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THE FLAT GROTHENDIECK–RIEMANN–ROCH

THEOREM WITHOUT ADIABATIC TECHNIQUES

MAN-HO HO

Abstract. In this paper we give a simplified proof of the flat Grothendieck–
Riemann–Roch theorem. The proof makes use of the local family index
theorem and basic computations of the Chern–Simons form. In partic-
ular, it does not involve any adiabatic limit computation of the reduced
eta-invariant.
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1. Introduction

In this paper we give a simplified proof of the flat Grothendieck–Riemann–
Roch theorem that avoids adiabatic techniques.

1.1. Historical background. In this subsection we briefly review the his-
torical background of flat K-theory, its Grothendieck–Riemann–Roch theo-
rem and its relation to physics. For a detailed exposition, see [14, 19].

R/Z K-theory [2] (also called flat K-theory) is a generalized cohomol-
ogy theory which is defined as the cokernel of a natural homomorphism
K∗(X;Q) → K∗(X;Q/Z) ⊕ K∗(X;R). One motivation of defining R/Z
K-theory is to prove a cohomological version of the Atiyah–Singer family
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2 M.-H. HO

index theorem [3] (FIT) for bundles with vanishing Chern characters: if
[E] ∈ K(X) has vanishing Chern character, the Grothendieck–Riemann–
Roch theorem (GRR)

ch(inda(E)) =

∫
X/B

Todd(X/B) ∪ ch(E) (1.1.1)

implies that ch(inda(E)) = 0. (Here X → B is a fibration of closed mani-
folds, E → X is a complex vector bundle, and all other terms are defined in
the paper.) Thus one should get a refinement of GRR for bundles with van-
ishing Chern characters. It turns out that the flat K-group K−1(X;R/Z)
is the right home for such a refinement.

The first geometric model of K−1(X;C/Z) is given by Karoubi [26] under
the name “multiplicative K-theory”. By adding Hermitian structures to
elements in K−1(X;C/Z), Lott gives the geometric model of K−1(X;R/Z),
which is denoted by K−1

L (X) in this paper, and proves the FIT in K−1
L [30]

(flat FIT), which equates the flat analytic index inda
L and the topological

index indt. The flat FIT is the refinement of the FIT for bundles with
vanishing Chern characters. The corresponding GRR [30, Corollary 4] (flat
GRR)

chR/Q(inda
L(E)) =

∫
X/B

Todd(X/B) ∪ chR/Q(E) ∈ Hodd(B;R/Q), (1.1.2)

where chR/Q : K−1
L (B) → Hodd(B;R/Q) is the flat Chern character, is the

refinement of (1.1.1).

In modern language K−1
L is the flat part of differential K-theory K̂0 con-

structed by Hopkins–Singer [25], Bunke–Schick [12], Freed–Lott [21] and
Simons–Sullivan [33] respectively, which is a generalized differential coho-
mology theory in the sense of Bunke–Schick [13]. In theoretical physics the
motivation of differential K-theory comes from the assertion of Witten [35]
that D-brane charges in string theory are described by a K-theory class of
spacetime rather than by a cohomology class. Furthermore, Moore and Wit-
ten propose that Ramond–Ramond fields in type II and type I string theory,
to which D-branes couple, are also classified by K-theory [31]. Freed and
Hopkins propose using differential K-theory to describe Ramond–Ramond
fields [20].

Freed and Lott prove a FIT in differential K-theory [21, Theorem 7.35]
(dFIT), which equates the differential analytic index and the differential
topological index. The GRR in differential K-theory [21, Corollary 8.26]
(dGRR) is also proved by Bunke and Schick [12, Theorem 6.19] indepen-
dently. The flat FIT and the flat GRR can be considered as special cases
of the dFIT and dGRR respectively. See [24] for an algebraic analog of dif-
ferential cohomology and the corresponding Riemann–Roch theorem. The
motivation in theoretical physics for formulating and proving the dFIT, or
rather its consequence for determinant line bundles dates back for proving
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the Green–Schwarz cancellation of local and global anomalies in type I string
theory [19].

1.2. Outline of proof and the relation to previous work. In this sub-
section we first outline our proof of the flat GRR. Then we discuss the
relation between our proof and the previous proofs and raise some ques-
tions.

First of all we briefly outline our proof of the flat GRR. Let π : X → B be
a submersion with closed spinc fibers of even relative dimension. Consider
the associated submersion π× id : X×I → B×I, where I = [0, 1]. The local
FIT of the spinc Dirac operator twisted by a Z2-graded Hermitian bundle
E → X × I with a Z2-graded unitary connection ∇E is given by

dη̃(E ) =

∫
X×I/B×I

Todd(∇Sc(TV (X×I))) ∧ ch(∇E )− ch(∇ker(DE )), (1.2.1)

where η̃(E ) is the Bismut–Cheeger eta form [8, 17]. Here we have assumed
that the family of the complex vector spaces ker(DE

z ) form a vector bundle
ker(DE ) → B × I. Note that (1.2.1) is an equality of differential forms
on B × I. By integrating (1.2.1) along the fibers of the trivial fibration
B × I → B we obtain the variational formula of the eta forms. We also
prove the additivity of the eta forms. These two results enable us to prove
that the flat analytic index is well defined (Proposition 3). To prove the flat
GRR we choose a suitable E → X × I, which is the pullback of a certain
Z2-graded Hermitian bundle over X, in the variational formula of the eta
forms. This will give us an equality of closed differential forms of odd degree
on B, whose mod Q reduction of its de Rham class is (1.1.2) (Theorem 1).
For the general case where the family of the complex vector spaces ker(DE

z )
do not form a vector bundle, one can prove the corresponding results along
the lines of [30, §5] (see also [21, §7]). All our arguments in the special case
carry over to the general case.

One important ingredient of the previous proofs is the adiabatic limit of
the reduced eta-invariant of spin (or spinc) Dirac operator, which we briefly
recall. Let B be a closed odd-dimensional spin manifold and π : X → B
a submersion with closed spin fibers of even relative dimension. For ε >

0, consider the submersion metric gTXε = ε−1π∗gTB ⊕ gTVX with respect
to a horizontal distribution. Denote by Dε the corresponding spin Dirac
operator and by η̄(Dε) the associated reduced eta-invariant. The study of
the limiting behavior, for example, of η̄(Dε) when ε→ 0, is called passing to
adiabatic limit. It is rooted in [4] and initiated by Witten [34], who relates
the adiabatic limit of the eta-invariant to the holonomy of determinant line
bundle, the global anomaly. Witten’s result receives rigorous proofs in [9,
10, 15, 18]. Adiabatic limit becomes an important tool in, among many
other areas, local index theory (see [8, 17, 6] and the references therein).

Now we briefly outline the previous proofs of the flat GRR. As mentioned
in §1.1 the flat GRR is a direct consequence of the flat FIT. One could
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also prove the flat GRR directly in the spirit of [30], which shares some
similarities to the proof of the flat FIT and the proof of [21, Proposition
8.19].

The universal coefficient theorem for ordinary cohomology and the divis-
ibility of R/Q imply that Hodd(B;R/Q) ∼= Hom(Hodd(B);R/Q), or equiva-
lently the existence of a pairing 〈, 〉H : Hodd(B;R/Q)×Hodd(B)→ R/Q. As
(1.1.2) is an equality in Hodd(B;R/Q), proving it is equivalent to proving〈

chR/Q(inda
L(E))−

∫
X/B

Todd(X/B) ∪ chR/Q(E), U
〉
H

(1.2.2)

is zero in R/Q for every U ∈ Hodd(B). There is a pairing analogous to 〈, 〉H
on the K-theory level, guaranteed by the universal coefficient theorem for
generalized cohomology theory [36] and the divisibility of R/Z. Denote by
〈, 〉K : K−1

L (B) ×K−1(B) → R/Z the pairing, where K• is the topological
K-homology group given by Baum–Douglas [5]. The pairings 〈, 〉H and 〈, 〉K
are related by the flat Chern character chR/Q and the homological Chern
character chodd : K−1(B) → Hodd(B;Q) in the sense that the following
diagram commutes.

K−1
L (B)×K−1(B)

〈,〉K−−−−→ R/Z

chR/Q× chodd

y y
Hodd(B;R/Q)×Hodd(B;Q) −−−−→

〈,〉H
R/Q

(1.2.3)

The pairing 〈, 〉K can be given by the reduced eta-invariant [30, Proposition
3] as follows. For a Z2-graded generator E = (E+ ⊕ E−, h+ ⊕ h−,∇+ ⊕
∇−, ω) of K−1

L (B) (see §2.2 for the details) and a cycle K = (X,F, f) of
K−1(B), which consists of a complex vector bundle F → X over a closed
odd-dimensional spinc manifold and a smooth map f : X → B, define
η̄(f∗E) ∈ R/Z by

η̄(f∗E) := η̄(DF⊗f
∗E+

)− η̄(DF⊗f
∗E−)−

∫
X

Todd(∇Sc(TX))∧ ch(∇F )∧ f∗ω.

(1.2.4)
Then

〈[E ], [K]〉K = η̄(f∗E). (1.2.5)

Since ch• : K•(B) ⊗ Q → H•(B;Q) is an isomorphism (in particular it is
surjective), it follows from the arguments in the proof of [21, Proposition
8.19] and [30, Proposition 6] that one can take U in (1.2.2) to be chodd([B]),
where B is now assumed to be a closed odd-dimensional spinc-manifold and
[B] is the fundamental K-homology class. By (1.2.3) and (1.2.5), proving
(1.2.2) is zero in R/Q boils down to computing the reduced eta-invariants
of some spinc Dirac operators and its adiabatic limits.

On the other hand, one can apply [7, Theorem 1.15] to prove the flat
GRR, which is done in the previous version of this paper. The proof of [7,
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Theorem 1.15] is somewhat similar to the above proof, as it also consists of
computations of the reduced eta-invariants of spin Dirac operators and their
adiabatic limits.

One might ask if there is any relation between our proof of the flat GRR
and the previous proofs. Since our proof of the flat GRR does not involve any
adiabatic limit of the reduced eta-invariant, one might wonder whether some
of the results in [9, 10, 15, 8, 17] can be proved without it. Frankly we do not
have any informative answers for these questions at this moment. Perhaps a
clue for these questions can be found in [1, §4], which is an interesting topic
to be further investigated.

Since the flat GRR is a special case of the dGRR, one suspects that
whether [7, Theorem 1.15] or even the dFIT can be proved without com-
puting adiabatic limit of the reduced eta-invariant. Note that [7, Theorem
1.15] takes values in Cheeger–Simons differential characters [16]. Our ex-
perience shows that equality of differential characters is usually harder to
prove than equality of differential forms. More precisely, the proofs of [7,
Theorem 1.15], the dGRR and the dFIT depend crucially on [16, Theorem
9.2] and [17, Theorem 0.1’] (see also [30, (52)]). Thus the affirmative answer
to this question depends on the previous questions.

This paper is organized as follows. In Section 2 we review the background
material, including some aspects of Chern–Weil theory, the flat K-theory,
the setup and the statement of the local FIT, and the definition of the flat
analytic index. In Section 3 we prove the main results in this paper.

Acknowledgement

The author would like to thank the referee for raising some interesting
questions and providing invaluable comments and suggestions which improve
the paper in a significant way.

2. Background material

In this paper X and B are closed manifolds and I is the closed interval

[0, 1]. Given a manifold X, write X̃ = X × I. Given t ∈ [0, 1], define two

maps iX,t : X → X̃ and pX : X̃ → X by iX,t(x) = (x, t) and pX(x, t) = x.

2.1. Chern character form and Chern–Simons form. Let E → X be a
complex vector bundle with a Hermitian metric hE and a unitary connection
∇E . The Chern character form of ∇E is defined by

ch(∇E) = tr(e−
1

2πi
(∇E)2) ∈ Ωeven

Q (X),

where Ωeven
Q (X) is the set of all closed even forms on X with periods in Q.

There is a “canonical” transgression form CS(∇E1 ,∇E0 ) ∈ Ωodd(X)

Im(d)
be-

tween the Chern character forms of two connections in the sense that

dCS(∇E1 ,∇E0 ) = ch(∇E1 )− ch(∇E0 ). (2.1.1)
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Define CS(∇E1 ,∇E0 ) as follows. In the following k ∈ {0, 1} is fixed. Note

that pX ◦ iX,k = idX and iX,k ◦ pX ∼ id
X̃

. Let E → X̃ be a complex vector

bundle with a Hermitian metric hE and a unitary connection ∇E . Note that
E ∼= p∗X(i∗X,kE ). Thus

E0 := i∗X,0E
∼= i∗X,0p

∗
X(i∗X,0E ) ∼= i∗X,1p

∗
X(i∗X,0E ) ∼= i∗X,1E =: E1.

Write E = E0
∼= E1. Define hEk = i∗kh

E . By [27, Corollary 8.9, Chapter

1] there exists f ∈ Aut(E) such that hE0 = f∗hE1 , so we may assume that
hE0 = hE1 and denote it by hE . Define

∇Ek := i∗k∇E .

Note that the connection∇Ek is compatible with hEk . The assumption hE0 =

hE1 implies that both ∇E0 and ∇E1 are compatible with hE . Define

CS(∇E1 ,∇E0 ) =

∫
X̃/X

ch(∇E ) mod Im(d), (2.1.2)

where X̃/X denotes the fiber of the fiber bundle X̃ → X, and

∫
X̃/X

denotes

integration along the fiber.
To prove the Chern–Simons form defined by (2.1.2) satisfies (2.1.1), we

need to invoke Stokes’ theorem for integration along the fibers [22, Problem
4 (p.311)]. In general, for a smooth fiber bundle M → B, where M is
a manifold with boundary, with compact fibers of dimension n satisfying
certain orientability assumptions, we have

(−1)k−n
∫
∂M/B

i∗ω =

∫
M/B

dMω − dB
∫
M/B

ω, (2.1.3)

where i : ∂M → M is the inclusion map and ω ∈ Ωk(M). Applying (2.1.3)

to the fiber bundle X̃ → X, we have

dCS(∇E1 ,∇E0 ) = d

∫
X̃/X

ch(∇E ) =

∫
X̃/X

d ch(∇E ) +

∫
∂X̃/X

i∗ ch(∇E )

= ch(∇E1 )− ch(∇E0 ).

Given a Hermitian bundle E → X with two unitary connections ∇E0 and
∇E1 , one can apply the above construction to (p∗XE, p

∗
Xh

E ,∇p∗XE) with

∇p∗XE := ∇Et + dt ∧ ∂

∂t
, (2.1.4)

where ∇Et is a smooth curve of unitary connections joining ∇E0 and ∇E1 .
Note that CS(∇E1 ,∇E0 ) is independent of the choice of ∇Et [33, Proposition
1.1].

Another equivalent definition of the Chern–Simons form is given by

CS(∇E1 ,∇E0 ) =

∫ 1

0
tr

(
d∇Et
dt

e−
1

2πi
(∇Et )2

)
dt mod Im(d). (2.1.5)
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It follows from (2.1.2) that the Chern–Simons form satisfies the following
properties:

CS(∇E1 ,∇E0 ) = −CS(∇E0 ,∇E1 ), (2.1.6)

CS(∇E1 ,∇E0 ) = CS(∇E1 ,∇E2 ) + CS(∇E2 ,∇E0 ), (2.1.7)

CS(∇E1 ⊕∇F1 ,∇E0 ⊕∇F0 ) = CS(∇E1 ,∇E0 ) + CS(∇F1 ,∇F0 ), (2.1.8)

where ∇F1 ,∇F0 are unitary connections on the Hermitian bundle F → X.
The proofs of (2.1.6)-(2.1.8) using (2.1.5) are given in [33, Proposition 1.1,
Lemma 1.4].

One can define the Chern character form and the Chern–Simons form
of unitary superconnection on Z2-graded Hermitian bundles in the exact
same way as above, except that the traces in the definitions are replaced by
supertraces [32], [6, §1.4, §1.5]. Note that (2.1.1) and (2.1.6)-(2.1.8) hold for
unitary superconnections.

2.2. The flat K-theory. In this subsection we recall the flat K-theory [30].
The flat K-group K−1

L (X) is an abelian group given by generators and

relations: a generator is of the form E = (E, hE ,∇E , ω), where ω ∈ Ωodd(X)

Im(d)
satisfies ch(∇E)− rank(E) = −dω.1 The only relation is E1 = E0 if and only
if there exists G = (G, hG,∇G, ωG) such that E1 ⊕G ∼= E0 ⊕G and

ω1 − ω0 = CS(∇E0 ⊕∇G,∇E1 ⊕∇G).

Elements in K−1
L (X) are required to have virtual rank zero.

A Z2-graded generator E of K−1
L (X) has the form

E = (E+ ⊕ E−, h+ ⊕ h−,∇+ ⊕∇−, ω), (2.2.1)

where E+ ⊕ E− → X is a Z2-graded complex vector bundle with a Z2-
graded Hermitian metric h+⊕h−, a Z2-graded unitary connection ∇+⊕∇−

on E+ ⊕ E− → X, and ω ∈ Ωodd(X)

Im(d)
satisfying

ch(∇+ ⊕∇−) = ch(∇+)− ch(∇−) = −dω.
Every element in K−1

L (X) can be written as a Z2-graded generator and vice
versa [30, p.286].

The flat K-group is related to other ordinary K-groups by the following
exact sequence [26, §7.21], [30, (13)]

K−1(X)
r◦chodd

−−−−−→ Hodd(X;R)
α−−−−→ K−1

L (X)
β−−−−→ K(X) (2.2.2)

where chodd is the odd Chern character, r is induced by the inclusion of
coefficients Q ↪→ R, and the maps α and β are given by

α([ω]) = (Cn, h,∇flat, ω)− (Cn, h,∇flat, 0),

β(E − F) = [E]− [F ],

1This differs from [30, Definition 5] by a sign.
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where Cn → X denotes the trivial complex vector bundle of rank n. As
in the case of ordinary K-theory, there exists a unique Chern character
chR/Q : K−1

L (X) → Hodd(X;R/Q), called the flat Chern character [30,

Definition 9], defined as follows. For a generator E = (E, hE ,∇E , ω) of
K−1

L (X), write N = rank(E). The condition ch(∇E) − N = −dω implies

ch(E − CN ) = 0 ∈ Heven(X;Q). Thus there exists k ∈ N such that kE ∼=
kCN . Let ∇kE0 be a unitary connection on kE → X with trivial holonomy.

One can check that the odd form
1

k
CS(k∇,∇kE0 ) + ω is closed. The flat

Chern character chR/Q(E) is defined to be

chR/Q(E) =

[
1

k
CS(k∇E ,∇kE0 ) + ω

]
mod Q. (2.2.3)

Note that chR/Q(E) is independent of the choices of k and ∇kE0 [30, Lemma
1] and is a well defined group homomorphism [30, Proposition 1].

The flat Chern character of a Z2-graded generator E of the form (2.2.1)
is defined as follows. The condition ch(∇+) − ch(∇−) = −dω implies the
existence of k ∈ N such that kE+ ∼= kE−. Choose an isometric isomorphism
j : kE+ → kE−. Then chR/Q(E) is defined to be

chR/Q(E) =

[
1

k
CS(k∇+, j∗k∇−) + ω

]
mod Q, (2.2.4)

Note that chR/Q(E) is independent of the choices of k and j [30, p.289].

2.3. Local family index theorem. In this subsection we recall the setup
and the statement of the local FIT. We refer to [6] and the references therein
for details.

Let π : X → B be a submersion with closed spinc fibers of even relative
dimension. Denote by T VX → X its vertical tangent bundle. Put a metric

gT
VX on T VX → X. Given a horizontal distribution THX → X and a

Riemannian metric gTB on TB → B, we can define a metric on TX → X by

gTX := gT
VX⊕π∗gTB. If ∇TX is the corresponding Levi-Civita connection,

then ∇TVX := P ◦∇TX ◦P is a connection on T VX → X, where P : TX →
T VX is the orthogonal projection. Denote by Sc(T VX)→ X the Z2-graded
spinc bundle and by LVX → X the associated characteristic Hermitian line

bundle with a unitary connection ∇LVX . Note that the connection ∇TVX
lifts uniquely to the local spinor bundle and preserves its grading and the
isomorphism Sc(T VX) ∼= S(T VX) ⊗ LVX exists globally [28, p.397]. The

connection ∇Sc(TVX) on Sc(T VX)→ X, defined by

∇Sc(TVX) := ∇TVX ⊗∇LVX ,

preserves the grading of Sc(T VX) → X. The Todd form Todd(∇Sc(TVX))
of Sc(T VX)→ X is defined to be

Todd(∇Sc(TVX)) = Â(∇TVX) ∧ e
1
2
c1(∇LV X).
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Define an infinite-rank bundle π∗E → B whose fiber over z ∈ B is given
by

(π∗E)z := Γ(Xz, (S
c(T VX)⊗ E)z).

Since Sc(T VX) ⊗ E → X is Z2-graded whose even and odd part are given
by

(Sc(T VX)⊗ E)± = Sc(T VX)± ⊗ E, (2.3.1)

it follows that the bundle π∗E → B is also Z2-graded whose even and odd
part are given by

(π∗E)±z = Γ(Xz, (S
c(T VX)± ⊗ E)z) (2.3.2)

for each z ∈ B. The space of sections of π∗E → B is defined to be

Γ(B, π∗E) := Γ(X,Sc(T VX)⊗ E). (2.3.3)

Note that π∗E → B admits an L2-metric and a Z2-graded unitary connec-
tion ∇π∗E [6, Proposition 9.13].

The spinc Dirac operator DE : Γ(X,Sc(T VX)⊗E)→ Γ(X,Sc(T VX)⊗E)
is an odd operator given by

DE =
∑
k

c(ek)∇Sc(TVX)⊗E
ek

, (2.3.4)

where c is the Clifford multiplication, ∇Sc(TVX)⊗E := ∇Sc(TVX)⊗∇E , {ek}
is a local orthonormal frame for T VX → X and {ek} its dual frame for
(T VX)∗ → X. By (2.3.3), DE can be regarded as an odd operator on
π∗E → B. Assume that the family of complex vector spaces ker(DEz ) has
locally constant dimension for z ∈ B. Then ker(DEz ) form a finite-rank
Z2-graded complex vector bundle over B, denoted by ker(DE) → B and is
called the index bundle of E → X. The analytic index inda(E) of E → X
is defined by inda(E) = [ker(DE)] ∈ K(B), and is a ring homomorphism
inda : K(X)→ K(B).

Write E = (E, hE ,∇E). The Bismut superconnection B(E) on π∗E → B
is defined to be

B(E) = DE +∇π∗E − c(T )

4
,

where T is the curvature 2-form of the fiber bundle X → B. For each z ∈ B,
denote by P z0 : (π∗E)z → ker(DE)z the orthogonal projection. Then P0 is a

family of smoothing operators. Note that ∇ker(DE) := P0B(E)[1]P0 is a Z2-

graded unitary connection on ker(DE) → B [6, Lemma 9.18]. The rescaled
Bismut superconnection B(E)t is defined to be

B(E)t =
√
tDE +∇π∗E − c(T )

4
√
t
.
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By [6, Theorem 10.32], we have

lim
t→0

ch(B(E)t) =

∫
X/B

Todd(∇Sc(TVX)) ∧ ch(∇E), (2.3.5)

lim
t→∞

ch(B(E)t) = ch(∇ker(DE)). (2.3.6)

Note that
d ch(B(E)t)

dt
= −d str

(
dB(E)t
dt

e−
1

2πi
(B(E)t)2

)
(2.3.7)

and the integral

∫ ∞
0

str

(
dB(E)t
dt

e−
1

2πi
(B(E)t)2

)
dt converges [6, Theorem 10.32].

The eta form [8, 17] of E is defined to be

η̃(E) :=

∫ ∞
0

str

(
dB(E)t
dt

e−
1

2πi
(B(E)t)2

)
dt. (2.3.8)

The local FIT [6, Theorem 10.32] states that

dη̃(E) =

∫
X/B

Todd(∇Sc(TVX)) ∧ ch(∇E)− ch(∇ker(DE)). (2.3.9)

which follows from (2.3.5)–(2.3.8).

Remark 1. We use the slightly unconventional symbol B(E) and η̃(E) to
emphasize the dependence of the Bismut superconnection and the eta form

on E. Of course they also depend on other data: the metrics gT
VX and

gL
VX , the horizontal distribution THX and the unitary connection ∇LVX .

Henceforth we choose and fix these data. Because of the definition of K−1
L we

are only interested in the deformation of the unitary connection on E → X.

2.4. The flat analytic index. In this subsection we recall the definition
of the flat analytic index [30, Definition 13]. Given a Z2-graded generator E
of K−1

L (X), its flat analytic index inda
L(E) ∈ K−1

L (B) is, roughly speaking,
given by the analytic index of the Z2-graded data of E and a pushforward of
the form ω. We refer to the construction of the analytic index in §2.3, and
indicate the changes as follows.

Let π : X → B be a submersion with closed spinc fibers of even rela-
tive dimension, and E a Z2-graded generator of K−1

L (X) of the form (2.2.1).

As in §2.3, the spinc bundle Sc(T VX) → X of T VX → X is Z2-graded.
Since E+ ⊕ E− → X is also Z2-graded, the even and the odd part of
Sc(T VX)⊗̂E → X become

(Sc(T VX)⊗̂E)± = Sc(T VX)+ ⊗ E± ⊕ Sc(T VX)− ⊗ E∓.

It follows from (2.3.2) that the even and the odd part of π∗E → B has a
similar decomposition, so the same is true for ker(DE)→ B, that is,

ker(DE)± = ker(DE
+

)± ⊕ ker(DE
−

)∓.



FLAT GRR 11

The L2-metric and the Bismut superconnection B(E) on π∗E → B are de-
fined accordingly. The Z2-graded unitary connection on ker(DE)→ B given
by

∇ker(DE) = ∇ker(DE)+ ⊕∇ker(DE)− ,

where

∇ker(DE)± := ∇ker(DE
+

)± ⊕∇ker(DE
−

)∓ ,

is a direct sum of connections. In this case the local FIT takes the form

ch(∇ker(DE)) =

∫
X/B

Todd(∇Sc(TVX))∧ch(∇+⊕∇−)−dη̃(E+⊕E−), (2.4.1)

where E+ ⊕ E− = (E+ ⊕ E−, h+ ⊕ h−,∇+ ⊕∇−).
The flat analytic index inda

L : K−1
L (X) → K−1

L (B) of a Z2-graded gener-
ator E of the form (2.2.1) is defined by

inda
L(E)

:=

(
ker(DE), hker(DE),∇ker(DE),

∫
X/B

Todd(∇Sc(TVX)) ∧ ω + η̃(E+ ⊕ E−)

)
.

(2.4.2)

It follows from (2.3.9) that inda
L(E) ∈ K−1

L (B) is a Z2-graded generator.

3. Main results

In this section we will prove the main results of this paper.

3.1. Some properties of the eta form. In this subsection we provide
proofs of the additivity and the variational formula of the eta forms.

Although inda
L is defined using the spinc Dirac operator, we prove the

additivity of the eta forms in a slightly more general setting. Instead of
working on the twisted spinc bundle Sc(T VX)⊗E → X we work on Clifford
modules. Before we state and prove the result we briefly recall the Clifford
modules in our setup. We refer to [6, §10.2, §10.3] for the details.

Let π : X → B be a submersion with closed fibers of even relative dimen-
sion. Put a Riemannian metric gTB on TB → B and a metric gT

VX on the
vertical bundle T VX → X. Recall from [6, p.322] that a Clifford module
along the fibers of π : X → B is given by E = (E, hE ,∇E), where E → X is
a Z2-graded complex vector bundle, hE a Z2-graded Hermitian metric and
∇E a Z2-graded unitary connection, with a skew-adjoint action

c : C`((T VX)∗)→ End(E),

where (T VX)∗ → X denotes the dual bundle of T VX → X and C`((T VX)∗)→
X is the Clifford bundle of (T VX)∗ → X, such that

[∇EV , c(α)] = c(∇(TVX)∗

V α)

for V ∈ Γ(X,TX) and α ∈ Γ(X, (T VX)∗). One can define a Dirac operator
DE : Γ(X,E ) → Γ(X,E ) for a Clifford module E along the fibers in a way
similar to (2.3.4).
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Here we recall the definition of the Bismut superconnection B(E ) associ-
ated to E [6, Proposition 10.15]. Given a Clifford module E = (E, hE ,∇E)

along the fibers of X → B, define a complex vector bundle Ẽ := π∗Λ(T ∗B)⊗
E over X and equip it with the Hermitian metric π∗gT

∗B⊗hE . Consider the
Clifford algebra bundle C`0(T ∗X)→ X, where C`0(T ∗X) denotes C`(T ∗X)

equipped with the degenerate metric gT
∗X

0 , with gT
∗X

ε := g(TVX)∗⊕επ∗gT ∗B.
Since T ∗X ∼= (T VX)∗ ⊕ π∗T ∗B, it follows that C`0(T ∗X) ∼= π∗Λ(T ∗B) ⊗
C`((T VX)∗). Define a Clifford multiplication m0 : C`0(T ∗X)→ End(Ẽ) by
m0(α) = α ∧ · if α ∈ Γ(X,π∗T ∗B) and m0(α) = c(α) if α ∈ Γ(X, (T VX)∗).

Define a connection ∇Ẽ on Ẽ → X by

∇Ẽ = π∗∇T ∗B ⊗∇E +
1

2
m0(ω), (3.1.1)

where ω ∈ Ω1(X,Λ2(T ∗X)) is characterized by [6, Proposition 10.6]. By [6,

Proposition 10.10] ∇Ẽ is a Clifford connection. Thus Ẽ := (Ẽ, π∗gT
∗B ⊗

hE ,∇Ẽ) is a Clifford module over the Clifford algebra bundle C`0(T ∗X)→
X. Note that Ω(B, π∗E) is defined to be Γ(X, Ẽ). The Bismut super-
connection B(E ) : Ω(B, π∗E) → Ω(B, π∗E) is defined as a Dirac operator

B(E ) : Γ(X, Ẽ)→ Γ(X, Ẽ) by the formula

B(E ) =
∑
k

m0(ek)∇Ẽek , (3.1.2)

where {ek} is a local orthonormal frame for TX → X and {ek} its dual
frame for T ∗X → X.

Proposition 1. Let π : X → B be a submersion with closed fibers of even
relative dimension, E = (E, hE ,∇E) a Clifford module over X along the
fibers of X → B and DE the Dirac operator associated to E . Let η̃(E ) be
the eta form of the Bismut superconnection B(E ). If F = (F, hF ,∇F ) is
another Clifford module over X along the fibers of X → B, then

η̃(E ⊕F ) = η̃(E ) + η̃(F )

up to exact forms.

Proof. First of all we claim that B(E ⊕F ) = B(E ) ⊕ B(F ). By (3.1.2) it
suffices to prove that

∇Ẽ⊕F = ∇Ẽ ⊕∇F̃ .
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To see this, let β ⊗ (α1 ⊕ α2) ∈ Γ(X,π∗Λ(T ∗B) ⊗ (E ⊕ F )). By (3.1.1) we
have

∇Ẽ⊕F (β ⊗ (α1 ⊕ α2))

= (π∗∇TB ⊗∇E⊕F )(β ⊗ (α1 ⊕ α2)) +
1

2
m0(ω)(β ⊗ (α1 ⊕ α2))

= π∗∇TBβ ⊗ (α1 ⊕ α2) + β ⊗ (∇Eα1 ⊕∇Fα2) +
1

2
m0(ω)β ⊗ (α1 ⊕ α2)

=

(
π∗∇TBβ ⊗ α1 + β ⊗∇Eα1 +

1

2
m0(ω)β ⊗ α1

)
⊕
(
π∗∇TBβ ⊗ α2 + β ⊗∇Fα2 +

1

2
m0(ω)β ⊗ α2

)
= ∇Ẽ(β ⊗ α1)⊕∇F̃ (β ⊗ α2) = (∇Ẽ ⊕∇F̃ )(β ⊗ (α1 ⊕ α2)).

The additivity of the Bismut superconnections holds for the rescaled Bismut
superconnection; i.e.,

B(E ⊕F )t = B(E )t ⊕ B(F )t.

Consider the Chern–Simons form

CS(B(E )T ,B(E )t) =

∫ T

t
str

(
dB(E )s
ds

e−
1

2πi
(B(E )s)2

)
ds,

where 0 < t < T are fixed. Properties (2.1.6)-(2.1.8) extend to this case.
Therefore

CS(B(E ⊕F )T ,B(E ⊕F )t) = CS(B(E )T ⊕ B(F )T ,B(E )t ⊕ B(F )t)

= CS(B(E )T ,B(E )t) + CS(B(F )T ,B(F )t).

By letting T → ∞ and t → 0 in above, the convergence of all the integrals
involved [6, Theorem 10.32] shows that η̃(E ⊕F ) = η̃(E )+ η̃(F ) up to exact
forms. �

Let E = (E, hE ,∇E) and F = (F, hF ,∇F ) be Hermitian bundles with
unitary connections. By applying Proposition 1 to the twisted spinc bundle
Sc(T VX)⊗ (E ⊕F )→ X where the fibers of π : X → B are assumed to be
spinc, we have

η̃(E⊕ F) = η̃(E) + η̃(F) (3.1.3)

up to exact forms.
Some remarks for Proposition 2.

Remark 2. Let p : M → X be a smooth fiber bundle with compact fibers.
By [11, Chapter 1], we have∫

M/X
p∗α ∧ β = α ∧

(∫
M/X

β

)
, (3.1.4)

for all α ∈ Ω(X) and β ∈ Ω(M).
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If q : X → B is another smooth fiber bundle with compact fibers, then
q ◦ p : M → B is a smooth fiber bundle with compact fibers. It is straight-
forward to check (or see [22, Problem 3 (p.311)]) that∫

M/B
=

∫
X/B
◦
∫
M/X

. (3.1.5)

Proposition 2. Let π : X → B be a submersion with closed spinc fibers
of even relative dimension. Write Ek = (E, hE ,∇Ek ), where k ∈ {0, 1}, as in
§2.1. Then

η̃(E1)−η̃(E0) =

∫
X/B

Todd(∇Sc(TVX))∧CS(∇E1 ,∇E0 )−CS(∇ker(DE)
1 ,∇ker(DE)

0 )

(3.1.6)
up to exact forms.

Proposition 2 is a special case of the variational formula of the equivariant
eta forms [29, Theorem 1.7], where the geometric data on π : X → B and
the connection on E → X are deformed.

Proof. Consider the following commutative diagram

X̃
pX−−−−→ X

π̃

y yπ
B̃ −−−−→

pB
B

The geometric data on π̃ : X̃ → B̃ is obtained by pulling back the geometric

data on π : X → B. Then the local FIT (2.3.9) for Ẽ = (Ẽ, hẼ ,∇Ẽ) gives

dη̃(Ẽ) =

∫
X̃/B̃

Todd(∇Sc(TV X̃)) ∧ ch(∇Ẽ)− ch(∇ker(DẼ)). (3.1.7)

Consider ker(DẼ)→ B̃. By the same reason as in §2.1 we have i∗0 ker(DẼ) ∼=
i∗1 ker(DẼ). Moreover, for k ∈ {0, 1} the connection defining the spinc Dirac

operator DẼ|X×{k} on (Sc(T V X̃)⊗ Ẽ)|X×{k} → X × {k} is ∇Sc(TV X̃) ⊗∇k.
Thus ker(DEk) ∼= i∗k ker(DẼ), so ker(DE0) ∼= ker(DE1), and is therefore de-

noted by ker(DE). Write ∇ker(DE)
k for the unitary connection on ker(DE)→

B induced by ∇k. Denote by i : ∂B̃ → B̃ the inclusion map. By (2.1.3), we
have

η̃(E1)− η̃(E0) =

∫
∂B̃/B

i∗η̃(Ẽ) =

∫
B̃/B

d
B̃
η̃(Ẽ)− dB

∫
B̃/B

η̃(Ẽ).
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By modding out exact forms, it follows from (3.1.7) that

η̃(E1)− η̃(E0) =

∫
B̃/B

d
B̃
η̃(Ẽ)

=

∫
B̃/B

(∫
X̃/B̃

Todd(∇Sc(TV X̃)) ∧ ch(∇Ẽ)− ch(∇ker(DẼ))

)
=

∫
B̃/B

∫
X̃/B̃

p∗X Todd(∇Sc(TVX)) ∧ ch(∇Ẽ)−
∫
B̃/B

ch(∇ker(DẼ)).

By (2.1.2), the last term of the right-hand side is equal to CS(∇ker(DE)
1 ,∇ker(DE)

0 ).
Then

η̃(E1)− η̃(E0)

=

∫
B̃/B

∫
X̃/B̃

p∗X Todd(∇Sc(TVX)) ∧ ch(∇Ẽ)− CS(∇ker(DE)
1 ,∇ker(DE)

0 )

=

∫
X̃/B

p∗X Todd(∇Sc(TVX)) ∧ ch(∇Ẽ)− CS(∇ker(DE)
1 ,∇ker(DE)

0 )

=

∫
X/B

∫
X̃/X

p∗X Todd(∇Sc(TVX)) ∧ ch(∇Ẽ)− CS(∇ker(DE)
1 ,∇ker(DE)

0 )

=

∫
X/B

Todd(∇Sc(TVX)) ∧
(∫

X̃/X
ch(∇Ẽ)

)
− CS(∇ker(DE)

1 ,∇ker(DE)
0 )

=

∫
X/B

Todd(∇Sc(TVX)) ∧ CS(∇E1 ,∇E0 )− CS(∇ker(DE)
1 ,∇ker(DE)

0 ),

up to exact forms, where the second and the third equalities follow from
(3.1.5), the fourth equality follows from (3.1.4) and the last equality follows
from (2.1.2). �

We call (3.1.6) the variational formula of the eta forms of the pair (E1,E0).

3.2. The flat GRR. In this subsection we prove that the flat analytic index
inda

L : K−1
L (X) → K−1

L (B) is well defined and the flat GRR. The proof of
Proposition 3 is the essentially the same as [23, Proposition 3].

Proposition 3. Let π : X → B be a submersion with closed spinc fibers of
even relative dimension. The flat analytic index

inda
L : K−1

L (X)→ K−1
L (B)

is well defined.

Proof. For k = 0, 1, let Ek = (E+
k ⊕ E−k , h

+
k ⊕ h−k ,∇

+
k ⊕ ∇

−
k , ωk) be Z2-

graded generators of K−1
L (X) such that the classes of E0 and E1 are equal in

K−1
L (X). For notational clarity we write Ek for E+

k ⊕ E
−
k and similarly for

other Z2-graded objects. By the definition of K−1
L , there exists a Z2-graded

generator G = (G, hG,∇G, ωG) of K−1
L (X) such that

E1 ⊕G ∼= E0 ⊕G, (3.2.1)



16 M.-H. HO

and

ω1 − ω0 = CS(∇0 ⊕∇G,∇1 ⊕∇G). (3.2.2)

Since the analytic index is additive, (3.2.1) implies

inda(E1)⊕ inda(G) ∼= inda(E1 ⊕G)

∼= inda(E0 ⊕G) ∼= inda(E0)⊕ inda(G).
(3.2.3)

Since the diagram

K−1(X)
β−−−−→ K(X)

inda
L

y yinda

K−1(B) −−−−→
β

K(B)

commutes, it follows that

β(inda
L(E1)− inda

L(E0)) = inda(E1)− inda(E0) = 0.

It follows from the exact sequence (2.2.2) that there exists [ω] ∈ Hodd(B;R)
such that

α([ω]) = inda
L(E1)− inda

L(E0). (3.2.4)

It suffices to prove that ω is an exact form. By the definition of α and
(2.4.2), (3.2.4) implies(

ker(DE1), hker(DE1 ),∇ker(DE1 ),

∫
X/B

Todd(∇Sc(TVX)) ∧ ω1 + η̃(E1)

)
−
(

ker(DE0), hker(DE0 ),∇ker(DE0 ),

∫
X/B

Todd(∇Sc(TVX)) ∧ ω0 + η̃(E0)

)
= (Cn, h,∇flat, ω)− (Cn, h,∇flat, 0).

It follows from the definition of K−1
L that

ω = CS(∇ker(DE1 ) ⊕∇flat,∇ker(DE0 ) ⊕∇flat) + η̃(E1)− η̃(E0)

+

∫
X/B

Todd(∇Sc(TVX)) ∧ (ω1 − ω0)
(3.2.5)

up to exact forms. By the additivity of the eta forms (3.1.3), we have

η̃(E1)− η̃(E0) = η̃(E1 ⊕G)− η̃(E0 ⊕G).

Together with (2.1.8) the right-hand side of (3.2.5) becomes

CS(∇ker(DE1 ) ⊕∇ker(DG) ⊕∇flat,∇ker(DE0 ) ⊕∇ker(DG) ⊕∇flat)

+

∫
X/B

Todd(∇Sc(TVX)) ∧ CS(∇0 ⊕∇G,∇1 ⊕∇G) + η̃(E1 ⊕G)− η̃(E0 ⊕G).
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By (3.2.1) and (2.1.8), it becomes

CS(∇ker(DE1 ) ⊕∇ker(DG),∇ker(DE0 ) ⊕∇ker(DG)) + η̃(E1 ⊕G)− η̃(E0 ⊕G)

+

∫
X/B

Todd(∇Sc(TVX)) ∧ CS(∇0 ⊕∇G,∇1 ⊕∇G).

Because of (3.2.3), we can apply the variational formula for the eta forms
(Proposition 2) to the pair (E0 ⊕ G,E1 ⊕ G), which shows that the above
form is exact. From (3.2.5) we see that ω is exact, so inda

L(E1) = inda
L(E0).

Therefore the flat analytic index inda
L is well defined. �

We are now ready to prove the flat GRR.

Theorem 1. Let π : X → B be a submersion with closed spinc fibers of
even relative dimension. The following diagram commutes.

K−1
L (X)

chR/Q−−−−→ Hodd(X;R/Q)

inda
L

y y∫
X/B Todd(X/B)∪(·)

K−1
L (B) −−−−→

chR/Q
Hodd(B;R/Q)

i.e., for a Z2-graded generator E of K−1
L (X) of the form (2.2.1), we have

chR/Q(inda
L(E)) =

∫
X/B

Todd(X/B) ∪ chR/Q(E). (3.2.6)

Proof. By (2.2.4) and (2.4.2), chR/Q(inda
L(E)) is given by the mod Q reduc-

tion of the de Rham class of

1

`
CS(`∇ker(DE)+ , j∗1`∇ker(DE)−)+

∫
X/B

Todd(∇Sc(TVX))∧ω+ η̃(E), (3.2.7)

where ` ∈ N and j1 : ` ker(DE)+ → ` ker(DE)− is an isometric isomorphism.

Similarly

∫
X/B

Todd(X/B) ∪ chR/Q(E) is given by the mod Q reduction of

the de Rham class of

1

k

∫
X/B

Todd(∇Sc(TVX)) ∧ CS(k∇+, j∗2k∇−) +

∫
X/B

Todd(∇Sc(TVX)) ∧ ω,

(3.2.8)
where k ∈ N and j2 : kE+ → kE− is an isometric isomorphism. Consider
the difference between (3.2.7) and (3.2.8), which is given by

h : =
1

`
CS(`∇ker(DE)+ , j∗1`∇ker(DE)−) + η̃(E)

− 1

k

∫
X/B

Todd(∇Sc(TVX)) ∧ CS(k∇+, j∗2k∇−).
(3.2.9)

Thus to prove (3.2.6) it suffices to prove h = 0 up to forms with periods in
Q. Let m be the least common multiple of k and `. Then there exist unique
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d1, d2 ∈ N such that m = `d1 and m = kd2. Since j2 : kE+ → kE− is an
isometric isomorphism, the same is true for

d2j2 :

d2︷ ︸︸ ︷
kE+ ⊕ · · · ⊕ kE+ →

d2︷ ︸︸ ︷
kE− ⊕ · · · ⊕ kE−,

where d2j2 :=

d2︷ ︸︸ ︷
j2 ⊕ · · · ⊕ j2. Moreover, d2(k∇+) = m∇+ and (d2j2)∗(d2k∇+) =

(d2j2)∗m∇− are unitary connections on mE+ → X. Note that

1

k
CS(k∇+, j∗2k∇−) =

1

m
CS(m∇+, (d2j2)∗m∇−) +

1

k
CS(k∇+, j∗2k∇−)

− 1

m
CS(m∇+, (d2j2)∗m∇−).

(3.2.10)

By (2.1.6) and (2.1.7), the last two terms of the right-hand side of (3.2.10)
equal

1

k
CS(k∇+, j∗2k∇−)− 1

m
CS(m∇+, (d2j2)∗m∇−)

=
1

d2k
CS(d2k∇+, (d2j2)∗(d2k∇−))− 1

m
CS(m∇+, (d2j2)∗m∇−)

=
1

m

(
CS(m∇+, (d2j2)∗(m∇−))− CS(m∇+, (d2j2)∗m∇−)

)
=

1

m

(
CS(m∇+, (d2j2)∗(m∇−)) + CS((d2j2)∗m∇−,m∇+)

)
=

1

m
CS(m∇+,m∇+) = 0

up to exact forms.2 Thus

1

k

∫
X/B

Todd(∇Sc(TVX)) ∧ CS(k∇+, j∗2k∇−)

=
1

m

∫
X/B

Todd(∇Sc(TVX)) ∧ CS(m∇+, (d2j2)∗m∇−)

up to exact forms. By the same argument, the first term of the right-hand
side of (3.2.9) becomes

1

`
CS(`∇ker(DE)+ , j∗1`∇ker(DE)−) =

1

m
CS(m∇ker(DE)+ , (d1j1)∗m∇ker(DE)−)

2The argument is similar to the proof of [30, Lemma 1], which says that the definition
of chR/Q is, in particular, independent of the choice of k ∈ N (see (2.2.3)).
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up to exact forms. Since exact forms have zero periods, it follows that (3.2.9)
becomes

h =
1

m
CS(m∇ker(DE)+ , (d1j1)∗m∇ker(DE)−) + η̃(E)

− 1

m

∫
X/B

Todd(∇Sc(TVX)) ∧ CS(m∇+, (d2j2)∗m∇−).

Since η̃(mE) = mη̃(E) by (3.1.3), it follows that

h =
1

m

(
CS(m∇ker(DE)+ , (d1j1)∗m∇ker(DE)−) + η̃(mE)

−
∫
X/B

Todd(∇Sc(TVX)) ∧ CS(m∇+, (d2j2)∗m∇−)

)
.

A priori the variational formula of the eta forms (Proposition 2) cannot
be applied to the pair (mE+, (d2j2)∗mE−) since the isometric isomorphisms
d1j1 and d2j2 are not related in general. However, as remarked in [30,
p.289], the flat Chern character chR/Q of Z2-graded generator is independent
of the choice of the isometric isomorphism involved. Thus, without loss of
generality, we can assume d1j1 is induced by d2j2, so Proposition 2 can be
applied. Thus h = 0 up to exact forms, and therefore (3.2.6) holds.

We have proved (3.2.6) under the assumption that the kernel bundle
ker(DE) → B exists. Without this assumption one can proceed as in [30,
§5] and [21, §7.12] to prove (3.2.6). �
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6. Nicole Berline, Ezra Getzler, and Michèle Vergne, Heat kernels and Dirac operators,
Grundlehren Text Editions, Springer-Verlag, Berlin, 2004, Corrected reprint of the
1992 original.

7. Jean-Michel Bismut, Eta invariants, differential characters and flat vector bundles,
Chinese Ann. Math. Ser. B 26 (2005), 15–44.

8. Jean-Michel Bismut and Jeff Cheeger, η-invariants and their adiabatic limits, J. Amer.
Math. Soc. 2 (1989), 33–70.

9. Jean-Michel Bismut and Daniel S. Freed, The analysis of elliptic families. I. Metrics
and connections on determinant bundles, Comm. Math. Phys. 106 (1986), no. 1, 159–
176.

10. , The analysis of elliptic families. II. Dirac operators, eta invariants, and the
holonomy theorem, Comm. Math. Phys. 107 (1986), no. 1, 103–163.



20 M.-H. HO

11. Raoul Bott and Loring W. Tu, Differential forms in algebraic topology, Graduate Texts
in Mathematics, vol. 82, Springer-Verlag, New York-Berlin, 1982.

12. Ulrich Bunke and Thomas Schick, Smooth K-theory, Astérisque (2009), no. 328, 45–
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