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ABSTRACT

In this thesis, we firstly develop a model-adaptive checking method for partially

parametric single-index models, which combines the advantages of both dimension

reduction technique and global smoothing tests. Besides, we propose a dimension

reduction-based model adaptive test of heteroscedasticity checks for nonparametric

and semi-parametric regression models. Finally, to extend our testing approaches

to nonparametric regressions with some restrictions, we consider significance testing

under a nonparametric framework.

In Chapter 2, “Model Checking for Partially Parametric Single-index

Models: A Model-adaptive Approach”, we consider the model checking prob-

lems for more general parametric models which include generalized linear models and

generalized nonlinear models. We develop a model-adaptive dimension reduction

test procedure by extending an existing directional test. Compared with traditional

smoothing model checking methodologies, the procedure of this test not only avoids

the curse of dimensionality but also is an omnibus test. The resulting test is omnibus

adapting the null and alternative models to fully utilize the dimension-reduction

structure under the null hypothesis and can detect fully nonparametric global alter-

natives, and local alternatives distinct from the null model at a convergence rate as

close to square root of the sample size as possible. Finally, both Monte Carlo sim-

ulation studies and real data analysis are conducted to compare with existing tests

and illustrate the finite sample performance of the new test.

In Chapter 3, “Heteroscedasticity Checks for Nonparametric and Semi-

parametric Regression Model: A Dimension Reduction Approach”, we

consider heteroscedasticity checks for nonparametric and semi-parametric regression

models. Existing local smoothing tests suffer severely from the curse of dimensionality

even when the number of covariates is moderate because of use of nonparametric

estimation. In this chapter, we propose a dimension reduction-based model adaptive

test that behaves like a local smoothing test as if the number of covariates is equal to

the number of their linear combinations in the mean regression function, in particular,
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equal to 1 when the mean function contains a single index. The test statistic is

asymptotically normal under the null hypothesis such that critical values are easily

determined. The finite sample performances of the test are examined by simulations

and a real data analysis.

In Chapter 4, “Dimension Reduction-based Significance Testing in Non-

parametric Regression”, as nonparametric techniques need much less restrictive

conditions than those required for parametric approaches, we consider to check non-

parametric regressions with some restrictions under sufficient dimension reduction

structure. A dimension-reduction-based model-adaptive test is proposed for signifi-

cance of a subset of covariates in the context of a nonparametric regression model.

Unlike existing local smoothing significance tests, the new test behaves like a local

smoothing test as if the number of covariates is just that under the null hypothesis

and it can detect local alternative hypotheses distinct from the null hypothesis at the

rate that is only related to the number of covariates under the null hypothesis. Thus,

the curse of dimensionality is largely alleviated when nonparametric estimation is

inevitably required. In the cases where there are many insignificant covariates, the

improvement of the new test is very significant over existing local smoothing tests on

the significance level maintenance and power enhancement. Simulation studies and

a real data analysis are conducted to examine the finite sample performance of the

proposed test.

Finally, we conclude the main results and discuss future research directions in

Chapter 5.

Keywords: Model checking; Partially parametric single-index models; Central mean

subspace; Central subspace; Partial central subspace; Dimension reduction; Ridge-

type eigenvalue ratio estimate; Model-adaption; Heteroscedasticity checks; Signifi-

cance testing.
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Chapter 1

Introduction

Goodness-of-fit proposed by Pearson at the beginning of the twentieth century is

one of the most important areas in economics and statistics. MathScinet database

reported that there have been nearly 3000 references about goodness-of-fit until Octo-

ber 2012 (González-Manteiga and Crujeiras, 2013). There is no doubt that goodness-

of-fit for regression is an important research topic in economics and statistics. This

thesis focuses primarily on three kinds of models: the parametric models, the semi-

parametric models and the nonparametric models with some restrictions. Study of

these models includes model checks and heteroscedasticity checks.

We always like to explore the relationship between a response Y and a vector

of predictors X = (X1, . . . , Xp)
⊤ ∈ Rp. Due to a better interpretability and avoid-

ing the curse of dimensionality usually occurred in nonparametric regression models,

parametric regression models, especially generalized linear models, are commonly

adopted. We are also found of whether a subset of explanatory variable X is the

redundant variables to the response variable Y or not. Broadly speaking, studying

interesting data structures is an important problem in economics and statistics. How-

ever, whether those structures hold or not are not all so clear-cut in practice. Thus,

it is essential to develop some suitable testing procedures to check these structures.

Additionally, when we detect these structures with a large number of the predic-
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tors, the curse of dimensionality appears naturally in checking procedures. Therefore,

when the dimension of X is large, overwhelming testing methodologies fail to work.

To overcome this serious problem caused by dimensionality, it is necessary to adopt

some linear combinations of the predictors X to summarize all information of X over

Y as well as possible, which can be completed by dimension reduction technique.

This thesis focuses on checking these structures by combining strongpoints of both

dimension reduction technique and traditional testing methodologies.

As two leitmotifs of statistics, goodness-of-fit and dimension reduction are becom-

ing progressively more and more prominent, both in theory and in practice.

1.1 Goodness-of-Fit for Regression

The purpose of goodness-of-fit for regression is to check whether the mean function

for a set of data belongs to a certain parametric form, such as linear models and

generalized linear models. If the certain parametric form for the mean function is

not clear-cut, nonparametric regression models will be adopted. When the number of

predictors X is large, nonparametric estimators, such as Nadaraya-Watson estimator

(Nadaraya 1964, Watson 1964), are unsuitable, even they are not consistent for the

mean function. Additionally, it is difficult to get the interpretability for nonpara-

metric estimators. However, the parametric estimators have several advantages as

follows: (1) efficient estimators, (2) better interpretability for the parametric regres-

sion. Furthermore, statistical inferences are built on right regression models. If there

is no any priori information or without statistical evidence to support the assumption,

the inferences based on them maybe very skeptical. Therefore, it is essential to im-

plement some testing procedure to check whether some parametric form is adequate

to fit the data or not.

2



1.1.1 Smoothing-Based Tests

When a sample {xi, yi}ni=1 of (X,Y ) is available, we consider a regression model as

yi = m(xi) + ϵi,

where m(·) = E(Y |X = ·) is the mean function of the response Y over the predictors

X and ϵi is the residual term such that E(ϵi|xi) = 0. We are also found of exploring

the structure of the mean regression m(·). Thus, it is our purpose to check

H0 : m(X) ∈ Mθ = {m(X, θ), θ ∈ Θ ⊂ Rq} versus H1 : m(X) /∈ Mθ.

Although there are many specific smoothing methodologies for mean function in the

literature, kernel type estimators will be considered, for example, Nadaraya-Watson

estimator (Nadaraya 1964, Watson 1964) defined as

m̂(x) =
n∑

i=1

ωni(x)yi with ωni(x) =
Kh(x− xi)∑n
j=1Kh(x− xj)

,

where Kh(·) = K(·/h)/hp, K(·) is a kernel function and h is a bandwidth.

Härdle and Mammen (1993) developed a test statistic relied on the L2 distance

between the underlying and the hypothetical mean function. To be exact, the test

statistic can be written as follows:

THM =

∫ ( n∑
i=1

ωni(x)[yi −m(xi, θn)]

)2

W (x)dx,

where θn is, under the null hypothesis, a root-n consistent estimator of the true value

θ0, and it is gotten simply by the nonlinear least squares estimation, and W (·) is

some positive weight function. Under some regularity conditions, the limiting null

distribution of THM can be described as follows:

nhp/2
(
THM − (nhp)−1

∫
K2(x)dx

∫
σ2(x)W (x)

f(x)
dx

)
d→ N

(
0, 2

∫
(K ∗K)2dx

∫
σ4(x)W 2(x)

f 2(x)
dx

)
,

3



where the notation
d→ stands for convergence in distribution, f(·) denotes the density

function of the predictors X, σ2(x) = V ar(Y |X = x) indicates the conditional vari-

ance and the notation K ∗ K stands for the self-convolution of the kernel function.

González-Manteiga and Cao (1993) further extended Härdle and Mammen (1993)’s

test to a discretized version as:

TGC = n−1

n∑
i=1

ωni(xi)[yi −m(xi, θn)]
2W (xi).

Under the null hypothesis, this discrete version TGC is a consistent estimator of

E[E2(ϵ0|X)W (X)] where ϵ0 = Y −m(X, θ0).

Zheng (1996) and Fan and Li (1996) independently developed nonparametric tests

based on second order conditional moments. Particularly, Fan and Li (1996) con-

structed a test statistic depended on a consistent estimator of E[ϵ0f(X)E{ϵ0f(X)|X}f(X)]

under the null hypothesis. Naturally, this quantity can be estimated by

TFL =
1

n(n− 1)

∑
i̸=j

Kh(xi − xj)[ϵ̂if̂(xi)][ϵ̂j f̂(xj)],

where ϵ̂i = yi −m(xi, θn) and f̂(xi) is a kernel estimator of f(xi). Fan and Li (1996)

described its null limited distribution as follows:

nhp/2TFL
d→ N

(
0, σ2

)
,

with σ2 = 2
∫
K2(u)du

∫
σ4(x)f 5(x)dx which can be consistently estimated as

σ̂2 =
1

n(n− 1)

∑
i ̸=j

Kh(xi − xj)[ϵ̂if̂(xi)]
2[ϵ̂j f̂(xj)]

2

∫
K2(x)dx.

Compared TFL with THM and TGC , it is preferable that there is no asymptotic bias

for TFL and then it is unnecessary for bias-correction procedure.

Additionally, since under the null hypothesis, E
({
ϵ20 − [ϵ0 −E(ϵ0|X)]2

}
W (x)

)
=

0 holds, Dette (1999) developed a test statistic based on the differences between

the underlying and the hypothetical variance functions. A natural estimator of this

quantity can be formulated as:

TD =
1

n

n∑
i=1

[yi −m(xi, θn)]
2W (xi)−

1

n

n∑
i=1

[yi − m̂(xi)]
2W (xi).

4



Dette (1999) described the limiting distribution of TD to be:

nhp/2
(
TD − (nhp)−1K∗(0)

∫
σ2(x)W (x)dx

)
d→ N

(
0, 2

∫
K∗(x)dx

∫
σ4(x)W 2(x)dx

)
.

where K∗ = 2K−K ∗K. The more details about the comparison for above methods

can be kindly referred to Zhang and Dette (2004).

Motivated by the conventional likelihood ratio test, Fan et al. (2001) and Fan and

Jiang (2005, 2007) revised this test statistic to be generalized likelihood ratio tests

for regression models. One of the major advantages for this type of tests is that their

limiting distributions do not lie on nuisance parameters, see, Fan and Jiang (2005,

2007).

1.1.2 Tests Based on Empirical Processes

Another popular category of methodologies, motivated by the goodness-of-fit for

distributions, is stemmed from the fact that under the null hypothesis, E(Y −

m(X, θ)I(X ≤ t) = 0 for all t ∈ Rp. Thus, an empirical process can be defined

as the following form:

Vn(x) =
√
n{Gn(x)− Eθn(Gn(x))} =

√
n

n∑
i=1

ϵ̂iI(xi ≤ x).

Here Eθn(Gn(x)) is a parametric estimator of the integrated mean function G(x) =∫ x

−∞m(t)dF (t) = E(Y I(X ≤ x)) with I(·) being the indicator function under the

null hypothesis and ϵ̂i = yi − m(xi, θn) with θn, under the null hypothesis, being a

root-n consistent estimator of θ. The empirical process Vn(x) can be viewed as the

base to construct Cramér-von Mises or Kolmogorov-Smirnov type tests. The limiting

distributions for this kind of tests rely on a Gaussian limit process that the empirical

process Vn(x) converges to. This type of tests was studies originally by Bierens

(1982), Su and Wei (1991) and Stute (1997). On the other hand, Koul and Stute

(1998) and Diebolt (1995) considered goodness-of-fit for regressions with non-random
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design relied on the empirical process. It is noteworthy to point out that the limiting

null distributions of these tests depend on the parametric function of m(X, θ). Thus,

these methods are not distribution free. Using ideas of Khmaladze (1981), Stute et

al. (1998) proposed an innovation martingale approach for model checking to acquire

a distribution free test for one-dimension predictor. Stute and Zhu (2002) developed

a relevant asymptotically distribution-free test based on one-dimensional projected

covariates to check generalized linear regression models. Khmaladze and Koul (2004)

further studied the goodness-of-fit problem for errors when the Khmaladze martingale

transformation of the empirical processes is applied to nonparametric regression.

Van Keilegom et al. (2008) developed a test statistic that is the distance between

the empirical versions of the underlying and the hypothetical distribution functions.

Huskova and Meintanis (2009) advised a test statistic based on the distance between

the empirical characteristic function of the residuals under the underlying and the

non-parametric models. It is essential to point out that both the tests are only

suitable for both predictors and the error term to be independent. However, other

relevant proposals principally suppose that E(ϵ|X) = 0. Other relevant references

include Dette et al. (2007) and Huskova and Meintanis (2010).

Compared with existing smoothing-based tests, this type of methodologies can

detect local alternative hypotheses distinct from the null hypothesis at typical conver-

gence rate O(n−1/2), while smoothing-based tests can acquire the typical convergence

rate (nhp/2)
−1/2

. Another advantage for this type of these tests is not subjected to the

selection of tuning parameters, such as bandwidth. Thus, these methodologies have

theoretical advantages over existing local smoothing tests. It only implies that these

methodologies may have some power against the closer alternative hypotheses. Actu-

ally, as Fan and Li (2000) pointed out, tests based on empirical processes commonly

produce low powers against high frequency alternative hypotheses. Furthermore,

practical evidence shows that the high-dimensional predictors X still deteriorate the

power of global smoothing tests. Additionally, when the dimension of X is very large,
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the computational burden is also an issue because these tests concentrated on the

empirical process are generally computationally intensive.

A comprehensive review of goodness-of-fit for regressions is González-Manteiga

and Crujeiras (2013). It is also needed to point out the book of Hart (1997), which

collects some classical testing process for the goodness-of-fit problem, for example, the

likelihood ratio tests, the von Neumann’s test, and some nonparametric smoothing

methods used for the goodness-of-fit tests of parametric models.

1.2 Overview of Sufficient Dimension Reduction

Since the sparsity of data structure restricts the application of local smoothing testing

methods with high-dimensional predictors, the curse of dimensionality appears and

then most testing methods can not efficiently work. Dimension reduction is an im-

portant technique to overcome the dimensionality problem for us in high-dimensional

data analysis. Dimension reduction contains sufficient dimension reduction (SDR)

and numerous methodologies which reduce the dimension of the original predictors

X, such as partial least squares and principal component analysis. The purpose of

sufficient dimension reduction handles the sparsity of data structure without any

pre-specified parametric model structure and without losing any information about

the regression of Y over X. The reduction structure is derived by projecting raw

predictors onto a lower-dimensional subspace.

Let SY |X stand for the central subspace introduced by Cook (1998) and Yin et al.

(2008), which is defined as intersection of all subspaces S satisfying

Y⊥⊥X|PSX,

where ⊥⊥ stands for the statistics independence and P(·) indicates a projection oper-

ator with respect to the standard inner product. Additionally, the conditional mean

E(Y |X) also attracts much attention. Similarly as the definition of central subspace,

let SE(Y |X) denote the central mean subspace (CMS, Cook and Li 2002). It is actually
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the intersection of all subspaces S such that

Y⊥⊥E(Y |X)|PSX.

Under any circumstances, sufficient dimension reduction permits us to find q ≤ p

new predictors which can be written as linear combinations of the original predictors:

β⊤
1 X, . . . , β

⊤
q X, where {β1, . . . , βq} is viewed as a basis of SY |X or SE(Y |X).

In the last three decades or so, many promising methods have been developed

to issues related to dimension reduction. Three prevalent classes of these estimation

methods are respectively: inverse regression methods (e.g., Li 1991, Cook and Weis-

berg 1991, Cook and Ni 2005, Li and Wang 2007, Cook and Forzani 2009, Li and Dong

2009 and Zhu et al. 2010a), direct regression methods (e.g., Li 1992, Härdle et al.

1993, Hristache et al. 2001, Xia et al. 2002, Xia 2006 and Dalalyan et al. 2008) and

correlation approaches such as Fourier method (Zhu and Zeng, 2006), KL-distance

(Yin and Cook, 2005, Yin et al., 2008).

Inverse regression methods are very easy to implement and widely applied. But

those methods need strong conditions over the predictors, for example, a linearity

condition (Li 1991) or a constant conditional variance condition (Li 1992), and even

they can not achieve a consistent estimator of the central subspace comprehensively

(Cook 1998). On the contrary, direct regression methods require weaker conditions

about the distribution of the predictors and perform much better in finite samples.

However, these methods can not find other directions but the central mean subspace

and have heavy computational burden.

1.2.1 Sliced Inverse Regression

Sliced inverse regression (SIR) method, which was developed by Li (1991), is an in-

novative idea for obtaining SY |X in regression. This promising method implicates the

inverse regression that X is regressed on Y . To derive SIR estimator, it is usually

assumed that the predictors of X satisfy the linearity condition, that is, the condi-

tional mean E(X|B⊤X) is a linear function of B⊤X with the columns of B ∈ Rp×q
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being any basis of the central space SY |X . Define the standardized predictors X

as the new predictors Z = Σ
−1/2
X (X − uX), where uX and ΣX are the mean and

the non-singular covariance matrix of X, respectively. Under this linearity condi-

tion, Cook (1998) has justified that SY |X = Σ
−1/2
X SY |Z in Proposition 6.1. SIR is

due to the fact that for any y, E(Z|Y = y) ⊆ SY |Z . Define the inverse mean

subspace SE(Z|Y ) = Span{E(Z|Y = y), y ∈ R}. Then, under the coverage condition

SE(Z|Y ) = SY |Z , the eigenvectors associated with non-zero eigenvalues of Cov{E(Z|Y)}

make up the basis of SY |Z .

When an i.i.d sample {xi, yi}ni=1 of (X, Y ) is available, from Li (1991), the SIR

algorithm is as following steps. Let sample mean and sample covariance matrix of X

be denoted as X̄ and Σ̂X , respectively. Firstly, we partition the range of Y into M

intervals, I1, · · · , IM , Cov{E(Z|Y)} is approximately estimated by

Ĉov{E(Z|Y )} =
M∑
k=1

p̂kz̄kz̄
⊤
k , (1.1)

where for k = 1, · · · ,M , p̂k and z̄k denote the estimators of pk = Pr(Y ∈ Ik) and

zk = E(Z|Y ∈ Ik), respectively. Simply, p̂k = nk/n with nk being the number of

observations falling in interval Ik and z̄k can be estimated by the sample mean of Z

in each interval Ik, k = 1, . . . ,M .

Computing the spectral decomposition of the estimating matrix Ĉov{E(Z|Y )},

we get the eigenvectors α̂1, · · · , α̂q associated with the q largest eigenvalues. Hence,

the estimating basis of SY |X is constructed as β̂j = Σ̂
−1/2
X α̂j for j = 1, · · · , q and the

new predictors are composed as β̂⊤
1 X, · · · , β̂⊤

q X.

Under certain regularity conditions, Li (1991) and Hsing and Carroll (1992) have

proved that the SIR estimator enjoys the root-n consistency to the center space SY |X .

Furthermore, Zhu and Ng (1995) has justified that this algorithm is not sensitive to

the choice of the number of intervals in theoretical results, which is consistent with

the numerical studies in Li (1991).
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1.3 Outline of the Thesis

The plan of the remaining thesis is organized as follows. In Chapter 2, we consider

the model checking problem for the general parametric models which include gener-

alized linear models and generalized nonlinear models. We suggest a model-adaptive

dimension reduction test procedure by extending an existing directional test. Com-

pared with traditional smoothing model checking methodologies, this test not only

avoids the curse of dimensionality but also is an omnibus test. The resulting test

is omnibus adapting the null and alternative models to fully utilize the dimension-

reduction structure under the null hypothesis and can detect fully nonparametric

global alternatives and local alternatives distinct from the null hypothesis at a con-

vergence rate as close to square root of the sample size as possible. Finally, both

Monte Carlo simulation studies and real data analysis are conducted to compare

with existing tests and illustrate the finite sample performance of the new test.

In the nonparametric and semi-parametric regression models, most methods have

adverse consequences for the efficiency and can be even inconsistent in the presence

of heteroscedasticity. Then heteroscedasticity testing is of importance in regression

analysis. Thus, in Chapter 3, we consider heteroscedasticity checks for regression

models. Existing local smoothing tests suffer severely from the curse of dimensionality

even when the number of covariates is moderate because of use of nonparametric

estimation. In this chapter, we propose a dimension reduction-based model adaptive

test that behaves like a local smoothing test as if the number of covariates is equal to

the number of their linear combinations in the mean regression function, in particular,

equal to 1 when the mean function contains a single index. The test statistic is

asymptotically normal under the null hypothesis such that critical values are easily

determined. The finite sample performances of the test are examined by simulations

and a real data analysis.

As nonparametric techniques need much less restrictive conditions than those re-

quired for parametric approaches, we consider to check nonparametric regressions
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with some restrictions under sufficient dimension reduction structure. In Chapter 4,

we propose a novel model-adaptive test for the significance testing of a subset of

explanatory variables in the context of a nonparametric regression model. Unlike ex-

isting local smoothing significance tests, the new test behaves like a local smoothing

test as if the number of covariates is just that under the null hypothesis and it can de-

tect local alternatives distinct from the null hypothesis at the rate that is only related

to the number of covariates under the null hypothesis. Thus, the curse of dimension-

ality is largely alleviated when nonparametric estimation is inevitably required. In

the cases where there are many insignificant covariates, the improvement of the new

test is very significant over existing local smoothing tests on the significance level

maintenance and power enhancement. Simulation studies and a real data analysis

are conducted to examine the finite sample performance of the proposed test.

Lastly, in Chapter 5, we summarize the main results and discuss future research

directions.
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Chapter 2

Model Checking for Partially

Parametric Single-index Models: A

Model-adaptive Approach

2.1 Introduction

Consider the partially parametric single-index model in the form:

Y = G(β⊤X,W, θ) + ϵ, (2.1)

where Y is the response variable, the covariate vector (X,W ) is in Rp1+p2 , G(·) denotes

a known smooth function that depends not only on β⊤X but also on the covariate

W , β and θ denote the regression parameter vectors and ϵ follows a continuous

distribution and is independent with the covariates (X,W ). The model (2.1) reduces

to the parametric single-index model in the absence of the covariate W and the

general parametric model in the absence of the covariate β⊤X. This structure is

often meaningful as in many applications, p1 is often large while p2 is not. See the

relevant dimension reduction literatures such as Feng et al. (2013).

However, it is not all so clear-cut to know whether real data set marries the above

statistical formalization or not. It is worthwhile to perform a suitable and efficient
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model checking before any further statistical analysis. As we often have no idea about

the model structure under alternative hypothesis and thus, the general alternative

hypothesis is considered to have the form as:

Y = g(X,W ) + ϵ, (2.2)

where g(·) denotes an unknown smooth function.

To test the parametric single-index model that absences the covariate W in the

model (2.1), and general nonlinear model in the absence of the covariate β⊤X, there

are several proposals in the literature. Two prevalent classes of methods are re-

spectively local smoothing and global smoothing tests. As examples, for the former,

Härdle and Mammen (1993) suggested a test that is the L2 distance between the

parametric estimate under the null and the nonparametric estimate under the al-

ternative hypothesis. Zheng (1996) and Fan and Li (1996) independently developed

tests based on second order conditional moments. Dette (1999) proposed a consistent

test depended on the difference between the null parametric variance estimate and

the alternative nonparametric variance estimate respectively. Fan et al. (2001) de-

veloped a generalized likelihood ratio test. For other developments, see the Neyman

threshold test (Fan and Huang 2001), a class of minimum distance tests (Koul and

Ni 2004) and the distribution distance test (Van Keilegom et al. 2008). A relevant

reference can be seen in Zhang and Dette (2004). However, there exist two obvious

shortcomings of local smoothing tests. First, those methodologies have the subjective

constraint choice of tuning parameters such as bandwidth. In fact, as Stute and Zhu

(2005) pointed out, the optimal bandwidth choice in hypothesis testing is still an

open problem. Second, a more serious problem is the typical slow convergence rate of

local smoothing tests that is O(n−1/2h−p/4) under the null hypothesis, where p is the

dimension of the covariates and h is the bandwidth. In the present setup, p = p1+p2.

Because h must tend to zero at a certain rate, when the dimension p is large, the

test statistics tend to their limits very slowly. In other words, local smoothing tests

severely suffer from the curse of dimensionality.
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For global smoothing tests, examples include Stute (1997) who proposed a non-

parametric principal component decomposition-based test that is based on a residual

marked empirical process. Stute et al. (1998) introduced the Khmaladze martingale

transformation to model checking. Stute and Zhu (2002) developed a relevant asymp-

totically distribution-free test based on one-dimensional projected covariates to check

generalized linear regression models. Khmaladze and Koul (2004) further studied the

goodness-of-fit problem for errors when the Khmaladze martingale transformation

of the empirical processes is applied to nonparametric regression. A comprehensive

review of model checking is González-Manteiga and Crujeiras (2013). The typical

convergence rate of existing global smoothing methods is O(n−1/2). See e.g. Stute

et al. (1998). Thus, it has the theoretical advantage over local smoothing tests.

However, practical evidence shows that the high-dimensional covariate X still dete-

riorates the power of global smoothing tests when p is large. This is particularly the

case when alternative model is high-frequent.

Stute and Zhu (2002) thus investigated the parametric single-index model: Y =

G(β⊤X)+ϵ. Stemming from the fact that under the null hypothesis, E(Y−G(β⊤X)I(X ≤

t) = 0 for all t ∈ Rp leads to E(Y − G(β⊤X)I(β⊤X ≤ t) = 0 for all t ∈ Rp, Stute

and Zhu (2002) advised a relevant test as:

Rn(x) = n−1/2

n∑
i=1

(yi −G(β̂⊤xi))I(β̂
⊤xi ≤ x),

where β̂ is, under the null hypothesis, a root-n consistent estimate of β. It has been

proved to be powerful in many cases. However, this test is not an omnibus test, while a

directional test. Thus, the general alternative hypothesis of (2.2) cannot be detected.

This phenomenon can be easily illustrated by the following alternative model: Y =

β⊤
1 X + c sin(β⊤

2 X) + ϵ, where X is normally distributed N(0,Σ) with p× p identity

matrix Σ, and β1 and β2 are two orthogonal vectors. The value c = 0 corresponds to

the null hypothesis. However, for any c, we always have E(Y − β⊤
1 X|β⊤

1 X) = 0. In

other words, this conditional mean cannot distinguish the respective models under

the null and alternative hypotheses.
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On the other hand, the advantage of Stute and Zhu (2002)’s test under the null

hypothesis is very important particularly in high-dimensional paradigms. Guo et al.

(2014) recently proposed a model-adaptive dimension-reduction test for the model

Y = G(β⊤X, θ) + ϵ against the general alternative model Y = g(X) + ϵ. The main

idea is to fully utilize the dimension reduction structure about X under the null

hypothesis as Stute and Zhu (2002) did, but to adapt the alternative model such

that the test is still omnibus. Their test is based on local smoothing technique. The

improvement over existing local smoothing tests is very significant. The test has a

much faster convergence rate of O(n−1/2h−1/4) than the typical rate of O(n−1/2h−p/4)

and can detect local alternatives distinct from the null hypothesis at the rate of

O(n−1/2h−1/4) that is also much faster than the typical rate of O(n−1/2h−p/4). In other

words, asymptotically, the test works as if the covariate X was univariate. Thus, this

nice property of the model-adaptive dimension reduction test can significantly avoid

the curse of dimensionality. The numerical studies in their paper also indicated its

advantage in the cases with moderate sizes of sample. It is clearly of interest to

see whether the idea of model-adaptivity can be applied to global smoothing test

procedures such that a test can be more powerful than the classical global smoothing

tests.

In the present chapter, we consider a more general alternative model as

Y = g(B⊤X,W ) + ϵ, (2.3)

where B is a p1 × q matrix with q orthogonal columns for an unknown number q

with 1 ≤ q ≤ p1 and g is still an unknown smooth function. For identifiability

consideration, assume that the matrix B satisfies B⊤B = Iq. This model covers

many popularly used models in the literature such as the single-index models with

B = β, the multi-index models with the absence of W , and partial single-index

models with the mean function g1(β
TX) + g2(W ). β is considered to be a column of

B. When q = p1 and B = Ip1 , the model (2.3) is reduced to the usual alternative

model (2.2). Actually, the model (2.2) can be rewritten in the form of (2.3). When
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q = p1, g(X,W ) = g(BB⊤X,W ) ≡: g̃(B⊤X,W ), where B is any p1 × p1 orthogonal

matrix. This persuasively argues that the model (2.2) can be treated as a special case

of (2.3). This understanding helps us construct an adaptive estimate of B that can be

consistent under both the null and alternative hypotheses. Based on this, a test can be

constructed by noticing that under the null hypothesis, E(Y −g(β⊤
1 X,W, θ)I(B

⊤X ≤

t) = 0 for all t and under the alternative hypothesis, it is nonzero for some t.

To define an empirical version of this quantity as a test statistic, the estimate of

B should have an important feature as that in Guo et al. (2014). When the estimate

can be automatically reduce to an estimate of β under the null hypothesis, a test that

is based on this estimate can only rely on the dimension-reduced covariate (βTX,W )

and is still omnibus to detect the general alternative (2.3). As was mentioned be-

fore, when W is absent, Guo et al. (2014)’s test has the adaptiveness property to

the alternative model. To identify B and its structural dimension, some dimension

reduction approaches such as minimum average variance estimation (MAVE, Xia et

al. 2002) and discretization-expectation estimation (DEE, Zhu et al. 2010) were

suggested. However, when W is present, these methods fail to work. Also, because

of the existence of W , even when the dimension p1 can be reduced to 1, their local

smoothing test has a slower convergence rate of O(n−1/2h−(p2+1)/4) where p2 is the

dimension of W .

In the present chapter, we develop an omnibus test of dimension reduction type

that is based on the directional global smoothing test of Stute and Zhu (2002).

To make B identifiable, we use the partial sufficient dimension reduction approach

(Chiaromonte et al. 2002, Feng et al. 2013). Further, to estimate the structural

dimension q of B, we suggest a ridge-type eigenvalue ratio estimate. The detail is

presented in the next section.

The materials of the chapter are organized as follows. In Section 2.2, the partial

discretization-expectation estimation is reviewed. A ridge-type eigenvalue ratio is

suggested to determine the structural dimension q and its asymptotic properties are
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investigated. Based on these, a test is constructed in Section 2.3. The asymptotic

properties under the null and local alternative hypotheses are also presented in this

section. As the limiting null distribution is untractable, a Monte Carlo test procedure

is described in Section 2.4. In Section 2.5, simulation results are reported and a

real data analysis is conducted for illustration. Technical proofs are postponed to

Appendix 1.

2.2 Partial discretization-expectation estimation and

structural dimension estimation

2.2.1 A brief review on partial discretization-expectation es-

timation

As discussed above, estimating B is important for constructing an adaptive test. To

this end, sufficient dimension reduction techniques can be applied. However, B is not

identifiable in effect as we mentioned in Section 2.1. From the sufficient dimension

reduction theories, what we can identify is the space spanned by B, or equivalently

to say, q basis vectors of the space spanned by B (see, Cook 1998; Chiaromonte et

al. 2002). Write B̃ as the p× q matrix consisting of these q basis vectors. We call B̃

the basis matrix. Note that B is also a basis matrix of the space. Thus it is easy to

see that for a q× q non-singular matrix C, B = B̃×C. When q = 1, C is a constant

and thus B̃ is a vector proportional to the vector B = β. In Section 2.3, when we

construct the test statistic, we can see that identifying B̃ is enough. In the following,

we simply write B̃ as B without confusion.

In this section, we then focus on identifying a basis matrix B or equivalently

to say, identifying the space spanned by B. This space is called the partial central

subspace firstly introduced by Chiaromonte et al. (2002). Write it as S
(W )
Y |X . From
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their definition, it is the intersection of all subspaces S such that

Y⊥⊥X|(PSX,W ),

where ⊥⊥ stands for the statistics independence and P(·) indicates a projection oper-

ator with respect to the standard inner product. dim(S
(W )
Y |X) is called the structural

dimension of S
(W )
Y |X . In our setup, the structural dimension is q. Chiaromonte et

al. (2002) and Wen and Cook (2007) developed estimation methods for S
(W )
Y |X when

W is discrete. Li et al. (2010) proposed groupwise dimension reduction (GDR)

that can also deal with this case. Feng et al. (2013) proposed partial discretization-

expectation estimation (PDEE), via developing discretization-expectation estimation

(DEE) in Zhu et al. (2010). All of those estimations enjoy the root-n consistency to

the partial central subspace. In this chapter, we adopt PDEE because PDEE is com-

putational inexpensive and can be easily used to determine the structural dimension

q. Also, when W is absent, PDEE can naturally reduce to DEE without any changes

in the algorithm.

From Feng et al. (2013), the following are the basic estimation steps.

1. Discretize the covariate W = (W1, · · · ,Wp2) into a set of binary variables by

defining W (t) = (I{W1 ≤ t1}, · · · , I{Wq2 ≤ tp2}) where the indicator functions

I{Wi ≤ ti} take value 1 if Wi ≤ ti and 0 otherwise, for i = 1, · · · , p2.

2. Let S
(W (t))
Y |X denote the partial central subspace of Y |(X,W (t)), and M(t) be a

p1 × p1 positive semi-definite matrix satisfying that Span{M(t)} = S
(W(t))
Y|X .

3. Let T = W̃ where W̃ is an independent copy of W . The target matrix is

M = E{M(W̃ )}. B consists of the eigenvectors that are associated with the

nonzero eigenvalues of M = E{M(W̃ )}.

4. Let W1, · · · ,Wn be the n observations of W . Define an estimate of M as

Mn =
1

n

n∑
i=1

Mn(Wi),
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whereMn(Wi) is the partial SIR estimate defined in Chiaromonte et al. (2002).

Then an estimate Bn(q) of B consists of the eigenvectors that are associated

with the q largest eigenvalues of Mn. Bn(q) can be root-n consistent to B. For

more details, the reader can refer to Feng et al. (2013).

2.2.2 Structural dimension estimation

To estimate the structural dimension q, Feng et al. (2013) advised the BIC-type

criterion. However, penalty selection is an issue. In this chapter, we suggest a ridge-

type eigenvalue ratio estimate (RERE) to determine q as:

q̂ = arg min
1≤j≤p

{
λ̂2j+1 + cn

λ̂2j + cn

}
, (2.4)

where λ̂p ≤ · · · ≤ λ̂1 are the eigenvalues of the matrix Mn. This method is motivated

by Xia et al. (2014). The algorithm is very easy to implement.

Theorem 2.1. Under conditions A1 and A2 in Appendix 1, the estimate q̂ of (2.4)

with cn = log n/n has the following consistency:

(i) under H0, P (q̂ = 1) → 1;

(ii) under H1, P (q̂ = q) → 1.

From our justification presented in Appendix 1, the choice of cn can be in a rela-

tively wide range to ensure the consistency under the null and alternative hypotheses.

This plays a very important role for the test statistic to be adaptive to the under-

lying models. Further, we will show in Section 2.3 that under the local alternatives

converging to the null hypothesis, the ridge-type eigenvalue ratio estimate q̂ can still

converge to 1 such that the test can easily detect those local alternatives.

Finally, an estimate ofB isBn = Bn(q̂). In the following test statistic construction,

this estimate is used.
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2.3 A model-adaptive test and its properties

2.3.1 Test statistic construction

The hypotheses of interest can now be restated as: the null hypothesis is

H0 : E(Y |X,W ) = G(β⊤X,W, θ) for some β ∈ Rp1 , θ ∈ Θ ∈ Rd,

against the alternative hypothesis: for any β and θ

H1 : E(Y |X,W ) = g(B⊤X,W ) ̸= G(β⊤X,W, θ).

Under H0, q = 1, and B = κβ for some constant κ, then we have:

E(ϵ|X,W ) = 0 ⇔ E(ϵI{(β⊤X,W ) ≤ (u, ω)}|β⊤X,W ) = 0

⇔ E(ϵI{(β⊤X,W ) ≤ (u, ω)}|B⊤X,W ) = 0

for all (u, ω). However, under H1, since q ≥ 1 and E(Y − G(β⊤X,W, θ)|X,W ) =

g(B⊤X,W )−G(β⊤X,W, θ) ̸= 0, we have:

E(Y −G(β⊤X,W, θ)|X,W ) ̸= 0 ⇔ E(Y −G(β⊤X,W, θ)|B⊤X,W ) ̸= 0.

Now we identify and estimate the structural dimension q for model adaptiveness to

both the null and alternative models. In other words, we define an estimate q̂ of

q that goes to q = 1 under the null hypothesis and automatically to q ≥ 1 under

the alternative hypothesis. The test constructed later can then detect the general

alternative model (2.3).

Before proceeding to the test statistic construction, we recall that B is in effect

not identifiable: what we can identify is B̃ = B×C for a q× q orthogonal matrix C.

Thus, we need to make sure this non-identifiability does not affect the equivalence

between E(Y − G(β⊤X,W, θ)|B̃⊤X,W ) ̸= 0 and E(Y − G(β⊤X,W, θ)|X,W ) ̸= 0.

But this is easy to check. Note that B̃ = B ×C with C being a non-singular matrix

and thus B and B̃ are one-to-one mapping. Then

E(Y −G(β⊤X,W, θ)|X,W ) = E(g(B⊤X,W )−G(β⊤X,W, θ)|X,W )

= E(g̃(B̃⊤X,W )−G(β⊤X,W, θ)|X,W ),
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where g̃(·, ·) = g((C⊤)−1·, ·). It is equivalent betweenE(Y−G(β⊤X,W, θ)|B⊤X,W ) ̸=

0 and E(Y −G(β⊤X,W, θ)|B̃⊤X,W ) ̸= 0. Therefore, it is not a must to identify B.

As we mentioned before, we simply write B̃ as B.

Now we are in the position to define a residual-marked empirical process. Let

Vn(u, ω) =
1√
n

n∑
i=1

(yi −G(β⊤
n xi, wi, θn))I{(B⊤

n xi, wi) ≤ (u, ω)}, (2.5)

where βn and θn are the estimates of β and θ, respectively, and Bn is a partial

sufficient dimension reduction estimate of B with the structural dimension estimate

q̂ of q. βn and θn are the nonlinear least squares estimates.

Therefore, we can use Vn as the base to construct a test statistic:

Tn =

∫
V 2
n (B

⊤
n x, ω)dFn(x, ω), (2.6)

where Fn denotes the empirical distribution based on the samples {xi, wi}ni=1. Then

the null hypothesis can be rejected for large values of Tn.

It is clear that this test statistic is not scale-invariant and thus usually a normaliz-

ing constant is required. Such a constant needs to be estimated which involves many

unknowns. However, in this chapter, it is not necessary as we in the next section sug-

gest a Monte Carlo test procedure that can make the test procedure scale-invariant

automatically. The details are referred to Section 2.4.

2.3.2 Limiting null distribution

To study the properties of the process Vn(·, ·) and the test statistic Tn, we define a

process here for the purpose of theoretical investigation: for u and ω,

V 0
n (u, ω) = n−1/2

n∑
i=1

(yi −G(β⊤xi, wi, θ))I{(B⊤xi, wi) ≤ (u, ω)}. (2.7)

When E(Y 2) <∞, take the conditional variance of Y given B⊤X = u and W = ω,

σ2(u, ω) = V ar(Y |B⊤X = u,W = ω),
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and put

ψ(u, ω) =

∫ ω

−∞

∫ u

−∞
σ2(v1, v2)dv1dv2.

It is easy to see that under H0,

Cov{V0
n(u1, ω1),V

0
n(u2, ω2)} = ψ(u1 ∧ u2, ω1 ∧ ω2).

By Theorem 1.1 in Stute (1997), we can assert that under H0:

V 0
n −→ V∞ in distribution, (2.8)

in the Skorohod space D[−∞,∞], where V∞ is a continuous Gaussian process with

mean zero and covariance kernel as follows:

K((u1, ω1), (u2, ω2)) = ψ(u1 ∧ u2, ω1 ∧ ω2).

Assume the regularity Conditions A3-A4 in Appendix 1 for the limiting null dis-

tribution.

Theorem 2.2. Under H0 and the regularity conditions A1-A4 in Appendix 1, we

have in distribution

Vn −→ V∞ −G⊤V ≡ V 1
∞,

where V∞ is the Gaussian process defined in (2.8) and the vector-valued function

G⊤ = (G1, G2, · · · , Gp+d) is defined as

Gi(u, ω) = E
[
mi(X,W, β, θ)I{(B⊤X,W ) ≤ (u, ω)}

]
,

where B = κβ, mi is defined in Appendix 1 and V is a (p1 + q)−dimensional normal

vector with mean zero and covariance matrix L(β, θ).

Remark 2.1. From this theorem, we can see that the model-adaptive test statistic

has the same convergence rate 1/
√
n to its limit as those of existing global smoothing

tests. Thus, this rate can be faster than n−1/2h1/4 that Guo et al. (2014)’s model-

adaptive test can achieve where h is the bandwidth going to zero at a certain rate. In
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other words, in an asymptotic sense, there is no room for global smoothing tests to

improve their performance. This is a very different feature of global smoothing tests

from that of local smoothing tests. However, as Stute and Zhu (2002) did, the test can

largely avoid dimensionality impact to make the test more powerful when p is large.

2.3.3 Power Study

To study the power performance, consider the following sequence of alternatives

H1n : Y = G(β⊤X,W, θ) + Cng(B
⊤X,W ) + ε. (2.9)

When Cn is fixed, they are global alternative models; when Cn goes to zero, they are

local alternatives.

A very important issue is about estimating q under these local alternatives. Recall

that under the global alternative hypothesis in Section 2.2, the estimate q̂ converges

to q which can be larger than 1 when B contains more than one basis vector. However,

under the above local alternatives, when Cn goes to zero, the models converge to the

hypothetical model that has one vector β. Thus, it is expected that q̂ also converges to

1 even under the alternative models. The following lemma confirms this expectation.

Lemma 2.1. Under H1n in (2.9), Cn = 1/
√
n and the regularity conditions in The-

orem 2.2, and the estimate q̂ in (2.4) satisfies that as n→ ∞, P (q̂ = 1) → 1.

To further study the power performance of the test, assume an additional regu-

larity Condition A5 in Appendix 1.

Theorem 2.3. Under H1n and Conditions A1, A2, A4 and A5,

(i) when Cn = 1/
√
n, we have in distribution

Vn(u, ω) −→ V∞(u, ω) + E(g(B⊤X,W )I{(κβ⊤
0 X,W ) ≤ (u, ω)}) +G⊤(η − V )(u, ω),

where V∞, G and V are defined as those in Theorem 2.2. Then Tn has a finite limit.

(ii) when
√
nCn → ∞,

Vn(u, ω) −→ ∞.
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This implies that Tn → ∞ in distribution.

Remark 2.2. This theorem clearly states that unlike Stute and Zhu (2002), our test

can be omnibus, rather than directional.

2.4 Monte Carlo Test Process

Since the limiting null distribution of the test statistic Tn is not tractable, the non-

parametric Monte Carlo test procedure is suggested to approximate the sampling

null distribution, which is in spirit similar to an application of the wild bootstrap,

see Stute et al. (1998), Neuhaus and Zhu (1998) and Zhu and Neuhaus (2000). More

details can be found in Zhu (2005).

The procedure is as follows:

Step 1 Generate a sequence of iid variables U = {Ui}ni=1 from the standard normal

distribution N(0, 1). Then construct the following process:

∆n(u, ω,U) =
1√
n

n∑
i=1

ϱ̂(xi, wi, yi, β, θ)Ui,

where ϱ̂(xi, wi, yi, β, θ) is the estimate of ϱ(xi, wi, yi, β, θ) and ϱ̂ and ϱ are defined

as:

ϱ(xi, wi, yi, β, θ) = ϵiI{(B⊤xi, wi) ≤ (u, ω)} −G⊤vi,

ϱ̂(xi, wi, yi, β, θ) = ϵ̂iI{(B⊤
n xi, wi) ≤ (u, ω)} − Ĝ⊤v̂i,

with

G(u, ω) = E
[
m(X,W, β0, θ0)I{(B⊤X,W ) ≤ (u, ω)}

]
,

vi = l(xi, wi, yi, β0, θ0),

and

Ĝ =
1

n

n∑
i=1

m(xi, wi, βn, θn)I{(B⊤
nX,W ) ≤ (u, ω)},

ϵ̂i = yi −G(β⊤
n xi, wi, θn),

v̂i = l(xi, wi, yi, βn, θn).
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The resulting Monte Carlo test statistic is

T̃n(U) =

∫
∆2

n(B
⊤
n x,w,U)dFn(x,w).

Step 2 Generate m sets of U, Uj, j = 1, · · · ,m, and get m values of T̃n(U), say

T̃n(Uj), j = 1, · · · ,m.

Step 3 The p-value is estimated by

p̂ =
1

m

m∑
j=1

I(T̃n(Uj) ≥ Tn).

Whenever p̂ ≤ α, reject H0, for a given significance level α.

As we mentioned before, this test procedure is scale-invariant although Tn is not

scale-invariant. This is because the resampling procedure does not need to involve

anything about test statistic standardization and p̂ = 1
m

∑m
j=1 I(T̃n(Uj) ≥ Tn) =

1
m

∑m
j=1 I(T̃n(Uj)/c ≥ Tn/c) for any c > 0.

The following theorem states the consistency of the conditional distribution ap-

proximation.

Theorem 2.4. Under the null hypothesis and the conditions in Theorem 2.2, we

have that for almost all sequences {(y1, x1, w1), · · · , (yn, xn, wn), · · · }, the conditional

distribution of T̃n(U) converges to the limiting null distribution of Tn.

2.5 Numerical Studies

2.5.1 Simulations

In this subsection, the simulations are conducted to examine the finite-sample perfor-

mance of the proposed test. The simulations are based on a total of 2000 Monte Carlo

test replications to compute the critical values or p−values. Each experiment is then
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repeated 1000 times to compute the empirical sizes and powers at the significance

level α = 0.05. To estimate the central subspace spanned by B, we use the SIR-based

PDEE/DEE procedure according to the cases with and without the presence of the

variate W in the model. In these two cases, we write the test as T PDEE
n without

confusion.

We choose Zheng (1996)’s test and Stute and Zhu (2002)’s test as the respective

representatives of local smoothing tests and global smoothing tests to compare with

our test. Further, we also compare with Guo et al. (2014)’s test that is also model-

adaptive. This is because 1). Zheng (1996)’s test has the explicitly and tractable

limiting null distribution that can be used to determine the critical values; 2). Like

other local smoothing tests, the re-sampling version helps improve their performance.

We then also include the re-sampling version of Zheng (1996)’s test; 3) Stute and Zhu

(2002)’s test is asymptotically distribution-free and powerful in many situations, but

not an omnibus test. We include Guo et al. (2014)’s test for comparison because it is

based on Zheng (1996)’s test and also has model-adaptiveness such that the test can

be much more powerful than Zheng (1996)’s test. Write respectively T PDEE
n , TZH

n ,

T SZ
n and TGWZ

n as our test, Zheng (1996)’s test, Stute and Zhu (2002)’s test and Guo

et al. (2014)’s test.

In this section, we first design four examples to examine the performance in four

scenarios without the random variable W . The first has the same projection di-

rection in both the hypothetical and alternative models, the second is to check the

adaptiveness of our test to indeed make an omnibus test although dimension reduc-

tion structure under the null hypothesis is fully adopted. This example shows that

Stute and Zhu (2002)’s test is a directional test and thus with much less power. The

third is to check the dimensionality impact from X for local smoothing tests, and

Zheng (1996)’s test and Guo et al. (2014)’s test are compared. The fourth is to assess

the impact from correlation among the components of X. In the first three examples,

the data {xi}ni=1 are generated from the multivariate standard normal distribution
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N(0, Ip), independent of the standard normal errors ϵ.

Example 2.1. Consider the following regression models as:

• Y = β⊤
0 X + a× cos(0.6πβ⊤

0 X) + 0.5× ϵ and β0 = (0, 0, 1, 1)/
√
2.

The value a = 0 corresponds the null hypothesis and θ ̸= 0 to the alternative hypoth-

esis. The different values a = (0, 0.2, 0.4, 0.6, 0.8, 1) are used. The results are shown

in Figure (2.1).
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Figure 2.1: The empirical size and power curves of T PDEE
n , T SZ

n and TZH
n in Exam-

ple 2.1.

From Figure (2.1), we observe that the power reasonably increases with larger a.

Further, the performance of our test T PDEE
n is significantly more powerful than that

of TZH
n and T SZ

n uniformly. When a is not large, T SZ
n works better than TZH

n , and

when a is large, TZH
n is slightly better than T SZ

n in power.
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Figure 2.2: The empirical size and power curves of T PDEE
n , T SZ

n and TZH
n in Exam-

ple 2.2.

Example 2.2. To further check whether our test is an omnibus test to detect

general alternative models rather than a directional test, we again make a comparison

with Stute and Zhu (2002)’s test and Zheng (1996)’s test. In this example, we generate

the data from the following regression model:

• Y = β⊤
0 X + a× cos(0.6πβ⊤

1 X) + 0.5× ϵ;

where β0 = (1, 1, 0, 0)/
√
2 and β1 = (0, 0, 1, 1)/

√
2. The value a = 0 corresponds

the null hypothesis and θ ̸= 0 to the alternative hypothesis. The different values

a = (0, 0.2, 0.4, 0.6, 0.8, 1) are used. In these models, B = (β⊤
0 , β

⊤
1 )

⊤ and β⊤
0 X is

orthogonal to the functions under the alternatives. We can see that Stute and Zhu

(2002)’s test cannot detect such alternatives. The results are reported in Figure (2.2).
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Figure (2.2) shows clearly that Stute and Zhu (2002)’s test T SZ
n cannot detect

the alternative at all. Zheng (1996)’s test can do it, but is not very sensitive to the

alternatives.

Example 2.3. To gain further insights into our test, we consider the impact from

the dimensionality of X for the tests. When the dimension is large, Zheng (1996)’s

test does not work well on significance level maintainance and power performance

because of slow convergence. Thus, the wild bootstrap is applied to approximate the

sampling null distribution. The re-sampling time is 2000 in this simulation study.

The bootstrap version is written as TZHB
n . Guo et al. (2014)’s test is also compared.

Consider the models as:

• Y = β⊤
0 X + a× {0.3(β⊤

1 X)3 + 0.3(β⊤
1 X)2}+ 0.5× ϵ;

where β0 = (1, 1, 1, 1, 0, 0, 0, 0)/2 and β1 = (0, 0, 0, 0, 1, 1, 1, 1)/2. Then the dimension

p = 8. The results are listed in Table (2.1).

Table 2.1: Empirical sizes and powers of T PDEE
n , TZHB

n , TZH
n and TGWZ

n for Exam-

ple 2.3.

a TPDEE
n TZHB

n TZH
n TGWZ

n

n 50 100 200 50 100 200 50 100 200 50 100 200

0 0.0560 0.0570 0.0460 0.0400 0.0450 0.0580 0.0240 0.0270 0.0430 0.0350 0.0610 0.0510

0.2 0.2210 0.2760 0.3780 0.0480 0.0630 0.0810 0.0260 0.0390 0.0600 0.0760 0.1100 0.1830

0.4 0.3660 0.5100 0.7820 0.0650 0.1140 0.1700 0.0460 0.0810 0.1430 0.1220 0.2750 0.4710

0.6 0.5800 0.7240 0.9380 0.0980 0.1810 0.3860 0.0690 0.1670 0.3590 0.2120 0.4460 0.7680

0.8 0.6120 0.8560 0.9840 0.1230 0.2670 0.5380 0.1070 0.2730 0.5780 0.2840 0.6070 0.9230

1.0 0.7180 0.9100 0.9970 0.1600 0.3510 0.7220 0.1330 0.3820 0.7330 0.3920 0.7440 0.9720

From Table (2.1), we can see that TZH
n cannot maintain the significance level

well, but its bootstrap version TZHB
n and TGWZ

n can do, and T PDEE
n can work better

uniformly. Second, compared with TZH
n , the model-adaptive dimension reduction

test TGWZ
n has a clear advantage over its counterpart TZH

n in maintaining the sig-

nificance level and gaining power. However, even though, T PDEE
n still works better
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uniformly. This seems to suggest that global smoothing test can perform better than

local smoothing test. Also compared with those results in Figures (2.1) and (2.2)

with p = 4, we can see that the dimension p has little impact for T PDEE
n . Yet, it has

very significant impact for TZHB
n and TZH

n .

Example 2.4. To further assess the performance of the test T PDEE
n , we consider

the impact from the correlated covariate X and the distribution of the error term ϵ.

Consider the following model:

• y = β⊤
0 X + a× exp(−(β⊤

0 X)2/2)/2 + 0.5× ϵ;

where X follows normal distribution N(0,Σ) with covariance matrix Σij = I(i =

j) + ρ|i−j|I(i ̸= j) for ρ = 0.5, i, j = 1, 2, · · · , p, β0 = (1, 1,−1,−1)/2 and ϵ follows

the student’s t-distribution with degrees of freedom 4.

Table 2.2: Empirical sizes and powers of T PDEE
n , T SZ

n , TZH
n and TGWZ

n for Exam-

ple 2.4.

a TPDEE
n TSZ

n TZH
n TGWZ

n

n 50 100 200 50 100 200 50 100 200 50 100 200

0 0.0620 0.0570 0.0520 0.0310 0.0390 0.0500 0.0380 0.0390 0.0410 0.0510 0.0530 0.0450

0.2 0.1020 0.1670 0.2070 0.0520 0.0600 0.1390 0.0550 0.0690 0.0820 0.0810 0.1110 0.1670

0.4 0.2350 0.4160 0.5870 0.0920 0.1560 0.4060 0.0880 0.1490 0.2720 0.1530 0.2980 0.5220

0.6 0.4310 0.6600 0.8850 0.1560 0.3780 0.7260 0.2150 0.3740 0.5950 0.2980 0.6110 0.8520

0.8 0.5820 0.8540 0.9780 0.2680 0.5420 0.9180 0.3690 0.5860 0.8850 0.5410 0.8280 0.9690

1.0 0.6960 0.9510 0.9960 0.2920 0.7300 0.9800 0.5300 0.7830 0.9640 0.7040 0.9610 0.9990

The results are presented in Table (2.2). Comparing the results in this table with

those in Figure (2.1) and Figure (2.2), respectively, we can clearly observe that with

the correlated covariate X, the similar conclusions as those in Examples 2.1 and

2.2 are arrived. T PDEE
n can control the type I error very well. We also find that

when the structural dimension q = 1 under the alternative hypothesis, the power

performance of TGWZ
n is very similar to that of T PDEE

n . Comparing Table (2.1) about

example 2.3 with Table (2.2) about example 2.4, we can see that the lower structural
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dimension helps on TGWZ
n with higher empirical power. It seems that the structural

dimension q still has negative impact for TGWZ
n although theoretically, TGWZ

n can

detect alternatives distinct from the null at a rate as if the dimension of X were one.

But, the power of T PDEE
n is not deteriorated by the structural dimension. Further,

T PDEE
n can control type I error very well and is significantly more powerful than

Zheng (1996)’s test and Stute and Zhu (2002)’s test. It seems evident that T PDEE
n is

robust against to the error term.

In summary, the global smoothing-based model-adaptive dimension reduction test

inherits the advantages of global smoothing tests and enjoys the model-adaptiveness

when dimension reduction structure is adopted. In the following, we consider the

parallel models in Examples 2.1-2.4 when the covariate W is included. However,

we only present the results about T PDEE
n because based on the results in the above

examples and comparisons, the competitors even have worse performance when there

are q1 more dimensions in the model (meaning that q1 more dimensions are added

when W is q1-dimensional).

Example 2.5. The four models are as:

Case 1) Y = β⊤
0 X +W + a× cos(0.6πβ⊤

0 X) + 0.5× ϵ;

Case 2) Y = β⊤
0 X + sin(W ) + a× (0.25(β⊤

1 X)2 + sin(W )) + 0.5× ϵ;

Case 3) Y = β⊤
0 X + cos(W ) + a× {0.3(β⊤

1 X)3 + 0.3(β⊤
1 X)2}+ 0.5× ϵ;

Case 4) y = β⊤
0 X + sin(W ) + a× exp(−(β⊤

0 X)2/2)×W + 0.5ϵ.

All the settings are the same as the respective settings in Examples 2.1-2.4 except the

additional W following the normal distribution N(0, 1). The results are reported in

Tables (2.3). The reported results clearly indicate that when W is presented, T PDEE
n

still works well in maintaining the significance level and detecting general alternatives

as an omnibus test does.
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Table 2.3: Sizes and powers of T PDEE
n for Example 2.5.

a n=50 n=100 n=200 n=400

Case 1 0 0.0680 0.0590 0.0560 0.0500

0.2 0.1720 0.1720 0.2940 0.6420

0.4 0.2620 0.5120 0.8740 1.0000

0.6 0.5080 0.8950 1.0000 1.0000

0.8 0.6520 0.9640 1.0000 1.0000

1 0.7020 0.9840 1.0000 1.0000

Case 2 0 0.0580 0.0550 0.0530 0.0480

0.2 0.2710 0.2860 0.4130 0.6300

0.4 0.4340 0.5650 0.7580 0.9540

0.6 0.5800 0.7080 0.9160 0.9980

0.8 0.5870 0.8130 0.9770 1.0000

1 0.6660 0.8680 0.9950 1.0000

Case 3 0 0.0630 0.0560 0.0550 0.0500

0.2 0.2810 0.3550 0.4390 0.7400

0.4 0.5720 0.7200 0.9080 0.9620

0.6 0.6940 0.8180 0.9840 0.9950

0.8 0.7700 0.8860 0.9900 1.0000

1 0.8210 0.9230 1.0000 1.0000

Case 4 0 0.0600 0.0450 0.0470 0.0510

0.2 0.1020 0.1540 0.2700 0.4960

0.4 0.2170 0.4270 0.7440 0.9820

0.6 0.4050 0.7240 0.9730 1.0000

0.8 0.5410 0.8970 0.9990 1.0000

1.0 0.6460 0.9560 0.9990 1.0000

2.5.2 Real Data Analysis

In this section, we check the regression modelling of the well-known Boston Housing

Data for illustration which was initially studied by Harrison and Rubinfeld (1978).

The data set contains 506 observations and 14 variables which are median value of

owner-occupied homes in $1000’s (MEDV), per capita crime rate by town (CRIM),

proportion of residential land zoned for lots over 25,000 sq.ft. (ZN), proportion of

non-retail business acres per town (INDUS), Charles River dummy variable (1 if tract

bounds river; 0 otherwise) (CHAS), nitric oxides concentration (parts per 10 million)

(NOX), average number of rooms per dwelling (RM), proportion of owner-occupied
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units built prior to 1940 (AGE), weighted distances to five Boston employment centres

(DIS), index of accessibility to radial highways (RAD), full-value property-tax rate

per 10, 000 (TAX), pupil-teacher ratio by town (PTRATIO), the proportion of blacks

by town (B) and lower status of the population (LSTAT).

As suggested by Feng et al. (2013), we take the logarithm of (MEDV) as the

predictor, the predictor CRIM as W and the other eleven predictors as X except the

predictor CHAS. This is because CHAS has little influence for the housing price as

advised by Wang et al. (2010). It is excluded from this data analysis. In this data

analysis, we standardize the predictors for ease of explanation. From the plot showed

in Feng et al. (2013), a simple linear model is considered to be the hypothetical

model. The SIR-based PDEE procedure is applied to determine the partial central

subspace S
(W )
Y |X . The structural dimension q̂ = 2 of the partial central subspace is

determined by the method RERE in Section 2.2. A total of 2000 Monte Carlo test

replications are implemented to compute the p value that is about zero. Hence, it is

reasonable to reject the null hypothesis. Moreover, q̂ is estimated to be 2. Thus a

partial multi-index modeling is required although the plot seems to suggest a linear

model.

2.6 Discussions

In this chapter, we have proposed a model-adaptive dimension reduction test based on

residual marked empirical process for partially parametric single-index models. The

test can fully utilize the dimension reduction structure to lead the test to suffer less

from the curse of dimensionality, and to be still an omnibus test. The comparisons

with existing local smoothing tests and global smoothing test suggest 1). Model-

adaption enhances the power performance, and at the same time, the capacity of

controlling type I error; 2). Global smoothing-based model-adaptive test outperforms

local smoothing-based model-adaptive test. Thus, global smoothing test is worthy
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of recommendation. This method is readily applied to other models and problems

when dimension reduction structure is presented. The research is on-going.

2.7 Appendix 1

2.7.1 Regularity Conditions

A1 Mn(t) has the following expansion:

Mn(t) =M(t) + En{ψ(X,W, Y, t)}+Rn(t),

where En(·) denotes sample averages, E(ψ(X,W, Y, t)) = 0 and ψ(X,W, Y, t)

has a finite second-order moment.

A2 supt∈Rp2 ||Rn(t)||F = op(n
−1/2), where || · ||F denotes the Frobenius norm of a

matrix.

A3 Under model (2.9), (βn, θn) has an asymptotically linear representation

√
n

 βn − β

θn − θ

 =
1√
n

n∑
i=1

l(X,W, Y, β, θ) + op(1),

where the vector-function l satisfies:

1. E(l(X,W, Y, β, θ)) = 0;

2. the matrix L(β, θ) = E(l(X,W, Y, β, θ)l⊤(X,W, Y, β, θ)) is positive defi-

nite.

A4 The functionG(β⊤x,w, θ) is continuously differentiable at each (β̃, θ̃) in a neigh-

bourhood of the true parameters (β, θ). The first-order partial derivative

m(x,w, β, θ) =
∂G(β⊤x,w, θ)

∂(β, θ)
= (m1(x,w, β, θ), · · · ,mp1+q(x,w, β, θ))

satisfies that there exists an integrable function M(x,w) such that:

|mj(x,w, β̃, θ̃)| ≤M(x,w) for all (β̃, θ̃) ∈ Rp and 1 ≤ j ≤ p+ d.
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A5 Under (2.9) and Cn = 1/
√
n,

√
n

 βn − β

θn − θ

 = η +
1√
n

n∑
i=1

l(xi, wi, yi, β, θ) + op(1),

with some constant vector η.

Remark 2.3. Conditions A1 and A2 are necessary for PDEE. Under the linear-

ity condition and constant conditional variance conditions, PDEESIR satisfies the

Conditions A1 and A2. Conditions A3 and A4 are essential for the asymptotic dis-

tributions of the nonlinear least squares estimates βn and θn. It is worthwhile to note

that Condition A5 is reasonable under the local alternative hypotheses. We can use

the nonlinear least squares estimate as an example to explain.

When the parameter θ is absent, it is easy to derive that

η = E{g(B⊤X,W )G′(β⊤X,W )}[E{X⊤X(G′′ +G′G′)(β⊤X,W )}]−1,

and

l(xi, wi, yi, β) = {yi−G(β⊤xi, wi)}G′(β⊤xi, wi)xi[E{X⊤X(G′′+G′G′)(β⊤X,W )}]−1.

When θ exists, we have

η =

E
 X⊤X(G11 +G1G1) X⊤(G12 +G1G2)

(G12 +G1G2)
⊤X (G22 +G2G2)

−1

E

 g(B⊤X,W )XG1(β
⊤X,W, θ)

g(B⊤X,W )G2(β
⊤X,W, θ)


and

l(xi, wi, yi, β, θ) =

E
 X⊤X(G11 +G1G1) X⊤(G12 +G1G2)

(G12 +G1G2)
⊤X (G22 +G2G2)

−1

 (yi −G(β⊤xi, wi, θ)xiG1(β
⊤xi, wi, θ)

(yi −G(β⊤xi, wi, θ)G2(β
⊤xi, wi, θ)

 ,

where G1 = ∂G(β⊤X,W,θ)
∂(β⊤X)

, G2 = ∂G(β⊤X,W,θ)
∂θ

, G11 = ∂2G(β⊤X,W,θ)
∂(β⊤X)2

, G12 = ∂2G(β⊤X,W,θ)
∂(β⊤X)∂θ

,

and G22 =
∂2G(β⊤X,W,θ)

∂θ2
.
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2.7.2 Proof of the theorems

Proof of Theorem 2.1 . Following the arguments for proving Proposition 2 in

Feng et al. (2013), we obtain Mn −M = Op(n
−1/2). As Zhu and Ng (1995) or Zhu

and Fang (1996) showed, the root-n consistency of the eigenvalues of Mn is retained,

namely, λ̂i − λi = Op(n
−1/2).

(I) UnderH0, since λ1 > 0 and for any l > 1, λl = 0, we have that λ̂21 = λ21+Op(1/
√
n)

and λ̂2l = λ2l +Op(1/n) = Op(1/n). Taking cn = log n/n, then for any l > 1, we have

λ̂22 + cn

λ̂21 + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
=

λ22 + cn +Op(1/n)

λ21 + cn +Op(1/
√
n)

−
λ2l+1 + cn +Op(1/n)

λ2l + cn +Op(1/n)

→ −1.

Therefor, P (q̂ = 1) −→ 1.

(II) Under H1, since for any 1 < l ≤ q, λl > 0, we have λ̂2l = λ2l +Op(1/
√
n). On the

other hand, for any q < l ≤ p, λl = 0, then we have λ̂2l = λ2l + Op(1/n) = Op(1/n).

Then for any 1 ≤ l1, l2 < q, λl1 > 0, λl2 > 0, we have

λ̂2(l1+1) + cn

λ̂2l1 + cn
−
λ̂2(l2+1) + cn

λ̂2l2 + cn
=

λ2l1+1 + cn +Op(1/
√
n)

λ2l1 + cn +Op(1/
√
n)

−
λ2l2+1 + cn +Op(1/

√
n)

λ2l2 + cn +Op(1/
√
n)

→
λ2l1+1

λ2l1
−
λ2l2+1

λ2l2
.

Thus, for any l < q, we have λl > 0, λl+1 > 0 and

λ̂2(q+1) + cn

λ̂2q + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
→

λ2q+1

λ2q
−
λ2l+1

λ2l

= −
λ2l+1

λ2l
< 0

Further, due to the facts that λ2q > 0 and for any l > q, we have λl = 0, we derive

λ̂2(q+1) + cn

λ̂2q + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
=

λ2q+1 + cn +Op(1/n)

λ2q + cn +Op(1/
√
n)

−
λ2l+1 + cn +Op(1/n)

λ2l + cn +Op(1/n)

=
cn + op(cn)

λ2q + cn +Op(1/
√
n)

− cn + op(cn)

cn + op(cn)

→ −1 < 0.
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Therefor, altogether, we can conclude that P (q̂ = q) −→ 1. 2

Proof of Theorem 2.2 . Under the null hypothesis, Vn(u) is decomposed to be:

Vn(u) = n−1/2

n∑
i=1

(yi −G(β⊤
n xi, wi, θn))I{(B⊤

n xi, wi) ≤ (u, ω)}

= n−1/2

n∑
i=1

(yi −G(β⊤
n xi, wi, θn))I{(κβ⊤

n xi, wi) ≤ (u, ω)}

+n−1/2

n∑
i=1

(yi −G(β⊤
n xi, wi, θn))[I{(B⊤

n xi, wi) ≤ (u, ω)}

−I{(κβ⊤
n xi, wi) ≤ (u, ω)}]

= n−1/2

n∑
i=1

(yi −G(β⊤
n xi, wi, θn))I{(κβ⊤

n xi, wi) ≤ (u, ω)}

+n−1/2

n∑
i=1

ϵi[I{(B⊤
n xi, wi) ≤ (u, ω)} − I{(κβ⊤

n xi, wi) ≤ (u, ω)}]

+n−1/2

n∑
i=1

(G(β⊤
0 xi, wi, θ0)−G(β⊤

n xi, wi, θn))

[I{(B⊤
n xi, wi) ≤ (u, ω)} − I{(κβ⊤

n xi, wi) ≤ (u, ω)}]

≡: V1n + V2n + V3n,

where

V1n(u, ω) = n−1/2

n∑
i=1

(yi −G(β⊤
n xi, wi, θ))I{(κβ⊤

n xi, wi) ≤ (u, ω)},

V2n(u, ω) = n−1/2

n∑
i=1

ϵi[I{(B⊤
n xi, wi) ≤ (u, ω)} − I{(κβ⊤

n xi, wi) ≤ (u, ω)}],

V3n(u, ω) = n−1/2

n∑
i=1

(G(β⊤
0 xi, wi, θ0)−G(β⊤

n xi, wi, θn))[I{(B⊤
n xi, wi) ≤ (u, ω)}

−I{(κβ⊤
n xi, wi) ≤ (u, ω)}].

Following the analogous arguments for proving Theorem 1 of Stute and Zhu (2002),

we obtain V1n −→ V∞ −G⊤V ≡: V 1
∞.

To study V2n, we first note that for B and β, we get

E(ϵi[I{(B⊤xi, wi) ≤ (u, ω)} − I{(κβ⊤xi, wi) ≤ (u, ω)}]) = 0,
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and

V ar

(
n−1/2

n∑
i=1

ϵi[I{(B⊤xi, wi) ≤ (u, ω)} − I{(κβ⊤xi, wi) ≤ (u, ω)}]

)

=
1

n

n∑
i=1

V ar
(
ϵi[I{(B⊤xi, wi) ≤ (u, ω)} − I{(κβ⊤xi, wi) ≤ (u, ω)}]

)
= V ar

(
ϵi[I{(B⊤xi, wi) ≤ (u, ω)} − I{(κβ⊤xi, wi) ≤ (u, ω)}]

)
≤ E(ϵ2i )E[I{(B⊤xi, wi) ≤ (u, ω)} − I{(κβ⊤xi, wi) ≤ (u, ω)}]2.

Since Bn = κβn+Op(1/
√
n) −→ κβ, the application of Chebyshev’s inequality yields

that as n→ 0,

n−1/2

n∑
i=1

ϵi[I{(B⊤
n xi, wi) ≤ (u, ω)} − I{(κβ⊤

n xi, wi) ≤ (u, ω)}] → 0.

This means V2n converges to zero in probability.

Consider the term V3n. Since βn = β + Op(n
−1/2), θn = θ + Op(n

−1/2) and Bn =

B +Op(n
−1/2), we have

V3n(u, ω) = n−1/2

n∑
i=1

(G(β⊤
0 xi, wi, θ0)−G(β⊤

n xi, wi, θn))[I{(B⊤
n xi, wi) ≤ (u, ω)}

−I{(κβ⊤
n xi, wi) ≤ (u, ω)}]

≤ n−1/2 ×Op(n
−1/2)×

n∑
i=1

|I{(B⊤
n xi, wi) ≤ (u, ω)} − I{(κβ⊤

n xi, wi) ≤ (u, ω)}|

≤ Op(1)× (E|I{(B⊤
n xi, wi) ≤ (u, ω)} − I{(κβ⊤

n xi, wi) ≤ (u, ω)}|+ op(1))

= Op(n
−1/2) = op(1).

Thus, altogether, the proof is concluded. 2

Proof of Lemma 2.1. From the arguments for proving Proposition 2 of Feng et

al. (2013), we can see that to obtain Mn −M = Op(Cn), we only need to prove that

Mn(t)−M(t) = Op(Cn) uniformly. In this proof, we only give the details when the

partial SIR (Chiaromonte et al. 2002) is used to estimate M(t).
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Define

∆ =
{
(1, 0, · · · , 0), (0, 1, 0, · · · , 0) · · · (0, 1, 0, · · · , 0),

(1, 1, 0, · · · , 0), (1, 0, 1, 0, · · · , 0) · · · (1, 0, · · · , 0, 1),

· · · , (1, 1, · · · , 1)
}

Correspondingly, the number of elements in ∆ is 2p2 . For any given t, W (t) =

(I{W1 ≤ t1}, · · · , I{Wq ≤ tp2}) ⊆ ∆. For notational simplicity, we use (Xu, Yu) to

represent (X, Y ) according to {W (t) = u}, where u ∈ ∆. Denote Zu(t̃) = I(Yu ≤ t̃).

For every t̃, we have

Θu(t̃) = Σ−1
X V ar(XuI(Yu ≤ t̃)) = Σ−1

X (ν1 − ν0)(ν1 − ν0)
⊤pu(1− pu)

where ΣX is the covariance matrix of X, νuj = E(Xu|Zu(t̃) = j) with j = 0 and 1

and pu = E(I(Yu ≤ t̃)). Further note that:

(νu1 − νu0) =
E(XuI(Yu ≤ t̃))

pu
− E(XuI(Yu > t))

1− pu

=
E(XuI(Yu ≤ t̃)− E(Xu))E(I(Yu ≤ t̃))

pu(1− pu)
.

That is, Θu(t̃) can also be rewritten as:

Θu(t̃) = Σ−1
X [E{(Xu − E(Xu))I(Yu ≤ t̃)}][E{(Xu − E(Xu))I(Yu ≤ t̃)}]⊤

=: Σ−1
X mu(t̃)mu(t̃)

⊤

where mu(t̃) = E{(Xu − E(Xu))I(Yu ≤ t̃)}. Note that mu(t̃) and Ln(t̃) can be

respectively estimated by

mun(t̃) = n−1

n∑
i=1

(xui − x̄u)I(yui ≤ t̃),

Lun(t̃) = mun(t̃)mun(t̃)
⊤,

and then Θu(t̃) can be estimated by

Θun(t̃) = Σ̂−1
X Lun(t̃).
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Note that the response under the local alternative is related to n. Then we rewrite

Yun and yuni as the responses according to {W (t) = u} at the population and sample

level. Thus from Chiaromonte et al. (2002),

n−1

n∑
i=1

xuiI(yuni ≤ t̃)− E{XuI(Yu ≤ t̃)}

= [n−1

n∑
i=1

xuiI(yuni ≤ t̃)− E{XuI(Yun ≤ t̃)}] + [E{XuI(Yun ≤ t̃)} − E{XuI(Yn ≤ t̃)}]

= Op(n
−1/2) + E{XuI(Yun ≤ t̃)} − E{XuI(Yu ≤ t̃)}.

Further, it is noted that:

E{XuI(Yun ≤ t̃)} − E{XuI(Yu ≤ t̃)} = E[Xu{P (Yun ≤ t̃|Xu)}]− E[Xu{P (Yu ≤ t̃|Xu)}].

Under H1n, because Yn = Y + CnG(B
⊤X,W ), we have for all t̃

P (Yun ≤ t̃|Xu)− P (Yu ≤ t̃|Xu) = FYu|Xu(t̃− CnG(B
⊤Xu,Wu))− FYu|Xu(t̃)

= −CnG(B
⊤Xu,Wu)fYu|Xu(t̃) +Op(Cn).

We can conclude that n−1
∑n

i=1 xuiI(yuni ≤ t̃)−E{XuI(Yu ≤ t̃)} = Op(max (Cn, n
−1/2)).

Using the similar argument, we can prove that mun(t̃) −mu(t̃) = Op(Cn), Lun(t̃) −

Lun(t̃) = Op(Cn) and Θun(t̃) − Θu(t̃) = Op(Cn). Additional, we have Mn(t) =∑2p2

i=1 Pr(ui)Θun(t̃). Following the argument for proving Theorem 3.2 in Li et al.

(2008), we can derive that Mn(t) −M(t) = Op(Cn) uniformly. Thus, Mn −M =

Op(Cn).

As Zhu and Ng (1995) and Zhu and Fang (1996) showed, under certain regularity

conditions, the root-n consistency estimate Mn leads to the root-n consistency of the

eigenvalues of Mn. Thus, we can get λ̂i − λi = Op(Cn).

Since in the result, cn = log n/n and under the local alternative Cn = 1/
√
n, we have

C2
n = op(cn). We have the similar statements as Theorem 2.2. Note that λ1 > 0 and
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for any l > 1, we have λl = 0. The RERE criterion is computed to be

λ̂22 + cn

λ̂21 + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
=

λ22 + cn +Op(C
2
n)

λ21 + cn +Op(Cn)
−
λ2l+1 + cn +Op(C

2
n)

λ2l + cn +Op(C2
n)

=
λ22 + cn + op(cn)

λ21 + cn +Op(C2
n)

−
λ2l+1 + cn + op(cn)

λ2l + cn + op(cn)

=
cn + op(cn)

λ21 + cn +Op(C2
n)

− cn + op(cn)

cn + op(cn)
.

Thus, we have

λ̂22 + cn

λ̂21 + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
→ −1

Therefor, we can conclude that P (q̂ = 1) −→ 1. 2

Proof of Theorem 2.3 . Under the local alternatives (2.9), we have:

Vn(u) = n−1/2

n∑
i=1

(yi −G(β⊤
n xi, wi, θn))I{(B⊤

n xi, wi) ≤ (u, ω)}

= n−1/2

n∑
i=1

(
G(β⊤xi, wi, θ) + Cng(B

⊤xi, wi) + εi

−G(β⊤
n xi, wi, θn)

)
I{(B⊤

n xi, wi) ≤ (u, ω)}

= n−1/2

n∑
i=1

εiI{(B⊤
n xi, wi) ≤ (u, ω)}

+n1/2Cnn
−1

n∑
i=1

g(B⊤xi, wi)I{(B⊤
n xi, wi) ≤ (u, ω)}

+n−1/2

n∑
i=1

{G(β⊤xi, wi, θ)−G(β⊤
n xi, wi, θn)}I{(B⊤

n xi, wi) ≤ (u, ω)}

≡: V1n + V2n + V3n.

By the Lindeberg-Levy central limit theorem, and Bn → κβ0, we have V1n → V∞,

where V∞ is given by (2.8). Let M(X,W, u, ω) = g(B⊤
0 X,W )I{(B⊤

0 X,W ) ≤ (u, ω)}.

It is easy to prove that the class of functions {M(X,W, u, ω) : for any real valued vetor (u, ω)}

is a VC-class. An application of the uniform law of large numbers yields that in prob-

ability when Cn = 1/
√
n,

V2n → E(g(B⊤X,W )I{(κβ⊤
0 X,W ) ≤ (u, ω)}).
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Finally, under condition (A3), the similar argument for proving Theorem 1 in Stute

and Zhu (2002) leads to

V3n → G⊤(η − V ).

In summary, we have

(i) when Cn = 1/
√
n and condition A3 holds, we have

Vn(u, ω) → V∞(u, ω) + E(g(B⊤X,W )I{(κβ⊤
0 X,W ) ≤ (u, ω)})

+G⊤(η − V )(u, ω)

where V∞, G and V are defined as Theorem 2.2;

(ii) when
√
nCn → ∞, it is obvious that V2n → ∞ in probability and then

Vn(u, ω) → ∞.

Theorem 2.3 is proved. 2

Proof of Theorem 2.4 . Define

∆̃n(u, ω,U) =
1√
n

n∑
i=1

ϱ(xi, wi, yi, β, θ)Ui.

The difference between the terms ∆n(u, ω,U) and ∆̃n(u, ω,U) is:

∆n(u, ω,U) − ∆̃n(u, ω,U)

=
1√
n

n∑
i=1

(ϱ̂(xi, wi, yi, β, θ)− ϱ(xi, wi, yi, β, θ))Ui

=
1√
n

n∑
i=1

(ϵ̂iI{(B⊤
n xi, wi) ≤ (u, ω)} − ϵiI{(B⊤xi, wi) ≤ (u, ω)})Ui

+
1√
n

n∑
i=1

(G⊤vi − Ĝ⊤v̂i)Ui

≡: ∆1n +∆2n.
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Consider the term ∆1n. Since ϵ̂i = yi −G(β⊤
n xi, wi, θn), we have

∆1n(u, ω,U) =
1√
n

n∑
i=1

(ϵ̂iI{(B⊤
n xi, wi) ≤ (u, ω)} − ϵiI{(B⊤xi, wi) ≤ (u, ω)})Ui

=
1√
n

n∑
i=1

ϵi[I{(B⊤
n xi, wi) ≤ (u, ω)} − I{(B⊤xi, wi) ≤ (u, ω)}]Ui

+
1√
n

n∑
i=1

(G(β⊤xi, wi, θ)−G(β⊤
n xi, wi, θn))I{(B⊤

n xi, wi) ≤ (u, ω)}Ui

≡ ∆11n +∆12n.

It is obvious that E(∆11n) = 0. Then to obtain the convergence rate to zero, compute

the second order moment of ∆11n for any fixed Bn to be:

E(∆2
11n) = E(ϵ2i )E([I{(B⊤

n xi, wi) ≤ (u, ω)} − I{(B⊤xi, wi) ≤ (u, ω)}]2)

Since ||B⊤
n −B|| = op(1), Chebyshiev’s inequality yields ∆11n = op(1).

As also E(∆12n) = 0, we again compute the second order moment of ∆11n for any

fixed βn, θn and Bn. It is clear that

E(∆2
12n) = E

[
(G(β⊤xi, wi, θ)−G(β⊤

n xi, wi, θn))
2I{(B⊤

n xi, wi) ≤ (u, ω)}
]
.

Since ||βn − β|| = op(1),||θn − θ|| = op(1) and ||Bn − B|| = op(1), Chebyshiev’s

inequality again implies ∆12n = op(1).

Now deal with the term ∆2n. The similar argument can be used to prove that

∆2n = op(1). The details are omitted.

Therefor, altogether, we have

∆n(u, ω,U) = ∆̃n(u, ω,U) + op(1).

Note that E(∆̃n(u, ω,U)) = 0. For any (u1, ω1) and (u2, ω2), the covariance is

Cov(∆̃n(u1, ω1,U), ∆̃n(u2, ω2,U)) = ψ(u1 ∧ u2, ω1 ∧ ω2).

LetM1(X,W, u, ω) = ϱ(X,W, Y, β, θ)U , where ϱ(X,W, Y, β, θ) = ϵI{(B⊤X,W ) ≤

(u, ω)}−G⊤V, and V = l(X,W, Y, β, θ). It is easy to prove that the class of functions

{M1(X,W, u, ω) : for any real valued vetor (u, ω)} is a VC-class.
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An application of Functional Central Limit Theorem 10.6 of Pollard (1990) yields

that the empirical process ∆n(u, ω,U) converges weakly to a mean zero Gaussian

process whose covariance kernel is given by ψ(u1 ∧ u2, ω1 ∧ ω2). By Theorem VII 21

of Pollard (1984, p. 157), the theorem is proved. 2
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Chapter 3

Heteroscedasticity Checks for

Regression Models: A Dimension

Reduction-based Model Adaptive

Approach

3.1 Introduction

As heteroscedasticity structure would make a regression analysis more different than

that under homoscedasticity structure, a heteroscedasticity check is required to ac-

company before stepping to any further analysis since ignoring the presence of het-

eroscedasticity may result in inaccurate inferences, say, inefficient or even inconsistent

estimates. Consider a regression model with the nonparametric variance model:

V ar(Y |X)) = V ar(ε|X), (3.1)

where Y is the response variable with the vector of covariates X ∈ Rp and the er-

ror term ϵ satisfies E(ε|X) = 0. Heteroscedasticity testing for the regression model

has received much attention in the literature. Cook and Weisberg (1983) and Tsai

(1986) proposed respectively two score tests for a parametric structure variance func-
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tion under linear regression model and first-order autoregressive model. Simonoff

and Tsai (1994) further developed a modified score test under linear models. Zhu

et al. (2001) suggested a test that is based on squared residual-marked empirical

process. Liero (2003) advised a consistent test for heteroscedasticity in nonparamet-

ric regression models, which is based on the L2-distance between the underlying and

hypothetical variance function. This test is analogous to the one proposed by Dette

and Munk (1998). Dette (2002), Zheng (2009) and Zhu et al. (2015a), extended the

idea of Zheng (1996), which was primitively used for testing mean regressions, to het-

eroscedasticity check under several different regression models. Further, Lin and Qu

(2012) extended the idea of Dette (2002) to semi-parametric regressions. Moreover,

Dette et al. (2007) studied a more general problem of testing the parametric form of

the conditional variance under nonparametric regression model. For other references,

see You and Chen (2005) and Dette and Marchlewski (2008).

The hypotheses of interest are:

H0 : ∃ σ2 > 0 s.t. P{V ar(ε|X) = σ2} = 1

against

H1 : P{V ar(ε|X) = σ2} < 1, ∀ σ2. (3.2)

To motivate the test statistic construction, we comment on Zhu et al. (2001)’s test

and Zheng (2009)’s test as the representatives of global smoothing tests and local

smoothing tests, respectively. Thanks to the fact that under the null hypothesis,

E(ε2 − σ2|X) = 0 ⇔ E
{
(ε2 − σ2)I(X ≤ t)

}
= 0 for all t ∈ Rp,

Zhu et al. (2001) then developed a squared residual-marked empirical process as

Vn(x) = n−1/2

n∑
i=1

ε̂2i {I(xi ≤ x)− Fn(x)},

where ε̂2i = {yi − ĝ(xi)}2 and ĝ(·) is an estimate of the regression mean function.

A quadratic functional form such as the Crämer-von Mises type test can be con-

structed. But there exist two obvious disadvantages of this global smoothing test
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though it works well even when the local alternative hypotheses converge to the null

hypothesis at a rate of O(1/
√
n). First, it may be invalid in numerical studies of

finite samples when the dimension of X is high. This is because the residual-marked

empirical process for over heteroscedasticity involves nonparametric estimation of the

mean function g and thus, the curse of dimensionality severely affects the estimation

efficiency. As a local smoothing-based test, Zheng (2009)’s test can work in the sce-

nario where the local alternative models converge to the hypothetical model at the

rate of O(n−1/2h−p/4), where p denotes the dimension of the covariate X and h is a

bandwidth in kernel estimation. Note that the bandwidth h converges to zero at a

certain rate, which can be very slow when the dimension p is large. Local smoothing

tests severely suffer from the curse of dimensionality. To illustrate those disadvan-

tages, Figure 3.1 in Section 3.4 depicts the empirical powers of Zheng (2009)’s test

and Zhu et al. (2001)’s test across the 2000 simulations with the sample size of

n = 400 against the dimension p = 2, 4, 6, 8, 10, 12. This figure clearly suggests a

very significant and negative impact from the dimension for the power performance

of Zheng (2009)’s test and Zhu et al (2001)’s test: when p is getting larger, the power

is getting down to a very low level at around 0.1 no matter the mean regression func-

tion g(·) is fully nonparametric or semiparametric with β⊤X in the lieu of X. The

details are presented in Section 3.4.

Therefore, how to handle the serious problem caused by dimensionality is of great

importance in constructing efficient tests. The goal of the present chapter is to

propose a new test procedure.

Consider a general regression model in the following form:

Y = g(B⊤
1 X) + δ(B⊤

2 X)e, (3.3)

where ε = δ(B⊤
2 X)e, B1 is a p × q1 matrix with q1 orthonormal columns and q1 is

a known number satisfying 1 ≤ q1 ≤ p, B2 is a p × q2 matrix with q2 orthonormal

columns, q2 is an unknown number satisfying 1 ≤ q2 ≤ p, e is independent of X with

E(e|X) = 0 and the functions g and δ are unknown. This model is semiparametric
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Figure 3.1: The empirical power curves of Zheng (2009)’s test and Zhu et al. (2001)’s

test against the dimension of X with sample size 400 and a = 1 in Example 3.1. Here

TZFN
n (low)’ denotes Zhu et al. (2001)’s test by replacing X by β⊤X to estimate the

function g(·).
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in the mean regression function. We assume that under the null hypothesis, the

function δ(·) is a constant. It is worth noting that because the functions g and δ are

unknown, the following model with nonparametric variance function δ(·) can also be

reformulated in this form:

Y = g(B⊤
1 X) + δ(X)ε = g(B⊤

1 X) + δ(B2B
⊤
2 X)e

≡ g(B⊤
1 X) + δ̃(B⊤

2 X)e,

where B2 is any orthogonal p × p matrix. That is, q2 = p. In other words, any

nonparametric variance model (3.1), up to the mean function, can be reformulated

as a special multi-index model with q2 = p. This model covers many popularly used

models in the literature, including the single-index models, the multi-index models

and the partially linear single index models. When the model (3.3) is a single index

model or partially linear single index model, the corresponding number of the index

becomes one or two, respectively.

In this chapter, we propose a dimension reduction-based model adaptive test (DR-

MAT). The basic idea is to construct a test that is based on the local smoothing test

proposed by Zheng (2009) when a model-adaptive strategy is utilized to adapt the

structures under hypothetical model and alternatives. The method is motivated by

Guo et al. (2014) who considered model checks for mean regression function. How-

ever, the construction is very different as the test not only use the model structure

of conditional variance, but also the dimension reduction structure of the mean func-

tion. The advantages of this method include: (1) DRMAT computes critical values by

simply applying its limiting null distribution without heavy computational burden,

which is often an inherent property of local smoothing testing methodologies; (2) the

embedded dimension reduction procedure is model-adaptive, that is, it is automati-

cally adaptive to the underlying model (3.3) by using more information on data such

that the test can still be omnibus; more importantly, (3) under the null hypothesis,

DRMAT has a significant faster convergence rate of O(n1/2hq1/4) to its limit than

O(n1/2hp/4) in existing tests when q1 ≪ p; and (4) DRMAT can also detect the lo-
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cal alternative hypotheses converging to the null hypothesis at a much faster rate of

O(n−1/2h−q1/4) than the typical rate of O(n−1/2h−p/4). More details are presented in

the next section.

The rest of the chapter is organized as follows: In Section 3.2, we will give a brief

review for the discretization-expectation estimation and suggest a minimum ridge-

type eigenvalue ratio to determine the structural dimension of the model. Moreover,

the dimension reduction adaptive heteroscedasticity test is also constructed in Sec-

tion 3.2. The asymptotic properties of the proposed test statistic under the null and

alternative hypotheses are investigated in Section 3.3. In Section 3.4, the simulation

results are reported and a real data analysis is carried out for illustration. Because

when there are no more specific conditional variance structure assumed, the conver-

gence rate O(n−1/2h−q1/4) is optimal for local smoothing tests, thus, in Section 3.5,

we discuss how to further improve the performance of DRMAT when there are some

specific conditional variance structures. The proofs of the theoretical results are

postponed to Appendix 2.

3.2 Test statistic construction

3.2.1 Basic construction

Under the model (3.3), the null hypothesis is

H0 : P{V ar(ε|X) = V ar(ε|B⊤
1 X) = σ2} = 1 for some σ2

and the alternative hypothesis is

H1 : P{V ar(ε|B⊤
2 X) = σ2} < 1, for all σ2.

Write B to be a p × q matrix where q orthogonal columns contained in the matrix

(B1, B2). Then, under the null hypothesis, we have the following moment condition:

E(ε2 − σ2|X) = 0.
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All existing local smoothing tests are based on this equation when the left hand side

is estimated by a chosen nonparametric smoother such as kernel estimator. As was

mentioned before, this severely suffers from the curse of dimensionality. Note that,

under the null hypothesis, it is unnecessary to use this technique because E(ε2 −

σ2|X) = E(ε2) − σ2. Thus, how to sufficiently use the information provided by the

hypothetical model is a key to improve the efficiency of a test. It is clear that we

cannot simply use two estimates in lieu of E(ε2) and σ2 respectively to construct a

test. Therefore, we consider the following idea. Note that under the null hypothesis,

B2 needs not to consider and thus, B is reduced to B1 and

E(ε2 − σ2|X) = E(ε2 − σ2|B⊤X) = 0,

and then

E[(ε2 − σ2)E(ε2 − σ2|B⊤X)W (B⊤X)] = E[E2(ε2 − σ2|B⊤X)W (B⊤X)] = 0, (3.4)

where W (·) is some positive weight function which will be specified latter. Under the

alternative hypothesis,

E(ε2 − σ2|X) = E(ε2 − σ2|B⊤X) ̸= 0.

and then the left hand side of (3.4) is greater than zero. Thus, its empirical version, as

a base, can be devoted to constructing a test statistic. The null hypothesis is rejected

for large values of the test statistic. We note that there are two identifiability issues.

1. First, for any q × q orthogonal matrix C (3.4)holds true when the matrix B is

replaced by BC⊤. This means B is not identifiable while BC⊤ for an orthogonal

matrix C is. But such an unidentifiabiliy problem does not affect the properties

under the null and alternative hypotheses as for any q × q orthogonal matrix

C, under the null hypothesis,

E(ε2 − σ2|X) = E(ε2 − σ2|CB⊤X) = 0,
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and under the alternative hypothesis, this function is not equal to a zero func-

tion. Thus, in the following, we write BC⊤ as B in the estimation procedure

without notational confusion.

2. Second, under the null hypothesis, B is reduced to B1 with q1 columns and

under the alternative hypothesis, B has q columns. Ideally, B can be identified

to be B1 under the null hypothesis such that we can reduce the dimension of

B from q to q1 and the nonparametric estimation can be lower-dimensional.

On the other hand, under the alternative hypothesis, we wish to keep B such

that the criterion can fully use the information provided by the alternative

hypothesis and the constructed test can be omnibus. To achieve this goal, we

need a test that can automatically adapt the projected B⊤X with the respective

dimension q1 and q.

In the following estimation procedure, we introduce a model-adaptive approach. Let

{(x1, y1), · · · (xn, yn)} denote an i.i.d sample from (X,Y ) and εi = yi−g(B⊤xi). Then

E(ε2 − σ2|B⊤X) can be estimated by the following form:

Ê(ε2 − σ2|B̂⊤
q̂ xi) =

1
(n−1)

∑n
j ̸=i,j=1Kh

(
B̂⊤

q̂ xj − B̂⊤
q̂ xi

)
(ε̂2j − σ̂2)

1
(n−1)

∑n
j ̸=i,j=1Kh

(
B̂⊤

q̂ xj − B̂⊤
q̂ xi

) ,

where ε̂2i = (yi−ĝ(B̂τxi))
2, σ̂2 = n−1

∑n
i=1 ε̂

2
i ,Kh(·) = K(·/h)/hq̂ with a q̂−dimensional

multivariate kernel function K(·), h is a bandwidth and B̂q̂ is an estimate of B with

an estimate q̂ of q, which will be discussed later. We choose the weight function

W (·) to be the density function p(·) of B̂⊤
q̂ X, and for any B̂⊤

q̂ X, we can estimate the

density function p(·) as the following form:

p̂(B̂⊤
q̂ xi) =

1

(n− 1)

n∑
j ̸=i,j=1

Kh

(
B̂⊤

q̂ xj − B̂⊤
q̂ xi

)
.

Therefore, a non-standardized test statistic can be constructed as Sn by:

Sn =
1

n(n− 1)

n∑
i=1

n∑
j ̸=i,j=1

Kh

(
B̂⊤

q̂ xi − B̂⊤
q̂ xj

)
(ε̂2i − σ̂2)(ε̂2j − σ̂2). (3.5)
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The resulting test statistic is

nh
q1
2 Sn. (3.6)

Remark 3.1. From the construction, it seems that except an estimate of B, the test

statistic has no difference in spirit from that by Zheng (2009) as follows:

S̃n =
1

n(n− 1)

n∑
i=1

n∑
j ̸=i,j=1

K̃h (xi − xj) (ε̂
2
i − σ̂2)(ε̂2j − σ̂2), (3.7)

where K̃h(·) = K̃(·/h)/hp with a p-dimensional multivariate kernel function K̃(·).

Our test statistic is even more complicated in the case where q = p because even q is

given, our test still involves an estimate of q. However, we note that if we do not have

this estimate that can automatically adapt to q1 and q, we do not have the chance

to construct a test that can use the standardizing constant nh
q1
2 . Zheng (2009)’s test

statistic must use, actually all existing local smoothing tests, the standardizing con-

stant nh
p
2 , otherwise, the limit goes to infinity if nh

q1
2 is used. Comparing (3.5) with

(3.7), we observe that the different dimensions of the kernel estimators in Sn and S̃n

make this significant improvement of Sn than S̃n. Clearly, under the null hypothesis,

the curse of dimensionality is largely avoided. As we will see in Section 3.3, Sn is

asymptotically normal at the rate of order nhq1/2 under the null hypothesis, whereas

S̃n has the asymptotic normality at the rate of order nhp/2. Particularly, when the

model (3.3) is a single-index model or generalized linear model, q1 = 1. More im-

portantly, in Section 3.3, we will show that our test can be much more sensitive than

existing local smoothing tests in the sense that it can detect local alternatives con-

verging to the null hypothesis at the rate of 1/(
√
nhq1/4) that is a much faster rate

than 1/(
√
nhp/4) existing local smoothing tests can achieve. This gain is again due

to the adaptive estimation of the matrix B under the null and alternative hypotheses

respectively. In the next section, we will use sufficient dimension reduction technique

to construct an estimate of q.

Remark 3.2. In the construction, we consider the conditional expectation given B⊤X

where B consists of both B1 and B2. Under the null hypothesis, B is reduced to B1,
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but under the alternative hypothesis, the dimension q may be greater than q2 and

thus, we have to use higher order kernel in local smoothing step. A natural idea is

to estimate B1 and B2 separately. However, we find that such a procedure makes the

implementation more complicated. Thus, in the present chapter, we do not use this

idea and a further research is ongoing to see how to improve the performance of the

test.

3.2.2 A review on discretization-expectation estimation

As illustrated in Subsection 3.2.1, estimating B plays an important role for the test

statistic construction. To this end, we consider sufficient dimension reduction tech-

nique. Since B is not identifiable in the model (3.3) and the functions g(·) and δ(·)

are unknown, what we can identify is BC⊤ because for any q × q orthogonal matrix

C, g(B⊤X) and δ(B⊤X) can be further rewritten as g̃(C⊤B⊤X) and δ̃(C⊤B⊤X).

Sufficient dimension reduction technique helps us identify the subspace spanned by

B called the central subspace (Cook 1998). More precisely, from the definition of the

central subspace, it is the intersection of all subspaces S such that

Y⊥⊥X|(PSX),

where ⊥⊥ denotes the statistics independence and P(·) stands for a projection oper-

ator with respect to the standard inner product. dim(PSX) is called the structure

dimension of PSX and is q in our setup. In other words, PS is equal to CB⊤ for some

q × q orthogonal matrix C. As we mentioned, we still use B without confusion.

There exist several promising dimension reduction proposals available in the lit-

erature. For example, Li (1991) proposed sliced inverse regression (SIR), Cook and

Weisberg (1991) advised sliced average variance estimation (SAVE), Xia et al. (2002)

discussed minimum average variance estimation (MAVE), and Zhu et al. (2010a) sug-

gested discretization-expectation estimation (DEE). As DEE does not need to select

the number of slices and has been proved in the simulation studies to have a good
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performance, we then adopt it to estimate B for the test statistic construction. From

Zhu et al. (2010a), the SIR-based DEE can be carried out by the following estimation

steps.

1. Discretize the response variable Y into a set of binary variables by defining

Z(t) = I{Y ≤ t}, where the indicator function I{Y ≤ t} takes value 1 if Y ≤ t

and 0 otherwise.

2. Let SZ(t)|X denote the central subspace of Z(t)|X. When SIR is used, the

related SIR matrix M(t) is an p × p positive semi-definite matrix satisfying

that Span{M(t)} = SZ(t)|X.

3. Let Ỹ be an independent copy of Y . The target matrix is M = E{M(Ỹ )}. B

consists of the eigenvectors associated with the nonzero eigenvalues of M .

4. Obtain an estimate of M as:

Mn =
1

n

n∑
i=1

Mn(yi),

where Mn(yi) is the estimate of the SIR matrix M(yi). When q is given, an

estimate B̂q of B consists of the eigenvectors associated with the largest q

eigenvalues of Mn. B̂q can be root-n consistent to B. More details can be

referred to Zhu et al. (2010a).

3.2.3 The estimation of structural dimension

To completely estimate B, we also need to estimate the structural dimension q.

Thus, an estimate of q is essential for the test statistic. The BIC-type criterion was

suggested by Zhu et al. (2010a). However, choosing an appropriate tuning parameter

is an issue. Thus, we suggest another method that is very easy to implement. In the

aforementioned sufficient dimension reduction procedure, the estimating matrix Mn

is a root-n consistent estimation of the target matrix M . Let λ̂p ≤ λ̂(p−1) ≤ · · · ≤ λ̂1
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be the eigenvalues of the estimating matrix Mn. In spirit similar to that in Xia et al.

(2014), we advise a ridge-type eigenvalue ratio estimate (RERE) to determine q as:

q̂ = arg min
1≤j≤p

{
λ̂2j+1 + cn

λ̂2j + cn

}
. (3.8)

The following theorem shows that the structure dimension q can be consistently

determined by RERE criterion.

Theorem 3.1. Under Conditions A1 and A2 in Appendix 2, the estimate q̂ of (3.8)

with logn
n

≤ cn → 0 satisfies that as n→ 0 in a probability going to 1,

(i) under H0, q̂ → q1;

(ii) under H1, q̂ → q.

This theorem implies that, in the test statistic construction, the structure dimen-

sion estimate q̂ can be automatically adaptive to the model (3.3) rather than the

nonparametric model (3.1). An consistent estimate of B is denoted by B̂q̂. In the

above test statistic construction, this estimate plays a crucial role as B̂q̂ converges to

a p× q matrix B under H1 and to a p× q1 matrix B1 under H0.

3.3 Asymptotic properties

3.3.1 Limiting null distribution

Define two notations first. Let

s2 = 2

∫
K2(u)duE{[V ar(ε2|B⊤X)]2p(B⊤X)}, (3.9)

and

ŝ2 =
2

n(n− 1)

n∑
i=1

n∑
j ̸=i,j=1

K2
h

(
B̂⊤

q̂ xi − B̂⊤
q̂ xj

)
(ε̂2i − σ̂2)2(ε̂2j − σ̂2)2. (3.10)

We will prove that ŝ2 is a consistent estimate of s2 under the null and local alternative

hypotheses. Further, we have the following asymptotic properties of the test statistic

under the null hypothesis.
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Theorem 3.2. Given Conditions A1-A8 in Appendix 2 and under H0, we have

nh
q1
2 Sn

d→ N(0, s2),

where the notation
d→ denotes convergence in distribution and s2 is defined by (3.9).

Further, s2 can be consistently estimated by ŝ2 given by (3.10).

According to Theorem 3.2, by standardizing Sn, we then get an standardized test

statistic Tn as:

Tn = nhq1/2Sn/ŝ. (3.11)

Furthermore, using the Slusky theorem yields the following corollary.

Corollary 3.1. Under the conditions in Theorem 3.2 and H0, we have

Tn
d→ N(0, 1),

and then

T 2
n

d→ χ2
1,

where χ2
1 is the chi-square distribution with one degree of freedom.

Based on Theorem 3.2 and Corollary 3.1, it is easy to calculate p−values by

its limiting null distribution of T 2
n . As a popularly used approach, Monte Carlo

simulation can also be employed.

Summarizing all the aforementioned constructing procedure gives the following

steps:

Step 1: Use a sufficient dimension reduction method such as DEE (Zhu et al. 2010)

to detain the estimators B̂q̂ with q̂ determined by MRRE criterion, and then

apply the nonparametric kernel method to estimate the mean function g(·) as

follows:

ĝ(B̂⊤
q̂ xi) =

∑n
i=1Qh1

(
B̂⊤

q̂ xj − B̂⊤
q̂ xi

)
yi∑n

i=1Qh1

(
B̂⊤

q̂ xj − B̂⊤
q̂ xi

) ,

57



where Qh1(·) = Q(·/h1)/h1 with Q(·) being a q̂−dimensional kernel function

and h1 being a bandwidth.

Step 2: Calculate the test statistic Tn = nhq1/2Sn/ŝ with Sn and ŝ given by (3.5)

and (3.10), respectively.

3.3.2 Power study

To study the power performance of the proposed test statistic, consider the sequence

of local alternative hypotheses with the following form:

H1n : Y = g(B⊤
1 X) + η, V ar(η|X) = σ2 + Cnf(B

⊤X) (3.12)

where f(·) is some continuously differentiable function satisfying E[f 2(X)] <∞ and

the columns of B1 can be the linear combination of the columns of B.

Under the global alternative with fixed Cn, Theorem 3.1 shows that q̂ converges

to q in a probability going to 1. Under the local alternative hypotheses, Cn goes to

zero and the part B2 vanishes as n → ∞, we may expect that q̂ also tends to q1

although at the population level, the structural dimension is still q. In other words,

the estimate q̂ is not consistent. But this is just what we want because it will make

the test more sensitive to the local alternative hypotheses. The following states this

result.

Lemma 3.1. Under the local alternative hypotheses H1n in (3.12) with Cn = n− 1
2h−

q1
4

and the same conditions in Theorem 3.1 except that C2
n log n ≤ cn → 0, the estimate

q̂ given by (3.8) satisfies that q̂ → q1 in probability as n→ 0.

Now, we state the power performance of the test.

Theorem 3.3. Under Conditions A1-A8 in Appendix 2, we have the following results.

(I) Under the global alternative hypothesis H1, we have

Sn
p→E
{
[V ar(ε|B⊤X)− V ar(ε)]2p(B⊤X)

}
,
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and

ŝ2
p→ 2

∫
K2(u)duE

{
[V ar(ε2|B⊤X) + (V ar(ε|B⊤X)− σ2)2]2p(B⊤X)

}
,

where the notation
p→ denotes convergence in probability and ŝ2 is defined in

(3.10). Thus,

Tn/(nh
q1/2)

p→ Constant.

(II) Under the local alternative hypotheses H1n in (3.12) with Cn = n− 1
2h−

q1
4 , we

have

Tn
d→ N(m, 1),

and

T 2
n

d→ χ2
1(m

2),

wherem = E{[E{f(B⊤X)|B⊤
1 X}]2p(B⊤

1 X)}/s with s given by (3.9) and χ2
1(m

2)

is a noncentral chi-squared random variable with one degree of freedom and the

noncentrality parameter m.

Remark 3.3. The above results confirm the claims that we made in Section 3.1.

Unlike the convergence rates in Zheng (2009), our test can have the following rates

under the null and alternative hypotheses. (I) Under the null hypothesis, Sn converges

to its limit at the rate of order nhq1/2 whereas S̃n has a much slower rate of order

nhp/2. Particularly, when the null hypothesis belongs to the single index models or

the generalized linear models, Sn has a fastest convergence rate as if the dimension

p = 1, namely, nh1/2. (II) Tn can detect the local alternative models converging to

the hypothetical model at the rate of order n− 1
2h

− q1
4

1 rather than n− 1
2h

− p
4

1 that Zheng

(2009)’s test can achieve.
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3.4 Numerical Studies

3.4.1 Simulations

In this subsection, we conduct the following simulations to illustrate the performance

of the proposed test. We choose the product of q̂ Quartic kernel function as K(u) =

Q(u) = 15/16(1−u2)2, if |u| ≤ 1 and 0 otherwise. In the test statistic, B is estimated

by the SIR-based DEE procedure and q is determined by the RERE criterion (3.8)

with cn = log n/(nhq1/2). Let TDEE
n , TZH

n and TZFN
n denote the proposed test in

the present chapter, Zhu et al. (2002)’s test and Zheng (2009)’s test, respectively.

We focus on the performance of these tests under different settings of the dimension

and the correlation structure of the covariate vector X and the distribution of the

error term ε. The sample sizes are 50, 200, 400. The empirical sizes and powers are

computed through 2000 replications for each experiment at the significance level

α = 0.05.

The observations xi, for i = 1, 2, · · · , n are i.i.d. from multivariate normal distri-

bution N(0,Σ1) or N(0,Σ2) and independent of the standard normal errors ε, where

Σ1 = (σ
(1)
ij )p×p and Σ2 = (σ

(2)
ij )p×p with the elements respectively

σ
(1)
ij = I(i = j) + 0.5|i−j|I(i ̸= j) and σ

(2)
ij = I(i = j) + 0.3I(i ̸= j).

Example 3.1. Consider the following single-index model:

Y = β⊤X + exp(−(β⊤X)2) + 0.5(1 + a× |β⊤X|)× ϵ,

where X follows normal distribution N(0,Σ1), independent of the standard normal

errors ϵ and β = (1, · · · , 1︸ ︷︷ ︸
p/2

, 0, · · · , 0)τ/
√
p/2 and p is set to be 2, 4 and 8 to reveal the

impact from dimension. Moreover, a = 0 and a ̸= 0 respectively, correspond to the

null and the alternative hypotheses. First, we investigate the impact from bandwidth

selection. We choose different bandwidths (0.5 + 0.25 × i)n−1/(4+q̂) for i = 0, · · · , 5

and obtain the empirical sizes and powers when the dimension of X is relatively high,

namely, p = 4, 8.

60



0.5 1 1.5
0.04

0.05

0.06

0.07

0.08

bandwidth h

em
pi

ric
al

 s
iz

es

n=400

 

 

0.5 1 1.5
0.02

0.04

0.06

0.08
n=200

em
pi

ric
al

 s
iz

es

bandwidth h

 

 

p=8
p=4

p=8
p=4

Figure 3.2: The empirical size curves of TDEE
n against the bandwidth and sample size

200 (the below panel) and 400 (the above panel) with a = 0 in Example 3.1.
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Figure 3.3: The empirical power curves of TDEE
n against the bandwidth and sample

size 200 (the below panel) and 400 (the above panel) with a = 1 in Example 3.1.
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From Figures 3.2 and 3.3, it can be clearly observed that the test is robust against

different bandwidths and the type I error can be controlled well. On the other hand,

when the sample size is small, the bandwidth selection has little impact for the

power performance when the bandwidth becomes small. Therefore, we recommend

h = 1.25× n−1/(4+q̂) in the simulations.

Now we turn to compare the empirical sizes (type I errors) and powers of all the

three tests under different combinations of sample sizes and dimensions of covariate

vector X. The results are reported in Table 3.1.

Table 3.1: Empirical sizes and powers of TDEE
n , TZH

n and TZFN
n for Example 3.1.

TDEE
n TZH

n TZFN
n

a/n 50 200 400 50 200 400 50 200 400

p=2 0 0.0370 0.0545 0.0525 0.0365 0.0415 0.0445 0.0455 0.0450 0.0550

0.2 0.0535 0.1540 0.2680 0.0370 0.0490 0.1130 0.0620 0.0645 0.0865

0.4 0.0900 0.3975 0.7675 0.0430 0.1610 0.5125 0.0710 0.1010 0.1790

0.6 0.1530 0.6600 0.9870 0.0515 0.3595 0.8645 0.0720 0.1320 0.3815

0.8 0.1975 0.8665 0.9960 0.0640 0.5605 0.9790 0.0780 0.1785 0.5385

1.0 0.2520 0.9790 1.0000 0.0665 0.7260 0.9970 0.0820 0.1865 0.6780

p=4 0 0.0450 0.0535 0.0525 0.0105 0.0320 0.0700 0.0670 0.0650 0.0590

0.2 0.0540 0.1570 0.3750 0.0377 0.0670 0.1920 0.0795 0.0750 0.1210

0.4 0.0935 0.4990 0.8835 0.0305 0.0865 0.3525 0.0800 0.1160 0.1670

0.6 0.1420 0.7895 0.9930 0.0265 0.3105 0.6810 0.0840 0.1230 0.2390

0.8 0.2110 0.9265 1.0000 0.0365 0.4500 0.8050 0.1030 0.1970 0.3800

1.0 0.2580 0.9650 1.0000 0.0565 0.5545 0.8535 0.1050 0.2900 0.4910

p=8 0 0.0460 0.0425 0.0535 0.0145 0.0225 0.0345 0.0420 0.0640 0.0580

0.2 0.0620 0.1790 0.4380 0.0110 0.0550 0.1675 0.0500 0.0700 0.0975

0.4 0.1270 0.4220 0.9530 0.0115 0.1175 0.3105 0.0580 0.0930 0.2040

0.6 0.1740 0.8840 0.9870 0.0230 0.1910 0.4245 0.0555 0.1250 0.2605

0.8 0.2090 0.9630 1.0000 0.0260 0.2490 0.5225 0.0660 0.1485 0.3575

1.0 0.2390 0.9850 1.0000 0.0270 0.3640 0.6580 0.0715 0.1515 0.4080

It is clear that the empirical power increases as a gets larger. Further, our test

TDEE
n is significantly more powerful than TZH

n and TZFN
n . In addition, TDEE

n can

control the size very well for the different dimensions of X and the different sample

sizes. However, for TZH
n and TZFN

n , the impact from the dimension of X is very
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significant. When the dimension of X becomes larger, the empirical power of our test

slightly changes whereas the empirical powers of TZH
n and TZFN

n drop down quickly.

Even when the sample size is n = 400, the situation does not become significantly

better. This implies that the dimensionality is a big obstacle for these two tests to

perform well.

Next, we use the following example that has two different B under the null and

alternative hypotheses to check the usefulness of model-adaptiveness in promoting the

performance of test. Further, we examine the robustness of the test against different

error ε.

Example 3.2. Consider the following model in which the dimension of B1 and

that of B are different under H1:

• Y = β⊤
1 X + 0.5[a× {(β⊤

1 X)2 + (β⊤
2 X)2}+ 1]× ϵ.

where β1 = (1, 1, 0, 0)τ/
√
2 and β2 = (0, 0, 1, 1)τ/

√
2. Further, ϵ follows the Student’s

t-distribution t(6) with degrees of freedom 6. Two cases are investigated, where X

follows N(0,Σ1) and N(0,Σ2), respectively. In this example, under H0 with a = 0,

B = β1 and under H1 with a ̸= 0, B = (β1, β2). The results are presented in Table

3.2.

From Table 3.2, we have the following findings. First, the comparison between

the two cases of this example shows that the correlation structure of X would not

deteriorate the power performance. Second, in the limited simulations, the heavy tail

of the error term does not have a significant impact on the performance of our test.

Third, we can observe that although B has higher structure dimension q = 2 under

the alternative hypothesis than q1 = 1 under the null hypothesis in this example,

the results are still similar to those in Example 3.1 that has the same B in the

hypothetical and alternative model. These findings suggest that the proposed test is

robust against the correlation structure of X and the different error ε. The power

performance is less negatively affected by the dimension under the alternative model.

Example 3.3. To further examine the performance of te proposed test, consider

64



Table 3.2: Empirical sizes and powers of TDEE
n , TZH

n and TZFN
n for Example 3.2.

TDEE
n TZH

n TZFN
n

a/n 50 200 400 50 200 400 50 200 400

X ∼ N(0,Σ1) 0 0.0580 0.0540 0.0535 0.0210 0.0565 0.0590 0.0730 0.0780 0.0900

0.2 0.1115 0.5145 0.8985 0.0225 0.2295 0.5028 0.0850 0.1530 0.3415

0.4 0.1635 0.8190 0.9775 0.0238 0.3045 0.5440 0.1055 0.2220 0.5540

0.6 0.2120 0.8515 0.9835 0.0535 0.4047 0.5875 0.1215 0.2505 0.6310

0.8 0.2615 0.8750 0.9830 0.1080 0.5005 0.6865 0.1300 0.2620 0.6685

1.0 0.2820 0.9095 0.9930 0.1340 0.5925 0.7785 0.1360 0.2980 0.6740

X ∼ N(0,Σ2) 0 0.0560 0.0450 0.0465 0.0375 0.0425 0.0605 0.0680 0.0590 0.0560

0.2 0.1135 0.5655 0.9245 0.0520 0.1205 0.1800 0.0830 0.1855 0.4090

0.4 0.1970 0.8575 0.9725 0.0980 0.3530 0.5300 0.0935 0.2955 0.5450

0.6 0.2505 0.9060 0.9860 0.1085 0.5325 0.7165 0.1010 0.3000 0.6425

0.8 0.2790 0.9205 0.9900 0.1390 0.6185 0.7875 0.1335 0.3120 0.6590

1.0 0.3155 0.9335 0.9940 0.1615 0.6750 0.8105 0.1220 0.3310 0.6645

the following model:

• Y = β⊤
1 X + 2 sin(β⊤

2 X/2) + 0.5[a× {(β⊤
1 X)2 + (β⊤

2 X)2}+ 1]0.5 × ϵ.

where the values of β1, β2 and p are set to be the same as those in example 3.2 and

ϵ is from normal distribution. In this example, B is identical under the null and

alternative hypotheses as that in Example 3.1, but q = q1 = 2. Because the results of

TZH
n and TZFN

n are similar to those in Example 3.2, we omit to present the detailed

results and only present the results of our test TDEE
n to save the space. By the

comparison between Tables 3.2 and 3.3, we can find that the test power with q1 = 2

in Example 3.3 is lower than that with q1 = 1 in Example 3.2.

These numerical results support the aforementioned theoretical results indicating

that DRMAT has significantly improved the performance of existing local smoothing

tests. The empirical sizes also show that, in our test, critical values computed by

simply applying the limiting null distribution is reliable. Hence, the computational

workload of DRMAT is not heavy.
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Table 3.3: Empirical sizes and powers of TDEE
n for Example 3.3.

TDEE
n

a/n 50 200 400

X ∼ N(0,Σ1) 0 0.0490 0.0530 0.0465

0.2 0.0550 0.3280 0.6490

0.4 0.1035 0.5965 0.9240

0.6 0.1360 0.7250 0.9780

0.8 0.1570 0.8110 0.9895

1.0 0.1930 0.8665 0.9955

X ∼ N(0,Σ2) 0 0.0615 0.0460 0.0480

0.2 0.0615 0.2815 0.6445

0.4 0.0965 0.5920 0.9300

0.6 0.1395 0.7750 0.9910

0.8 0.1475 0.8425 0.9920

1.0 0.1830 0.9015 0.9980

3.4.2 Real Data Analysis

We consider the well-known 1984 Olympic records data on various track events, which

has been analyzed by Naik and Khattree (1996) using the method of principal compo-

nent analysis for the investigation of their athletic excellence and the relative strength

on certain countries at the different running. Further, Zhu (2003) once analyzed this

data in checking certain parametric structure. The data for men consists of 55 coun-

tries with eight running events presented, which are the 100 meters, 200 meters, 400

meters, 800 meters, 1,500 meters, 5,000 meters, 10,000 meters and the Marathon

distance, see Naik and Khattree (1996).

As argued by Naik and Khattree (1996), it may be more tenable to use the

speed rather than the winning time for the study. Here, what we are interested in

is to examine whether the performance of a nation in running long distances has a

significant effect on that in short running speed, see Zhu (2003). We also take the

speed of the 100 meters running event as the response and the speed of the 1,500

meters, 5,000 meters, 10,000 meters and the Marathon distance as covariates. Figure

(3.4) presents the plots of the residuals versus B⊤X with the different bandwidth
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Figure 3.4: The residual plots from the regression model (3.3) against the single-

indexing direction obtained from DEE in the real data analysis.

h = n−1/(4+q̂) and h = 1.5n−1/(4+q̂), where the estimator of B is constructed by DEE

and q by RERE. From the plots we see that a heteroscedasticity structure may exist.

The values of the test statistic are computed as T1 = 3.4230 and T2 = 3.9028 with

h = n−1/(4+q̂) and h = 1.5n−1/(4+q̂), respectively and the corresponding p−values are

0.0003 and 0.0000. Thus, a heteroscedasticity model may be tenable for this data set.

The result of this analysis implies that the volatility of the performance in running

short distances depends on the performance in running long distances.

3.5 Discussions

Heteroscedasticity checking is an important step in regression analysis. In this chap-

ter, we develop a dimension reduction model-adaptive test. The critical ingredient in

the test statistic construction is that the test embeds the dimension reduction struc-

ture under the null hypothesis to overcome the curse of dimensionality and adopts

to model structure under the alternative hypothesis such that it is still an omnibus

test. The test statistic has the limit at the rate as if the number of covariates was

the number of linear combinations in the mean regression function. Note that under

the null hypothesis, the number of covariates is 0. Thus could we further improve

our test to have a faster rate? Looking at the construction procedure, it seems not
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possible if we do not have any other extra assumptions on the conditional variance

structure. However, if we have prior information that under the alternative hypoth-

esis, an improvement seems possible. For instance, when we know that q is greater

than q1, the consistency of the estimator q̂ gives us the chance to have idea whether

the underlying model is hypothetical or alternative model. Of course, we cannot

simply use this information to be a test as type I and II errors cannot be determined.

We then use an estimate B̂q̃ where q̃ = I(q̂ = q1) + q̂I(q̂ > q1) and the test statistic

is based on B̂q̃. This means that under the null hypothesis, with a probability going

to 1, the test statistic is only with one linear combination of the covariates, rather

than q1 linear combinations. The standardizing constant is nh1/2 rather than nhq1/2.

It is expectable to have the asymptotic normality under the null hypothesis. It can

also detect the local alternatives distinct from the null at the rate of 1/
√
nh1/2. The

study is ongoing.

Further, this method can also be extended to handle other conditional variance

models such as single-index and multi-index models. The relevant research is ongoing.

3.6 Appendix 2

3.6.1 Regularity Conditions

To investigate the asymptotic properties in Sections 3.2 and 3.3, the following regu-

larity conditions are designed.

A1 Mn(t) has the following expansion:

Mn(t) =M(t) + En{ψ(X,Y, t)}+Rn(t),

where En(·) denotes sample averages, E(ψ(X,Y, t)) = 0 and ψ(X, Y, t) has a

finite second-order moment.

A2 supt∈Rp2 ||Rn(t)||F = op(n
−1/2), where || · ||F denotes the Frobenius norm of a

matrix.
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A3 (B⊤xi, yi)
n
i=1 follows a probability distribution F (B

⊤x, y) on Rq×R. E(ε8|B⊤X =

B⊤x) is continuously differentiable and E(ε8|B⊤X = B⊤x) ≤ b(B⊤x) almost

surely, where b(B⊤x) is a measurable function satisfying E(b2(B⊤X)) <∞.

A4 The density function p(·) of B⊤X exists with support C and has a continu-

ous and bounded second-order derivative on the support C. The density p(·)

satisfies

0 < inf
B⊤X∈C

p(B⊤X) ≤ sup
B⊤X∈C

p(B⊤X) <∞.

A5 For some positive integer r, the rth derivative of g(·) is bounded.

A6 Q(·) is a bounded, symmetric and twice continuously differentiable kernel func-

tion such that
∫
Q(u)du = 1,

∫
uiQ(u)du = 0 and

∫
urQ(u)du ̸= 0 for 0 < i < r,

where i is a nonnegative integer and r is given by Condition A5.

A7 K(·) is a bounded, symmetric and twice continuously differentiable kernel func-

tion satisfying
∫
K(u)du = 1.

A8 n→ ∞, h1 → 0, h→ 0,

1) under the null or local alternative hypotheses, nhq1 → ∞, h1 = O(n
− 1

4+q1 ),

nh1 → ∞ and nhq1/2h4r1 → 0;

2) under global alternative hypothesis H1, nh
q → ∞, h1 = O(n−1/(4+q)) and

nhq/2h4r1 → 0,

where η is given by Condition A6.

Remark 3.4. It is needed for DEE to assume Conditions A1 and A2. Under the

linearity condition and constant conditional variance condition, DEESIR satisfies

Conditions A1 and A2. See Zhu et al. (2010a). Conditions A3, A4, A5 and A6

are widely used for nonparametric estimation in the literature and are also needed

for obtaining uniform convergence of p̂(·) and ĝ(·). Conditions A4 and A7 guarantee

69



the asymptotic normality of our test statistic. Applying a higher order kernel in A6

guarantees that the estimator ĝ and σ̂2 have sufficiently small biases, respectively, see

Powell et al. (1989) and Hall and Marron (1990). To be specific, σ̂2 has a convergence

rate as Op(h
r
1). Note that the density estimator p̂(·) appears in the denominator of

ĝ(·) and small values of p̂(·) may cause the estimator ĝ(·) and then the test statistic

to be ill-behaved. Thus, Condition A4 can evade this problem. Thus, Conditions A4,

A5 and A6 are needed for the test to be well-behaved. Condition A8 is similar to

that in Fan and Li (1996), which was originally for model checking about the mean

regression. We note that Zheng (2009) used a single bandwidth. Actually, in our case,

we could also use a single bandwidth. However, we found that when we respectively

use different bandwidths h and h1 for estimating the mean function ĝ and constructing

the test statistic Tn, the final test statistic is less sensitive to the bandwidth selection.

This phenomenon has been discussed in the literature such as Stute and Zhu (2005)

pointing out that the optimal bandwidth for estimation is different from that for test

statistic construction.

3.6.2 Proofs of the theorems

Proof of Theorem 3.1. Under the assumptions designed in Zhu et al. (2010a), their

Theorem 2 shows that Mn −M = Op(n
−1/2). Following the similar arguments used

in Zhu and Ng (1995) or Zhu and Fang (1996), we can gain the root-n consistency of

the eigenvalues of Mn, namely, λ̂i − λi = Op(n
−1/2).

Prove (i). It is obvious that under H0, for any l with 1 < l ≤ q1, λl > 0.

Therefore, we have λ̂2l = λ2l + Op(1/
√
n). Since for any l with q1 < l ≤ p, λl = 0, we

have λ̂2l = Op(1/n) = Op(1/n). For any l < q1, we have λl > 0, λl+1 > 0 and

λ̂2(q1+1) + cn

λ̂2q1 + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
=

λ2(q1+1) + cn +Op(1/n)

λ2q1 + cn +Op(1/
√
n)

−
λ2(l+1) + cn +Op(1/

√
n)

λ2l + cn +Op(1/
√
n)

=
cn +Op(1/n)

λ2q1 + cn +Op(1/
√
n)

−
λ2(l+1) + cn +Op(1/

√
n)

λ2l + cn +Op(1/
√
n)

.
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Taking logn
n

≤ cn → 0, we can obtain

λ̂2(q1+1) + cn

λ̂2q1 + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
→ 0

λ2q1
−
λ2(l+1)

λ2l
= −

λ2(l+1)

λ2l
< 0.

Further, since for any l > q1, we have λl = 0 and λ2q1 > 0 , we have

λ̂2(q1+1) + cn

λ̂2q1 + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
=

λ2q1+1 + cn +Op(1/n)

λ2q1 + cn +Op(1/
√
n)

−
λ2l+1 + cn +Op(1/n)

λ2l + cn +Op(1/n)

=
cn + op(cn)

λ2q1 + cn +Op(1/
√
n)

− cn + op(cn)

cn + op(cn)

→ −1 < 0.

Therefore, altogether, we can conclude that q̂ → q1.

For part (ii), by replacing q1 by q, and using the same arguments as the above we

can obtain q̂ → q in probability. 2

Proof of Theorem 3.2. For notational convenience, denote zi = B⊤xi gi =

g(B⊤xi), ĝi = ĝ(B̂⊤
q̂ xi), µi = (yi − gi)

2 − σ2, ϵi = yi − gi, KBij = K(B⊤(xi − xj)/h).

Under the null hypothesis, without loss of generality, write B1 = B.

Since µ̂i ≡: (yi− ĝi)2− σ̂2 = µi−2ϵi(ĝi−gi)+(ĝi−gi)2− (σ̂2−σ2), we decompose

the term Sn to be:

Sn =
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂ijµiµj + 4

1

n(n− 1)

n∑
i=1

∑
i ̸=j

1

hq1
KB̂ijϵiϵj(ĝi − gi)(ĝj − gj)

+
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂q̂ij

(ĝi − gi)
2(ĝj − gj)

2 +
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂q̂ij

(σ̂2 − σ2)

−4
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂q̂ij

µiϵj(ĝj − gj) + 2
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂q̂ij

µi(ĝj − gj)
2

−2
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂q̂ij

µi(σ̂
2
j − σ2

j )− 4
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂q̂ij

ϵi(ĝi − gi)(ĝj − gj)
2

4
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂q̂ij

ϵi(ĝi − gi)(σ̂
2
j − σ2

j )

−2
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂q̂ij

ϵi(ĝi − gi)
2(σ̂2 − σ2) + op(n

−1h−q1/2)

≡:
10∑
i=1

Qin + op(n
−1h−q1/2).
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The final equation is derived by applying Lemma 2 of Guo et al. (2014), where q̂ = q1.

We now deal with the terms. First, consider the term Q1n. By Taylor expansion for

Q1n with respect to B, we have

Q1n ≡: Q11n +Q12n +Q13n,

where Q11n, Q12n and Q13n have following forms:

Q11n =
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KBijµiµj,

Q12n =
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

h2q1
K ′

Bijµiµj(B̂q̂ −B)⊤(xi − xj)

and

Q13n =
1

n(n− 1)

n∑
i=1

∑
i ̸=j

1

h3q1
K ′′

B̃ij
µiµj(B̂q̂ −B)⊤(xi − xj)(xi − xj)

⊤(B̂q̂ −B).

Here B̃ = {B̃ij}p×q1 with B̃ij ∈ [min{B̂ij, Bij},max{B̂ij, Bij}]. Due to the two facts

that ||B̂q̂ − B|| = Op(1/
√
n) and the second-order differential function of KB(·) is a

bounded continuous function of B, we assert that replacing B̃ by B̂q̂ does not affect

the convergence rate of Q13n.

By Theorem 1 in Zheng (2009), we obtain that:

nhq1/2Q11n → N(0, s2).

Since E(µi) = 0, we have E(Q21n) = 0. Then we compute the second order moment

of Q12n as follows:

E(Q2
12n) = E

[ 1

n(n− 1)

n∑
i=1

∑
i ̸=j

1

h2q1
K ′

Bijµiµj(B̂q̂ −B)⊤(xi − xj)
]2

= E
[ 1

n2(n− 1)2
1

h4q1

n∑
i=1

∑
i′ ̸=j′

n∑
i=1

∑
i′ ̸=j′

K ′
BijK

′
Bi′j′

µiµjµi′µj′(B̂q̂ −B)⊤(xi − xj)(xi′ − xj′)
⊤(B̂q̂ −B)

]
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Noting that E(µiµjµi′µj′) ̸= 0 only if i = i′, j = j′ or i = j′, j = i′, we have

E(Q2
12n) =

n(n− 1)

n2(n− 1)2
1

h4q1
E
[
(K ′

Bij)
2µ2

iµ
2
j(B̂q̂ −B)⊤(Xi −Xj)(xi − xj)

⊤(B̂q̂ −B)
]

=
1

n(n− 1)

1

h4q1
E
[
(K ′

Bij)
2µ2

iµ
2
j(B̂q̂ −B)⊤(xi − xj)(xi − xj)

⊤(B̂q̂ −B)
]

=
1

n(n− 1)

1

h4q1
{E(µ2

i )}2(B̂q̂ −B)⊤E
{
(K ′

Bij)
2(xi − xj)(xi − xj)

⊤}(B̂q̂ −B).

By a variable transformation as u1 = (xi − xj)/h, the above value is as

E(Q2
12n) =

1

n(n− 1)

1

h4q1
{E(µ2

i )}2
∫ ∫

(K ′
Bij)

2(B̂q̂ −B)⊤(xi − xj)

(xi − xj)
⊤(B̂q̂ −B)p(B⊤xi)p(B

⊤xj)dxidxj

=
1

n(n− 1)

1

hq1
{E(µ2

i )}2
∫ ∫

(K ′(u))2(B̂q̂ −B)⊤uu⊤(B̂q̂ −B)

p(B⊤xi)p(B
⊤(xi − hu))dxidu.

By Taylor expansion of p(B⊤(xi − hu)) about xi and under Conditions A3-A7 in

Appendix 2, we have

E(Q2
12n) =

1

n(n− 1)

1

hq1
{E(µ2

i )}2
∫ ∫

(K ′(u))2(B̂q̂ −B)⊤uu⊤(B̂q̂ −B)

p(B⊤xi)p(B
⊤(xi − hu))dxidu

=
1

n(n− 1)

1

hq1
{E(µ2

i )}2
∫ ∫

(K ′(u))2(B̂q̂ −B)⊤uu⊤(B̂q̂ −B)

(p2(B⊤xi) + p(B⊤xi)p
′(B⊤xi)h

pu)dxidu+ op(
1

n(n− 1)
)

=
1

n(n− 1)

1

hq1
{E(µ2

i )}2
∫ ∫

(K ′(u))2(B̂q̂ −B)⊤uu⊤(B̂q̂ −B)p2(B⊤xi)dxidu

+
1

n(n− 1)

1

hq1
{E(µ2

i )}2
∫ ∫

(K ′(u))2(B̂q̂ −B)⊤uu⊤(B̂q̂ −B)

p(B⊤xi)p
′(B⊤xi)h

q1u)dxidu+ op(
1

n(n− 1)
)O(

1

n
)

= Op(
1

n2(n− 1)hq1
).

The application of Chebyshiev’s inequality yields that |Q12n| = op(n
−1h−q1/2). Simi-

larly, we can prove the term Q13n to have the rate: Q13n = op(n
−1h−q1/2). Therefore,

the above decomposition term Q1n convergences to a normal distribution:

nhq1/2Q1n
d→ N(0, s21).
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To obtain the results of the theorem, it remains to prove that nhq1/2Qin = op(1),

i = 2, 3, · · · , 10.

Second, we consider the term Q2n. Since

Q2n

4
=

1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KB̂q̂ij

εiεj(ĝi − gi)(ĝj − gj)
p̂i
pi

p̂j
pj

+
1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KB̂q̂ij

εiεj(ĝi − gi)(ĝj − gj)

(
p̂i − pi
pi

p̂j − pj
pj

− 2
(p̂i − pi)p̂j

pipj

)
≡ Q̃2n + op(Q̃2n).

Substituting the kernel estimates ĝ and p̂ into Q̃2n, we have

Q̃2n =
1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

hq1h2q11

1

pipj
KB̂q̂ij

QB̂q̂il
QB̂q̂jk

ϵiϵj

×(yl − g(B⊤xi))(yk − g(B⊤xj)).

By the two order Taylor expansion for Q̃2n with respect to B, we can have

Q̃2n ≡ Q21n +Q22n +Q23n,

where Q21n, Q22n and Q23n have following forms:

Q21n =
1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

hq1h2q11

1

pipj
KBijQBilQBjkεiεj

(yl − g(B⊤xi))(yk − g(B⊤xj));

Q22n ≡: (B̂q̂ −B)⊤Q221n + (B̂q̂ −B)⊤Q222n + (B̂q̂ −B)⊤Q223n;

and

Q23n ≡: (B̂q̂ −B)⊤(Q231n +Q232n +Q233n +Q234n +Q235n +Q236n)(B̂q̂ −B);

with {Q22in}3i=1 and {Q23jn}6j=1 being following forms:

Q221n =
1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

hq1h3q11

1

pipj
KBijQ

′
BilQBjkεiεj

(yl − g(B⊤xi))(yk − g(B⊤xj))(xi − xl),
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Q222n =
1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

hq1h3q11

1

pipj
KBijQBilQ

′
Bjkεiεj

(yl − g(B⊤xi))(yk − g(B⊤xj))(xj − xk),

Q223n =
1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

hq1h3q11

1

pipj
K ′

BijQBilQBjkεiεj

(yl − g(B⊤xi))(yk − g(B⊤xj))(xi − xj)

and

Q231n =
1

n3(n− 1)

2

hq1h4q11

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

p1ip1j
KB̃ijQ

′
B̃il
Q′

B̃jk
εiεj

(yl −B⊤xi))(yk − g(B⊤xj))(xi −Xl)(xj − xk)
⊤,

Q232n =
1

n3(n− 1)

2

hq1h4q11

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

pipj
K ′

B̃ij
Q′

B̃il
QB̃jkεiεj

(yl −B⊤xi))(yk − g(B⊤xj))(xi − xj)(xi − xl)
⊤,

Q233n =
1

n3(n− 1)

2

hq1h4q11

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

pipj
K ′

B̃ij
QB̃ilQ

′
B̃jk

εiεj

(yl −B⊤xi))(yk − g(B⊤xj))(xi − xj)(xj − xk)
⊤,

Q234n =
1

n3(n− 1)

1

hq1h4q11

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

p1ip1j
K ′′

B̃ij
QB̃ilQB̃jkεiεj

(yl −B⊤xi))(yk − g(B⊤xj))(xi − xj)(xi − xj)
⊤,

Q235n =
1

n3(n− 1)

1

hq1h4q11

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

p1ip1j
KB̃ijQ

′′
B̃il
QB̃jkεiεj

(yl −B⊤xi))(yk − g(B⊤xj))(xi − xl)(xi − xl)
⊤,

Q236n =
1

n3(n− 1)

1

hq1h4q11

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

p1ip1j
KB̃ijQB̃ilQ

′′
B̃jk

εiεj

(yl −B⊤xi))(yk − g(B⊤xj))(xj − xk)(xj − xk)
⊤,

and where B̃ = {B̃ij}p×q1 with B̃ij ∈ [min{B̂ij, Bij},max{B̂ij, Bij}]. As described

for the term Q23n, we also assert that that replacing B̃ by B̂q̂ does not affect the

convergence rate.
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For the term Q̃2n, we first consider Q21n. Since for any fixed B̂q̂, E(Q21n) = 0, we

compute its second order moment as follows:

E(Q2
21n) = E

[ 1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

hq1h2q11

1

pipj
KBijQBilQBjkεiεj

(yl − g(B⊤xi))(yk − g(B⊤xj))
]2

= E
[ 1

n6(n− 1)2

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

n∑
i′=1

∑
j′ ̸=i′

n∑
k′=1

n∑
l′=1

1

h2q1h4q11

1

pipi′pjpj′

KBijQBilQBjkKBi′j′QBi′l′QBj′k′εiεjε
′
iε

′
j(Yl − g(B⊤Xi))

(yl′ − g(B⊤xi′))(yk − g(B⊤xj))(yk′ − g(B⊤xj′))
]
.

Noting that E(εiεjεi′εj′) ̸= 0 only if i = i′, j = j′ or i = j′, j = i′, we have

E(Q2
21n)

=
1

n6(n− 1)2h2q1h4q11

n(n− 1)(n− 2)2(n− 3)2E(
1

p2i

1

p2j
K2

BijQBilQBjkQBil′QBjk′

(gl − gi)(gk − gj)(gl′ − gi)(gk′ − gj)δ
4 + o((n2h)−q).

By transforming variables as u1 = (zi−zj)/h, u2 = (zi−zl)/h1, u3 = (zj−zk)/h1,

u4 = (zi − zl′)/h1 and u5 = (zj − zk′)/h1, we can have

E(Q2
21n) =

hq1h4q11

n6(n− 1)2h2q1h4q11

n(n− 1)(n− 2)2(n− 3)2∫ ∫ ∫ ∫ ∫ ∫
1

p2(Zi)p2(Zi − hu1)
K2

Bij(u1)QBil(u2)QBjk(u3)QBil′(u4)

QBjk′(u5)[g(zi − h1u2)− g(zi)][g(zi − hu1 − h1u3)− g(zi − hu1]

[g(zi − h1u4)− g(Zi)][g(zi − hu1 − h1u5)− g(zi − hu1]p(zi)p(zi − hu1)

p1(zi − h1u2)p1(zi − hu1 − h1u3)p1(zi − h1u4)p1(zi − hu1 − h1u5)

dzidu1du2du3du4du5 + o((n2hq)−1).

By taking Taylor expansions of g(zi − hu1) − g(zi) and similar terms at zi and

using Conditions A4, A5 and A6, we have

E(Q2
21n) = Op(

hq1h4q11 h4r1
n2h2q1h4q11

) = Op(
h4r1
n2hq1

).
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the application of Chebyshiev’s inequality leads to |Q21n| = op(1/(nh
q1/2)).

Similarly, the terms Q22in and Q23jn for {i = 1, 2, 3, j = 1, · · · , 6} can be proved

to have the following rates: Q22in = op(
hr
1

nhq1/2
· 1

h
q1/2
1

) = op(
hr
1

nhq1/2h
q1/2
1

) and Q23jn =

op(
h
r/2
1

nhq1/2
· 1
h
q1
1
) = op(

h
r/2
1

nhq1/2h
q1
1
). As h1 = O(n−1/(4+q1)), we can get |Q22n| = op(

hr
1

nhq1/2h
q1/2
1

·

1√
n
) = op(1/(nh

q1/2)) and |Q23n| = op(
h
r/2
1

nhq1/2h
q1
1

· 1
n
) = op(1/(nh

q1/2)). Thus we arrive

at the result that nhq1/2Q2n = op(1).

Now we consider Q3n. Following the similar argument for proving Theorem 3 of

Collomb and Härdle (1986), we have

sup
t∈Cq

|ĝ(t)− g(t)| = Op

(√ lnn

nhq11

)
.

Further,

Q3n ≤ 1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KBij(sup

t∈Cq

|ĝi(t)− gi(t)|4)

= Op

( ln2 n

n2h2q11

)
= op(

1

nhq1/2
),

we can obtain nhq1/2Q3n = op(1).

Similarly as Hall and Marron (1990), we can easily obtain that under the null

hypothesis, σ̂2 = σ2 + Op(h
2r
1 ). Since nhq1/2h4r1 → 0, we have Q4n = Op(h

4r
1 ) =

op((nh
q1/2)−1). Using the same argument as the above, we can prove nhq1/2Q5n =

op(1), · · · , nhq1/2Q10n = op(1). Hence, we can conclude that

nhq1/2S1n
d→ N(0, s2).

Second, we also need to prove ŝ2
p→ s2. Note that β̂, B̂q̂ and ĝ are respectively the

uniform consistency estimators of β, B and g. Thus,

ŝ2 =
2

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
K2

Bij(ε
2
i − σ2)2(ε2i − σ2)2 + op(1) ≡: sn + op(1),

where sn is an U -statistic with the kernel as:

Hn(wi, wj) =
1

hq1
K2

Bij(ε
2
i − σ2)2(ε2j − σ2)2,
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with wi = (xi, ε
2
i ) for i = 1, · · · , n. It can be computed to obtain that

E(Hn(wi, wj)) =

∫ ∫
1

hq1
K2(

zi − zj
h

)V ar(ε2i |zi)V ar(ε2j |zj)p(zi)p(zj)dzidzj

=
1

hq1

∫ ∫
K2(u)V ar(ε2i |zi)V ar(ε2j |zi − hu)p(zi)p(zi − hu)hq1dzidu

=

∫
K2(u)du

∫
[V ar(ε2i |zi)]2p2(zi)dzi + op(1) = s21 + op(1).

Here the variable transformation u = (zi− zj)/h is used. Using the similar argument

used to prove Lemma 3.1 of Zheng (1996), we have sn = E(H1n(wi, wj)) + op(1) =

s2 + op(1). Thus,

ŝ21
p→ s2.

Finally, Slutsky lemma is applied to gain

Tn
d→ N(0, 1).

The proof of Theorem 3.2 is concluded. 2

Proof of Lemma 3.1. Consider MRRE criterion when SIR-based DEE is used.

To derive Mn −M = Op(Cn), we only need to prove that Mn(t) −M(t) = Op(Cn)

uniformly, where M(t) = Σ−1V ar(E(X|I(Y ≤ t)) = Σ−1(ν1−ν0)(ν1−ν0)⊤pt(1−pt),

Σ is the covariance matrix of X, ν0 = E(X|I(Y ≤ t) = 0), ν1 = E(X|I(Y ≤ t) = 1)

and pt = E(I(Y ≤ t)). It is easy to see that

ν1 − ν0 =
E(XI(Y ≤ t))

pt
− E(XI(Y > t))

1− pt

=
E(XI(Y ≤ t)− E(X))E(I(Y ≤ t))

pt(1− pt)
.

Thus, M(t) can also be rewritten as

M(t) = Σ−1[E{(X − E(X))I(Y ≤ t)}][E{(X − E(X))I(Y ≤ t)}]⊤

=: Σ−1m(t)m(t)⊤,

where m(t) = E{(X − E(X))I(Y ≤ t)}. Therefore, m(t) can be estimated by:

mn(t) = n−1

n∑
i=1

(xi − x̄)I(yi ≤ t),
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and then M(t) can be estimated by

Mn(t) = Σ̂−1Ln(t),

where x̄ = 1
n

∑n
i=1 xi, Ln(t) = mn(t)mn(t)

⊤ and Σ̂ is the sample version of Σ.

Since the response under the local alternative hypotheses is related to n, we write the

response under the null and local alternative hypotheses as Y and Yn respectively.

Further, it is noted that:

E{XI(Yn ≤ t)} − E{XI(Y ≤ t)} = E[X{P (Yn ≤ t|X)}]− E[X{P (Y ≤ t|X)}].

Under H1n, because V ar(ε|X) = σ2 + Cnf(B
⊤X), we rewrite the local alternative

model as Y = g(B⊤
1 X) + ε(1 + Cnf(B

⊤X)/2). Thus, we have for all t,

P (Yn ≤ t|X)− P (Y ≤ t|X)

= P (ε ≤ t− g(B⊤
1 X)

1 + Cnf(B⊤X)/2
|X)− P (ε ≤ t− g(B⊤

1 X)|X)

= P (ε ≤ t− g(B⊤
1 X) + Cn(t− g(B⊤

1 X))f(B⊤X)/2|X)

−P (ε ≤ t− g(B⊤
1 X)|X) + op(Cn)

= FY |X(t− Cn(t− g(B⊤
1 X))f(B⊤X)/2)− FY |X(t)

= −Cn(t− g(B⊤
1 X))f(B⊤X)/2fY |X(t) + op(Cn).

Therefore, under Condition A2, we can conclude that

n−1

n∑
i=1

xiI(yni ≤ t)− E{XI(Y ≤ t)}

= n−1

n∑
i=1

xiI(yni ≤ t)− E{XI(Yn ≤ t)}+ {E{XI(Yn ≤ t)− E{XI(Y ≤ t)}

= Op(max (Cn, n
−1/2)).

Using the similar arguments used for proving Theorem 3.2 of Li et al. (2008), we

can derive that Mn(t) −M(t) = Op(max (Cn, n
−1/2)) uniformly. Thus, Mn −M =

Op(max (Cn, n
−1/2)).

As Zhu and Fang (1996) and Zhu and Ng (1995) demonstrated, since Mn −M =

Op(max (Cn, n
−1/2)), we conclude λ̂i −λi = Op(max (Cn, n

−1/2)) where λ̂p ≤ λ̂(p−1) ≤

· · · ≤ λ̂1 are the eigenvalues of the matrix Mn.
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Note that under the null hypothesis, we have λp = · · · = λp−q1 = 0 and 0 < λq1 ≤

· · · ≤ λ1 to be the eigenvalues of the matrix M . Since logn

nhq1/2
= cn → 0 and under

the local alternative hypotheses H1n with Cn = 1/(n1/2hq1/4), we have C2
n = op(cn).

Similarly as the proof for Theorem 3.1. It is clear that for any l ≤ q1, we have λl > 0.

Then we have λ̂2l = λ2l + Op(Cn). On the other hand, for any q1 < l ≤ p, as λl = 0,

we have λ̂2l = λ2l +Op(C
2
n) = Op(C

2
n). When l > q1, MRRE is computed to be

λ̂2q1+1 + cn

λ̂2q1 + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
=

λ2q1+1 + cn +Op(C
2
n)

λ2q1 + cn +Op(Cn)
−
λ2l+1 + cn +Op(C

2
n)

λ2l + cn +Op(C2
n)

=
λ2q1+1 + cn + op(cn)

λ2q1 + cn +Op(C2
n)

−
λ2l+1 + cn + op(cn)

λ2l + cn + op(cn)

=
cn + op(cn)

λ2q1 + cn +Op(C2
n)

− cn + op(cn)

cn + op(cn)
.

Thus, we have

λ̂2q1+1 + cn

λ̂2q1 + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
→ −1 < 0.

When 1 ≤ l < q1, MRRE is computed to be:

λ̂2q1+1 + cn

λ̂2q1 + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
=

λ2q1+1 + cn +Op(C
2
n)

λ2q1 + cn +Op(Cn)
−
λ2l+1 + cn +Op(Cn)

λ2l + cn +Op(Cn)

=
cn + op(cn)

λ2q1 + cn +Op(C2
n)

−
λ2l+1 + cn + op(cn)

λ2l + cn + op(cn)
.

Then

λ̂2q1+1 + cn

λ̂2q1 + cn
−
λ̂2(l+1) + cn

λ̂2l + cn
→ −

λ2l+1

λ2l
< 0.

Therefor, altogether, we can conclude that q̂ → q1. 2

Proof of Theorem 3.3. First, we prove Part (I). Applying the same decom-

position technique as that in Theorem 3.2, Sn can be decomposed in the following

form:

Sn ≡:
10∑
i=1

Qin,

where {Qin}10i=1 is defined in Theorem 3.2. Note that B̂q̂, ĝ and σ̂2 are respectively

uniform consistent estimators of B, g and σ2. Then we have Sn = Q1n + op(1). It is
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clear that Q1n is a U−statistic with kernel Hn = 1
hqKBijuiuj. Denote wi = (xi, ε

2
i )

for i = 1, · · · , n. Under the alternative hypothesis, due to the fact E(ui|B⊤xi) =

V ar(ε2i |B⊤xi)− V ar(ε2i ), we have

E[Hn(wi, wi)] =

∫ ∫
Kh(B

⊤xi −B⊤xj)[V ar(εi|B⊤xi)− V ar(εi)]

[V ar(εj|B⊤xj)− V ar(εj)]p(B
⊤xi)p(B

⊤xj)dB
⊤xidB

⊤xj.

using the transformed variable u = (zi − zj)/h, we have

E[Hn(Zi, Zj)] =
1

hp

∫ ∫
K(u)[V ar(εi|B⊤xi)− V ar(εi)]

[V ar(εj|B⊤xi − hu)− V ar(εj)]p(B
⊤xi)p(B

⊤xi − hu)dB⊤xidu

= E
(
[V ar(ε|B⊤x)− V ar(ε)]2p(B⊤x)

)
.

Lemma 3.1 of Zheng (1996) yields that

Sn = Q1n+op(1) = E[Hn(wi, wj)]+op(1) = E
{
[V ar(ε|B⊤X)−V ar(ε)]2p(B⊤X)

}
+op(1).

Similarly, we can prove that ŝ2
p→ s2, and then

Tn/(nh
q
2 )

d→ E
{
[V ar(ε|B⊤X)− V ar(ε)]2p(B⊤X)

}
/s.

Prove Part (II). Under the local alternative hypotheses H1n, similar arguments used

for proving Theorem 3.2, we can show that Sn = Q1n + op((nh
q1)−1). Let ε22i =

ε2i −Cnf(B
⊤xi). Under the local alternative, E(ε

2
2i|xi) = σ2. Q1n is then decomposed

as:

Q1n = { 1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KB̂q̂ij

uiuj}

= { 1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KB̂q̂ij

(ε22i − σ2)(ε22j − σ2)}

+Cn{
1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KB̂q̂ij

f(B⊤xi)(ε
2
2j − σ2)}

+C2
n{

1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KB̂q̂ij

f(B⊤xi)f(B
⊤xj)}

≡ W1n + CnW2n + C2
nW3n.
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W1n has the following decomposition by Taylor expansion:

W1n ≡: W11n + (B̂q̂ −B1)
⊤W12n + (B̂q̂ −B1)

⊤W13n(B̂q̂ −B1),

with {W1in}3i=1 being following forms:

W11n =
1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KB1ij(ε

2
2i − σ2)(ε22j − σ2);

W12n =
{ 1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

h2q1
K ′

B1ij
(ε22i − σ2)(ε22j − σ2)(xi − xj)}

}
;

W13n =
{ 1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

h3q1
K ′′

B̃ij
(ε22i − σ2)(ε22j − σ2)(xi − xj)(xi′ − xj′)

⊤}.
where B̃ = {B̃ij}p×q1 with B̃ij ∈ [min{B̂ij, B1ij},max{B̂ij, B1ij}]. Here for the terms

W12n andW12n, using the similar argument of termsQ21n andQ23n in Theorem 3.2, re-

spectively, we prove to have the following rates: W22n = op(
1√

nhq1/2
),W23n = ( 1√

nhq1/2
).

On the other hand, in the same way as that for proving Theorem 1 in Zheng (2009),

we can easily derive that nh
q1
2 W11n

d→ N(0, s2). Thus, we have

nh
q1
2 W1n

d→ N(0, s2).

According to Lemma 3.1 of Zheng (1996), it is easy to prove that
√
nW2n = Op(1).

Thus, when Cn = n− 1
2h−

q1
4 , nh

q1
2 W2n = op(1).

Finally, consider the term W3n. Also by Taylor expansion, we have

W3n = { 1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hp
KB1ijf(B

⊤xi)f(B
⊤xj)

+(B̂q̂ −B1)
⊤{ 1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

h2q
K ′

B̃ij
f(B⊤xi)f(B

⊤xj)(xi − xj)}
}

≡: W31n + (B̂q̂ −B1)
⊤W32n,

where B̃ = {B̃ij}p×q1 with B̃ij ∈ [min{B̂ij, B1ij},max{B̂ij, B1ij}]. We can also asset

that replacing B̃ by B1 can not impact the converging rate of the term W32n. Note

that W32n can be written as an U−Statistic with the kernel:

Hn(xi, xj) =
1

h2q1
K ′

B1ij
f(B⊤xi)f(B

⊤xj)(xi − xj) +
1

h2q1
K ′

B1ji
f(B⊤xi)f(B

⊤xj)(xj − xi)
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Using U−Statistics theory (e. g. Serfling 1980), we haveW32n = Op(1). Additionally,

W31n is also an U−Statistic with the kernel:

Hn(wi, wj) =
1

hq1
KB1ijf(B

⊤xi)f(B
⊤xj),

where wi = (xi, εi) for i = 1, · · · , n. First, we compute the first moment of Hn(wi, wj)

as

E(Hn(wi, wj)) = E{ 1

hq1
KB1ijE[f(B

⊤xi)|B⊤
1 xi]E[f(B

⊤xj)|B⊤
1 xj]}.

For notational convenience, we assumeM(B⊤
1 xi) = E[f(B⊤xi)|B⊤

1 xi] and zi = B⊤
1 xi.

Further, E[Hn(wi, wj)] can be computed as

E(Hn(wi, wj)) = E{ 1

hq1
KB1ijM(B⊤

1 xi)M(B⊤
1 xj)}

=

∫ ∫
1

hq1
K(

zi − zj
h

)M(zi)M(zj)p(zi)p(zj)dzidzj

=

∫ ∫
K(u)M(zi)M(zi − hu)p(zi)p(zi − hu)dzidu

=

∫
K(u)du

∫
M(zi)M(zi)p(zi)p(zi)dzi + op(h)

= E{[E{f(B⊤X)|B⊤
1 X}]2p(B⊤

1 X)},

where p(·) denotes the density function of B⊤
1 X. Similarly, we have the consistency

of W3n as it goes to E{[E{f(B⊤X)|B⊤
1 X}]2p(B⊤

1 X)} in probability. Additionally,

similarly as the above proof for Part (I) of Theorem 3.2, it is easy to prove ŝ2
p→ s2.

Thus, invoking Slutsky theorem, we can conclude that

Tn
d→ N(E{[E{f(B⊤X)|B⊤

1 X}]2p(B⊤
1 X)}/s, 1).

2
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Chapter 4

Dimension Reduction-based

Significance Testing in

Nonparametric Regression

4.1 Introduction

Consider the nonparametric regression model:

Y = m(Z) + ϵ, (4.1)

where Y is a scale dependent variable with the covariates Z = (X⊤,W⊤)⊤, X =

(X1, · · · , Xp1)
⊤ ∈ Rp1 , W = (W1, · · · ,Wp2)

⊤ ∈ Rp2 and p1 + p2 = d, the regression

function g(·) : Rd → R is unknown in its form and ϵ is the error term with zero

conditional expectation when Z is given: E(ϵ|Z) = 0. As well known, the success

of any further statistical analysis hinges on the correction of working model. Note

that in regression modeling building, there are often part of the covariates to be

redundant. A subset of the covariates W is said to be insignificant for the response

variable Y given X if

E(Y |X,W ) = E(Y |X). (4.2)
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The equality (4.2) means that W does not provide more information to predict Y .

W should be removed from the regression model (4.1), otherwise, such redundant

variables cause statistical analysis more complicated and less accurate and efficient.

This step, particularly in the first stage of regression analysis is necessary. In the

literature, relevant testing problem called significance testing has attracted much at-

tention. There exist several proposals that are based on prevalent local smoothing

and global smoothing methodologies in the literature. For the former, Lavergne and

Vuong (2000) extended the idea introduced by Fan and Li (1996), proposed a test

based on a second conditional moment to check the significance of a subset of covari-

ates. Further, Li (1999) developed a nonparametric significance test that is based

on the idea of Fan and Li (1996) for nonparametric and semiparametric time-series

models. Racine et al. (2006) suggested a test for the significance of categorical vari-

ables in fully nonparametric regression models. Lavergne et al. (2014) devised a new

kernel-based test that is based on a suitable equivalent Fourier transformation. It

is noted that these local smoothing-based test statistics converge to the respective

limiting null distributions at the typical rate Op(n
−1/2h−d/4), where d is the number

of all the covariates and h is the bandwidth in kernel estimation. Further, these tests

can also only detect local alternatives distinct from the null hypothesis at the rate

Op(n
−1/2h−d/4). When d = p1 + p2 is large, the convergence rate is very slow because

h converges to zero at a certain rate. This implies that these local smoothing method-

ologies severely suffer from the curse of dimensionality. This problem is caused by

using nonparametric estimation for the models under both the null and alternative

hypotheses that assumes the significance of all the covariates. However, this is clearly

not reasonable. An ideal situation is that a test can benefit from the number p1 of the

significant covariates under the null hypothesis such that we can have a much faster

convergence rate and the test can well maintain the significance level and enhance

the power performance. For global smoothing tests, examples include Racine (1997)

who advised a test based on nonparametric estimation of partial derivative. Del-
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gado and Manteiga (2001) introduced a consistent test based on a stochastic process.

Both the tests have a fast rate of order
√
n that they can detect local alternative

hypotheses distinct from the null hypothesis. Racine (1997)’s test involves the non-

parametric estimation of partial derivative ∂E(Y |X,W )/∂W and thus, estimation

inefficiency can greatly deteriorate the performance of the test. Delgado and Man-

teiga (2001)’s test involves the multivariate nonparametric estimation of E(Y |X) and

the data sparseness in high-dimensional space still causes negative impact for their

power performance of this high-dimensional stochastic process. We can see from the

following example that the power drops down very quickly as d increases. Finally,

when the dimension of the complete set of covariates d is large, the computational

burden is also an issue because Monte Carlo approximation to their sampling null

distributions is a computational intensive method.

We now present the simulation results for the following illustrative example. The

model is

Y = (X1 +X2)/
√
2 + 2W1 + ϵ,

where X = (X1, X2, · · · , Xp1) and W = (W1,W2, · · · ,Wp2) follow multiple standard

normal distributions, respectively, the sample size is n = 200 and the dimension

of covariates X is set to be p1 = 2, 3, 4 and the dimension of covariates W varies

from 1 to 8 in this numerical simulations. The hypothetical regression function is

(X1+X2)/
√
2. In other words, we use this example to show how the powers of existing

tests decrease with increasing dimension p2. Here we choose Fan and Li (1996)’s test

and Delgado and Manteiga (2001)’s test as the respective representatives of local and

global smoothing tests to demonstrate this.

Figures 4.1 and 4.2 depict the curves of the empirical powers at the significance

level α = 0.05. More details for this simulation can be found in Section 4.4. Clearly,

the empirical powers of these two tests rapidly decrease as p1 and p2 increase. This

indicates that both the tests seriously suffer from the curse of dimensionality. Sec-

tion 4.1 will also include relevant discussions on the maintenance of the significance
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Figure 4.1: The empirical power curve of Fan and Li (1996)’s test against the

dimensions of X and W with sample size 200 at the significance level α = 0.05.
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Figure 4.2: The empirical power curve of Delgado and Manteiga (2001)’s test against

the dimensions of X and W with sample size 200 at the significance level α = 0.05.
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level. To this end, how to overcome the aforementioned problems caused by dimen-

sionality is of great importance.

To the best of our knowledge, Guo et al. (2014) recently devised a dimension-

reduction local smoothing test which used to test generalized linear regression models.

The basic idea is to utilize the dimension reduction structure to adapt the true re-

gression models. This approach improves existing local smoothing tests for checking

generalized linear regression models. Under the null hypothesis, the test statistic

converges to its limit at a faster convergence rate O(n−1/2h−1/4) than the typical

rate O(n−1/2h−d/4) of local smoothing tests and detect the sequences of local alter-

native hypotheses distant apart from the null hypothesis at a faster convergence rate

O(n−1/2h−1/4). Zhu et al. (2015b), following the similar idea in Guo et al. (2014),

developed a dimension reduction global smoothing test for more general regression

models. Both of these adaptive methods can overcome the curse of dimensional-

ity. However, to identify the projected covariates in the hypothetical and alternative

models, they assumed that the projected covariates in the hypothetical models are

contained in the alternative models. In the present chapter, we do not impose this as-

sumption and thus, need to modify the identification procedure in the model adaption

step. The details will be presented in the next section.

It is of interest to apply the idea to construct a dimension reduction-based test

in significance testing. As is known, the objective of significance testing focuses on

choosing the significant covariates X in the nonparametric regression. Let g(x) =

E(Y |X = x). Then the significance testing becomes the following hypothesis:

H0 : E(Y |X,W ) = g(X) versus H1 : E(Y |X,W ) ̸= g(X) (4.3)

Let U = Y − g(X). Recall Z = (X⊤,W⊤)⊤. Then we have under the null hypothesis

H0, E(U |Z) = m(Z)−g(X) = 0, but under the alternative hypothesis H1, E(U |Z) ̸=

0. To facilitate a more general formulation of model structure we want to test,

consider the following reformulation of the above model. Note that g(·) is an unknown
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function, the nonparametric regression model Y = g(X)+U can be reformulated as:

Y = g(X) + U = g(B1B
⊤
1 X) + U ≡: g̃(B⊤

1 X) + U,

where B1 is an orthogonal p1×p1 matrix. This means that the above regression model

can be viewed as a special multi-index regression model with p1 index corresponding

to the covariates X. Thus, in the present chapter, we consider the more general null

hypothesis as:

H0 : E(Y |Z) = g(B⊤
1 X) = E(Y |X) a.s, (4.4)

where B1 is a p1 × q1 matrix which includes q1 orthogonal columns with a known

number q1 satisfied 1 ≤ q1 ≤ p1. For identifiability consideration, assume B⊤
1 B1 =

Iq1×q1 . The hypothetical regression model covers many popularly used models in

the literature, including the single-index models, the multi-index models and the

partially linear single-index models. When the above regression model is a single-

index model or partially linear single index model, the corresponding number of the

indexes becomes one or two, respectively. Particularly, when q1 = p1, the hypothetical

model becomes the classical model of (4.3). The alternative hypothesis becomes

E(Y |Z) = m(B⊤
1 X,W ) ̸= g(B⊤

1 X) = E(Y |X).

The term m(B⊤
1 X,W ) can be reformulated as:

E(Y |Z) = m(B⊤
1 X,W ) = m(B⊤Z),

where

B =

 B1 0p1×p2

0p2×q1 Ip1×p1

 .

From this reformulation, we similarly consider a more general alternative hypothesis

as:

H1 : E(Y |Z) = m(B⊤Z) ̸= g(B⊤
1 X) = E(Y |X), (4.5)
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where B is a d × q matrix with q ≤ d being an unknown value and E(ε|Z) =

E(ε|B⊤Z) = 0. For identifiability consideration, assume B⊤B = Iq×q. Therefore, in

this chapter, we test the null hypothesis (4.4) against the alternative hypothesis (4.5).

To this end, we develop a test that uses the advantage with less dimension under

H0 and automatically adapt to H1 such that the test is omnibus. We will call it a

dimension reduction model adaptive test (DRMAT). Compared with existing local

smoothing tests, DRMAT converges to their limit at the rate of order O(n−1/2h−q1/4)

and can detect the local alternatives distinct from the null hypothesis at also this

rate, rather than at the rate of O(n−1/2h−d/4). Further, the critical values of the new

test can be determined by its limiting null distribution. It is worthwhile to mention

that almost all existing local smoothing tests require the assistance of Monte Carlo

approximation to determine critical values otherwise, the significance level is difficult

to maintain. However, the dimension reduction structure of the test alleviates this

difficulty. More details will be discussed in the next sections.

This chapter is organized as follows. In Section 4.2, the test statistic construction

is described. Because dimension reduction technique plays a very important role, we

first briefly review a promising method: the discretization-expectation estimation.

To make the test have the model-adaption property, a ridge-type eigenvalue ratio

estimate (RERE) for the dimension q of B is recommended, which can estimate q1 and

q consistently under the null and alternative hypotheses accordingly. The asymptotic

properties of the test statistic are presented in Section 4.3. Further, the test statistic

tends to infinity at the certain rate under the global alternative hypothesis in Section

4.3. In Section 4.4, we examine the finite sample performance of our test and also

apply our test to a real data analysis for illustration. All the technical conditions and

the proofs of the theoretical results are postponed to Appendix 3.
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4.2 A dimension reduction-based model adaptive

test

4.2.1 Basic test statistic construction

It is worth noticing that in the above formulations, B and B1 are usually not iden-

tifiable. Actually, for any q × q orthogonal matrix C, E(Y |Z) = E(Y |B⊤Z) =

E(Y |CB⊤Z) and for any q1 × q1 orthogonal matrix C1, E(Y |X) = E(Y |B⊤
1 X) =

E(Y |C1B
⊤
1 X). Hence, what we can identify is just BC⊤ for a matrix C and B1C

⊤
1

for a matrix C1. Under H0, since E(Y |Z) = E(Y |B⊤Z) = E(Y |B⊤
1 X), B is automat-

ically reduced to a d×q1 matrix B̃ = (B⊤
1 , O

⊤
q1×p2

)⊤ and q = q1. Therefore, it is enough

to have such a weaker identification because CB⊤Z = C(B⊤
1 , O

⊤
q1×p2

)⊤Z = CB⊤
1 X

does not involve W . In the following subsection, we will briefly introduce a method

to identify BC⊤ for a matrix C and B1C
⊤
1 for a matrix C1. Without notational

confusion, we use B and B1 to write BC⊤ and B1C
⊤
1 , respectively, throughout the

rest of the present chapter.

Then under H0, we have

E(U |Z) = 0 =⇒ E(U |Z) = E(ϵ|B⊤Z) = 0.

Therefore, we can obtain

E(UE(U |B⊤Z)W (B⊤Z)) = E(E2(ϵ|B⊤Z)W (B⊤Z)) = 0, (4.6)

where W (B⊤Z) is some positive weight function that is discussed below. Under the

alternative hypothesis H1, since

E(U |B⊤Z) = m(B⊤Z)− g(B⊤
1 X) ̸= 0,

we have

E(UE(U |B⊤Z)W (B⊤Z)) = E(E2(U |B⊤Z)W (B⊤Z)) > 0. (4.7)
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The above argument implies that the empirical version of the left hand side in (4.6)

can be viewed as a base to construct a test statistic. Further, the null hypothesis H0

is rejected for large values of the test statistic. This motivates a naive construction

as any one in the literature. However, we also note that under the null hypothesis,

E(UE(U |B⊤Z)W (B⊤Z)) = E(E2(ϵ|B⊤
1 X)W (B⊤

1 X)) = 0. (4.8)

This means that under the null hypothesis, the dimension is reduced from q to q1.

The key is that how to construct a test statistic that fully uses this piece of

information and can automatically adapt the model structure under the alternative

hypothesis such that the test is omnibus. We will present our idea in the following

construction.

When a sample {(z1, y1), · · · , (zn, yn)} is available, the residual term ui is es-

timated as ûi = yi − ĝ(B̂⊤
1 xi), where ĝ(B̂

⊤
1 xi) is a kernel estimate of g(B⊤

1 xi) as

following form:

ĝ(B̂⊤
1 xi) =

1
n−1

∑n
j ̸=j Qh1(B̂

⊤
1 xj − B̂⊤

1 xi)yj
1

n−1

∑n
j ̸=j Qh1(B̂

⊤
1 xj − B̂⊤

1 xi)
,

and p̂B̂1i
is a kernel estimate of the density function pB1(·) of B⊤

1 xi given by

p̂B̂1i
=

1

n− 1

n∑
j=1

Qh1(B̂
⊤
1 xj − B̂⊤

1 xi),

and where Qh1 = Q(·/h1)/hq11 with Q(·) being a q1-dimensional product kernel func-

tion from the univariate kernel Q̃(·), h1 being a bandwidth and B̂1 being a estimate

of the central mean space SE(Y |X). Then we obtain the following kernel estimator

E(U |B⊤Z) as:

Ê(ûi|B̂⊤zi) =
1

n−1

∑n
j ̸=iKq̂h(B̂

⊤zj − B̂⊤zi)ûj
1

n−1

∑n
j ̸=iKq̂h(B̂⊤zj − B̂⊤zi)

.

In this formula, B̂ is a sufficient dimension reduction estimator of B with an estimated

structural dimension q̂ in a certain sense that will be specified in the next subsection,

where Kq̂h = K(·/h)/hq̂ with K(·) being a q̂-dimensional kernel function and h being
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a bandwidth. If we choose the weight W (·) to be the density function pB(·) of B⊤Z,

for any B̂⊤zi, we can estimate pB(·) as the following form:

p̂B̂i =
1

n− 1

n∑
j ̸=i

Kq̂h(B̂
⊤zj − B̂⊤zi).

Therefor, a non-standardized test statistic is defined by

Vn =
1

n(n− 1)

n∑
i=1

n∑
j ̸=i

ûiûjKq̂h(B̂
⊤zj − B̂⊤zi). (4.9)

Remark 4.1. Note that the test statistic developed by Fan and Li (1996) is:

Ṽn =
1

n(n− 1)

n∑
i=1

n∑
j ̸=i

ûif̂1iûj f̂1jK̃h(zi − zj), (4.10)

where K̃h(·) = K(·/h)/hp with K(·) being a (p1+p2)-dimensional kernel function and

f̂1 is an estimator of density function f1(·) of X no matter whether the underlying

model is under the null or alternative hypothesis. Compared the formula (4.9) with

(4.10), the difference is that our test uses B̂⊤Z in lieu of Z and applies Kh(·) in Vn

instead of K̃h(·). It is clear that to make the test model adaptive, we need an estimator

of B having the property that under H0, it estimates B̃ = (B⊤
1 , O

⊤
q1×p2

)⊤ and under

H1, it automatically estimates B. To achieve this goal, we also need an estimator q̂

that can be consistent to q1 under H0 and to q under H1. We will see that this model

adaptive estimation plays a very important role in the test statistic construction that

uses a standardizing constant nhq1/2 in the test statistic that diverges to infinity much

faster than the classical standardizing constant nh(p1+p2)/2 in Fan and Li (1996)’s test

statistic.

4.2.2 A brief review on discretization-expectation estimation

(DEE)

As we commented above, we need to identify BC⊤ and B1C
⊤
1 . To this end, a method

is discussed in this subsection. The method is to identify the spaces spanned by B

and B1 automatically under the null and alternative hypotheses. In other words, the
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method is to identify the basis vectors in the respective subspaces. This is an estima-

tion problem for the central subspaces in sufficient dimension reduction ( e.g. Cook

1998). The respective central mean subspaces are respectively denoted as SE(Y |X)

and SE(Y |Z). Also, q1 = dim(SE(Y|X)) and q = dim(SE(Y|Z)) are respectively called the

structural dimensions of SE(Y |X) and SE(Y |Z). Here we assume that q1 is known, but

q is unknown.

There exist several dimension reduction proposals available in the literature. For

example, Li (1991) proposed the sliced inverse regression (SIR), Cook and Weisberg

(1991) advised sliced average variance estimation (SAVE), Xia et al. (2002) discussed

minimum average variance estimation (MAVE), Li and Wang (2007) presented di-

rectional regression (DR). Cook and Forzani (2009) developed likelihood acquired

directions (LAD), Zhu et al. (2010a) suggested discretization-expectation estimation

(DEE) and Zhu et al. (2010b) provided average partial mean estimation (APME). In

this chapter, we adopt DEE because it is computationally inexpensive without any

tuning parameter selection that is required by SIR, SAVE or DR, and can be easily

used to construct a criterion for determining the structural dimensions.

From Zhu et al. (2010a), to identify and estimate B, the DEE estimation proce-

dure can be summarized as the following steps.

1. Define the set of binary variables Υ(t) = I{Y ≤ t} by discretizing the response

variable Y , where the indicator function I{Y ≤ t} = 1 if Y ≤ t and 0, otherwise.

2. Let SΥ(t)|Z denote the central subspace of Υ(t)|Z, andM(t) be an d×d positive

semi-definite matrix satisfying Span{M(t)} = SΥ(t)|Z.

3. Let Ỹ denote an independent copy of Y . Taking the expectation over the

random variable Ỹ , the target matrix becomes M = E{M(Ỹ )}. B consists of

the eigenvectors associated with the nonzero eigenvalues of M .
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4. Get an estimation of the target matrix M as:

Mn =
1

n

n∑
i=1

Mn(yi),

where Mn(yi) is the estimating matrix of M(yi) by some certain sufficient di-

mension reduction method such that SIR. Then the estimate B̂ of B consists

of the eigenvectors associated with the largest q eigenvalues of Mn. Virtually,

B̂ is root-n consistency of the matrix B when q is given.

In this chapter, the target matricesM(t) andM are based on sliced inverse regression

(SIR). More details can be referred to Li (1991) or Zhu et al. (2010a). Similarly, we

can also utilize the DEE procedure to estimate the matrix B1 as B̂1.

The following proposition states the consistency of the estimated matrix B̂ under

H0.

Proposition 4.1. Under H0, we have q = q1. Further, under H0 and Conditions

A1 and A2 in Appendix 3, the estimator B̂ by the DEE procedure is consistent to

B̃ = (B⊤
1 C1, O

⊤
q1×p2

)⊤ with C1 to be some q1 × q1 orthogonal matrix.

Proposition 4.1 indicates that when we construct the test statistic, under H0, we

can only use those variables that are significant. The curse of dimensionality can

then be largely alleviated when nonparametric estimation is inevitably required.

However, we do not know whether the underlying model is under the null or

alternative hypothesis and q is unknown. Thus, we need to estimate q in general

even under the null hypothesis with a given q = q1 as we can then define a final

estimate of B. The following subsection provides an estimate and its consistency.

4.2.3 Structural dimension estimation

To estimate q and q1 in an automatic manner, we need a criterion. Although Zhu

et al. (2010a) devised the BIC-type criterion that was motivated from Zhu et al.

(2006), choosing an appropriate penalty is an issue in the BIC criterion.
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In this chapter, we recommend a ridge-type eigenvalue ration estimate (RERE).

Based on our experience in practice, it is less sensitive to the tuning parameter

selection. Let λ̂d ≤ λ̂d−1 ≤ · · · ≤ λ̂1 be the eigenvalues of the estimating matrix Mn.

Define

λ∗i =
λ̂i − 1√

n

λ̂i − 1√
n
+ 1

, for 1 ≤ i ≤ d.

The structure dimension q can be estimated as:

q̂ = arg min
1≤j≤d

{
j,
(λ∗j+1)

2 + cn

(λ∗j)
2 + cn

}
. (4.11)

This method is motivated by Xia et al. (2014) and Zhu et al. (2015b). This algorithm

is easily implemented.

The following proposition states the estimation consistency.

Proposition 4.2. Under Conditions A1, A2 and A3 in Appendix 3, assume c ×

log n/n ≤ cn → 0 with some fixed c > 0, then the estimator q̂ by (4.11) is consistent

to q1 under H0 and to q under H1.

From Proposition 4.2, the choice of cn can be in a relatively wide range to guar-

antee the estimation consistency under the null and global alternative hypotheses.

Further, we will prove that q̂ converges to q1 as the sequence of local alternative hy-

potheses converges to the null model, rather than q. In other words, under the local

alternative hypotheses that we will consider below, the estimate q̂ is not consistent to

the true dimension q. However, this inconsistency has a positive impact for detecting

local alternative models. We will discuss this below.

Combining the estimation of B and the relevant structural dimension q, we can

see that the estimate B̂q̂ can have the model adaptive property in the sense that under

H0, it is consistent to B̃ = (B⊤
1 C1, O

⊤
q1×p2

)⊤ with C1 to be some q1 × q1 orthogonal

matrix and under H1, to B.
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4.3 Asymptotic properties

4.3.1 Limiting null distribution

First, define some notations. Let

s2 = 2

∫
K2(u)duE{[V ar(ε2|B⊤Z)]2p(B⊤Z)}, (4.12)

and

ŝ2 =
2

n(n− 1)

n∑
i=1

n∑
j ̸=i,j=1

K2
h

(
B̂⊤zi − B̂⊤zj

)
û2i û

2
j . (4.13)

Theorem 4.1. Under H0 and the regularity conditions in Appendix 3, we have

nhq1/2Vn
d→ N(0, s2).

Further, s2 can be consistently estimated by ŝ2.

Therefor, according to Theorem 4.1, we can get the standardized test statistic as:

Tn = nhq1/2Vn/ŝ.

Further, applying the Slusky theorem yields that Tn is asymptotically normal under

H0:

Tn
d→ N(0, 1).

4.3.2 Power study

We now study the power performance of the test statistic Tn. Consider the following

sequence of local alternative hypotheses as:

H1n : Y = g(B⊤
1 X) + CnG(B

⊤Z) + ε. (4.14)

Fixed Cn corresponds to the global alternative model and when Cn goes to zero, the

sequences are local alternative hypotheses.
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To obtain the main results about the power performance under H1n of (4.14), we

first present the asymptotic behavior of the estimator q̂ when Cn → 0. Since the

sequence of the local alternative hypotheses converges to the null regression model as

n→ ∞, the following lemma states that the estimator q̂ converges to q1 rather than

the true dimension q.

Lemma 4.1. Under H1n of (4.14) with Cn = n− 1
2h−

q1
4 and the regularity conditions

in Proposition 4.2 except that c× C2
n log n ≤ cn → 0 for some fixed c > 0, as n→ 0,

q̂ determined by (4.11) converges to q1 with a probability going to 1.

Now, we turn to state the results about the power performance of our test.

Theorem 4.2. Under the regularity conditions in Appendix 3, we have the following

results.

(i) Under the global alternative hypothesis H1, we have

Tn/(nh
q1/2)

p→ Constant > 0.

(ii) Under the local alternative hypothesis H1n with Cn = n− 1
2h−

q1
4 , we have

nhq1/2Vn
d→ N(u, s2),

where u = E
(
[E{G(B⊤Z)|B⊤

1 X}]2pB1(B
⊤
1 X)

)
and s2 is given by (4.12). Fur-

ther, s2 can be consistently estimated by ŝ2.

Remark 4.2. The results in this theorem confirm our claim in the first section. The

convergence rate of the test statistic is nhq1/2 and the test can detect local alternative

models converging to the hypothetical model also at the rate of order Cn = n− 1
2h−

q1
4 .

Fan and Li (1996)’s test, which is also the case for existing local smoothing tests, can

have the respective rates where q1 is replaced by d, that is a much slower rate.
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4.4 Numerical Studies

4.4.1 Simulations

In this subsection, we conduct the simulations to investigate the finite sample perfor-

mance of our proposed test. The empirical sizes and powers are computed via 2000

replications of the experiments at the significance level α = 0.05. Write our test as

TDEE
n . For comparison, we use Fan and Li (1996)’s test and Delgado and Manteiga

(2001)’s test as the representatives of existing tests. Write them as T FL
n and TDM

n .

Delgado and Manteiga (2001)’s test is defined as:

Ṽn =
1

n(n− 1)

n∑
i=1

[
n∑

j ̸=i

ûj f̂1jI(xj < xi)I(wj < wi)]
2.

The critical values are determined by the wild bootstrap. The bootstrap observations

are from : y∗i = ĝ(xi)+ ûi ×Vi, where {Vi}ni=1 is a sequence of i.i.d. random variables

from the two-point distribution as:

P (Vi =
1−

√
5

2
) =

1 +
√
5

2
√
5
, P (Vi =

1 +
√
5

2
) = 1− 1 +

√
5

2
√
5
.

The bootstrap critical values are computed across 1000 bootstrap replications. The

Gaussian-based kernel of order 4, Q(u) = (u4−7u2+6)ϕ(u)/2, is used to estimate the

nonparametric function g(·), where ϕ(·) denotes the standard normal density, see Fan

and Hu (1992). For both our test and Fan and Li (1996)’s test, we use the Quartic

kernel function as K(u) = 15
16
(1 − u2)2, if |u| ≤ 1 and 0, otherwise, in constructing

the test statistic such as that in (4.9). To determine the structure dimension q,

cn = 0.1 log n/nh
q1
2 is used.

The observations {xi}ni=1 and {wi}ni=1 are i.i.d., respectively, from multivariate

normal distribution N(0,Σ1), N(0,Σ2), or N(0,Σ3) and independent of the standard

normal errors, in which Σ1 = (σ
(1)
ij ), Σ2 = (σ

(2)
ij ) and Σ3 = (σ

(3)
ij ) with σ

(1)
ij = I(i =

j) + 0I(i ̸= j), σ
(2)
ij = I(i = j) + 0.5|i−j|I(i ̸= j) and σ

(3)
ij = I(i = j) + 0.2I(i ̸= j).

In the simulations, we consider several configurations of the dimensions and the

correlation structures of the covariate vectors X and W . The details are in the
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Figure 4.3: The empirical sizes and power curves of our test against the bandwidth

h with sample size 200 at the significance level α = 0.05 for Example 4.1.

examples.

Example 4.1. Consider the following linear regression model:

• Y = 2β⊤
1 X + 2a× β⊤

2 W + 0.5× ϵ,

where β1 = (1, · · · , 1︸ ︷︷ ︸
p1/2

, 0, · · · , 0)⊤/
√
p1/2, β2 = (0, · · · , 0, 1, · · · , 1︸ ︷︷ ︸

p2/2

)⊤/
√
p2/2. In this

example, p1 = p2 = 2 and p1 = p2 = 4 are discussed, where the hypothetical

and alternative models respond to a = 0 and a ̸= 0. To check the sensitivity of

the bandwidth selection, we choose the different bandwidths h = c × n−1/4+q̂ for

c = 1, 1.25, 1.5, 1.75, 2.

Figure 4.3 reports the empirical sizes and powers with the above bandwidths when

n = 200. The empirical power is robust against the different bandwidths that we use.

The empirical size is sensitive to the bandwidth, but not much. Thus, the bandwidth

h = 1.75× n−1/(4+q̂) is recommended and also used throughout the simulations.

The results of the three tests under different combinations of sample sizes, di-

mensions of covariate vector X and W and covariance matrixs Σ are reported in

Tables 4.1 and 4.2.

From Table 4.1, we can clearly observe that when the dimensions p1 and p2 are

lower, all the tests have similar empirical powers and can control the empirical sizes

well. It is noteworthy that compared to the power performance of the other tests, the
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Table 4.1: Empirical sizes and powers of TDEE
n , T FL

n and TDM
n with p1 = 2 and p2 = 2

in Example 4.1.

TDEE
n TFL

n TDM
n

a/n 50 100 200 50 100 200 50 100 200

X ∼ N(0,Σ1) 0 0.0515 0.0485 0.0515 0.0570 0.0595 0.0550 0.0490 0.0520 0.0545

0.4 0.1060 0.1535 0.4530 0.1560 0.2465 0.4560 0.3665 0.8490 0.9710

W ∼ N(0,Σ1) 0.8 0.4060 0.7320 0.9230 0.3075 0.5880 0.9335 0.4420 0.8935 0.9860

1.2 0.6020 0.8770 0.9570 0.4550 0.7750 0.9655 0.4485 0.9075 0.9805

1.6 0.6680 0.9045 0.9695 0.5115 0.8700 0.9780 0.4590 0.9050 0.9890

2.0 0.7320 0.9195 0.9785 0.5415 0.8945 0.9890 0.4375 0.9135 0.9935

X ∼ N(0,Σ2) 0 0.0400 0.0635 0.0515 0.0615 0.0790 0.0580 0.0475 0.0470 0.0460

0.4 0.0935 0.1450 0.3600 0.1610 0.2345 0.4230 0.3670 0.8520 0.9770

W ∼ N(0,Σ2) 0.8 0.3435 0.6770 0.9015 0.3780 0.5430 0.9295 0.4400 0.9055 0.9880

1.2 0.5655 0.8365 0.9420 0.5265 0.7085 0.9510 0.4410 0.9005 0.9930

1.6 0.6650 0.8985 0.9520 0.6020 0.8340 0.9795 0.4480 0.9015 0.9890

2.0 0.7110 0.9015 0.9675 0.6145 0.8980 0.9910 0.4645 0.9035 0.9960

X ∼ N(0,Σ3) 0 0.0515 0.0525 0.0520 0.0590 0.0640 0.0555 0.0455 0.0535 0.0465

0.4 0.0985 0.1155 0.3825 0.1225 0.2440 0.3270 0.3660 0.8495 0.9750

W ∼ N(0,Σ3) 0.8 0.3640 0.7455 0.9380 0.3035 0.5905 0.8015 0.4275 0.8935 0.9870

1.2 0.5930 0.8675 0.9470 0.4150 0.8190 0.9355 0.4455 0.9095 0.9865

1.6 0.6830 0.9070 0.9640 0.5185 0.8685 0.9660 0.4605 0.8950 0.9875

2.0 0.7495 0.9175 0.9700 0.5495 0.9055 0.9765 0.4925 0.9045 0.9880

advantage of our test becomes more pronounced when n is relatively small (n = 50).

From Table 4.2, with increasing the dimensions p1 and p2, T
DEE
n is significantly and

uniformly more powerful than T FL
n and TDM

n . Meanwhile, TDEE
n can still well main-

tain the significance level, while the competitors can not. Comparing Table 4.1 with

Table 4.2, we can see that the dimensions of X andW have litter influence for TDEE
n ,

but have a significant impact for T FL
n and TDM

n . Fan and Li (1996)’s test completely

fails to detect the alternative hypotheses with a power similar to the significance level

even when n = 200. Under the different covariance matrices Σ of this example, the

comparison shows that our test is robust against the correlation structure of (X,Z)

whereas it significantly influences the power performance of Delgado and Manteiga
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Table 4.2: Empirical sizes and powers of TDEE
n , T FL

n and TDM
n with p1 = 4 and p2 = 4

in Example 4.1.

TDEE
n TFL

n TDM
n

a/n 50 100 200 50 100 200 50 100 200

X ∼ N(0,Σ1) 0 0.0545 0.0435 0.0520 0.0310 0.0620 0.0670 0.0020 0.0045 0.0240

0.4 0.0730 0.1690 0.3770 0.0520 0.0615 0.0805 0.0060 0.0325 0.2205

W ∼ N(0,Σ1) 0.8 0.3420 0.7355 0.9190 0.0550 0.0695 0.0955 0.0055 0.0480 0.2645

1.2 0.5635 0.8660 0.9465 0.0545 0.0700 0.0950 0.0090 0.0425 0.2485

1.6 0.6290 0.8860 0.9610 0.0530 0.0790 0.0960 0.0065 0.0520 0.2545

2.0 0.6960 0.9115 0.9825 0.0550 0.0870 0.1150 0.0025 0.0485 0.2610

X ∼ N(0,Σ2) 0 0.0620 0.0550 0.0525 0.0330 0.0600 0.0565 0.0250 0.0440 0.0800

0.4 0.0815 0.1550 0.3320 0.0685 0.0820 0.0930 0.1260 0.2005 0.5100

W ∼ N(0,Σ2) 0.8 0.3555 0.6950 0.9165 0.0810 0.1005 0.1205 0.1410 0.3930 0.7040

1.2 0.5390 0.8295 0.9540 0.0900 0.1065 0.1415 0.1270 0.4260 0.7420

1.6 0.6330 0.8795 0.9615 0.1000 0.1215 0.1430 0.1400 0.4285 0.7600

2.0 0.6965 0.9090 0.9795 0.1070 0.1360 0.1595 0.1410 0.4180 0.7720

X ∼ N(0,Σ3) 0 0.0400 0.0420 0.0555 0.0320 0.0705 0.06255 0.0070 0.0280 0.0715

0.4 0.0680 0.1325 0.3900 0.0660 0.0720 0.07500 0.0410 0.1265 0.6300

W ∼ N(0,Σ3) 0.8 0.3325 0.6960 0.9170 0.0815 0.0775 0.09505 0.0520 0.2320 0.6640

1.2 0.5500 0.8345 0.9490 0.0830 0.0915 0.10005 0.0530 0.2315 0.6545

1.6 0.6245 0.8845 0.9535 0.0865 0.1040 0.11850 0.0630 0.2320 0.6520

2.0 0.6740 0.8890 0.9775 0.0875 0.1030 0.11655 0.0560 0.2500 0.6430

(2001)’s test, particularly when p1 = p2 = 4.

Example 4.2. In this example, consider a nonlinear high-frequency regression

model as:

• Y = 2 sin(β⊤
1 X) + 2a× sin(β⊤

2 W ) + 0.5× ϵ,

where β1 = (1, · · · , 1︸ ︷︷ ︸
p1/2

, 0, · · · , 0)⊤/
√
p1/2 and β2 = (0, · · · , 0, 1, · · · , 1︸ ︷︷ ︸

p2/2

)⊤/
√
p2/2. We

also consider two cases of dimensions: p1 = p2 = 4 and p1 = p2 = 6. Again a = 0

responds to the hypothetical model.

The results are presented in Tables 4.3 and 4.4. Comparing Table 4.2 with Ta-

ble 4.3, we find that when the dimensions of X and W are added up to p1 = 6 and

p2 = 6, the empirical powers of T FL
n and TDM

n are close to 0. This result means both
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Table 4.3: Empirical sizes and powers of TDEE
n , T FL

n and TDM
n with p1 = 4 and p2 = 4

in Example 4.2.

TDEE
n TFL

n TDM
n

a/n 50 100 200 50 100 200 50 100 200

X ∼ N(0,Σ1) 0 0.0575 0.0520 0.0495 0.0360 0.0320 0.0695 0.0060 0.0100 0.0180

0.4 0.0805 0.2225 0.6120 0.0665 0.0780 0.0910 0.0080 0.0520 0.1225

W ∼ N(0,Σ1) 0.8 0.2910 0.7200 0.9190 0.0775 0.0875 0.0915 0.0040 0.0560 0.1790

1.2 0.5465 0.8295 0.9405 0.0885 0.0820 0.1075 0.0200 0.0655 0.2290

1.6 0.6215 0.8445 0.9685 0.0775 0.0915 0.1110 0.0160 0.0805 0.2415

2.0 0.6565 0.8695 0.9730 0.0830 0.0960 0.1220 0.0260 0.0940 0.2615

X ∼ N(0,Σ2) 0 0.0435 0.0435 0.0470 0.0640 0.0695 0.0760 0.0240 0.0380 0.0470

0.4 0.1145 0.3035 0.6545 0.0745 0.0860 0.1005 0.0620 0.1255 0.5870

W ∼ N(0,Σ2) 0.8 0.3735 0.6780 0.8755 0.0820 0.1065 0.1230 0.0845 0.2380 0.7190

1.2 0.5570 0.7850 0.8830 0.0780 0.1000 0.1420 0.1070 0.2565 0.7660

1.6 0.6445 0.8130 0.9070 0.0905 0.1090 0.1545 0.1150 0.3070 0.7610

2.0 0.6745 0.8455 0.9300 0.0890 0.1265 0.1620 0.1115 0.3330 0.7900

X ∼ N(0,Σ3) 0 0.0475 0.0490 0.0525 0.0360 0.0820 0.0705 0.0130 0.0230 0.0405

0.4 0.0970 0.2465 0.6405 0.0590 0.0845 0.0920 0.0370 0.1140 0.4645

W ∼ N(0,Σ3) 0.8 0.3360 0.7120 0.9120 0.0615 0.0850 0.1045 0.0580 0.1835 0.5715

1.2 0.5600 0.7995 0.9265 0.0520 0.0925 0.1180 0.0690 0.2000 0.6370

1.6 0.6625 0.8405 0.9370 0.0680 0.0990 0.1260 0.0700 0.2020 0.6125

2.0 0.6760 0.8605 0.9500 0.0715 0.0950 0.1215 0.0730 0.2225 0.6240

the competitors completely fail to detect the alternative hypothesis. We can also find

that the empirical power of our test has little change. This seems that the dimensions

of X and W have little impact for TDEE
n , but it has a very serious impact for T FL

n

and TDM
n . Again our test can also control the empirical size well.

The next example is to confirm that our test is omnibus rather than directional.

Example 4.3. The data are generated from the following model:

• Y = 2 sin(β⊤
1 X) + exp(β⊤

2 X/2) + 2a× sin(β⊤
2 W ) + 0.5× ϵ,

where p1 = 4, p2 = 4, β1 = (1, 1, 0, 0)⊤/
√
2 and β2 = (0, 0, 1, 1)⊤/

√
2. Thus, q1 = 2,

and q = 3. In this model, the conditional expectation of E(Y |BT
1 X) is the same

under the null and alternative hypotheses. If we simply used this function to define
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Table 4.4: Empirical sizes and powers of TDEE
n , T FL

n and TDM
n with p1 = 6 and p2 = 6

in Example 4.2.

TDEE
n TFL

n TDM
n

a/n 50 100 200 50 100 200 50 100 200

X ∼ N(0,Σ1) 0 0.0405 0.0455 0.0465 0.0005 0.0005 0.0055 0 0 0

0.4 0.0720 0.1860 0.5515 0.0005 0.0025 0.0035 0 0 0

W ∼ N(0,Σ1) 0.8 0.2445 0.6240 0.9045 0 0.0010 0.0030 0 0 0

1.2 0.4575 0.7925 0.9190 0 0.0015 0.0035 0 0 0

1.6 0.5595 0.8260 0.9240 0 0.0005 0.0035 0 0 0

2.0 0.6255 0.8455 0.9445 0 0.0015 0.0040 0 0 0

X ∼ N(0,Σ2) 0 0.0425 0.0470 0.0485 0.0035 0.0135 0.0215 0.0020 0.0110 0.0195

0.4 0.1335 0.2490 0.5550 0.0020 0.0080 0.0270 0.0020 0.0250 0.1040

W ∼ N(0,Σ2) 0.8 0.3160 0.6215 0.8120 0.0020 0.0185 0.0275 0.0030 0.0270 0.1550

1.2 0.5025 0.7645 0.8580 0.0030 0.0100 0.0250 0.0030 0.0290 0.1695

1.6 0.5770 0.7950 0.8850 0.0050 0.0105 0.0290 0.0020 0.0280 0.1725

2.0 0.6375 0.8290 0.9105 0.0070 0.0140 0.0205 0.0020 0.0320 0.1685

X ∼ N(0,Σ3) 0 0.0455 0.0460 0.0475 0 0.0025 0.0100 0 0.0035 0.0115

0.4 0.0985 0.2430 0.5830 0.0005 0.0035 0.0090 0 0.0040 0.0520

W ∼ N(0,Σ3) 0.8 0.3225 0.6515 0.8750 0.0030 0.0020 0.0095 0.0010 0.0075 0.0605

1.2 0.4915 0.7695 0.8940 0.0015 0.0015 0.0080 0.0040 0.0080 0.0780

1.6 0.5880 0.8030 0.9135 0.0010 0.0005 0.0060 0.0020 0.0120 0.0720

2.0 0.6265 0.8380 0.9395 0.0010 0.0035 0.0085 0.0050 0.0135 0.0895

a test, the alternative hypothesis cannot be detected at all from the theoretical point

of view. However, our test can adapt to the alternative model with the matrix BTZ,

we want to use this simulation experiment to show the power of the test.

By the comparison between Tables 4.2, 4.3 and 4.5, we observe that the results

for Example 4.3 are parallel to those in Examples 4.1 and 4.2 with high power. This

means the test has the advantage of dimension reduction and is still an omnibus test.

The following example considers higher dimensional B⊤Z in a model.

Example 4.4 The data are generated from the following model:

• Y = X1 + 0.2 exp(X2) + a× 1.5(W1+W2)
0.5+(1.5W3+0.5)1.5

+ 0.75 sin(W4 + 1)1.5 + 0.2× ϵ,

where p1 = 4, p2 = 4, X ∼ N(0, 4Σ1) and W ∼ N(0, 4Σ1) and ϵ ∼ N(0, 1). Thus, B1
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Table 4.5: Empirical sizes and powers of TDEE
n , T FL

n and TDM
n with p1 = 4 and p2 = 4

in Example 4.3.

TDEE
n TFL

n TDM
n

a/n 50 100 200 50 100 200 50 100 200

X ∼ N(0,Σ1) 0 0.0420 0.0530 0.0525 0.0575 0.0770 0.0760 0.0015 0.0080 0.0190

0.4 0.0655 0.0985 0.3755 0.0510 0.0740 0.0765 0.0015 0.0280 0.1495

W ∼ N(0,Σ1) 0.8 0.1470 0.5635 0.8930 0.0600 0.0845 0.1070 0.0040 0.0350 0.2085

1.2 0.3690 0.8045 0.9390 0.0510 0.0840 0.0980 0.0035 0.0420 0.2525

1.6 0.5730 0.8765 0.9485 0.0555 0.0840 0.1080 0.0090 0.0330 0.2510

2.0 0.6480 0.8960 0.9645 0.0565 0.1000 0.1225 0.0030 0.0280 0.2595

X ∼ N(0,Σ2) 0 0.0510 0.0545 0.0510 0.0720 0.0745 0.0810 0.0180 0.0440 0.0580

0.4 0.0755 0.1165 0.2820 0.0685 0.0915 0.0945 0.0715 0.2460 0.3295

W ∼ N(0,Σ2) 0.8 0.2075 0.5265 0.8490 0.0800 0.1175 0.1315 0.0925 0.3525 0.7430

1.2 0.4245 0.7610 0.9365 0.0860 0.1040 0.1575 0.0950 0.3740 0.7615

1.6 0.5595 0.8600 0.9480 0.0810 0.1095 0.1470 0.1145 0.3885 0.7630

2.0 0.6315 0.8730 0.9560 0.0885 0.1205 0.1610 0.1140 0.3910 0.8185

X ∼ N(0,Σ3) 0 0.0513 0.0550 0.0495 0.0515 0.0405 0.0790 0.0110 0.0220 0.0340

0.4 0.0750 0.1255 0.3135 0.0625 0.0720 0.0915 0.0200 0.1320 0.4925

W ∼ N(0,Σ3) 0.8 0.1945 0.5490 0.8840 0.0625 0.0875 0.1060 0.0340 0.1870 0.6035

1.2 0.4330 0.7795 0.9300 0.0655 0.0945 0.1270 0.0230 0.1990 0.6100

1.6 0.5955 0.8370 0.9460 0.0580 0.0960 0.1225 0.0470 0.1960 0.6035

2.0 0.6405 0.8610 0.9535 0.0595 0.0990 0.1290 0.0460 0.2200 0.6280

is a 4× 2 matrix with β1 = (1, 0, 0, 0)⊤ and β2 = (0, 1, 0, 0)⊤ and B is a 8× 5 matrix

with low-right block in which the columns are b1 = (1, 1, 0, 0)⊤, b2 = (0, 0, 1, 0)⊤, and

b3 = (0, 0, 0, 1)⊤. The results are summarized in Tables 4.6. Comparing with the

results in examples 4.1-4.3, we can see that the empirical power of TDEE
n reasonably

becomes lower, but is still higher than those of T FL
n and TDM

n . Also, the significance

level maintainance works well.

In summary, the above simulations sustain the aforementioned theoretical prop-

erties that the proposed test is significantly superior to existing tests among which

Fan and Li (1996)’s test and Delgado and Manteiga (2001)’s test are regarded as

representatives of existing tests.
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Table 4.6: Empirical sizes and powers of TDEE
n and the frequency of structure dimen-

sion q̂ with p1 = 4 and p2 = 4 in Example 4.4.

n a TDEE
n TFL

n TDM
n

n = 200 0 0.0555 0.0600 0.0290

1 0.3315 0.1455 0.1870

n = 400 0 0.0535 0.0645 0.0465

1 0.4910 0.1710 0.3205

4.4.2 Baseball hitters’ salary data

We now analyze the well-known Baseball hitters’ salary data, which is originally pub-

lished for the 1988 ASA Statistical Graphics and Computing Data Exposition and is

available at http://euclid.psych.yorku.ca/ftp/sas/sssg/data/baseball.sas.

The data set consists of information on salary and 16 performance measures of 263

major league baseball hitters. As always, the question of main interest is whether

salary reflects performance. As displayed by Friendly (2002), the 16 measures nat-

urally belong to three performance categories: the season hitting statistics, which

include the numbers of times at bat (X1), hits (X2), home runs (X3), runs (X4), runs

batted in (X5), and walks (X6) in 1986; the career hitting statistics, which include the

numbers of years in the major leagues (X7), times at bat (X8), hits (X9), home runs

(X10), runs (X11), runs batted in (X12) and walks (X13) during the players’ entire

career up to 1986; and the fielding variables, which include the numbers of putouts

(X14), assists (X15) and errors (X16) in 1986.

Further, the predictors from different groups have weak correlations. The loga-

rithm of annual salary in 1987 is used to be the response variable (Y ) and the new

predictors from the career totals by dividing totals by years in the major leagues are

constructed. Let X∗
j = Xj/X7 for j = 8, · · · , 13. As remarked by Hoaglin and Velle-

man (1995), the analyses working with ln(salary) and with the annual rate predictors

107

http://euclid.psych.yorku.ca/ftp/ sas/sssg/data/baseball.sas


fared better than those worked with the raw forms of these variables. Below, we use

X∗
j ’s instead. All the predictors are standardized to have mean zero and unit length.

We write V1 = (X1, · · · , X6), V2 = (X7, X
∗
8 , · · · , X∗

13) and V3 = (X14, X15, X16). In

this application, we consider two cases:

Case (I): X = (V1, V2) and W = V3;

Case (II): X = V1 and W = (V2, V3);

The values of the test statistics are 6.5831 and 1.1171 under the two cases and

the corresponding p−values are respectively 0.0000 and 0.1320.

From these results under Cases (I) and (II), we can conclude that the career

hitting statistics of the group V2 leads some support to the annal salary. The results

are consistent with those advised by Xia et al. (2002) who found that the variables

X7, X9 and X13 in the group V2 are prominently to affect the annal salary. However,

the coefficients of the fielding variables in the group V3 are closed to 0 in the estimated

directions suggested by Xia et al. (2002). Therefore, for the annual salary, the group

V2 contains the significance variables but the group V3 does not.

4.5 Conclusions

In this chapter, we have developed a dimension reduction model-adaptive test to

determine significant covariates in a nonparametric regression framework. The ap-

proach employs dimension reduction technique to reduce the dimension such that

the constructed test can well maintain the significance level and more powerful than

existing local smoothing tests in the literature. This methodology can be applica-

ble to check other semi-parametric regression models, for example partially linear

models, single-index models and partially linear single-index models. The research is

on-going.
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4.6 Appendix 3

4.6.1 Regularity Conditions

To prove the asymptotic properties in Sections 4.2 and 4.3, we provide the following

regularity conditions:

A1 Mn(t) has the following expansion:

Mn(t) =M(t) + En{ψ(Z, Y, t)}+Rn(t),

where En(·) denotes the average over all sample points, E(ψ(Z, Y, t)) = 0 and

E{ψ2(Z, Y, t)} <∞.

A2 supt ||Rn(t)||F = op(n
−1/2), where ||·||F denotes the Frobenius norm of a matrix.

A3 The estimator M̃n(t) has the following expansion:

M̃n(t) = M̃(t) + En{ψ̃(X, Y, t)}+ R̃n(t),

where M̃n(yi) is an estimator of the p1 × p1 positive semi-definite matrix M̃(t)

satisfying Span{M(t)} = SΥ(t)|X, E(ψ̃(X,Y, t)) = 0, E{ψ̃2(X,Y, t)} < ∞ and

supt ||R̃n(t)||F = op(n
−1/2). Corresponding, M̃n = 1

n

∑n
i=1 M̃n(yi) is an estima-

tor of the target matrix M̃ satisfying Span{M̃} = SY|E(Y|X).

A4 (B⊤zi, yi)
n
i=1 is from the probability distribution F (B⊤z, y) on Rq × R. The

error ε = Y − m(B⊤Z) satisfies that E(ε8|B⊤Z = B⊤z) is continuous and

E(ε8|B⊤Z = B⊤z) ≤ b(B⊤z) almost surely, where b(B⊤z) is a measurable

function such that E(b2(B⊤Z)) <∞.

A5 The density function pB1(·) of B⊤
1 X exists with support C and has a continuous

and bounded first-order derivative on the support C. The density pB1(·) satisfies

0 < inf
B⊤

1 X∈C
pB1(B

⊤
1 X) ≤ sup

B⊤
1 X∈C

pB1(B
⊤
1 X) <∞.
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A6 The function g(·) is η-order partially differentiable for some positive integer η,

and the ηth partially derivative of g(·) is bounded.

A7 Q̃(·) is a symmetric and twice order continuously differentiable kernel function

satisfying ∫
uiQ̃(u)du = δi0, (i = 0, 1, · · · , η − 1),

Q̃(u) = O[(1 + |u|η+1+ϵ)−1], some ϵ > 0,

where δij is the Kronecker’s delta and η is given in Condition A6.

A8 K(·) is a bounded, symmetric kernel function and it is a first order continuously

differentiable kernel function satisfying
∫
K(u)du = 1.

A9 n→ ∞, h1 → 0, h→ 0,

1) under the null or local alternative hypotheses, nhq11 → ∞, nhq1 → ∞ and

nh2η1 h
q1/2 → 0;

2) under global alternative hypothesisH1, nh
q1
1 → ∞, nhq → ∞ and nh2η1 h

q/2 →

0,

where η is given in Condition A6.

Remark 4.3. Conditions A1, A2 and A3 are necessary for DEE to estimate the

matrixes B and B1. Under the linearity condition and constant conditional variance

condition, DEESIR satisfies the Conditions A1, A2 and A3. Conditions A4, A5, A6

and A7 are widely used for nonparametric estimation in the literature. It is worth

pointing out that Condition A6 about the higher-order kernel plays an important roles

in bias reduction, see Fan and Li (1996). Conditions A5 and A8 guarantee the

asymptotic normality of our test statistic and make the test well-behaved. Condition

A9 about the choice of bandwidth h is reasonable because the estimation q̂ is different

under the null and alternative hypotheses.
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4.6.2 Proof of the theorems

Proof of Proposition 4.1 Note that under the null hypothesis, E(Y |Z) = g(B⊤
1 X).

Then, we have

Y⊥⊥E(Y |Z)|B⊤
1 X,

where the notation ⊥⊥ stands for independence. This is equivalent to

Y⊥⊥E(Y |Z)|B̃⊤Z,

where B̃ = (B⊤
1 , O

⊤
q1×p2

)⊤. From the definition of central mean subspace, SE(Y |Z) is the

intersection of all the linear spaces spanned respectively by the columns of any d× q

orthogonal matrix Γ with 1 ≤ q ≤ d such that the above conditional independence

holds. Thus, SE(Y |Z) ⊆ Span(B̃) where Span(B̃) is the linear space spanned by

the columns of B̃. Let {γ1, · · · , γq1} the eigenvectors associated with the nonzero

eigenvalue eigenvalues of M . As Zhu et al. (2010a) argued that {γ1, · · · , γq1} ∈

SE(Y |Z), we have {γ1, · · · , γq1} ∈ Span(B̃). This implies that γj for j = 1, · · · q1 can

be denoted as a linear combination of the columns of B̃. Thus, for j = 1, · · · q1,

γj has the similar form as γj = (γ̃j, 0
⊤
1×p2

)⊤ with γ̃j being a p1 × 1 vector. This

implies that any element in SE(Y |Z) can also be written as γj = (γ̃j, 0
⊤
1×p2

)⊤. Further,

the structural dimension of SE(Y |Z) is smaller than or equal to q1. Further, we note

that under H0, E(Y |Z) = E(Y |B⊤Z) = E(Y |B⊤
1 X) and E(Y |Z) = E(Y |X). Thus,

q = q1 = dim(SE(Y|X)).

Under Conditions A1 and A2, Theorem 2 in Zhu et al. (2010a) shows that Mn −

M = Op(n
−1/2). From the arguments in Zhu and Fang (1996) and Zhu and Ng (1995),

under some regularity conditions, λ̂i − λi = Op(n
−1/2), where λ̂d ≤ λ̂d−1 ≤ · · · ≤ λ̂1

are the eigenvalues of the matrixMn and λi are the eigenvalues of the matrixM . The

estimate B̂ that consists of the eigenvectors associated with the largest q1 eigenvalues

of Mn is consistent to B̃ = (C1B
⊤
1 , O

⊤
q1×p2

)⊤ for a q1 × q1 orthogonal matrix C1.

Proof of Proposition 4.2. From the proof of Proposition 4.1, λ̂i − λi =

Op(n
−1/2), where λ̂d ≤ λ̂d−1 ≤ · · · ≤ λ̂1 are the eigenvalues of the matrix Mn.
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Define

λ̃i =
λi

λi + 1
, for 1 ≤ i ≤ d,

where λd = · · · = λd−q = 0 and 0 < λq ≤ · · · ≤ λ1 are the eigenvalues of the target

matrix M .

Recall the definition of λ∗l in Subsection 4.2.3. For any 1 < l ≤ q, since λl > 0 and

λ̂2l = λ2l +Op(1/
√
n), we have (λ∗l )

2 = (λ̃l)
2 +Op(1/

√
n). On the other hand, for any

q < l ≤ d, as λl = 0 and λ̂2l = λ2l +Op(1/n) = Op(1/n), and then (λ∗l )
2 = Op(1/n).

For any l < q, because λ̃2l > 0 and λ̃2l+1 > 0, we have

(λ∗q+1)
2 + cn

(λ∗q)
2

−
(λ∗l+1)

2 + cn

(λ∗l )
2

=
λ̃2q+1 + cn +Op(1/n)

λ̃2q + cn +Op(1/
√
n)

−
λ̃2l+1 + cn +Op(1/

√
n)

λ̃2l + cn +Op(1/
√
n)

=
cn +Op(1/n)

λ̃2q + cn +Op(1/
√
n)

−
λ̃2l+1 + cn +Op(1/

√
n)

λ̃2l + cn +Op(1/
√
n)

.

Since c logn
n

≤ cn → 0 with some fixed c > 0, we get

(λ∗q+1)
2 + cn

(λ∗q)
2

−
(λ∗l+1)

2 + cn

(λ∗l )
2

→ 0

λ̃2q1
−
λ̃2(l+1)

λ̃2l
= −

λ̃2(l+1)

λ̃2l
< 0.

For any l > q, λ̃l = 0 and λ̃2q > 0, then we have

(λ∗q+1)
2 + cn

(λ∗q)
2

−
(λ∗l+1)

2 + cn

(λ∗l )
2

=
λ̃2q+1 + cn +Op(1/n)

λ̃2q + cn +Op(1/
√
n)

−
λ̃2l+1 + cn +Op(1/n)

λ̃2l + cn +Op(1/n)

=
cn + op(cn)

λ̃2q + cn +Op(1/
√
n)

− cn + op(cn)

cn + op(cn)

→ −1 < 0.

Therefor, altogether, it is concluded that q̂ = q in probability.

Proof of Theorem 4.1. For notational convenience, denote zi = (xi, wi),

gi = g(B⊤
1 xi), ĝi = ĝ(B̂⊤

1 xi), ui = yi − gi, ûi = yi − ĝi, KBij = K(B⊤(zi − zj)/h),

pi = pB1i and p̂i = p̂B̂1i
. Throughout Appendix 3, let Ei(·) = E(·|zi).
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Noted that ûi ≡: yi − ĝi = ui − (ĝi − gi). We then decompose the term Vn as:

Vn =
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂ijµiµj +

1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂ij(ĝi − gi)(ĝj − gj)

−2
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂ijui(ĝj − gj) + op(n

−1h−q1/2)

≡: Q1n +Q2n − 2Q3n + op(n
−1h−q1/2).

The first equality is got by using Lemma 2 in Guo et al. (2014), where q̂ = q. First,

we consider the term Q1n. By taking the one order Taylor expansion for Q1n with

respect to B, we have

Q1n ≡: Q11n +Q12n,

where Q11n and Q12n have following forms:

Q11n =
1

n(n− 1)

n∑
i=1

∑
i ̸=j

1

hq1
KBijµiµj,

Q12n =
1

n(n− 1)

n∑
i=1

∑
i ̸=j

1

h2q1
K ′

B̃ij
µiµj(B̂ −B)⊤(zi − zj),

and where B̃ = {B̃ij}p×q1 with B̃ij ∈ [min{B̂ij, Bij},max{B̂ij, Bij}]. Because ||B̂ −

B|| = Op(1/
√
n) and the one-order differential function of KB(·) respect to B is a

bounded continuity function of B, we conclude that replacing B̃ by B does not affect

the convergence rate of Q12n.

In the present chapter, we suppose the dimension of B⊤Z is fixed, the term Q11n

is an U−statistic. Since under H0, q = q1, following a similar argument as that for

Lemma 3.3 in Zheng (1996), it is easy to obtain:

nhq1/2Q11n
d→ N(0, s),

where

s = 2

∫
K2

B(u)du ·
∫
(σ2(B⊤Z))2p2(B⊤Z)dB⊤Z

with σ2(B⊤z) = E(u2|B⊤Z = B⊤z). We then omit the details.
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We turn to discuss the term Q12n. Since E(ui|zi) = 0, we have E(Q12n) = 0. We

then calculate the second order moment of Q12n as follows:

E(Q2
12n) = E

[ 1

n(n− 1)

n∑
i=1

∑
i̸=j

1

h2q1
K ′

Bijµiµj(B̂ −B)⊤(zi − zj)
]2

= E
[ 1

n2(n− 1)2
1

h4q1

n∑
i=1

∑
i′ ̸=j′

n∑
i=1

∑
i′ ̸=j′

K ′
BijK

′
Bi′j′

µiµjµi′µj′(B̂ −B)⊤(zi − zj)(zi′ − zj′)
⊤(B̂ −B)

]
.

Since E(uiujui′uj′) ̸= 0 if and only if i = i′, j = j′ or i = j′, j = i′, we have

E(Q2
12n) =

2n(n− 1)

n2(n− 1)2
1

h4q1
E
[
(K ′

B12)
2µ2

1µ
2
2(B̂ −B)⊤(z1 − z2)(z1 − z2)

⊤(B̂q̂ −B)
]

=
2

n(n− 1)

1

h4q1
E
[
(K ′

B12)
2µ2

1µ
2
2(B̂ −B)⊤(z1 − z2)(z1 − z2)

⊤(B̂q̂ −B)
]

=
2

n(n− 1)

1

h4q1
{E(u21)}2(B̂ −B)⊤E

{
(K ′

B12)
2(z1 − z2)(z1 − z2)

⊤}(B̂ −B).

By changing variables as v1 = (z1 − z2)/h, we further compute to have

E(Q2
12n) =

1

n(n− 1)

1

h4q1
{E(u21)}2

∫ ∫
(K ′

B12)
2(B̂ −B)⊤(z1 − z2)

(z1 − z2)
⊤(B̂q̂ −B)p(B⊤z1)p(B

⊤z2)dz1dz2

=
1

n(n− 1)

1

hq1
{E(u21)}2

∫ ∫
(K ′(u))2(B̂ −B)⊤uu⊤(B̂ −B)

p(B⊤z1)p(B
⊤(z1 − hu))dz1du.

By taking Taylor expansions of p(B⊤(z1 − hu)) around z1 and using Conditions A4,

A7, A8 and A9 in Appendix 3, we have

E(Q2
12n) =

1

n(n− 1)

1

hq1
{E(u21)}2

∫ ∫
(K ′(u))2(B̂ −B)⊤uu⊤(B̂ −B)

[p2(B⊤z1) + p(B⊤z1)p
′(B⊤z1)h

pu]dz1du+ op(
1

n(n− 1)
)

=
1

n(n− 1)

1

hq1
{E(u21)}2

∫ ∫
(K ′(u))2(B̂ −B)⊤uu⊤(B̂ −B)p2(B⊤z1)dz1du

+
1

n(n− 1)

1

hq1
{E(u21)}2

∫ ∫
(K ′(u))2(B̂ −B)⊤uu⊤(B̂ −B)

p(B⊤z1)p
′(B⊤z1)h

q1B⊤u)dz1du+ op(
1

n(n− 1)
)O(

1

n
)

= Op(
1

n2(n− 1)hq1
) = op(

1

n2
).
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Using Chebyshiev’s inequality, we can derive |Q12n| = op(n
−1h−q1/2). Combined the

above results for the terms Q11n and Q12n, it is deduced that nhq1/2Q1n
d→ N(0, s2).

Now we turn to consider the term Q2n. Since

Q2n =
1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq
KB̂q̂ij

(ĝi − gi)(ĝj − gj)
p̂i
pi

p̂j
pj

+
1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq
KB̂q̂ij

(ĝi − gi)(ĝj − gj)

(
p̂i − pi
pi

p̂j − pj
pj

− 2
(p̂i − pi)p̂j

pipj

)
≡: Q̃2n + op(Q̃2n).

Substituting kernel estimates ĝ and p̂ into Q̃2n, we have

Q̃2n =
1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

hq1h2q1
1

pipj
KB̂ijQB̂1il

QB̂1jk

×(yl − g(B⊤
1 xi))(yk − g(B⊤

1 xj)).

By an application of the Taylor expansion for Q̃2n with respect to B and B1, we can

have

Q̃2n ≡ Q21n +Q22n,

where Q21n and Q22n have following forms:

Q21n =
1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

hq1h2q11

1

pipj
KBijQB1ilQB1jk

(yl − g(B⊤
1 xi))(yk − g(B⊤

1 xj));

Q22n ≡ (B̂1 −B1)
⊤Q221n + (B̂1 −B1)

⊤Q222n + (B̂ −B)⊤Q223n;

with Q221n, Q222n and Q223n being the following forms:

Q221n =
1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

hq1h3q11

1

pipj
KB̃ijQ

′
B̃1il

QB̃1jk

(yl − g(B⊤
1 xi))(yk − g(B⊤

1 xj))(xi − xl),

Q222n =
1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

hq1h3q11

1

pipj
KB̃ijQB̃1il

Q′
B̃1jk

(yl − g(B⊤
1 xi))(yk − g(B⊤

1 xj))(xj − xk)
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and

Q223n =
1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

h2q1h2q11

1

pipj
K ′

B̃ij
QB̃1il

QB̃1jk

(yl − g(B⊤
1 xi))(yk − g(B⊤

1 xj))(zi − zj).

Here B̃ = {B̃ij}d×q1 with B̃ij ∈ [min{B̂ij, Bij},max{B̂ij, Bij}] and B̃1 = {B̃1ij}p1×q1

with B̃1ij ∈ [min{B̂1ij, B1ij},max{B̂1ij, B1ij}]. As illustrated for the term Q12n, we

also assert that replacing B̃ and B̃1 by B and B1, respectively, can not influence the

converging rate of the term Q22n.

To finished the proof of this theorem, we need to prove that E(Q2
21n) = op(n

−2hq1).

Here we use the similar argument as the proof of Proposition A.1 in Fan and Li

(1996). It is obvious that a straightforward calculation of E(Q2
21n) would be very

tedious. First, we consider the term E(Q21n) by two different cases.

Case I: where i, j, l, k are all different from each other and denote the resulting ex-

pression as Q̃21n. Under the assumption that nh2η1 h
q1/2 = op(1), by applying

the Lemma B.1, Lemmas 2 and 3 in Robinson (1988), we have

E(Q̃21n) =
1

hq1h2q11

E{E1{
1

p1
QB112(g(B

⊤
1 x2)− g(B⊤

1 x1))}

E3{
1

p3
QB134(g(B

⊤
1 x4)− g(B⊤

1 x3))}KB13};

≤ C
h2η1
hq1

E[Dg(B
⊤
1 x1)Dg(B

⊤
1 x3)KB13]

= Op(h
2η
1 ) = op((nh

q1/2)−1).

Case II: where i, j, l, k take no more than three different values and denote as Q̃′
21n.

It is easy to derive that E(Q̃′
21n) = op((nh

q1/2)−1).

Hence, altogether, we have E(Q21n) = op((nh
q1/2)−1).
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Now we turn to compute E(Q2
21n) as follows:

E(Q2
21n) = E

{ 1

n3(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

1

hq1h2q11

1

pipj
KBijQB1ilQB1jk

[yl − g(B⊤
1 xi)][yk − g(B⊤

1 xj)]
}2

=
1

n6(n− 1)2

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

n∑
i′=1

∑
j′ ̸=i′

n∑
k′=1

n∑
l′=1

1

h2q1h4q11

E
[
{ 1

pipj
KBijQB1ilQB1jk[g(B

⊤
1 xl)− g(B⊤

1 xi)][g(B
⊤
1 xk)− g(B⊤

1 xj)]}

{ 1

pi′pj′
KBi′j′QB1i′l′QB1j′k′ [g(B

⊤
1 xl′)− g(B⊤

1 xi′)][g(B
⊤
1 xk′)− g(B⊤

1 xj′)]}
]

= LA

When i, j, l, k are all different from i′, j′, l′, k′, the two parts in two different braces

are independent of each other. Applying the same description as that of E(Q21n) =

op((nh
q1/2)−1), we derive E(Q2

21n) = op((n
2hq1)−1).

Next we consider the case where exactly one index from i, j, l, k equals one of

subscripts i′, j′, l′, k′. By symmetry, we only need to compute the case (I) i = i′, case

(II) i = l′, case (III) l = l′.

Under case (I), by apply the Lemma B.1, Lemmas 2 and 3 in Robinson (1988),

we have

LA =
1

n6(n− 1)2h2q1h4q11

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

E
[
{ 1

pipj
KBijQB1ilQB1jk

[g(B⊤
1 xl)− g(B⊤

1 xi)][g(B
⊤
1 xk)− g(B⊤

1 xj)]}

×
∑
j′ ̸=i′

n∑
k′=1

n∑
l′=1

{ 1

pi′pj′
KBi′j′QB1i′l′QB1j′k′

[g(B⊤
1 xl′)− g(B⊤

1 xi′)][g(B
⊤
1 xk′)− g(B⊤

1 xj′)]}
]

=
1

nh2q1h4q11

E
{
[E1(g(B

⊤
1 x3)− g(B⊤

1 x1))QB113][
1

p1p2
E2(g(B

⊤
1 x4)− g(B⊤

1 x2))QB124]

× 1

p1p5
[E1(g(B

⊤
1 x6)− g(B⊤

1 x1))QB116][E5(g(B
⊤
1 x7)− g(B⊤

1 x5))QB157]
}

≤ (n− 1)4h4η1
n5h2q1

E{ 1

p1p2p1p5
Dg(B

⊤
1 x1)Dg(B

⊤
1 x2)KB12Dg(B

⊤
1 x1)Dg(B

⊤
1 x5)KB15}

= Op(h
4η
1 n

−1) = op((n
2hq1)−1).
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Under case (II), we have

LA =
1

n6(n− 1)2h2q1h4q11

n∑
i=1

∑
j ̸=i

n∑
k=1

n∑
l=1

E
[
{ 1

pipj
KBijQB1ilQB1jk

[g(B⊤
1 xl)− g(B⊤

1 xi)][g(B
⊤
1 xk)− g(B⊤

1 xj)]}

×
∑
i′ ̸=i

n∑
j′ ̸=i′

n∑
k′=1

{ 1

pi′pj′
KBi′j′QB1i′iQB1j′k′

[g(B⊤
1 xi)− g(B⊤

1 xi′)][g(B
⊤
1 xk′)− g(B⊤

1 xj′)]}
]

=
1

nh2q1h4q11

E{ 1

p1p2
KB12QB113QB124[g(B

⊤
1 x3)− g(B⊤

1 x1)][g(B
⊤
1 x4)− g(B⊤

1 x2)]

1

p5p6
KB56QB115QB167[g(B

⊤
1 x1)− g(B⊤

1 x5)][g(B
⊤
1 x7)− g(B⊤

1 x6)]}

=
1

nh2q1h4q11

E
{
KB12[E1(g(B

⊤
1 x3)− g(B⊤

1 x1))QB113][
1

p1p2
E2(g(B

⊤
1 x4)− g(B⊤

1 x2))QB124]

× 1

p5p6
KB56E1[(g(B

⊤
1 x1)− g(B⊤

1 x5))QB115][E6(g(B
⊤
1 x7)− g(B⊤

1 x6))QB167]
}

≤ (n− 1)4h4η1
n5h2q1

E{ 1

p1p2p1p5
Dg(B

⊤
1 x1)Dg(B

⊤
1 x2)KB12Dg(B

⊤
1 x1)Dg(B

⊤
1 x6)KB56}

= Op(h
3η
1 n

−1) = op((n
2hq1)−1).

Similarly, it is easy to prove that for case (III), LA = op((n
2hq1)−1). Combining all

cases, we get E(Q2
21n) = o(n

−2hq1). Using Chebyshiev’s inequality produces Q21n =

op(n
−1h−q1/2).

Following similar arguments as those for the terms Q22n, under Condition A4−A9

in the Appendix 3, Q221n, Q222n, Q223n can be proved to have the following converging

rates:

E(Q2
221n) = Op(max{h2η1 , h

2η
1 n

−1, hη1n
−1}) = op(n

−1hq1/2),

E(Q2
222n) = Op(max{h2η1 , h

2η
1 n

−1, hη1n
−1}) = op(n

−1hq1/2),

E(Q2
223n) = Op(max{h4η1 , h

4η
1 n

−1, h3η1 n
−1}) = op(n

−1hq1/2).

Here we delete the details. Duo to the facts ||B̂−B|| = Op(1/
√
n) and ||B̂1 −B1|| =

Op(1/
√
n), we derive Q22n = o(n

−1hq1/2) by an application of Chebyshiev’s inequality.

Therefor, altogether, we have Q2n = op(n
−1hq1/2).
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Lastly, we consider the terms Q3n. Since

Q3n =
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq1
KB̂ijui(ĝj − gj)

p̂j
pj

+
1

n(n− 1)

n∑
i=1

∑
i ̸=j

1

hq1
KB̂ijui(ĝj − gj)

(
p̂j − pj
pj

)
≡: Q̃3n + op(Q̃3n),

substituting the kernel estimates ĝ and p̂ into Q̃3n, we have

Q̃3n =
1

n2(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

1

hq1hq11

1

pj
KB̂ijuiQB̂1jk

(yk − g(B⊤
1 xj)).

By using the Taylor expansion for Q̃3n with respect to B and B1, we can have

Q̃3n ≡: Q31n +Q32n,

where Q31n and Q32n have following forms:

Q31n =
1

n2(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

1

hq1hq11

1

pj
KBijuiQB1jk(yk − g(B⊤

1 xj))

and

Q32n =
1

n2(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

1

hq1hq11

1

pj
KB̃ijuiQ

′
B̃1jk

(yk − g(B⊤
1 xj))(B̂1 −B1)

⊤(xi − xl)

+
1

n2(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

1

hq1hq11

1

pj
K ′

B̃ij
uiQB̃1jk

(yk − g(B⊤
1 xj))(B̂ −B)⊤(zi − zj)

≡ (B̂1 −B1)
⊤Q321n + (B̂ −B)⊤Q322n;

and where B̃ = {B̃ij}d×q1 with B̃ij ∈ [min{B̂ij, Bij},max{B̂ij, Bij}] and B̃1 =

{B̃1ij}p1×q1 with B̃1ij ∈ [min{B̂1ij, B1ij},max{B̂1ij, B1ij}]. Similarly, replacing B̃ and

B̃1 by B and B1, respectively, does not influence the convergence rate of the term

Q32n.
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Because E(ui|zi) = 0, we have E(Q31n) = 0. Then we compute the second order

moment of Q31n as follows:

E(Q2
31n) = E

[ 1

n2(n− 1)

n∑
i=1

∑
j ̸=i

n∑
k=1

1

hq1hq11

1

pj
KBijuiQB1jk(yk − g(B⊤

1 xj))
]2

= E
[ 1

n4(n− 1)2
1

h2q1h2q11

n∑
i=1

∑
i̸=j

n∑
k=1

n∑
i′=1

∑
i′ ̸=j′

n∑
k′=1

1

pjpj′
KBijQB1jk

KBi′j′QB1j′k′uiui′(yk − g(B⊤
1 xj))(y

′
k − g(B⊤

1 x
′
j))
]

= E
[ 1

n4(n− 1)2
1

h2q1h2q11

n∑
i=1

∑
i̸=j

n∑
k=1

n∑
i′=1

∑
i′ ̸=j′

n∑
k′=1

1

pjpj′
KBijQB1jkKBi′j′QB1j′k′

uiui′(g(B
⊤
1 xk)− g(B⊤

1 xj))(g(B
⊤
1 xk′)− g(B⊤

1 x
′
j))
]
+ op((n

2hq1)−1).

Since E(uiui′) ̸= 0 if and only if i = i′, we have

E(Q2
31n) =

1

n

1

h2q1h2q11

E(u21)E
[ 1

p2p4
KB12QB123KB14QB145

(g(B⊤
1 x3)− g(B⊤

1 x2))(g(B
⊤
1 x5)− g(B⊤

1 x4))
]

=
1

n

1

h2q1h2q11

E(u21)E
[ 1

p2p4
KB12KB14E2[QB123(g(B

⊤
1 x3)− g(B⊤

1 x2))]

×E4[QB145(g(B
⊤
1 x5)− g(B⊤

1 x4))]
]

≤ 1

n

h2η1
h2q1

E{ 1

p2p4
KB12KB14Dg(B

⊤
1 x2)Dg(B

⊤
1 x4)}

= Op(h
2η
1 n

−1) = op((n
2hq1)−1),

by applying the Lemma B.1, Lemmas 2 and 3 in Robinson (1988). Therefore, we

have Q31n = op((nh
q1/2)−1).

Following the similar way as the proof of the term Q31n, since ||B̂ − B|| =

Op(1/
√
n) and ||B̂1 − B1|| = Op(1/

√
n), we get Q32n = op((nh

q1/2)−1). Hence,

Q3n = op((nh
q1/2)−1).

In summary, we conclude that:

nhq1/2Vn
d→N(0, s2).

Because s is unknown, it is needed to estimate and it is estimated by the following
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form:

ŝ2 =
2

n(n− 1)

n∑
i=1

n∑
j ̸=i,j=1

K2
h

(
B̂⊤zi − B̂⊤zj

)
û2i û

2
j .

Since the proof is rather straightforward, we only present a very brief description.

Under the null hypothesis, since the estimators B̂ and ĝ are consistent to B and g,

using some elementary computations results in an asymptotic presentation as:

ŝ2 =
2

n(n− 1)

n∑
i=1

n∑
j ̸=i,j=1

K2
h

(
B̂⊤zi − B̂⊤zj

)
u2iu

2
j + op(1).

Applying a similar way as the justification of Theorem 1 in Guo et al. (2014), one

can deriver

ŝ2 =
2

n(n− 1)

n∑
i=1

n∑
j ̸=i,j=1

K2
h

(
B⊤zi −B⊤zj

)
u2iu

2
j + op(1)

≡: s̃2 + op(1).

By an application of U−statistic properties, it is easy to detain s̃2
p→ s2. The

more details can be referred to Zheng (1996). Hence, we have finished the proof of

Theorem 4.1.

Proof of Lemma 4.1. Here we adopt the similar justification of Lemma 3.1 in

Zhu et al. (2015b).

Firstly, we present some details that RERE criterion for DEESIR process es-

timating the structure dimension q̂. From the justification of Theorem 3.2 in Li

et al. (2008), we see that to detain Mn −M = Op(Cn), it is only needed to prove

Mn(t)−M(t) = Op(Cn) uniformly, whereM(t) = Σ−1V ar(E(Z|I(Y ≤ t)) = Σ−1(ν1−

ν0)(ν1 − ν0)
⊤pt(1 − pt), Σ is the covariance matrix of Z, ν0 = E(Z|I(Y ≤ t) = 0),

ν1 = E(Z|I(Y ≤ t) = 1) and pt = E(I(Y ≤ t)).

We further compute to get

ν1 − ν0 =
E(ZI(Y ≤ t))

pt
− E(ZI(Y > t))

1− pt

=
E(ZI(Y ≤ t)− E(Z))E(I(Y ≤ t))

pt(1− pt)
.
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Therefore, the matrix M(t) can also be reformulated as

M(t) = Σ−1[E{(Z − E(Z))I(Y ≤ t)}][E{(Z − E(Z))I(Y ≤ t)}]⊤

=: Σ−1m̃(t)m̃(t)⊤,

where m̃(t) = E{(Z −E(Z))I(Y ≤ t)}. Naturally, m̃(t) can be simply estimated as:

m̃n(t) = n−1

n∑
i=1

(zi − z̄)I(yi ≤ t).

Then M(t) can be estimated as following form:

Mn(t) = Σ̂−1Ln(t),

where z̄ = 1
n

∑n
i=1 zi, Ln(t) = m̃n(t)m̃n(t)

⊤ and Σ̂ is the estimator of Σ.

However, under the local alternative hypotheses H1n, the response is associated

with n, so denote the response under the null and local alternative hypotheses as Y

and Yn, respectively. Under H1n, we have

E{ZI(Yn ≤ t)} − E{ZI(Y ≤ t)} = E[Z{P (Yn ≤ t|Z)}]− E[Z{P (Y ≤ t|Z)}],

where Yn = g(B⊤
1 X) + CnG(B

⊤Z) + ε ≡: Y + CnG(B
⊤Z), then for all t, we have

P (Yn ≤ t|Z)− P (Y ≤ t|Z) = FY |Z(t− CnG(B
⊤Z))− FY |Z(t)

= −CnG(B
⊤Z)fY |Z(t) +Op(Cn).

Thus, under the condition A2, we can conclude that n−1
∑n

i=1 ziI(yni ≤ t)−E{ZI(Y ≤

t)} = Op(max (Cn, n
−1/2)) = Op(Cn). By the parallel argument for the justifying The-

orem 3.2 of Li et al. (2008), we can deduce that Mn(t)−M(t) = Op(Cn) uniformly.

Thus, we conclude Mn −M = Op(Cn).

Using the similar statements in Zhu and Fang (1996) and Zhu and Ng (1995), un-

der some certain conditions, we have that λ̂i − λi = Op(Cn), where λ̂d ≤ λ̂d−1 ≤

· · · ≤ λ̂1 are the eigenvalues of the matrix Mn. Thus, we can use the similar

statements as those in Proposition 4.2. It is obvious that under H0, we have
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λd = · · · = λd−q = 0 and 0 < λq ≤ · · · ≤ λ1 to be the eigenvalues of the matrix

M . Since cC2
n log n ≤ cn → 0 with some fixed c > 0 and Cn = 1/(n1/2hq1/4), we have

C2
n = op(cn). It is clear that for any l > q, λl = 0, so we get (λ∗l )

2 = Op(C
2
n). For any

1 ≤ l ≤ q, we have (λ∗l )
2 = (λ̃l)

2 +Op(Cn).

Thus, when l > q, we have

(λ∗q+1)
2 + cn

(λ∗q)
2

−
(λ∗l+1)

2 + cn

(λ∗l )
2

=
λ̃2q+1 + cn +Op(C

2
n)

λ̃2q + cn +Op(Cn)
−
λ̃2l+1 + cn +Op(C

2
n)

λ̃2l + cn +Op(C2
n)

=
λ̃2q+1 + cn + op(cn)

λ̃2q + cn +Op(C2
n)

−
λ̃2l+1 + cn + op(cn)

λ̃2l + cn + op(cn)

=
cn + op(cn)

λ̃2q + cn +Op(C2
n)

− cn + op(cn)

cn + op(cn)
.

Therefor, we have

(λ∗q+1)
2 + cn

(λ∗q)
2

−
(λ∗l+1)

2 + cn

(λ∗l )
2

→ −1 < 0.

When 1 ≤ l < q, we derive that:

(λ∗q+1)
2 + cn

(λ∗q)
2

−
(λ∗l+1)

2 + cn

(λ∗l )
2

=
λ̃2q+1 + cn +Op(C

2
n)

λ̃2q + cn +Op(Cn)
−
λ̃2l+1 + cn +Op(Cn)

λ̃2l + cn +Op(Cn)

=
cn + op(cn)

λ̃2q + cn +Op(C2
n)

−
λ̃2l+1 + cn + op(cn)

λ̃2l + cn + op(cn)
.

Then we have

(λ∗q+1)
2 + cn

(λ∗q)
2

−
(λ∗l+1)

2 + cn

(λ∗l )
2

→ −
λ̃2l+1

λ̃2l
< 0.

Therefor, altogether, we can deduce that q̂ → q.

Proof of Theorem 4.2. Prove the part (I). Since the details of this justification

is similar to that of the proof of Theorem 4.1, we will only sketch it. By using

||B̂1 − B1|| = Op(1/
√
n) and Conditions A6 and A8 in the Appendix 3, ĝ(B̂⊤

1 x) is

an uniform consistent estimator of g(B⊤
1 x) = E(Y |B⊤

1 X = B⊤
1 x), see Powell et al.

(1989) or Robinson (1988). We then have

Vn =
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq̂
KB̂ijûiûj

=
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq
KBijuiuj + op(1),
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where ui = yi − g(B⊤
1 xi) with g(B

⊤
1 xi) = E(yi|xi). Let △(zi) = m(B⊤zi)− g(B⊤

1 xi).

Therefore, by using the U−statistics theory, we get that

Vn = E{KB12u1u2}+ op(1) = E{△2(Z)p(B⊤Z)}+ op(1).

Similarly, we can also prove that in probability ŝ converges to some positive value

which may be different from s defined by 4.12. Therefore, we can obtain Tn/(nh
q1/2)

p→

Constant > 0 in probability.

Consider Part (II). Following the similar arguments used to prove Theorem 4.1,

we can show that:

Vn =
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq̂
KB̂ijûiûj

=
1

n(n− 1)

n∑
i=1

∑
i̸=j

1

hq
KB̃ijuiuj + op((nh

q1)−1) ≡: Qn + op((nh
q1)−1),

where ui = yi−g(B⊤
1 xi) = CnG(B

⊤zi)+εi Then under the local alternative hypothe-

ses, E(εi|zi) = 0. Qn is further decomposed as:

Qn = { 1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KB̃ij(CnG(B

⊤zi) + εi)(CnG(B
⊤zj) + εj)}

= { 1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KB̃ijεiεj}+ Cn{

1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KB̃ijG(B

⊤zi)εj}

+C2
n{

1

n(n− 1)

n∑
i=1

∑
j ̸=i

1

hq1
KB̃ijG(B

⊤zi)G(B
⊤zj)}

≡ W1n + CnW2n + C2
nW3n,

where B̃ = (B⊤
1 , O

⊤
p2×q1

)⊤. Again following a similar argument as that for Lemma 3.3

in Zheng (1996), we can easily derive that nh
q1
2 W1n

d→ N(0, s2). By Lemma 3.1 of

Zheng (1996), we get that
√
nW2n = Op(1). Since Cn = n− 1

2h−
q1
4 , it is deduced that

nh
q1
2 CnW2n = op(1). Lastly, we consider the term W3n. It is obvious that the term

W3n is U−statistic with the kernel as:

H(zi, zj) =
1

hq1
KB̃ijG(B

⊤zi)G(B
⊤zj).
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We firstly calculate the expectation of H(zi, zj) as

E{H(zi, zj)} =
1

hq1
E{KB̃ijG(B

⊤zi)G(B
⊤zj)}

=
1

hq1
E
[
KB̃ijE{G(B

⊤zi)|B̃⊤zi}E{G(B⊤zj)|B̃⊤zj}
]
.

In order to conveniently write, supposeM(B̃⊤zi) = E{G(B⊤zi)|B̃⊤zi} and ti = B̃⊤zi.

The expectation of H(zi, zj) can be further calculated as

E{H(zi, zj)} =
1

hq1
E
[
K(

ti − tj
h

)M(ti)M(tj)
]

=

∫ ∫
1

hq1
K(

ti − tj
h

)M(ti)M(tj)p1(ti)p1(tj)dtidtj.

Further, we apply the changing variables u =
ti−tj
h

to get that:

E{H(zi, zj)} =

∫ ∫
K(u)M(ti)M(ti − hu)p1(ti)p1(ti − hu)dudti

=

∫
K(u)du

∫
M2(ti)p

2
1(ti)dti + op(h)

= E
(
[E{G(B⊤Z)|B̃⊤Z}]2pB̃(B̃

⊤Z)
)
+ op(1)

= E
(
[E{G(B⊤Z)|B⊤

1 X}]2pB1(B
⊤
1 X)

)
+ op(1).

Again using the element characteristics of U−statistic, we derive that

W3n
p→ E

(
[E{G(B⊤Z)|B⊤

1 X}]2pB1(B
⊤
1 X)

)
.

Thus, we can deduce that

Vn
d→ N(E

(
[E{G(B⊤Z)|B⊤

1 X}]2pB1(B
⊤
1 X)

)
, s2).

Additionally, following the similar arguments as the proof of ŝ
p→s in Theorem 4.1,

we get the expected result.

In summary, invoking Slutsky lemma, it is concluded that

Tn
d→ N(E

(
[E{G(B⊤Z)|B⊤

1 X}]2pB1(B
⊤
1 X)

)
/s, 1).

We have completely finished the proof of Theorem 4.2 2.
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Chapter 5

Summary

5.1 Conclusion

In this thesis, we have developed several model-adaptive dimension-reduction tests

for different testing problems. In the first part of this thesis, we firstly proposed a

model-adaptive dimension reduction test procedure based on residual marked em-

pirical process for partially parametric single-index models which are very general

parametric models and include generalized linear models and generalized nonlinear

models. The resulting test is omnibus adapting the null and alternative models to

fully utilize the dimension-reduction structure under the null hypothesis. The com-

parisons between existing local smoothing tests and global smoothing test suggest:

1). Model-adaption enhances the power performance, and at the same time, the ca-

pacity of controlling type I error; 2). Global smoothing-based model-adaptive test

outperforms local smoothing-based model-adaptive test. Thus, global smoothing test

is worth to be recommended.

It is an important step to check heteroscedasticity in regression analysis. Thus,

in the second part of this thesis, we propose a consistent dimension reduction model-

adaptive test to check heteroscedasticity. The critical ingredient in the test statistic

construction is that the test embeds the dimension reduction structure under the null
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hypothesis to overcome the curse of dimensionality and adopts to model structure

under the alternative hypothesis such that it is still an omnibus test. The test statis-

tic has the limit at the rate as if the number of covariates was the number of linear

combinations in the mean regression function. Further, the test statistic is asymp-

totically normally distributed under the null hypothesis such that critical values are

easily determined.

Lastly, as nonparametric techniques need much less restrictive conditions than

those required for parametric approaches, in the third part of this thesis, we built a

novel dimension reduction adaptive test for the significance of a subset of explanatory

variables in the context of a nonparametric regression model. In its construction,

only those variables that are significant under the null hypothesis are used such that

the curse of dimensionality is largely alleviated when nonparametric estimation is

inevitably required. Asymptotic normality is proved under the null hypothesis and

power study is conducted under a sequence of local alternative hypotheses and the

global alternative hypothesis.

5.2 Future Work

For each kind of problems researched in this thesis, there exists some work needed

further to study. For model checking, in chapter 2, our proposed method is readily ap-

plied to other models and problems when dimension reduction structure is presented.

Secondly, the limiting null distribution of this test is not directly tractable, which is

a limitation in real data analysis. The problem how to construct a model-adaptive

test which is asymptotically distribution-free, is also ongoing study.

For heteroscedasticity checks, in chapter 3, our proposed model-adaptive method

can be extended to other models, for example, partial linear model, partial linear

single index model. What’s more, this test can be used to to handle other conditional

variance models such as single-index and multi-index models. The relevant research
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is ongoing.

Lastly, our proposed model-adaptive test, in chapter 4, is probably the most

widely used method to check different restrictions for nonparametric regression, for

example, partially linear model, single-index model and partially linear single-index

model.

All these problems are obviously promising and worth studying.
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