2)

Obviously the form

∫ ∞
0

a(k)T (xe−Ωt)dt is natural, so it differs from Q by

an exact form by [13, Proposition 3.6]. It follows from [9, Proposition 2.8]
that

χ̂(E, hE ,∇E)(z) =

∫
y

(∫ ∞
0

a(k)T (xe−Ωt)dt

)
+

∫
w
χ(∇E) mod Z. (3.3)

Second we give a formula of the differential Thom class. As remarked
in [19, §2.4], the differential Thom class can be associated to oriented real
vector bundles with Euclidean metrics and Euclidean connections using the
Mathai–Quillen formalism. The formula of the pullback of the differential

Thom class v∗Û(E, hE ,∇E) ∈ Ĥ2k(X;R/Z) by an arbitrary but fixed sec-
tion v ∈ Γ(X,E) is given by

(v∗Û(E, hE ,∇E))(z) = (v∗Û(E, hE ,∇E))(π̃∗y + ∂w)

= π̃∗v∗Û(E, hE ,∇E)(y) +

∫
w
v∗U(hE ,∇E) mod Z.

By (2.5) and (3.2), we have

π̃∗v∗U(hE ,∇E) = π̃∗χ(∇E)− π̃∗d
(∫ 1

0
a(k)T (v ∧ e−Ωt,v)dt

)
= d

(∫ ∞
0

a(k)T (xe−Ωt)dt−
∫ 1

0
a(k)π̃∗T (v ∧ e−Ωt,v)dt

)
.

Since the differential form inside the parentheses is obviously natural, it

follows from the same argument in deriving (3.3) that (v∗Û(E, hE ,∇E))(z)
is given by

(v∗Û(E, hE ,∇E))(z) =

∫
y

(∫ ∞
0

a(k)T (xe−Ωt)dt−
∫ 1

0
a(k)π̃∗T (v ∧ e−Ωt,v)dt

)
+

∫
w
v∗U(hE ,∇E) mod Z,

(3.4)
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Finally, we have

i2

(∫ 1

0
a(k)T (v ∧ e−Ωt,v)dt

)
(z)

=

∫
π̃∗y+∂w

(∫ 1

0
a(k)T (v ∧ e−Ωt,v)dt

)
mod Z

=

∫
y

(∫ 1

0
a(k)π̃∗T (v ∧ e−Ωt,v)dt

)
+

∫
w
d

(∫ 1

0
a(k)T (v ∧ e−Ωt,v)dt

)
mod Z.

(3.5)

By comparing (3.3), (3.4), (3.5) and (2.5), (3.1) holds. �
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