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Abstract

Feature extraction and tensor recovery problems are important yet challenging, par-

ticularly for multi-dimensional data with missing values and/or noise. Low-rank

tensor decomposition approaches are widely used for solving these problems. This

thesis focuses on three common tensor decompositions (CP, Tucker and t-SVD) and

develops a set of decomposition-based approaches. The proposed methods aim to

extract low-dimensional features from complete/incomplete data and recover tensors

given partial and/or grossly corrupted observations.

Based on CP decomposition, semi-orthogonal multilinear principal component

analysis (SO-MPCA) seeks a tensor-to-vector projection that maximizes the cap-

tured variance with the orthogonality constraint imposed in only one mode, and

it further integrates the relaxed start strategy (SO-MPCA-RS) to achieve better

feature extraction performance. To directly obtain the features from incomplete

data, low-rank CP and Tucker decomposition with feature variance maximization

(TDVM-CP and TDVM-Tucker) are proposed. TDVM methods explore the rela-

tionship among tensor samples via feature variance maximization, while estimating

the missing entries via low-rank CP and Tucker approximation, leading to infor-

mative features extracted directly from partial observations. TDVM-CP extracts

low-dimensional vector features viewing the weight vectors as features and TDVM-

Tucker learns low-dimensional tensor features viewing the core tensors as features.

TDVM methods can be generalized to other variants based on other tensor de-

compositions. On the other hand, this thesis solves the missing data problem by

introducing low-rank matrix/tensor completion methods, and also contributes to
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automatic rank estimation. Rank-one matrix decomposition coupled with L1-norm

regularization (L1MC) addresses the matrix rank estimation problem. With the

correct estimated rank, L1MC refines its model without L1-norm regularization

(L1MC-RF) and achieve optimal recovery results given enough observations. In ad-

dition, CP-based nuclear norm regularized orthogonal CP decomposition (TREL1)

solves the challenging CP- and Tucker-rank estimation problems. The estimated

rank can improve the tensor completion accuracy of existing decomposition-based

methods. Furthermore, tensor singular value decomposition (t-SVD) combined with

tensor nuclear norm (TNN) regularization (ARETNN) provides automatic tubal-rank

estimation. With the accurate tubal-rank determination, ARETNN relaxes its model

without the TNN constraint (TC-ARE) and results in optimal tensor completion

under mild conditions. In addition, ARETNN refines its model by explicitly utilizing

its determined tubal-rank a priori and then successfully recovers low-rank tensors

based on incomplete and/or grossly corrupted observations (RTC-ARE: robust ten-

sor completion/RTPCA-ARE: robust tensor principal component analysis).

Experiments and evaluations are presented and analyzed using synthetic data

and real-world images/videos in machine learning, computer vision, and data min-

ing applications. For feature extraction, the experimental results of face and gait

recognition show that SO-MPCA-RS achieves the best overall performance com-

pared with competing algorithms, and its relaxed start strategy is also effective for

other CP-based PCA methods. In the applications of face recognition, object/action

classification, and face/gait clustering, TDVM methods not only stably yield similar

good results under various multi-block missing settings and different parameters in

general, but also outperform the competing methods with significant improvements.

For matrix/tensor rank estimation and recovery, L1MC-RF efficiently estimates the

true rank and exactly recovers the incomplete images/videos under mild conditions,

and outperforms the state-of-the-art algorithms on the whole. Furthermore, the em-

pirical evaluations show that TREL1 correctly determines the CP-/Tucker- ranks

well, given sufficient observed entries, which consistently improves the recovery per-
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formance of existing decomposition-based tensor completion. The t-SVD recovery

methods TC-ARE, RTPCA-ARE, and RTC-ARE not only inherit the ability of

ARETNN to achieve accurate rank estimation, but also achieve good performance

in the tasks of (robust) image/video completion, video denoising, and background

modeling. This outperforms the state-of-the-art methods in all cases we have tried

so far with significant improvements.

Keywords: Low-rank tensor decomposition, CP, Tucker, t-SVD, feature extraction,

automatic rank estimation, tensor completion, robust tensor recovery, missing data.
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Chapter 1

Introduction

Many real-world data such as color images and videos are multi-dimensional ar-

rays, i.e., tensors, which are generalizations of matrices and vectors. Tensorial data

are ubiquitous and have become increasingly common in many applications [101].

Tensor decomposition is a very versatile and powerful tool for tensor analysis as it

can express and exploit higher-order relations in the tensors, and effectively extract

useful information from tensors [101, 146, 170]. Tensor decomposition techniques

have been successfully used in many real-world applications in machine learning,

data mining, and computer vision, etc., such as face recognition [183, 126, 223, 164],

signal processing [30, 222, 213], image and video inpainting [116, 27, 120, 124], and

background modeling [217, 71, 70]. Extensive surveys and tutorials can be found in

[15, 184, 58, 53, 31, 101, 30, 146, 170].

Many tensor decomposition models are available [146]. This thesis focuses on

three common models: CANDECOMP/PARAFAC (CP) decomposition [59, 25]

(a.k.a., canonical polyadic decomposition [67]) which factorizes a tensor into a

weighted sum of rank-one tensors, Tucker decomposition [180] that represents a

tensor as a core tensor multiplied by a factor matrix along each mode, and tensor

singular value decomposition (t-SVD) [14, 94, 93] which reformulates a tensor into

three tensorial factors based on a newly defined t-product. CP and Tucker decom-

positions are fundamental and widely used in the literature, while the t-SVD model

has become increasingly popular in recent years. These three tensor decomposition
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models result in three definitions of tensor rank, i.e., CP-rank, Tucker-rank, and

tubal-rank, respectively. By investigating these decomposition models, low-rank

decomposition-based approaches are developed in this thesis for solving feature ex-

traction and (robust) tensor recovery problems.

1.1 Feature Extraction

Feature extraction is a fundamental and significant topic in many fields, such as

image processing, pattern recognition, machine learning, and computer vision [69,

57]. Up to now, many methods of feature extraction have been developed, such

as the classical Principal Component Analysis (PCA) [84] and its variants [89, 5,

33, 226]. However, linear methods such as PCA require the input to be reshaped

into vectors. Such reshaping (vectorization) breaks the multi-dimensional structure

of tensorial data [128] and also results in very high dimensional vectors leading to

high computational and memory demands. To keep the tensor structure without

vectorization, many tensor approaches such as multilinear PCA methods [163, 126,

127, 106] have been proposed to learn features from tensorial data based on tensor

decomposition.

1.1.1 Feature Extraction for Complete Data

Based on the Tucker model, multilinear principal component analysis (MPCA)

[126] has been developed as a popular extension of PCA and can directly ex-

tract low-dimensional tensorial features from high-dimensional incomplete tensors

(a.k.a., tensor-to-tensor projection (TTP) [127]). Based on CP decomposition, the

uncorrelated multilinear PCA (UMPCA) [127] maximizes variance with the zero-

correlation constraint inspired by PCA. UMPCA can learn low-dimensional vecto-

rial features from original tensorial data (a.k.a., tensor-to-vector projection (TVP)

[127]). Tucker-based (TTP-based) PCA methods often use the orthogonality con-

straint in their learning models.
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However, none of the current CP-based (TVP-based) PCA methods derive or-

thogonal projections. Based on our preliminary studies, it does indeed appear in-

effective to impose full orthogonality in all the modes for TVP-based PCA, due to

low captured variance and the limited number of extracted features. To solve this

problem, we propose a new multilinear TVP-based PCA method, Semi-Orthogonal

Multilinear PCA (SO-MPCA) with Relaxed Start (SO-MPCA-RS) [165], based

on the CP model. SO-MPCA and SO-MPCA-RS impose the orthogonality con-

straint in only one mode of a tensor, i.e., semi-orthogonality, resulting in more

captured variance and more learned features than with full-orthogonality. Further-

more, a new Relaxed Start (RS) strategy is introduced in SO-MPCA-RS to improve

the performance of SO-MPCA. The algorithms are evaluated on face and gait recog-

nition 1.

1.1.2 Feature Extraction for Incomplete Data

In practice, some entries of tensors are often missing in the acquisition process,

costly experiments, etc. [193, 2]. Missing data are common in the real world [63]

for many reasons. For example, in industrial applications, some data such as images

are corrupted with irregular patterns due to the insufficient resolution of a device or

equipment malfunction [36]. In these situations, current feature learning methods

including the proposed SO-MPCA-RS cannot work well due to missing entries in

the data.

However, to the best of our knowledge, effectively extracting features from in-

complete tensors has yet to be explored. To solve the problem of feature extraction

for incomplete tensors, we incorporate low-rank Tensor Decomposition with fea-

ture Variance Maximization (TDVM) in a unified framework. Focusing on CP

and Tucker decompositions for TDVM, we propose two methods: TDVM-CP and

TDVM-Tucker, respectively. The TDVM methods explore the relationship among

1This work has been published in [165]. Please refer to the details in Section 3.1 of Chapter

3.
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tensor samples via feature variance maximization while estimating missing values

by low-rank approximation, leading to informative features extracted directly from

observed entries. The alternating direction method of multipliers (ADMM) [13]

and block coordinate descent (BCD) are used for the optimization of TDVM. We

first conduct feature extraction on six image and video databases with pixel-based,

block-based, and the newly designed multi-block missing settings via TDVM, then

evaluate the extracted features in three applications: face recognition, object/action

classification, and face/gait clustering 2.

1.2 Rank Estimation and Completion

1.2.1 Matrix Rank Estimation and Completion

On the other hand, the aforementioned missing data problem can be solved by matrix

completion or imputation techniques, which aim to recover a matrix from its partial

observations. Matrix completion approaches are commonly used in many fields

such as machine learning [22, 129, 68, 62, 56], image processing [149, 17, 122], and

computer vision [82, 34, 97]. Most real-world data (e.g., natural color images) are

low-rank or approximately low-rank, so it is common in the literature to assume the

target matrix has a low-rank structure. Two low-rank matrix completion (LRMC)

approaches are typically taken. One is based on the minimization of the nuclear norm

(the sum of the singular values) of partial observations, and there are many successful

nuclear norm minimization-based matrix completion algorithms [22, 19, 178, 23, 21].

The other approach is based on low-rank matrix decomposition/factorization, which

is more suitable for large-scale cases. Many low-rank decomposition-based methods

demonstrate that they can perform more efficiently and are empirically as reliable as

the convex methods [155, 78, 199, 16, 191, 96, 216, 173], and some works [90, 79, 173]

provide further theoretical guarantee for the completion performance.

2Part of this work has been published in [164]. Please refer to the details in Section 3.2 of

Chapter 3.
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However, low-rank matrix decomposition-based methods often require a pre-

specified rank. Determining the rank of an incomplete matrix is a difficult task,

while existing methods do not provide accurate rank estimation on real-world im-

ages. To solve the challenging rank estimation problem, we propose L1-norm reg-

ularized rank-one Matrix Completion (L1MC) by simultaneously minimizing the

L1-norm of the weight vector and the rank-one matrix approximation. After auto-

matic rank estimation, L1MC refines the model (L1MC-RF) by removing the L1-

norm regularization and then computing truncated SVD. With a correct estimated

rank, L1MC-RF can achieve the optimal solution for matrix completion under cer-

tain conditions [79, 22] according to the Eckart–Young–Mirsky theorem [38, 137].

The proposed methods are based on L1-norm regularized rank-one matrix decom-

position, which can be considered as the second-order of CP decomposition. The

optimization problem is solved by a block coordinate descent method (a.k.a.,the

alternating minimization method or the nonlinear (block) Gauss-Seidel scheme) 3.

1.2.2 CP-/Tucker- Rank Estimation and Completion

In the above Section 1.2.1, we introduced the matrix completion approaches for

second-order tensors (matrices). For higher-order incomplete data, low-rank tensor

completion (LRTC) techniques have been extended from matrix completion cases

and widely used for predicting the missing entries of tensors. Similar to the ma-

trix cases, there are two main tensor completion approaches. One is based on the

Tucker-based tensor nuclear norm (the sum of the nuclear norm of all matrices un-

folded along each mode) minimization [115] and has worked successfully in LRTC

studies [115, 49, 168, 88, 116]. However, there is no theoretical guarantee that

it is the tightest convex envelope of a tensor rank. In addition, this approach is

not efficient for large-scale tensors due to the heavy computation cost of singular

value decomposition (SVD). The other popular LRTC approaches are based on CP

3This work has been published in [166]. Please refer to the details in Section 4.1 of Chapter

4.
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and Tucker decompositions, which often require a pre-specified CP-rank [2, 80] or

Tucker-rank [119, 47, 88], respectively. However, determining the rank of an incom-

plete tensor is difficult in practice, particularly for the CP-rank, which is NP-hard

to compute [61, 66].

Although a few studies have attempted to estimate the CP-rank [8, 152, 217,

219] and Tucker-rank [151, 194, 175, 209], these methods often under- or over-

estimate the true rank of incomplete tensors, resulting in deterioration of predictive

performance. To solve the challenging tensor estimation problem, we define a simple

CP-based tensor nuclear norm as the L1-norm of the weight vector of orthogonal

CP decomposition, and propose Tensor Rank Estimation based on L1-regularized

orthogonal CP decomposition (TREL1). TREL1 can accurately estimate both the

CP- and Tucker- ranks of synthetic data given enough observations, and can also be

applied to other decomposition-based tensor completion methods, to improve their

recovery performance on real-world tensors. A simple block coordinate descent

method is used for the optimization of TREL1 4.

1.3 Robust Tensor Recovery

In the above sections, we discuss the solutions for the feature extraction and ma-

trix/tensor completion problems based on low-rank CP and Tucker decompositions.

The performance of CP-based methods often relies on accurate rank estimation.

Although the proposed TREL1 [167] can automatically estimate the CP-rank, it

is difficult to know the true CP-rank of real-world data. The Tucker-based meth-

ods often require unfolding a tensor into matrices, which can destroy the intrinsic

multi-dimensional structure of tensorial data, resulting in the loss of vital infor-

mation. These bottlenecks can lead to degraded recovery performance of CP- and

Tucker-based methods [94].

Recently, t-SVD has become increasingly popular for recovering tensors in the

4 This work has been published in [167]. Please refer to the details in Section 4.2 of Chapter

4.
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presence of missing data and/or noise [215, 124, 118, 214, 223, 124]. As t-SVD

essentially treats third-order tensors as linear operators over matrices, the tensor

multi-rank and tubal-rank defined based on t-SVD can well characterize the intrinsic

low-rank structure of a tensor while avoiding the loss of information inherent in the

unfolding of a tensor [94, 224].

1.3.1 Tubal-Rank Estimation and Completion

Based on t-SVD, the tensor nuclear norm (TNN) has been proposed as a convex

relaxation of tubal-rank [160]. Subsequently, many works use the TNN regularizer

[215, 70, 214] for incomplete images and videos. However, these TNN-based meth-

ods focus on rank minimization but do not utilize the low-rank priors, which may

limit their recovery performance. Although a heuristic rank-decreasing scheme has

been used to determine the tubal-rank in [224], it often under- or over-estimates

the truth, resulting in degraded recovery accuracy. To solve the tubal-rank esti-

mation problem, we propose an Automatic Rank Estimation (ARE) method by

simultaneously minimizing the reconstruction error and the TNN of the f-diagonal

tensor of an incomplete tensor based on t-SVD, denoted as ARETNN. In ARETNN,

the TNN of the f-diagonal is equivalent to that of the whole tensor and further

can be recast as the L1-norm of singular values in the Fourier domain. We further

improve the recovery performance by proposing TC-ARE by only minimizing the

reconstruction error without the TNN regularizer after rank estimation. With the

true tubal-rank, TC-ARE can achieve the optimal solution under mild conditions

using truncated t-SVD approximation, according to the multilinear generalization

of the Eckart–Young–Mirsky theorem [93, 214].

1.3.2 Robust Tensor Recovery

TNN minimization has also been commonly used in many methods for robust low-

rank tensor recovery [124, 125, 223]. However, these TNN-based robust tensor meth-

ods also suffer from drawbacks similar to those of the TNN-based TC methods: they

do not make use of the true tubal-rank information and probably cause performance
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degradation. To handle tensors corrupted by noise and/or missing values, we thus

integrate ARETNN with the L1-norm of the error component and further propose

robust t-SVD models with automatic rank estimation, i.e, robust tensor PCA with

ARE (RTPCA-ARE) and robust tensor completion with ARE (RTC-ARE) for

robust low-rank tensor recovery. After the rank estimation step, RTPCA-ARE and

RTC-ARE further improve their recovery performance via refinement schemes by

explicitly utilizing the correct estimated ranks to refine the models. The proposed

four t-SVD methods are evaluated on synthetic and real-world tensors with missing

data and/or noise in different real-world applications such as (robust) image/video

inpainting and denoising, and video background modeling. We will describe its

details in Chapter 5.

1.4 Contributions

In light of the preceding discussion, this thesis aims to advance the state-of-the-art

in the area of tensor learning for feature extraction and tensor recovery based on

Figure 1.1: The contributions of this thesis for feature extraction and tensor

recovery.
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low-rank tensor decompositions. In summary, the main contributions of this thesis

are sixfold. Figure 1.1 depicts the overview of the major contributions made in this

thesis.

1. Semi-Orthogonal Multilinear PCA with Relaxed Start (SO-MPCA-

RS): In this thesis, the so-called SO-MPCA-RS algorithm [165], an unsu-

pervised tensor learning algorithm using the tensor-to-vector projection, is

proposed and evaluated. In SO-MPCA-RS, the semi-orthogonality is first in-

troduced in multilinear PCA methods and results in more captured variance

and more learned features than full-orthogonality. Besides, the relaxed start

strategy is used in SO-MPCA-RS by fixing the starting projection vectors.

This novel strategy constrains the hypothesis space to a smaller set, leading

to better generalization [1]. In addition, this novel strategy is also effective for

other TVP-based (CP-based) PCA methods.

2. Low-Rank Tensor Decomposition with Feature Variance Maximiza-

tion (TDVM-CP, TDVM-Tucker): TDVM [164] is designed, which is

an unsupervised feature extraction framework. Unlike SO-MPCA-RS, which

serves for complete data, TDVM aims to solve the problem of feature extrac-

tion given partial observations by incorporating low-rank tensor decomposi-

tion with feature variance maximization in a unified framework. Based on

orthogonal CP and Tucker decomposition, TDVM provides two specific al-

gorithms: TDVM-CP and TDVM-Tucker, respectively. TDVM-CP can

extract low-dimensional vectorial features (tensor-to-vector projection), while

TDVM-Tucker aims to learn low-dimensional tensorial features from high-

dimensional incomplete tensors (tensor-to-tensor projection). TDVM methods

explore the relationship among tensor samples via feature variance maximiza-

tion while estimating missing values by low-rank approximation, leading to

informative features being extracted directly from observed entries. TDVM

methods can be then generalized to other variants by a general low-rank Ten-

sor Decomposition with Feature Regularization (TDFR). Besides, the ADMM-
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BCD joint optimization scheme has been developed to solve the TDVM-CP

model.

3. Rank-One Matrix Completion With Automatic Rank Estimation via

L1-Norm Regularization (L1MC, L1MC-RF) : The thesis addresses the

matrix rank estimation problem by proposing L1-norm regularized rank-one

Matrix Completion method with automatic rank estimation (L1MC). Fur-

thermore, L1MC with refinement (L1MC-RF) is developed by removing the

L1-norm regularization from L1MC after rank estimation. L1MC-RF further

refines the recovery results by truncated SVD and can achieve an optimal

solution under mild conditions.

4. CP-/Tucker-Rank Estimation and Tensor Completion via CP-based

Nuclear Norm (TREL1CP, TREL1Tucker): The thesis introduces a simple

CP-based tensor nuclear norm defined as the L1-norm of the weight vector of

orthogonal CP decomposition, and solves the tensor rank estimation problems

by proposing TREL1 [167] based on L1-regularized orthogonal CP decompo-

sition. Given sufficient observed entries, TREL1CP and TREL1Tucker can pro-

vide accurate CP-rank and Tucker-rank estimations, respectively. Moreover,

the recovery performance of the state-of-the-art decomposition-based tensor

completion methods can be consistently improved given the ranks estimated

by TREL1.

5. Tubal-Rank Estimation and Tensor Completion with Automatic Rank

Estimation (ARETNN, TC-ARE): The problem of tubal-rank estimation

is solved by proposing ARETNN and the recovery performance further im-

proved by proposing TC-ARE, which relaxes the ARETNN model by removing

the TNN regularizer after obtaining the rank. In ARETNN, the model is for-

mulated in the original domain and solved equivalently in the Fourier domain.

Given the correct estimated rank and sufficient observed entries, TC-ARE can

achieve an optimal completion solution under mild conditions.
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6. Robust Tubal Rank Estimation and Tensor Recovery with Auto-

matic Rank Estimation (RTPCA-ARE, RTC-ARE): Based on ARETNN,

RTPCA-ARE and RTC-ARE are further proposed to solve the robust tensor

PCA and completion problems, respectively. Both methods not only inherit

the ability of ARETNN to estimate the correct tubal-rank, but also achieve suc-

cessful recovery in the presence of tensors with missing entries and/or gross

corruptions (sparse noise) under the refinement schemes. The generalization

of the proposed (robust) t-SVD based methods is discussed by briefly listing

a few variants for (robust) tensor learning problems.

1.5 Organization

The rest of this thesis is organized as follows.

Chapter 2 introduces the fundamentals of tensor decomposition. Basic notations

and multilinear algebra are reviewed first. The three main tensor decompositions

(CP, Tucker, and t-SVD) are then presented, and their connections and differences

are analyzed and summarized. In short, this chapter offers an overview of the

fundamental concepts required in the development of new tensor decomposition-

based algorithms in the thesis.

Chapter 3 presents the proposed unsupervised feature extraction methods: SO-

MPCA, SO-MPCA-RS, TDVM-CP, and TDVM-Tucker. In Section 3.1, SO-MPCA

and SO-MPCA-RS are derived based on semi-orthogonal CP decomposition and aim

to learn low-dimensional vectorial features from high-dimensional original tensors.

The properties analysis and evaluation on face and gait recognition are studied

in detail. In Section 3.2, TDVM-CP and TDVM-Tucker, which can learn low-

dimensional features from incomplete data, are developed based on orthogonal CP

and Tucker models, respectively. The analysis of convergence and parameters is

then presented. The effectiveness and efficiency of TDVM methods are evaluated
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for face recognition, object/action classification, and face/gait clustering on six real-

world image and video datasets with various missing settings. The generalization of

TDVM methods is also discussed.

Chapter 4 proposes matrix/tensor ranks estimation and completion algorithms:

L1MC, L1MC-RF, TREL1CP, and TREL1Tucker. In Section 4.1, L1MC and L1MC-

RF are derived in detail and their properties regarding parameters and conver-

gence are studied. The significance of matrix rank estimation and superiority of the

proposed rank estimation technique (L1MC) and refined matrix completion model

(L1MC-RF) are examined on real-world images/videos in detail. Furthermore, the

tensor rank estimation methods are also introduced: TREL1CP and TREL1Tucker,

based on CP-based nuclear norm regularized orthogonal CP decomposition in Sec-

tion 4.2. The importance of tensor rank estimation for both CP and Tucker decom-

position based tensor completion methods is demonstrated and the properties and

improvement of completion results using TREL1 methods are verified in detail.

Chapter 5 introduces the four new t-SVD methods: ARETNN, TC-ARE, RTPCA-

ARE, and RTC-ARE, for solving the problems of tubal-rank estimation and tensor

recovery in the presence of missing data and/or gross corruptions. The development

of the four methods is presented in detail in this chapter. Both synthetic and real-

world tensors with different corruptions are generated, from which the properties

and significant improvements of proposed methods are studied in detail. The gen-

eralization of these new t-SVD methods with automatic rank estimation is briefly

analyzed.

Chapter 6 concludes this thesis by summarizing the main contributions and dis-

cussing some directions for future research.

Note that the technical contents of Chapters 3, 4 and 5 have been partly pub-

lished or submitted in reputed conferences/journals. Please refer to the List of

Publications (Page 216 of the thesis).
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Chapter 2

Fundamentals of Tensor

Decomposition

In this chapter, the fundamentals of three popular tensor decomposition models are

reviewed: CP, Tucker, and t-SVD.

Table 2.1: The main notations used in this thesis.
Symbol Definition

In The dimension of the nth-mode of a tensor

x A scalar

x ∈ RI A vector (first-order tensor) with size I

X ∈ RI1×I2 A matrix (second-order tensor) with size I1 × I2
X ∈ RI1×···×IN A tensor with size I1 × · · · × IN , N ≥ 3

X(n) ∈ RIn×Πn∗6=nIn∗ The unfolded matrix along nth-mode

Xm ∈ RI1×···×IN The m-th input tensor sample

x(i) The ith entry of the vector x ∈ RI

X(i, j) the (i, j)th entry of the matrix X ∈ RI1×I2

X (i1, · · · , iN ) The (i1, · · · , iN ) th entry of the Nth-order tensor X

Ω ∈ RI1×···×IN A binary index set: Ω(i1, · · · , iN ) = 1 if X (i1, · · · , iN ) is observed,

and Ω(i1, · · · , iN ) = 0 otherwise.

Ωc The complement of Ω

The associated sampling operator that acquires only the entries indexed by Ω:

PΩ (PΩ(X ))(i1, · · · , iN ) = X (i1, · · · , iN ), if (i1, · · · , iN ) ∈ Ω;

(PΩ(X ))(i1, · · · , iN ) = 0, if (i1, · · · , iN ) ∈ Ωc

X (:, :, i), X (i) The ith frontal slice of X .

×n Mode-n product (see Definition 4).

◦ Outer product (see Definition 2)

<,> Mode-n Product (see Definition 5).
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2.1 Preliminaries

Some common notations and definitions are referenced throughout this thesis. Other

specific notations or definitions are presented in each chapter accordingly.

2.1.1 Basic Notations

2.1.2 Basic Multilinear Algebra

Definition 1. Tensor [101]. A tensor is a multidimensional array, denoted by

X . A mode is each dimension of a tensor. The order of a tensor is the number of

its modes. For example, a video is a third-order tensor with three modes. Tensors

are the generalization of matrices (second-order tensors) and vectors (first-order

tensors).

Definition 2. Outer Product [101]. The outer product of two vectors x ∈ RI

and y ∈ RJ is an I × J matrix Z ∈ RI×J denoted by Z = x ◦ y.

Definition 3. Mode-n Unfolding: Transforming a Tensor into a Matrix

[101]. This, or matricization, is the process of reordering the elements of a ten-

sor into matrices along each mode. A mode-n unfolding matrix of a tensor X ∈

RI1×···×IN is denoted as X(n) ∈ RIn×Πn∗6=nIn∗ .

Definition 4. Mode-n Product: Tensor-matrix multiplication [101]. A

mode-n product of a tensor X ∈ RI1×···×IN and a matrix U ∈ RJn×In is denoted

by

Y = X ×n U ∈ RI1×···×In−1×Jn×In+1×···×IN , (2.1.1)

where each entry of Y is given by Yi1···in−1jnin+1···iN =
∑

in
Xi1···in−1inin+1···iNUin,jn.

This is equivalent to premultiplying each mode-n vector of X by U [128], i.e., Y(n) =

UX(n)

Definition 5. Inner Product (Scalar Product). The inner product of two ten-

sors with same sizes X ,Y ∈ RI1×···×IN is defined as

< X ,Y > =
∑
i1

∑
i2

· · ·
∑
iN

X (i1, · · · , iN) Y(i1, · · · , iN) (2.1.2)
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Definition 6. Frobenius Norm of a Tensor. The Frobenius norm of a tensor

X ∈ RI1×···×IN is defined as

‖X‖F =
√
< X ,X >. (2.1.3)

2.2 CP Decomposition

2.2.1 CP Decomposition

CP decomposition [67, 59, 25] represents a tensor as the sum of a set of weighted

rank-one tensors, which is essentially defined based on outer products of vectors and

results in CP-rank being a widely used tensor rank definition:

X =
R∑
r=1

wr u(1)
r ◦ · · · ◦ u(n)

r · · · ◦ u(N)
r

=W×1U
(1)×2U

(2) · · · ×NU(N),

(2.2.4)

where each {u(n)
r , n = 1, · · · , N} is a unit vector with the weight absorbed into the

weight vector w = [w1, · · ·wr, · · ·wR]> ∈ RR.

Definition 7. CP-rank [101]. The CP-rank of a tensor X is a scalar R, which is

the minimum number of rank-one components.

We also take another formulation of the CP model used in Section 3.2 of Chap-

ter 3, i.e.,

Xm =
R∑
r=1

dmr u(1)
r ◦ u(2)

r ◦ · · · ◦ u(N)
r

= Dm×1U
(1)×2U

(2) · · · ×NU(N),

(2.2.5)

where the weight vector d = [dm1, · · · dmr, · · · dmR]> ∈ RR is viewed as the feature

vector of a tensor sample Xm in Section 3.2 of Chapter 3, where CP-rank is

equivalent to the dimension of the features (each weight vector).
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Orthogonality is considered unnecessary in general or even impossible in certain

cases of exact CP decomposition [35, 212, 11], while recent studies show that im-

posing orthogonality in the CP model can turn a non-unique tensor decomposition

into a unique one with guaranteed optimality [212, 104, 80, 3]. Considering the or-

thogonal CP decomposition, i.e., enforce u
(n)
p

>
u

(n)
q = 0 for p 6= q, and u

(n)
p

>
u

(n)
q = 1

otherwise, we have defined the CP-based Tensor Nuclear Norm:

Definition 8. CP-based Tensor Nuclear Norm [167]. The CP-based tensor

nuclear norm of a tensor X is defined as the L1-norm of the weight vector d of its

orthogonal CP decomposition: ‖X‖CP = ‖d‖1.

CP is one of the most common tensor decompositions, in part because it is an

explanatory model [146]. For example, each rank-one component of the CP model

can be interpreted as a latent component or cluster in the data.

2.2.2 Connect to Tensor-to-Vector Projection

As mentioned in the Introduction (Section 1.1.1), TVP is formulated to project a

tensor to a vector via multiple projection vectors based on the CP model. By each

(a)

(b)

Figure 2.1: The examples of CP decomposition: (a) The CP decomposition of a

third-order tensor X, where the core tensor W is a super-diagonal tensor. (b)

The CP decomposition of a third-order tensor sample Xm, where the core tensor

Dm is super-diagonal and its elements {dm1, dm2, · · · , dmR} (i.e. feature vector

dm) are viewed as extracted features from Xm.
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rank-one tensor projection, we can obtain a scalar from a tensor. In multilinear

learning, we define this as Elementary multilinear projections (EMPs), which are

the building blocks of a TVP [128]. We denote an EMP as {u(1),u(2), · · · ,u(N)},

consisting of one unit projection vector in each mode, i.e., ‖ u(n) ‖= 1 for n =

1, · · · , N , where ‖ · ‖ is the Euclidean norm for vectors. It projects a tensor X ∈

RI1×I2×···×IN to a scalar y through the N unit projection vectors as [128]:

y = X ×1 u(1)T ×2 u(2)T · · · ×N u(N)T . (2.2.6)

By comparing Eq. (2.2.6) with Eq. (2.2.5), it is clear that a feature scalar in

TVP is a weight of rank-one tensor in the CP model. The TVP of a tensor X to

a vector y ∈ RP consists of P EMPs {u(1)
p , · · · ,u(N)

p }, p = 1, · · · , P , which can be

written concisely as {u(n)
p , n = 1, · · · , N}Pp=1 or {u(n)

p }Pp=1:

y = X ×Nn=1 {{u(n)
p }Pp=1}Nn=1, (2.2.7)

where the pth component of y is obtained from the pth EMP as:

yp = y(p) = X ×1 u(1)T

p · · · ×N u(N)T

p = X ×Nn=1 {u(n)
p }. (2.2.8)

These concepts of TVP are used in Section 3.1 of Chapter 3.

2.2.3 Connecting to Rank-one Matrix Decomposition

Any matrix Z can be represented as the weighted sum of R factorized rank-one

matrices:

Z =
R∑
r=1

wrurv
>
r = Udiag(w)V>, (2.2.9)

where the weight vector w = [w1, · · · , wr, · · · , wR]>,U ∈ RI1×R = {ur}Rr=1,V ∈

RI2×R = {vr}Rr=1. By comparing Eq. (2.2.9) with Eq. (2.2.4), it is clear that

rank-one approximation (decomposition) can be viewed as the second-order of CP

decomposition. SVD is a special rank-one approximation whose factors {ur}Rr=1 and

{vr}Rr=1 are orthogonal.

Rank-one approximation is a specific low-rank matrix decomposition commonly

used in matrix completion [109, 220, 188, 189, 156, 73]. These rank-one approxima-

tion/decomposition concepts are used in Section 4.1 of Chapter 4.
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(a) Tucker decomposition of X (b) Tucker decomposition of Xm

Figure 2.2: Examples of Tucker decomposition. (a) The Tucker decomposition

of a third-order tensor X, where the G is the core tensor of X. (b) Tucker

decomposition of a third-order tensor sample Xm, where the core tensor Cm is

viewed as the extracted features from Xm.

2.3 Tucker Decomposition

Tucker decomposition [180] represents a tensor into a core tensor multiplied by a

factor matrix along each mode [101], which is defined based on mode-n product and

results in Tucker-rank as being another widely used tensor rank definition:

Definition 9. Tucker-rank (a.k.a, multilinear rank) [101] The Tucker-rank of

an N th-order tensor X is an N-dimensional vector, denoted as r = [R1, · · · , Rn, · · · , RN ],

whose n-th entry Rn is the rank of the mode-n unfolded matrix X
(n)
m of Xm. Rn is

the mode-n rank.

The general formulation of the Tucker decomposition of a tensor is:

X = G×1U
(1)×2U

(2) · · · ×NU(N). (2.3.10)

where {U(n) ∈ RIn×Rn , n = 1, 2 · · ·N, and Rn < In} are factor matrices, which

usually have orthonormal columns (i.e., higher-order singular value decomposition

(HOSVD) [32]). G ∈ RR1×R2×···×RN is the core tensor with a smaller dimension.

We also consider another formulation of the Tucker model in Section 3.2 of

Chapter 3, i.e.,

Xm = Cm×1U
(1)×2U

(2) · · · ×NU(N). (2.3.11)

where {Cm} ∈ RR1×R2×···×RN are the core tensors with smaller dimensions, which are

viewed as the extracted features and the Tucker-rank is equivalent to the dimension
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Figure 2.3: An example of t-SVD of a third-order tensor X [123].

of features (each core tensor) in Section 3.2 of Chapter 3. Figures 2.2(a) and

2.2(b) illustrate these two examples of Tucker decomposition, respectively.

Based on the Tucker decomposition, Liu et al. [116] have defined Tucker-based

Tensor Nuclear Norm.

Definition 10. Tucker-based Tensor Nuclear Norm [116]. The Tucker-based

tensor nuclear norm of a tensor X is defined as: ‖X‖∗ =
∑N

n=1 ‖X(n)‖∗ =
∑N

n=1

∑Rn

j=1 σj,

where X(n) is the mode-n unfolding matrix of X and {σj}Rn
j=1 are the singular values

of the unfolded matrix.

2.4 Tensor Singular Value Decomposition (t-SVD)

In addition to the two fundamental and widely used tensor decompositions intro-

duced above, the recently proposed t-SVD is becoming increasingly popular. Before

introducing the definition of t-SVD, we first review related operations.

2.4.1 Basic Definitions Related to T-SVD

Viewing a third-order tensor of size I1 × I2 × I3 as an I1 × I2 matrix of tubes

and introducing a commutative operation ∗ between the tubes x,y ∈ R1×1×I3 via

x ∗ y = x ◦ y, where ◦ denotes the circular convolution between two vectors, the

t-product between two tensors and other operations related to t-SVD are defined as

follows [94]:

Definition 11. t-product The t-product Z = X ∗ Y of X ∈ RI1×I2×I3 and Y ∈

RI2×I4×I3 is a tensor of size Z ∈ RI1×I4×I3, where the (i, j)th tube denoted by Z(i, j, :)
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for i = 1, 2, ..., I1 and j = 1, 2, ..., I4 of the tensor Z is given by
∑I2

k=1X (i, k, :

) ∗ Y(k, j, :). ∗ denotes the t-product symbol.

Definition 12. Block Diagonal Matrix: Let X̂ denote the block-diagonal matrix

of X̂ in the Fourier domain, i.e., X̂ = blockdiag(X̂ ) = diag(X̂(1), · · · , X̂(I3)) ∈

CI1I3×I2I3.

Definition 13. Tensor Transpose. Let X be a tensor of size I1 × I2 × I3, then

X> is the I2 × I1 × I3 tensor obtained by transposing each of the frontal slices and

then reversing the order of the transposed frontal slices 2 through I3.

Definition 14. Identity Tensor and Orthogonal Tensor. A tensor I ∈ RI1×I1×I3

is an identity tensor if its first frontal slice is I1 × I1 the identity matrix and all other

frontal slices are zero. A tensor Q is orthogonal if Q> ∗ Q = Q ∗ Q> = I.

Definition 15. f-diagonal Tensor. A tensor X is f-diagonal if each frontal slice

of X is a diagonal matrix.

2.4.2 T-SVD

Definition 16. Tensor Singular Value Decomposition (t-SVD) [94]. The

t-SVD of X ∈ RI1×I2×I3 is given by:

X = U ∗ S ∗ V>, (2.4.12)

where U ∈ RI1×I1×I3 and V ∈ RI2×I2×I3 are orthogonal tensors. S ∈ RI1×I2×I3 is a

f -diagonal tensor.

The t-SVD of a tensor is obtained by computing the matrix SVDs in the Fourier

domain. Figure 2.3 shows an example of the t-SVD of a third-order tensor. Be-

sides, it is usually sufficient to compute the truncated t-SVD using the tensor

tubal-rank defined in Definition 17. For X ∈ RI1×I2×I3 with the low tubal-rank

R (R < min (I1, I2)), the truncated t-SVD is given by X = U ∗ S ∗ V>, where

U ∈ RI1×R×I3 , V ∈ RI2×R×I3 and S ∈ RR×R×I3 .
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Definition 17. Tensor Multi-rank and Tubal-rank [94, 224]. The multi-rank

of X ∈ RI1×I2×I3 is a vector r ∈ RI3 whose ith entry is the rank of the ith frontal

slice of X̂ , i.e., r = (r1, · · · , rI3) = (rank(X̂(1)), · · · , rank(X̂(I3))). The tubal-rank

R of X is the largest rank of all the frontal slices of X̂ in the Fourier domain, i.e.,

R = max (r1, · · · , rI3)

Definition 18. Tensor Nuclear Norm (TNN) [124]: The TNN of a tensor X

is denoted by ||X ||TNN and defined as the average of the nuclear norm of all the

frontal slices of X̂ , i.e.,||X ||TNN = 1
I3

∑I3
i=1 ‖X̂(i)‖∗, which is the convex envelope of

the tensor average rank within the unit ball.

2.5 Summary of CP, Tucker and t-SVD

• These three decompositions can be considered as high-order generalizations of

matrix SVD. CP and Tucker models are widely used for tensor analysis, while

t-SVD has been proposed more recently and is becoming increasingly popular.

• CP decomposition is obtained from the sum of the outer products of vectors,

while the Tucker decomposition is computed based on the mode-n product,

which is the multiplication of tensors and matrices. The CP model can be

viewed as a special case of Tucker decomposition where the core tensor is

super-diagonal. T-SVD defines the new multiplication between tensors using

t-product which is essentially the outer product of matrices.

• Although in this thesis the CP-based tensor nuclear norm for CP-rank [167]is

defined, the convex relaxation of CP-rank is intractable [66]. The Tucker-based

tensor nuclear norm [115] is the convex approximation of Tucker-rank, while

there is no theoretical guarantee that it is the tightest convex envelope of a

Tucker-rank. The tensor nuclear norm [215, 124] is proposed as the convex

surrogate approximate the tubal-rank of t-SVD.

• The CP model is easy to interpret and essentially unique under mild condi-
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tions while it is generally NP-hard to compute the CP rank. The CP model

has more advantage in interpretation tasks such as learning latent factors for

interpretation and explanatory clustering. Tucker decomposition can capture

nontrilinear variation and optimally represent the tensorial data [146], which

enables the Tucker model to well compress data that do not have to be low-

rank. However, Tucker decomposition requires the unfolding of a tensor into

matrices, which can destroy the intrinsic multi-dimensional structure of tenso-

rial data, leading to vital information loss. The t-SV essentially treats third-

order tensors as linear operators over matrices, so the tensor multi-rank and

tubal-rank that are defined based on t-SVD can well characterize the intrinsic

low-rank structure of a tensor, while avoiding the loss of information inherent

in the unfolding of a tensor [94, 93, 224]. T-SVD is orientation-specific and is

more useful for data that have a fixed orientation, e.g., videos.
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Chapter 3

Feature Extraction via Low Rank

CP and Tucker Decomposition

This chapter includes two parts: one is Section 3.1 where the unsupervised feature

extraction methods: SO-MPCA and SO-MPCA-RS [165] are proposed to learn low-

dimensional vector features from original data, and the other is Section 3.2 where

the TDVM-Tucker [164] and TDVM-CP and their generalization are developed for

low-dimensional feature extraction of incomplete data within the unsupervised learn-

ing environment.

3.1 Semi-Orthogonal Multilinear PCA with Re-

laxed Start

Principal component analysis (PCA) is an unsupervised method for learning low-

dimensional features with orthogonal projections. Multilinear PCA methods extend

PCA to deal with multidimensional data (tensors) directly via tensor-to-tensor pro-

jection or tensor-to-vector projection (TVP). However, under the TVP setting, it is

difficult to develop an effective multilinear PCA method with the orthogonality con-

straint. This subchapter tackles this problem by proposing a novel Semi-Orthogonal

Multilinear PCA (SO-MPCA) approach. SO-MPCA learns low-dimensional features
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directly from tensors via TVP by imposing the orthogonality constraint in only one

mode. This novel formulation results in more captured variance and more learned

features than full orthogonality. For better generalization, we further introduce a

new relaxed start (RS) strategy to get SO-MPCA-RS by fixing the starting pro-

jection vectors. Experiments on both face (2D) and gait (3D) data demonstrate

that SO-MPCA-RS outperforms other competing algorithms on the whole, and the

relaxed start strategy is also effective for other TVP-based PCA methods.

3.1.1 Introduction

Principal component analysis (PCA) is a classical unsupervised dimensionality re-

duction method [84]. It transforms input data into a new feature space of lower

dimension via orthogonal projections, while keeping most variance of the original

data. PCA is widely used in areas such as data compression [105], computer vision

[89], data reconstruction [102], and pattern recognition [5, 33].

Many real-world data are multi-dimensional, in the form of tensors rather than

vectors [101]. The number of dimensions of a tensor is the order and each dimen-

sion is a mode of it. For example, gray images are second-order tensors (matrices)

and video sequences are third-order tensors [128]. Tensor data are also common

in applications such as data center monitoring, social network analysis, and net-

work forensics [43]. However, PCA on multi-dimensional data requires reshaping

tensors into vectors first. This vectorization often leads to breaking of original data

structures, more complex model with lots of parameters, and high computational

and memory demands [128]. Many researchers address this problem via multilinear

extensions of PCA to deal with tensors directly, and there are two main approaches.

One approach is based on Tensor-to-Tensor Projection (TTP) that learns low-

dimensional tensors from high-dimensional tensors. The two-dimensional PCA

(2DPCA) [203] is probably the first PCA extension to deal with images without

vectorization. The generalized low rank approximation of matrices (GLRAM) [206]

and the generalized PCA (GPCA) [207] further generalize 2DPCA from single-sided
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projections to two-sided projections via reconstruction error minimization and vari-

ance maximization, respectively. Concurrent subspaces analysis (CSA) [198] and

multilinear PCA (MPCA) [126] extend GLRAM and GPCA to general higher-order

tensors, respectively.

Another approach is based on Tensor-to-Vector Projection (TVP) that learns

low-dimensional vectors from high-dimensional tensors in a successive way. The

tensor rank-one decomposition (TROD) [163] minimizes reconstruction error via

(greedy) successive residue calculation. The uncorrelated multilinear PCA (UMPCA)

[127] maximizes variance with the zero-correlation constraint, following the succes-

sive derivation of PCA. However, the number of features that can be extracted by

UMPCA is upper-bounded by the lowest mode dimension. For example, for a ten-

sor of size 300×200×3, UMPCA can only extract three features, which have very

limited usage.

Orthogonality constraint is popular in feature extraction [74, 99, 50], tensor

decomposition [100], and low-rank tensor approximation [39, 185]. PCA also ob-

tains orthogonal projections, and the TTP-based PCA methods produce orthogonal

projection vectors in each mode. However, none of the existing TVP-based PCA

methods derive orthogonal projections. Our study found that it is indeed ineffec-

tive to impose full orthogonality in all the modes for TVP-based PCA, due to low

captured variance and limited number of extracted features.

In this subchapter, we present a new TVP-based multilinear PCA algorithm,

Semi-Orthogonal Multilinear PCA (SO-MPCA) with Relaxed Start, or SO-MPCA-

RS, to be detailed in Sec. 3. To sum up, there are two main contributions:

• We initiatively propose a novel SO-MPCA approach to maximize the captured

variance via TVP with orthogonality constraint in only one mode, which is

called semi-orthogonality according to [189]. The semi-orthogonality is firstly

introduced in multilinear PCA methods and results in more captured variance

and more learned features than full-orthogonality. For the same tensor of

size 300×200×3 discussed earlier, SO-MPCA can extract 300 features while
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full-orthogonal multilinear PCA can only extract three features (similar to

UMPCA).

• We introduce a new Relaxed Start (RS) strategy to get SO-MPCA-RS by fixing

the starting projection vectors. This novel strategy constrains the hypothesis

space to a smaller set, leading to better generalization [1]. The experimental

results in Sec. 4 show that SO-MPCA-RS outperforms other competing PCA-

based methods on the whole. In addition, this novel strategy is also effective

for other TVP-based PCA methods.

In the following, we cover the necessary background first.

3.1.2 SO-MPCA with Relaxed Start

This section presents the proposed SO-MPCA-RS by first formulating the SO-

MPCA problem, then deriving the solutions with a successive and conditional ap-

proach, and finally introducing the relaxed start strategy for better generalization.

Formulation of Semi-Orthogonal MPCA

We define the SO-MPCA problem with orthogonality constraint in only one mode,

i.e., semi-orthogonality [189], as follows:

The SO-MPCA problem: A set of M tensor data samples {X1, X2, · · · ,XM}

are available for training. Each sample Xm ∈ RI1×I2×···×IN can be viewed a point

in the tensor space RI1
⊗

RI2 · · ·
⊗

RIN , where In is the n-mode dimension and⊗
denotes the Kronecker product. SO-MPCA considers a TVP, which consists of

P EMPs {u(n)
p ∈ RIn×1, n = 1, · · · , N}Pp=1, that projects the input tensor space

RI1
⊗

RI2 · · ·
⊗

RIN into a vector subspace RP , i.e.,

ym = Xm ×Nn=1 {u(n)
p , n = 1, · · · , N}Pp=1 (3.1.1)

for m = 1, · · · ,M . The objective is to find a TVP to maximize the variance of

the projected samples in each projection direction, subject to the orthogonality
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constraint in only one mode, denoted as the ν-mode. The variance is measured by

the total scatter Sp defined as:

Sp =
M∑
m=1

(ymp − ȳp)2, (3.1.2)

where ymp = Xm ×Nn=1 {u
(n)
p }, and ȳp = 1

M

∑
m ymp .

In other words, the objective of SO-MPCA is to obtain the P EMPs, with the

pth EMP determined as:

{u(n)
p , n = 1, · · · , N} = arg max

M∑
m=1

(ymp − yp)2, (3.1.3)

s.t. u(n)T

p u(n)
p = 1 for n = 1, · · · , N and (3.1.4)

u(ν)T

p u(ν)
q = 0 for p > 1 and q = 1, · · · , p− 1, (3.1.5)

where the orthogonality constraint (3.1.5) is imposed only in the ν-mode and there

is no such constraint for the other modes (n = 1, · · · , N , n 6= ν). The normalization

constraint (3.1.4) is imposed for all modes.

Bound on the number of features: Based on the proof of Corollary 1 in [127],

we can derive that the number of features P that can be extracted by SO-MPCA is

upper-bounded by the ν-mode dimension Iν : P ≤ Iν . If we can choose any n as ν,

we have the upper bound of P as P ≤ maxn In (i.e., the highest mode dimension).

Selection of mode ν: Although we are free to choose any mode n as ν to

impose the orthogonality constraint (3.1.5), it is often good to have more features in

practice. Thus, In this subchapter, we choose the mode with the highest dimension

as ν:

ν = arg max
n

In, (3.1.6)

such that P = maxn In = Iν . On the other hand, we can also obtain a total of
∑

n In

features by running SO-MPCA N times with ν = 1, · · · , N . In this subchapter, we

only focus on SO-MPCA with ν determined by (3.1.6).

Semi-orthogonality vs. full-orthogonality: If we impose the orthogonality

constraint (3.1.5) in all modes, we can get Full-Orthogonal Multilinear PCA (FO-

MPCA). However, our study found that FO-MPCA is not effective primarily due to

two reasons:
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• Due to the heavy constraints, the variance captured by FO-MPCA is quite low,

even lower than UMPCA. In contrast, SO-MPCA can capture more variance

than both FO-MPCA and UMPCA. This is illustrated in Fig. 3.1 in Sec. 4.

• Similar to UMPCA, the number of features that can be extracted by FO-

MPCA is upper-bounded by the lowest mode dimension minn In, which can

be quite limited. For instance, FO-MPCA can extract only three features

for a tensor of size 300×200×3 while SO-MPCA can extract 300 features by

choosing ν = 1 for the same tensor. This can be observed in Fig. 3.1 as well.

3.1.3 Successive Derivation of SO-MPCA

To solve the SO-MPCA problem, we follow the successive derivation in [84, 127] to

determine EMPs one by one in P steps:

Step 1 (p = 1): Determine the first EMP {u(n)
1 , n = 1, · · · , N} by maximizing S1

with the constraint (3.1.4).

Step p (p = 2, · · · , P ):

Determine the pth EMP {u(n)
p , n = 1, · · · , N} by maximizing Sp with the

constraints (3.1.4) and (3.1.5).

Conditional subproblem: In order to obtain the pth EMP {u(n)
p , n =

1, · · · , N}, we need to determine N vectors. We follow the approach of alternat-

ing least square [60], so that our algorithm only provides locally optimal solutions

as other multilinear/tensor-based methods. For the pth EMP, the parameters of

the n-mode projection vector u
(n)
p are estimated one mode by one mode separately

conditioned on the projection vectors in all the other modes. Assuming the pth

projection vectors in all but n-mode are given, we project the input tensor samples

in these (N − 1) modes to obtain the partial multilinear projections as [128]:

ỹ(n)
mp

= Xm ×1 u(1)T

p · · · ×n−1 u(n−1)T

p

×n+1u
(n+1)T

p · · · ×N u(N)T

p , (3.1.7)
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where ỹ
(n)
mp ∈ RIn . This conditional subproblem then becomes to determine u

(n)
p

that projects the vector samples {ỹ(n)
mp ,m = 1, · · · ,M} onto a line to maximize the

variance captured. Then the total scatter matrix S̃
(n)
p corresponding to {ỹ(n)

mp ,m =

1, · · · ,M} becomes:

S̃(n)
p =

M∑
m=1

(ỹ(n)
mp
− ¯̃y(n)

p )(ỹ(n)
mp
− ¯̃y(n)

p )T , (3.1.8)

where ¯̃y
(n)
p = 1

M

∑M
m=1 ỹ

(n)
mp .

For p = 1 (step 1), the solution for u
(n)
1 , where n = 1, · · · , N , is obtained as the

unit eigenvector of S̃
(n)
1 associated with the largest eigenvalue.

For p ≥ 2, we need to deal with the ν-mode and other modes differently. For

modes other than ν, the solution for u
(n)
p , where n = 1, · · · , N , n 6= ν, is obtained

as the unit eigenvector of S̃
(n)
p associated with the largest eigenvalue.

Constrained optimization for ν-mode and p ≥ 2: When p ≥ 2, we need to

determine u
(ν)
p by solving the following constrained optimization problem:

u(ν)
p = arg max u(ν)T

p S̃(ν)
p u(ν)

p (3.1.9)

s.t. u(ν)T

p u(ν)
p = 1 and u(ν)T

p u(ν)
q = 0, q = 1, · · · p− 1.

We solve this problem by the following theorem:

Theorem 1. The solution to the problem (3.1.9) is the (unit-length) eigenvector

corresponding to the largest eigenvalue of the following eigenvalue problem:

Γ(ν)
p S̃(ν)

p u(ν)
p = λu(ν)

p , (3.1.10)

where,

Γ(ν)
p = [ IIn −

p−1∑
q=1

u(ν)
q u(ν)

q

T
], (3.1.11)

and IIn is an identity matrix of size In × In.

Proof. First, we use Lagrange multipliers to transform the problem (3.1.9) to include

all the constraints as:

Lν = u(ν)
p

T
S̃(ν)
p u(ν)

p − λ(u(ν)
p

T
u(ν)
p − 1)

−
p−1∑
q=1

µqu
(ν)
p

T
u(ν)
q , (3.1.12)
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where λ and {µq, q = 1, · · · , p− 1} are Lagrange multipliers.

Then we set the partial derivative of Lν with respect to u
(ν)
p to zero:

∂Lν
∂u

(ν)
p

= 2S̃(ν)
p u(ν)

p − 2λu(ν)
p −

p−1∑
q=1

µqu
(ν)
q = 0. (3.1.13)

Premultiplying (3.1.13) by u
(ν)
p

T
, the third term vanishes and we get

2u(ν)
p

T
S̃(ν)
p u(ν)

p − 2λu(ν)
p

T
u(ν)
p = 0

⇒ λ = u(ν)
p

T
S̃(ν)
p u(ν)

p ,
(3.1.14)

which indicates that λ is exactly the criterion to be maximized, with the orthogonal

constraint.

Next, a set of (p − 1) equations are obtained by premultiplying (3.1.13) by

u
(ν)
q

T
, q = 1, · · · , p− 1, respectively:

2u(ν)
q

T
S̃(ν)
p u(ν)

p − 2λu(ν)
q

T
u(ν)
p −

p−1∑
s=1

µsu
(ν)
q

T
u(ν)
s = 0. (3.1.15)

The second term vanishes and the summand in the third term is non-zero only for

s = q. Thus, we get

2u(ν)
q

T
S̃(ν)
p u(ν)

p − µq = 0⇒ µq = 2u(ν)
q

T
S̃(ν)
p u(ν)

p . (3.1.16)

Substituting (3.1.16) into (3.1.13), we get:

2S̃(ν)
p u(ν)

p − 2λu(ν)
p −

p−1∑
q=1

u(ν)
q · 2u(ν)

q

T
S̃(ν)
p u(ν)

p = 0

⇒ λu(ν)
p = S̃(ν)

p u(ν)
p −

p−1∑
q=1

u(ν)
q u(ν)

q

T
S̃(ν)
p u(ν)

p (3.1.17)

⇒ λu(ν)
p = [ IIn −

p−1∑
q=1

u(ν)
q u(ν)

q

T
] S̃(ν)

p u(ν)
p . (3.1.18)

Using the definition in (3.1.11), (3.1.18) can be written as

Γ(ν)
p S̃(ν)

p u(ν)
p = λu(ν)

p . (3.1.19)

Since λ is the criterion to be maximized, the maximization is achieved by setting

u
(ν)
p to the (unit) eigenvector of Γ(ν)

p S̃
(ν)
p associated with its corresponding largest

eigenvalue .
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Algorithm 1 Semi-Orthogonal Multilinear PCA with Relaxed Start (SO-MPCA-

RS)

1: Input: A set of tensor samples {Xm ∈ RI1×···×IN ,m = 1, · · · ,M}, and the maximum

number of iterations K.

2: Set ν = arg maxn In.

3: Set the first EMP: u
(n)
1 = 1/ ‖ 1 ‖ for n = 1, · · · , N .

4: for p = 2 to P do

5: Initialize u
(n)
p = 1/ ‖ 1 ‖ for n = 1, · · · , N .

6: for k = 1 to K do

7: for n = 1 to N do

8: Calculate the partial multilinear projection {ỹ(n)
mp} for m = 1, · · · ,M according

to (3.1.7).

9: if n == ν then

10: Calculate Γ
(ν)
p and S̃

(ν)
p according to (3.1.11) and (3.1.8), respectively. Then,

set u
(ν)
p to the eigenvector of Γ

(ν)
p S̃

(ν)
p associated with the largest eigenvalue.

11: else

12: Calculate S̃
(n)
p by (3.1.8). Set u

(n)
p to the eigenvector of S̃

(n)
p associated with

the largest eigenvalue.

13: end if

14: end for

15: end for

16: end for

17: Output The TVP {u(n)
p , n = 1, · · · , N}Pp=1 .

3.1.4 Relaxed Start for Better Generalization

When we use SO-MPCA features for classification, we find the performance is lim-

ited. Therefore, we further introduce a novel relaxed start (RS) strategy to get

SO-MPCA-RS by fixing the first EMP {u(n)
1 , n = 1, · · · , N} (the starting projection

vectors), without variance maximization. In this subchapter, we set this starting

EMP u
(n)
1 (for n = 1, · · · , N) to the normalized uniform vector 1/ ‖ 1 ‖ for simplic-

ity.
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This idea is motivated by the theoretical studies of overfitting presented in Chap-

ter 4 of [1]. By further constraining our learning model, we can get a smaller hy-

pothesis set which can lead to better generalization. By fixing the first EMP to

simple vectors, the following EMPs have less freedom due to the imposed semi-

orthogonality. Thus, the SO-MPCA-RS model has a smaller hypothesis set than

the SO-MPCA model. The two algorithms differ only in how to determine the first

(starting) EMP though the following EMPs will all be different due to their depen-

dency on the first EMP. Furthermore, we will run controlled experiments to confirm

the positive impact of RS on SO-MPCA in Sec. 4.

This relaxed start strategy is not specific to SO-MPCA but generally applicable

to any TVP-based subspace learning algorithm. Our experimental results in Sec. 4

prove that it can improve the performance of not only SO-MPCA but also TROD

and UMPCA.

Algorithm 1 summarizes the SO-MPCA-RS algorithm. The SO-MPCA algo-

rithm can be obtained from Algorithm 1 by removing line 3, changing p = 2 in line

4 to p = 1 and setting Γ
(ν)
1 (p = 1) in line 10 to an identity matrix.

3.1.5 Experiments

This section evaluates the proposed methods on both second-order and third-order

tensor data in terms of recognition rate, the number of extracted features, captured

variance, and convergence. In addition, we also study the effectiveness of the relaxed

start strategy on other TVP-based PCA algorithms.

Data:1 For second-order tensors, we use the same subset of the FERET database

[150] as in [127], with 721 face images from 70 subjects. Each face image is nor-

malized to 80 × 60 graylevel pixels. For third-order tensors, we use a subset of the

USF HumanID “Gait Challenge” database [159]. We use the same gallery set (731

samples from 71 subjects) and probe A (727 samples from 71 subjects) as in [127]

1Both face and gait data are downloaded from: http://www.dsp.utoronto.ca/~haiping/MSL.

html
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Table 3.1: Face recognition results by nearest neighbor classifier (recognition

rates, mean % ± standard deviation %) on the FERET subset. The top two results

are highlighted with bold fonts and ‘-’ indicates that no enough features can be

extracted.
L P PCA [84] CSA [198] MPCA [126] TROD [163] UMPCA [127] SO-MPCA SO-MPCA-RS TROD-RS UMPCA-RS

1 2.60±0.66 3.87±1.02 2.52±0.76 2.70±0.44 5.98±2.65 2.73 ±0.69 6.85±1.44 2.63±0.82 6.04±2.00

5 15.12±1.31 11.90±1.25 16.65±1.82 15.88±1.20 23.23±4.49 20.06±2.34 27.27±2.36 16.68±1.50 24.78±4.76

10 22.69±2.21 21.35±2.76 22.24±1.94 21.52±2.83 31.83±5.17 28.77±2.72 36.34±3.56 21.86±3.03 33.16±5.36

1 20 27.62±2.57 26.16±2.38 27.16±1.47 26.30±2.49 35.94±5.65 31.94±2.95 40.32±3.40 26.51±1.97 36.65±5.46

50 31.38±2.58 31.37±1.92 31.29±1.71 29.63±2.21 36.14±5.73 32.33±2.78 40.48±3.09 29.80±1.48 37.05±5.46

80 – 31.95±1.84 32.17±2.09 31.14±2.42 – 32.26±2.71 40.41±3.09 31.21±1.94 –

1 2.69±0.73 3.36±0.54 2.63±0.55 2.65±0.77 7.28±2.44 2.69±0.46 7.97±1.10 2.81±0.79 6.82±1.56

5 20.17±1.25 15.15±1.03 21.53±0.90 21.34±1.56 26.90±5.23 24.34±1.59 33.82±1.45 21.62±1.93 29.19±3.55

10 32.03±2.49 29.45±1.95 28.04±1.69 30.05±1.70 40.17±6.76 36.94±2.58 46.63±1.95 30.83±1.93 44.01±3.22

2 20 39.07±1.87 37.07±2.27 38.86±2.12 36.87±2.37 44.51±6.54 41.70±2.48 52.19±2.11 37.64±2.19 48.67±3.57

50 43.86±2.53 44.61±2.34 44.54±2.74 42.67±2.16 45.47±6.65 42.24±2.39 52.22±1.73 42.99±2.28 49.07±3.61

80 45.28±2.39 45.82±2.76 46.02±2.67 44.46±2.53 – 42.20±2.39 52.19±1.80 44.78±2.48 –

1 2.72±0.45 4.07±0.80 2.25±0.44 2.95±0.61 7.42±1.17 2.56±0.56 7.55±1.17 2.74±0.81 7.34±1.08

5 23.89±1.64 16.58±0.95 25.95±1.26 24.48±1.79 33.86±3.65 28.30±2.05 36.93±1.76 26.14±2.17 32.68±4.67

10 37.20±1.91 36.05±1.50 34.91±2.40 34.83±2.96 49.39±2.83 43.31±1.51 54.38±3.09 34.64±3.01 50.55±4.81

3 20 46.05±2.11 43.87±1.98 45.48±2.46 43.37±2.51 55.83±3.32 49.49±2.16 61.25±2.85 42.99±2.65 55.89±4.16

50 51.35±2.53 51.60±2.50 52.00±2.70 48.92±2.69 56.42±3.11 49.80±2.29 61.08±2.83 49.47±2.76 56.38±4.62

80 52.66±2.67 52.84±2.70 53.31±2.59 51.17±2.65 – 49.77±2.36 60.98±2.83 51.45±2.63 –

1 2.68±0.85 3.92±1.04 2.22±0.62 3.11±0.83 7.96±2.15 3.13±0.90 8.34±1.37 3.08±0.66 7.03±1.68

5 25.26±1.77 18.93±1.29 28.71±1.91 27.37±2.34 37.66±4.88 29.61±2.16 40.25±1.52 28.25±2.82 38.84±2.97

10 41.54±2.02 40.39±2.36 39.43±2.05 38.82±3.91 55.10±4.55 47.10±2.88 59.30±2.49 39.25±2.95 57.30±4.86

4 20 49.34±1.69 49.39±2.35 50.18±3.03 47.57±2.70 62.40±4.49 53.85±2.89 66.60±3.07 47.73±2.96 64.08±4.94

50 56.85±2.09 57.51±2.98 57.48±2.72 54.58±2.56 63.13±4.15 54.56±3.14 67.03±2.86 54.42±2.89 64.85±5.01

80 58.16±2.46 59.05±2.65 58.91±2.50 57.30±2.46 – 54.47±3.17 66.89±2.90 57.48±2.46 –

1 2.91±0.91 4.37±1.06 2.72±0.88 2.59±0.64 7.41±2.14 3.07±0.60 8.38±0.97 2.96±0.75 7.20±1.35

5 28.95±2.07 20.75±1.77 32.99±2.47 31.75±2.79 40.78±5.82 34.20±2.67 42.35±3.04 33.45±1.41 41.67±1.95

10 47.06±1.54 45.77±2.17 43.29±3.07 43.80±3.51 60.49±6.37 53.45±2.75 63.23±3.37 44.69±2.71 62.88±2.59

5 20 55.66±1.94 56.01±2.19 56.79±2.14 54.47±1.66 66.90±6.23 61.40±2.43 69.97±2.55 54.64±1.96 70.19±3.25

50 63.91±1.71 64.58±2.13 64.37±2.27 61.54±2.75 67.71±6.31 62.26±2.88 70.70±2.47 61.51±1.92 70.81±3.08

80 64.61±1.67 65.58±1.92 65.85±2.02 64.02±2.40 – 62.18±2.83 70.70±2.45 64.02±2.03 –

1 2.86±0.89 3.89±0.67 2.49±1.01 2.86±1.01 9.07±0.83 2.56±0.74 8.97±0.97 2.56±0.99 7.21±1.35

5 30.30±2.17 21.89±2.04 33.42±2.52 33.59±2.63 42.52±4.99 35.18±1.32 43.32±1.82 35.18±2.52 44.65±4.14

10 48.97±2.96 49.14±2.57 45.65±2.85 45.88±2.97 63.16±5.32 56.15±2.36 65.75±2.76 47.24±2.55 66.51±3.10

6 20 58.57±2.84 58.97±2.60 59.73±2.96 57.11±3.22 70.73±5.39 64.72±3.11 74.39±2.79 57.81±2.18 74.52±3.10

50 66.88±2.31 67.84±2.48 67.84±2.63 64.05±2.95 72.09±5.18 65.32±2.86 74.75±2.60 65.12±2.92 75.12±2.79

80 68.31±2.33 69.44±2.49 69.70±2.35 66.78±2.94 – 65.08±2.73 74.72±2.56 68.01±2.90 –

1 2.68±1.19 4.55±1.07 2.12±1.07 2.81±0.82 11.39±1.85 2.38±1.33 10.91±1.37 1.99±1.19 8.57±1.68

5 29.52±1.38 22.51±1.29 34.72±2.86 32.03±2.46 44.98±5.32 35.58±2.04 45.89±2.34 35.02±1.82 45.93±1.93

10 51.21±2.11 49.39±3.18 46.19±2.43 46.10±2.60 65.67±5.82 56.84±2.07 67.53±2.34 48.44±3.20 66.93±2.01

7 20 59.57±2.64 60.91±2.75 61.69±2.57 57.58±2.75 73.16±4.28 65.37±2.24 74.89±1.97 58.31±2.62 75.80±2.24

50 68.10±2.21 69.35±1.89 69.26±2.22 65.54±2.79 74.11±4.52 65.37±2.02 75.24±2.12 66.06±3.10 76.88±1.72

80 69.70±2.84 70.39±1.76 70.65±1.97 67.97±2.45 – 65.37±2.02 75.19±2.18 68.14±2.96 –

and we test probe B (423 samples from 41 subjects) and probe C (420 samples from

41 subjects). Each gait sample is a (binary) silhouette sequence of size of 32×22×10.

Experiment setup: In face recognition experiments, we randomly select L =

1, 2, 3, 4, 5, 6, 7 samples from each subject as the training data and use the rest for

33



testing. We repeat such random splits (repetitions) ten times and report the mean

correct recognition rates. In gait recognition experiments, we follow the standard

setting and use the gallery set as the training data and probes A, B, and C as the

test data (so there is no random splits/repetitions), and report the rank 1 and rank

5 recognition rates [159].

Algorithms and their settings: We first evaluate SO-MPCA and SO-MPCA-

RS against five existing PCA-based methods: PCA, CSA [198], MPCA [126], TROD

[163], and UMPCA [127].2 CSA and MPCA produce tensorial features so they need

to be vectorized. MPCA uses the full projection. For TROD and UMPCA, we

use the uniform initialization [127]. For SO-MPCA and SO-MPCA-RS, we set the

selected mode ν = 1 for the maximum number of features. For iterative algorithms,

we set the number of iterations to 20. All features are sorted according to the scatters

(captured variance) in descending order for classification. We use the Nearest

Neighbor Classifier with the Euclidean distance measure to classify the top P

features. We test up to P = 80 features in face recognition and up to P = 32

features in gait recognition. The performance of FO-MPCA is much worse than

SO-MPCA so it is not included in the comparisons (except variance study) to save

space.

Face recognition results: Table 3.1 shows the face recognition results for

P = 1, 5, 10, 20, 50, 80 and L = 1, 2, 3, 4, 5, 6, 7, where we report both the mean

and the standard deviation over ten repetitions. We highlight the top two results

in each row in bold fonts for easy comparison. Only SO-MPCA-RS consistently

achieves the top 2 results in all cases. Compared with existing methods (PCA,

CSA, MPCA, TROD and UMPCA), SO-MPCA-RS outperforms best performing

existing algorithm (UMPCA) by 3.79% on average.

Furthermore, for larger L = 5, 6, 7, SO-MPCA-RS outperforms the other five

methods at least by 2.26% on average. For smaller L = 1, 2, 3, SO-MPCA-RS

achieves a greater improvement of at least 5.28% over existing methods, testifying

2For second-order tensors, CSA and MPCA are equivalent to GLRAM [206] and GPCA [207],

respectively.
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Table 3.2: Gait recognition results by nearest neighbor classifier on the USF

subset: rank 1 and rank 5 recognition rates (mean % ± standard deviation %)

for probes A, B, and C. The top two results are highlighted with bold fonts and

‘-’ indicates that no enough features can be extracted.
Rank Probe P PCA CSA MPCA TROD UMPCA SO-MPCA SO-MPCA-RS TROD-RS UMPCA-RS

5 30.99 22.54 32.39 28.17 39.44 30.99 40.85 18.31 39.44

10 52.11 43.66 49.30 42.25 57.75 49.30 59.15 33.80 63.38

A 20 67.61 57.75 60.56 53.52 – 54.93 67.61 53.52 –

32 71.83 59.15 61.97 60.56 – 54.93 69.01 64.79 –

5 26.83 17.07 24.39 19.51 26.83 29.27 41.46 19.51 39.02

10 48.78 39.02 46.34 39.02 46.34 53.66 63.41 36.59 51.22

1 B 20 65.85 53.66 58.54 53.66 – 58.54 65.85 43.90 –

32 68.29 60.98 58.54 65.85 – 60.98 68.29 63.41 –

5 12.20 9.76 14.63 4.88 24.39 12.20 14.63 7.32 14.63

10 29.27 14.63 19.51 14.63 29.27 29.27 29.27 19.51 21.95

C 20 34.15 31.71 29.27 21.95 – 31.71 34.15 24.39 –

32 46.34 34.15 29.27 31.71 – 31.71 39.02 39.02 –

5 57.75 56.34 66.20 54.93 73.24 67.61 84.51 42.25 73.24

10 80.28 74.65 77.46 77.46 83.10 77.46 88.73 59.15 85.92

A 20 87.32 80.28 81.69 76.06 – 80.28 92.96 77.46 –

32 87.32 81.69 83.10 78.87 – 80.28 92.96 81.69 –

5 48.78 48.78 53.66 48.78 58.54 63.41 68.29 53.66 58.54

10 73.17 70.73 70.73 60.98 65.85 70.73 75.61 75.61 68.29

5 B 20 78.05 75.61 78.05 75.61 – 70.73 80.49 78.05 –

32 78.05 73.17 78.05 80.49 – 70.73 80.49 80.49 –

5 51.22 34.15 41.46 36.59 41.46 43.90 56.10 29.27 36.59

10 53.66 46.34 43.90 48.78 43.90 48.78 70.73 43.90 56.10

C 20 65.85 56.10 60.98 48.78 – 48.78 78.05 46.34 –

32 65.85 60.98 58.54 56.10 – 48.78 78.05 56.10 –

that SO-MPCA-RS is more superior in dealing with the small sample size (overfit-

ting) problem.

Gait recognition results: The gait recognition results are reported in Table

3.2 with the top two results similarly highlighted. Again, only SO-MPCA-RS con-

sistently achieves the top 2 results in all cases. In rank 1 rate, the best performing

existing algorithm is PCA, which outperforms SO-MPCA-RS by 3.73% on aver-

age. While in rank 5 rate, SO-MPCA-RS outperforms the best performing existing

algorithm (still PCA) by 6.76% on average.

Number of features: In the tables, we use ‘-’ to indicate that there are not

enough features. For PCA, there are at most 69 features for face data when L = 1

since there are only 70 samples for training. UMPCA can only extract 60 or 10

features for face and gait data, respectively. In contrast, SO-MPCA and SO-MPCA-

RS (with ν = 1) can learn 80 features for face data and 32 features for gait data.
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(b) Unsorted variance
Figure 3.1: The captured variance on face data with L = 1.
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Figure 3.2: Illustration of the SO-MPCA-RS algorithm’s convergence performance

on the face data with L = 1 .

Feature variance: We illustrate the variance captured by PCA, UMPCA, FO-

MPCA, SO-MPCA, and SO-MPCA-RS in Fig. 3.1 for face data with L = 1 (not all

methods are shown for clarity). Figure 3.1(a) shows the sorted variance. It is clear

that semi-orthogonality captures more variance than full-orthogonality, as we dis-

cussed in Sec. 3.1. Moreover, both SO-MPCA and SO-MPCA-RS can capture more

variance than UMPCA, but less than PCA (and also CSA, MPCA, and TROD,

which are not shown). Though capturing less variance, SO-MPCA-RS achieves bet-

ter overall classification performance than other PCA-based methods, with results

consistently in the top two in all experiments.

We also show the unsorted captured variance in Fig. 3.1(b). The variance

captured by the first (fixed) EMP of SO-MPCA-RS is much less than other EMPs,

which is not surprising since the variance is not maximized.
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Convergence: We demonstrate the convergence of SO-MPCA-RS in Fig. 3.2

for face data with L = 1. We can see that SO-MPCA-RS converges in just a few

iterations. SO-MPCA has a similar convergence rate.

Effectiveness of relaxed start: To evaluate the proposed relaxed start strat-

egy, we apply it to other two TVP-based methods, TROD and UMPCA, getting

TROD-RS and UMPCA-RS, respectively. We summarize their performance in the

last two columns of Tables 3.1 and 3.2 for face and gait recognition experiments.

Both tables show that relaxed start can help both TROD and UMPCA to achieve

better recognition rates. From Table 3.1, TROD-RS improves over TROD by 0.32%

and UMPCA-RS improves over UMPCA by 2.15% on average. From Table 3.2,

TROD-RS achieves 3.03 % improvement over TROD and UMPCA-RS achieves

1.07% improvement over UMPCA for rank 1 rate. For rank 5 rate, TROD-RS

improves 0.94% over TROD, and UMPCA-RS improves 5.28% over UMPCA. The

relaxed start is most effective for our SO-MPCA. SO-MPCA-RS has an improvement

of 9.97% on face data over SO-MPCA. On gait data, SO-MPCA-RS outperforms

SO-MPCA by 9.56% in rank 1 rate and 17.26% in rank 5 rate on average.

In addition, SO-MPCA-RS has better face recognition performance than TROD-

RS and UMPCA-RS with an improvement of 8.08% and 1.64%, respectively. On

gait data, SO-MPCA-RS improves the rank 1 recognition rate by 3.03% over TROD-

RS and 13.25% over UMPCA-RS averagely, and SO-MPCA-RS improves the rank 5

recognition rate by 11.07% and 13.73% over TROD-RS and UMPCA-RS on average,

respectively. In conclusion, our controlled experiments confirm the positive impact

of RS on SO-MPCA and other TVB-based multilinear PCA methods (UMPCA and

TROD).

3.1.6 Summary

This subchapter have proposed a novel multilinear PCA algorithm under the TVP

setting, named as semi-orthogonal multilinear PCA with relaxed start (SO-MPCA-

RS). The proposed SO-MPCA approach learns features directly from tensors via
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TVP to maximize the captured variance with the orthogonality constraint imposed

in only one mode. Such semi-orthogonality is firstly used in multilinear PCA meth-

ods and can capture more variance and learn more features than full-orthogonality.

Furthermore, the introduced relaxed start strategy can achieve better generaliza-

tion by fixing the starting projection vectors to uniform vectors. Experiments on

face (second-order tensor) and gait (third-order tensor) recognition show that SO-

MPCA-RS achieves the best overall performance in comparison with competing al-

gorithms. In addition, relaxed start is effective for other TVP-based PCA methods

as well. In future work, we would enforce orthogonality in each meaningful mode

separately (e.g., in x-axis and y-axis of image) and then do a feature/score-level

fusion.

In the following subchapter, we will further solve the feature extraction problem

in presence of missing data.

3.2 Feature Extraction for Incomplete Data via

Low-rank Tensor Decomposition with Feature

Regularization

Multi-dimensional data (tensors) with missing entries are common in real-world. Ex-

tracting features from incomplete tensors is an important yet challenging problem in

many fields such as machine learning, pattern recognition and computer vision. Al-

though the missing entries can be recovered by tensor completion techniques, these

completion methods only focus on missing data estimation instead of effective feature

extraction. To the best of our knowledge, the problem of feature extraction from in-

complete tensors has yet to be well explored in the literature. In this subchapter, we

therefore aim to tackle this problem within the unsupervised learning environment.

Specifically, We incorporate low-rank Tensor Decomposition with feature Variance

Maximization (TDVM) in a unified framework. Based on orthogonal Tucker and

CP decompositions, we design two TDVM methods: TDVM-Tucker and TDVM-CP,
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to learn low-dimensional features viewing the core tensors of Tucker model as fea-

tures and viewing the weight vectors of CP model as features, respectively. TDVM

explores the relationship among data samples via maximizing feature variance, and

meanwhile estimates the missing entries via low-rank Tucker/CP approximation,

leading to informative features extracted directly from observed entries. Further-

more, we generalize the proposed methods by formulating a general model which

incorporates feature regularization into low-rank tensor approximation. Besides, we

develop a joint optimization scheme to solve the proposed methods by integrating the

alternating direction method of multipliers with block coordinate descent method.

Finally, we evaluate our methods on six real-world image and video datasets under

a newly designed multi-block missing setting. The extracted features are evaluated

in face recognition, object/action classification and face/gait clustering. Experi-

mental results demonstrate the superior performance of the proposed methods in

comparison with the state-of-the-art approaches.

3.2.1 Introduction

Feature extraction is one fundamental and significant topic in many fields such

as machine learning, pattern recognition, data mining, computer vision, and so

forth. In recent decades, there are many methods for feature extraction, such as the

classical Principal Component Analysis (PCA) [84]. In real-world, many data such

as color images, videos and 4D fMRI data are multi-dimensional, i.e., tensors, and

have become increasingly popular and ubiquitous in many applications [101]. Tensor

decomposition is a powerful computational tool for extracting valuable information

from tensorial data, which can effectively perform dimensionality reduction, feature

extraction, etc..

To learn features from tensorial data, many multilinear methods have been pro-

posed based on tensor decomposition [126, 221, 111, 165]. There are two popular

and fundamental decomposition models: Tucker decomposition [180] which decom-

poses a tensor into a core tensor multiplied by a factor matrix along each mode, and
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CANDECOMP/PARAFAC (CP) [59, 25] which factorizes a tensor into a weighted

sum of rank-one tensors. Based on Tucker model, for example, multilinear prin-

cipal component analysis (MPCA) [126] is developed as a popular extension of

PCA and can directly extract features from higher-order tensors. Furthermore,

based on CP decomposition, a semi-orthogonal multilinear PCA with relaxed start

(SOMPCARS)[165] improves [127] by relaxing the orthogonality constraint and ini-

tialization on factors. In addition, some robust methods such as robust tensor PCA

(TRPCA) [124] have been well studied for learning features from data with corrup-

tions (e.g., noise and outliers).

In practice, some entries of tensors are often missing in the acquisition process,

costly experiments, etc. [193, 2]. The reasons of missing data are numerous. For

example, in social science, when data are collected in surveys, it is likely that some

people refuse to answer a few questions related to personal privacy or sensitive

topics, thus resulting in missing values with arbitrary patterns [192]. In industrial

applications, some data such as images are corrupted with irregular patterns due to

the insufficient resolution of a device or the dysfunction of an equipment [36]. All in

all, missing data is common in real-world [63]. In these scenarios, the existing feature

learning methods mentioned above cannot work well due to the data with missing

values. How to correctly handle missing data is a fundamental yet challenging

problem in many fields [107, 51, 36], which is critical to many real-world applications

such as classification [193, 144, 63], image inpainting [120] and clustering [201, 45].

However, to the best of our knowledge, effectively extracting features from incomplete

tensors has yet to be well explored.

There are two possible approaches to solving the problem of extracting features

from incomplete tensors. One natural solution is to fill in the missing values and then

view the recovered tensors as the extracted features. There are many tensor com-

pletion techniques extended from matrix completion cases [22], which are widely

used for predicting missing data given partially observed entries and have drawn

much attention in many applications such as image/video recovery [116, 121]. For
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example, Liu et al. [116] defined the Tucker-based tensor nuclear norm by combin-

ing nuclear norms of all matrices unfolded along each mode and proposed a high

accuracy low-rank tensor completion algorithm (HaLRTC) for estimating missing

values in tensor visual data. Jain et al. [80] developed an alternating minimization

algorithm (TenALS) for tensors with a fixed low-rank orthogonal CP decomposition,

which achieves good completion results for incomplete data under certain conditions.

Furthermore, Liu et al. [121] proposed a nuclear norm regularized CP decomposi-

tion method (TNCP) for tensor completion by imposing the Tucker-based tensor

nuclear norm on factor matrices. Although these tensor completion methods can

recover the data well under typical conditions, they only focus on tensor recovery

without considering the relationship among data samples for effective feature ex-

traction. Besides, treating the recovered data as learned features, the dimension of

features cannot be reduced.

Another straightforward approach is a “two-step” strategy: applying tensor com-

pletion algorithms (e.g. HaLRTC) to estimate missing entries first and then feature

extraction methods (e.g. MPCA) on the recovered tensors to learn the features, i.e.,

“tensor completion methods + feature extraction methods”. For example, LRANTD

[221] employs nonnegative Tucker decomposition (NTD) for incomplete tensors by

incorporating low-rank representation (LRA) with nonnegative feature extraction.

LRANTD requires a tensor completion algorithm to estimate the missing entries in

the preceding LRA step. This approach probably amplifies the approximation error

as the missing data and the features are learned in separate stages. Besides, the

reconstruction error from tensor completion step can deteriorate the performance

of feature extraction in the subsequent step. Moreover, the “two-step” strategy

combing two separate methods is usually not computationally efficient.

On the other hand, a few supervised methods are proposed for classifying low-

rank missing data [193, 63] and some works integrate discriminant analysis criterion

into low-rank matrix/tensor completion models for feature classification [196, 83].

However, these methods require labels which are expensive and difficult to obtain
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in practice, especially for incomplete data.

To solve the problem of feature extraction for incomplete tensors, we incorporate

low-rank Tensor Decomposition with feature Variance Maximization (TDVM) in

a unified framework. In this subchapter, we focus on two popular tensor decom-

positions for TDVM and design two methods: TDVM-Tucker and TDVM-CP

based on Tucker and CP models, respectively. These two methods are essentially

under a general unsupervised model which incorporates low-rank Tensor Decompo-

sition with Feature Regularization (TDFR). TDFR simultaneously estimates miss-

ing data via low-rank approximation and explores the relationship among samples

via feature regularization. In other words, TDVM-Tucker and TDVM-CP specify

TDFR by employing low-rank Tucker/CP decomposition for low-rank approxima-

tion and using feature variance maximization as the feature constraint. Specifically,

TDVM-Tucker imposes the Tucker-based tensor nuclear norm on the core tensors of

Tucker decomposition with orthonormal factor matrices (a.k.a., higher-order singu-

lar value decomposition (HOSVD) [32]) while minimizing the approximation error,

and meanwhile maximizes the variance of core tensors. Here the learned core tensors

(analogous to the singular values of a matrix) are viewed as the extracted features.

TDVM-CP realizes the low-rank CP approximation by minimizing the CP-based

tensor nuclear norm [167] of weight vectors and the reconstruction error based on

orthogonal CP decomposition, and meanwhile maximizes the variance of learned

feature vectors for feature regularization. The weight vector of the orthogonal CP

decomposition of a tensor (analogous to the vector of singular values of the SVD of

a matrix) is viewed as the feature vector.

TDVM incorporates Tucker- and CP-based tensor nuclear norm regularization

with variance maximization on features while estimating missing entries, which

results in informative features extracted directly from observed entries. More-

over, TDVM-Tucker aims to learn low-dimensional tensorial features from high-

dimensional incomplete tensors (a.k.a., tensor-to-tensor projection [127]), while TDVM-

CP can extract low-dimensional vectorial features (a.k.a., tensor-to-vector projec-
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tion [127]). The proposed methods differ from both tensor completion methods and

two-step strategies as follows. 1) Tensor completion methods aim to recover the in-

complete tensors only without exploring the relationship among samples for effective

feature extraction. In contrast, TDVM methods focus on extracting low-dimensional

features instead of estimating missing data. Moreover, TDVM utilizes a feature con-

straint (feature variance maximization) to capture the relationship among samples

for extracting informative features; 2) unlike the “two-step” strategies, which learn

the features of incomplete data via two separate stages, TDVM simultaneously esti-

mates missing entries and learns low-dimensional features directly from the observed

entries in the unified framework. Thus, TDVM can extract more informative fea-

tures and reduce computational cost; 3) compared with the supervised methods,

TDVM does not require label information during feature learning, which is more

feasible in practice.

We employ Alternating Direction Method of Multipliers (ADMM) [13] and Block

Coordinate Descent (BCD) for optimization of TDVM. After feature extraction via

TDVM, we evaluate the extracted features on six image and video databases for three

applications: face recognition, object/action classification and face/gait clustering.

The partial work of TDVM-Tucker have been published in [164], and the main

contributions of this work are threefold:

1. We propose two unsupervised methods, TDVM-Tucker and TDVM-CP, for

feature extraction of incomplete tensors. The TDVM methods explore the

relationship among tensor samples via feature variance maximization while

estimating missing values by low-rank approximation, leading to informative

features extracted directly from observed entries. Moreover, we discuss the

generalization of TDVM by proposing the general model TDFR.

2. We develop an ADMM-BCD joint optimization scheme to solve the TDVM-

CP model, where each subproblem of TDVM-CP can be solved in a closed

form although its overall objective is non-convex and non-smooth.

3. We evaluate the proposed methods on six tensor datasets with newly designed
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multi-block missing settings. Tensor with multi-block missing is not only more

general as it covers the existing pixel-based and block-based missing settings,

but also is more difficult and practical in real-world. More importantly, the

experimental results show that the proposed methods outperform the state-

of-the-arts with significant improvements.

The rest of the subchapter is organized as follows. We review related works in Section

3.2.2. Then, we further present the proposed methods and discuss the general model

in Section 3.2.3. We report the empirical results in Section 3.2.5, and conclude this

subchapter in Section V 3.2.6.

3.2.2 Related Works

Considering the target problem of extracting features from incomplete data, there

are four categories of related approaches briefly summarized as followings.

Tensor Completion Approach

Tensor completion approach is extended from the matrix case [22] and widely used

for recovering missing data. There are many successful tensor completion methods,

such as HaLRTC [116], TenALS [80], TNCP [121] and [218, 120, 70, 26]. These

completion methods can achieve good recovery results under typical conditions, but

they only focus on estimating missing data instead of extracting informative features.

Feature Extraction Approach

Many tensor methods have been proposed for feature extraction directly from mul-

tilinear data, e.g., the classical MPCA [126] and [221, 111, 165, 46, 124, 147, 85].

These methods can achieve state-of-the-art results for learning features from com-

plete (and noisy) tensors, however, they cannot perform well on data with missing

values.
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Supervised Classification Approach

Some classification algorithms have been well studied for classifying low-rank missing

data [193, 63]. Besides, a few works have integrated discriminant analysis criterion

into low-rank matrix/tensor completion models for classification [196, 83]. However,

these methods require labels which are expensive and difficult to obtain in practice,

especially for incomplete data.

Subspace Clustering Approach Subspace clustering models such as sparse sub-

space clustering [41] have been applied in presence of missing data in [201, 45].

Besides, some works have incorporated matrix completion approach with subspace

clustering for incomplete matrices [42, 40]. However, these algorithms do not achieve

good results for learning features from incomplete tensors because they are devel-

oped for clustering incomplete vectors/matrices.

In Section 3.2.5, we will compare the proposed unsupervised methods with re-

lated state-of-the-art algorithms selected from above categories except the category

3) as they are supervised.

3.2.3 The Proposed: TDVM-Tucker and TDVM-CP

Problem Definition

Given a total M tensor samples {T1, · · · , Tm, · · · , TM} with missing entries in each

sample Tm ∈ RI1×···×IN . In is the mode-n dimension. We denote T = [T1, · · · , Tm, · · · TM ] ∈

RI1×···×IN×M , where the M are the number of tensor samples concatenated along the

mode-(N + 1) of T . To achieve feature extraction (dimension reduction) objective,

we aim to directly extract low-dimensional features from the given high-dimensional

incomplete tensors T .

Remark 1: This problem is different from the case of data with corruptions (e.g.,

noise and outliers) which has been well studied in [124, 195, 114, 41]: missing data

could be equivalent to the corruption case only if the corruptions are arbitrary and
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the indices of corruptions are known. However, the magnitudes of corruptions in

reality are not arbitrarily large. In other words, here we study a different feature

extraction problem and existing methods cannot solve it well.

To solve this problem, we propose an unsupervised feature extraction approach

by incorporating low-rank Tensor Decomposition with feature Variance Maximization

(TDVM). Based on two widely used Tucker and CP decomposition models, we de-

velop two algorithms of TDVM in the following.

TDVM-Tucker: Learning Low-dimensional Tensor Features

We first propose a TDVM method based on orthogonal Tucker decomposition: we

impose the Tucker-based tensor nuclear norm on the core tensors while minimizing

the reconstruction error, and meanwhile maximize the variance of core tensors (fea-

tures), i.e., incorporating low-rank Tucker Decomposition with feature Variance

Maximization, namely TDVM-Tucker:

min
Xm,Cm,U(n)

M∑
m=1

1

2
‖Xm − Cm×1U

(1) · · · ×NU(N)‖2
F

+
M∑
m=1

‖Cm‖∗ −
M∑
m=1

1

2
‖Cm − C̄‖2

F ,

s.t. PΩ(Xm) = PΩ(Tm),U(n)>U(n) = I, n = 1 · · ·N,

(3.2.20)

where {U(n) ∈ RIn×Rn}Nn=1 are common factor matrices with orthonormal columns.

I ∈ RRn×Rn is an identity matrix. Cm ∈ RR1×···×RN is the core tensor which consists

of the extracted features of an incomplete tensor Tm with observed entries in Ω.

‖Cm‖∗ is the Tucker-based tensor nuclear norm of Cm. C̄ = 1
M

∑M
m=1 Cm is the mean

of core tensors (extracted features).

To optimize the objective function of TDVM-Tucker using ADMM, we apply

the variable splitting technique and introduce a set of auxiliary variables {Sm ∈
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RR1×···×RN ,m = 1 · · ·M}, and then reformulate Eq. (3.2.20) as:

min
Xm,Cm,Sm,U(n)

M∑
m=1

1

2
‖Xm − Cm×1U

(1) · · · ×NU(N)‖2
F

+
M∑
m=1

‖Sm‖∗ −
M∑
m=1

1

2
‖Cm − C̄‖2

F ,

s.t. PΩ(Xm) = PΩ(Tm),Sm = Cm,U(n)>U(n) = I.

(3.2.21)

Remark 2: The objective function Eq. (3.2.21) integrates three terms in a uni-

fied framework. The first and second term lead to low-rank Tucker approximation,

which aims to minimize the reconstruction error and obtains low-dimensional fea-

tures. Since imposing the Tucker-based tensor nuclear norm on a core tensor Cm

is equivalent to that on its original tensor Xm [119], we obtain a low-rank solution,

i.e. Rn can be small (Rn < In). Therefore, the feature subspace is naturally low-

dimensional. Moreover, imposing nuclear norm on core tensors instead of original

ones reduces computational cost. The third term (minimizing −
∑M

m=1
1
2
‖Cm−C̄‖2

F )

aims to maximize the variance of learned features inspired by PCA. TDVM-Tucker

thus explores the relationship among tensor samples via feature variance maximiza-

tion while estimating the missing data via low-rank Tucker approximation.

Derivation of TDVM-Tucker by ADMM: For easy derivation of Eq. (3.2.21),

we reformulate it by unfolding each tensor variable along mode-n and absorbing the

constraints3. Thus, we get the Lagrange function as follows:

L =
M∑
m=1

N∑
n=1

(
1

2
‖X(n)

m −U(n)C(n)
m H(n)>‖2

F

+ ‖S(n)
m ‖∗ + < Ymn,C

(n)
m − S(n)

m >

+
µ

2
‖C(n)

m − S(n)
m ‖2

F −
1

2
‖C(n)

m − C̄(n)‖2
F

) (3.2.22)

where H(n) = U(N)
⊗
· · ·
⊗

U(n+1)
⊗

U(n−1) · · ·
⊗

U(1) ∈ R
∏

j 6=n Ij×
∏

j 6=nRj , and µ

and {Ymn ∈ RRn×
∏

j 6=nRj , n = 1, · · · , N,m = 1, · · · ,M} are the Lagrange mul-

3For simplicity, the iteration number k is omitted in the updates of all variables in TDVM-

Tucker and TDVM-CP optimization.
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tipliers. X
(n)
m ∈ RIn×

∏
j 6=n Ij and {C(n)

m ,S
(n)
m , C̄(n)} ∈ RRn×

∏
j 6=nRj are the mode-n

unfolded matrices of Xm and {core tensor Cm, auxiliary variable Sm, mean of fea-

tures C̄}, respectively.

ADMM solves the problem (3.2.22) by successively minimizing L over {S(n)
m ,U(n),

C
(n)
m ,X

(n)
m }, and then updating Ymn.

Update S
(n)
m Eq. (3.2.22) with respect to S

(n)
m is,

L
S

(n)
m

=
M∑
m=1

N∑
n=1

(
‖S(n)

m ‖∗ +
µ

2
‖(C(n)

m + Ymn/µ)− S(n)
m ‖2

F

)
, (3.2.23)

where S
(n)
m is computed via soft-thresholding operator [19]:

S(n)
m = prox1/µ(C(n)

m + Ymn/µ) = Udiag(maxσ − 1

µ
, 0)V>, (3.2.24)

where prox is the soft-thresholding operation and U diag(maxσ − 1
µ
, 0)V> is the

SVD of (C
(n)
m + Ymn/µ).

Update U(n) Eq. (3.2.22) with respect to U(n) is:

LU(n) =
M∑
m=1

N∑
n=1

1

2
‖X(n)

m −U(n)C(n)
m H(n)>‖2

F , s.t. U(n)>U(n) = I, (3.2.25)

The minimization of (3.2.25) over the matrices {U(1), · · · ,U(N)} with orthonor-

mal columns is equivalent to the maximization of the following problem [161]:

U(n) = arg max trace
(
U(n)>X(n)

m (C(n)
m H(n)>)

>)
(3.2.26)

where trace() is the trace of a matrix, and we denote W(n) = C
(n)
m H(n)>. The

problem (3.2.26) is actually the well-known orthogonal Procrustes problem [65],

whose global optimal solution is given by the SVD of X
(n)
m W(n)>, i.e.,

U(n) = Û(n)(V̂(n))
>
, (3.2.27)

where Û(n) and V̂(n) are the left and right singular vectors of SVD of X
(n)
m W(n)>,

respectively.
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Algorithm 2 Low-rank Tensor (Tucker) Decomposition with Feature Variance

Maximization (TDVM-Tucker)

1: Input: Incomplete tensors PΩ(T ), Ω, µ, and the maximum iterations K, feature

dimension D = [R1, · · · , RN ] (Tucker-rank), and stopping tolerance tol.

2: Initialization: Set PΩ(Xm) = PΩ(Tm),PΩc(Xm) = 0,m = 1, · · · ,M ; initialize

{Cm}Mm=1 and {U(n)}Nn=1 randomly; ρ = 10, µmax = 1e10.

3: for k = 1 to K do

4: for m = 1 to M do

5: for n = 1 to N do

6: Update S
(n)
m , U(n) and C

(n)
m by (3.2.24), (3.2.27) and (3.2.29) respectively.

7: Update Ymn by Ymn = Ymn + µ(C
(n)
m − S

(n)
m ).

8: end for

9: Update Xm by (3.2.31).

10: end for

11: If ‖Cm − Sm‖2F /‖Cm‖2F < tol, break; otherwise, continue.

12: Update µk+1 = min(ρµk, µmax).

13: end for

14: Output: Tensorial features: C = [C1, · · · , Cm, · · · CM ] ∈ RR1×···×RN×M .

Update C
(n)
m Eq. (3.2.22) with respect to C

(n)
m is:

L
C

(n)
m

=
M∑
m=1

N∑
n=1

(
‖X(n)

m −U(n)C(n)
m H(n)>‖2

F +
µ

2
‖C(n)

m − S(n)
m

+ Ymn/µ‖2
F −

1

2
‖(1− 1

M
)C(n)

m − 1

M

M∑
j 6=m

C
(n)
j ‖2

F

)
,

(3.2.28)

setting the partial derivative ∂L
C

(n)
m
/∂C

(n)
m to zero, we get:

C(n)
m =

M2

M2µ+ 2M − 1

(
µS(n)

m −Ymn + U(n)>

X(n)
m H(n) −

(
(

1

M
− 1

M2
)
M∑
j 6=m

C
(n)
j

))
.

(3.2.29)
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Update Xm Eq. (3.2.21) with respect to Xm is:

M∑
m=1

1

2
‖Xm − Cm×1U

(1)×2U
(2) · · · ×NU(N)‖2

F ,

s.t. PΩ(Xm) = PΩ(Tm),

(3.2.30)

by deriving the Karush-Kuhn-Tucker (KKT) conditions for function (3.2.30), we can

update Xm by:

Xm = PΩ(Xm) + PΩc(Cm×1U
(1)×2U

(2) · · · ×NU(N)). (3.2.31)

We summarize the proposed method, TDVM-Tucker, in Algorithm 2.

Remark 3: TDVM-Tucker explores the relationship among tensor samples via fea-

ture variance maximization while estimating the missing data via low-rank Tucker

approximation, leading to low-dimensional informative features directly from ob-

served entries. The proposed methods differ from both tensor completion methods

and two-step strategies as follows.

• Tensor completion methods aim to recover incomplete tensors only without ex-

ploring the relationship among samples for effective feature extraction. In con-

trast, TDVM-Tucker focuses on extracting low-dimensional features instead of

estimating missing data. Moreover, TDVM utilizes a feature constraint (fea-

ture variance maximization) to capture the relationship among samples for

extracting informative features.

• Unlike the “two-step” strategies, which learn the features of incomplete data

via two separate stages, TDVM-Tucker simultaneously estimates missing en-

tries and learns low-dimensional features directly from the observed entries in

the unified framework. The “two-step” strategies can amplify the approxima-

tion error because the missing data and the features are learned in separate

stages, and the reconstruction error from the tensor completion step can de-

teriorate the performance of feature extraction in the subsequent step. This

claim has been verified by our experimental results (as shown in the Tables

3.5, 3.6 and 3.7 in Section 3.2.5). Therefore, TDVM-Tucker and TDVM-CP
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(which is introduced in the following) can extract more informative features

within the unified framework.

TDVM-CP: Learning Low-dimensional Vector Features

We further propose another new TDVM method to learn low-dimensional vectorial

features based on CP decomposition, i.e., incorporating low-rank CP decomposition

with feature variance maximization, namely TDVM-CP. Since tensor decomposi-

tion with missing data is more challenging than that with complete data in tradi-

tional problems, here we consider incorporating orthogonality into the CP model for

TDVM-CP (i.e., imposing orthogonality constraints on factors {u(n)
r } in Eq. (2.2.4))

with the following two motivations:

• Like HOSVD [32], CP decomposition can be regarded as a generalization of

SVD to tensors [29]. It seems natural to inherit the orthogonality of SVD in

CP model.

• Orthogonality constraint is considered unnecessary in general or even impossi-

ble in certain cases in exact CP decomposition [35, 212, 11], but some studies

prove that imposing orthogonality in CP decomposition can turn non-unique

tensor model into a unique one with guaranteed optimality [212, 80, 3].

Like the orthogonality used in TDVM-Tucker, we think that imposing orthogonality

constraints can help TDVM-CP to estimate the missing values and extract features

better. Besides, here we do not use Tucker-based nuclear norm [116], instead, we use

a new CP-based tensor nuclear norm 4 [167] to achieve low-rank CP approximation.

In other words, TDVM-CP couples orthogonal CP decomposition with the CP-

based tensor nuclear norm for the low-rank approximation, while maximizing the

variance of learned features as the feature regularization term. Thus, the objective

4For easy reading, we use ‖dm‖1 instead of ‖Xm‖CP in the derivation.
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function of TDVM-CP is:

min
Xm,dm,u

(n)
r ,R

M∑
m=1

1

2
‖Xm −

R∑
r=1

dmru
(1)
r ◦ · · · ◦ u(N)

r ‖2
F

+
M∑
m=1

λ‖dm‖1 −
M∑
m=1

1

2
‖dm − d̄‖2

2,

s.t. PΩ(Xm) = PΩ(Tm),u(n)
r

>
u(n)
r = 1, n = 1 · · ·N,

u(n)
r

>
u(n)
q = 0, q = 1 · · · r − 1, r = 1 · · ·R,

(3.2.32)

where ‖dm‖1 is the CP-based tensor nuclear norm on each weight vector, and we

view the weight vector dm ∈ RR of the orthogonal CP decomposition (analogous

to the vector of singular values of a matrix) as the feature vector extracted from

a tensor sample Xm. d̄ = 1
M

∑M
m=1 dm is the mean of weight vectors (extracted

features). λ > 0 is a penalty parameter. Compared with TDVM-Tucker, TDVM-

CP can obtain much lower dimension features because it learns vectorial features

from each tensor sample.

ADMM-BCD Joint Optimization for TDVM-CP: To solve the objective

function Eq. (3.2.32) which is non-convex and non-smooth, we design a ADMM-

BCD joint optimization scheme. We divide all the target variables into M× (R + 1)

groups: {{dmr,u(1)
r ,u

(2)
r , · · · ,u(N)

r }Rr=1,Xm}Mm=1, where we optimize a group of vari-

ables while fixing the other groups, and update one variable while fixing the other

variables in each group. After updating the R + 1 groups for each sample using

BCD, we jump to outside loop to update all samples iteratively using ADMM. In

order to apply ADMM, we introduce a set of auxiliary variables {sm ∈ RR}Mm=1 for

the weight vectors {dm}Mm=1, i.e., sm = dm ∈ RR,m = 1 · · ·M . Then, we formulate

the Lagrangian function of Eq. (3.2.32) as:

L =
M∑
m=1

(
1

2
‖Xm −

R∑
r=1

dmru
(1)
r ◦ · · · ◦ u(N)

r ‖2
F + λ‖dm‖1

− 1

2
‖sm − s̄‖2

2+ < ym,dm − sm > +
γ

2
‖dm − sm‖2

2

)

− η(u(n)
r

>
u(n)
r − 1) −

r−1∑
q=1

µqu
(n)
r

>
u(n)
q ,

(3.2.33)
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where γ, η, {µq}r−1
q=1 and ym are the Lagrange multipliers.

In the ADMM-BCD joint optimization, we first update the variables {dmr,u(1)
r ,

u
(2)
r , · · · ,u(N)

r }Rr=1 of each data sample via BCD. Thus, we formulate the Eq. (3.2.33)

with respect to the r-th group {dmr,u(1)
r ,u

(2)
r · · · ,u(N)

r } as:

L
dmr,u

(n)
r

=
1

2
‖Xmr − dmru(1)

r ◦ u(2)
r ◦ · · · ◦ u(N)

r ‖2
F + λ|dmr|

+
γ

2
‖dmr + ymr/γ − smr‖2

2

− η(u(n)
r

>
u(n)
r − 1)−

r−1∑
q=1

µqu
(n)
r

>
u(n)
q ,

(3.2.34)

where Xmr = Xm−
∑r−1

q=1 dmqu
(1)
q ◦u(2)

q ◦· · ·◦u(N)
q is the residual of the approximation

of each tensor sample.

Update u
(n)
r Eq. (3.2.34) with respect to u

(n)
r is,

L
u

(n)
r

=
1

2
‖Xmr − dmru(n)

r ◦ u(2)
r · · · ◦ u(N)

r ‖2
F

− η(u(n)
r

>
u(n)
r − 1)−

r−1∑
q=1

µqu
(n)
r u(n)

q .
(3.2.35)

Then we set the partial derivative of L
u

(n)
r

with respect to u
(n)
r to zero and

eliminate the Lagrange multipliers, and get:

u(n)
r =(Xmr ×j {u(j)

r }j 6=n)/dmr

−
( r−1∑
q=1

u(n)
q

>
(Xmr ×j {u(j)

r }j 6=n) u(n)
q

)
/dmr,

(3.2.36)

where Xmr ×j {u(j)
r }j 6=n = Xmr ×1 u

(1)
r · · · ×(n−1) u

(n−1)
r ×(n+1) u

(n+1)
r · · · ×N u

(N)
r , j =

1, 2, · · · , n − 1, n + 1, · · · , N , and we normalize u
(n)
r = u

(n)
r /‖u(n)

r ‖2. Note that we

only update the variable groups with non-zero weights (i.e. dmr 6= 0).

Update dmr Eq. (3.2.34) with respect to dmr is:

Ldmr =
1

2
‖Xr − dmru(1)

r ◦ u(2)
r · · · ◦ u(n)

r ‖2
F + λ|dmr|

+
γ

2
‖dmr + ymr/γ − smr‖2

2.

(3.2.37)
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Setting the partial derivative ∂Ldmr/∂dmr to zero, we obtain,

dmr =
1

(1 + γ)

(
γsmr − ymr + Xr ×1 u(1)

r ×2 u(2)
r

· · · ×N u(N)
r − λ|dmr|/∂dmr

)
.

(3.2.38)

According to the soft thresholding algorithm [143] for L1 regularization, we update

dmr by:

dmr = shrink t(Q) =


Q− t (Q > t)

0 (|Q| ≤ t)

Q+ t (Q < −t)

. (3.2.39)

where shrink is the shrinkage operator [143], and t = λ
(1+γ)

, Q = 1
(1+γ)

(γsmr − ymr +

Xr ×1 u
(1)
r ×2 · · · ×N u

(N)
r ).

After updating {dmr,u(1)
r ,u

(2)
r , · · · ,u(N)

r }Rr=1 by BCD method, we jump out of

inner loop for each tensor sample and go to update the variables {sm,Xm}Mm=1 for

all tensor samples iteratively via ADMM.

Update sm Eq. (3.2.33) with respect to sm is,

Lsm =
M∑
m=1

1

2
γ‖dm + ym/γ − sm‖22 −

M∑
m=1

1

2
‖sm − s̄‖22, (3.2.40)

where ym consists of Lagrange multipliers. Then we set the partial derivative

∂Lsm/∂sm to zero and obtain,

sm =
M2

γM2 + 1− 2M +M2

(
γdm + ym

)
+

M − 1

γM2 + 1− 2M +M2

M∑
j 6=m

sj

(3.2.41)

Update Xm Eq. (3.2.32) with respect to Xm is,

min
Xm

1

2
‖Xm−

R∑
r=1

dmru
(1)
r ◦ u(2)

r · · · ◦ u(N)
r ‖2F ,

s.t. PΩ(Xm) = PΩ(Tm),

(3.2.42)

by deriving KKT conditions for Eq. (3.2.42), Xm is updated by:

Xm = PΩ(Xm) + PΩc(
R∑
r=1

dmru
(1)
r ◦ u(2)

r · · · ◦ u(N)
r ). (3.2.43)
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Using the ADMM-BCD joint optimization, we have solved each subproblem of

Eq. (3.2.32) in a close form. Finally, we summarize the proposed TDVM-CP in

Algorithm 3.

Remark 4: TDVM-CP shares the similar spirit as TDVM-Tucker, but it can

obtain features with lower dimension than TDVM-Tucker: the former extracts low-

dimensional vector features from each data sample, while the latter aims to learn low-

dimensional tensor features from each sample. Thus, using TDVM-CP to extract

features can reduce the computational cost and memory requirements for further

applications such as classification and clustering.

Computational Complexity Analysis

For TDVM-Tucker, we set the feature dimensions (Tucker-rank) R1 = R2 · · · =

RN = R for simplicity. At each iteration, the time complexity of computing the soft-

thresholding operator (3.2.24) is O(MNRN+1). The time complexities of multiplica-

tions in (3.2.27)/(3.2.29) and (3.2.31) are O(MNR(
∏N

j=1 Ij)) and O(MR(
∏N

j=1 Ij)),

respectively. Thus, the total time complexity of TDVM-Tucker isO(M(N+1)R(
∏N

j=1 Ij))

in each iteration. For TDVM-CP, the time complexity of performing the shrinkage

operator in (3.2.39) is O(R(
∏N

j=1 Ij). This is also the time complexity of comput-

ing {u(n)
r }Nn=1 and Eq. (3.2.43). Hence, the total time complexity of TDVM-CP is

O(MR(
∏N

j=1 Ij) in each iteration.

3.2.4 Discussion: General Model–TDFR

The proposed TDVM-Tucker and TDVM-CP essentially can be summarized into a

general model, i.e., low-rank Tensor Decomposition with Feature Regularization

(TDFR):

min
X ,Z

F (X , Z) +G(Z) s.t. PΩ(X ) = PΩ(T ), (3.2.44)

where F (X , Z) refers to a low-rank tensor decomposition model and G(Z) is a reg-

ularization of target features Z. X ∈ RI1×I2×···IN×M is the approximation of incom-
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Algorithm 3 Low-rank Tensor (CP) Decomposition with Feature Variance

Maximization (TDVM-CP)

1: Input: Incomplete tensors PΩ(T ), Ω, λ, feature dimension D = R (CP-rank), maxi-

mum iterations K, and tol.

2: Initialization: Set PΩ(Xm) = PΩ(Tm), PΩc(Xm) = 0, γ = 10; Initialize

{u(1)
r ,u

(2)
r , · · ·u(N)

r }Rr=1, {dm}Mm=1 randomly.

3: for k = 1, ...,K do

4: for m = 1, ...,M do

5: Xmr = Xm;

6: for r = 1, ..., R do

7: if dmr 6= 0 then

8: Update u
(n)
r and dmr by (3.2.36) and (3.2.39),respectively.

9: Xmr = Xmr − dmru(1)
r ◦ u

(2)
r · · · ◦ u

(N)
r .

10: end if

11: end for

12: Update sm and Xm by (3.2.40) and (3.2.43) respectively.

13: Update ym = ym + γ(dm − sm)

14: end for

15: If ‖dm − sm‖22/‖dm‖22 < tol , break; otherwise, continue.

16: end for

17: output: Vectorial features D = [d1, · · ·dm, · · ·dM ] ∈ RR×M .

plete data (tensors) T based on observed entries indexed by Ω. Z is a component

of X and could be a lower-dimensional tensor (e.g. a core tensor of Tucker model)

or vector (e.g. a weight vector of CP model) which consists of all features extracted

from T .

In this subchapter, we specify TDFR by TDVM-Tucker and TDVM-CP. More-

over, we briefly discuss more specific cases of TDFR in Appendix A of the Thesis.

Remark 5: As TDFR simultaneously estimates missing data via low-rank tensor

approximation and explores the relationship among samples via feature regulariza-

tion (e.g., maximizing variance of features in TDVM), we assume that TDFR can
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solve the problem of extracting features from incomplete tensors. Apart from the

two proposed methods, there are many variants of specific cases of the general model

TDFR: 1) For the low-rank approximation F (X , Z) of Eq. (3.2.44), we can not only

use Tucker and CP decompositions cooperated with the Tucker- and CP-based ten-

sor nuclear norm, but also can consider other tensor decomposition models such as

Tensor SVD [215, 124], Tensor-train decomposition [142, 10], etc., coupling with

other constraints such as Tensor Nuclear Norm [215, 124] to achieve low-rank tensor

approximation; 2) For the feature regularization G(Z), we can not only use variance

maximization as regularization like TDVM, but also can employ other constraints

such as uncorrelation or orthogonality, etc. to learn informative features.

3.2.5 Experiments

We evaluate the performance of the proposed TDVM-Tucker and TDVM-CP on six

real-world tensor datasets with 30% − 90% missing entries via multi-block missing

settings. We use “MR” for the Missing Ratio. We implemented the proposed

methods in MATLAB and all experiments were performed on a PC (Intel Xeon(R)

4.0GHz, 64GB memory).

Experimental Setup

Data We evaluate TDVM-Tucker and TDVM-CP on six real-world datasets in

three applications, including four third-order tensors and two fourth-order tensors5:

• For face recognition, we use two face datasets: one is a subset of Facial

Recognition Technology database (FERET)6 [150], which has 721 face sam-

ples from 70 subjects. Each subject has 8 to 31 faces with at most 15 degrees

of pose variation and each face image is normalized to a 80 × 60 gray image.

The other is a subset of extended Yale Face Database B (YaleB) 7 [110], which

5For fast evaluation, we use resized tensor samples with smaller dimensions, while the proposed

methods are applicable to original (larger) tensors without subsampling (resizing).
6 http://www.dsp.utoronto.ca/~haiping/MSL.html
7 http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html
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has 2414 face samples from 38 subjects. Each subject has 59 to 64 near frontal

images under different illuminations and each image is normalized to a 32×32

gray image.

• For object/action classification tasks, we evaluate two datasets: one is

a subset of COIL-100 image database that contains 100 different objects

each viewed from 72 different angles 8[140]. The size of each sample (to-

tally 1000 samples) is normalized to 64 × 64 gray image following [148]. The

other is a subset of Weizmann action dataset 9 [12]. It consists of 80 videos

of 8 actors performing ten different actions: “bending”, “jumping”, “jump-

ing jack”, “jumping in place”, “running”, “galloping sideways”, “skipping”,

“walking, “one hand-waving”, and “two hands waving”. Each video is resized

to 32× 22× 10.

• For face/gait clustering tests, we also test two datasets: one is a subset of

AR face database [134]. We use the AR subset 10 which contains 1200 face

images with size 55×40 of 100 subjects including non-occluded faces, and face

occluded with scarves/glasses following [148]; the other is the gallery set (731

samples from 71 subjects) of the USF HumanID “Gait Challenge” database

11 [159]. Each gait video sample is resized to 64× 44× 20.

Compared Methods We compare TDVM-Tucker and TDVM-CP with 17 meth-

ods in four categories:

(i) Three tensor completion methods: HaLRTC [116], TenALS [80] and TNCP

[121].

(ii) Nine {tensor completion methods + feature extraction methods} (i.e., “two-

step” strategies): HaLRTC + MPCA [126], TenALS + MPCA, TNCP +

MPCA, HaLRTC + SOMPCARS [165], TenALS + SOMPCARS, TNCP

8http://machineilab.org/users/pengxi
9http://www.wisdom.weizmann.ac.il/~vision/SpaceTimeActions.html

10http://machineilab.org/users/pengxi
11 http://www.dsp.utoronto.ca/~haiping/MSL.html
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+ SOMPCARS, HaLRTC + LRANTD [221], TenALS + LRANTD,

TNCP + LRANTD.

(iii) One robust tensor feature learning method: TRPCA [124].

(iv) Four clustering methods (used for the comparison of clustering with missing

data): Sparse subspace clustering (SSC) [41], Zero-Fill + SSC (ZF + SSC)

[201], SSC by Column-wise Expectation-based Completion (SSC-CEC) [201],

Sparse Representation with Missing Entries and Matrix Completion (SRME-

MC) [45].

We compare the 13 methods of the first three categories for face recognition and

object/action classification tasks, and compare all 17 methods in face/gait cluster-

ing tests. After feature extraction, we use the Nearest Neighbors Classifier (NNC)

to evaluate the extracted features for face recognition and object/action classifica-

tion. For face/gait clustering tests, we use the K-mean [18] to cluster the features

extracted by the first 13 methods and use spectral clustering technique as post-

processing step of the four subspace clustering methods.

Missing Data Setting

(a) (b) (c)

Figure 3.3: One example of (a) original images of FERET and YaleB with (b)

50% pixel-based and with (c) 40 × 30 and 16 × 16 block-based missing entries,

respectively.

We set the tensors with there types of missing data: Pixel-based missing,

Block-based missing, and Multi-block missing setting In this subchapter.
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Original FERET sample Missing 30% entries Missing 50% entries Missing 70% entries Missing 90% entries

(a) FERET with {20×15, 6×8, 4×4, 1×1} multi-block missing entries.

Original video frame 1 Missing 30% entries Missing 50% entries Missing 70% entries Missing 90% entries

Original video frame 10

Original video frame 15

Original video frame 20

(b) USF gait with {32×20×10, 20×15×5, 4×3×4, 1×1×1} multi-block missing entries.

Figure 3.4: Examples of (a) one sample of FERET database (b) four frames of the

first video sample (20 frames) of USF gait database, with {30%, 50%, 70%, 90%}

missing entries generated by MbM settings.

Type 1. Pixel-based Missing: We uniformly select 10%− 90% pixels (entries)

of tensors as missing at random. Pixel-based missing setting is widely used in tensor

completion domain. One example (e.g., missing 50% entries) is shown in Fig. 3.3(b).

Type 2. Block-based Missing: We randomly select B1 × B2 block pixels of

each tensor sample as missing. The missing block is random in each sample. One

example (e.g., {B1 = 40, B2 = 30} for FERET and {B1 = 16, B2 = 16} for YaleB)

is shown in Fig. 3.3(c). In practice, some parts of a face can be covered by some

objects such as a sunglass, which can be regarded as the block-based missing case.
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Type 3. Multi-block Missing (MbM) Setting: Apart from two common used

existing missing setting, we design a new “Multi-block Missing (MbM)” setting

to generate missing patterns of tensors. According to the data sample size, we use

a set of tensorial blocks with different sizes as missing blocks to generate missing

entries randomly in each tensor sample. We progress from the largest missing blocks

to the smallest missing blocks to generate missing patterns until the required ratio

of missing entries is achieved. For example, we can use a random set of missing

blocks {32×20×10, 20×15×5, 4×3×4, 1×1×1} to obtain incomplete USF gait

database (sample size 64×44×20) with 50% missing entries: we first use k largest

(32×20×10) blocks to create missing entries randomly until the (k+1)th largest block

exceeds the required missing ratio (e.g. k = 5), and then we use p second largest

(20×15×5) blocks until the (p + 1)th second largest block exceeds the required

missing ratio (e.g. p = 12), and we further continue to use s third largest (4×3×4)

blocks (e.g. s = 25) to continue the missing data generation successively, and finally

use q missing blocks with smallest size (e.g. q = 70) to make up the remaining

missing region. In this way, we use (k+p+s+ q) different size missing blocks to

generate an incomplete USF gait tensor sample with 50% missing entries. Here,

these missing blocks can be overlapped (i.e., the values of k, p, s, q are different in

different samples) and the missing blocks are distributed randomly in each tensor

sample. Hence, the irregular missing shapes (positions of missing data, i.e., Ω) are

different in each tensor sample, while the total number of missing entries is the same.

Nevertheless, one can set any types of MbM sets with multiple blocks of different

sizes in a MbM setting. Figure 3.4 illustrates the data samples with missing entries

generated by the proposed MbM settings.

Remark 6: Multi-block Missing setting generates different irregular missing shapes

(missing patterns) in tensor samples, which is more general and practical in real-

world. MbM setting with only one type of block (with size = 1) is equivalent to

the pixel-based missing (uniformly select MR (e.g. MR = 50%) pixels (entries) of

each tensor sample as missing at random) which is widely used in matrix/tensor

61



completion fields. MbM setting with only one type of block (with size > 1) is

equivalent to the block-based missing (randomly select a single block entries of each

tensor sample as missing) which is also commonly used in missing data imputa-

tion. In other words, existing missing data settings are special cases of our MbM

setting. Intuitively, handling data with general MbM setting is more difficult than

that with pixel-based missing and block-based missing if same number of entries are

missing. That is because MbM setting is somehow close to non-random missing

especially when MR is higher (e.g., when MR= 90%, some whole rows/columns of

images/videos are missing as shown in Figure 3.4), although MbM setting is essen-

tially random block missing with overlapping.

Parameter settings: We set the maximum iterations K = 500, tol = 1e − 5 for

all methods although our methods usually converge within 10 iterations. For Tucker

decomposition-based methods including TDVM-Tucker and LRANTD, we set the

feature dimension D=[R1, R2, · · · , RN ] (Tucker-rank)=round(1/2×([I1, I2, · · · IN ]))

for each tensor sample. For CP decomposition-based methods including TDVM-CP,

TenALS and TNCP, we setD=R (CP-rank) = round (min{1/2×mean([I1, I2, · · · , IN ]),

min([I1, I2, · · · , IN ])}) for each sample. For other parameters of the compared meth-

ods, we have tuned the parameters based on the original papers to get their best

results under same experimental settings. On the other hand, we further evaluate

extracted features for classification via NNC, where we randomly select L = {1, 7}

extracted feature samples from each subject of FERET for training in NNC. Sim-

ilarly, we set L = {5, 50}, {1, 8} and {1, 7} on YaleB, COIL-100 and Weizmann

datasets, respectively.

Analysis of Different (Parameter) Settings and Convergence

Effect of Different Multi-block Missing Settings Here we study the effect of

applying TDVM-Tucker and TDVM-CP on datasets with different MbM settings.

We randomly set seven MbM sets using different types of missing blocks to generate

missing pattern on Weizmann database to obtain incomplete Weizmann data, i.e.:
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MbM set 1 using only one type of block with size {8× 6× 3}, which also refers

to the commonly used block-based missing setting; MbM set 2 using two types of

blocks:{5×4×8, 7×3×2}; MbM set 3 using three types of blocks: {8×5×3, 3×5×

2, 2×2×2}; MbM set 4 using four types of blocks: {10×8×6, 4×7×5, 3×3×3, 1×1×1};

MbM set 5 using four types of blocks: {15×7×3, 3×13×9, 12×12×4, 2×2×2}; MbM

set 6 using five types of blocks: {12×6×10, 8×5×4, 4×7×5, 2×3×4, 2×2×2}; MbM

set 7 using only one type of block with size = 1 (1×1×1), which is equivalent to the

pixel-based missing setting widely used in matrix/tensor completion. Using above

seven MbM sets, we generate incomplete Weizmann database (32× 22× 10× 80)

with 30% − 90% missing entries. TDVM-Tucker and TDVM-CP directly extract

16×11×5×80 and 10×80 features from these incomplete tensors respectively, and

these features are further evaluated via NNC using L = 7 video feature samples per

subject (each subject has 8 samples) as training.
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(a) TDVM-Tucker on Weizmann with MbM settings
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MbM set 1: {8×6×3}
MbM set 2: {5×4×8, 7×3×2 }
MbM set 3: {8×5×3, 3×5×2, 2×2×2}
MbM set 4: {10×8×6, 4×7×5, 3×3×3, 1×1×1}
MbM set 5: {15×7×3, 3×13×9, 12×12×4, 2×2×2}
MbM set 6: {12×6×10, 8×5×4, 4×7×5, 2×3×4, 2×2×2}
MbM set 7: {1× 1× 1}

(b) TDVM-CP on Weizmann with MbM settings

Figure 3.5: Classification results of Weizmann with 30% − 90% missing entries

generated by seven different MbM settings via TDVM-Tucker and TDVM-CP (feature

dimension D = {16× 11× 5, 10} respectively).

Figure 3.5 shows that: on Weizmann dataset with various missing patterns using

different random MbM sets, both TDVM-Tucker and TDVM-CP always achieve

good results. Two cases are particularly worth mentioning: on Weizmann with

MbM set 1 and set 7, TDVM-Tucker and TDVM-CP can achieve better classification
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results than other cases (MbM set 2-6 ) especially when MR > 70%. This verifies

our claim mentioned in Remark 6: handling data with MbM setting which uses

multiple missing blocks (MbM set 2-6) is more difficult than that with existing

block-based missing (MbM set 1 ) and pixel-based missing (MbM set 7 ). For general

MbM settings (MbM set 2-6), TDVM-Tucker and TDVM-CP can obtain similar

results with acceptable deviation of classification accuracy. On the other hand,

using these MbM sets with different types of missing blocks, the achieved missing

ratios are probably slightly different, especially for these MbM sets without size = 1

block to make up the remaining missing entries. For example, with MbM set 5, we

actually obtain Weizmann with 29.94% – 89.92% instead of exact 30%– 90% missing

entries because the sizes of missing blocks. This slight difference of actual number of

missing entries can also slightly affect the classification results, leading to increasing

deviation of classification accuracy under different MbM settings.

In short, the proposed TDVM-Tucker and TDVM-CP are not largely sensitive

to the missing patterns on the whole and always obtain good results under various

MbM settings. Thus, in the following tests, we test datasets with four types of

missing blocks in MbM settings for simplicity, and each MbM set includes the size

= 1 block to make sure the total number of missing entries is the same under different

MbM settings.

Effect of Different Feature Dimensions We study the effect of different fea-

ture dimensions used in TDVM-Tucker and TDVM-CP for feature extraction on

incomplete Weizmann database. Figure 3.6 shows that: both TDVM-Tucker and

TDVM-CP with different dimensions of features stably yield similar classification

results on the whole, except in the case of TDVM-Tucker with D7=2×2×2 (i.e.,

only 8 features are extracted from each 32× 22× 10 video) where the number of

features are too limited to achieve good results. TDVM-CP obtains much less num-

ber of learned features, while it always achieve good results. On the other hand,

as TDVM-Tucker and TDVM-CP are based on orthogonal Tucker and CP models

respectively, the dimension of effective features for TDVM-Tucker is upper-bound
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(a) TDVM-Tucker with different feature dimensions
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D1 = 32
D2 = 21
D3 = 15
D4 = 10
D5 = 8
D6 = 5
D7 = 3

(b) TDVM-CP with different feature dimensions

Figure 3.6: Classification results on Weizmann with 30% − 90% missing entries

(MbM set ={10 × 8 × 6, 4 × 7 × 5, 3 × 3 × 3, 1 × 1 × 1}) via TDVM-Tucker and TDVM-CP with

seven different feature dimensions.

by the data dimension in each mode, and that of TDVM-CP is limited by the min-

imum sample dimension. Thus, setting {D1 = 30× 30× 30 > 32× 22× 10} for

TDVM-Tucker and {D1=32, D2=21, D3=15>10=min [32, 22, 10]} for TDVM-CP

leads to slight deterioration of classification performance especially in the cases of

Weizmann with higher missing ratio (e.g. MR=90%), as seen from Figs. 3.6(a) and

3.6(b) respectively.

In short, the proposed methods are not sensitive to the feature dimensions.

Since the larger feature dimension will increase the computational cost and mem-

ory requirements, and we aim to learn low-dimensional features, we thus set D =

round (1/2× ([I1, I2, · · · IN ])) and D = round (min{1/2×mean([I1, I2, · · · , IN ]),

min([I1, I2, · · · , IN ])}) for TDVM-Tucker and TDVM-CP by default, respectively.

Sensitivity Analysis of Parameter µ and λ Figure 3.7 shows the classification

results given features extracted by TDVM-Tucker and TDVM-CP with 11 different

values of penalty parameters µ and λ respectively on Weizmann videos with 50%

missing entries via a MbM set. As seen from Fig. 3.7(a), TDVM-Tucker yields

good results stably with different values of µ. Figure 3.7(b) shows that the feature

extraction performance of TDVM-CP is also stable and not sensitive to the values of
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(a) TDVM-Tucker with different µ

1 2 3 4 5 6 7
 L (Training Sample Per Subject)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
la

ss
ifi

ca
tio

n 
A

cc
ua

rc
y 

(%
)

 = 1
 = 5
 = 10
 = 15
 = 20
 = 25
 = 30
 = 35
 = 40
 = 45
 = 50

(b) TDVM-CP with different λ

Figure 3.7: Classification results on Weizmann with 50% missing entries (MbM

set ={10 × 8 × 6, 4 × 7 × 5, 3 × 3 × 3, 1 × 1 × 1}) via TDVM-Tucker and TDVM-CP with 11

different values of µ and λ, respectively.
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Figure 3.8: Convergence curves of TDVM-Tucker and TDVM-CP in terms of Relative

Error : ‖Gm − Sm‖2F /‖Gm‖2F and ‖dm − sm‖22/‖dm‖22 respectively, on Weizmann with

50% missing entries (MbM set = {10× 8× 6, 4× 7× 5, 3× 3× 3, 1× 1× 1}).

λ except one case of λ = 1. In other words, the proposed methods are not sensitive

to the parameters on the whole. In addition, as the parameters ρ and γ can be

fixed (fix ρ = 10, γ = 1) inside Algorithm 2 and Algorithm 3 respectively based on

preliminary studies, we thus do not study them here.

In short, we do not need to carefully tune the parameters µ and λ for TDVM-

Tucker and TDVM-CP, respectively. In this subchapter, we fix µ = λ = 10 for all

tests.
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Convergence We study the convergence of TDVM in terms of relative error on

Weizmann dataset with 50% missing entries via a MbM set. Figure 3.8 shows that:

TDVM-Tucker converges within 10 iterations while TDVM-CP needs more iterations

(about 20) to reach convergence. If set tol = 1e−5, our methods converge fast with

around 5-10 iterations.

Application to Face Recognition with Missing Data

To save space, we report the results of six real tensor datasets with {30%, 50%, 70%, 90%}

missing pixels via random MbM settings in Tables 3.5, 3.6 and 3.7 12. In addition,

we also show the evaluational results of the proposed TDVM-Tucker for face recog-

nition task with Pixel/Block-based Missing to compare the three types of missing

setting while do not show the comparison in other tasks for simplicity. We highlight

the best results in bold fonts and second best in underline respectively, and use

“–” to indicate that the method diverges (e.g. TenALS) in some cases. The average

results of 10 runs are reported.

Face recognition with pixel-based missing To save space, for pixel-based

missing case, we report the results of FERET and YaleB with {10%, 30%, 50%, 90%}

missing pixels in Table 3.3. For block-based missing case, we report the results of

FERET with {5 × 10, 20 × 20, 40 × 30, 55 × 55} missing block and YaleB with

{5 × 5, 8 × 10, 16 × 16, 30 × 25} missing block in Table 3.4 respectively. In each

pixel/block-based missing case, we report the recognition rates of randomly select-

ing L = {1, 7} and L = {5, 50} extracted feature samples from each subject of

FERET and YaleB for training in NNC, respectively. We highlight the best results

in bold fonts and second best in underline respectively. We repeat the runs 10 times

of feature extraction and of recognition separately, and report the average results.

TDVM outperforms the other nine methods by {34.69%, 35.72%, 35.19%, 46.65%}

12 The proposed methods are based on low-rank decompositions and thus can yield good results

on tensors with good low-rank structure even when the missing ratio reaches 90%. However, if too

many (e.g., 95%, 99%) entries are missing, the performance of our methods will drop dramatically.
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in all cases of FERET with {10%, 30%, 50%, 90%} missing pixels on average re-

spectively, as shown in the left half of Table 3.3. Besides, TRPCA achieves the

second best results in six cases given more than 50% observations while its perfor-

mance drops dramatically when missing 90% pixels, where the gHOI + LRANTD

takes the second place. Moreover, with less training features (e.g. L = 1) in NNC,

our TDVM has more advantage as it aims to extract low-dimensional informative

features.

The right half of Table 3.3 shows that TDVM outperforms the best performing

existing algorithm (HaLRTC) in all cases of YaleB with {10%, 30%, 50%} missing

pixels by {39.52%, 40.67%, 43.37%} on average, respectively. When the missing

rate achieves 90%, the performance of compared methods drop sharply, excepting

HaLRTC + MPCA which wins other existing methods in this scenario, where our

TDVM keeps the best performance with 77.45% over all the existing methods.

Table 3.3: Face recognition results (average recognition rates %) on the FERET

and YaleB with {10%, 30%, 50%, 90%} pixel-based missing entries.

Data FERET (Image size 80× 60) YaleB (Image size 32× 32)

Missing Pixels 10% 30% 50% 90% 10% 30% 50% 90%

L 1 7 1 7 1 7 1 7 5 50 5 50 5 50 5 50

HaLRTC [116] 36.44 73.59 36.50 73.07 35.75 72.42 21.75 44.03 35.85 76.71 34.78 75.08 31.55 71.77 12.87 31.83

gHOI [119] 36.41 73.94 36.52 73.94 36.53 74.07 29.65 63.72 35.42 76.38 33.40 73.74 28.68 66.91 10.51 19.82

HaLRTC + PCA [84] 32.23 69.74 26.37 63.38 25.56 59.91 6.84 9.05 22.22 51.26 20.70 48.00 16.47 36.63 13.75 32.59

gHOI + PCA [84] 32.24 68.96 28.74 63.51 26.41 61.26 13.90 24.68 29.71 51.79 15.63 36.69 18.42 41.96 4.95 6.75

HaLRTC + MPCA [126] 40.49 75.37 40.08 73.68 38.94 72.77 4.79 7.62 30.23 73.07 29.62 71.36 28.57 69.34 14.45 38.62

gHOI + MPCA [126] 41.18 75.97 41.01 75.89 40.14 74.68 8.76 14.16 30.02 72.59 27.37 68.07 13.71 43.25 4.79 6.17

HaLRTC + LRANTD [221] 34.85 73.64 34.64 72.60 33.89 71.86 15.73 27.88 23.13 55.93 22.03 52.53 20.52 48.79 9.53 22.55

gHOI + LRANTD [221] 36.44 74.11 36.44 74.07 36.68 74.33 30.06 64.42 22.66 54.30 21.64 52.20 21.28 50.33 10.06 20.53

TRPCA [124] 51.27 84.33 46.24 82.08 41.71 79.09 4.61 10.39 32.66 71.83 29.51 68.72 22.56 53.99 2.65 2.72

TDVM-Tucker 85.50 96.23 84.62 95.58 82.01 94.59 58.39 79.57 93.21 98.40 92.28 98.91 91.93 98.13 87.15 97.20
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Table 3.4: Face recognition results (average recognition rates %) on the FERET

and YaleB with block-based missing entries.

Data FERET (Image size 80× 60) YaleB (Image size 32× 32)

Missing Block 5× 10 20× 20 40× 30 55× 55 5× 5 8× 10 16× 16 30× 25

L 1 7 1 7 1 7 1 7 5 50 5 50 5 50 5 50

HaLRTC [116] 36.37 73.64 35.75 72.77 33.96 71.21 27.24 59.31 36.02 76.73 35.27 76.30 33.08 74.38 27.43 67.06

gHOI [119] 36.44 73.55 35.53 72.86 31.55 68.10 22.70 52.12 32.86 74.07 31.24 72.86 30.67 70.27 20.13 49.14

HaLRTC + PCA [84] 31.32 66.67 31.27 65.41 20.14 52.68 17.22 40.22 43.49 83.54 33.61 57.57 19.94 46.61 15.06 35.21

gHOI + PCA [84] 26.82 60.13 20.49 47.92 10.86 25.19 5.38 10.48 21.69 58.72 19.52 52.43 13.27 31.89 6.88 11.95

HaLRTC + MPCA [126] 41.09 76.06 41.38 76.32 21.11 53.64 22.52 53.20 30.31 73.56 29.53 71.54 27.46 68.17 17.52 46.01

gHOI + MPCA [126] 41.43 76.58 22.89 56.80 10.81 21.47 18.08 36.32 24.14 64.81 21.37 60.88 9.32 21.01 7.58 16.23

HaLRTC + LRANTD [221] 36.41 73.98 35.73 73.55 33.72 70.39 26.90 58.53 22.27 53.66 21.47 51.63 21.20 50.00 11.98 30.43

gHOI + LRANTD [221] 36.53 74.16 35.12 74.29 31.31 68.27 21.83 50.69 21.45 52.12 20.69 49.92 19.98 47.68 11.26 24.61

TRPCA [124] 39.63 77.40 36.67 74.98 30.55 63.64 21.89 45.97 33.21 72.20 32.09 70.88 30.21 68.35 25.90 58.85

TDVM-Tucker 84.2196.45 81.6794.81 76.8291.99 75.0491.95 82.5195.76 75.5495.14 72.7995.29 59.9194.63

Face recognition with block-based missing The left half of Table 3.4 shows

that TDVM outperforms all competing methods by {35.99%, 37.70%, 44.48%, 50.68%}

in all cases of FERET with {5× 10, 20× 20, 40× 30, 55× 55} missing blocks on

average, respectively. Furthermore, gHOI/HaLRTC + MPCA and HaLRTC share

the second place in these cases.

As shown in the right half of Table 3.4: TDVM outperforms the nine state-of-

the-art methods by {40.53%, 40.40%, 46.07%, 50.42%} in all cases of YaleB with

{5×5, 8×10, 16×16, 30×25} missing blocks on average, respectively. Specifically,

HaLRTC is the best performing existing algorithm in the cases of missing {8× 10,

16×16, 30×25} block, but our TDVM outperforms it by {29.55%, 30.31%, 30.02%}

respectively there.

Face recognition with multi-block missing Table 3.5 shows that TDVM-

Tucker and TDVM-CP consistently outperform all the compared methods in all

cases. Specifically, TDVM-Tucker and TDVM-CP directly learn 40× 30× 721 fea-
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Table 3.5: Face recognition results (average recognition rates %) on FERET and

YaleB database with {30%, 50%, 70%, 90%} missing entries via Multi-block Missing

Settings.

Data FERET (Image sample size 80× 60) YaleB (Image sample size 32× 32)

Multi-Block Missing Setting {20× 15, 6× 8, 4× 4, 1× 1} {16× 16, 10× 5, 4× 8, 1× 1}

Missing Ratio (MR) 30% 50% 70% 90% 30% 50% 70% 90%

L 1 7 1 7 1 7 1 7 5 50 5 50 5 50 5 50

HaLRTC [116] 34.1 71.2 31.1 67.1 26.3 58.4 19.2 46.3 32.9 73.9 30.8 70.8 27.2 63.0 19.5 44.8

TenALS [80] 31.3 65.6 29.4 63.3 25.0 55.5 12.4 24.8 25.0 56.5 18.0 38.5 7.7 14.8 2.7 2.7

TNCP [121] 33.6 71.0 32.0 66.6 26.5 59.4 20.8 45.2 28.9 66.9 24.5 58.7 20.1 47.8 17.8 36.5

HaLRTC + MPCA [126] 40.4 73.8 30.8 65.2 21.2 51.7 16.9 41.0 24.7 65.6 12.9 38.4 10.2 18.5 8.7 20.7

TenALS + MPCA [126] 31.1 62.0 23.9 49.4 12.9 24.9 4.8 9.1 18.6 40.8 16.8 36.0 13.4 24.2 8.5 13.8

TNCP + MPCA [126] 33.4 63.7 19.7 33.7 13.7 22.3 12.6 18.4 19.9 55.4 11.4 30.7 12.9 26.3 10.3 16.1

HaLRTC + SOMPCARS [165] 32.0 63.7 25.7 51.1 17.7 30.8 12.2 19.6 11.6 23.3 11.4 20.1 11.2 19.3 8.5 11.7

TenALS + SOMPCARS [165] 28.5 52.2 11.8 17.1 6.4 7.8 3.6 4.9 11.1 24.0 12.9 22.4 11.1 20.8 8.4 14.4

TNCP + SOMPCARS [165] 29.5 55.2 14.4 26.4 7.5 10.7 8.5 10.0 17.8 38.8 15.3 33.7 9.8 17.7 6.2 10.3

HaLRTC + LRANTD [221] 34.0 72.3 30.5 66.4 25.3 58.3 19.2 45.7 24.5 58.4 21.4 52.3 17.6 42.5 13.8 29.7

TenALS + LRANTD [221] 30.9 65.5 29.0 63.2 26.4 58.4 14.6 29.4 12.7 27.5 12.9 26.5 13.2 25.6 9.5 16.5

TNCP + LRANTD [221] 34.1 71.0 31.1 67.9 26.8 60.2 20.1 45.0 21.1 49.6 17.8 41.9 16.3 36.6 15.5 31.2

TRPCA [124] 30.0 64.4 21.8 51.1 17.8 43.1 16.5 36.0 32.5 72.5 30.0 66.3 26.2 54.4 19.6 36.0

TDVM-Tucker 75.7 92.1 73.9 91.1 71.8 91.0 70.6 90.3 58.2 94.8 47.2 93.0 46.2 92.1 45.1 91.0

TDVM-CP 76.3 90.9 75.9 88.0 75.2 87.2 72.6 86.6 94.9 97.6 93.0 95.6 90.6 95.4 81.9 91.4

tures and 35×721 features from FERET (80×60×721) with {30%, 50%, 70%, 90%}

missing pixels via a random MbM set ({32 × 32, 10 × 4, 8 × 16, 1 × 1}). As seen

from the left half of Table 3.5: TDVM-Tucker and TDVM-CP share the top two

best recognition results, while TDVM-CP shows more advantages particularly when

the number of training features are smaller (e.g., L = 1). With the missing ratio

increasing, the performance of compared methods drop more quickly than that of

our methods which still keep high accuracy. When there are 90% missing entries,

TDVM-Tucker and TDVM-CP outperform all other methods by {60.9%, 59.4%} on

average, respectively.

As reported in the right half of Table 3.5: TDVM-Tucker and TDVM-CP out-

perform the 13 competing methods by 29.1% − 69.2% and 47.3% − 75.5% on av-

erage, respectively. TDVM-CP achieves the best results in all cases consistently,

especially in the cases of L = 5 (use only 5 feature samples per subject for train-

ing) where it outperforms the second best performing method (TDVM-Tucker) by
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{36.7%, 45.8%, 44.4%, 36.8%} on YaleB with {30%, 50%, 70%, 90%} missing entries,

respectively. Here TDVM-CP only uses 16 × 2414 features extracted directly from

the YaleB database (32 × 32 × 2414). Moreover, HaLRTC, TRPCA and TNCP

perform better than other existing methods on the whole, although their achieved

results are much worse than ours.

On the other hand, the face recognition results under pixel-based, block-based

and multi-block missing settings, as reported in three tables: 3.3, 3.4 and 3.5 respec-

tively, which verify our prediction: handling data with general multi-block missing

setting is more difficult than that with pixel-based missing and block-based missing if

same number of entries are missing. Nevertheless, the proposed methods outperform

existing competing methods in all cases regardless of different missing settings. In

the following, we will further evaluate the proposed methods on in other real-word

applications.

Application to Object/Action Classification with Missing Data

We further evaluate the proposed methods using COIL-100 object images (64 ×

64 × 1000) and Weizmann action videos (32 × 22 × 10 × 80) for object and action

classification, respectively. Table 3.6 shows that TDVM-Tucker and TDVM-CP

outperform the compared methods in all cases. Specifically, TDVM-Tucker outper-

forms other methods by {34.7%, 38.5%, 50.8%, 63.9%} in cases of COIL-100 with

{30%, 50%, 70%, 90%} missing values respectively, where TDVM-CP outperforms

these compared methods by {32.8%, 39.1%, 45.3%, 60.8%} respectively using 32 fea-

tures learned from each object sample. These results clearly demonstrate that:

With more missing entries, the proposed methods show more superiority, particu-

larly when the missing rate reaches 90% where the performance of other methods

drop sharply. This observation is further confirmed in the cases of Weizmann ac-

tion videos: Although some compared methods such as HaLRTC + LRANTD,

TNCP and TNCP + LRANTD also achieve good results especially in the cases of

MR≤ 70%, these state-of-the-art methods cannot keep good performance with in-

71



Table 3.6: Classification results (average classification accuracies %) of

COIL-100 object images and Weizmann action videos with {30%, 50%, 70%, 90%}

missing entries via Multi-Block Missing Settings.

Data COIL-100 (Image sample size 64× 64) Weizmann (Video sample size 32× 22× 10)

Multi-Block Missing Setting {32×32, 10×4, 8×16, 1×1} {10× 8× 6, 4× 7× 5, 3×3×3, 1×1×1}

Missing Ratio (MR) 30% 50% 70% 90% 30% 50% 70% 90%

L 1 8 1 8 1 8 1 8 1 7 1 7 1 7 1 7

HaLRTC [116] 49.4 67.3 47.1 65.6 43.7 58.7 30.9 41.5 47.1 77.0 35.7 64.0 21.9 44.0 11.3 19.0

TenALS [80] 50.8 71.7 44.9 60.8 35.3 42.9 21.3 25.7 25.6 56.0 10.6 15.0 – – – –

TNCP [121] 50.7 68.7 49.5 65.4 44.6 57.9 30.5 38.9 54.9 90.0 54.1 87.0 40.7 66.0 19.9 41.0

HaLRTC + MPCA [126] 57.8 77.7 50.8 68.2 39.0 51.0 9.6 5.3 56.3 91.0 35.9 65.0 24.6 39.0 12.4 21.0

TenALS + MPCA [126] 39.3 55.5 26.0 35.5 16.6 18.0 10.2 5.2 – – – – – – – –

TNCP + MPCA [126] 52.5 70.3 47.8 62.8 19.1 21.8 14.0 11.1 59.0 88.0 44.0 68.0 26.4 44.0 10.6 19.0

HaLRTC + SOMPCARS [165] 42.9 57.3 43.8 57.3 20.5 24.3 10.3 5.0 39.1 63.0 25.7 44.0 20.7 40.0 16.4 28.0

TenALS + SOMPCARS [165] 37.6 45.4 22.0 22.3 13.3 10.7 9.5 3.9 – – – – – – – –

TNCP + SOMPCARS [165] 30.4 37.1 21.6 24.3 16.9 14.9 17.3 14.7 45.1 65.0 38.1 53.0 21.6 38.0 11.7 18.0

HaLRTC + LRANTD [221] 51.8 71.4 51.2 68.6 47.1 62.0 15.8 15.2 55.4 90.0 52.1 87.0 44.4 82.0 22.0 43.0

TenALS + LRANTD [221] 51.6 70.2 47.3 63.1 37.0 46.8 20.6 21.0 – – – – – – – –

TNCP + LRANTD [221] 52.0 72.0 50.0 66.2 45.9 60.6 30.4 37.1 56.7 90.0 54.7 82.0 45.6 69.0 19.4 38.0

TRPCA [124] 42.2 58.4 33.9 49.5 24.8 28.8 14.5 11.8 46.9 77.0 38.4 67.0 25.4 49.0 13.3 21.0

TDVM-Tucker 82.9 96.8 76.7 96.1 76.3 94.6 70.3 93.7 85.7 99.0 74.0 96.0 51.6 85.0 44.7 48.0

TDVM-CP 83.4 92.4 82.0 92.0 73.9 86.0 72.6 85.2 82.0 94.0 82.3 89.0 82.3 87.0 56.7 61.0

creasing missing data (MR > 70%). In this scenario, TDVM-CP achieves the best

performance although it extracts only 10 features from each video sample. More-

over, TenALS and its combined “two-step” strategies fail to work on the higher-order

dataset (Weizmann).

Application to Face/gait Clustering with Missing Data

For clustering tasks, we test on AR facial images (55 × 40 × 1200) and USF gait

videos (64× 44× 20× 731). To measure the clustering performance, we adopt two

metrics: Normalized Mutual Information (NMI) and Clustering Accuracy (ACC).

Table 3.7 shows that TDVM-Tucker and TDVM-CP still outperform all other meth-

ods, including the four state-of-the-art clustering methods. Although these subspace

clustering methods have shown good performance in the original papers, they do
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Table 3.7: Clustering results (average Normalized Mutual Information (NMI) and

Clustering Accuracy (ACC) %) on the AR facial images and USF gait videos with

{30%, 50%, 70%, 90%} missing entries via Multi-Block Missing Settings.

Data AR (Image sample size 55× 40) USF gait (Video sample size 64× 44× 20)

Multi-Block Missing Setting {20× 20, 16× 7, 3× 10, 1× 1} {32×20×10, 20×15×5, 4×3×4, 1×1×1}

Missing Ratio (MR) 30% 50% 70% 90% 30% 50% 70% 90%

Metric NMI ACC NMI ACC NMI ACC NMI ACC NMI ACC NMI ACC NMI ACC NMI ACC

HaLRTC [116] 51.5 17.5 48.5 15.8 49.0 15.4 46.6 15.0 49.7 19.0 48.7 17.5 48.9 16.1 48.5 15.5

TenALS [80] 50.1 15.9 48.2 15.3 45.2 13.3 42.5 12.6 – – – – – – – –

TNCP [121] 51.1 17.8 48.9 15.8 46.3 14.8 45.6 14.3 49.2 18.2 48.2 16.6 48.5 16.3 48.1 15.2

HaLRTC + MPCA [126] 49.6 17.6 48.6 15.8 46.6 15.4 44.8 15.0 49.7 19.8 48.8 16.3 48.2 14.9 48.1 14.9

TenALS + MPCA [126] 50.2 16.3 47.4 15.1 44.4 13.7 41.8 12.7 – – – – – – – –

TNCP + MPCA [126] 50.0 16.0 49.0 15.1 47.2 14.8 46.1 13.8 50.3 19.0 48.9 16.8 48.4 15.5 48.0 14.9

HaLRTC + SOMPCARS [165] 52.0 18.1 50.6 17.4 47.7 15.6 45.6 14.8 49.6 20.0 47.8 18.1 45.7 17.2 45.4 16.7

TenALS + SOMPCARS [165] – – – – – – – – – – – – – – – –

TNCP + SOMPCARS [165] 50.8 16.7 48.5 15.2 47.3 15.0 46.0 14.1 50.3 20.0 48.5 17.4 48.2 17.2 47.6 15.9

HaLRTC + LRANTD [221] 50.8 16.5 49.2 15.8 47.9 15.7 46.3 15.6 49.7 18.7 48.3 15.9 48.5 15.3 48.3 15.3

TenALS + LRANTD [221] 50.6 16.7 47.9 15.5 45.2 13.9 43.3 13.7 – – – – – – – –

TNCP + LRANTD [221] 51.2 17.3 49.8 16.4 48.3 15.1 45.9 14.8 49.7 18.7 49.2 16.6 49.2 16.1 48.1 15.2

TRPCA [124] 45.8 12.9 42.7 12.4 39.1 11.7 36.1 10.8 48.2 18.2 47.0 15.2 46.0 15.2 45.8 13.8

SSC [41] 46.3 13.9 46.3 13.3 45.8 13.1 45.5 13.0 49.4 19.4 47.0 16.3 45.9 15.2 45.2 14.3

SSC-CEC [201] 48.1 14.3 47.6 13.4 47.5 13.0 46.5 12.1 44.4 14.6 44.4 13.5 – – – –

ZF + SSC [201] 48.8 15.0 48.5 14.2 47.7 13.5 47.6 13.2 50.0 19.4 48.6 16.8 47.9 15.7 46.7 13.8

SRME-MC [45] 49.1 15.6 47.3 12.3 47.3 12.1 47.1 11.8 50.0 19.3 47.4 15.6 47.1 14.8 47.0 14.6

TDVM-Tucker 85.8 65.1 84.2 61.8 83.2 61.6 82.1 58.8 90.0 75.4 88.4 71.8 88.2 71.8 87.6 70.3

TDVM-CP 84.2 59.6 82.3 54.8 79.2 48.7 77.0 45.4 87.4 68.4 86.5 67.7 85.5 65.8 82.8 64.3
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not achieve good results (even fail to work on a few cases with MR ≥ 70%) on

these incomplete tensors probably because they are applicable in this scenario (i.e.,

tensors with multi-block missing). Here TDVM-Tucker achieves the best clustering

results in all cases followed by TDVM-CP closely. In terms of NMI, TDVM-Tucker

and TDVM-CP outperform other methods by at least 36.7% and 33.5% on average

on AR dataset, and this improvement increases to over 40.5% and 37.5% on average

on the USF gait database, respectively. In terms of ACC, the results of 17 com-

pared methods are worse than that of measuring in NMI, while TDVM-Tucker and

TDVM-CP achieve much better clustering accuracy particularly on the gait videos

with 55.8% and 50.1% improvements on average, respectively.

Table 3.8: Time cost (seconds) of feature extraction on the FERET and YaleB with

with {30%, 50%, 70%, 90%} missing entries via Multi-Block Missing Settings.

Data FERET (Image sample size 80× 60) YaleB (Image sample size 32× 32)

Multi-Block Missing Setting {20× 15, 6× 8, 4× 4, 1× 1} {16× 16, 10× 5, 4× 8, 1× 1}

Missing Ratio (MR) 30% 50% 70% 90% 30% 50% 70% 90%

HaLRTC [116] 292.3 349.5 290.4 262.0 185.6 201.2 154.6 152.4

TenALS [80] 11155.8 10378.4 9399.4 9682.5 4231.3 4642.4 4769.2 5337.2

TNCP [121] 173.2 170.4 170.1 156.8 79.6 78.2 81.5 82.9

HaLRTC + MPCA [126] 643.9 616.8 599.6 527.3 191.0 203.8 202.1 194.6

TenALS + MPCA [126] 16024.0 16915.5 17518.6 17421.6 6969.5 7315.6 5735.4 6041.8

TNCP + MPCA [126] 259.4 241.5 252.1 250.7 246.1 274.7 260.2 259.2

HaLRTC + SOMPCARS [165] 222.6 241.1 261.8 278.0 426.5 468.2 472.6 399.8

TenALS + SOMPCARS [165] 10461.4 11260.1 10477.0 10449.7 4957.9 4785.7 5101.1 5726.2

TNCP + SOMPCARS [165] 279.3 278.8 262.5 233.3 3607.2 3548.5 3574.1 3877.2

HaLRTC + LRANTD [221] 406.5 414.2 333.7 291.5 895.2 625.5 497.2 393.6

TenALS + LRANTD [221] 15819.3 16770.2 17128.6 18121.7 2906.7 3161.9 3435.3 3811.6

TNCP + LRANTD [221] 693.7 659.5 331.2 272.1 313.8 246.0 257.9 222.6

TRPCA [124] 194.9 214.7 208.5 182.7 185.2 191.1 196.8 193.3

TDVM-Tucker 156.9 154.9 152.5 130.3 149.7 150.2 153.2 126.2

TDVM-CP 293.5 298.2 276.4 252.5 228.9 234.0 260.1 230.8

Comparison of Time Cost

We compare the time cost of feature extraction of all the compared methods on

six real tensor datasets with {30%, 50%, 70%, 90%} missing pixels via random MbM

settings, and report in Tables 3.8, 3.9 and 3.10. We highlight the best (fastest)

results in bold fonts and second best (second fastest) in underline respectively, and

use “–” to indicate that the method diverges (e.g. TenALS) in some cases. The
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Table 3.9: Time cost (seconds) of feature extraction on the COIL-100 object

images and and Weizmann action videos with {30%, 50%, 70%, 90%} missing entries

via Multi-Block Missing Settings.

Data COIL-100 (Image sample size 64× 64) Weizmann (Video sample size 32×22×10)

Multi-Block Missing Setting {32× 32, 10× 4, 8× 16, 1× 1} {10×8×6, 4×7×5, 3×3×3, 1×1×1}

Missing Ratio (MR) 30% 50% 70% 90% 30% 50% 70% 90%

HaLRTC [116] 179.6 172.3 184.1 186.1 16.0 19.7 15.1 10.3

TenALS [80] 9017.6 7296.1 7316.9 7196.6 628.7 615.6 518.4 587.4

TNCP [121] 183.9 135.8 134.1 156.6 1135.8 1154.0 1044.3 1026.3

HaLRTC + MPCA [126] 327.2 374.4 404.6 113.1 25.6 47.9 28.9 15.0

TenALS + MPCA [126] 16903.4 15152.3 14650.2 11982.0 – – – –

TNCP + MPCA [126] 589.4 534.1 475.5 399.1 103.4 127.0 127.6 143.2

HaLRTC + SOMPCARS [165] 541.5 668.2 691.2 192.3 66.1 57.2 60.2 46.3

TenALS + SOMPCARS [165] 14834.5 13300.1 12867.1 12347.6 – – – –

TNCP + SOMPCARS [165] 246.5 250.6 238.9 237.7 231.2 206.7 231.2 202.9

HaLRTC + LRANTD [221] 736.6 706.2 653.2 330.8 163.8 154.4 150.6 89.1

TenALS + LRANTD [221] 10661.0 11487.7 11511.5 11644.8 – – – –

TNCP + LRANTD [221] 1006.4 875.3 789.4 584.9 316.9 326.0 336.0 333.5

TRPCA [124] 99.1 96.4 96.8 119.0 22.2 22.1 18.6 12.8

TDVM-Tucker 51.7 52.7 52.8 52.1 14.2 14.1 13.9 14.0

TDVM-CP 279.1 272.1 243.2 224.0 56.3 45.6 32.4 19.0

average results of 10 runs are reported. Note that, we focus on feature extraction

problem in this subchapter, so that we do not report the computational cost of

NNC/K-mean/spectral clustering in classification/clustering stage.

As seen from Tables 3.8, 3.9 and 3.10, it is clear that:

• TDVM-Tucker is faster than the compared methods in most cases although

our implementations are not optimized for efficiency as our focus here is ac-

curacy. TDVM-CP is a bit slower than TDVM-Tucker because it needs more

iterations to achieve convergence. Although TDVM-CP is not as faster as

TDVM-Tucker, it extracts low-dimensional vector features resulting in more

dimensionality reduction. Therefore, TDVM-CP not only provides informa-

tive features but also reduces more time cost and memory space for further

application (e.g. classification).

• HaLRTC, TNCP and TRPCA are more efficient than other existing meth-

ods on the whole. Besides, Some ”two-step” strategies such as TenALS +

MPCA/SOMPCARS/LRANTD are much more time consuming (more than
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Table 3.10: Time Cost (seconds) of feature extraction on the AR facial images

and USF gait videos with {30%, 50%, 70%, 90%} missing entries via Multi-Block

Missing Settings.

Data AR (Image sample size 55× 40) USF gait (Video sample size 64× 44× 20)

Multi-Block Missing Setting {20× 20, 16× 7, 3× 10, 1× 1} {32×20×10, 20×15×5, 4×3×4, 1×1×1}

Missing Ratio (MR) 30% 50% 70% 90% 30% 50% 70% 90%

HaLRTC [116] 327.2 350.9 353.7 326.4 205.6 274.5 367.5 490.7

TenALS [80] 10041.4 9098.9 10170.1 11247.5 – – – –

TNCP [121] 137.4 120.7 124.7 122.2 2988.6 2908.7 2656.2 2347.4

HaLRTC + MPCA [126] 269.9 278.8 282.4 570.5 1811.2 1853.3 1913.4 2022.2

TenALS + MPCA [126] 17110.2 16875.2 22134.2 24886.3 – – – –

TNCP + MPCA [126] 286.3 330.0 321.3 267.8 3898.8 3479.6 3591.9 3813.9

HaLRTC + SOMPCARS [165] 521.0 387.2 391.6 429.4 1329.6 1399.3 1588.1 1800.2

TenALS + SOMPCARS [165] – – – – – – – –

TNCP + SOMPCARS [165] 267.0 242.6 249.2 246.3 3095.6 3249.3 2716.1 2604.6

HaLRTC + LRANTD [221] 588.2 654.2 801.4 568.2 5099.2 4287.8 4211.1 5158.6

TenALS + LRANTD [221] 21176.4 24620.6 21778.2 21910.4 – – – –

TNCP + LRANTD [221] 687.9 727.6 503.2 332.6 6510.3 5515.5 4233.0 3794.2

TRPCA [124] 301.0 291.7 398.6 414.0 4948.2 3943.9 3067.4 1920.8

SSC [41] 186.1 124.6 127.7 124.3 257.8 186.3 146.4 128.6

SSC-CEC [201] 185.7 155.2 208.1 204.1 186.8 88.3 – –

ZF+SSC [201] 182.8 212.7 191.6 244.2 389.0 386.6 140.5 125.4

SRME-MC [45] 2666.8 2394.2 2349.6 2160.9 28398.9 26592.4 31868.4 31569.8

TDVM-Tucker 126.9 126.0 116.7 118.0 117.2 119.6 117.5 78.8

TDVM-CP 223.3 202.3 190.4 129.5 638.8 631.9 604.1 504.6

50 times slower than TDVM on average), which supports our claim: the “two-

step” strategy combing two separate methods is usually not computationally

efficient.

TDVM-Tucker is faster than the compared methods in most cases although

our implementations are not optimized for efficiency as our focus here is accu-

racy. TDVM-CP is a bit slower than TDVM-Tucker because it needs more iter-

ations to achieve convergence. Besides, HaLRTC, TNCP and TRPCA are more ef-

ficient than other existing methods, while some two-step strategies such as TenALS

+ MPCA/LRANTD are very time consuming (more than 50 times slower than

TDVM). Nevertheless, the efficiency can be improved, for example, by using sparse

implementations in future work.
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Summary of Experimental Results

– The proposed methods, TDVM-Tucker and TDVM-CP, outperform the 17

competing methods with 15.3% to 75.5% improvements in all cases of face

recognition, object/action classification and face/gait clustering on six real-

world image and video datasets. With more missing entries, our methods

show more advantages with much better results than other methods. These

results verify the effectiveness and superiority of incorporating low-rank tensor

decomposition with feature variance maximization.

– TDVM-Tucker and TDVM-CP always achieve good results regardless of var-

ious multi-block missing settings and parameters. Besides, our methods also

shows its stability and superiority on feature dimension reduction benefited

from low-rank (low-dimensional) tensor decomposition. Although TDVM-

CP achieves the best results in fewer cases than TDVM-Tucker, it extracts

low-dimensional vector features resulting in more dimensionality reduction.

TDVM-CP, therefore, not only provides informative features but also reduces

more time cost and memory space for further application (e.g. classification).

– HaLRTC, HaLRTC + LRANTD and HaLRTC + SOMPCARS are the best

performing existing algorithms on the whole in Tables 3.5, 3.6 and 3.7 respec-

tively. TNCP and TNCP + LRANTD also achieve the best results in some

cases while TenALS shows much worse performance (even fails to work) than

HaLRTC and TNCP. Nevertheless, the proposed methods outperform these

tensor completion methods significantly. That supports our prediction: tensor

completion methods only focus on recovering missing data and do not explore

the relationship among samples for effective feature extraction.

– Although a few “two-step” strategies have slight improvement in some cases,

more “two-step” strategies (e.g., TNCP + SOMPCARS, TenALS + MPCA

/SOMPCARS) perform worse than using only the tensor completion methods

(e.g., TNCP and TenALS) in most cases with high computational cost. That
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confirms our assumption: the reconstruction error from completion step can

deteriorate the performance in feature extraction step, and “two-step” strate-

gies usually work slowly. Moreover, although TRPCA is the state-of-the-art

robust feature learning method for corrupted tensors, it does not perform well

on these incomplete tensors as we predicted.

– Although SSC, SSC-CEC, ZF + SSC and SRME-MC have achieved good clus-

tering results shown in the original papers, they are not applicable for these

incomplete tensors with irregular missing patterns via multi-block missing set-

tings, and even fail to work on a few cases with MR ≥ 70% as shown in Table

3.7. This probably because these subspace clustering methods cannot handle

this scenario as we discussed with the authors. In addition, these results also

supports our claim: the MbM setting is more general and difficult than exist-

ing widely used pixel-based and block-based missing settings (e.g., used in the

tensor completion and SSC methods), which is also verified in the Sec. 3.2.5.

3.2.6 Summary

In this subchapter, we have proposed two unsupervised methods, TDVM-Tucker

and TDVM-CP, to solve the problem of feature extraction from incomplete tensors,

based on orthogonal Tucker and CP decompositions, respectively. We first propose

the TDVM approach which incorporates low-rank tensor decomposition with fea-

ture variance maximization in the unified framework. Focusing on orthogonal Tucker

and CP decompositions, we have further proposed TDVM-Tucker which learns low-

dimensional tensor features viewing the core tensors as features and TDVM-CP

which extracts low-dimensional vector features viewing the weight vectors as fea-

tures. TDVM-Tucker and TDVM-CP explore the relationship among data samples

via feature variance maximization while estimating the missing entries via low-rank

Tucker/CP approximation. We further discuss the generalization of the proposed

methods by formulating the general model TDFR. Besides, we have developed the

ADMM-BCD joint optimization scheme to solve the TDVM-CP model. Finally, we
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have evaluated our methods on six real-world image and video datasets with missing

entries under the newly designed multi-block missing settings. Experimental results

demonstrate that: the proposed methods not only stably yield similar good results

under various MbM settings and different parameters on the whole, but also outper-

form the state-of-the-art methods with significant improvements in the applications

of face recognition, object/action classification and face/gait clustering.
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Chapter 4

Matrix and Tensor Completion

with Automatic Rank Estimation

via L1-norm Regularized CP

decomposition

How to estimate the missing data given partial observations is another important

problem in tensor processing and analysis. In this chapter, we investigate the rank

estimation problem for both matrices and tensors and aim to provide accurate rank

estimation to improve the performance of recovering missing data. Specifically, we

solve the matrix rank estimation and improve the recovery results by proposing the

L1MC and L1MC-RF algorithms [166] in Section 4.1 and generalize such solutions

to tensorial data by proposing TREL1CP and TREL1Tucker [167] in Section 4.2.

4.1 Rank-One Matrix Completion With Automatic

Rank Estimation via L1-Norm Regularization

Completing a matrix from a small subset of its entries, i.e., matrix completion,

is a challenging problem arising from many real-world applications, such as ma-
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chine learning and computer vision. One popular approach to solving the matrix

completion problem is based on low-rank decomposition/factorization. Low-rank

matrix decomposition-based methods often require a pre-specified rank, which is

difficult to determine in practice. In this subchapter, we propose a novel low-rank

decomposition-based matrix completion method with automatic rank estimation.

Our method is based on rank-one approximation where a matrix is represented as

a weighted summation of a set of rank-one matrices. To automatically determine

the rank of an incomplete matrix, we impose L1-norm regularization on the weight

vector and simultaneously minimize the reconstruction error. After obtaining the

rank, we further remove the L1-norm regularizer and refine recovery results. With

a correctly estimated rank, we can obtain the optimal solution under certain condi-

tions. Experimental results on both synthetic and real-world data demonstrate that

the proposed method not only has good performance in rank estimation, but also

achieves better recovery accuracy than competing methods.

4.1.1 Introduction

Matrix completion aims to recover a whole matrix from its partial observations. It

has witnessed a burst of activities, motivated by many applications such as ma-

chine learning [22, 129, 68, 62, 56], image processing [149, 17, 122], and computer

vision [82, 34, 97]. Most existing methods assume the target matrix has a low-rank

structure since most real-world data (e.g., images) are low-rank or approximately

low-rank. Thus, for a target matrix M ∈ RI1×I2 with partial observations in an in-

dex set Ω, the matrix completion problem can be formulated as a rank minimization

problem:

min
X

rank(X) s.t. PΩ(X) = PΩ(M), (4.1.1)

where rank(X) is the rank of X ∈ RI1×I2 , and Ω ∈ RI1×I2 is the binary index matrix:

Ωij = 1 if Xij is observed, and Ωij = 0 otherwise. PΩ is the associated sampling

operator which acquires only the entries indexed by Ω. However, the model (4.1.1)

is NP-hard due to the non-convexity and combinational nature of the rank function.
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To address this problem, a popular convex relaxation of rank function is based

on minimization of the nuclear norm (a.k.a., trace norm or Schatten p-norm with

p = 1) [22, 153, 23, 28]. In this way, the rank minimization model (4.1.1) is rewritten

as a nuclear norm minimization model:

min
X
‖X‖∗ s.t. PΩ(X) = PΩ(M), (4.1.2)

where the nuclear norm ‖X‖∗ is the summation of the singular values of X. As-

suming the observed entries are uniformly sampled from the original matrix M,

Candès and Recht [22] prove that the missing entries can be exactly recovered

if M (with rank R) satisfies certain incoherence conditions and observes at least

O(N1.2R log(N)) (N = max(I1, I2)) entries. This sampling bound is narrowed to

O(NR log(N)) in [23]. A number of nuclear norm minimization-based algorithms

have been proposed to solve the convex model (4.1.2). Singular Value Threshold-

ing (SVT) [19] employs the linearized Bremgan iterations [208] to solve the dual of

a regularized approximation of (4.1.2). Accelerated Proximal Gradient with Line-

search algorithm (APGL) [178] accelerates the convergence of SVT by a fast iterative

shrinkage thresholding algorithm [9]. Fixed Point Continuation with Approximate

singular value decomposition (SVD) (FPCA) [131] addresses the same problem as

APGL while utilizing a fast Monte Carlo algorithm for SVD calculations. Soft-

Impute [135] exploits a “sparse plus low-rank” structure to allow efficient SVD in

each iteration, with accelerated version (AIS-Impute) in [205]. Other well-known

works include [195, 113, 77, 202, 72].

Another class of techniques is based on low-rank matrix decomposition/factorization,

which is more suitable for large-scale cases. Since any matrix Z ∈ RI1×I2 can be

modeled in a bilateral factorization form: UV>, where U ∈ RI1×R,V ∈ RI2×R, the

low-rank decomposition-based matrix completion model is formulated as:

min
Z,U,V

‖Z−UV>‖2
F s.t. PΩ(Z) = PΩ(M), (4.1.3)

where the integer R (R < min(I1, I2)) is the rank of matrix M. Gradient-based

optimization algorithms such as alternating minimization methods [79, 95, 177, 55]
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are widely used to solve the model (4.1.3). Although (4.1.3) is non-convex, many

works demonstrate that low-rank decomposition-based methods can perform more

efficiently and are empirically as reliable as the convex methods [155, 78, 199, 16, 191,

96, 216, 173]. Besides, there have been some works [90, 79, 173] that provide theo-

retical guarantee for their performance. For example, Jain et al. [79] theoretically

prove that the alternating minimization also can exactly recover the matrix under

certain conditions similar to the conditions given in [22] (decomposition-based meth-

ods may require more observations than nuclear norm minimization-based methods

(O(NR log(N))) [79]).

Many matrix completion methods especially low-rank matrix decomposition-

based methods often require a pre-specified rank. Determining the rank of an in-

complete matrix is a challenging task, with several existing studies [91, 191, 225,

174, 158, 181]. Based on the model (4.1.3), Wen et al. [191] propose a low-rank ma-

trix fitting algorithm (LMaFit) that estimates the rank by two heuristic strategies

(decreasing rank strategy and increasing rank strategy) and solve it by a nonlinear

successive over-relaxation method [54]. Keshavan et al. [92, 90, 91] reformulate

the LMaFit model (4.1.3) into an SVD form and propose a gradient descent algo-

rithm on Grassmann manifold (OptSpace), which integrates the spectral techniques

with manifold optimization and determines the rank by computing the SVD of

the trimmed observations [91]. Recently, MaCBetH [158] is proposed to improve

OptSpace by a different spectral procedure that detects the rank (by estimating the

negative eigenvalues of a Bethe Hessian matrix) and a better initialization for the

approximation minimization. These three methods have achieved good performance

of rank estimation on synthetic matrices while they do not work well on real-world

images, at least in our preliminary studies. On the other hand, for a fixed-rank

smooth Riemannian manifold algorithm named LRGeomCG [182], Uschmajew and

Vandereycken propose GeomPursuit [181] that adds a greedy outer iteration to LR-

GeomCG to increase the rank with a step-size l for better recovery performance.

Based on our empirical studies, however, GeomPursuit does not obtain exact true
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ranks and becomes much slower for larger matrices.

Rank-one approximation is a specific low-rank matrix decomposition popularly

used in matrix completion [109, 220, 188, 189, 156, 73]. Here, any matrix Z is

represented as the weighted summation of R factorized rank-one matrices: Z =∑R
r=1wrurv

>
r = Udiag(w)V>, where the weight vector w = [w1, · · · , wr, · · · , wR]>,U ∈

RI1×R = {ur}Rr=1,V ∈ RI2×R = {vr}Rr=1. Actually, SVD is a special rank-one ap-

proximation whose factors {ur}Rr=1 and {vr}Rr=1 are orthogonal, and it is used in

OptSpace. Wang et al. [188, 189] recently propose an efficient rank-one matrix

pursuit method (R1MP) by extending orthogonal matching pursuit to the matrix

case. R1MP usually achieves better results given a rank higher than the true rank.

In other words, R1MP cannot estimate the rank and does not pursue a low-rank

approximation.

In this subchapter, we propose a novel rank-one matrix completion method with

automatic rank estimation. Under the low-rank assumption, we aim to automatically

determine the rank of an incomplete matrix and recover the matrix. When a rank

is given, we can minimize the reconstruction error of the rank-one approximation

via least squares to predict the missing entries. We present it as Rank-One Matrix

Completion (R1MC). With a correctly estimated rank, R1MC likes other fixed-

rank methods such as [78, 176, 182] can achieve the optimal solution for matrix

completion under certain conditions [79, 22], according to the Eckart–Young–Mirsky

theorem [38, 137]. However, the rank estimation is a difficult task for incomplete

matrices. By solving this problem, the main contributions of this subchapter are:

• We address the rank estimation problem by imposing an L1-norm regulariza-

tion on the weight vector (analogous to the vector of singular values) while

minimizing the reconstruction error. We call this L1-norm regularized rank-

one Matrix Completion method with automatic rank estimation as L1MC.

• We further develop L1MC with refinement (L1MC-RF) by proposing a re-

finement strategy: once the rank is automatically determined by L1MC,

we remove the L1-norm regularization, and further refine the recovery re-
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sults by directly minimizing the reconstruction errors via R1MC. Essentially,

L1MC-RF integrates L1MC and R1MC, while R1MC can be replaced by other

fixed-rank completion methods such as [78].

Thus, L1MC-RF can automatically estimate the true rank and exactly predict

the missing entries under certain conditions [22, 78, 190]. We solve the optimization

problem by the block coordinate descent approach (a.k.a., alternating minimization

method or nonlinear (block) Gauss-Seidel scheme), where each variable is iteratively

updated with all the others fixed.

In the next subsection, we review necessary preliminaries and related works. We

present the proposed methods in Section 4.1.3 and then evaluate them in Section

4.1.4. Finally, a summary is drawn in Section 4.1.6.

4.1.2 Preliminaries and Related Works

The Eckart–Young–Mirsky Theorem

Given a matrix M ∈ RI1×I2 with rank R (with singular values of M {σ1 ≥ · · ·σp ≥

σp+1 ≥ · · · ≥ σR > 0}), the optimal low-rank approximation is given by a trun-

cated SVD of M according to the classical Eckart–Young–Mirsky theorem [38, 137].

That is, if M = UΣV>, then Mp =
∑p

i=1 σi uiv
>
i is the unique optimal rank-p

approximation (p < R) of M. We present the Eckart–Young–Mirsky theorem un-

der Frobenius norm in Theorem 2 following [210]. This theorem is employed for

matrix/tensor decompositions in [153, 100, 210].

Theorem 2. (The Eckart–Young–Mirsky Theorem) Let M ∈ RI1×I2 has

rank R < min(I1, I2) and its SVD is: M = UΣV> =
∑R

i=1 σiuiv
>
i , where Σ =

diag(σ1, · · · , σp, · · · , σR, 0, · · · , 0) and σ1 ≥ · · · σp ≥ σp+1 ≥ · · · ≥ σR > 0. Denote

M as the set of I1× I2 matrices with rank p < R < min(I1, I2). The unique optimal

solution of:

min
A∈M

‖M−A‖2
F , s.t. rank(A) = p (4.1.4)
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is given by the rank-p approximation (truncated SVD) of M: Mp =
∑p

i=1 σiuiv
>
i ,

and we have

min
A∈M

‖M−A‖2
F = ‖M−Mp‖2

F =
R∑

j=p+1

σ2
j (4.1.5)

Existing Completion Methods with Rank Estimation

Rank estimation is important for matrix completion methods requiring a rank a pri-

ori [86, 96]. The state-of-the-art matrix completion methods with automatic rank

estimation are LMaFit [191], Optspace [92, 91, 90], MaCBetH [158], and GeomPur-

suit [181].

LMaFit: Based on the low-rank matrix decomposition model (4.1.3): minZ,U,V ‖Z−

UV>‖2
F s.t. PΩ(Z) = PΩ(M), LMaFit [191] is proposed to heuristically estimate a

rank starting from an over-estimated rank or under-estimated rank (initially higher

or lower than the true rank) for matrix completion. Moreover, LMaFit only re-

quires solving a linear least squares problem per iteration instead of a SVD and

integrates an efficient nonlinear successive over-relaxation scheme to accelerate the

convergence.

OptSpace: Keshavan et al. [92] propose OptSpace with another matrix decom-

position form (SVD form):

min
U,Σ,V

‖X−UΣV>‖2
F s.t. PΩ(X) = PΩ(M), (4.1.6)

where the factor matrices U and V have orthogonal columns and Σ is a diagonal

matrix. OptSpace consists of three steps [92, 91]. First, it trims the observed matrix

PΩ(M) by setting to zero all rows (resp. columns) with more observed entries than

twice the average number of observed entries per row (resp. per column). Second,

it computes the best rank-R approximation of the trimmed matrix via sparse SVD,

where the rank R is estimated as the singular value index if the ratio between two

consecutive singular values is minimum [91]. Third, it minimizes the reconstruction

error via a special gradient descent method over the Grassmann manifold. Besides,

the authors further provide the performance guarantee for OptSpace under moderate

incoherence condition [90].
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MaCBetH: Recently, Alaa et al. [158] propose MaCBetH to improve OptSpace

by replacing the first two steps with a different spectral procedure that detects a

rank and provides a better initialization for the approximation minimization. In

MaCBetH, the rank is estimated as the number of negative eigenvalues of the Bethe

Hessian matrix, and the corresponding eigenvectors are used as initial conditions

for minimizing the difference between the predicted matrix and the observed entries

[158].

GeomPursuit: Another state-of-the-art algorithm, GeomPursuit [181], com-

bines a greedy outer iteration that increases the rank with a step-size l with a

smooth Riemannian algorithm LRGeomCG [182] that optimizes the cost function

on a fixed-rank manifold. In other words, LRGeomCG needs a fixed rank as input

while GeomPursuit can estimate the rank via Greedy rank updates. Based on the

empirical studies, however, we found that GeomPursuit cannot obtain exact true

ranks though it improves the recovery performance of LRGeomCG. Moreover, it is

sensitive to the step-size l and becomes much slower for larger matrices.

On the other hand, FBCP[217] is one of recent tensor completion methods

which can automatically determine the rank of an incomplete tensor (a matrix is a

second-order tensor), where the authors formulate CANDECOMP/PARAFAC (CP)

decomposition [59, 25] using a hierarchical probabilistic model and employ a fully

Bayesian treatment for automatic rank estimation. Our rank-one approximation

model (4.1.9) (to be presented in Section III) can be considered as the matrix case

of CP decomposition. Here we degenerate FBCP to matrix case to compare with

ours and other existing methods.

Existing Rank-One Matrix Completion Methods

Given a matrix Z ∈ RI1×I2 , it can be written as a linear combination of rank-one

matrices by extending the atom decomposition[132] to matrix case [109, 188, 156]:

Z = Y(θ) =
∑
i∈I

θiYi, (4.1.7)
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where {Yi, i ∈ I} is the set of rank-one matrices with ‖Yi‖F = 1, and θ is the

weight vector: θ = [θ1, · · · , θi, · · · , θ|I|]>. Here, the weight vector θ includes infinite

number of weights [188].

Based on the model (4.1.7), Wang et al. [188, 189] reformulate the matrix com-

pletion problem as (4.1.8), and propose rank-one matrix pursuit (R1MP):

min
θ
‖PΩ(Y(θ)−M)‖2

F s.t. ‖θ‖0 ≤ c, (4.1.8)

where c is an integer and ‖θ‖0 denotes the cardinality of the number of nonzero

elements of θ. R1MP alternatively constructs rank-one basis matrices and learns

weights of the bases by orthogonal matching pursuit method. R1MP can efficiently

obtain better results given a rank higher than the true rank of the original (com-

plete) matrix. In other words, R1MP cannot automatically estimate the rank of an

incomplete matrix and does not pursue a low-rank approximation.

4.1.3 Proposed Matrix Completion Methods

We can represent any matrix Z ∈ RI1×I2 as the weighted summation of R factorized

rank-one matrices:

Z =
R∑
r=1

wrurv
>
r = Udiag(w)V>

s.t. ‖ur‖2 = ‖vr‖2 = 1, for r = 1, · · · , R,

(4.1.9)

where the weight vector w = [w1, · · · , wr, · · · , wR]>,U ∈ RI1×R = {ur}Rr=1,V ∈

RI2×R = {vr}Rr=1, and R (R < min(I1, I2)) is the rank of Z.

Remark 1: This model (4.1.9) is different from the model (4.1.7) used in [188, 156]:

the number of weights (analogous to singular values) of (4.1.9) is finite and should

be small (low-rank), and we represent each rank-one matrix in a factorization form.

Besides, our model (4.1.9) is similar to the SVD form (used in OptSpace [92]) but

the columns of the factor matrices U and V of our model are not enforced to be

orthogonal. In addition, our rank-one matrix decomposition can also be considered

as the matrix case of CP decomposition.
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Next, we present R1MC and develop our methods L1MC and L1MC-RF pro-

gressively.

Rank-One Matrix Completion (R1MC) Given True Rank

Based on the rank-one approximation model (4.1.9), given a low-rank matrix M ∈

RI1×I2 with partially observed entries in Ω, i.e., PΩ(M), we reformulate the matrix

completion problem as:

min
X,Z

1

2
‖X− Z‖2

F

s.t. Z =
R∑
r=1

wrurv
>
r , PΩ(X) = PΩ(M),

‖ur‖2 = ‖vr‖2 =1, for r = 1, · · · , R,

(4.1.10)

where Z is the summation of R rank-one matrices. Here, we assume the true rank R

is known, and we can minimize the reconstruction error via least squares to predict

the missing entries. We summarize this Rank-One Matrix Completion method

(R1MC) in Algorithm 4.

Remark 2: R1MC shares the same spirit as Iterative Hard Thresholding (IHT)

[176, 81] and Singular Value Projection (SVP) [78], where the SVD of the target

matrix is truncated by keeping the top R singular values and associated singular

vectors. On the other hand, R1MC requires less parameter tuning, e.g., no step-size

parameter required in [176, 81, 78], so it is simpler to implement and use. Different

from the convex completion methods such as [22] which relax the rank function via

nuclear norm using soft singular value thresholding, R1MC is a non-convex method

and obtains a low-rank solution using hard singular value thresholding. Unlike the

methods in [79] which optimize the underlying matrix in a bilateral factorization

form, the matrix is represented as a set of rank-one matrices in R1MC.

Remark 3: If M (with rank R) obeys the incoherence property and observes

enough randomly sampled entries [22], R1MC can exactly recover the missing en-

tries with high probability. The theoretical guarantees of IHT (R1MC) is first con-

jectured in [78], and recently [190] theoretically improves the sampling bound for
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Algorithm 4 Rank-One Matrix Completion (R1MC)

1: Input: Incomplete matrix PΩ(M), index matrix Ω, given rank R, maximum

iterations K, and stopping tolerance tol.

2: Initialization: PΩ(X) = PΩ(M), PΩc(X) = 0, Z = zeros(I1, I2).

3: for k = 1, ..., K do

4: Compute the rank-R approximation of X: [U0 Σ0 V0]= svd(X), U0 =

{ur}Rr=1 ∈ RI1×R,Σ0 ∈ RR×R,V0 = {vr}Rr=1 ∈ RI2×R.

5: Set Z = U0Σ0V
>
0 .

6: Update the missing entries by: PΩc(X) = PΩc(Z).

7: If ‖PΩ(X− Z)‖F/‖PΩ(X)‖F < tol or ‖Xk+1 −Xk‖F/‖Xk+1‖F < tol , break;

otherwise, continue.

8: end for

9: output: Z.

IHT (R1MC): R1MC converges to the exact low-rank solution when the number of

known entries is more than O(NR2 log2(N)), N = max (I1, I2). Furthermore, Wei

et al. [190] demonstrate that this sampling complexity can achieve the optimal one

O(NR) empirically. In other words, for an incomplete matrix X with enough ob-

served entries from M (i.e., PΩ(X) = PΩ(M)), the missing entries of M can be

exactly recovered. In R1MC, we predict the missing entries by iteratively updating:

PΩc(X) = PΩc(Z) and computing the rank-R approximation of X by the truncated

SVD of X, and finally recover the matrix exactly under the above assumptions. On

the other hand, the unique optimal rank-R approximation of M is given by the

truncated SVD of M according to the Eckart–Young–Mirsky theorem (Theorem 2).

In this way, assuming the true rank R is known, R1MC can achieve the optimal

solution for matrix completion under the appropriate conditions. If the input rank

is higher (over-estimate) or lower (under-estimate) than the true rank, it may result

in poor recovery performance. Therefore, it is important to determine a good rank

value (true rank) for low-rank matrix decomposition for matrix completion [96].
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L1-norm Regularized Rank-One Matrix Completion with Automatic Rank

Estimation (L1MC)

To address the important rank estimation issue, we impose L1-norm regularization

on the weight vector w and reformulate the R1MC model (4.1.10) as follows:

min
X,w,{ur,vr}Rr=1,R

µ‖w‖1+
1

2
‖X−

R∑
r=1

wr urv
>
r ‖2

F ,

s.t. PΩ(X) =PΩ(M),

‖ur‖2 = ‖vr‖2 = 1, for r = 1, · · · , R,

(4.1.11)

where µ is the regularization parameter and R is the rank to be estimated. By

simultaneously minimizing the L1-norm regularization and the reconstruction error,

we can automatically determine the rank of an incomplete matrix and simultaneously

predict the missing entries. We name this new L1-norm regularized rank-one Matrix

Completion method with automatic rank estimation as L1MC.

Remark 4: Note that the weights in model (4.1.10) are analogous to the singular

values. L1-norm regularization makes the weight vector sparse and leads to a low-

rank solution.

Derivation of L1MC via BCD: we employ the Block Coordinate Descent (BCD)

method [116] for optimization. The BCD method is also known as the alternating

minimization method or nonlinear (block) Gauss-Seidel scheme. We divide the tar-

get variables intoR + 1 blocks: {{w1,u1,v1}, · · · , {wr,ur,vr}, · · · , {wR,uR,vR},X}.

We optimize a group (block) of variables while fixing the other groups (blocks), and

update one variable while fixing the other variables in each group. After finishing

the update of these R + 1 blocks variables, we finally determine the rank.

The Lagrangian function with respect to the r-th block {wr,ur,vr} is:

Lwr,urvr = µ|wr|+
1

2
‖Xr − wrurv>r ‖2

F ,

s.t. Xr = X−
r−1∑
q=1

wquqv
>
q ,

PΩ(X) = PΩ(M), ‖ur‖2 =‖vr‖2 = 1,

(4.1.12)

where Xr is the residual of the approximation.
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Update ur,vr The function (4.1.12) with respect to ur is,

Lur =
1

2
‖Xr − wrurv>r ‖2

F (4.1.13)

Then we set the partial derivative of Lur with respect to ur to zero, and get:

w2
rur − wrXrvr = 0⇒ ur

(k+1) =
Xk
rv

k
r

wkr
. (4.1.14)

We normalize u
(k+1)
r = u

(k+1)
r

‖u(k+1)
r ‖2

. Note that we only update the blocks with non-zero

weights (e.g., wkr 6= 0).

Similarly, we can update vr
(k+1) by,

vr
(k+1) =

X>r
k
ur

(k+1)

wkr
, (4.1.15)

and normalize v
(k+1)
r = v

(k+1)
r

‖v(k+1)
r ‖2

.

Update wr The function (4.1.12) with respect to wr is,

Lwr = µ|wr|+
1

2
‖Xr − wr urv

>
r ‖2

F . (4.1.16)

Then we set the partial derivative of Lwr with respect to wr to zero,

∂Lwr

∂wr
=
µ|wr|
∂wr

+
(
wr − trace(vru

>
r Xr)

)
=
µ|wr|
∂wr

+ wr− < Xr,vru
>
r >= 0.

(4.1.17)

According to Eq. (4.2.30), we know wr =< Xr,vru
>
r > −µ |wr|

∂wr
. Based on the soft

thresholding algorithm [143] for L1-norm regularization, we update w
(k+1)
r by:

w(k+1)
r = shrinkµ(< Xk

r , vr
(k+1)u>r

(k+1)
>), (4.1.18)

where shrink is the soft thresholding operator [9, 143]:

shrinkµ(a) =


a− µ (a > µ)

0 (|a| ≤ µ)

a+ µ (a < −µ)

. (4.1.19)
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Update X The function (4.1.11) with respect to X is,

min
X

1

2
‖X−

R∑
r=1

wr urv
>
r ‖2

F , (4.1.20)

s.t. PΩ(X) = PΩ(M), ‖ur‖2 = ‖vr‖2 = 1.

By deriving simply the Karush-Kuhn-Tucker (KKT) conditions for Eq. (5.3.26)

[119], we can update X(k+1) by X(k+1) = PΩ(X) + PΩc(Z(k+1)), where Z(k+1) =∑R
r=1w

(k+1)
r u

(k+1)
r v>r

(k+1)
.

Estimate the Rank R After iteratively updating all the above variables till

convergence or reaching the maximum iterations, we finally determine a rank. By

checking the weight vector w, we only keep the weights larger than a threshold

(we set the threshold at 10−3 × Sampling Ratio× TotalWeight), i.e., removing the

zero and small weights which account for a very small proportion of total weights.

Finally, the number of the remaining weights in w is the estimated rank and we

keep the corresponding factors.

We summarize this new matrix completion method with automatic rank esti-

mation, L1MC, in Algorithm 5. In addition, since we need a initial rank for

optimizing our L1MC objective function (4.1.11), we denote R̂ as the initial rank

for rank estimation.

Remark 5: In L1MC, we set the threshold in rank estimation at 10−3×Sampling Ratio×

TotalWeight, i.e., removing small weights (analogous to singular values) less than

0.01% to 0.09% of total weights for data with SR = 10% − 90% observed entries,

respectively. This setting follows the similar idea in [121], where the low-rank matrix

is truncated by removing small singular values less than 1% of the L2-norm of the

vector of singular values. Furthermore, based on empirical studies, this threshold

can be loose to be an ideal value 0 on the synthetic matrices (and real data with

SR > 30%). By only removing small singular values which account for a very small

proportion of total singular values, we keep most information of the target matrix.

This threshold for rank estimation can be fixed with no need of tuning. It works well
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Algorithm 5 L1-norm Regularized Rank-One Matrix Completion with Automatic

Rank Estimation (L1MC)

1: Input: Incomplete matrix PΩ(M), index matrix Ω, regularization parameter

µ, initial rank R̂, maximum iterations K, and stopping tolerance tol.

2: Initialization: Initialize {w = {wr}R̂r=1, {ur ∈ RI1 ,vr ∈ RI2 , ‖ur‖2 = ‖vr‖2 =

1}R̂r=1} randomly (normal distribution); Set Z = zeros(I1, I2), PΩ(X) = PΩ(M),

PΩc(X) = 0.

3: for k = 1, ..., K do

4: Xr = X.

5: for r = 1, ..., R̂ do

6: if wr 6= 0 then

7: Update ur and vr by (4.2.26) and (4.2.27) respectively.

8: Update wr by (4.2.31).

9: Xr = Xr − wrurv>r .

10: end if

11: end for

12: Update X: Update Z = X − Xr and the missing entries by: PΩc(X) =

PΩc(Z).

13: If ‖PΩ(X− Z)‖F/‖PΩ(X)‖F < tol or ‖Xk+1 −Xk‖F/‖Xk+1‖F < tol , break;

otherwise, continue.

14: end for

15: Rank Estimation: Only keep the wr if wr > (10−3 × Sampling Ratio ×

sum(w)), and then R∗ = length(w), and keep corresponding {ur}R
∗

r=1 and

{vr}R
∗

r=1.

16: output: R∗,Z.
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in all tested synthetic and real data although we do not have theoretical guarantee

for it yet.

Algorithm 6 L1MC with Ref inement (L1MC-RF)

1: Input: Incomplete matrix PΩ(M), index matrix Ω, regularization parameter

µ, initial rank R̂, maximum iterations K, and stopping tolerance tol.

2: Step 1: Obtain R∗ by Algorithm 5 L1MC.

3: Step 2: Feed the estimated rank R∗ into Algorithm 4 R1MC to further opti-

mize factors and weights.

4: output: R∗,Z.

L1MC with Refinement (L1MC-RF)

L1MC can automatically estimate the rank and simultaneously predict the missing

entries. However, the L1-norm regularization of model (4.1.11) restricts L1MC to

directly optimize the factors and weights of rank-one approximation. To improve

the recovery performance, we propose a refinement strategy. We refine the re-

covery results by directly minimizing the reconstruction error without the L1-norm

regularization after rank estimation, i.e., we firstly determine the rank of an incom-

plete matrix by L1MC, and then we remove the L1-norm regularizer and further

improve the recovery accuracy. Thus, after the rank estimation step, we reformulate

the L1MC model (4.1.11) as:

min
X,{ur,wr,vr}R

∗
r=1

1

2
‖X−

R∗∑
r=1

wr urv
>
r ‖2

F ,

s.t. PΩ(X) = PΩ(M),

‖ur‖2 =‖vr‖2 = 1, for r = 1, · · · , R∗.

(4.1.21)

The formulation (4.1.21) is equivalent to the R1MC model (4.1.10). Therefore,

we can directly optimize the factors and weights by R1MC to further refine the

recovery results. Note that we also can further refine the recovery results of L1MC

by other fixed-rank completion methods such as SVP[78], IHT [81, 176], LRGeomCG

[182] and so forth, while R1MC is simpler to implement and use. We denote this
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integrated-solution as L1MC with Refinement, i.e., L1MC-RF, summarized in

Algorithm 6.

In the following section, we evaluate the rank estimation and recovery accuracy

of the proposed methods on the synthetic matrices and real-world images.

4.1.4 Experiments

We evaluate the performance of the proposed methods from three aspects: i) pa-

rameter sensitivity and convergence; ii) importance of estimating the true rank;

iii) accuracy of recovery and rank estimation over various sampling ratios given in-

complete matrices. We sample 10% − 90% entries from each matrix uniformly at

random for training and use “SR” for this Sampling Ratio (training ratio). We

implemented our methods in MATLAB and all experiments were performed on a

PC (Intel Xeon(R) 3.40GHz, 64GB memory).

Experimental Settings

Data Following [191, 158, 178, 131], we generate the synthetic matrices: M ∈

RI1×I2 with rank R from two random matrices M1 ∈ RI1×R and M2 ∈ RI2×R with

i.i.d. standard Gaussian entries, i.e., M = M1M
>
2 . In this subchapter, we report the

results of five synthetic matrices: {500× 500 (R = 5), 1000× 1000 (R = 25), 1000×

1000 (R = 50), 2000× 2000 (R = 50), 2000× 2000 (R = 100)}.

Moreover, the minimum sampling ratios for guaranteeing the exact recovery of

these five matrices are (O(NR log(N))
(I1×I2)

): {O(6.21%), O(17.27%), O(34.54%), O(19%), O(38%)}

respectively using nuclear norm minimization-based methods according to [23] (decomposition-

based methods may need more observations [79]).

Real data1: We also evaluate our methods on seven real-world images: {Lenna

(512 × 512), Boat (512 × 512), Baboon (512 × 512), Peppers (512 × 512), Man

(1024×1024), Airplane (1024×1024), Airport (1024×1024)}. These natural images

1Boat image is from http://lmafit.blogs.rice.edu/ and other images are available at http:

//sipi.usc.edu/database/database.php?volume=misc&image.
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(a) Original Lenna image.
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(b) First 200 singular values of Lenna.

Figure 4.1: An example of low-rank image.

Lenna Boat Baboon Peppers Man Airplane Airport

(a) Original images with approximate low-ranks.

(b) Truncated images with exact low-ranks.

Figure 4.2: Seven real images used for experiments.

are approximately low-rank by observing their singular values, as shown in Fig. 4.1.

Following [191] where the authors truncated the SVD of the Boat image to obtain

the rank-40 image, we examined the singular value of these images and truncated

their SVD to get the images with exact low-ranks: {29 (Lenna), 40 (Boat), 24 (Ba-

boon), 30 (Peppers), 27 (Man), 23 (Airplane), 22 (Airport)}, as shown in Fig. 4.2.

Similarly, the minimum sampling ratios for guaranteeing the exact recovery of these

low-rank images are: {O(35.33%), O(48.74%), O(29.24%), O(36.55%), O(18.28%),

O(15.57%), O(14.89%)} respectively using nuclear norm minimization-based meth-

ods.

Compared Methods We compare the proposed methods against ten state-of-

the-art matrix completion methods:
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(b) 1000× 1000 (R = 50)
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(d) 1000× 1000 (R = 50)

Figure 4.3: Estimated ranks and RSE of recovering two synthetic matrices via

L1MC-RF with (a) (c): µ ∈ [5 : 5 : 100] and (b) (d): µ ∈ [5 : 5 : 200], respectively.
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(a) 500× 500 (R = 5)

10 50 90 130 170 210 250 290 330 370 410 450 490

Initial Rank (1000×1000, R=50)

0

25

50

75

100

125

E
st

im
at

ed
 R

an
k

SR=10%
SR=20%
SR=30%
SR=40%
SR=50%
SR=60%
SR=70%
SR=80%
SR=90%

(b) 1000× 1000 (R = 50)
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(d) 1000× 1000 (R = 50)

Figure 4.4: Estimated ranks and RSE of recovering two synthetic matrices via

L1MC-RF with initial rank (a) (c): R̂ ∈ [5 : 10 : 245] and (b) (d): R̂ ∈ [10 : 20 : 490],

respectively.
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• Four nuclear norm minimization-based methods: SVT2[19], APGL3[178],

FPCA4[131], and AIS-Impute5[205].

• Three low-rank matrix decomposition-based methods with automatic rank es-

timation: LMaFit6[191], OptSpace7[90], and MaCBetH8[158]

• Two Riemannian descent methods: GeomPursuit [181] and LRGeomCG9

[182]. GeomPursuit combines LRGeomCG with a rank-adaptive strategy.

• One tensor completion method with automatic rank estimation: FBCP10

[217] degenerated to 2D.

We also tested R1MP [188, 189]. In this set of experiments, however, R1MP performs

poorly compared with these methods, so its results are not reported here.

Evaluation Metrics Given an incomplete matrix PΩ(X) = PΩ(M) (input), and

the recovered matrix Z (output), we measure the recovery performance with ground

truth M (with rank R) using following metrics:

• Relative Square Error (RSE)[186]: ‖M − Z‖F/‖M‖F , which refers to the re-

construction error. We use RSE to measure the recovery accuracy and consider

the matrix M successfully recovered if RSE < 10−3[22, 153, 131].

• Relative Square Error on Training (RSEtrain) [19, 191]: ‖PΩ(X−Z)‖F/‖PΩ(X)‖F ,

which is used for convergence study and stopping criterion.

• Relative error of weight vector (Errw): ‖s − w‖2/‖s‖2, where s is the vector

that consists of all singular values of the ground truth M.

• Estimated Rank (Est.R).

• Time cost.

2http://www.math.ust.hk/~jfcai/.
3http://www.math.nus.edu.sg/~mattohkc/NNLS.html.
4http://www1.se.cuhk.edu.hk/~sqma/softwares.html.
5https://github.com/quanmingyao/AIS-impute.
6http://lmafit.blogs.rice.edu/.
7http://web.engr.illinois.edu/~swoh/software/optspace/.
8https://github.com/alaa-saade/macbeth_matlab.
9http://www.unige.ch/math/vandereycken/matrix_completion.html.

10http://www.bsp.brain.riken.jp/~qibin/homepage/Software.html.
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Parameter Settings In this subchapter, we set the maximum iterations K =

500 for all methods based on our preliminary studies, and set the regularization

parameter µ = 50 and the initial rank R̂ = round(1/8×min (I1, I2)) for L1MC-RF

by default (to be studied in Sec. IV. B). We use two stopping criteria: RSEtrain

and ‖Xk+1−Xk‖F/‖Xk+1‖F [131, 117], and terminate the proposed methods if one

of stopping criteria is met. Since we found that tol = 1e − 14 is small enough to

obtain very good recoverability and rank estimation, we set the stopping tolerance

tol = 1e − 14 for all methods. Other parameters of the compared methods have

followed the original papers. We repeat the runs 10 times and report the average

results.

Parameter Sensitivity

Firstly, we examine the parameter sensitivity of our methods, including the regular-

ization parameter µ and the initial rank R̂ used for rank estimation.

Sensitivity of Regularization Parameter µ We evaluate L1MC-RF with pa-

rameter µ ∈ [5 : 5 : 100] and µ ∈ [5 : 5 : 200] on two synthetic matrices:

500 × 500 (R = 5) and 1000 × 1000 (R = 50), respectively. Here we set the initial

rank R̂ = {50, 100} for these two matrices, respectively.

As seen from Fig. 4.3, it is clear that L1MC-RF is not sensitive to the values

of parameter µ: with different values of µ, L1MC-RF performs well on both rank

estimation and matrix completion on the whole. Specifically, there are two special

scenarios: 1) If we only observe very few entries (e.g., SR = 10%) from a smaller

matrix with lower rank (e.g., 500× 500, R = 5), a larger µ (e.g., µ = 80) makes the

L1-norm regularization dominate the whole objective function (4.1.11) and results

in zero rank and failure of recovery, as observed from Figs. 4.3(a) and 4.3(c); 2)

Figs. 4.3(b) and 4.3(d) show that we may need to choose a good µ for L1MC-RF

to recover a larger matrix with higher rank (e.g., 1000 × 1000, R = 50) only if the

observations are much less than the sampling bound (e.g., SR < 30%), where it is

difficult to recover the matrix exactly. On the other hand, a smaller µ (e.g., µ = 5)
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costs L1MC-RF more time as shown in Figs. 4.5(a) and 4.5(b).

In short, we do not need to tune the parameter µ to estimate a good rank and

achieve a good recovery result. For simplicity, we fix µ = 50 for the proposed

methods by default.

Sensitivity of Parameter R̂ (Initial Rank) We test on two synthetic matrices

500 × 500 (R = 5) and 1000 × 1000 (R = 50) via L1MC-RF with initial rank

R̂ ∈ [5 : 10 : 245] and R̂ ∈ [10 : 20 : 490], respectively.

As observed from Fig. 4.4, it is obvious that L1MC-RF is also not sensitive to the

values of the initial rank R̂: with different values of R̂, L1MC-RF has good stable

performance in rank estimation and matrix completion almost in all cases. Besides,

a higher initial rank R̂ increases computational cost, as shown in Figs. 4.5(c) and

4.5(d). We set the initial rank R̂ = round(1/8 ×min (I1, I2)) by default under the

low-rank assumption.

Convergence Study

We demonstrate the convergence of our methods in Fig. 4.6 for recovering the

synthetic matrix 1000× 1000 (R = 50). Here, we set tol = eps (machine precision)

to allow L1MC-RF to pursue the best result until reaching the maximum iterations.

Since L1MC-RF consists of L1MC (Step 1 of L1MC-RF) and R1MC (Step 2 of

L1MC-RF), we study their convergence in terms of training error as shown in Figs.

4.13(b) and 4.6(b) respectively.

L1MC converges within 50 iterations as observed from Fig. 4.13(b). Fig. 4.6(b)

shows that R1MC converges within 200 iterations for the easy problems (e.g., SR

> 30%), while it needs more iterations to achieve convergence if the problem is

harder (e.g., SR = 30%). For the two cases of SR = {10%, 20%}, since the sampling

ratios are much less than the sampling bound for this synthetic matrix, L1MC-RF

(R1MC) fails to find the solution within 1000 iterations.

Besides, Fig. 4.6(c) shows that L1MC successfully determines the true rank

within 50 iterations when observing enough entries (SR ≥ 30%). In short, L1MC
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(c) About R̂ : 500× 500 (R = 5)
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(d) About R̂ : 1000× 1000 (R = 50)

Figure 4.5: Time costs of recovering two synthetic matrices via L1MC-RF with

(a): µ ∈ [5 : 5 : 100] and (b): µ ∈ [5 : 5 : 200], respectively; via L1MC-RF with

initial rank (c): R̂ ∈ [5 : 10 : 245] and (d): R̂ ∈ [10 : 20 : 490], respectively.

converges faster than R1MC and we set the maximum iterations K = 500 for the

proposed methods by default.

Effects of Rank Value on Matrix Completion Performance

Here, we present studies that investigate the effects of rank estimation accuracy

on matrix completion performance of four methods: R1MC, LMaFit, MaCBetH

and LRGeomCG. Besides, we also studied OptSpace: it can achieve good recovery

results given true or higher-than-true ranks on synthetic matrices while it fails to

recover real-world image even given true ranks. Here we dot not report its results

for simplicity.

We compare their matrix completion performance with two ways of rank deter-

mination: (i) setting the rank manually; (ii) setting µ in L1MC to estimate the

rank. We show the results of recovering both synthetic and real matrices with SR
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(b) RSEtrain for R1MC (Step 2 of L1MC-RF)
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(c) Rank estimation by L1MC

Figure 4.6: Convergence curves of recovering the synthetic matrix 1000×1000 (R =

50) with 10%− 90% observations via L1MC-RF.

= {30%, 50%, 70%} in Figs. 4.7 and 4.8.

• As seen from Figs. 4.7(a) and 4.7(c), the recovery performance (in RSE) of all

four methods is highly sensitive to the manually set rank value. Even a slight

error in the rank value can lead to serious performance degradation. Only

given the true ranks, all the four methods can achieve their best completion

results in all cases.

• In contrast, Figs. 4.7(b) and 4.7(d) show the corresponding results with L1MC

rank estimation by setting µ to a range of values. We can see a wide range

of µ values lead to their best performance of all methods. Such range of µ is

wider for data with a larger rank (or dimension) as seen from Fig. 4.7(d) (also

refers to Figs. 4.3(b) and 4.3(d)).

• Figs. 4.8(a) and 4.8(c) shows that these four methods cost less time the given

true ranks in most cases, compared to the cases of given lower/higher-than-

true-ranks. With estimated ranks by L1MC with different values of µ, the
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computational costs are stable with respect to different µ on the whole, as

observed from Figs. 4.8(b) and 4.8(d).

This study shows the advantage of L1MC in automatic rank estimation, com-

pared to manually fixing the rank. L1MC greatly simplifies parameter tuning where

a simple setting of µ from a wide range of feasible values works for a wide range

of methods and data. This not only improves the recovery performance but also

reduces the time cost in parameter tuning.

Moreover, these results demonstrate the importance of estimating the true rank

for matrix completion methods requiring a rank a priori. In the following, we will

compare the recovery performance and rank estimation of our methods against the

competing algorithms in detail.
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(d) Using estimated ranks via µs

Figure 4.7: RSE of recovering 500 × 500 (R = 5) and Lenna image (R = 29) via

completion methods as given manually fixed rank in (a) and (c), and estimated

rank by L1MC with the different values of µ in (b) and (d).

104



1 2 3 4 5 6 7 8 9 10

Fixed Rank (500×500, R=5)

10-1

100

101

102

T
im

e(
s)

R1MC (SR=30%)
R1MC (SR=50%)
R1MC (SR=70%)
LMaFit (SR=30%)
LMaFit (SR=50%)
LMaFit (SR=70%)
MaCBetH (SR=30%)
MaCBetH (SR=50%)
MaCBetH (SR=70%)
LRGeomCG (SR=30%)
LRGeomCG (SR=50%)
LRGeomCG (SR=70%)

(a) Using manually fixed ranks

5 15 25 35 45 55 65 75 85 100

Value of µ (500×500, R=5)

10-1

100

101

102

T
im

e(
s)

R1MC (SR=30%)
R1MC (SR=50%)
R1MC (SR=70%)
LMaFit (SR=30%)
LMaFit (SR=50%)
LMaFit (SR=70%)
MaCBetH (SR=30%)
MaCBetH (SR=50%)
MaCBetH (SR=70%)
LRGeomCG (SR=30%)
LRGeomCG (SR=50%)
LRGeomCG (SR=70%)

(b) Using estimated ranks via µs

9 14 19 24 29 34 39 44 49 54

Fixed Rank (Lenna image, R=29)

10-1

100

101

102

103

T
im

e(
s)

R1MC (SR=30%)
R1MC (SR=50%)
R1MC (SR=70%)
LMaFit (SR=30%)
LMaFit (SR=50%)
LMaFit (SR=70%)
MaCBetH (SR=30%)
MaCBetH (SR=50%)
MaCBetH (SR=70%)
LRGeomCG (SR=30%)
LRGeomCG (SR=50%)
LRGeomCG (SR=70%)

(c) Using manually fixed ranks

5 20 50 80 95 125 140 155 170 200

Value of µ (Lenna image, R=29)

10-1

100

101

102

103

T
im

e(
s)

R1MC (SR=30%)
R1MC (SR=50%)
R1MC (SR=70%)
LMaFit (SR=30%)
LMaFit (SR=50%)
LMaFit (SR=70%)
MaCBetH (SR=30%)
MaCBetH (SR=50%)
MaCBetH (SR=70%)
LRGeomCG (SR=30%)
LRGeomCG (SR=50%)
LRGeomCG (SR=70%)
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Figure 4.8: Time costs of recovering 500 × 500 (R = 5) and Lenna image (R = 29)

via completion methods as given manually fixed rank in (a) and (c), and estimated

rank by L1MC with the different values of µ in (b) and (d).

4.1.5 Completion Performance and Rank Estimation Com-

parison

We compare recovery accuracy (RSE), time cost (seconds), and rank estimation

of the proposed methods against the night existing competing algorithms on the

five synthetic matrices and seven real-world images. We tested all the methods on

these matrices with 10%− 90% observed entries, and report here the results of SR

= {30%, 50%, 70%} (total 36 cases) in Table 4.1 and 4.2 for simplicity 11. We use

“**’ and “–” to indicate that the method diverges (i.e., SVT) and does not terminate

in 48 hours (i.e., FBCP) in some cases, respectively.

11Due to space limitation, the comparison again FPCA [131], AIS-Impute [205] and L1MC are removed from

these two tables, please refer to the Full Comparison in TABLE I and II at the published version at https:

//ieeexplore.ieee.org/document/8183435/
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Table 4.1: Recovery Accuracy (RSE) and Time Cost (seconds) of Different

Completion Methods on Synthetic and Real Data (SR = Sample Ratio = 30%, 50%,

70% ). We highlight the best results in bold fonts and second best results in

underline.

Problem SVT [19] APGL [178] LMaFit [191] Optspace [90] MaCBetH [158] GeomPursuit [181] FBCP [217] L1MC-RF

Data SR RSE Time RSE Time RSE Time RSE Time RSE Time RSE Time RSE Time RSE Time

Synthetic 30 1.59E-13 12.2 1.24E-04 3.0 1.06E-14 0.2 4.57E-15 6.0 4.31E-15 0.8 3.20E-06 35.4 7.21E-13 90.7 1.84E-14 5.1

500×500 50 1.31E-13 13.8 1.15E-04 2.6 1.03E-14 0.4 3.35E-15 4.6 4.85E-15 1.1 1.67E-06 54.5 2.31E-13 100.1 1.23E-14 3.0

R = 5 70 1.07E-13 15.8 1.11E-04 2.4 8.93E-15 0.3 2.89E-15 5.6 3.56E-15 1.6 2.88E-07 129.9 1.07E-13 83.5 1.02E-14 1.8

Synthetic 30 3.55E-13 96.0 4.12E-02 27.2 1.39E-14 1.8 2.39E-15 802.1 4.41E-15 13.6 1.30E-06 1185.6 5.86E-13 1423.6 2.21E-14 52.6

1000×1000 50 4.31E-13 93.5 1.45E-03 11.9 8.31E-15 1.4 1.90E-15 776.9 3.07E-15 16.9 6.89E-07 2092.1 1.79E-13 1408.3 1.45E-14 29.3

R = 25 70 6.28E-13 124.0 1.26E-04 11.6 9.59E-15 1.9 1.85E-15 722.9 1.34E-15 19.4 9.93E-08 1755.5 8.56E-14 1356.7 1.13E-14 17.3

Synthetic 30 3.91E-09 468.8 3.18E-02149.1 2.00E-14 4.1 5.98E-1532028.2 6.00E-15 102.0 9.34E-07 1807.7 1.80E-12 6851.8 2.91E-14 119.9

1000×1000 50 5.14E-13 221.0 1.62E-04 49.0 1.37E-14 2.5 3.37E-15 46723.02.61E-15 112.7 3.68E-07 2250.5 4.43E-13 1539.7 1.71E-14 46.3

R = 50 70 7.69E-13 175.2 3.76E-03 30.6 1.10E-14 2.9 2.63E-15 58715.92.13E-15 117.0 9.12E-08 3144.2 1.96E-13 1460.0 1.30E-14 26.4

Synthetic 30 1.66E-04 482.9 2.91E-02 60.0 3.95E-02 50.3 4.64E-02 1046.6 4.64E-02 30.8 5.29E-09 18106.6 4.21E-1067412.92.09E-14460.0

2000×2000 50 3.19E-05 671.0 1.52E-02 50.9 3.91E-02 61.1 4.64E-02 1218.6 4.64E-02 45.1 2.32E-09 28044.3 – – 1.41E-14207.4

R = 50 70 8.89E-06 852.2 7.31E-04 62.9 3.90E-02 71.7 4.64E-02 1470.8 4.64E-02 57.2 8.89E-10 37309.1 – – 1.03E-14106.6

Synthetic 30 7.15E-04 1800.7 3.21E-02 83.7 5.25E-02 42.3 3.30E-02 993.1 3.30E-02 33.0 1.18E-09 32934.3 – – 2.93E-14999.8

2000×2000 50 1.20E-04 1542.7 3.20E-02109.7 3.02E-02 74.1 3.30E-02 1499.7 3.30E-02 43.7 4.66E-11 44082.7 – – 1.69E-14335.6

R = 100 70 2.80E-05 1367.1 3.19E-02 92.4 3.01E-02 64.6 3.30E-02 1452.6 3.30E-02 51.7 8.22E-11 57328.6 – – 1.10E-14155.5

Lenna 30 ** ** 1.11E-03 78.7 6.61E-02 3.7 2.46E-01 47.9 2.57E-01 1.5 1.74E-06 154.5 2.59E-02 918.9 8.33E-07 62.9

(512×512) 50 6.63E-01 8102.3 6.74E-04 29.8 4.40E-02 4.8 2.28E-01 62.6 2.25E-01 2.4 5.92E-07 186.7 2.97E-06 1274.7 2.83E-14 19.5

R = 40 70 9.27E-02 487.8 5.71E-04 9.0 3.91E-02 5.8 2.19E-01 80.1 2.25E-01 3.2 1.31E-07 237.0 8.67E-10 1709.0 1.87E-14 7.9

Boat 30 ** ** 2.82E-03143.2 6.31E-02 4.3 2.42E-01 59.4 2.36E-01 1.1 3.20E-06 294.2 9.43E-02 544.0 1.47E-02 136.4

(512×512) 50 6.78E-01 8021.5 1.01E-03 47.9 4.39E-02 5.9 1.94E-01 64.9 2.17E-01 2.1 1.07E-06 211.6 5.47E-06 1881.7 1.99E-09 36.1

R = 29 70 1.13E-01 491.3 7.36E-04 14.4 3.76E-02 7.1 1.93E-01 71.8 1.93E-01 3.1 4.03E-07 240.1 4.41E-06 2337.3 3.05E-14 12.8

Baboon 30 ** ** 8.52E-04 40.2 5.30E-02 3.7 1.72E-01 41.5 1.77E-01 0.8 7.45E-07 131.6 7.53E-07 675.4 3.92E-11 41.2

(512×512) 50 6.39E-01 6332.8 5.92E-04 13.7 4.41E-02 5.3 1.51E-01 62.3 1.76E-01 1.1 4.38E-07 166.1 2.94E-07 789.0 2.23E-14 12.8

R = 24 70 7.86E-02 408.0 5.21E-04 6.0 3.59E-02 6.6 1.33E-01 93.0 1.76E-01 1.3 1.17E-07 209.3 1.34E-07 1412.6 1.64E-14 5.5

Peppers 30 ** ** 1.14E-03109.2 7.41E-02 3.6 2.89E-01 62.6 2.45E-01 2.2 1.31E-06 113.8 1.10E-02 1135.7 4.82E-07 82.9

(512×512) 50 6.65E-01 9098.9 6.75E-04 37.0 5.48E-02 5.1 1.96E-01 134.0 2.13E-01 3.4 4.76E-07 125.0 5.05E-06 1938.7 3.06E-14 28.2

R = 30 70 9.31E-02 657.9 5.67E-04 12.9 4.46E-02 6.6 1.90E-01 178.4 2.04E-01 5.1 2.53E-07 155.8 3.64E-07 2151.7 1.96E-14 11.0

Man 30 ** ** 6.01E-04 26.7 7.77E-02 13.0 2.74E-01 327.5 2.29E-01 15.4 6.70E-07 981.8 2.59E-06 4458.9 3.06E-14304.5

(1024×1024)50 1.36E-01103689.75.14E-04 19.1 7.25E-02 19.0 2.76E-01 472.5 1.86E-01 34.1 2.51E-07 1563.1 1.20E-12 9937.5 1.73E-14 96.9

R = 27 70 1.45E-12 456.4 4.84E-04 17.3 6.71E-02 23.3 2.55E-01 765.8 1.85E-01 42.0 8.23E-08 2128.4 1.96E-13 8360.5 1.10E-14 39.3

Airplane 30 4.16E-01 13056.8 2.46E-03 53.6 6.10E-02 10.3 2.74E-01 233.5 2.34E-01 13.4 2.22E-06 1282.3 1.77E-0510311.31.06E-10283.4

(1024×1024)50 1.03E-11 270.7 2.83E-03 24.6 1.04E-02 11.7 2.48E-01 386.9 2.23E-01 21.2 5.69E-07 2425.0 6.03E-05 5855.4 2.00E-14122.4

R = 23 70 2.36E-12 112.9 4.47E-04 12.1 1.01E-14 9.7 2.47E-01 431.5 2.12E-01 33.2 1.42E-07 2904.4 3.56E-07 3957.7 1.50E-14 62.1

Airport 30 ** ** 5.69E-04 24.2 2.82E-02 33.6 2.14E-01 243.4 2.24E-01 7.9 6.81E-07 745.9 4.16E-12 2996.8 2.59E-14245.5

(1024×1024)50 5.65E-04 27994.4 4.95E-04 13.0 2.71E-02 42.0 1.96E-01 381.6 2.04E-01 14.3 3.49E-07 1152.2 6.46E-13 7525.8 1.56E-14 90.5

R = 22 70 6.86E-13 148.6 4.69E-04 13.1 3.32E-03 38.8 1.77E-01 601.2 1.77E-01 25.0 1.64E-07 1571.7 1.53E-13 6303.0 1.14E-14 42.9
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Observation L1MC-RFL1MCFBCPGeomPursuitMaCBetHOptSpaceLMaFitAIS-ImputeFPCAAPGLSVT

Figure 4.9: Recovery results of the proposed L1MC, L1MC-RF and existing nine

methods on Lenna (R = 29) and Boat (R = 40) image with 50% observations (best

viewed on screen).

Recovery Accuracy

We report the recovery accuracy (RSE) and time cost in Table 4.1, where we high-

light the best results (smallest RSE) in bold fonts and the second best (second

smallest RSE) results in underline in each row for easy comparison. From Table 4.1,

we have the following observations:

In terms of recovery accuracy on the synthetic matrices (total 15 cases),

L1MC-RF consistently recovers these matrices successfully (RSE < 10−3) and ob-

tains very small reconstruction errors of order 10−14 in all 15 cases. In fact, L1MC-

RF can achieve better results with smaller reconstruction errors of order 10−15 if

we relax the tol = 1e − 15. In addition, OptSpace and MaCBetH are among the

top two recovery results on three small synthetic matrices (500 × 500 with R = 5,

1000 × 1000 with R = 25, and 1000 × 1000 with R = 50), though L1MC-RF gives

results of one order lower only. LMaFit obtains similar results as L1MC-RF on

these smaller matrices. However, LMaFit, OptSpace and MaCBetH do not keep

their good performance on the larger matrices (2000× 2000, R = {50, 100}), where

L1MC-RF is still the winner and outperforms the second best (GeomPursuit and

FBCP) by several orders of magnitude. Moreover, on these large matrices, Geom-

Pursuit costs more than 10 hours in a few cases and FBCP fails to recover them

within 48 hours in most cases.

On the real-world images (total 21 cases), only L1MC-RF consistently achieves

the top two results in all cases except one (Boat image with SR = 30%) where

GeomPursuit obtains the best result. GeomPursuit and FBCP achieve the second
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best results following L1MC-RF in 16 out of 21 cases, while they are more time

consuming (about 10 and 45 times slower than L1MC-RF on average respectively).

Moreover, FBCP needs more memory. OptSpace and MaCBetH fail to recover these

real-world images and estimate wrong ranks (as shown in Table 4.2). LMaFit also

does not work well in the 21 cases except one (Airplane image with 70% observations)

where it achieves the smallest reconstruction error. In addition, SVT, APGL and

AIS-Impute take the second place in a few cases while SVT often fails to converge

if the observed entries are fewer (e.g., SR≤ 30%).

In a nutshell, L1MC-RF has shown good recoverability: it outperforms the three

decomposition-based methods as well as GeomPursuit and FBCP on average, and

also achieves smaller reconstruction errors than the four nuclear norm minimization-

based methods in all cases. For illustration, we show two examples of recovering the

Boat and Lenna images with 50% observations in Fig. 4.9.

Time Cost

In terms of computational cost, L1MC-RF is not the fastest while our focus

here is accuracy and our implementation is not optimized for efficiency. It is worth

noting that AIS-Impute is the fastest algorithm due to its C-mex programming.

LMaFit and MaCBetH are faster than L1MC-RF since they use an efficient nonlinear

successive over-relaxation scheme and employ the minFunc software for acceleration,

respectively. On the other hand, FBCP is the slowest among these completion

methods. GeomPursuit is much slower than L1MC-RF in each case although it takes

the most second best results, i.e., L1MC-RF is more than 89 times and 10 times

faster than GeomPursuit on average on the synthetic and real matrices, respectively.

Moreover, SVT and OptSpace are also slower than L1MC-RF especially in some

cases (e.g., on 1000× 1000 with R = 50), which is probably due to their heavy SVD

computation.
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Table 4.2: Estimated Rank (Est.R) and Relative error of Singular values

of Different Methods on Synthetic and Real Data. We highlight the Correct

Estimated Rank in bold and italic fonts, smallest Errw results in bold fonts

and second smallest Errw in underline.

Problem SVT [19] APGL [178] LMaFit [191] Optspace [90]MaCBetH [158] GeomPursuit [181] FBCP [217] L1MC-RF

Data SR (%)Est.R Errw Est.R Errw Est.R Errw Est.R Errw Est.R Errw Est.R Errw Est.R Errw Est.R Errw

Synthetic 30 5 2.41E-15 5 1.19E-04 5 5.77E-16 5 1.65E-16 5 1.03E-16 7 5.77E-08 5 7.01E-13 5 5.36E-16

500×500 50 5 2.53E-15 5 1.13E-04 5 6.80E-16 5 1.85E-16 5 1.03E-16 7 2.78E-08 5 2.27E-13 5 3.71E-16

R = 5 70 5 3.21E-15 5 1.10E-04 5 5.36E-16 5 1.65E-16 5 1.44E-16 7 4.88E-09 5 1.05E-13 5 3.50E-16

Synthetic 30 25 1.64E-15 95 1.83E-03 25 7.03E-16 25 3.79E-16 25 1.44E-16 27 8.09E-09 25 5.46E-13 25 8.48E-16

1000×1000 50 25 1.44E-15 25 1.59E-04 25 6.13E-16 25 4.87E-16 25 1.98E-16 27 3.06E-09 25 1.72E-13 25 5.23E-16

R = 25 70 25 1.73E-15 25 1.24E-04 25 5.41E-16 25 3.43E-16 25 2.34E-16 27 6.34E-10 25 8.29E-14 25 3.97E-16

Synthetic 30 69 4.44E-10 125 2.98E-03 50 6.41E-16 50 3.97E-16 50 7.69E-17 59 3.00E-09 50 1.53E-12 50 7.18E-16

1000×1000 50 50 1.18E-15 50 1.49E-04 50 5.13E-16 50 3.46E-16 50 8.97E-17 52 1.52E-09 50 4.05E-13 50 5.00E-16

R = 50 70 50 1.14E-15 51 1.60E-04 50 6.03E-16 50 2.95E-16 50 6.41E-17 52 3.24E-10 50 1.84E-13 50 2.56E-16

Synthetic 30 50 1.21E-05 28 7.54E-04 12 7.32E-04 1 1.07E-03 1 1.07E-03 52 2.04E-11 50 2.31E-13 50 1.40E-15

2000×2000 50 50 1.71E-06 39 4.87E-04 12 7.56E-04 1 1.09E-03 1 1.09E-03 52 9.99E-12 – – 50 1.27E-15

R = 50 70 50 3.57E-07 50 1.35E-04 12 7.49E-04 1 1.07E-03 1 1.07E-03 52 9.68E-13 – – 50 1.30E-15

Synthetic 30 100 8.28E-05 5 6.12E-04 12 1.29E-04 1 5.52E-04 1 5.52E-04 102 1.20E-11 – – 100 2.18E-15

2000×2000 50 100 9.73E-06 5 6.05E-04 12 4.42E-04 1 5.43E-04 1 5.43E-04 102 1.72E-13 – – 100 1.41E-15

R = 100 70 100 1.66E-06 5 6.06E-04 12 4.46E-04 1 5.41E-04 1 5.41E-04 102 1.77E-13 – – 100 1.49E-15

Lenna 30 ** ** 29 3.25E-04 21 9.37E-04 2 3.00E-02 2 3.26E-02 31 1.00E-08 27 5.64E-04 29 6.69E-09

(512×512) 50 142 6.40E-01 29 2.47E-04 24 7.82E-04 3 2.60E-02 3 2.52E-02 31 3.82E-09 37 3.29E-09 29 1.31E-15

R = 29 70 401 4.29E-02 29 2.25E-04 25 6.87E-04 3 2.41E-02 3 2.53E-02 31 7.83E-10 29 1.17E-12 29 5.36E-16

Boat 30 ** ** 40 4.87E-04 32 3.61E-04 1 2.92E-02 1 2.78E-02 42 2.20E-08 18 4.19E-03 64 1.21E-03

(512×512) 50 145 6.61E-01 40 2.76E-04 33 5.19E-04 3 1.85E-02 2 2.36E-02 42 3.88E-09 52 3.30E-09 40 1.37E-11

R = 40 70 404 5.14E-02 40 2.35E-04 34 5.57E-04 3 1.85E-02 3 1.85E-02 42 1.56E-09 54 7.05E-09 40 6.83E-16

Baboon 30 ** ** 24 2.48E-04 20 5.01E-04 2 1.45E-02 2 1.53E-02 26 5.18E-09 25 1.52E-09 24 1.80E-13

(512×512) 50 142 6.24E-01 24 2.04E-04 21 7.33E-04 3 1.12E-02 2 1.54E-02 26 3.78E-09 24 1.87E-10 24 1.01E-15

R = 24 70 402 3.71E-02 24 1.90E-04 22 5.96E-04 4 8.83E-03 2 1.54E-02 26 5.86E-10 24 1.07E-10 24 9.09E-16

Peppers 30 ** ** 30 3.57E-04 21 1.25E-03 3 4.14E-02 4 2.86E-02 32 9.40E-09 29 3.62E-04 30 2.02E-07

(512×512) 50 143 6.43E-01 30 2.66E-04 23 1.19E-03 6 1.87E-02 5 2.23E-02 32 3.07E-09 42 3.20E-09 30 9.53E-16

R = 30 70 402 4.30E-02 30 2.41E-04 25 8.44E-04 6 1.79E-02 5 2.06E-02 32 9.19E-10 32 8.70E-10 30 1.10E-15

Man 30 ** ** 27 2.90E-04 22 2.21E-03 5 3.62E-02 8 2.43E-02 29 1.34E-09 30 2.04E-09 27 8.96E-16

(1024×51024) 50 180 1.24E-01 27 2.65E-04 22 2.35E-03 5 3.82E-02 10 1.67E-02 29 9.21E-10 27 1.72E-13 27 4.89E-16

R = 27 70 27 1.91E-15 27 2.55E-04 23 2.24E-03 6 3.36E-02 10 1.69E-02 29 3.83E-10 27 4.80E-14 27 7.06E-16

Airplane 30 28 2.64E-01 34 4.77E-04 21 1.23E-03 4 3.62E-02 6 2.57E-02 25 8.77E-09 58 3.57E-08 23 9.70E-13

(1024×51024) 50 23 8.05E-13 36 3.70E-04 23 2.50E-04 5 3.05E-02 6 2.44E-02 25 3.31E-09 28 7.56E-08 23 1.60E-15

R = 23 70 23 3.57E-15 23 2.39E-04 23 9.76E-16 5 3.05E-02 7 2.23E-02 25 4.60E-10 28 5.50E-10 23 1.20E-15

Airport 30 ** ** 22 2.33E-04 21 3.91E-04 4 2.27E-02 3 2.47E-02 24 3.22E-09 22 8.71E-13 22 9.19E-16

(1024×51024) 50 105 5.00E-05 22 2.15E-04 21 3.96E-04 5 1.92E-02 4 2.07E-02 24 1.73E-09 22 1.35E-13 22 8.87E-16

R = 22 70 22 1.61E-15 22 2.08E-04 22 5.02E-05 6 1.56E-02 6 1.56E-02 24 6.72E-10 22 3.26E-14 22 7.90E-16
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Rank Estimation

We also report the corresponding estimated rank (Est.R) and relative error of singu-

lar values (Errw) in Table 4.2, where we highlighted the correct estimated rank

in bold and italic fonts, smallest Errw in bold fonts and second smallest Errw

in underline in each row. For the methods without the rank estimation step, we

compute the estimated ranks by SVD of the recovered matrices.

From Table 4.2, we observe that: L1MC-RF (L1MC) successfully determines the

true ranks of the given incomplete images in all 36 cases excepting one (Boat image

with SR = 30%), where L1MC does not have enough observations. GeomPursuit

performs best with the smallest Errw in this case, which results in the best recovery

result. L1MC can determine the true rank, while its weight vector (singular values)

is far from the ground truth (Errw > 10−3), resulting in poor recovery performance.

This demonstrates the significance of our refinement strategy in L1MC-RF: with

the refinement strategy, L1MC-RF further refines the factors and weights via R1MC

to pursue an optimal solution for matrix completion. In other words, L1MC-RF

not only can automatically estimate the true rank exactly but also obtain the true

singular values. On the other hand, though GeomPursuit cannot obtain exact true

ranks, it consistently learns the singular values with small errors (Errw of order less

than 10−7), which leads to good recovery performance. Moreover, FBCP does not

always successfully determine the true rank but it also obtains the singular values

with very small errors, which helps it achieve the second best recovery results in 7

out of 36 cases.

Limitation on Matrices with Exponentially Decaying Singular Values

Although L1MC-RF can outperform others in results presented so far, it has limita-

tion on matrices with exponentially decaying singular values, which can be found in

certain real world applications [103]. Such singular value distribution makes trunca-

tion in L1MC-RF more difficult while GeomPursuit performs much better by design.

We generated three types of such matrices with slow, moderate, and fast exponen-
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Table 4.3: Comparison Results of Recovering Synthetic Matrix (R = 20)

with Moderate Exponentially Decaying Singular Values via GeomPursuit and

L1MC-RF.

Problem GeomPursuit [181] L1MC-RF

Data SR (%) RSE Est.R RSE Est.R

Synthetic Matrix 30 6.86E-15 20 3.62E-03 5

With Moderate Exponentially 50 1.41E-15 20 3.35E-03 5

Decaying Singular Values 70 1.40E-15 20 8.38E-04 6

tially decaying singular values following the setting in [181]. The rank was fixed at

20. Table 4.3 shows that GeomPursuit gives much better results than L1MC-RF on

the moderate exponentially decaying scenario. The experiments on the other two

(slow and fast) scenarios show similar results. An interesting future work could be to

extend L1MC-RF to handle such cases better, e.g., with more adaptive thresholding

or ideas in GeomPursuit.

Summary of Experimental Results

• The proposed L1MC-RF is simple to implement and not sensitive to its pa-

rameters (the regularization parameter µ and the initial rank R̂). It has fast

convergence in rank estimation and good efficiency.

• Estimating the true rank is important for matrix completion methods requir-

ing a pre-specified rank to achieve good results. L1MC-RF has good stable

performance in both matrix completion and rank estimation. L1MC-RF con-

sistently recovers all the synthetic matrices exactly with very small reconstruc-

tion errors and efficiently achieves the top two results almost in all cases on

the real-world images.

• The four nuclear norm minimization-based methods (SVT, APGL, FPCA and

AIS-Impute) successfully recover the matrices (RSE < 10−3) in about half of

the total cases but obtain much lower accuracies than L1MC-RF on average.

• The three low-rank matrix decomposition-based methods (LMaFit, OptSpace
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and MaCBetH) have shown their good recoverability on most synthetic ma-

trices while fail to estimate the true ranks and predict the missing entries on

the real-world images overall. Moreover, Optspace is the slowest among the

compared decomposition-based methods (including L1MC-RF) due to its SVD

computation, which also makes SVT slower than L1MC-RF.

• GeomPursuit consistently recovers the matrices successfully and take the most

second places (15 cases). It even achieves the best result in one case where

Boat image with 70% missing entries. However, GeomPursuit cannot estimate

the exact true ranks. Besides, GeomPursuit is also very time consuming: it is

more than 57 times slower than L1MC-RF on the whole.

• FBCP obtains true ranks correctly in half of the total cases and achieves the

second best recovery results in 7 cases. However, it is the slowest among the

compared methods: it is more than 64 times slower than L1MC-RF on average

and even costs more than 48 hours on large matrices (e.g., 2000 × 2000, R =

100) in most cases.

• Although our methods can outperform the competing methods on the whole,

it cannot obtain good results on the matrices with exponentially decaying

singular values. In this special scenario, GeomPursuit works much better.

4.1.6 Summary

In this subchapter, we have proposed a novel low-rank matrix completion method

with automatic rank estimation, based on rank-one approximation. We have first

presented R1MC that minimizes the reconstruction error given a fixed rank to pre-

dict the missing entries. Here, if the given rank is the true rank of the target

incomplete matrix, R1MC can achieve the optimal solution for the matrix com-

pletion problems under moderate conditions. We then solved the challenging rank

estimation problem by developing L1MC method that simultaneously minimizes

the L1-norm of weight vector and the reconstruction error. Once the rank is auto-

matically estimated by L1MC, we have further proposed a refinement strategy: we

remove the L1-norm regularization and then obtain the refined results by directly
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optimizing the rank-one approximation model (e.g., using R1MC). This whole pro-

cess is named as L1MC-RF. With the experiments on synthetic and real-world data,

we have demonstrated that the proposed L1MC-RF is easy to implement and not

sensitive to its parameters. More importantly, L1MC-RF can efficiently estimate

the true rank and recover the incomplete matrix exactly under certain conditions,

which outperforms the competing methods on the whole. Nonetheless, our meth-

ods cannot work well on the special matrices with exponentially decaying singular

values, which will be an interesting future work.

In the next subchapter, we will extend the above proposed techniques to tensor

case and further solve the tensor rank estimation and tensor completion problems.

4.2 Tensor Rank Estimation and Completion via

CP-based Nuclear Norm

Tensor completion (TC) is a challenging problem of recovering missing entries of a

tensor from its partial observation. One main TC approach is based on CP/Tucker

decomposition. However, this approach often requires the determination of a tensor

rank a priori. This rank estimation problem is difficult in practice. Several Bayesian

solutions have been proposed but they often under/over-estimate the tensor rank

while being quite slow. To address this problem of rank estimation with missing

entries, we view the weight vector of the orthogonal CP decomposition of a ten-

sor to be analogous to the vector of singular values of a matrix. Subsequently, we

define a new CP-based tensor nuclear norm as the L1-norm of this weight vector.

We then propose Tensor Rank Estimation based on L1-regularized orthogonal CP

decomposition (TREL1) for both CP-rank and Tucker-rank. Specifically, we incor-

porate a regularization with CP-based tensor nuclear norm when minimizing the

reconstruction error in TC to automatically determine the rank of an incomplete

tensor. Experimental results on both synthetic and real data show that: 1) Given

sufficient observed entries, TREL1 can estimate the true rank (both CP-rank and
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Tucker-rank) of incomplete tensors well; 2) The rank estimated by TREL1 can con-

sistently improve recovery accuracy of decomposition-based TC methods; 3) TREL1

is not sensitive to its parameters in general and more efficient than existing rank

estimation methods.

4.2.1 Introduction

Tensors are ubiquitous (e.g., multichannel EEGs, images, videos, and social net-

works) and attract increasing interests [101]. Tensor completion, a task of recovering

the missing entries based on partially observed entries, has drawn much attention

recently in many applications of machine learning [179, 139, 171, 157] and data

mining [162, 187, 169, 164].

One popular approach to solving tensor completion problems is tensor nuclear

norm minimization, which is extended from matrix [22] to tensor case as a convex

surrogate for rank minimization [115]. Although the nuclear norm approximation

leads to good tensor completion performance under typical conditions [49, 116, 27],

there is no theoretical guarantee that it is the tightest convex envelope of a tensor

rank. Moreover, this approach is not efficient on large-scale tensors due to the heavy

computation of singular value decomposition (SVD).

Another popular approach is based on tensor decompositions including CANDE-

COMP/PARAFAC (CP) [59, 25]) and Tucker decomposition [180], which is more

promising for large-scale data. These two main decompositions lead to two common

definitions for tensor rank: CP-rank and Tucker-rank respectively. This approach of-

ten requires a tensor rank as input. For example, a CP decomposition with weighted

optimization method (CP-WOPT) [2] and an alternating minimization algorithm for

tensors with a (fixed) low-rank orthogonal CP decomposition (TenALS) [80] can ob-

tain good completion results for data with missing values under typical conditions.

However, they need to manually choose a CP-rank as input, which is quite challeng-

ing because estimating the CP-rank is NP-hard [66], especially given incomplete

information. On the other hand, by enforcing orthogonality into Tucker model, a
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generalized higher-order orthogonal iteration method (gHOI) [119] is developed to

efficiently solve tensor completion problem, where the Tucker-rank for their model

is obtained via a heuristic rank-increasing scheme. Furthermore, a simple Tucker

decomposition-based approach (Tucker-WOPT) [47] fails to recover missing data

accurately if the pre-specified rank is smaller than the true rank. Most recently,

a Riemannian manifold optimization method (FRTC) [88] achieves good recovery

performance on large-scale tensors, while still requiring a good rank value to be

pre-specified. Moreover, its time cost increases exponentially with increasing input

Tucker-rank.

Some studies attempt to estimate the CP/Tucker-rank of incomplete tensors

automatically. Several Bayesian models have been proposed to automatically de-

termine the CP-rank [8, 152, 217, 219]. For example, the CP rank of an incom-

plete tensor can be inferred by employing a multiplicative gamma process prior in

[152], where the inference is performed by Gibbs sampler with slow convergence.

Most recently, a Bayesian robust tensor factorization (BRTF) [219] employs a fully

Bayesian generative model for automatic CP-rank estimation. However, BRTF of-

ten under/over-estimates the true rank of incomplete tensors and has high compu-

tational cost.

To automatically estimate the Tucker-rank, an automatic relevance determina-

tion (ARD) algorithm is applied for sparse Tucker decomposition (ARD-Tucker)

[138]. ARD is a hierarchical Bayesian approach widely used in many methods

[151, 194, 175]. However, ARD-Tucker is not applicable to incomplete tensor data

and its efficiency is quite low. Most recently, a robust Tucker-rank estimation

method using Bayesian information criteria is proposed [209], while also only appli-

cable to complete tensors.

In this subchapter, we view the weight vector of the orthogonal CP decomposition

of a tensor as analogous to the vector of singular values of the SVD of a matrix. We

then define a simple CP-based tensor nuclear norm as the L1-norm of this weight

vector. Based on this new tensor norm, we propose Tensor Rank Estimation based
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on L1-regularized orthogonal CP decomposition, denoted as TREL1. TREL1 can

automatically determine both CP-rank and Tucker-rank accurately given sufficient

observed entries by removing the zero entries of the weight vector after optimization.

We solve the optimization problem by block coordinate descent, where we optimize

a block of variables while fixing the other blocks and update one variable while fixing

the other variables in each block. In a nutshell, our contributions are fourfold:

• We propose TREL1 to automatically estimate the CP-rank of an incomplete

tensor via a newly defined CP-based tensor nuclear norm.

• We automatically estimate the Tucker-rank in each mode by degenerating

TREL1 to matrix case and applying it on the unfolded matrices of an incom-

plete tensor.

• We develop an efficient block coordinate descent algorithm for model opti-

mization.

• We carry out extensive experiments to show that TREL1 is not sensitive to

its parameters in general and more efficient than existing tensor rank estima-

tion methods, and using TREL1 for rank estimation can improve the recovery

accuracy of the state-of-the-art decomposition-based tensor completion meth-

ods.

The rest of this subchapter is organized as follows. In Section 4.2.2, we define a

CP-based tensor nuclear norm and propose two tensor rank estimation methods for

both CP-rank and Tucker-rank estimation. We report empirical results in Section

4.2.3, and conclude this subchapter in Section 4.2.4.

4.2.2 Proposed Tensor Rank Estimation Methods

This section presents new Tensor Rank Estimation methods based on L1-regularized

orthogonal CP decomposition, namely, TREL1. For simpler notations, we consider

third order tensors X ∈ RI1×I2×I3 only while our methods generalize easily to higher-

order tensors.
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Orthogonal CP decomposition. In this subchapter, we consider the orthog-

onal CP decomposition, i.e., we enforce u
(n)
p

>
u

(n)
q = 0 for p 6= q, and u

(n)
p

>
u

(n)
q = 1

otherwise. There are two motivations:

1. CP decomposition can be viewed as a generalization of SVD to tensors [29].

It seems natural to inherit the orthogonality of SVD in CP decomposition.

2. Although orthogonality is considered unnecessary in general or even impossible

in certain cases in exact CP decomposition [35, 212, 11], some recent studies

show that imposing orthogonality in the CP model can turn non-unique tensor

decomposition into a unique one with guaranteed optimality [212, 104, 80, 3].

Tensor decomposition with missing data is more challenging than that with complete

data in traditional problems. Furthermore, it is important to estimate a good rank

from an incomplete tensor for accurate tensor completion. Therefore, we believe

incorporating orthogonality into the CP model can help us determine the rank and

further recover the tensor in the context of tensor completion. Our empirical studies

to be presented later will show that the orthogonality constraint indeed gives better

tensor rank estimation and completion results. Furthermore, we view the weight

vector w of the orthogonal CP decomposition of a tensor X to be analogous to the

vector of singular values of a matrix.

Definition 19. The CP-based Tensor Nuclear Norm of a tensor X is defined

as the L1-norm of the weight vector w of its orthogonal CP decomposition: ‖X‖CP =

‖w‖1.12

In TREL1, we incorporate a regularization of CP-based tensor nuclear norm

while minimizing the reconstruction error to obtain the estimated rank of an incom-

plete tensor and a low-rank recovery. Thus, our objective function is:

min
X ,w,{u(n)

r },R
λ‖w‖1 +

1

2
‖X −

R∑
r=1

wru
(1)
r ◦ u(2)

r ◦ u(3)
r ‖2

F ,

s.t. PΩ(X ) = PΩ(T ),u(n)
r

>
u(n)
r = 1, n = 1 · · · 3,

u(n)
r

>
u(n)
q = 0, q = 1 · · · r − 1, r = 1 · · ·R,

(4.2.22)

12For easy reading, we use ‖w‖1 instead of ‖X‖CP below.
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where T ∈ RI1×I2×I3 is the given incomplete tensor with observed entries in Ω.

w = [w1, · · · , wr, · · · , wR]> is the weight vector and R is the CP-rank of X . λ is a

regularization parameter.

Derivation of TREL1 by BCD

We employ the Block Coordinate Descent (BCD) (a.k.a., alternating minimization

[80]) method for optimization. We divide the target variables into R + 1 blocks:

{{w1,u
(1)
1 ,u

(2)
1 ,u

(3)
1 }, · · · , {wr,u

(1)
r , u

(2)
r ,u

(3)
r }, · · · , {wR,u(1)

R ,u
(2)
R ,u

(3)
R },X}. We op-

timize a block of variables while fixing the other blocks, and update one variable

while fixing the other variables in each group. After updating the R + 1 blocks, we

finally determine the tensor rank.

The Lagrangian function of (4.2.22) with respect to the r-th block {wr,u(1)
r ,u

(2)
r ,u

(3)
r }

is:

L
wr,u

(n)
r

= λ|wr|+
1

2
‖Xr − wru(1)

r ◦ u(2)
r ◦ u(3)

r ‖2
F ,

s.t. u(n)
r

>
u(n)
r = 1, n = 1 · · · 3,

u(n)
r

>
u(n)
q = 0, q = 1 · · · r − 1, r = 1 · · ·R,

(4.2.23)

where Xr = X −
∑r−1

q=1wqu
(1)
q ◦ u

(2)
q ◦ u

(3)
q is the residual of the approximation. We

use Lagrange multipliers to transform (4.2.23) to include all the constraints as:

L
wr,u

(n)
r

= λ|wr|+
1

2
‖Xr − wru(1)

r ◦ u(2)
r ◦ u(3)

r ‖2
F

− γ(u(n)
r

>
u(n)
r − 1)−

r−1∑
q=1

µqu
(n)
r

>
u(n)
q ,

(4.2.24)

where γ and {µq}r−1
q=1 are the Lagrange multipliers.

Update u
(n)
r The function (4.2.24) with respect to u

(1)
r is,

L
u

(1)
r

=
1

2
‖Xr − wru(1)

r ◦ u(2)
r ◦ u(3)

r ‖2
F

− γ(u(1)
r

>
u(1)
r − 1)−

r−1∑
q=1

µqu
(1)
r u(1)

q ,
(4.2.25)
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Algorithm 7 CP-rank Estimation Based on L1-Regularized Orthogonal CP De-

composition (TREL1CP)

1: Input: PΩ(T ), Ω, λ, initial rank R̂, maximum iterations K, and stopping

tolerance tol.

2: Initialization: Set Z = zeros(I1, I2, I3), PΩ(X ) = PΩ(T ), PΩc(X ) = 0; Ini-

tialize {u(1)
r ,u

(2)
r ,u

(3)
r , wr}R̂r=1 of X by RTPM [3].

3: for k = 1, ..., K do

4: X1 = X ;

5: for r = 1, ..., R̂ do

6: if wr 6= 0 then

7: Update {u(1)
r ,u

(2)
r ,u

(3)
r } by (4.2.26), (4.2.27), (4.2.28) respectively.

8: Update wr by (5.3.25).

9: end if

10: Xr = Xr − wru(1)
r ◦ u

(2)
r ◦ u

(3)
r .

11: end for

12: Update X : Set Z = X − Xr and update the missing entries by: PΩc(X ) =

PΩc(Z).

13: If ‖w(k+1) −wk‖2/‖w(k+1)‖2 < tol , break; otherwise, continue.

14: end for

15: CP-rank Estimation: Only keep wr > 0 in wr and then obtain the CP-rank

R = length(w).

16: output: R.

Then we set the partial derivative of L
u

(1)
r

with respect to u
(1)
r to zero and eliminate

the Lagrange multipliers, and get:

u(1)
r =(Xr ×2 u(2)

r ×3 u(3)
r )/wr

−
( r−1∑
q=1

u(1)
q

>
(Xr ×2 u(2)

r ×3 u(3)
r ) u(1)

q

)
/wr,

(4.2.26)
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and normalize u
(1)
r = u

(1)
r

‖u(1)
r ‖2

. Note that we only update the blocks with non-zero

weights. Similarly, we update u
(2)
r by

u(2)
r =(Xr ×1 u(1)

r ×3 u(3)
r )/wr

−
( r−1∑
q=1

u(2)
q

>
(Xr ×1 u(1)

r ×3 u(3)
r ) u(2)

q

)
/wr,

(4.2.27)

and normalize u
(2)
r = u

(2)
r

‖u(2)
r ‖2

, and update u
(3)
r by

u(3)
r =(Xr ×1 u(1)

r ×2 u(2)
r )/wr

−
( r−1∑
q=1

u(3)
q

>
(Xr ×1 u(1)

r ×2 u(2)
r ) u(3)

q

)
/wr,

(4.2.28)

and normalize u
(3)
r = u

(3)
r

‖u(3)
r ‖2

.

Update wr The function (4.2.24) with respect to wr is:

Lwr = λ|wr|+
1

2
‖Xr − wru(1)

r ◦ u(2)
r ◦ u(3)

r ‖2
F . (4.2.29)

Then we set the partial derivative ∂Lwr

∂wr
to zero and obtain,

wr = Xr ×1 u(1)
r ×2 u(2)

r ×3 u(3)
r −

λ|wr|
∂wr

. (4.2.30)

Based on the soft thresholding algorithm [143] for L1 regularization, we update wr

in (4.2.30) by:

wr = shrinkλ(< Xr,u(1)
r ◦ u(2)

r ◦ u(3)
r >), (4.2.31)

where shrink is the soft thresholding operator [143], and we denote S =< Xr,u(1)
r ◦

u
(2)
r ◦ u

(3)
r >:

wr = shrinkλ(S) =


S − λ (S > λ)

0 (|S| ≤ λ)

S + λ (S < −λ)

. (4.2.32)

Update X The objective function (4.2.22) with respect to X is,

min
X

1

2
‖X−

R∑
r=1

wru
(1)
r ◦ u(2)

r ◦ u(3)
r ‖2

F ,

s.t. PΩ(X ) = PΩ(T ),

(4.2.33)
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Algorithm 8 Tucker-rank Estimation Based on L1-Regularized Orthogonal CP

Decomposition (TREL1Tucker)

1: Input: PΩ(T ), Ω, λ, initial Tucker-rank r̂ = [R̂1, R̂2, R̂3], maximum iterations

K, and stopping tolerance tol.

2: Set PΩ(X ) = PΩ(T ), PΩc(X ) = 0.

3: for i = 1, ..., 3 do

4: X(i)= unfold (X , i).

5: Ω(i) =ones (size(X(i))), Ω(i)(X(i) == 0) = 0.

6: Tucker-rank Estimation: Compute the Tucker-rank r = [R1, R2, R3] via

Ri = TREL1CP (X(i),Ω(i), λ, R̂i, K, tol).

7: end for

8: output: r = [R1, R2, R3].

By deriving the Karush-Kuhn-Tucker (KKT) conditions for function (5.3.26) [119],

we can update X by X = PΩ(X ) + PΩc(Z), where Z =
∑R

r=1 wru
(1)
r ◦ u

(2)
r ◦ u

(3)
r .

TREL1 for CP-rank Estimation

Applying TREL1 directly for CP-rank estimation, we obtain a new CP-rank esti-

mation method, namely, TREL1CP, summarized in Algorithm 7. Here we specify

an initial medium rank value R̂ for efficiency though we could also automatically set

it to some high rank value, e.g., min(I1, I2, I3). Besides, to obtain a good initializa-

tion, we initialize the CP decomposition of an incomplete tensor using Robust Tensor

Power Method (RTPM) [3] following [80]. RTPM makes TREL1CP less sensitive to

parameter λ than using random initialization.

Estimate CP-rank In Algorithm 7, after iteratively updating all the R + 1

blocks till convergence or reaching the maximum iterations, we finally determine

the CP-rank: checking the weight vector w, we only keep the weights greater than

zero. The number of the remaining weights in w is the estimated CP-rank.
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TREL1 for Tucker-rank Estimation

Since the Tucker-rank r consists of the mode ranks of unfolded matrices of X along

each mode, we can compute the rank of each unfolded matrix X(i), i = 1, 2, 3, by

degenerating TREL1 to matrix case. For the mode-i unfolded matrix X(i) of a tensor

X ∈ RI1×I2×I3 , we have:

min
X(i),w,{u

(n)
r },Ri

λ‖w‖1 +
1

2
‖X(i) −

Ri∑
r=1

wr u(1)
r u(2)

r

>‖2
F ,

s.t. PΩ(X ) = PΩ(T ),u(n)
r

>
u(n)
r = 1, n = 1 · · · 2,

u(n)
r

>
u(n)
q = 0, q = 1 · · · r − 1, r = 1 · · ·Ri,

(4.2.34)

where Ri is the rank (i-th entry of Tucker-rank) of mode-i unfolded matrix X(i)

of X . Here, each unfolded matrix is approximated by an orthogonal CP decom-

position, which is actually the SVD of the unfolded matrix as the orthogonal CP

decomposition is a generalization of SVD from matrices to tensors.

Estimate Tucker-rank We degenerate the TREL1 to matrix case to estimate the

mode ranks {Ri}3
i=1 of unfolded matrices along each mode, and finally determine the

Tucker-rank r = [R1, R2, R3]. We denote this TREL1 for Tucker-rank estimation as

TREL1Tucker and summarize it in Algorithm 8. Here, we use random initialization

for weights and factors of X(i) because RTPM is only for third-order tensors.

Remark: This mode-wise estimation in TREL1Tucker shares the same spirit as

the Tucker-based nuclear norm (i.e., sum of the nuclear-norms of all the matriciza-

tions) and many other existing Tucker-based works. However, the key difference is

that our TREL1 objective is to estimate the true Tucker-rank while Tucker-based

nuclear norm is used to minimize the Tucker-rank. As to be shown in the empirical

studies (e.g., Figs. 4.14 and 4.15), a smaller rank is not necessarily better and a

rank smaller than the true rank often deteriorates the recovery performance.
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Complexity Analysis

We analyze the complexity of TREL1 following [121], which mainly includes the

shrinkage operator and some multiplications. At each iteration, the time complexity

of performing the shrinkage operator in (4.2.31) is O(R(
∏3

j=1 Ij). This is also the

time complexity of computing {u(n)
r }3

n=1 and (5.3.26). The overall time complexity

is O(KR(
∏3

j=1 Ij).
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Figure 4.10: (a-b) Estimated CP-ranks of two tensors (100×100×100 with R = 5 and

200×200× 200 with R = 50) by TREL1CP with λ ∈ [50 : 10 : 250]; (c-d) the corresponding

time costs.

4.2.3 Experiments

We implemented TREL1 in MATLAB to evaluate the rank estimation and tensor

completion/recovery performance. All experiments were performed on a PC (Intel

Xeon(R) 4.0GHz, 64GB).
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Experimental Setup
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(b) Estimated ranks on mode-2: R1 = 18
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(c) Estimated ranks on mode-3: R3 = 20
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Figure 4.11: (a-c) Estimated Tucker-ranks in each mode of a 200 × 200 × 200 (r =

[15, 18, 20]) tensor by TREL1Tucker with λ ∈ [50 : 10 : 250]; (d) The corresponding time

costs.

Compared Methods We mainly consider decomposition-based methods with

two steps: (i) rank estimation, and (ii) tensor completion with the rank estimated in

(i). In addition, we tested three popular baseline methods (SiLRTC, FaLRTC and

HaLRTC) in [115, 116]. FaLRTC performs the best among the three, but inferior

to gHOI with TREL1 on the whole. Thus, their results are not included below for

more compact presentation.

(i) Rank estimation. We study four existing methods:

• MGP-CP [152]: a Bayesian method for low-rank CP decomposition of in-

complete tensors, which infers the CP-rank using a multiplicative gamma

124



10 30 50 70 90 110 130 150 170 190

Initial Rank (100 ×100 ×100, CP-rank=5)

0

1

2

3

4

5

6

7

8

9

10

E
st

im
a
te

d
 R

a
n
k

λ=70

λ=100

λ=135

λ=170

λ=200

(a) 100× 100× 100 (R = 5)

50 70 90 110 130 150 170 190 210 230 250

Initial Rank (200 ×200 ×200, Tucker-rank= [15 18 20])

12

14

16

18

20

22

E
st

im
a
te

d
 R

a
n

k

λ=60(Mode-1)

λ=80(Mode-1)

λ=100(Mode-1)

λ=120(Mode-1)

λ=150(Mode-1)

λ=60(Mode-2)

λ=80(Mode-2)

λ=100(Mode-2)

λ=120(Mode-2)

λ=150(Mode-2)

λ=60(Mode-3)

λ=80(Mode-3)

λ=100(Mode-3)

λ=120(Mode-3)

λ=150(Mode-3)

(b) 200× 200× 200 (r = {15 18 20})

Figure 4.12: (a) Estimated CP-ranks of the 100 × 100 × 100 (R = 5) tensor with

50% missing entries by TREL1CP given different initial ranks R̂ ∈ [10 : 10 : 200]

(b) Estimated Tucker-ranks of the 200 × 200 × 200 (r = [15, 18, 20]) with 50% missing

entries by TREL1Tucker given different initial rank R̂ ∈ [50 : 10 : 250].
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Figure 4.13: Convergence curves of TREL1CP in terms of weights error : ‖w(k+1) −

wk‖2/‖w(k+1)‖2 on two tensors.

process.

• BRTF [219]: a Bayesian robust tensor factorization which employs a

fully Bayesian generative model for automatic CP-rank estimation.

• ARD-Tucker [138]: an automatic relevance determination algorithm

for sparse Tucker decomposition using the gradient based sparse coding

algorithm.

• SCORE [209]: a robust Tucker-rank estimation method using Bayesian

information criteria for complete tensors.

Among the four methods, BRTF and ARD-Tucker performed much better than

MGP-CP and SCORE, respectively. Thus, we only report the comparison of
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TREL1 against BRTF and ARD-Tucker to save space.

(ii) Tensor completion. We study two representative CP decomposition-based

methods and three representative Tucker decomposition-based methods:

• CP-WOPT [2]: CP decomposition with missing data is formulated as

a weighted least squares problem and solved by a gradient descent opti-

mization approach.

• TenALS [80]: decomposing of incomplete tensors is formulated as a low-

rank orthogonal CP decomposition problem, solved by an alternating

minimization algorithm.

• gHOI [119]: a generalized higher-order orthogonal iteration tensor com-

pletion method, based on orthogonal Tucker decomposition.

• Tucker-WOPT [47]: a nonlinear conjugate gradient method that solves

Tucker decomposition with missing data in a similar way as CP-WOPT.

• FRTC [88]: a Riemannian manifold preconditioning approach for tensor

completion with rank constraint.

Synthetic Data We generated four synthetic tensors of size {50× 50× 50, 100×

100×100, 100×100×100, 200×200×200} with CP-ranks R = {5, 5, 25, 50}, respec-

tively, following [219]. We also generated three synthetic tensors of size {50× 50×

50, 80×100×120, 200×200×200} with Tucker-ranks r = {[5, 5, 5], [8, 10, 12], [15, 18, 20]},

respectively, following [88].

Real Data We evaluate tensor rank estimation and completion on six real tensors:

Hall sequence (144× 176× 300) [219], Knix medical images (256× 256× 24) [204]

and Basketball video (144 × 256 × 40) [215] for CP-rank estimation; Amino Acid

data (5 × 61 × 201) [152], Flow Injection data (12 × 100 × 89) and Ocean video

(160× 112× 32) [116] for Tucker-rank estimation. We uniformly select 10%− 90%

entries of each tensor at random as missing data and use “MR” to denote Missing

Ratio.
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Parameter Settings We set the maximum iterations K = 500, tol = 1e − 5 for

all methods and the initial rank R̂ = round(1/2×mean(I1, I2, I3)) for TREL1. We

set other parameters of the compared methods following guidance from the original

papers. We compare the estimated rank against the true rank to evaluate the rank

estimation error. We measure tensor completion performance by Relative Square

Error (RSE) [115]: ‖Z − T ‖F/‖T ‖F , where Z is the recovered tensor given a few

entries from the (ground truth) T . We repeat each run 10 times and report the

average results. We report the running time as well, in seconds. The setting of λ in

TREL1 will be discussed in the following sensitivity study.

Parameter Sensitivity

Rank Estimation Sensitivity on λ Figures 4.10 and 4.11 show the rank esti-

mation results on various synthetic tensors by TREL1 with different λs. As seen

from Figs. 4.10(a) and 4.10(b), the rank estimation performance of TREL1CP is

stable and not sensitive to the values of λ in most cases. Only for very high missing

ratios (e.g., MR = 90%), a large λ (e.g., λ = 110) can make the L1-regularization

dominate the whole objective function (4.2.22) and result in zero rank. In addition,

the time costs of TREL1CP are stable with most of λ values (e.g., λ ∈ [70, 200]), as

shown in Figs. 4.10(c) and 4.10(d).

Figure 4.11 shows that TREL1Tucker is not sensitive to λ either on tensors with

no more than half of data missing (i.e., MR ≤ 50%). However, for larger MRs,

the rank estimation performance will deteriorate, which is not shown in the figures

for clarity. Nevertheless, this is not surprising by noting that TREL1 is formulated

based on CP decomposition so it suits the CP model better than the Tucker model.

Nevertheless, for small to medium MRs, TREL1 can mostly produce an accurate

estimate of the Tucker-rank for a wide range of λ. In addition, it is interesting to

show that the time cost with a lager λ is lower, as shown in Fig. 4.11(d).

In summary, CP/Tucker rank estimation performance does not require careful

tuning of λ. The CP-rank estimation is accurate even for some challenging high MRs.
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Figure 4.14: RSE of recovering a tensor (true CP-rank R = 25) via CP

decomposition-based methods given (a) manually fixed ranks and (b) rank estimated

via TREL1 with different λ.
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Figure 4.15: RSE of recovering a tensor (true Tucker-rank r = [8, 10, 12]) via

Tucker decomposition-based methods given (a) manually fixed ranks and (b) rank

estimated via TREL1 with different λ.

Furthermore, the selection of λ is largely insensitive to data. For example, good λ

values for synthetic tensors are good values for real tensors as well (to be shown in

the following). Thus, we can fix λ = 100 in both CP/Tucker-rank estimation for both

synthetic and real tensors. Note that in Tucker-rank estimation, we only need to set

a single λ and there is no need to set separate λ values for each mode. Therefore,

setting λ is much more user-friendly than manually setting the rank values.

Rank Estimation Sensitivity on Initial Rank R̂ Figures 4.12(a) and 4.12(b)

study the sensitivity of rank estimation on R̂. We can see the rank estimation results
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by TREL1 with different of λ values are not sensitive to R̂ for both CP and Tucker

models. Thus, we set R̂ = round(1/2×mean(I1, I2, I3)) for all tests.

Convergence Study

Since TREL1Tucker can be viewed as performing TREL1CP multiple times on un-

folded matrices, we only study the convergence of TREL1 for CP-rank estimation in

terms of weights error : ‖w(k+1)−wk‖2/‖w(k+1)‖2. Figure 4.13 shows that TREL1CP

converges within 100 iterations except for a large MR (> 70%), which needs more

iterations to converge.

Effects of Rank Value on Completion Performance

Here, we present studies that investigate the effects of rank estimation accuracy on

tensor completion performance of decomposition-based methods. All five decomposition-

based tensor completion methods (i.e., CP-based CP-WOPT and TenALS, and

Tucker-based gHOI, Tucker-WOPT and FRTC) listed in Sec. 4.2.3 (ii) are studied.

We compare tensor completion performance with two ways of rank determination:

(i) setting the rank manually; (ii) setting λ in TREL1 to estimate the rank. We

show the results of recovering two synthetic tensors with MR = {30%, 50%, 70%} in

Figs. 4.14 and 4.15.

• As seen from Figs. 4.14(a) and 4.15(a), the completion performance (in RSE)

of all five methods is highly sensitive to the manually set rank value. Even a

slight error in the rank value (particularly lower-than-true ranks) can lead to

serious performance degradation. Only given the true tensor ranks, all the five

methods can achieve their best completion results in all cases. For CP-WOPT,

TenALS and gHOI, setting any rank value different from the true rank gives

much worse performance than their best results. Tucker-WOPT and FRTC

can achieve good results given a higher-than-true rank although still worse

than their best results.

• In contrast, Figs. 4.14(b) and 4.15(b) show the corresponding results with

TREL1 rank estimation by setting λ to a limited number of values only. We
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can see a wide range of λ values lead to the best performance of all methods.

Such range is particular wide for CP-based methods and narrower for Tucker-

based methods, which is not surprising since TREL1 is designed based on a

CP model.

This study shows the advantage of TREL1 in rank estimation, compared to

manually specifying the rank. TREL1 greatly simplifies parameter tuning where a

simple setting of λ from a wide range of feasible values works for a wide range of

methods and data. This not only improves the completion performance but also

reduces the time cost in parameter tuning.

Table 4.4: CP-rank estimation on synthetic and real tensors with MR =

{30%, 50%, 70%} missing entries. Est.R is the estimated CP-ranks and Time in

seconds.

Synthetic Synthetic Synthetic Real Real Real

Data 50× 50× 50 100× 100× 100 200× 200× 200 144× 256× 40 256× 256× 24 144× 176× 300

R = 5 R = 25 R = 50 Hall Sequence Knix Images Basketball Video

MR 30% 50% 70% 30% 50% 70% 30% 50% 70% 30% 50% 70% 30% 50% 70% 30% 50% 70%

TREL1CP Est.R 5 5 5 25 25 25 50 50 50 4 3 3 5 3 2 7 7 5

Time 1.6 1.6 2.4 29.2 33.0 43.7 487.6 526.3 568.5 399.3 366.2 363.1 98.8 76.7 79.9 74.1 70.3 69.3

BRTF[219] Est.R 9 6 5 36 42 32 85 79 73 2 1 1 1 1 1 2 2 1

Time 165.6100.4 88.5 4178.85901.53462.2 1.8E+051.9E+051.3E+05 2944.42239.92090.0 960.8784.3766.3 280.6265.9 226.4

Tensor Rank Estimation and Completion Performance

Here, we report the results for MR = {30%, 50%, 70%} in four tables. We highlight

the correctly estimated rank in italic and bold fonts, smallest RSE results

in bold fonts and the second smallest RSE in underline. Here, the corresponding

CP-rank estimated by TREL1CP and BRTF are denoted as TREL1-R and BRTF-

R respectively, and the corresponding Tucker-rank estimated by TREL1Tucker and

ARD-Tucker are denoted as TREL1-r and ARD-r respectively. Furthermore, the

estimated tensor ranks are fed into decomposition-based tensor completion methods

to compare the recovery performance.
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Table 4.5: Tensor completion results by CP-based methods given estimated

CP-ranks on synthetic and real tensors with MR = {30%, 50%, 70%} missing entries.

TREL1-R and BRTF-R refer to the corresponding CP-ranks estimated by TREL1CP and

BRTF.

Problem CP-WOPT[2] CP-WOPT[2] TenALS[80] TenALS[80]

with TREL1-R with BRTF-R with TREL1-R with BRTF-R

Data MR (%) RSE Time RSE Time RSE Time RSE Time

Synthetic 30% 1.20E-07 6.2 9.96E-05 23.6 7.11E-09 1.2 1.61E-08 24.0

50× 50× 50 50% 1.43E-07 3.1 3.82E-05 9.7 1.65E-09 1.2 1.32E-08 14.8

R = 5 70% 6.12E-07 1.6 6.12E-07 1.7 9.74E-09 1.3 9.74E-09 1.2

Synthetic 30% 1.94E-07 1015.99 1.94E-04 6149.26 1.36E-09 97.59 3.32E-07 2290.32

100× 100× 100 50% 3.42E-07 636.2 1.87E-04 4631.7 2.81E-09 104.8 1.48E-08 1876.1

R = 25 70% 4.79E-07 629.9 6.49E-05 1725.3 8.26E-09 108.9 9.06E-04 1805.5

Synthetic 30% 7.27E-08 34608.1 3.39E-04 172017.6 3.26E-09 1493.0 1.13E-05 51818.6

200× 200× 200 50% 9.56E-08 15292.7 1.86E-04 115401.4 5.96E-09 1829.0 5.50E-06 54855.2

R = 50 70% 1.37E-07 11925.4 1.04E-04 53343.5 1.52E-09 2178.1 9.58E-05 54603.5

Real 30% 1.97E-01 5118.8 2.35E-01 751.3 1.97E-01 1755.5 2.35E-01 1002.1

144× 256× 40 50% 2.09E-01 1779.4 2.62E-01 44.7 2.08E-01 1454.2 2.62E-01 424.1

Hall Sequence 70% 2.11E-01 1114.5 2.62E-01 24.1 2.11E-01 1381.9 2.62E-01 419.3

Real 30% 3.45E-01 1747.0 4.72E-01 11.7 3.43E-01 541.8 4.72E-01 103.9

256× 256× 24 50% 3.80E-01 207.8 4.72E-01 6.9 3.80E-01 280.7 4.72E-01 103.9

Knix Medical Images 70% 4.22E-01 57.3 4.73E-01 3.8 4.22E-01 182.7 4.73E-01 98.7

Real 30% 1.87E-01 1060.0 2.49E-01 73.4 1.87E-01 736.8 2.48E-01 124.5

144× 176× 300 50% 1.88E-01 971.8 2.49E-01 44.4 1.89E-01 712.9 2.49E-01 124.7

Basketball Video 70% 2.05E-01 299.9 3.06E-01 2.9 2.04E-01 430.9 3.06E-01 66.6

CP-rank Estimation and Tensor Completion

On synthetic tensors: As shown in the left half of Table 4.4, TREL1CP correctly

determines the true CP-ranks of the synthetic tensors in all cases, while BRTF

over-estimates the ranks (it only succeeds in one case). More importantly, with

TREL1-R, both CP-WOPT and TenALS achieve their best recovery results, as seen

from the left half of Table 4.5. Moreover, TenALS outperforms CP-WOPT both

given the true ranks (TREL1-R), which demonstrates the benefits of orthogonal CP

decomposition for tensor completion.

131



On real tensors: We cannot directly evaluate the estimated CP-ranks since we

do not know the ground-truth of CP-ranks for real tensors. Thus, we alternatively

compare the tensor completion results affected by the estimated CP-ranks. As seen

from the right half of Table 4.4, TREL1-R improves the completion performance of

CP-WOPT and TenALS with around 25% than that of using BRTF-R. Moreover,

with TREL1-R, TenALS still achieves better results than CP-WOPT on the whole.

Tucker-rank Estimation and Tensor Completion

On synthetic tensors: As reported in the left half of Table 4.6, TREL1Tucker can

correctly determine the true Tucker-ranks of the synthetic tensors in all cases, while

ARD-Tucker fails (over-estimates or under-estimates) in these cases. Furthermore,

with our estimated true ranks (TREL1-r), the Tucker decomposition-based tensor

completion methods (gHOI, Tucker-WOPT and FRTC) outperform the cases of us-

ing Tucker-ranks estimated by ARD-Tucker (ARD-r) by several orders, as shown in

the left half of Table 4.7. Besides, FRTC fails to recover the tensors with more than

39 hours time costs in five cases as its computational cost increases exponentially

given over-estimated Tucker-ranks (ARD-r).

On real tensors: Unlike synthetic data with true Tucker-rank because we con-

structed them via QR decomposition and can control the dimensions of its core

tensor (Tucker-rank), the real tensors naturally do not have exact low Tucker-ranks.

We can unfold a real tensor along each mode and then truncate its mode rank

(R1, R2 and R3) to be exact low-rank. However, because the unfolded matrices are

interdependent, we can only control the low-rank in one mode exactly. Therefore, we

studied the cases of truncating the unfolded matrices of a tensor into exact low-rank

in one of the three modes, and report the results for the mode with the highest di-

mension. In this way, we can directly evaluate the estimated Tucker-rank exactly in

one mode at least. As shown in the right half of Table 4.6, our method can correctly

estimate the mode-1 rank (R1 = 22) of Ocean video, the mode-2 rank (R2 = 7)

of Flow Injection and the mode-3 rank (R3 = 4) of Amino Acid in all cases, while
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ARD-Tucker fails to get the exact mode ranks for these real tensors. In addition,

the results shown in the right half of Table 4.7 demonstrate that: with TREL1-r,

the three Tucker decomposition-based tensor completion methods improves recovery

performance than that of given ARD-r. Nevertheless, with ARD-r, Tucker-WOPT

achieves the second best recovery results in two cases because it assumes the true

ranks can be over-estimated.

Table 4.6: Tucker-rank estimation results on synthetic and real tensors with MR

= {30%, 50%, 70%} missing entries. Time in seconds. Est.R1, Est.R2 and Est.R3

are the estimated Tucker-ranks in mode-1, mode-2 and mode-3, respectively.

Synthetic Synthetic Synthetic Amino Acid Flow Injection Ocean Video

Data 50× 50× 50 80× 100× 120 200× 200× 200 5× 61× 201 12× 100× 89 160× 112× 32

r = [5, 5, 5] r = [8, 10, 12] r = [15, 18, 20] R3 = 4 R2 = 7 R1 = 22

MR(%) 30% 50% 70% 30% 50% 70% 30% 50% 70% 30% 50% 70% 30% 50% 70% 30% 50% 70%

Est.R1 5 5 5 8 8 8 15 15 15 5 5 5 11 11 11 22 22 22

L1TRETucker Est.R2 5 5 5 10 10 10 18 18 18 7 6 4 7 7 7 51 51 51

Est. R3 5 5 5 12 12 12 20 20 20 4 4 4 23 22 31 32 32 32

Time 1.9 3.1 6.9 32.1 56.9 99.7 431.0 788.7 1442.6 1.6 2.8 5.3 3.8 5.9 19.8 35.4 54.5 101.1

Est.R1 6 23 25 2 41 48 26 87 94 5 5 5 12 12 11 11 23 27

ARD-Tucker Est.R2 6 25 25 3 50 50 78 100 100 25 18 30 12 29 34 15 35 41

[138] Est.R3 6 25 25 3 50 50 87 100 100 25 17 18 20 34 34 19 32 34

Time 50.6 90.3 93.1 127.8 310.8 260.1 1021.6 1399.0 1584.7 19.2 36.3 55.4 67.0 83.2 80.2 86.4 161.1 201.9

Time Cost of Rank Estimation and Tensor Completion

Time cost of TREL1 rank estimation: As seen from Table 4.4: TREL1CP

is much faster than BRTF and only needs less than 1% and 18% of BRTF’s time

cost on synthetic and real tensors on average respectively. Especially on the larger

tensors with higher ranks, for example, TREL1CP is about 300 times faster than

BRTF on average on the 200× 200× 200 tensor with R = 50. Table 4.6 shows that

TREL1Tucker is about 9 times faster than ARD-Tucker on average on the synthetic

and real tensors. Thus, due to the expensive time costs of the compared methods,

it is not feasible to report results of the lager tensors here.
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Table 4.7: Tensor completion results by Tucker-based methods given estimated

ranks on synthetic and real tensors with MR = {30%, 50%, 70%} missing entries.

Time in seconds and ‘‘--" indicates that the results cost more than 50 hours.

TREL1-r and ARD-r refer to the corresponding Tucker-ranks estimated by TREL1Tucker

and ARD-Tucker.

Problem gHOI [119] gHOI [119] Tuker-WOPT Tuker-WOPT FRTC [88] FRTC [88]

with TREL1-r with ARD-r [47] with TREL1-r [47] with ARD-r with TREL1-r with ARD-r

Data MR(%) RSE Time RSE Time RSE Time RSE Time RSE Time RSE Time

Synthetic 30% 1.50E-06 1.2 1.85E-02 1.8 3.22E-06 399.4 1.38E-02 79.8 2.05E-04 2.1 1.10E-02 7.7

50× 50× 50 50% 4.50E-06 1.2 8.69E-02 3.0 3.43E-06 185.0 2.54E-04 106.0 1.98E-04 2.0 7.67E-01 3475.4

r = [5 5 5] 70% 3.51E-05 1.3 2.02E-01 5.1 4.22E-06 154.5 2.96E-04 118.7 2.26E-04 1.8 4.44E+00 3048.0

Synthetic 30% 9.87E-08 2.3 3.95E-03 2.6 2.49E-06 681.7 8.68E-03 184.8 2.12E-05 71.3 7.22E-03 24.0

80×100×120 50% 1.82E-07 2.6 7.07E-02 19.7 2.97E-06 1187.4 2.01E-04 493.8 1.49E-05 55.5 2.17E-01 178226.6

r = [8 10 12] 70% 6.82E-03 5.4 1.94E-01 16.1 1.99E-05 300.5 2.95E-04 438.9 1.60E-05 40.0 2.65E+00 143068.3

Synthetic 30% 2.87E-07 7.1 1.01E-02 27.3 6.81E-05 1021.6 3.13E-03 3157.5 5.56E-06 2624.5 – –

200×200×200 50% 2.26E-04 15.1 5.18E-02 63.3 3.24E-04 1399.0 3.34E-03 3409.5 5.06E-06 2172.5 – –

r = [15 18 20] 70% 2.40E-03 47.7 1.24E-01 107.7 5.86E-04 1584.7 3.90E-03 4741.8 6.09E-06 1691.7 – –

Amino Acid 30% 3.34E-03 0.7 1.15E-01 2.0 3.30E-03 81.9 1.15E-02 203.8 3.01E-03 3.8 3.05E-02 1341.7

5× 61× 201 50% 3.38E-02 1.1 1.47E-01 2.0 5.56E-03 87.3 1.03E-02 227.5 5.31E-03 10.9 3.75E-02 604.9

R3 = 4 70% 5.84E-02 0.8 2.58E-01 3.0 9.28E-03 83.7 1.12E-02 469.5 8.95E-03 5.3 1.16E-01 471.0

Flow Injection 30% 1.07E-02 2.3 1.76E-02 2.8 1.38E-02 183.2 1.47E-02 175.1 5.22E-02 12.5 1.78E-01 28.8

12× 100× 89 50% 4.63E-02 2.3 1.78E-01 3.5 2.16E-02 207.1 2.18E-02 56.9 3.36E-01 34.1 5.34E+01 2486.8

R2 = 7 70% 1.23E-01 3.0 3.45E-01 3.6 2.57E-02 107.9 5.20E-02 76.3 6.60E+00 545.8 2.98E+02 2205.2

Ocean Video 30% 3.56E-02 8.3 7.26E-02 5.1 6.09E-02 221.4 1.28E-01 142.0 5.51E-01 42591.8 1.77E+00 15844.6

160× 112× 32 50% 4.78E-02 9.7 6.73E-02 9.4 6.30E-02 301.7 8.51E-02 218.3 3.54E+00 35911.4 1.10E+01 28687.4

R1 = 22 70% 6.40E-02 12.0 7.68E-02 12.4 6.74E-02 265.4 7.90E-02 259.8 2.14E+01 29237.7 2.22E+01 26331.3

Time cost of tensor completion using TREL1: As shown in Table 4.4: unlike

on synthetic tensors, CP-WOPT and TenALS with TREL1-R cost more time than

those with BRTF-R on real tensors because TREL1-Rs are larger than BRTF-Rs,

though leading to better accuracy. This increased time cost is inherent for the tensor

completion algorithms rather than TREL1. On Tucker-rank estimation, FRTC with

TREL1-r is much faster than FRTC given ARD-r in most cases, as observed in Table

4.7.
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4.2.4 Summary

In this subchapter, we have defined a simple CP-based tensor nuclear norm and

proposed two novel tensor rank (both CP-rank and Tucker-rank) estimation meth-

ods, TREL1CP and TREL1Tucker, based on orthogonal CP decomposition. In the

proposed methods, we impose an L1-regularization on the weight vector of the or-

thogonal CP decomposition, served as the CP-based tensor nuclear norm, while

minimizing the reconstruction error. This leads to automatic rank determination for

incomplete tensors. As demonstrated in our experimental results, TREL1 can cor-

rectly determine the true tensor ranks (both CP-rank and Tucker-rank) of synthetic

tensors, and also can estimate the rank of real tensors well given sufficient observed

entries. More importantly, our estimated tensor ranks consistently improved the

recovery performance of decomposition-based tensor completion methods. Besides,

TREL1 is not sensitive to its parameters in general and much more efficient than

existing tensor rank estimation methods.
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Chapter 5

Robust Tensor SVD and Recovery

with Automatic Rank Estimation

The focus of this chapter is on recovering low-rank tensors in more challenging

cases, given partial and/or grossly corrupted observations. Four new tensor recovery

methods based on t-SVD are introduced: ARETNN, TC-ARE, RTPCA-ARE, and

RTC-ARE, which are aimed at solving the problems of tubal-rank estimation and

tensor recovery with missing data and/or noise.

T-SVD has become increasingly popular for recovering tensors in the presence

of missing data and/or noise. However, current t-SVD based methods neither make

use of the rank a priori nor provide accurate rank estimation, which probably limits

their recovery performance. The tensor rank estimation problem is difficult to solve

in practice. In this chapter, we aim to determine the true rank of a corrupted tensor

automatically based on t-SVD and further improve the recovery results with the

estimated rank. Specifically, we first induce the equivalence of tensor nuclear norm

(TNN) of a tensor and its f-diagonal tensor. We then simultaneously minimize the

reconstruction error and TNNof the f-diagonal tensor, leading to automatic rank

estimation. After obtaining the rank, we further relax our model by removing the

TNN regularizer to improve the recovery performance. We further consider more

general cases in the presence of tensors with missing entries and/or gross corruptions
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by proposing tensor principal component analysis and robust tensor completion with

automatic rank estimation. The two robust methods can achieve successful recovery

by refining the model with the correct estimated rank. Experimental results on both

synthetic and real-world data in various applications demonstrate that the proposed

methods achieve significant improvements over the state-of-the-art methods in terms

of rank estimation, tensor completion, and robust tensor recovery.

5.1 Introduction

Tensorial data such as color images and videos are ubiquitous and have become

increasingly popular in many applications [101]. Tensor decomposition is a powerful

computational tool for tensor analysis with missing values, Gaussian noise, outliers,

gross corruptions (non-Gaussian noise), etc. and has been successfully applied to

various fields such as machine learning, data mining, and computer vision, for face

recognition [126, 223, 164, 148], brain signal processing [222, 213], image and video

inpainting [116, 27, 120, 124], background modeling [217, 71, 70], and hyperspectral

image restoration [64, 44, 197]. There are two common and fundamental decom-

position models: Tucker decomposition [180] and CANDECOMP/PARAFAC (CP)

[59, 25], which naturally produce two definitions of tensor rank, i.e., Tucker rank

and CP rank, respectively.

In practice, some entries of tensors may often be missing in the acquisition pro-

cess, and costly experiments etc. [2]. Missing data are common in real-world cases

for many reasons [63]. For example, in industrial applications, data such as im-

ages can be corrupted with irregular patterns due to the insufficient resolution of

a device or malfunctioning equipment [36]. Tensor completion (TC) techniques ex-

tended from matrix completion cases [22] are widely used for predicting missing

data. Common TC approaches are based on Tucker and CP models. The CP-based

TC methods often require a prespecified CP-rank. For example, [2] and [80] can

obtain good completion results under typical conditions if given a correct CP-rank.

However, estimating the CP-rank is NP-hard [66], particularly with incomplete in-
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formation. Although attempts have been made to determine the CP-rank using

Bayesian models [152, 217, 219], these methods often under- or over-estimate the

truth, resulting in deterioration of predictive performance [219]. While the convex

relaxation of the CP rank is intractable, a convex surrogate for the Tucker rank,

i.e., a Tucker-based tensor nuclear norm (sum of the nuclear norm of all matrices

unfolded along each mode), has been proposed in [115] and has since appeared fre-

quently in TC studies and has worked successfully [49, 168, 88]. For example, Liu et

al. [116] proposed a high accuracy low-rank tensor completion algorithm (HaLRTC)

for estimating missing values in tensor visual data. However, these Tucker-based TC

methods often require directly unfolding a tensor into matrices, which can destroy

the intrinsic multi-dimensional structure of tensorial data, leading to vital informa-

tion loss and degraded recovery performance [94].

In addition to missing data, outliers or non-Gaussian noises (e.g., sparse noise)

can frequently occur in real-world data [219]. To address this problem, many robust

CP-/Tucker-based approaches have been developed, such as robust tensor Principal

Component Analysis (PCA) methods [76, 145, 4, 75, 6], which extend robust PCA

(RPCA) [113, 20, 141] to recover the low-rank and sparse components from cor-

rupted observations. For tensors with both missing entries and gross corruptions,

[52] combines the Tucker-based nuclear norm regularization with an L1-norm loss

function for robust tensor completion. Later on, a Bayesian robust tensor factoriza-

tion (BRTF) [219] employs a fully Bayesian generative model for recovering missing

data and outliers or non-Gaussian noiseswith automatic CP-rank estimation. Most

recently, Chen et al. [26] proposed a generalized weighted low-rank tensor factoriza-

tion method (GWLRTF) integrated with noise modeling techniques for a mixture of

Gaussians. However, the performance of these CP- and Tucker-based robust tensor

methods is also limited by the abovementioned drawbacks of the CP and Tucker

models.

A new tensor decomposition model, tensor singular value decomposition (t-SVD)

[14, 94, 93], has recently become increasingly popular for solving TC problems [215,
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124, 118, 214]. As t-SVD essentially treats third-order tensors as linear operators

over matrices, the tensor multi-rank and tubal-rank defined based on t-SVD can

well characterize the intrinsic low-rank structure of a tensor while avoiding the loss

of information inherent in the unfolding of a tensor [94, 224]. The tensor nuclear

norm (TNN) based on t-SVD has been proposed as a convex relaxation of tubal-

rank [160]. Subsequently, Zhang et al. used the TNN regularizer for incomplete

and noisy videos, and achieved good inpainting and denoising results [215], and

further theoretically analyzed the conditions for exact completion [214]. A twist

TNN (t-TNN) [70] has also been developed for video completion. However, these

TNN-based methods focus on rank minimization but do not utilize the low-rank

priors, which may limit their recovery performance. A t-SVD based factorization

method (TCTF) [224] incorporates low-rank information by factorizing a tensor into

the product of two tensors of smaller sizes, which achieves better recovery results if

given the true tubal-rank. A heuristic rank-decreasing scheme is used to determine a

rank in TCTF, but it often under- or over-estimates the truth, resulting in degraded

recovery accuracy.

TNN minimization has also been used in many methods for robust low-rank

tensor recovery. For example, Lu et al. [124] studied the tensor RPCA (TRPCA)

problem by solving a convex objective of a weighted combination of the TNN of a

tensor and the L1-norm of sparse error, and theoretically provide exact recovery for

both the low-rank and the sparse components under certain appropriate assump-

tions. They further study the problem of robust low-rank tensor recovery from both

partial and corrupted observations [125]. Moreover, Zhou et al. proposed an outliers-

robust tensor PCA (OR-TPCA) [223] by combining the TNN minimization with the

L2,1-norm, which achieves good results on outlier detection and unsupervised and

semi-supervised learning. However, these TNN-based robust tensor methods have

the same drawbacks as TNN-based TC methods without making use of the true

tubal-rank information, which can cause performance degradation.

In this chapter, we solve the rank estimation problem and then make use of
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the correct estimated tubal-rank for the problems of recovery tensors with miss-

ing and/or gross corruptions. We propose an Automatic Rank Determination

method by simultaneously minimizing the reconstruction error and the TNN of the

f-diagonal tensor of an incomplete tensor based on t-SVD, denoted as ARETNN.

In the ARETNN model, we first induce the equivalence of TNN of a tensor and its

f-diagonal tensor. We then impose the TNN constraint on the f-diagonal tensor in

the original domain and recast it as the L1-norm of singular values in the Fourier

domain, while estimating the missing entries. This results in automatic rank esti-

mation with lower computational complexity than computing the TNN of the whole

tensor. ARETNN focuses on rank estimation and the TNN regularization restricts

ARETNN to directly recover missing entries. To further improve the recovery perfor-

mance, we propose a relaxing strategy for the ARETNN model by only minimizing

the reconstruction error without the TNN regularizer after rank estimation. There-

fore, a new t-SVD based TC method is proposed and named TC-ARE. With the

true tubal-rank R estimated by ARETNN, TC-ARE can achieve the optimal solution

under certain conditions using rank-R t-SVD approximation, according to the mul-

tilinear generalization of the Eckart–Young–Mirsky theorem [93, 214]. To handle

tensors with missing data and/or corruption, we integrate the proposed ARETNN

with the L1-norm regularization on the error component and further propose robust

t-SVD models with automatic rank estimation, i.e, robust tensor PCA with ARE

(RTPCA-ARE) and robust tensor completion with ARE (RTC-ARE) for low-

rank tensor recovery in the presence of missing data and/or corrupted observations,

respectively. After rank estimation, RTPCA-ARE and RTC-ARE further improve

their recovery performance via refinement schemes by explicitly making use of the

ranks to refine the models. Furthermore, we analyze and discuss the generalization

of the proposed methods. We employ alternating minimization method and the al-

ternating direction method of multipliers (ADMM) [13] for optimizing our models.

We evaluate the proposed methods for synthetic and real-world tensors with miss-

ing entries and/or sparse noise in different applications, e.g., image/video inpainting
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and denoising, and video background modeling. The experimental results show that

our methods can achieve significant improvements over the state-of-the-art methods

in terms of rank estimation, tensor completion, and robust tensor recovery.

In summary, the main contributions of this paper are fourfold:

1. We propose ARETNN to determine the correct tubal-rank of an incomplete

tensor automatically, where the ARETNN model is formulated in the original

domain and solved equivalently in the Fourier domain efficiently.

2. We propose TC-ARE to further improve the recovery performance by develop-

ing a relax strategy. Given the correct estimated rank and sufficient observed

entries, TC-ARE can achieve an optimal completion solution.

3. We propose RTPCA-ARE and RTC-ARE to solve the robust tensor PCA

and completion problems, respectively. These methods can not only estimate

the correct tubal-rank, but also achieve successful recovery in the presence of

missing data and/or gross corruptions under the refinement schemes.

4. We analyze the generalization of the proposed methods by briefly discussing

variants that can solve (robust) tensor learning problems.

The remainder of this chapter is presented as follows. We review preliminaries

and related works in Section 5.2. The proposed methods are further outlined in

Section 5.3 and 5.4. The complexity analysis is provided and the generalization of

the proposed methods is discussed in Section 5.5. The empirical results are reported

in Section 5.6. Section 5.7 concludes the chapter.

5.2 Preliminaries and Related Works

For simpler notations, in this chapter, we consider third-order tensors while our

methods generalize easily to higher-order tensors.
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Algorithm 9 t-SVD for Third Order Tensors [215]

Input: X ∈ RI1×I2×I3

X̂ = fft(X , [ ], 3);

for i = 1 to 3 do

[U,S,V] = svd(X̂ (i)); Û (i) = U; Ŝ(i) = S; V̂(i) = V.

end for

U = ifft(Û , [ ], 3); S = ifft(Ŝ, [ ], 3). V = ifft(V̂ , [ ], 3).

Output: U ∈ RI1×I1×I3 ,S ∈ RI1×I2×I3 ,V ∈ RI2×I2×I3 .

5.2.1 Preliminaries

T-SVD Algorithm

The t-SVD of a tensor is obtained by computing the matrix SVDs in the Fourier

domain. Algorithm 9 shows the t-SVD computation for third-order tensors (see

definitions related to t-SVD in Section 2.4 of Chapter 2). It is usually sufficient to

compute the truncated t-SVD using the tubal-rank. For X ∈ RI1×I2×I3 with the low

tubal-rank R (R < min (I1, I2)), the truncated t-SVD is given by X = U ∗ S ∗ V>,

where U ∈ RI1×R×I3 , V ∈ RI2×R×I3 and S ∈ RR×R×I3 . This truncated version of the

t-SVD will be used throughout this Chapter.

We denote X̂ ∈ CI1×I2×I3 as the Discrete Fourier Transform (DFT) of X along

the third dimension, i.e., X̂ = fft(X , [ ], 3) in Matlab, and we can also use the inverse

DFT (ifft) to compute X = ifft(X̂ , [ ], 3).

Multilinear Generalization of the Eckart–Young–Mirsky theorem

Theorem 5.2.1. [93, 214] Assume the t-SVD of X ∈ RI1×I2×I3 is given by X = U ∗

S ∗V>. For p ≤ R < min (I1, I2), we define Xp =
∑p

i=1 U(:, i, :)∗S(:, i, :)∗V(:, i, :)>,

then,

Xp = arg min
X̃∈X
‖X − X̃‖2

F , (5.2.1)

where X = {C = A∗B|A ∈ RI1×R×I3 ,B ∈ RI2×R×I3} is the set of tensors with tubal-

rank p (p ≤ R). Thus, the unique optimal solution of low tubal-rank p approximation

142



of X is given by the truncated rank-p approximation (truncated t-SVD) of X , i.e.,

Xp. This theorem could be regarded as the multilinear generalization of the Eckart–

Young–Mirsky theorem [38, 137]

5.2.2 Related Works

T-SVD for Tensor Completion

Based on t-SVD, Zhang et al. [215] solved the TC problems by minimizing the TNN

of the incomplete tensor, i.e.,

min
X
‖X‖TNN s.t. PΩ(X ) = PΩ(T ), (5.2.2)

where X is the target tensor to be recovered given partially observed entries from

T . The authors further theoretically analyze the conditions for exact completion in

[214]. The TNN-based model (5.2.2) aims to minimize the tubal-rank using the TNN

relaxation without utilizing the information of the rank, which probably limits its

completion performance. Most recently, another t-SVD based TC method (TCTF)

[224] has incorporated the low tubal-rank information with factorizing X into the

product of two tensors Y ∈ RI1×R×I3 and Z ∈ RI2×R×I3 with smaller sizes,

min
X ,Y,Z

‖X − Y ∗ Z‖2F s.t. PΩ(X ) = PΩ(T ), (5.2.3)

which can achieve better recovery results efficiently without computing the TNN of

the whole tensor X in Eq. (5.2.2). However, like many Tucker/CP decomposition-

based TC methods, TCTF requires a tensor rank to be determined a priori. To the

best of our knowledge, TCTF is the only existing t-SVD-based method that considers

rank estimation, but it uses a heuristic rank-decreasing scheme to determine the

tubal-rank, which often under- or over-estimates the truth, leading to degraded

recovery performance. A factorization algorithm [118] also optimizes model (5.2.3)

for the TC problem, but it does not provide a rank estimation and needs to tune a

rank manually.
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T-SVD for Robust Tensor PCA

Lu et al. [124] considered the robust tensor PCA problem by solving a convex

TRPCA objective, i.e., a weighted combination of the TNN of a low-rank tensor

and the L1-norm of error:

min
X ,E
‖X‖TNN + β‖E‖1

s.t. T = X + E ,
(5.2.4)

where β = 1/
√

(max(I1, I2)I3). TRPCA can achieve exact recovery for both the low-

rank and the sparse components under certain suitable assumptions [124]. Moreover,

Zhou et al. [223] proposed OR-TPCA by combining the TNN minimization with

L2,1-norm regularization:

min
X ,E
‖X‖TNN + β‖E‖2,1

s.t. T = X + E ,
(5.2.5)

where ‖E‖2,1 is the L2,1-norm to characterize the sparsity of outliers E . OR-TPCA

achieves good results on outlier detection and unsupervised/semi-supervised learn-

ing. However, it is not capable of general tasks in removing non-Gaussian noise from

a single tensor (e.g., a natural color image), based on our preliminary studies.

T-SVD for Robust Tensor Completion

Few t-SVD-based methods are available for recovering tensors with both missing

entries and sparse noise. Based on TNN regularization, Lu et al. [125] solved the

noisy low-rank tensor completion by reformulating the TRPCA model (5.2.4) as

follows,

min
X ,E

‖X‖TNN + β‖E‖1

s.t. PΩ(T ) = PΩ(X + E).

(5.2.6)

The code of this algorithm (denoted as LRTCR-TNN) has been published in the

LibADMM Toolbox 1 [125]. To the best of our knowledge, this is the only t-SVD-

based robust tensor completion method.

1 LibADMM: https://github.com/canyilu/LibADMM
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However, like other similar methods (e.g., TNN, TCTF, TRPCA, and OR-

TPCA), LRTCR-TNN aims to minimize the tubal-rank of the low-rank observa-

tions and does not explicitly make use of the true rank priors, which probably limits

their performance. To fill this gap, we will propose new t-SVD based methods with

automatic rank estimation in the following.

5.3 The Proposed Tensor Completion with Auto-

matic Rank Estimation

In this section, we propose two t-SVD based methods: One aims to solve the rank

estimation problem for incomplete tensors, and the other aims to improve tensor

completion performance.

5.3.1 Automatic Rank Estimation via ARETNN

To improve the recovery performance by making use of a rank a priori, we must

first correctly determine the rank. Existing TNN-based methods aim to minimize

the rank only and become very slow for large-scale tensors, due to the heavy costs

of computing TNN of the whole tensor. Motivated by these, we first induce the

following lemma.

Lemma 5.3.1. Let X ∈ RI1×I2×I3 with the tubal-rank R, and S ∈ RR×R×I3 is the

f -diagonal tensor of X with orthogonal tensor factors U and V, i.e., X = U ∗S ∗V>,

then

‖X‖TNN = ‖S‖TNN , (5.3.7)

where X‖TNN is the tensor nuclear norm of X .

Proof. We know that ‖X‖TNN = 1
I3

∑I3
i=1 ‖X̂(i)‖∗, and the SVD of X̂(i) is X̂(i) =

Û(i)Ŝ(i)V̂(i)>, thus, ‖X̄(i)‖∗ = ‖Û(i)Ŝ(i)V̂(i)>‖∗. Here, Û(i) and V̂(i) are orthogonal

matrices, according to the properties of matrices, hence, we have ‖X̄(i)‖∗ = ‖Ŝ(i)‖∗.

Therefore, we have:
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‖X‖TNN =
1

I3

I3∑
i=1

‖X̂(i)‖∗ =
1

I3

I3∑
i=1

‖Ŝ(i)‖∗. (5.3.8)

On the other hand, according to the definition of TNN, it is easy to compute the

TNN of the f -diagonal tensor S as:

‖S‖TNN =
1

I3

I3∑
i=1

‖Ŝ(i)‖∗ (5.3.9)

Thus, we conclude this proof according to Eq. (5.3.8) and Eq. (5.3.9):

‖X‖TNN = ‖S‖TNN (5.3.10)

Thus, we induce that the TNN of an original tensor is equivalent to that of its

f -diagonal tensor.

With Lemma 5.3.1 and based on t-SVD, we impose the TNN regularizer on

the f -diagonal tensor while minimizing the reconstruction error, to determine the

rank of an incomplete tensor T ∈ RI1×I2×I3 (with a low tubal-rank):

min
X ,U ,S,V

1

2
‖X − U ∗ S ∗ V>‖2F + λ‖S‖TNN

s.t. PΩ(X ) = PΩ(T ),U>U = I,V>V = I,
(5.3.11)

where λ is the penalty parameter and S is the f -diagonal tensor of the target

(recovery) tensor X . To solve the model (5.3.11) simply, we further develop the

following theorem:

Theorem 5.3.2. The objective function (5.3.11) is equivalent to

min
X̂(i),ŝ

(i)
r ,û

(i)
r ,v̂

(i)
r ,ri

1

I3

I3∑
i=1

(1

2
‖X̂(i) −

ri∑
r=1

ŝ(i)
r û(i)

r v̂(i)
r

>‖2F + λ‖ŝ(i)‖1
)

s.t. PΩ(X ) = PΩ(T ), û(i)
r

>
û(i)
r = 1,

v̂(i)
r

>
v̂(i)
r = 1, r = 1 · · · ri, i = 1 · · · I3,

û(i)
r

>
û(i)
q = 0, v̂(i)

r

>
v̂(i)
q = 0, q = 1, . . . r − 1,

(5.3.12)

where ŝ(i) = {ŝ(i)
r }rir=1 are the singular values of X̂(i) (the ith frontal slice of X̂ )

and {ri}I3i=1 are the tensor multi-ranks. û
(i)
r

>
û

(i)
r = 1, v̂

(i)
r

>
v̂

(i)
r = 1, r = 1 · · · ri, i =

1 · · · I3 are the unitary constraints and the symbol > refers to the conjugate operator.
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Proof. According to the properties of t-product [94], we know that X = U ∗ S ∗ V>

and X̂ = ÛŜV̂> are equivalent and

‖X − U ∗ S ∗ V>‖2F =
1

I3
‖X̂− ÛŜV̂>‖2F , (5.3.13)

in which X̂(i) = Û(i)Ŝ(i)V̂(i)> =
∑ri

r=1 ŝ
(i)
r û

(i)
r v̂

(i)
r

>
is the SVD of X̂(i), and {Û(i), Ŝ(i), V̂(i)}

are the ith frontal slice of {Û , Ŝ, V̂}, respectively. As Ŝ is a f -diagonal tensor,

‖Ŝ(i)‖∗ = ‖ŝ(i)‖1, where ŝ(i) = diag (Ŝ(i)). With the TNN of S is ‖S‖TNN =

1
I3

∑I3
i=1 ‖Ŝ(i)‖∗, we have

‖S‖TNN =
1

I3

I3∑
i=1

‖ŝ(i)‖1. (5.3.14)

Hence, Eq. (5.3.11) is equivalent to Eq. (5.3.12).

With Theorem 5.3.2, we recast the model (5.3.11) in the original space to the

equivalent problem in the Fourier space, which is easier to solve. By reformulating

‖S‖TNN as the L1-norm of {ŝ(i)}I3i=1 (singular values in the Fourier domain), we

reduce the computational complexity further than model (5.3.11), and the TNN

model (5.2.2). We name this Automatic Rank Estimation via t-SVD with TNN

regularization, as ARETNN.

Remark 1: The L1-norm regularization on {ŝ(i)}I3i=1 in Eq. (5.3.12) (equivalent

to the TNN of f-diagonal tensor S in Eq. (5.3.11)) makes the vectors of singular

values sparse and the zero entries of ŝ(i) are finally removed, leading to automatic

low tensor multi-rank and tubal-rank determination.

Optimization of ARETNN via Alternating Minimization:

We use a simple alternating minimization method for the optimization of ARETNN.

As we need initial values for {ri}I3i=1 to optimize the model (5.3.12), we denote R̂ as

the initialization of tubal-rank for each entry of multi-rank, thus R̂ = r1 = · · · = rI3 .

We divide the target variables into I3×(R̂ + 1) groups: {{ŝ(i)
r , û

(i)
r , v̂

(i)
r }R̂r=1, X̂

(i)}I3i=1.

The I3 groups are independent and could be optimized in parallel.

The model (5.3.12) with respect to the r-th block {ŝ(i)
r , û

(i)
r , v̂

(i)
r } of each frontal
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slice X̂(i) is:

min
X̂

(i)
r ,û

(i)
r ,ŝ

(i)
r ,v̂

(i)
r ,ri

1

2
‖X̂(i)

r − ŝ(i)
r û(i)

r v̂(i)
r

>‖2F + λ|ŝ(i)
r |,

s.t. PΩ(X ) = PΩ(T ),

û(i)
r

>
û(i)
r = 1, v̂(i)

r

>
v̂(i)
r = 1, r = 1 · · · ri, i = 1 · · · I3,

û(i)
r

>
û(i)
q = 0, v̂(i)

r

>
v̂(i)
q = 0, q = 1, . . . r − 1,

(5.3.15)

where X̂
(i)
r = X̂(i) −

∑ri−1
r=1 ŝ

(i)
r û

(i)
r v̂

(i)
r

>
is the residual of the approximation of ith

frontal slice of X̂ .

Update û
(i)
r and v̂

(i)
r : We derive a proposition to give the solutions for û

(i)
r and

v̂
(i)
r as follows.

Proposition 5.3.1. The solution of updating û
(i)
r is given by the following closed-

form equation:

û(i)
r =

(
X̂(i)
r v̂(i)

r −
r−1∑
q=1

û(i)
q

>
(X̂(i)

r v̂(i)
r ) û(i)

q

)
/ŝ(i)
r , (5.3.16)

where {ŝ(i)
r 6= 0} and then û

(i)
r = û

(i)
r /‖û(i)

r ‖2.

Similarly, the solution for v̂
(i)
r is,

v̂(i)
r =

(
X̂(i)
r

>
û(i)
r −

r−1∑
q=1

v̂(i)
q

>
(X̂(i)

r

>
û(i)
r ) v̂(i)

q

)
/ŝ(i)
r , (5.3.17)

where {ŝ(i)
r 6= 0} and then v̂

(i)
r = v̂

(i)
r /‖v̂(i)

r ‖2.

Proof. We use Lagrange multipliers to transform Eq. (14) (on Page 4 of the

manuscript) as:

L
ŝ
(i)
r ,û

(i)
r ,v̂

(i)
r

= λ|ŝ(i)
r | +

1

2
‖X̂(i)

r − ŝ(i)
r û(i)

r v̂(i)
r

>‖2F

− γ1(û(i)
r

>
û(i)
r − 1) − γ2(v̂(i)

r

>
v̂(i)
r − 1)

−
r−1∑
q=1

µqû
(i)
r

>
û(i)
q −

r−1∑
q=1

ηqv̂
(i)
r

>
v̂(i)
q ,

(5.3.18)

where γ1, γ2, {ηq}r−1
q=1 and {µq}r−1

q=1 are Lagrangian multipliers.

The Eq. (5.3.18) with respect to û
(i)
r is,

L
û

(i)
r

=
1

2
‖X̂(i)

r − ŝ(i)
r û(i)

r v̂(i)
r

>‖2F − γ1(û(i)
r

>
û(i)
r − 1) −

r−1∑
q=1

µqû
(i)
r

>
û(i)
q , (5.3.19)
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By deriving the Karush-Kuhn-Tucker (KKT) conditions for function (5.3.19), we

have: 

2ŝ
(i)
r

2
û

(i)
r − 2γ1û

(i)
r − 2ŝ

(i)
r X̂

(i)
r v̂

(i)
r −

∑r−1
q=1 µqû

(i)
q = 0

γ1(û
(i)
r

>
û

(i)
r − 1) = 0∑r−1

q=1 µqû
(i)
r

>
û

(i)
q = 0

û
(i)
r

>
û

(i)
r = 1

û
(i)
r

>
û

(i)
q = 0

γ1 ≥ 0

µq ≥ 0,

. (5.3.20)

where r = 1 · · · ri, i = 1 · · · I3 and q = 1, . . . r − 1. Thus, by the second and fourth

conditions of the KKT conditions (5.3.20), γ1 can be arbitrary (≥ 0). Here we set

γ1 = 0 and then a set of (r − 1) equations are obtained by premultiplying the first

equation of (5.3.20) by û
(i)
q

>
, q = 1, · · · , r − 1, respectively,

2ŝ(i)
r

2
û(i)
q

>
û(i)
r − 2ŝ(i)

r û(i)
q

>
X̂(i)
r v̂(i)

r −
r−1∑
s=1

µqû
(i)
q

>
û(i)
s = 0. (5.3.21)

By the fourth and fifth conditions of the KKT conditions, the first term of

(5.3.21) vanishes and the summand in the third term is non-zero only for s = q,

thus,

−2ŝ(i)
r û(i)

q

>
X̂(i)
r v̂(i)

r − µq = 0⇒ µq = −2ŝ(i)
r û(i)

q

>
X̂(i)
r v̂(i)

r
(5.3.22)

Substituting (5.3.22) into (5.3.20), we get the solution for û
(i)
r ,

2ŝ(i)
r

2
û(i)
r − 2ŝ(i)

r X̂(i)
r v̂(i)

r + 2ŝ(i)
r

r−1∑
q=1

û(i)
q

>
X̂(i)
r v̂(i)

r û(i)
q = 0

⇒ û(i)
r =

(
X̂(i)
r v̂(i)

r −
r−1∑
q=1

û(i)
q

>
(X̂(i)

r v̂(i)
r ) û(i)

q

)
/ŝ(i)
r ,

(5.3.23)

and normalize û
(i)
r = û

(i)
r /‖û(i)

r ‖2 by the fourth condition of the KKT conditions

(5.3.20).

In similar way, we can also derive the closed-form solution for v̂
(i)
r , i.e., v̂

(i)
r =(

X̂
(i)
r

>
û

(i)
r −

∑r−1
q=1 v̂

(i)
q

>
(X̂

(i)
r

>
û

(i)
r ) v̂

(i)
q

)
/ŝ

(i)
r , where {ŝ(i)

r 6= 0} and then v̂
(i)
r =

v̂
(i)
r /‖v̂(i)

r ‖2.
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Algorithm 10 Automatic Rank Determination via t-SVD with Tensor Nuclear

Norm Regularization (ARETNN)

1: Input: PΩ(T ), Ω, λ, initial rank R̂, K, and tol.

2: Initialization: Set PΩ(X ) = PΩ(T ), PΩc(X ) = 0; Initialize

{{û(i)
r , v̂

(i)
r , s

(i)
r }R̂r=1}

I3
i=1 of X̂ randomly.

3: for k = 1, ..., K do

4: X̂ = fft(X , [ ], 3);

5: for i = 1, · · · , I3 do

6: X̂
(i)
r = X̂ (:, :, i);

7: for r = 1, · · · , R̂ do

8: if ŝ
(i)
r 6= 0 then

9: Update û
(i)
r , ŝ

(i)
r and v̂

(i)
r by (5.3.16), (5.3.25) and (5.3.17), respectively,

and then X̂
(i)
r = X̂

(i)
r − ŝ(i)

r û
(i)
r v̂

(i)
r

>
.

10: end if

11: end for

12: X̂ (:, :, i) =
∑R̂

r=1 ŝ
(i)
r û

(i)
r v̂

(i)
r

>
.

13: Tensor multi-rank determination: Only keep ŝr if ŝr > 0, and then compute

ith entry of multi-rank ri = length(ŝ).

14: end for

15: Update X : X = ifft(X̂ , [ ], 3) and PΩ(X ) = PΩ(T ).

16: If ‖X
(k+1)−Xk‖F
‖X (k+1)‖F

< tol , break; otherwise, continue.

17: end for

18: Tensor tubal-rank estimation: R = max {r1, · · · , rI3}

19: Output: Tensor tubal-rank R, estimated tensor X .

Update ŝ
(i)
r : The function (5.3.15) with respect to ŝ

(i)
r is:

L
ŝ
(i)
r

= λ|ŝ(i)
r |+

1

2
‖X̂(i)

r − ŝ(i)
r û(i)

r v̂(i)
r

>‖2F . (5.3.24)

Then we set the partial derivative ∂L
ŝ
(i)
r
/∂ŝ

(i)
r to zero. According to the soft thresh-

olding algorithm [143] for L1-norm regularization, we denote t = û
(i)
r

>
X̂

(i)
r v̂

(i)
r and

then update ŝ
(i)
r in (5.3.24) by:
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Algorithm 11 Tensor Completion with Automatic Rank Estimation (TC-ARE)

1: Input: PΩ(T ), Ω, λ, R̂, K, and tol.

2: Obtain the estimated X and tubal-rank R by Algorithm 10.

3: for k = 1, ..., K do

4: [U , S, V ] = t-SVD (X ).

5: XR = U(:, 1 : R, :) ∗ S(1 : R, 1 : R, :) ∗ V(:, 1 : R, :)T , and PΩ(XR) = PΩ(T ).

6: If
‖X (k+1)

R −Xk
R‖F

‖X (k+1)
R ‖F

< tol , break; otherwise, continue.

7: end for

8: Output: Recovered tensor XR, tensor tubal-rank R.

ŝ(i)
r = shrinkλ(t) =


t− λ (t > λ)

0 (|t| ≤ λ)

t+ λ (t < −λ)

. (5.3.25)

Update X̂(i): The Eq. (5.3.12) with respect to X̂
(i)
r is:

min
X̂(i)

1

I3

I3∑
i=1

1

2
‖X̂(i) −

ri∑
r=1

ŝ(i)
r û(i)

r v̂(i)
r

>‖2F ,

s.t. PΩ(X ) = PΩ(T ),

(5.3.26)

It is clear that each X̂(i) =
∑ri

r=1 ŝ
(i)
r û

(i)
r v̂

(i)
r

>
. After updating all the frontal slices

of X̂ , we can compute X by: X = ifft(X̂ , [ ], 3) and PΩ(X ) = PΩ(T ).

Tensor Tubal-Rank Estimation: After updating all of the above variables

for each X̂(i), we check the vectors of singular values ŝ(i), and only keep those larger

than 0. The number of the remaining singular values in ŝ(i) is then the ith entry of

tensor multi-rank ri. After estimating all the {ri}I3i=1 for all frontal slices, we obtain

the multi-rank, and finally determine the tubal-rank R = max {r1, · · · , rI3}.

Finally, we summarize ARETNN in Algorithm 10.

5.3.2 Tensor Completion via TC-ARE

ARETNN can automatically determine the rank and simultaneously estimate the

missing entries. However, the TNN regularization of model (5.3.11) restricts ARETNN

from directly minimizing the reconstruction error, leading to limited recovery results.
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To further improve recovery performance, we propose a relaxing strategy : we relax

the ARETNN model (5.3.11) by only minimizing the reconstruction error without

the TNN regularization after rank determination. In other words, we first esti-

mate the tubal-rank R by ARETNN, and then we relax the model by removing the

TNN regularizer and further improve the recovery accuracy. Thus, after tubal-rank

estimation, we relax the model (5.3.11) as:

min
X , U , S, V

‖X − U ∗ S ∗ V>‖2F ,

s.t. PΩ(X ) =PΩ(T ),U>U = I,V>V = I.
(5.3.27)

This relaxed model (5.3.27) can be solved in a close form using the rank-R t-SVD

approximation:
∑R

i=1 U(:, i, :) ∗ S(i, i, :) ∗ V(:, i, :)T . We name this new t-SVD-based

TC method TC-ARE, and summarize it in Algorithm 11.

Remark 2: If T (with the tubal-rank R) obeys the tensor incoherence conditions

and observes enough randomly sampled entries, T can be exactly recovered with

theoretical guarantees [214]. Thus, for an incomplete tensor with enough observed

entries, the missing entries can be exactly predicted under appropriate conditions.

In the TC-ARE model (5.3.27), with the true rank R estimated by ARETNN, the

missing entries are updated iteratively by computing the rank-R approximation of

X using the truncated t-SVD of X given the observed entries from T (PΩ(X ) =

PΩ(T )), and finally can be recovered exactly under the appropriate conditions. On

the other hand, the unique optimal rank-R approximation of X is given by the

truncated t-SVD of X according to the multilinear generalization of the Eckart–

Young–Mirsky theorem [94, 214]. Hence, making use of the information of true

rank R and with the relaxing strategy, TC-ARE can achieve the optimal completion

solution under the appropriate conditions.

5.4 The Proposed Robust Tensor Recovery with

Automatic Rank Estimation

In Sec. III, we propose the new t-SVD based tensor rank estimation and tensor
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Algorithm 12 Robust Tensor Principle Component Analysis with Automatic Rank

Estimation (RTPCA-ARE)
1: Input: PΩ(T ), Ω, λ, initial rank R̂, K, and tol.

2: Initialization: Set PΩ(X ) = PΩ(T ), PΩc (X ) = 0; Set β = 1/
√

max(I1, I2)I3 and γ = 1/λ; Initialize

{{û(i)
r , v̂

(i)
r , s

(i)
r }R̂r=1}

I3
i=1 of X̂ randomly.

3: Stage 1: Auotmatic Rank Esimation (ARE):

4: for k = 1, ...,K do

5: X̂ = fft(X , [ ], 3);

6: for i = 1, · · · , I3 do

7: X̂
(i)
r = X̂ (:, :, i);

8: for r = 1, · · · , R̂ do

9: if ŝ
(i)
r 6= 0 then

10: Update û
(i)
r , ŝ

(i)
r and v̂

(i)
r by (5.3.16), (5.3.25) and (5.3.17), respectively, and then X̂

(i)
r = X̂

(i)
r −

ŝ
(i)
r û

(i)
r v̂

(i)
r

>
.

11: end if

12: end for

13: X̂ (:, :, i) =
∑R̂

r=1 ŝ
(i)
r û

(i)
r v̂

(i)
r

>
.

14: Tensor multi-rank determination: Only keep ŝr if ŝr > 0, and then compute ith entry of multi-rank

ri = length(ŝ).

15: end for

16: Update X ,Z, E by (5.4.35), (5.4.31) and (5.4.33), respectively.

17: If
‖X (k+1)−Xk‖F
‖X (k+1)‖F

< tol , break; otherwise, continue.

18: end for

19: Tensor tubal-rank estimation: R = max {r1, · · · , rI3}

20: Stage 2: Refinement Scheme: Repeat the Line 4-18 using the determined tubal-

rank R to further refine the model.

21: Output: Tensor tubal-rank R, estimated tensor X .

completion methods. In this section, we further proposed two methods: robust

tensor PCA and robust tensor completion to address the problems of recovering

missing data and/or gross corruptions.

5.4.1 Robust Tensor PCA

In practice, real-world data are commonly corrupted by outliers or non-Gaussian

noise due to sensor failures, malicious tampering, or other system errors [219]. To

solve this problem, we further propose the robust Tensor Principal Component Anal-

ysis with Automatic Rank Estimation (RTPCA-ARE). RTPCA-ARE aims to re-

cover a low-rank tensor X ∈ RI1×I2×I3 from corrupted observations T = X + E ,
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Algorithm 13 Robust Tensor Completion with Automatic Rank Estimation (RTC-

ARE)
1: Input: PΩ(T ), Ω, λ, initial rank R̂, K, and tol.

2: Initialization: Set PΩ(X ) = PΩ(T ), PΩc (X ) = 0; Set β = 1/
√

max(I1, I2)I3 and γ = 1/λ; Initialize

{{û(i)
r , v̂

(i)
r , s

(i)
r }R̂r=1}

I3
i=1 of X̂ randomly.

3: Stage 1: Automatic Rank Estimation (ARE):

4: for k = 1, ...,K do

5: X̂ = fft(X , [ ], 3);

6: for i = 1, · · · , I3 do

7: X̂
(i)
r = X̂ (:, :, i);

8: for r = 1, · · · , R̂ do

9: if ŝ
(i)
r 6= 0 then

10: Update û
(i)
r , ŝ

(i)
r and v̂

(i)
r by (5.3.16), (5.3.25) and (5.3.17), respectively, and then X̂

(i)
r = X̂

(i)
r −

ŝ
(i)
r û

(i)
r v̂

(i)
r

>
.

11: end if

12: end for

13: X̂ (:, :, i) =
∑R̂

r=1 ŝ
(i)
r û

(i)
r v̂

(i)
r

>
.

14: Tensor multi-rank estimiation: Only keep ŝr if ŝr > 0, and then compute ith entry of multi-rank

ri = length(ŝ).

15: end for

16: Update X ,Z, E by (5.4.35), (5.4.39) and (5.4.41), respectively.

17: If
‖X (k+1)−Xk‖F
‖X (k+1)‖F

< tol , break; otherwise, continue.

18: end for

19: Tensor tubal-rank estimation: R = max {r1, · · · , rI3}.

20: Stage 2: Refinement Scheme: Repeat the Lines 4-18 using the determined tubal-

rank R to further refine the model.

21: Output: Tensor tubal-rank R, estimated tensor X .

where E ∈ RI1×I2×I3 represents errors with arbitrary magnitude and distribution.

Considering E has a sparsity property [20, 44, 124], we reformulate the ARETNN

model (5.3.11) as:

min
X ,E,U ,S,V,

‖X − U ∗ S ∗ V>‖2F + λ‖S‖TNN + β‖E‖1

s.t. T = X + E , U>U = I, V>V = I,
(5.4.28)

where λ, β are the penalty parameters. To solve the model (5.4.28) via ADMM, we

introduce the auxiliary variables Z for Z, we thus have,

min
X ,E,U ,S,V,

‖X − U ∗ S ∗ V>‖2F + λ‖S‖TNN + β‖E‖1

s.t. T = Z + E ,X = Z,U>U = I,V>V = I.
(5.4.29)
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With ADMM optimization, the update of U ,S,V is independent of X and E , and

we can update U ,S,V by (5.3.16), (5.3.17) and (5.3.25), respectively. We now give

the solutions for X and E in model (5.4.29).

Update Z: The Lagrange function of (5.4.29) with respect to Z is as follows:

LZ =
γ

2
‖X − Z + Y1/γ‖2F +

γ

2
‖(Z + E − T + Y2/γ)‖2F , (5.4.30)

where Y1, γ and Y2 are the Lagrange parameters. Setting the partial derivation of

Eq. (5.4.38) with respect to Z to zero, we can update Z by

Z =
1

2
(T − E + X − (Y2 − Y1)/γ). (5.4.31)

Update E : Similarly, we can update the E by first formulating its Lagrange

function as:

LE =
γ

2
‖(E − (T − Z − Y2/γ))‖2F + β‖E‖1 (5.4.32)

Setting the partial derivation of Eq. (5.4.32) with respect to E to zero, we can

obtain the solution for E :

E = proxβ/γ(T − Y1 −Z) (5.4.33)

where prox is the soft-thresholding for L1 regularization [143].

Update X : Finally, we update X . :

LX =
1

2
‖X − U ∗ S ∗ V>‖2F +

γ

2
‖X − Z + Y1/γ‖2F (5.4.34)

where Y1, γ are the Lagrange parameters. Setting the partial derivation of Eq.

(5.4.34) with respect to X to zero, we can obtain the solution for X :

X = (U ∗ S ∗ V> + γZ − Y1)/(1 + γ) (5.4.35)

Finally, we summarize the new robust tensor PCA method, RTPCA-ARE, in

Algorithm 12.

5.4.2 Robust Tensor Completion

Furthermore, we further consider a more general and difficult problem of recovering

tensors corrupted by both missing entries and sparse noise corruptions, i.e., Robust
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Tensor Completion (RTC, also called robust tensor PCA plus tensor completion)

problems. Based on the proposed ARETNN model (5.3.11), we further propose a

robust tensor completion with automatic rank estimation model:

min
X ,E,U ,S,V,

‖X − U ∗ S ∗ V>‖2F + λ‖S‖TNN + β‖E‖1

s.t. PΩ(T ) = PΩ(X + E),

U>U = I, V>V = I,

(5.4.36)

where λ, β are the penalty parameters. Similarly, we solve the model (5.4.36) using

ADMM by introducing the auxiliary variable Z for X , and thus have

min
X ,E,U ,S,V,

‖X − U ∗ S ∗ V>‖2F + λ‖S‖TNN + β‖E‖1

s.t. PΩ(T ) = PΩ(Z + E),X = Z

U>U = I, V>V = I,

(5.4.37)

Similar to the RTPCA-ARE model, the update of U ,S,V is independent of X and

E , and we can update them by (5.3.16), (5.3.17) and (5.3.25), respectively. We give

the solutions for X and E of model (5.4.37).

Update Z: The Lagrange function of (5.4.37) with respect to Z is as follows:

LZ =
γ

2
‖X − Z + Y1/γ‖2F +

γ

2
‖PΩ(Z + E − T + Y2/γ)‖2F , (5.4.38)

where Y1, Y2 and γ are the Lagrange parameters. Setting the partial derivation of

Eq. (5.4.38) with respect to Z to zero, we can obtain the solution for Z:
ZΩC = XΩC + Y1ΩC/γ

ZΩ = 1
2(TΩ − EΩ + XΩ − (Y2Ω − Y1Ω)/γ)

. (5.4.39)

Update E : Similarly, we can update the E by first formulating its Lagrange

function as:

LE =
γ

2
‖PΩ(E − (T − Z − Y2/γ))‖2F + β‖E‖1 (5.4.40)

Setting the partial derivation of Eq. (5.4.40) with respect to E to zero, we can

obtain the solution for E :
EΩC = 0

EΩ = proxβ/γ(TΩ − Y1Ω −ZΩ)

. (5.4.41)
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Update X : We can obtain the solution of X using the Eq. 5.4.35.

Finally, we summarize this new robust tensor completion with automatic rank

estimation RTC-ARE in Algorithm 13.

Refinement Scheme: After the rank estimation steps, both RTPCA-ARE and

RTC-ARE further refine the models with the estimated rank, i.e., using the rank to

further optimize the variables.

Remark 3: RTPCA-ARE is a special case of RTC-ARE where the data is cor-

rupted by sparse noise only without missing values. The two robust tensor methods

RTPCA-ARE and RTC-ARE inherit the abilities of ARETNN and can automati-

cally estimate the tensor rank in the presence of tensors with missing entries and/or

gross corruptions under mild conditions (e.g., enough observed entries or a small

proportion of sparse noise). By explicitly making use of the correctly determined

rank under the refinement schemes, these two methods can achieve successful robust

tensor recovery (Refer to Sec. 5.6 about experimental evaluation).

5.5 Algorithm Analysis and Generalization

5.5.1 Computational Complexity Analysis

• For ARETNN (Algorithm 2), at each iteration, the computational complexity

includes: (1)The cost of conducting the DFT of {X̂(i)}I3i=1 is O(I1I2I3 log I3)

in line 4. (2)The cost of updating {{û(i)
r , ŝ

(i)
r , v̂

(i)
r }R̂r=1}

I3
i=1 in lines 7-11 is

O(R̂I1I2I3). Here, R̂ = r1 = · · · = rI3 is the initialization of tubal-rank of

X , and we set R̂ < min(I1, I2) in general, e.g., R̂ = 1/2 or 1/4 ×min(I1, I2).

(3) The cost of the soft-thresholding operation of updating {{ŝ(i)
r }R̂r=1}

I3
i=1 is

O(R̂I3)) in line 9. (4) The cost of updating X by inverse DFT isO(I1I2I3 log I3)

in line 15. Hence, the total cost of ARETNN at each iteration is O(I1I2I3 log I3+

R̂I1I2I3).

• For TC-ARE (Algorithm 3), it consists of the cost of ARETNN and the com-
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putation of tubal-rank R approximation of X (truncated t-SVD of X ). The

time complexity of rank-R of t-SVD is O(RI1I2I3)). Thus, the computational

complexity of TC-ARE is same as ARETNN in each iteration while TC-ARE

involves more iterations.

• For the two robust methods RTPCA-ARE (Algorithm 4) and RTC-ARE

(Algorithm 5), they have similar computational complexity as TC-ARE but

need cost more time to compute the soft-thresholding of E and Z (i.e., Eq.

(5.4.33) and Eq. (5.4.31), and Eq. (5.4.41) and Eq. (5.4.39), respectively).

Both the time cost of computing E and Z are O(I1I2I3) per iteration. In short,

the time complexity of RTPCA-ARE/RTC-ARE is O(I1I2I3 log I3 + R̂I1I2I3)

at each iteration.

Comparison with the TNN-based Methods

Compared with the existing TNN-based methods (e.g., TNN [215], t-TNN [70] and

TRPCA [124]) whose costs at each iteration are O(I1I2I3 log I3 + min(I1, I2)I1I2I3),

the proposed ARETNN is more efficient. That is because our ARETNN (O(I1I2I3 log I3+

R̂I1I2I3)) only involves the computation of R̂ (< min(I1, I2) pairs of singular vec-

tors, which effectively avoids the expensive full SVD when computing the tensor

singular value thresholding. After obtaining the low true tubal-rank R (< R̂), TC-

ARE/RTPCA-ARE/RTC-ARE also has lower computational cost than TNN-based

methods per iteration.

5.5.2 Generalization of the Proposed Methods

In the preceding sections, we have proposed four methods, ARETNN, TC-ARE,

RTPCA-ARE, and RTC-ARE, to solve the problems of tensor rank estimation,

tensor completion, robust tensor PCA and robust tensor completion, respectively.

To generalize the proposed methods, we propose a general unified framework, i.e.,

Robust t-SVD with automatic rank estimation (RtSVD-ARE):
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min
X ,E,U ,S,V

‖X − U ∗ S ∗ V>‖2
F + λ‖S‖TNN + βf(E)

s.t. PΩ(T ) = PΩ(X + E),U>∗ U = I,V>∗ V = I,
(5.5.42)

where the first and second terms contribute to automatic rank estimation, and the

third term βf(E) is a cost function that can be variant for different problems.

Connection to the Proposed Methods

• If β = 0, Eq. (5.5.42) is specified to ARETNN model (5.3.11).

• If λ = β = 0, Eq. (5.5.42) is specified to TC-ARE model (5.3.27).

• If β > 0, f(E) = ‖E‖1, and Ω = 1 ∈ RI1×I2×I3 (i.e., no missing), Eq. (5.5.42)

is specified to RTPCA-ARE model (5.4.28).

• If β > 0 and f(E) = ‖E‖1, the general model (5.5.42) is specified to the

RTC-ARE model (5.4.36).

Possible Specific Cases of the RtSVD-ARE Model

In addition to the four proposed methods as specific cases of the general model,

there are some promising variants. For example,

1. If β > 0 and f(E) = ‖E‖F , the general model (5.5.42) is specified to a robust

tensor model to handle both missing data and Gaussian noise. Furthermore,

if Ω = 1, the specified model is variant to recover data with Gaussian noises.

2. If β > 0 and f(E) = ‖E‖2,1, the general model is specified to a robust model

used for outliers detection inspired by [223], which combines t-SVD factoriza-

tion with `2,1-norm regularization, and provides good results in outlier detec-

tion.

3. If β < 0 and f(E) = f(S) = ‖S(i) − Ŝ‖F , the model (5.5.42) can be specified

to a feature extraction model inspired by [164],
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min
X ,U ,S,V

‖X − U ∗ S ∗ V>‖2F + λ‖S‖TNN − β′f‖S(i) − S̄‖F

s.t. PΩ(T ) = PΩ(X ), S̄ =
1

M

M∑
i=1

S(i)

U>∗ U = I, V>∗ V = I,

(5.5.43)

where −β′ = β < 0 and S̄ = 1
M

∑M
i=1 S(i), i = 1, · · ·M is the mean of ex-

tracted features, M is the total number of data samples S is the f-diagonal

tensor, which consists of the extracted features of incomplete tensors T with

observed entries in Ω. The model (5.5.43) explores the relationship among

data samples via maximizing feature variance (f(S)), and meanwhile estimates

the missing entries via low-rank t-SVD approximation, leading to informative

features extracted directly from observed entries. For example, given a face

dataset which has M face images with missing pixels, we consider each face

sample (size I1 × I2) as each frontal slice of whole dataset X ∈ RI1×I2×M .

To extract informative features from these incomplete face images for further

application (e.g. face recognition), we can use the model (5.5.43) to obtain

the solution by viewing S as the extracted features (S(i) consists features from

each incomplete face image). Here the ARE function can be used to determine

the number of features (low-dimensional) 2. Thus, this specific model (5.5.43)

is a tensor feature extraction method that aims to extract low-dimensional

features from incomplete data directly.

2In this scenario, the value of tubal-rank is equvialent to the number of features as we view the

f-diagonal tensor S consists of the extracted features of incomplete data. Thus, the proposed ARE

function can determine the number of features automatically.
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5.6 Experiments

5.6.1 Experimental Setup

Compared Methods

We compare the proposed methods with the competing 14 methods in three cate-

gories 3:

(i) Five tensor completion methods, i.e., two Tucker/CP based methods: HaL-

RTC [116] and TNCP [121]; and three t-SVD based completion methods:

TNN [215], t-TNN [70], and TCTF [224].

(ii) Six robust matrix/tensor PCA methods: RPCA [113, 20] (matrix method),

SNN [75] (Tucker-based), PSSV [141] (matrix method), OR-TRPCA [223]

(t-SVD based), KDRSDL [6] (Tucker-based), and TRPCA [124] (t-SVD

based).

(iii) Three robust tensor completion methods: BRTF [219] (CP-based), GWLRTF-

Tucker [26] (Tucker-based), and LRTCR-TNN [125] (t-SVD based).

In addition, to further analyze the effectiveness of the proposed ARETNN, we

replace the heuristic rank estimation of TCTF as our ARETNN, i.e., ARETNN +

TCTF, and we denote this new combined method as TCTF-ARE. To evaluate how

ARETNN improves the performance of TCTF, we show the results in the following

(refer to Sec. 5.6.4 and 5.6.5). Thus, we actually compare totally 15 methods.

Data Setting

We generate the synthetic tensors with low tubal-ranks following [224] and test the

real tensor (images and videos) commonly used in the literature. For the missing

data setting, We uniformly sample 10% − 90% entries (observed entries) of each

3We have tested other CP-/Tucker-based methods such as [217], [120], [88], and [52], and also

compare other t-SVD based methods e.g., [118], while they obtain similar or worse results than

these 14 methods. So, their results are not reported here for simplicity.
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tensor at random for training and denote “SR” as Sample Ratio, where the ratio of

missing entries =1-SR. For the corrupted data setting, we randomly select 5%−50%

entries of each tensor corrupted by gross corruptions (sparse noise) drawn from

an uniform distribution U(−|H|, |H|), H = max(X (:)) following [219]. We denote

“CR” as gross Corruptions Ratio to refer to the ratio of entries of a tensor corrupted

by sparse noise.

Parameter Setting

We set the maximum iterations K = 500 and the stopping tolerance tol = 1e − 15

for all methods, and λ = 10× max(PΩ(T ))√
mean (size(T ))×(1 – SR)

, the initial rank R̂ = round(1/2×

min(I1, I2)) by default for the proposed methods (see the analysis in Sec. 5.6.2). For

the parameter β regarding the sparse error regularization in the robust methods, we

use the default parameters recommended by [20] and [124] for both their approaches

and ours, i.e., β = 1/
√

(max(I1, I2)I3). Other parameters of the compared methods

are tuned guided by their original papers to give the best performance. We measure

tensor recovery performance using the widely used Relative Square Error (RSE):

‖X − T ‖F/‖T ‖F , where X is viewed as recovered successfully if RSE < 10−3 [116].

The average results of 10 runs are reported.

5.6.2 Tensor Rank Estimation and Completion Sensitivity

on λ and R̂

We study the parameter sensitivity of ARETNN and TC-ARE regarding two key

parameters λ and R̂ on the synthetic (100 × 100 × 100 (R = 5)) and real-world

tensors (House image (R = 26) and Windmill video (R = 17) ). Note that RTPCA-

ARE and RTC-ARE inherit the ability of ARETNN and TC-ARE, and also show

stale performance with a wide range of parameters such as ARETNN and TC-ARE.

For simplicity, we thus do not show the parameter sensitivity analysis of these two

methods. In addition, for the parameter β regarding the sparse error regularization

in the robust methods, we use the default parameters recommended by [20] and
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(c) Windmill video (R = 17)
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(f) Windmill video (R = 17)

Figure 5.1: (a)-(c) Estimated ranks and (d)-(e) RSE of recovering tensors via

ARETNN and TC-ARE with a wide range of values of the regularization parameter λ,

respectively.
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(b) House image (R = 26)
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Value of  ρ (λ = ρ × C) (100 × 100 × 100, R=5)

10-20

10-15

10-10

10-5

100

R
S

E

SR=30%
SR=40%
SR=50%
SR=60%
SR=70%
SR=80%
SR=90%

(d) 100× 100× 100 (R = 5)

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29
Value of  (  =   C) (House image, R=26)

10-15

10-10

10-5

100

R
S

E

SR=30%
SR=40%
SR=50%
SR=60%
SR=70%
SR=80%
SR=90%

(e) House image (R = 26)

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35
Value of  (  =   C) (Windmill video, R=17)

10-15

10-10

10-5

100

R
S

E

SR=30%
SR=40%
SR=50%
SR=60%
SR=70%
SR=80%
SR=90%
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Figure 5.2: (a)-(c) Estimated ranks and (d)-(e) RSE of recovering tensors

via ARETNN and TC-ARE with a wide range of values of ρ for the regularization

parameter λ = ρ×C, respectively. C = max(PΩ(T ))√
mean (size(T ))×(1 -- SR)

is a constant.

[124] for both their approach and ours, i.e., β = 1/
√

(max(I1, I2)I3).
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Choice of Parameter λ

Figure 5.1 shows that the rank estimation and recovery results of ARETNN and TC-

ARE are stable and not sensitive to the values of λ in most cases except for those with

too many missing entries (e.g., SR ≤ 30% for the Lenna image). Thus it is difficult

to obtain good results as the sampling ratios are much less than the sampling bound.

The choice of λ can be formulated as λ = ρ× C, where C= max(PΩ(T ))√
mean (size(T ))×(1 – SR)

is

a constant computed based on observed tensors from our preliminary studies. Here,

the performance of ARETNN and TC-ARE are also robust to λ, as shown in Figure

5.2. In short, we can fix the value of λ using a fixed formula, say, λ = ρ (e.g., ρ =

5, · · · , 10)× max(PΩ(T ))√
mean (size(T ))×(1 – SR)

by default.

Choice of Initial Rank R̂

Figure 5.3 shows that ARETNN and TC-ARE stably obtain the true ranks and

exactly recovery the missing entries regardless of different rank initializations given

sufficient observations. Thus, the proposed methods are also not sensitive to the

initial rank R̂. As we aim to pursue a low rank solution, we set R̂ = round(1/2 ×

min(I1, I2)) by default.

Summary In summary, the proposed methods are not sensitive to the parameters

and stably yield good tensor rank determination and completion results, so we do

not need to tune the parameters λ and initial rank R̂ in general and can compute

them using default formulas.

5.6.3 Convergence Study

We analyze the convergence of our methods for using the synthetic tensor 100×100×

100 (R = 5) in terms of training error: ‖X (k+1) − X k‖F/‖X (k+1)‖F and estimated

ranks in Fig. 5.4. As shown in Figs. 5.4(a) and 5.4(b), ARETNN and TC-ARE

converges within 200 iterations for the easy recovery problems (e.g., SR > 30%),

while they need more iterations to achieve convergence if the sample ratio is lower
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(c) Windmill video (R = 17)
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Figure 5.3: (a)-(c) Estimated ranks and (d)-(f) RSE of recovering tensors by

ARETNN with a wide range of values of the initial rank R̂.

(e.g., SR = 30%). For SR = {10%, 20%}, as the sampling ratios are much less than

the sampling bound for exact recovery of this tensor, ARETNN and TC-ARE fail to

find the solution within 1000 iterations. In terms of rank estimation, Fig. 5.4(c)

shows that ARETNN converges to true rank determination within 30 iterations for

the easy problems (e.g., SR > 30%). We can therefore stop the running of ARETNN

within 30 iterations in general to obtain the true ranks while letting TC-ARE achieve

better recovery performance with more iterations. For the robust methods RTPCA-

ARE and RTC-ARE, Figure 5.5 shows that they achieve the convergence of rank
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(c) Rank determination

Figure 5.4: Convergence curves of ARETNN/TC-ARE in terms of training error

‖X (k+1) − X k‖F /‖X (k+1)‖F and estimated ranks on tensor 100 × 100 × 100 (R = 5)

with various ratios of observed entries (SR).
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Figure 5.5: Convergence curves of RTC-ARE/RTPCA-ARE in terms of training error

‖X (k+1) − X k‖F /‖X (k+1)‖F and estimated ranks on tensor 100 × 100 × 100 (R = 5) with

various ratios of observed entries (SR) and corruptions (CR).

estimation within 100 iterations and converge to very small training error (1e− 15)

within about 400 iterations, which are more than that of ARETNN and TC-ARE

due to the corruption of noise (e.g., CR < 40%).

In general, we can stop the running of rank estimation step within 100 iterations

to obtain the true ranks while letting TC-ARE/RTPCA-ARE/RTC-ARE achieve

better recovery performance with more iterations (setting the maximum iterations

K = 500 by default).

5.6.4 Evaluation of Synthetic Data

To evaluate the proposed methods, we first conduct tests on two third-order syn-

thetic tensors with size I1 = I2 = I3 = I = {100, 500} with true tubal-rank

R = {5, 50} respectively. Setting the tensors with various problems, we report the

results in Tables 5.1, 5.2, and 5.3, where we highlight the best recovery results and
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Table 5.1: Comparison of recovering tensors with missing entries.

Problem TNN [215] TCTF [224] TCTF-ARE ARETNN TC-ARE

Data SR (%) RSE Time RSE Time Est.R RSE Time RSE Time RSE Time Est.R

I= 40 2.15E-04 202.4 2.52E-02 230.6 9 2.20E-14 175.5 4.70E-03 16.0 5.85E-15 127.1 5

100 60 1.26E-04 86.6 8.07E-03 129.6 2 4.01E-15 183.9 2.97E-03 8.6 1.92E-15 54.7 5

R=5 80 5.39E-05 46.3 1.99E-03 218.0 6 5.43E-16 190.3 2.14E-03 5.4 6.56E-16 28.5 5

I= 40 2.95E-04 29098.6 2.25E-0221711.4 57 1.10E-02 19023.51.21E-031711.48.73E-1530128.9 50

500 60 1.39E-04 14608.2 1.01E-0314568.3 18 6.77E-12 16947.98.29E-04 841.2 3.84E-15 9946.3 50

R=50 80 6.95E-05 6784.9 2.69E-0415813.0 43 9.87E-14 15280.25.98E-04 545.7 1.10E-15 4447.9 50

the correct estimated ranks in bold fonts and second best results in underline.

Tensor Completion

We report the comparison again of two t-SVD methods and the five TC methods

in Table 5.1: one is TNN [215], which is the best performing method on synthetic

tensors, and the other is TCTF [224], which is the most recent t-SVD based TC

method with rank estimation. Table 5.1 shows that TC-ARE consistently outper-

forms TNN and TCTF by several orders of magnitude in all cases. TCTF fails to

correctly estimate the tensors rank in these cases, resulting in bad results. With the

correct ranks determined by ARETNN, TCTF-ARE achieves much better recovery

results than TCTF in all cases and even outperforms our TC-ARE in one case (i.e.,

on 100 × 100 × 100 (R = 5) with SR= 80%). These results verify our assumption:

accurate rank estimation can improve the recovery performance for t-SVD based TC

methods. TC-ARE achieves much better recovery results than ARETNN, because

ARETNN focuses on rank estimation only while TC-ARE explicitly uses the correct

rank to improve the completion accuracy via the relaxing strategy.

Robust Tensor PCA

As TRPCA is the best performing existing robust tensor PCA algorithm, we report

its results compared with ours in Table 5.2. Our RTPCA-ARE clearly outper-

forms TRPCA in all cases even with data that have a large ratio of corruptions

(CR = 50%), where it is difficult to estimate the correct tubal-rank. Moreover,
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Table 5.2: Comparison of recovering tensors with gross corruptions.

Problem TRPCA [124] RTPCA-ARE (ARE)

Data CR (%) RSE Time RSE Time Est.R

I= 10 8.89E-08 543.5 9.89E-16 (1.53E-05) 84.7 (21.3) 5

100 30 2.75E-07 385.6 2.73E-14 (2.19E-05) 137.5 (39.5) 5

R=5 50 2.09E-02 398.7 1.20E-02 (4.33E-02) 154.4 (46.2) 25

I= 10 1.41E-08 44848.5 8.23E-16 (1.23E-05) 47836.9 (8820.5) 50

500 30 1.04E-04 60232.7 3.38E-13 (2.11E-05) 46839.8 (13604.0) 50

R=50 50 3.68E-03 85886.9 1.92E-03 (7.49E-03) 69576.7 (19389.5) 80

using the refinement scheme, the recovery accuracies of RTPCA-ARE are improved

significantly over those of the ARE step.

Robust Tensor Completion

By applying our RTC-ARE on the synthetic data with both missing entries and

gross corruptions, we further demonstrate the superiority of making use of the true

rank information in Table 5.3: RTC-ARE not only successfully determines the true

ranks in all cases, but also outperforms the state-of-the-art robust t-SVD method

LRTCR-TNN by several orders.

In addition, we also show the comparison in more settings on the 100 × 100 ×

100(R = 5) with SR = 30%− 90% and/or CR = 5%− 50% in Figure 5.6 where our

methods are the best.
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Figure 5.6: Comparison of Recovery accuracy between other t-SVD methods and

the proposed methods on tensor 100 × 100 × 100 (R = 5) with various ratios of

observed entries (SR) and/or gross corruptions (CR).
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Table 5.3: Comparison of recovering tensors with both missing entries and gross

corruptions (CR = 10%).

Problem LRTCR-TNN [125] TC-ARE (ARE)

Data SR (%) RSE Time RSE Time Est.R

I= 40 2.79E-04 597.3 1.10E-10 (1.07E-03) 423.3 (114.4 ) 5

100 60 5.82E-07 616.1 1.53E-15 (5.72E-05) 379.3 (52.4) 5

R=5 80 3.84E-07 611.6 8.47E-16 (6.77E-05) 317.8 (38.9) 5

I= 40 1.43E-03 119799.7 9.99E-04 (1.42E-03) 86200.2 (28171.8) 50

500 60 4.74E-05 79847.1 6.07E-08 (8.96E-04) 70170.6 (12843.4) 50

R=50 80 6.76E-08 51187.0 1.45E-15 (8.07E-04) 63807.1 (5605.3) 50

Summary In summary, the proposed methods can estimate the true tubal-rank

of tensors under mild conditions (e.g., CR < 50% ) and outperform the existing

competing t-SVD methods with significant improvements. Our methods are also

faster on the whole, particularly with efficient rank estimation. Besides, with correct

estimated ranks, not only our methods improve the recovery performance (compar-

ing TC-ARE with ARETNN, and RTPCA-ARE/RTC-ARE with their ARE step),

but also achieve much better results (e.g., TCTF-ARE) than other methods (e.g.,

TCTF). These results support our claims that current t-SVD-based methods do not

make use of rank information resulting in degraded performance, while modeling

tensors with accurate ranks significantly improves the recovery results. In the fol-

lowing, the proposed methods will be applied in various real-world applications and

compared with other methods to further demonstrate the superior capability of our

methods.

5.6.5 Application to Image and Video Completion

To evaluate the performance of the proposed ARETNN and TC-ARE, we compare

them against the five competing algorithms in terms of recovery accuracy (RSE) and

the rank estimation results for six real-world images and videos. Note that these

natural color images/videos are approximately low-rank, as a small number of their
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leading singular values dominate the information and a large number of singular

values are very close to zero (refer to Figure 1 in Supplementary). Therefore, to

directly evaluate the rank estimation for the real data, we examine their singular

values and truncate the t-SVD to derive the tensors with exact low tubal-ranks:{26

(House), 29 (Lenna), 36 (River Otter), 13 (Akiyo), 14 (Bus), 17 (Windmill)}. We

test all of the methods on all tensors with 10%−90% observed entries, and our TC-

ARE outperforms other methods in all cases. For simplicity, we report the results

of SR = {40%, 60%, 80%} in Table 5.4.

Tensor Rank Estimation

We compare the rank estimation results obtained by our ARETNN and TCTF (the

other four TC methods do not have the rank estimation step). Table 5.4 shows that

ARETNN correctly determines the tubal-ranks in all cases, while TCTF under- or

over-estimates the true ranks. ARETNN is robust to the initial rank, while TCTF

obtains different ranks using different rank initializations. These results demonstrate

the superiority of our rank estimation model.

Image and Video Completion

Table 5.4 shows that TC-ARE consistently recovers all the tensors successfully (RSE

< 10−3) with much smaller reconstruction errors except in one case (Akiyo video

with SR = 40%) where the observed entries are not sufficient. Nevertheless, TC-

ARE consistently outperforms all other methods by several orders of magnitude in

all cases, excepting one (i.e., the Windmill video with SR= 80%) where TCTF-

ARE obtains the best results, benefiting from the accurate rank estimation of our

ARETNN. HaLRTC and TNN are the best performing existing algorithms in the

cases of recovering images and videos, respectively. Moreover, TNCP and TCTF

successfully predict the missing entries in only a few cases because their inaccurate

CP/tubal-rank estimation deteriorates their recoverability. Although TCTF-ARE

consistently outperforms TCTF in all cases in Table 5.1 and 5.4, it fails to retain

its good completion performance on real tensors with less observed entries (e.g.,
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Table 5.4: Comparison of Completion results measured in RSE, time cost (second),

and estimated rank (Est. R) on real images and videos.

Problem HaLRTC [116] TNCP [121] TNN [215] t-TNN[70] TCTF [224] TCTF-ARE ARETNN TC-ARE

Data SR RSE Time RSE Time RSE Time RSE Time RSE Time Est.R RSE Time RSE Time RSE Time Est.R

House 40 1.54E-03 256.6 2.16E-02327.12.38E-03 441.6 4.11E-02 27.0 1.17E-01 34.4 36 4.95E-02 52.2 4.50E-02 13.5 9.65E-07 234.2 26

(321×481×3) 60 1.18E-07 233.3 1.38E-02477.22.07E-04 246.4 2.12E-02 23.2 6.80E-02 37.2 7 1.90E-02 54.7 2.99E-02 13.6 1.03E-13 303.0 26

R = 26 80 5.68E-08 224.7 8.29E-03469.47.17E-05 94.0 8.39E-03 27.6 4.44E-02 49.1 3 2.91E-04 58.2 2.14E-02 4.7 4.49E-15 55.3 26

Lenna 40 1.44E-02 56.1 3.75E-02298.02.38E-03 186.3 4.97E-02 32.9 1.36E-01 22.5 71 6.77E-02 29.2 6.70E-02 8.2 2.55E-06 106.4 29

(256×256×3) 60 2.58E-05 62.6 2.27E-02299.62.07E-04 199.6 2.71E-02 20.5 2.71E-02 14.3 61 1.43E-02 30.7 4.47E-02 4.1 1.16E-14 75.5 29

R = 29 80 7.96E-08 50.4 1.31E-02304.47.17E-05 64.2 1.23E-02 22.7 5.13E-02 13.8 18 4.76E-04 30.1 3.20E-02 4.3 3.86E-15 47.1 29

River Otter 40 1.14E-02 247.9 4.28E-02423.27.41E-03 246.2 5.06E-02 23.1 8.71E-01 60.6 39 9.33E-02 73.6 4.90E-02 15.8 9.42E-08 183.6 36

(321×481×3) 60 1.65E-07 227.9 2.73E-02490.04.45E-04 290.5 2.60E-02 20.3 1.98E-01 51.1 28 2.67E-02 75.2 3.21E-02 10.1 1.53E-14 135.9 36

R = 36 80 7.85E-08 153.6 1.58E-02347.98.27E-05 121.2 9.99E-03 28.0 7.64E-02 39.5 4 1.18E-02 82.4 2.27E-02 5.3 6.59E-15 50.6 36

Akiyo 40 2.85E-02 308.1 2.38E-02299.05.66E-032350.01.61E-02429.78.71E-01568.4 27 8.96E-02 447.11.28E-02219.81.75E-031611.4 13

(146×176×150) 60 1.19E-02 314.1 1.85E-02303.71.78E-041583.08.71E-03426.31.98E-01397.4 19 1.09E-02 461.18.48E-03 91.3 5.15E-071741.5 13

R = 13 80 5.65E-03 338.1 1.26E-02254.08.19E-05 350.9 4.22E-03456.17.64E-02271.9 3 5.75E-04 396.75.99E-03 52.5 1.82E-14 825.7 13

Bus 40 1.73E-01 224.9 1.48E-01178.01.81E-031419.08.57E-02217.12.62E-01520.8 25 6.35E-04 199.81.28E-02225.21.39E-091874.3 14

(144×120×150) 60 1.10E-01 248.5 1.19E-01174.81.80E-04 203.2 5.28E-02241.32.66E-02505.0 23 6.35E-04 208.38.48E-03109.68.11E-15 892.2 14

R = 14 80 6.58E-02 245.0 8.38E-02161.28.35E-05 103.6 2.87E-02260.65.20E-02373.8 13 6.35E-04 217.15.99E-03 55.9 3.43E-15 375.6 14

Windmill 40 2.47E-02 553.8 3.21E-02605.85.66E-042735.11.16E-02216.82.62E-01723.7 36 4.56E-02 587.31.94E-02244.45.29E-072046.9 17

(304×480×40) 60 9.70E-03 598.5 2.47E-02598.21.78E-04 627.9 6.29E-03210.72.66E-02579.5 19 4.56E-08 644.71.31E-02 99.1 1.81E-141679.4 17

R = 17 80 3.57E-03 468.7 1.70E-02599.88.19E-05 305.8 3.13E-03215.45.20E-02565.2 2 8.18E-16641.39.26E-03 54.9 3.17E-15 385.1 17

SR < 80% ) where TC-ARE still yields good recovery results. This verifies that

TC-ARE can achieve the optimal recovery solutions with the correctly estimated

ranks and sufficient observations. In addition, TC-ARE also consistently achieves

much better results than ARETNN in real-world tensors such as in synthetic cases,

which further confirms the effectiveness and superiority of our relaxing strategy with

accurate rank estimation.

Figure 5.7 shows examples of recovery results on the Lenna image and the Wind-

mill video with 50% missing entries.

Time Cost

Table 5.4 shows that the proposed ARETNN is on the whole the fastest among all

methods including the compared t-SVD based tensor completion methods. That is

because ARETNN avoids computing the tensor nuclear norm of the whole tensor and

converges fast. TC-ARE is not as fast as ARETNN as it involves the computation

of truncated t-SVD of X and needs more iterations, but it is not the slowest and
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Figure 5.7: Recovery results on the Windmill video and the Lenna image. The

first and second column figures are the low tubal-rank tensors and the incomplete

tensors (SR = 50%), respectively. The third column to the tenth figures are

recovered tensors by HaLRTC, TNCP, TNN, t-TNN, TCTF, TCTF-ARE, ARETNN, and TC-ARE,

respectively (best viewed on screen).

achieves much better recovery results than other methods with similar computa-

tional costs (e.g., TNN).

5.6.6 Application to Video Denoising

To evaluate the performance of the proposed RTPCA-ARE, we apply it to denosing

of the Basketball video (144 × 146 × 40, R = 20) corrupted by CR = 25% sparse

noise. Table 5.5 shows that RTPCA-ARE achieves much better recovery accuracy

than the compared six methods. As RPCA and SNN simply assume the noise to be

Gaussian, they thus cannot handle gross corruptions successfully, although they are

faster than other methods. PSSV show good results for matrix data on the original

paper while it is not capable for higher order tensors. KDRSDL obtains better results

than these three methods although it performs much worse than ours, because it

breaks the tensor structure and lost information resulting from the unfolding of the

data. Furthermore, TRPCA and OR-TPCA achieve limited results, and are even

worse than that of RTPCA-ARE without the refinement scheme (i.e., ARE step

in RTPCA-ARE), although TRPCA is the best performing existing method. This

supports our assumption that current t-SVD based robust tensor PCA methods do

not utilize true tubal-rank information, resulting in degraded recovery results.

We illustrate the recovery results by showing the 20 frames of this video in Figure

5.8 (due to the poor results of RPCA and SNN, we do not show their recovered

figures for simplicity).
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Table 5.5: Comparison of Video Denoising on the Basketball Video.

RPCA SNN PSSV TRPCA OR-TPCA KDRSDL RTPCA-ARE (ARE)

[113, 20] [75] [141] [124] [223] [6]

RSE 5.65E-01 3.14E-01 1.81E-01 5.19E-03 1.85E-01 8.45E-02 5.61E-12 (9.34E-05)

Time 97.3 272.7 59.5 864.1 856.8 1345.9 511.6 (188.5)

Figure 5.8: Recovery comparison on basketball video (20th frame shown). Upper

left: Noisy video (CR = 25%). Upper middle: PSSV [141] recovery. Upper

right: TRPCA [124] recovery. Lower left: OR-TPCA [223] recovery. Lower

middle: KDRSDL [6] recovery. Lower right: RTPCA-ARE recovery.

Table 5.6: Robust Completion for Example Images from the Berkeley Dataset.

Image Index BRTF GWLRTF-Tucker LRTCR-TNN RTC-ARE (ARE)

(True R) [219] [26] [125] Est.R

1 (22) RSE 1.84E-01 6.25E-02 2.35E-02 8.73E-10 (4.31E-02) 22

Time 470.5 1829.9 271.7 168.9 (50.0)

2 (35) RSE 3.53E-01 1.37E-01 5.10E-02 5.94E-08 (6.54E-02) 35

Time 1051.8 1389.7 271.6 181.7 (54.3)

3 (36) RSE 2.54E-01 7.49E-02 5.97E-02 1.00E-07 (6.64E-2) 36

Time 1251.3 1778.3 271.1 182.9 (54.0)

4 (39) RSE 5.56E-01 1.47E-01 1.37E-01 1.32E-07 (1.50E-01) 39

Time 1301.5 1818.9 193.7 184.5 (56.9)

5 (41) RSE 1.76E-01 2.11E-01 5.17E-02 5.11E-07 (6.14E-02) 41

Time 1460.7 1749.6 193.3 184.0 (56.2)

6 (47) RSE 4.45E-01 1.49E-01 1.43E-01 2.01E-4 (1.58E-01) 47

Time 2217.4 1773.6 274.3 183.6 (56.6)

Average of RSE 3.31E-01 9.65E-02 5.11E-02 3.28E-6 (5.88E-02) N/A

100 images Time 1128.5 1696.4 253.2 182.4 (51.3) N/A
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(a) (b) (c) (d) (e) (f)

Figure 5.9: Recovery performance comparison of six example images with 40%

missing entries and 10% corruptions (best viewed on screen) (a) images, (a)

Original Low tubal-rank images; (b) Observed images ; (c)-(e) recovered images by

BRTF GWLRTF-Tucker, LRTCR-TNN, and RTC-ARE, respectively.

5.6.7 Application to Robust Completion for Images with

both Missing and Corrupted Entries

To evaluate the proposed RTC-ARE in the presence of both missing and grossly cor-

rupted observations, we test on 100 images from the Berkeley Segmentation Dataset

[133]. The sizes of these images are 481× 321× 3. We truncate them into the exact

low-tubal rank images for rank estimation evaluation, where the ranks range from

12 to 53. The second column of Figure 5.9 shows the observed images, which are

generated by randomly selecting 40% (SR = 60%) of the corresponding image pixels

as missing and setting CR= 10% with random corruption in [0; 255].

We report the robust recovery results of six examples in Table 5.6 and illustrate

the corresponding figures in Figure. 5.9. As Table 5.6 shows, RTC-ARE outper-

forms all of the competing methods with significant improvements in all images,

and successfully determines the tubal-ranks. This conclusion is also consistent for
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all the 100 tested images. With these correct ranks, RTC-ARE refines the model

and improves the recovery, which demonstrates the importance of accurate rank

estimation and also confirms the effectiveness of the refinement scheme. BRTF fails

to recover these color images because it requires accurate CP-rank estimation while

it under-estimates their tensor ranks. GWLRTF-Tucker does not achieve good re-

covery as it needs to unfold the observed tensors, which can destroy the intrinsic

structure of tensorial data and lose vital information. Furthermore, LRTCR-TNN

is the best performing existing methods but its achieved accuracies are much lower

than ours.

(a) Background modeling given full frames of videos

(b) Background modeling given 1/2 of total frames of videos

(c) Background modeling given 1/4 of total frames of videos

Figure 5.10: Background modeling when 90% pixels of the Airport Hall and Shopping Mall videos

are missing. The {200th, 100th}, {100th, 50th}, {50th, 25th} frames of results are shown as

examples from the first to sixth rows, respectively. (a) Given all the frames of the videos as

training. (b) Given only 1/2 of total frames of the videos. (c) Given only 1/4 of total frames of

the videos. The first and second column figures are the original and the observed video frames (SR

= 10%), respectively. The third column to the sixth figures are obtained by BRTF, GWLRTF-Tucker,

LRTCR-TNN, and RTC-ARE, respectively (best viewed on screen).
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5.6.8 Application to Video Background Modeling

We now further apply our methods to the real-world application of surveillance

videos with the aim of subtracting the foreground objects from the background (i.e.,

background modeling problems). As video background is highly correlated along

the frames, they can be represented by a low-rank tensor, while the foreground

objects are moving along frames, and thus can be represented by a sparse component

[219]. We conduct experiments on two popular video sequences: shopping Mall

sequences with 100 frames, where each frame size is 256 × 320, and Airport Hall

sequences with 300 frames, where each frame size is 144 × 176. To illustrate the

capability of simultaneous robust completion and robust PCA of our RTC-ARE, we

randomly remove 90% pixels from these two videos and evaluate the performance of

background modeling under this missing data scenario, which may occur in reality

(e.g., the camera is broken and obtains incomplete surveillance videos). We further

study two cases: one is the common case, in which we are given all frames of videos,

and in the other we are given partial frames of videos (assuming that we could not

obtain enough video sequences, or partial frames might be missing).

Figure 5.10(a) shows that: given all of the frames from the Airport Hall and

Shopping Mall videos, our method is superior to the compared methods. Although

BRTF can obtain slightly clearer results than ours, it loses partial RGB color. That

is because BRTF must reshape the input to [256× 320, 3, 100] format, for example

(it fails to work if it retains the original size of videos as the input). This reshaping

limits the estimated rank to up to three, and results in the compression (lost partial)

of RGB information, particularly with less frames of videos, as shown in Figures

5.10(b) and 5.10(c). With less frames from the original videos, the ghost effects

are more severe with other methods, particularly BRTF, which fails to work on

the Shopping Mall video with only 25 frames (1/4 of total frames, shown in Figure

5.10(c)), while RTC-ARE can still obtain relatively good results. This indicates that

RTC-ARE has better robustness to missing data, and has less (missing) frames and

gross corruptions.
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5.6.9 Summary of Experimental Results

– The proposed four methods outperform all competing methods with significant

improvements in all cases of rank estimation, tensor completion, and robust

tensor recovery in various applications and settings on synthetic and real-

world tensors. With correct tubal-ranks determined by ARETNN, TC-ARE

can achieve optimal solutions via the relaxing strategy. RTPCA-ARE and

RTC-ARE not only inherit the ability of ARETNN to achieve accurate rank

estimation, but also share similar spirit with TC-ARE by explicitly utilizing

estimated tubal-ranks to further refine their models (the refinement schemes),

and thus obtain successful results. These results confirm the importance of

rank estimation and verify the effectiveness and superiority of our methods.

– The compared CP-based (e.g., TNCP, BRTF) and Tucker-based methods (e.g.,

HaLRTC, GWLRTF-Tucker) do not achieve as good results as the t-SVD mod-

els (e.g., TNN, TRPCA, and our methods) in most cases, which verifies our

predictions: T-SVD models have more advantages than CP and Tucker models.

CP-based methods reply on accurate rank estimation while existing techniques

often under- or over-estimate the ranks, and the Tucker-based methods require

unfolding of the observed tensors, which destroys the intrinsic tensor structure

and loses vital information. These drawbacks lead to more degraded recovery

performances of the CP-/Tucker-based methods than t-SVD-based methods.

– Current t-SVD-based methods (e.g., TNN, t-TNN, TRPCA, and OR-TPCA)

obtain a few good results but have much worse performance than ours. With

the correct estimated ranks by ARETNN, TCTF-ARE consistently outperforms

TCTF. These results confirm the advantage of t-SVD models with accurate

rank estimation, and verify our claim that existing t-SVD based methods

neither make use of the rank a priori (e.g., TNN and t-TNN) nor provide

accurate rank estimation (e.g., TCTF), resulting in limited recovery results.

– The proposed rank estimation techniques (e.g. ARETNN) are the fastest on
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the whole among all compared tensor methods including the compared t-SVD-

based methods. ARDTNN avoids computing the full t-SVD and thus costs

less CPU time. TC-ARD and RTPCA-ARE/RTC-ARE are not as fast as

ARDTNN/ARE steps because they involve the computation of the relaxing

strategy and refinement schemes with more iterations, respectively. Neverthe-

less, they are not the slowest, and consistently achieve much better recovery

results than other methods with less computational costs (in most cases). Al-

though our implementations are not optimized for efficiency as our focus is on

accuracy, we could speed up our implementation by for example updating all

{X̂(i)}I3i=1 in parallel, to achieve better efficiency in future work.

5.7 Summary

In this Chapter, we have proposed four t-SVD based methods, ARETNN, TC-ARE,

RTPCA-ARE, and RTC-ARE. ARETNN has solved the challenging rank estimation

problem by simultaneously minimizing the reconstruction error and the TNN of

the f-diagonal tensor of an incomplete tensor, where the TNN of the f-diagonal is

equivalent to that of the whole tensor, and can be further recast as the `1-norm

of singular values in the Fourier domain. With accurate rank estimation, TC-ARE

can obtain optimal completion via the relaxing strategy. RTPCA-ARE and RTC-

ARE have solved the robust tensor PCA and robust tensor completion problems,

respectively. By explicitly using the correct estimated rank to further refine the

models, RTPCA-ARE and RTC-ARE can achieve successful recovery. We have also

discussed the generalization of the proposed methods and analyzed some variants

for other problems. As demonstrated in the experimental results on synthetic and

real-world images/videos in various applications, the proposed methods not only

correctly determine the true ranks, but also successfully recover the tensors with

missing entries and/or sparse noise under mild conditions, and thus outperform the

competing methods in all cases with significant improvements.

178



Chapter 6

Conclusions

The focus of this thesis is on investigating low-rank tensor decomposition-based

approaches for feature extraction and tensor recovery. The propose methods have

been successfully applied in many real-world machine learning, data mining, and

computer vision applications, such as face/gait/object recognition/classification and

clusterings, images/videos completion and denosing, and video background model-

ing, with significant improvements over the state-of-the-art methods. In this chapter,

the key contributions of the thesis are summarized and some possible directions for

future research in tensor analysis are provided.

6.1 Key Contributions

The problems of learning low-dimensional features and estimating corrupted (by

missing and/or noises) entries from tensorial data are important yet challenging.

Low-rank tensor decomposition techniques are widely used for solving these prob-

lems, particularly for three popular decomposition models: CP, Tucker, and t-SVD.

For feature extraction problems, current CP-based methods can only learn a limited

number of effective features (upper-bounded by the lowest mode dimension of data),

resulting in very limited usage. Furthermore, existing feature extraction methods

are not capable of addressing incomplete data. On the other hand, although incom-

plete (and/or grossly corrupted) data can be recovered by matrix/tensor completion
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approaches, the current decomposition-based methods require a rank a priori. It is

difficult to obtain the true rank in practice, particularly for CP-rank, which is gen-

erally NP-hard to compute. Existing rank estimation methods often under-/over-

estimate the truth, leading to degraded recovery performance. To fill these gaps and

improve the performance of feature extraction and tensor recovery, in this thesis a

set of low-rank decomposition based methods is proposed. The key contributions

are summarized below.

1. Two unsupervised multilinear PCA methods, SO-MCPA and SO-MPCA-RS,

have been proposed for low-dimensional feature extraction. The SO-MPCA

approach learns vectorial features directly from tensors based on CP decompo-

sition by maximizing the captured variance with the orthogonality constraint

imposed in only one mode. Such semi-orthogonality is first used in multi-

linear PCA methods and can capture more variance and learn more features

than full-orthogonality. SO-MPCA, with the introduced relaxed start strat-

egy (SO-MPCA-RS), can achieve better generalization by fixing the starting

projection vectors to uniform vectors. Experiments on face and gait recogni-

tion show that SO-MPCA-RS has achieved the best overall performance when

compared with competing algorithms. In addition, the relaxed start strategy

has also been effective for other TVP-based (CP-based) PCA methods.

2. Two unsupervised methods, TDVM-CP and TDVM-Tucker, have been pro-

posed and the generalized model TDFR has been discussed to solve the prob-

lem of feature extraction from incomplete tensors. TDVM methods explore

the relationship among data samples via feature variance maximization, while

estimating the missing entries via low-rank CP and Tucker approximation,

leading to informative features extracted directly from partial observations.

TDVM-CP extracts low-dimensional vector features viewing the weight vec-

tors as features, and TDVM-Tucker learns low-dimensional tensor features by

viewing the core tensors as features. The ADMM-BCD joint optimization

scheme has been developed to solve the TDVM-CP model. The proposed
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methods are then applied on six real-world image and video datasets with

missing entries under the newly designed multi-block missing settings. Exper-

imental results demonstrate that TDVM methods not only stably yield similar

good results under various multi-block missing settings and different param-

eters on the whole, but also outperform the state-of-the-art methods with

significant improvements in the applications of face recognition, object/action

classification, and face/gait clustering.

3. Two low-rank matrix completion methods with automatic rank estimation,

L1MC and L1MC-RF, have been proposed based on rank-one approximation

(second-order CP decomposition). L1MC has solved the challenging rank es-

timation problem. After the true rank is automatically estimated, L1MC-RF

can achieve the optimal solution for the matrix completion problems via the re-

finement strategy (removing the L1-norm regularization of L1MC and then re-

fining the recovery results by truncated SVD). L1MC-RF is easy to implement

and not sensitive to its parameters. The experimental results on synthetic and

real-world data not only verify the importance of true rank for decomposition-

based matrix completion methods, but also show that L1MC-RF can efficiently

estimate the true rank and exactly recover the missing entries under mild con-

ditions, which on the whole outperforms the state-of-the-art methods.

4. Two novel tensor rank estimation methods, TREL1CP and TREL1Tucker, have

been developed for automatic CP-rank and Tucker-rank estimation for incom-

plete tensors. The proposed methods are achieved by simultaneously minimiz-

ing the newly designed CP-based tensor nuclear norm and the reconstruction

error. The experimental results confirm the significance of accurate tensor

rank estimation for tensor completion. The results also show that TREL1 can

correctly determine the true tensor ranks (both CP-rank and Tucker-rank) of

synthetic tensors, and also can estimate the rank of real-world tensors well,

given sufficient observed entries. More importantly, with the estimated tensor

ranks by TREL1, the recovery performances of current decomposition-based
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tensor completion methods have been consistently improved. TREL1 is not

sensitive to its parameters in general and is much more efficient than existing

rank estimation algorithms.

5. Four new t-SVD based tensor recovery methods, ARETNN, TC-ARE, RTPCA-

ARE, and RTC-ARE, have provided accurate tubal-rank estimation and sig-

nificantly improve the recovery results by explicitly making use of the correct

estimated ranks in the presence of missing data and/or gross corruptions.

ARETNN has solved the challenging rank estimation problem. With accu-

rate rank estimation, TC-ARE can obtain optimal completion via the relaxing

strategy, given enough observations. RTPCA-ARE and RTC-ARE have solved

the robust tensor PCA and robust tensor completion problems, respectively.

By explicitly using the correct estimated rank to further refine the models,

RTPCA-ARE and RTC-ARE can achieve successful recovery. The general-

ization of the proposed methods has been discussed and analyzed with some

variants for other tensor learning problems. With incomplete and/or grossly

corrupted observations from synthetic and real-world tensors, the proposed

methods not only correctly determine the true ranks under mild conditions,

but also achieve good performance in image/video completion, video denoising,

background modeling, etc. The obtained results outperform the state-of-the-

art methods in all cases with significant improvements.

Figure 6.1 shows the summary of the major works made in this thesis.

6.2 Future Directions

While many challenging problems have been addressed in this thesis, many others

remain to be studied in the tensor analysis field. This section first outlines the

potential enhancements and generalizations of the proposed tensor decomposition-

based algorithms and then provides several research topics for further study.
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Figure 6.1: The summary of this thesis for solving the feature extraction and

tensor recovery problems.

6.2.1 Further Development of the Proposed Algorithms

1. For low-dimensional feature learning problems, although the SO-MPCA-RS

proposed in Chapter 3.1 can obtain more features and achieve better results

than other CP-based multilinear PCA methods, its performance could be lim-

ited if the tensor with small dimensions in each mode (e.g., a tensor with size

20× 20× 20× 10). To enhance SO-MPCA-RS, we can enforce orthogonality

in each meaningful mode separately (e.g., in the x-axis and the y-axis of an

image) and then conduct a feature/score-level fusion.

2. As discussed in Chapter 3.2, apart from the TVDM methods, there are many

variants based on the general TDFR model for the problem of feature extrac-

tion from incomplete data:

– For the low-rank approximation term F (X , Z) of TDFR, not only can we

use Tucker and CP decompositions cooperated with the CP- and Tucker-based
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tensor nuclear norm, but we can also consider other tensor decomposition

models such as Tensor SVD [215, 124], Tensor-train decomposition [142, 10],

etc., combined with other constraints such as Tensor Nuclear Norm [215, 124]

to achieve low-rank tensor approximation.

– For the feature regularization term G(Z) of TDFR, not only can we

use variance maximization as regularization like TDVM, but we can also use

other constraints such as uncorrelation or orthogonality to learn informative

features.

3. For tensor rank estimation problems, we can extend our rank estimation tech-

niques developed in Chapter 4 to determine other types of tensor rank. For

example, we can estimate the TT rank, which is defined based on Tensor-train

(TT) decomposition, and then make use of the estimated TT rank to improve

the performance of TT decomposition-based methods.

4. As demonstrated in Chapter 5, t-SVD with automatic rank estimation can

achieve significant improvements for low-rank tensor estimation under partial

and/or grossly corrupted observations. Inspired by this work, we can further

develop other t-SVD methods to solve other tensor learning problems such as

outlier detection, as discussed in Section 5.5.2.

6.2.2 Exploring Other Open Questions and Applications

• Tensor Optimization. The optimization of current tensor methods essen-

tially utilizes matrix techniques. For example, Tucker-based methods often

unfold the tensors to large matrices and then apply matrix optimization tech-

niques to solve the optimization problems. T-SVD based methods compute

each frontal slice in the Fourier domain via discrete Fourier transform and then

back to the original domain in tensorial form, via the inverse of the discrete

Fourier transform. This still computes the tensor by transforming it to ma-

trices. In other words, existing tensor learning methods cannot optimize their
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models via directly updating tensor variables, which may deteriorate the per-

formance of the methods. This is a very challenging mathematical problem,

which is worth studying to improve the optimization of tensor models.

• High-Rank Tensor Estimation. The thesis focuses on low-rank tensor

modeling with missing data, while few works have studied high-rank problems

for tensor completion and subspace clustering [42, 40, 37]. The high-rank

tensor estimation problems have yet to be well explored, but this could be of

value as real-world data are not always (approximately) low-rank.

• Tensor Recovery With Both Missing Entries and Indexes. In the

tensor completion domain, the indexes of missing entries are assumed to be

known in advance. Could we successfully recover a tensor if it loses partial

entries and the position of these missing entries are not totally given? To the

best of our knowledge, there is only one paper [200] in which this challenging

problem has been addressed. In practice, we may not know the exact indexes

of the missing data. Hence, this problem should be explored in future work.

• Exploring Other Applications. In this thesis, the proposed methods have

been used for face/gait/object recognition/classification and clustering, im-

age/video completion, and denosing and video background modeling. They

can also be applied to other real-world scenarios. For example, matrix/tensor

completion methods are also widely used for recommendation systems [154, 87,

108, 88, 112, 48]. Tensor feature learning methods have shown advantages in

medical image processing [98, 7, 136, 130], where tensor feature sections have

been applied for whole brain fMRI analysis in [172], with successful results.

Thus, other applications such as recommendation systems and medical image

processing can be explored for low-rank tensor decomposition models (such as

the proposed methods) in future research.
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Appendices

Appendix A: General Model for Feature Extraction from In-

complete Tensors

To solve the problem of extracting features from incomplete tensors, we formulate a

new general model, i.e., low-rank Tensor Decomposition with Feature Regularization

(TDFR):

min
X ,Z

F (X , Z) +G(Z) s.t. PΩ(X ) = PΩ(T ), (A1)

where F (X , Z) refers to a low-rank tensor decomposition model and G(Z) is a

regularization of target features Z. Tensor X ∈ RI1×I2×···IN×M is the approximation

of incomplete data (tensors) T based on observed entries indexed by Ω. Features Z

is a component of X and could be a lower-dimensional tensor (e.g. the core tensor

of X based on Tucker model) or vector (e.g. the weight vector of X based on CP

model) which consists of all features extracted from T .

In this thesis, we specify the general model TDFR by incorporating low-rank

Tensor Decomposition (as F (X , Z)) with feature Variance Maximization (as G(Z))

(TDVM). In other words, the proposed TDVM-Tucker and TDVM-CP specify

TDFR by employing low-rank Tucker/CP decomposition for low-rank approxima-

tion and using feature variance maximization as the feature constraint.

Remark: As TDFR simultaneously estimates missing data via low-rank tensor

approximation (e.g. low-rank Tucker/CP approximation) and explores the relation-

ship among samples via feature regularization (e.g., maximizing variance of features

in TDVM, inspired by PCA), we assume that TDFR can solve the problem of ex-
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tracting features from incomplete tensors.

Furthermore, we briefly discuss four more specific cases of TDFR inherited the

spirit of TDVM in the following.

Case 1: Learning Low-dimensional Tensor Features from In-

complete Data Based on Tucker Decomposition

Viewing the core tensors of Tucker decomposition as features, we can formulate a

specific case of TDFR as,

min
Xm,Cm,U(n)

M∑
m=1

1

2
‖Xm − Cm×1U

(1) · · · ×NU(N)‖2F +
M∑
m=1

‖Cm‖∗ −
M∑
m=1

1

2
‖Cm − C̄‖2F ,

s.t. PΩ(Xm) = PΩ(Tm),U(n)>U(n) = I, n = 1 · · ·N,
(A2)

where {U(n) ∈ RIn×Rn}Nn=1 are common factor matrices with orthonormal columns.

I ∈ RRn×Rn is an identity matrix. Cm ∈ RR1×···×RN is the core tensor which consists

of the extracted features of an incomplete tensor Tm with observed entries in Ω.

‖Cm‖∗ is the Tucker-based tensor nuclear norm of Cm. C̄ = 1
M

∑M
m=1 Cm is the mean

of core tensors (extracted features).

Case 2: Learning Low-dimensional Tensor Features from In-

complete Data Based on CP Decomposition

Following Eq. (A2), we view the super-diagonal tensors of CP decomposition as

extracted features, i.e.,

min
Xm,Dm,U(n)

M∑
m=1

1

2
‖Xm −Dm×1U

(1) · · · ×NU(N)‖2F +
M∑
m=1

‖Dm‖∗ −
M∑
m=1

1

2
‖Dm − D̄‖2F ,

s.t. PΩ(Xm) = PΩ(Tm),U(n)>U(n) = I, n = 1, · · · , N.
(A3)

where {Dm}Mm=1 are super-diagonal tensors, which are treated as extracted features

from incomplete tensors. Case 2 is similar to Case 1 while obtains very sparse tensor

features {Dm}Mm=1.
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Case 3: Learning Low-dimensional Vector Features from In-

complete Data Based on Tucker Decomposition

We can not only learn low-dimensional tensor features like Case 1 and 2, but also

extract low-dimensional vector features as follows.

min
X ,C,U(n),Z

1

2
‖X−C×1U

(1)×2U
(2) · · · ×NU(N)×N+1Z‖2F + ‖C‖∗ −

1

2
‖Z>‖2F ,

s.t. PΩ(X ) = PΩ(T ),U(n)>U(n) = I, n = 1 · · ·N,
(A4)

where the (N + 1)th factor matrix Z ∈ RM×R(N+1) consists of the extracted fea-

tures from T = [T1, · · · , Tm, · · · TM ] ∈ RI1×···×IN×M . Such usage of treating the

(N + 1)th factor matrix as features can also be found in [24, 211]. The third term:

min−1
2
‖Z>‖2

F = max trace(ZZ>), aims to maximize the variance of extracted fea-

tures inspired by PCA.

Case 4: Learning Low-dimensional Vector Features from In-

complete Data Based on CP Decomposition

We can reformulate Eq. (A4) as a new method by replacing the core tensor C as

the super-diagonal tensor D of CP decomposition. On the other hand, we can also

use another form of CP decomposition, i.e., Xm = U(1) ◦ U(2) ◦ · · ·U(N) [101], to

formulate a new specific case of TDFR:

min
X ,U(n),Z

1

2
‖X −U(1) ◦U(2) · · · ◦U(N) ◦ Z‖2F +

N∑
n=1

‖U(n)‖∗ −
1

2
‖Z>‖2F ,

s.t. PΩ(X ) = PΩ(T ),

(A5)

where ◦ is the out-product operator connecting each factor matrix U(n). Similar

to Case 3 (Eq. (A4)), Case 4 considers Z consisting of the extracted features from

given incomplete tensors. Such usage also can been found in [121, 24] where the

mode-(N + 1) factor matrix is viewed as features.

Summary for the General Model

We have briefly shown 4 specific cases of TDFR inherited the spirit of TDVM:
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• Case 1 and Case 2 aim to learn low-dimensional tensorial features from high-

dimensional incomplete tensors, while Case 3 and Case 4 aim to obtain low-

dimensional vectorial features. In Case 3 and 4, these specific models (Eq.

(A4) and Eq. (A5)) can obtain features with much lower dimensions, but they

consume much more computational memory and time because they learn the

whole data consists of all tensor samples in each iteration. TDVM-Tucker has

been developed based on Case 1 and TDVM-CP has been proposed inspired

by the preliminary studies about Case 3 and Case 4.

• Apart from these four cases, there are many variants of specific cases for the

proposed general model TDFR:

1) For the low-rank approximation F (X , Z) of Eq. (A1): We can not

only use Tucker and CP decompositions cooperated with the Tucker- and CP-

based tensor nuclear norm, but also can consider other tensor decomposition

models such as Tensor SVD [215, 124], Tensor-train decomposition [142, 10],

etc., coupling with other constraints such as Tensor Nuclear Norm [215, 124]

to achieve low-rank tensor approximation.

2) For the feature regularization G(Z): We can not only use variance max-

imization as regularization like TDVM, but also can employ other constraints

such as uncorrelation or orthogonality etc., to learn informative features.
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