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Abstract

Kernel-based meshless methods for approximating functions and solutions of partial

differential equations have many applications in engineering fields. As only scattered

data are used, meshless methods using radial basis functions can be extended to

complicated geometry and high-dimensional problems. In this thesis, kernel-based

least-squares methods will be used to solve several direct and inverse problems.

In chapter 2, we consider discrete least-squares methods using radial basis func-

tions. A general ℓ2-Tikhonov regularization with Wm
2 -penalty is considered. We

provide error estimates that are comparable to kernel-based interpolation in cases

in which the function being approximated is within and is outside of the native s-

pace of the kernel. These results are extended to the case of noisy data. Numerical

demonstrations are provided to verify the theoretical results. In chapter 3, we apply

kernel-based collocation methods to elliptic problems with mixed boundary condi-

tions. We propose some weighted least-squares formulations with different weights

for the Dirichlet and Neumann boundary collocation terms. Besides fill distance of

discrete sets, our weights also depend on three other factors: proportion of the mea-

sures of the Dirichlet and Neumann boundaries, dimensionless volume ratios of the

boundary and domain, and kernel smoothness. We determine the dependencies of

these terms in weights by different numerical tests. Our least-squares formulations

can be proved to be convergent at the H2(Ω) norm. Numerical experiments in t-

wo and three dimensions show that we can obtain desired convergent results under

different boundary conditions and different domain shapes. In chapter 4, we use a

kernel-based least-squares method to solve ill-posed Cauchy problems for elliptic par-

tial differential equations. We construct stable methods for these inverse problems.

Numerical approximations to solutions of elliptic Cauchy problems are formulated as

solutions of nonlinear least-squares problems with quadratic inequality constraints.

A convergence analysis with respect to noise levels and fill distances of data points

is provided, from which a Tikhonov regularization strategy is obtained. A nonlinear

algorithm is proposed to obtain stable solutions of the resulting nonlinear problems.

ii



Numerical experiments are provided to verify our convergence results. In the final

chapter, we apply meshless methods to the Gierer-Meinhardt activator-inhibitor mod-

el. Pattern transitions in irregular domains of the Gierer-Meinhardt model are shown.

We propose various parameter settings for different patterns appearing in nature and

test these settings on some irregular domains. To further simulate patterns in reality,

we construct different kinds of domains and apply proposed parameter settings on

different patches of domains found in nature.

Keywords: Meshless, Kansa method, Kernel-based least-squares methods, Cauchy

problems, Pattern formations, Gierer-Meinhardt model
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Chapter 1

Introduction

Meshless methods have gained increasing popularity in both mathematics and engi-

neering applications. These methods are often better suited to complicated domain

shapes than classical mesh-based methods, such as the finite difference method, the

finite element method, and the finite volume method. Because meshless methods are

based on sets of scattered points, the mesh generation process necessary for numerical

methods with mesh can be eliminated. Meshless methods present a simple way to

handle problems in higher dimensions and thus have been applied to different areas

of science to find solutions for partial differential equations (PDEs), mathematical

finances, neural networks, and data mining. In this thesis, kernel-based least-squares

methods, the newly proposed meshless method based on Kansa methods, are applied

to solve PDEs and inverse Cauchy problems. Some background knowledge on kernel-

based methods is introduced in this chapter via a review of radial basis functions

(RBF), reproducing kernel Hilbert space, error estimates for RBF interpolations,

newly developed kernel-based methods for PDEs, and some proven convergence the-

ories.

1.1 Radial basis functions

The RBF is a smooth scaler function with its variable being the Euclidean distance of

the inputs. As RBFs have properties of symmetry, and translation invariance, they

1



are widely used in function approximation and in solving PDEs. We first give the

definition of radial functions.

Definition 1. [24] A function Φ : Rd → R is said to be radial if there exist a

function ϕ : [0,∞]→ R such that Φ(x) := ϕ(∥x∥2) for all x ∈ Rd.

From [24], a kernel Φ is called positive definite on Ω ⊆ Rd if

N∑
j=1

N∑
k=1

cjckΦ(xj − xk) ≥ 0, (1.1)

for all N ∈ N, all pairwise distinct X = {x1, . . . , xN} ⊆ Ω, and all c ∈ CN . The

function Φ is called strictly positive definite if the quadratic form (1.1) is zero only

for c ≡ 0, and the function Φ is called conditionally positive definite of order m on

Rd if it satisfies (1.1) and
N∑
j=1

cjp(xj) = 0,

for all polynomial p of degree at most m − 1. Table 1.1 lists commonly used RBFs,

of which they are two categories: strictly symmetric positive definite kernels (Gaus-

sian, Matérn function, and inverse multiquadrics) and conditionally positive definite

kernels (multiquadrics and thin plate splines). In this thesis, we mainly consider sym-

metric positive definite kernels. The reproduced kernel Hilbert space, a.k.a. native

spaces, of these kernels can be established by Fourier transforms.

Theorem 1. [75] Suppose Φ ∈ C(Rd) ∩ L1(Rd) is a real valued positive definite

functions. Define a function space as

G :=

{
f ∈ C(Rd) ∩ L2(Rd) :

f̂√
(Φ̂)
∈ L2(Rd)

}
(1.2)

and equip with the bilinear form

(f, g)G := (2π)−
d
2

(
f̂√
Φ̂
,

ĝ√
Φ̂

)
L2(Rd)

= (2π)−
d
2

∫
Rd

ˆf(ω) ˆg(ω)

ˆΦ(ω)
dω. (1.3)

Then G is a real Hilbert space with inner product (., .)G and reproducing kernel Φ.
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Table 1.1: Radial basis functions

Radial basis functions Representation ϕ(r), r > 0

Gaussian e−
r2

c2

Matérn Function
Kβ−d/2(r)r

β−d/2

2β−1Γ(β)
, β > d/2

Inverse Multi-quadratic (MQ) (r2 + c2)−k, k ∈ R+

Multi-quadratic(MQ) (r2 + c2)k, k ∈ R+

Thin-plate spline(TPS) r2k ln r, k ∈ N

Hence, G is the native space of Φ on Rd, i.e G = NΦ(Rd), and both inner products

coincide. In particular, every f ∈ NΦ(Rd) can be recovered from its Fourier transform

f̂ ∈ L1(Rd) ∩ L2(Rd).

Consider standard Sobolev spaces defined by Fourier transformation as

Hm(Rd) = {f ∈ L2(Rd)∩C(Rd) : f(.)(1+∥·∥22)
m
2 ∈ L2(Rd)}, for m > d/2. (1.4)

If a kernel Φ has a Fourier transform that decays algebraically

c1(1 + ∥ω∥22)−m ≤ Φ̂(ω) ≤ c2(1 + ∥ω∥22)−m, (1.5)

with ω ∈ Rd, c1 ≤ c2 and m > d/2, the native space NΦ(Rd) coincides with Sobolev

spaces Hm(Rd), and their norm are also equivalent. The Matérn function in Table

1.1 is an example of symmetric positive definite kernels satisfying such a condition.

We apply this kernel to both theoretical analysis and numerical tests in the thesis.

What is more, when a domain Ω ⊆ Rd has the Lipschitz boundary, the native space

and Sobolev space also coincide from [75, Corollary 10.48].

When used symmetric positive definite kernels with Fourier transform of kernel

decay algebraically approximate the unknown functions, convergence analysis for

interpolation problems in the Sobolev space is possible.
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1.2 Error estimations for kernel interpolation

We introduce some error estimates for kernel interpolation with positive definite RBF-

s. These results are necessary for our later analysis in least-squares approximation.

As these error estimations are in Sobolev space Wm
p (Ω), we introduce the related

definitions and notations. Sobolev space Wm
p (Ω) is the set of all functions u ∈ Lp(Ω)

having weak derivatives Dαu ∈ Lp(Ω) with |α| ≤ m. Sobolev semi-norms and norms

are

|u|Wm
p (Ω) :=

( ∑
|α|=k

∥Dαu∥pLp(Ω)

) 1
p

,

and

∥u∥Wm
p (Ω) :=

( ∑
|α|≤k

∥Dαu∥pLp(Ω)

) 1
p

.

Norms in the case case p =∞ are defined as

|u|Wm
∞(Ω) := sup

|α|=k

∥Dαu∥L∞(Ω),

and

∥u∥Wm
∞(Ω) := sup

|α|≤k

∥Dαu∥L∞(Ω).

For fractional order Sobolev space W k+s
p (Ω), 0 < s < 1, norms are defined as

|u|Wk+s
p (Ω) :=

( ∑
|α|=k

∫
Ω

∫
Ω

|Dαu(x)−Dαu(y)|p

∥x− y∥d+ps
2

dxdy

) 1
p

,

and

∥u∥Wk+s
p (Ω) :=

(
∥u∥p

Wk
p (Ω)

+ |u|p
Wk+s

p (Ω)

) 1
p
.

Now, we state the error estimates with respect to fill distance of the trial center

hZ,Ω = sup
z∈Ω

min
zj∈Z
∥z − zj∥2,

which measures the maximum distance of any point in Ω to the set of points Z ⊆ Ω.
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Theorem 2. [75] Let Ω ⊆ Rd be open and bounded, satisfy an interior cone con-

dition. Suppose that Φ ∈ C2k(Ω × Ω) is conditionally positive definite of order m.

Denote sf,Z be the interpolant to f ∈ NΦ(Ω) that is based on the unisolvent set

Z = {z1, . . . , zN}. Fix α ∈ Nd
0 with |α| ≤ k. Then there exist constants h0, C > 0

such that

|Dαf(x)−Dαsf,Z | ≤ C(CΦ(x))
1/2hk−α

Z,Ω |f |NΦ(Ω) for x ∈ Ω,

if hZ,Ω ≤ h0. The number CΦ is defined by

CΦ(x) := max
β,ν∈Nd

0,
|β|+|ν|=2k

max
z,ω∈Ω∩B(x,cα2 hZ,Ω)

|Dα
1D

ν
2Φ(z, ω)|,

and the constant C is independent of Z, f and Φ.

For some special cases, the number of CΦ can be bounded by some additional

power of h, which allows an improvement of the error bound. For example, for

Matérn function Φ(x) in Table 1.1 which we use in this thesis, when |α| ≤ β − ⌈d+1
2
⌉

, f ∈ NΦ(Ω) and hZ,Ω are sufficiently small in [24], the error bound in Theorem 2

becomes

|Dαf(x)−Dαsf,Z | ≤ Ch
β− d

2
−α

Z,Ω |f |NΦ(Ω) for x ∈ Ω.

Interpolation error estimation have be considered for approximation function f in

native space NΦ(Ω). When the function f is outside the native space NΦ(Ω), the

error estimate can also be proved for some kernels. Assume that the kernel satisfies

(1.5), then native space NΦ(Ω) coincides with Hm(Ω). If f ∈ W β
2 (Ω) with β ≤ m,

from [57], we have an error estimation

|f − sf,Z |Wµ
2
≤ Chβ−µ

Z,Ω ρm−µ
Z ∥f∥Wβ

2 (Ω) for 0 ≤ µ ≤ β.

Also, under condition (1.5), another error estimate for sf,Z can be obtained as

follows.

Theorem 3. [75] Let Ω ⊆ Rd be bounded with Lipschitz boundary, and satisfies an

5



interior cone condition with radius r and angle θ. Let Z ⊆ Ω be a given discrete set

of centers and sf,Z be the interpolant. Suppose Φ satisfy (1.5) with m = k+ s, where

k is a positive integer and 0 < s ≤ 1. If α ∈ N0 satisfy k > α + d/2, then the error

between f ∈ Wm
2 (Ω) and its interpolant sf,Z can be bounded by

|f(x)− sf,Z |Wm
q (Ω) ≤ Ch

m−α−d(1/2−1/q)+
Z,Ω ∥f∥Wm

2 (Ω),

for all sufficiently dense sets Z.

Besides these error estimations, interpolants based on positive definite kernels

have the minimum-norm property.

Theorem 4. [24] Suppose Φ ∈ C(Ω×Ω) is a strictly conditionally positive definite

kernel with respect to finite-dimensional space P ⊆ C(Ω) and that X is P unisolvent.

If the value of f1, . . . , fN are given, then the interpolant sf,Z is the minimum-(semi)

norm interpolant to {fj}Nj=1, i.e.,

|sf,Z |NΦ(Ω) = min
g∈NΦ(Ω)

g(xj)=fj ,j=1,...,N

|g|NΦ(Ω).

for all sufficiently dense sets Z.

Based on these properties and error estimations for interpolants of positive def-

inite RBFs, we can further prove convergence theorems of least-squares collocation

formulas for function approximation and PDEs.

1.3 Least-squares collocation methods for elliptic

PDEs with Dirichlet boundary condition

RBFs were first applied to solving PDEs by Kansa in 1990 [41, 42]. Because the

method is easy to implement and only requires scattered points instead of a mesh, it

became popular in many applications after it was proposed. However, from [37], it was

shown that the original Kansa method cannot ensure solvability theoretically. Many
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modified methods were subsequently proposed and numerically studied. A method

in [48] can ensure solvability by overtesting, which means another denser discrete

collocation set X is used for any fixed trial centers Z. In [20, 49], convergence of

the overdetermined Kansa methods was analyzed, and we state some of the results

here. The proof was based on continuous and discrete norms in Sobolev spaces.

Presentations of continuous norms are introduced in Section 1.2, and we now describe

discrete ℓq norms as

|u|ℓq(X) :=


( M∑

j=1

u(xj)
q

) 1
q

, for 1 ≤ q <∞,

max
1≤j≤M

|u(xj)|, for q =∞,

and discrete Sobolev norms are given as

|u|Wm
q (X) :=

( ∑
|α|=k

∥Dαu∥qℓq(X)

)1/q

,

and

∥u∥Wm
q (X) :=

( ∑
|α|≤k

∥Dαu∥qℓq(Ω)

)1/q

.

We consider a general second order elliptic differential equation in some bounded

domain Ω ⊂ Rd with the Dirichlet boundary condition on Γ = ∂Ω:

Lu = f in Ω, and u = g on Γ, (1.6)

where

Lu :=
d∑

i,j=1

∂

∂xj

(
aij(x)

∂

∂xi
u(x)

)
+

d∑
j=1

∂

∂xj

(
bj(x)u(x)

)
+

d∑
i=1

ci(x)
∂

∂xi
u(x) + d(x)u(x) = f(x).

(1.7)

We first introduce discrete sets and trial spaces used in least-squares approximations.

Let Z = {z1, z2 . . . znZ
} be a discrete set of trial centers in the domain Ω. We define

the finite dimensional trial space based on the trial set Z.
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Definition 2. Let Z be the trial set, the finite dimensional trial space UZ,Φm is defined

as:

UZ,Φm := span{Φ(., zi), zi ∈ Z} ⊂ NΩ,Φ.

Numerical approximations of PDEs are found in these trial spaces. To describe

the point density of Z, we define the following quantities

hZ := sup
z∈Ω

min
zi∈Z
∥z − zi∥ℓ2(Rd), qZ :=

1

2
min

zi, zj ∈ Z

zi ̸= zj

∥zi − zj∥ℓ2(Rd) and ρZ :=
hZ

qZ
,

which are normally called fill distance, separation radius, and mesh ratio of Z re-

spectively. Let X = {x1, x2 . . . xnX
}, and Y = {y1, y2 . . . ynY

} be sets of discrete

collocation points in the domain and on the boundary. We further assume the trial

set Z, collocation sets X, and Y are all quasi-uniform and maintain a linear ratio of

oversampling as they were refined, that is, there are constants ρχ > 1 and γχ > 1

that satisfy

qχ ≤ hχ ≤ ρχqχ, χ = {X, Y, Z} and hZ ≤ γShS , S = {X, Y }.

Based on a boundary regularity estimation for PDEs (1.6) and by kernels that satisfy

(1.5), a series of constrained least-squares formulations and weighted least-squares

formulations with their convergence theorems were provided in [20].

Theorem 5. [20] Let u∗ ∈ Hm(Ω) denote the exact solution of the elliptic PDE in

(1.6). In addition, the relative fill distances hX/hZ∪Y and hZ/hZ∪Y are sufficiently

small. Let uCLS
X,Y ∈ UZ∪Y be the constrained least-squares (CLS) solution defined as

uCLS
X,Y := arg inf

u∈UZ∪Y

∥Lu− f∥2X subject to u|Y = g|Y . (1.8)

Then the error estimates

∥uCLS
X,Y − u∗∥2,Ω ≤ CΩ,Φ,L,γXh

m−d/2−2
Z∪Y ∥u∗∥m,Ω for m ≥ 2 +

⌈
d+1
2

⌉
,
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and

∥uCLS
X,Y − u∗∥2,Ω ≤ CΩ,Φ,L,γXh

m−2
Z∪Y ∥u

∗∥m,Ω for m > 3 + d
2
,

hold for some constant CΩ,Φ,L,γX that depends only on Ω, Φ, L, and the uniformity

constant γX of X.

The definition of constrained least-squares solution in Eq. (1.8) requires the nu-

merical solution to satisfy the boundary condition exactly at the collocation points,

and the discrete trial space is spanned by trial centers Z ∪ Y . When boundary con-

ditions are not enforced exactly on Y but still keep Z ∪ Y as trial centers, weighted

least-squares solutions are defined as follows.

Theorem 6. [20] Suppose all the assumptions in Theorem 5 hold. Let uWLS,θ
X,Y,Z∪Y ∈

UZ∪Y be the weighted least-squares (WLS) solution defined as

uWLS,θ
X,Y,Z∪Y := arg inf

u∈UZ∪Y

∥Lu− f∥2X +

(
hY

hX

)dθ/2

h−2θ
Y ∥u− g∥2Y for θ ≥ 0. (1.9)

Then the error estimate

∥uWLS,θ
X,Y,Z∪Y − u∗∥2,Ω ≤ CΩ,Φ,L,γX

(
hd/2 + h

(θ−2)d
4

X h
(θ−2)(d−4)

4
Y

)
h
m−d/2−2
Z∪Y ∥u∗∥m,Ω

for m ≥ 2 +
⌈
d+1
2

⌉
, and

∥uWLS,θ
X,Y,Z∪Y − u∗∥2,Ω ≤ CΩ,Φ,L,γX

(
1 + h

(θ−2)d
4

X h
(θ−2)(d−4)

4
Y

)
hm−2
Z∪Y ∥u

∗∥m,Ω

for m > 3 + d
2
, hold for hX ≤ hY < 1, 0 ≤ θ ≤ 2 and some constant CΩ,Φ,L that

depends only on Ω, Φ, and L. For 2 ≤ θ ≤ ∞, the estimates in Theorem 5 remain

valid.

In the case that the trial space is spanned by Z without boundary collocation

points Y , another definition of the weighted least-squares formulas and error estimates

is stated as follows.

Theorem 7. [20] Suppose the trial space of the weighted least-squares approximation

in Theorem 6 is restricted to uWLS,θ
X,Y,Z ∈ UZ instead of UZ∪Y . Moreover, the relative fill
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distances hX/hZ∪Y and hZ/hZ∪Y are sufficiently small. Further assume that the sets

Y are asymptotically quasi-uniform and hY ≤ hZ. Then the error estimates

∥uWLS,θ
X,Y,Z − u∗∥2,Ω

≤ CΩ,Φ,L,γ⃗

(
hd/2 + h

(θ−2)d
4

X h
(θ−2)(d−4)

4
Y + h

−3/2
Y h2

Z

)
h
m−d/2−2
Z ∥u∗∥m,Ω,

for m ≥ 2 +
⌈
d+1
2

⌉
, and

∥uWLS,θ
X,Y,Z − u∗∥2,Ω ≤ CΩ,Φ,L,γ⃗

(
1 + h

(θ−2)d
4

X h
(θ−2)(d−4)

4
Y + h−2

Y h2
Z

)
hm−2
Z ∥u∗∥m,Ω,

hold for m > 3 + d/2, 0 ≤ θ ≤ 2 and some constant CΩ,Φ,L,γ⃗ that depends only on Ω,

Φ, L, and uniformity constants γ⃗ = [γX , γY , γZ ].

From [20], definitions of least-squares formulas come from stability results, which

can be proved based on sampling inequalities of fractional order in [10] and an inverse

inequality in [20]. From the optimal properties of the constrained least-squares and

weighted least-squares solutions, convergence theorems were proven by combining

stability results and error estimations for radial basis interpolant.

Motivated by these improvements, we will apply kernel-based least-squares meth-

ods to elliptic PDEs with mixed boundary conditions, inverse Cauchy problems, and

reaction-diffusion equations for pattern formation.

1.4 Thesis overview

The rest of this thesis consists of four additional chapters. In chapter 2, we provide

some Sobolev error estimates for regularized RBF discrete least-squares approxima-

tion. With some appropriate regularization, a least-squares stability holds for any

sampling ratio of the fill distances of collocation points and trial centers. Conver-

gence results are also proved that are comparable to kernel-based interpolation in

cases when the approximated function is within and outside of the native space of

the kernel.
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In chapter 3, we apply the overdetermined Kansa method to general elliptic prob-

lems with mixed boundary conditions. We propose various least-squares formulations

with specific weights for the Dirichlet and Neumann collocation terms. Besides the

fill distances of collocation sets, weights also depend on other elements, such as kernel

smoothness, the relation between volumes of the problem domain and boundary, and

the ratio of Dirichlet and Neumann boundaries. These factors are hidden in generic

constants of the sampling and inverse inequalities. In this work, we study the influ-

ence of these factors and propose suitable formulas for the least-squares weights. Our

formulas are applicable to practical problems, such as PDEs with different bound-

ary conditions, and thin domains, etc. Our weighted least-squares methods can be

proved convergent in H2(Ω). We test our proposed weights using two-dimensional

and three-dimensional examples. The numerical results show that we can obtainm−2

convergence rate in H2(Ω) for different domain and different boundary conditions.

In chapter 4, least-squares RBF methods are considered to solve inverse Cauchy

problems. Discrete solutions for Cauchy problems with noisy Cauchy data in some

trial space of the symmetric positive definite kernel are proposed. These solutions

are defined as solutions of nonlinear optimization problems with quadratic inequality

constraints. In the definition, Tikhonov regularization strategy is used. Convergence

results of discrete solutions with respect to data densities and noise levels are proven

based on the scattered data approximation theory. The selection of the regularization

parameter can also be inferred from the proof. A solver for least-squares problems

with quadratic constraints is proposed based on generalized singular value decompo-

sition and the Lagrange multiplier method. Numerical experiments are simulated to

verify the convergence results. High accuracy can also be observed by comparison

with other numerical methods.

In chapter 5, we study the Turing instability of the Gierer-Meinhardt model. By

applying a second-order semi-implicit backward difference formula for time discretiza-

tion and the Kansa method for spatial discretization, we study pattern transition in

both square and irregular domains as the bifurcation parameter changes. Besides

a constant parameter in spatial space, complex pattern formations are also studied
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by using nonconstant bifurcation parameters. To simulate patterns in real life, we

construct different kinds of domains and apply the proposed parameter settings on

different patches of each domain to yield patterns found in nature.
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Chapter 2

Discrete least-squares radial basis

functions approximations

2.1 Introduction

Given a set X = {x1, . . . , xnX
} of data points in some bounded domain Ω ⊂ Rd,

on each of which function value fi = f(xi) ∈ R, 1 ≤ i ≤ nX , was specified via

some unknown function f . One important application is to reconstruct f based on

data; commonly used methods include interpolation or function approximation. The

function reconstruction process by radial basis functions (RBF) seeks an interpolant

or approximant from the trial space

UZ,Φ,Ω := span{Φ(· , zj) : zj ∈ Z},

defined by some translation invariant symmetric positive definite kernel Φ : Ω×Ω→ R

centered at a set Z = {z1, . . . , znZ
} ⊂ Ω of trial centers. In RBF interpolation, we

pick Z = X and the reconstructed interpolant of the form

s =

nZ∑
j=1

αjΦ(·− zj), (2.1)
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which can be uniquely determined by the solution α⃗ = [α1, . . . , αnZ
]T of the (square)

linear system

Φ(X,X)α⃗ = f⃗|X ,

where [Φ(X,X)]i,j = Φ(xi, xj), 1 ≤ i, j ≤ nX , is the interpolation matrix of Φ on

X and f⃗|X = [f1, . . . , fnX
]T is the vector of data values. Traditional interpolation

error estimates were proven under the assumption that f lies in the reproducing

kernel Hilbert space, a.k.a. the native space, NΦ,Ω associated with the RBF kernel

Φ. Convergence estimates were measured in terms of the fill distance of trial centers

Z as

hZ := sup
z∈Ω

min
zj∈Z
∥z − zj∥ℓ2(Rd). (2.2)

Generally speaking, smoother kernels, which imply a smoother unknown function

f ∈ NΦ,Ω, yields faster convergence rates. Readers are referred to the monographs

[14,24,25,75] for details, and to [57] for f not in the native space.

Still assuming that the data points in X and values f|X were given, a more general

setting removes the restriction that the sets Z of trial centers and X were identical,

but we do insist on having nZ ≤ nX to yield different minimization problems. In

comparison, there are far fewer theories for least-squares function approximation by

RBF. A continuous least-squares problem takes the form

arg inf
{
∥f − s∥L2(Ω) : s ∈ UZ,Φ,Ω

}
. (2.3)

Suppose Ω ⊂ Rd is a bounded domain that satisfies a cone condition and has a

Lipschitz boundary. Suppose further that the Fourier transform of the kernel Φ on

Rd decays like

cΦ(1 + ∥ω∥22)−m ≤ Φ̂(ω) ≤ CΦ(1 + ∥ω∥22)−m for all ω ∈ Rd, (2.4)

for some ⌊m⌋ > d/2 with two positive constants 0 < cΦ ≤ CΦ. Under these as-

sumptions, the native space NΦ,Ω is norm equivalent to the Sobolev space Wm
2 (Ω).
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If f ∈ Wm
2 (Ω), then it was shown in [74] and [56, Proposition 3.2] that

min
s∈UZ,Φ,Ω

∥f − s∥L2(Ω) ≤ Chm
Z ∥f∥Wm

2 (Ω),

for some C > 0 independent of Z and f .

One may also consider the discrete least-squares problem

arg inf
{
∥f − s∥2ℓ2(X) :=

nX∑
i=1

[f(xi)− s(xi)]
2 : s ∈ UZ,Φ,Ω

}
, (2.5)

which can be solved by the solution of the overdetermined linear system

Φ(X,Z)α⃗ = f⃗|X ,

where [Φ(X,Z)]i,j = Φ(xi, zj), 1 ≤ i ≤ nX , and 1 ≤ j ≤ nZ , is the collocation matrix

of Φ on Z at X. Under the same assumptions, [44, Theorem 2.3] implies an error

estimate for the discrete error norm

min
s∈UZ,Φ,Ω

∥f − s∥ℓ2(X) ≤ Cn
1/2
X ρ

d/2
X hm

Z ∥f∥Wm
2 (Ω)

for some constant C > 0 independent of X, Z, and f . Here, ρX = hX/qX is the mesh

ratio of X defined by its fill distance as in (2.2) and the separation distance

qX :=
1

2
min
i̸=j
∥xi − xj∥ℓ2(Rd).

In this paper, we derive some error estimates in continuous norms for the discrete

least-squares function approximation by RBFs.

2.2 Stability of discrete least-squares problems

We consider a more general setting of the discrete least-squares problem with a s-

moothness penalty given by the native space norm of some kernel Φ satisfying (2.4).
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For any s ∈ UZ,Φ,Ω in the form of (2.1), its native space norm is given by

∥s∥2NΦ,Ω
= α⃗TΦ(Z,Z)α⃗.

We still assume that Ω ⊂ Rd is a bounded Lipschitz domain satisfying a cone con-

dition. Now, for any regularization parameter λ ≥ 0, we define the corresponding

regularized least-squares approximant to data (X, f⃗|X) by

sλ := arg inf
s∈UZ,Φ,Ω

(
∥s− f∥2ℓ2(X) + λ2∥s∥2NΦ,Ω

)
. (2.6)

In a recently published monograph [11, Section 8.6], it was proven that the solution

sλ of (2.6) is stable with respect to the approximant:

∥sλ − f∥2ℓ2(X) + λ2∥sλ∥2NΦ,Ω
≤ (1 + λ2/nX)∥f∥2NΦ,Ω

for all f ∈ NΦ,Ω,

and to the regularization parameter:

∥sλ∥NΦ,Ω
≤ ∥s0∥NΦ,Ω

for all λ ≥ 0,

where s0 denotes the unregularized solution with λ = 0. Moreover, the regularized

solution sλ converges to s0 in the sense that

∥sλ − s0∥2NΦ,Ω
= O(λ2) and ∥sλ − s0∥2ℓ2(X) = O(nXλ

2) for all λ↘ 0.

To obtain convergent estimates to f , our first goal is to derive a stability estimate

for (2.6) within the trial space UZ,Φ,Ω. By the sampling inequality in [9, Theorem 3.3],

there exists some constant that depends only on Ω, m and µ such that the followings

hold:

∥s∥Wµ
2 (Ω) ≤ CΩ,m,µ

(
h
d/2−µ
X ∥s∥ℓ2(X) + hm−µ

X ∥s∥Wm
2 (Ω)

)
for 0 ≤ µ ≤ m, (2.7)

for any s ∈ Wm
2 (Ω) with m > d/2 and any discrete sets X ⊂ Ω with sufficiently small
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mesh norm hX . By the inequality (a+ b)2 ≤ 2(a2 + b2) for any a, b ≥ 0, we have

∥s∥2Wµ
2 (Ω) ≤ Chd−2µ

X

(
∥s∥2ℓ2(X) + h2m−d

X ∥s∥2Wm
2 (Ω)

)
≤ Chd−2µ

X

(
∥s∥2ℓ2(X) + λ2∥s∥2Wm

2 (Ω) + (h2m−d
X − λ2)+∥s∥2Wm

2 (Ω)

)
for 0 ≤ µ ≤ m with (x)+ = max(x, 0). Denote the critical regularization parameter

λ∗ := h
m−d/2
X .

For λ ≥ λ∗, we immediately see that there is a constant depending on Ω, m, and µ

such that

∥s∥2Wµ
2 (Ω) ≤ Chd−2µ

X

(
∥s∥2ℓ2(X) + λ2∥s∥2Wm

2 (Ω)

)
for 0 ≤ µ ≤ m, (2.8)

holds for any s ∈ Wm
2 (Ω).

For 0 ≤ λ < λ∗, we focus only on trial function s ∈ UZ,Φ,Ω ⊆ NΦ,Ω = Wm
2 (Ω).

Within the trial space UZ,Φ,Ω, we have a Bernstein inequality [20, Lemma 3.2], which

states that there is a constant depending only on Ω, Φ, m, and µ such that

∥s∥Wm
2 (Ω) ≤ CΩ,Φ,m,µ q

−m+µ
Z ∥s∥Wµ

2 (Ω) for d/2 < ⌊µ⌋, µ ≤ m (2.9)

holds for all finite sets Z ⊂ Ω with separation distance qZ . Although the original

lemma there requires the integer index to satisfy d/2 < µ ≤ m, a closer inspection

of the proof shows that the updated condition in (2.9) on µ yields the appropriate

extension to fractional orders. Thus, we have

∥s∥2Wµ
2 (Ω) ≤ Chd−2µ

X

(
∥s∥2ℓ2(X) + λ2∥s∥2Wm

2 (Ω) + (h2m−d
X − λ2)+q

−2m+2µ
Z ∥s∥2Wµ

2 (Ω)

)
.

For sufficiently dense X, in the sense that

CΩ,Φ,m,µh
d−2µ
X (h2m−d

X − λ2)+q
−2m+2µ
Z ≤ 1

2
, (2.10)
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we obtain the same stability estimate for 0 ≤ λ < λ∗ in the same form of (2.8) that

hold for all s ∈ UZ,Φ,Ω. We summarize the result as follows:

Lemma 1. Let a kernel Φ : Rd×Rd → R satisfying (2.4) with smoothness ⌊m⌋ > d/2

be given. Suppose Ω ⊂ Rd is a bounded Lipschitz domain satisfying an interior cone

condition. Let Z ⊂ Ω be a discrete set of trial centers with separation distance qZ.

Let X ⊂ Ω be another discrete set of collocation points with fill distance hX . Then,

there exists a constant depending on Ω, Φ, m, and µ such that

∥s∥2Wµ
2 (Ω) ≤ Chd−2µ

X

(
∥s∥2ℓ2(X) + λ2∥s∥2Wm

2 (Ω)

)
, λ ≥ 0

holds for all s ∈ UZ,Φ,Ω in two circumstances:

• for λ ≥ h
m−d/2
X , under the conditions

0 ≤ µ ≤ m,

and the set X being sufficiently dense for (2.7) to hold;

• or, for 0 ≤ λ < h
m−d/2
X , under the conditions

d/2 < ⌊µ⌋, µ ≤ m,

and the set X being dense enough with respect to Z and λ for (2.10) to also

hold .

2.3 Error estimates

We consider cases f ∈ W β
2 (Ω) with ⌊β⌋ > d/2 and β ≤ m; i.e., f is not in the native

space of Φ if β < m.

Let sf ∈ UZ,Φ,Ω be the interpolant of f on Z in the trial space UZ . For any

appropriate value of µ as specified in Lemma 1, we can manipulate the W µ
2 (Ω) ap-

18



proximation error of sλ ∈ UZ,Φ,Ω in (2.6) by a chain of comparisons:

∥sλ − f∥2Wµ
2 (Ω) ≤ ∥sλ − sf∥2Wµ

2 (Ω) + ∥sf − f∥2Wµ
2 (Ω)

≤ Chd−2µ
X

(
∥sλ − sf∥2ℓ2(X) + λ2∥sλ − sf∥2Wm

2 (Ω)

)
+ ∥sf − f∥2Wµ

2 (Ω)

≤ Chd−2µ
X

(
∥sλ − f∥2ℓ2(X) + λ2∥sλ∥2Wm

2 (Ω)

+∥sf − f∥2ℓ2(X) + λ2∥sf∥2Wm
2 (Ω)

)
+ ∥sf − f∥2Wµ

2 (Ω).

By the minimization property of sλ, we obtain an upper bound in terms of the

interpolant

∥sλ − f∥2Wµ
2 (Ω) ≤ 2Chd−2µ

X

(
∥sf − f∥2ℓ2(X) + λ2∥sf∥2Wm

2 (Ω)

)
+ ∥sf − f∥2Wµ

2 (Ω) (2.11)

for some positive constant C = CΩ,Φ,m,µ. Error estimates can now be derived based

on the approximation power of RBF interpolants. For this, we rely on the results

in [57] that use some improved error bounds found in [56].

To begin, we bound the two continuous norms in (2.11). For any 0 ≤ µ ≤ β ≤ m,

[57, Theorem 4.2] states that

∥sf − f∥Wµ
2 (Ω) ≤ Chβ−µ

Z ρm−µ
Z ∥f∥Wβ

2 (Ω),

and using [20, Lemma 3.2] followed by [57, Corollary 4.3] yields that

∥sf∥Wm
2 (Ω) ≤ Cq−m+β

Z ∥sf∥Wβ
2 (Ω) for ⌊β⌋ > d/2

≤ Cq−m+β
Z (1 + C ′ρm−β

Z )∥f∥Wβ
2 (Ω).

It remains to handle the discrete norm in (2.11). If β = m and f ∈ Wm
2 (Ω), the zero

lemma in [44, Theorem 2.3] ensures that

∥sf − f∥ℓ2(X) ≤ Cn
1/2
X ρ

d/2
X hm

Z ∥sf − f∥Wm
2 (Ω)

≤ Cn
1/2
X ρ

d/2
X hm

Z ∥f∥Wm
2 (Ω).
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The last inequality follows from the optimality of sf and norm equivalence between

NΦ,Ω and Wm
2 (Ω).

For f ∈ W β
2 (Ω), with β ∈ N and d/2 < β ≤ m, not in the native space, we have

∥sf − f∥ℓ2(X) ≤ Cn
1/2
X ρ

d/2
X ρm−β

Z hβ
Z∥f∥Cβ(Ω̄)

by [56, Corollary 3.11]. Using the standard estimates nX ≤ Cq−d
X = CρdXh

−d
X and

∥f∥Wβ
2 (Ω) ≤ ∥f∥Cβ(Ω̄), we can complete the proof of the following theorem.

Theorem 8. Suppose all of the assumptions in Lemma 1 hold. Let sλ be the discrete

least-squares solution of (2.6), then

• if f ∈ Wm
2 (Ω),

∥sλ − f∥Wµ
2 (Ω) ≤ C

(
ρdXh

−µ
X hm

Z + h
d/2−µ
X λ+ ρm−µ

Z hm−µ
Z

)
∥f∥Wm

2 (Ω),

• or, if f ∈ W β
2 (Ω) with β ∈ N, d/2 < ⌊β⌋ and β ≤ m,

∥sλ − f∥Wµ
2 (Ω) ≤ C

(
ρdXρ

m−β
Z h−µ

X hβ
Z

+ρ2m−2β
Z h

d/2−µ
X hβ−m

Z λ+ ρm−µ
Z hβ−µ

Z

)
∥f∥Cβ(Ω̄),

holds for some constants depending on Ω, Φ, m, µ, and β.

The least amount of regularization used in (2.6) that does not impose any dense-

ness requirement on the collocation set X is λ∗. The resulting approximation power

is comparable to RBF interpolation.

Corollary 1. Let sλ∗ be the regularized least-squares solution of (2.6) with regular-

ization parameter λ∗ = h
m−d/2
X . Under the assumption of Lemma 1, there exists some

constant depending on Ω, Φ, and m such that

∥sλ∗ − f∥Wµ
2 (Ω) ≤ C

(
ρdXh

−µ
X hm

Z + hm−µ
X + ρm−µ

Z hm−µ
Z

)
∥f∥Wm

2 (Ω), 0 ≤ µ ≤ m,

20



holds for all f ∈ Wm
2 (Ω). In particular, we have

∥sλ∗ − f∥L2(Ω) ≤ C
((

ρdX + ρmZ
)
hm
Z + hm

X

)
∥f∥Wm

2 (Ω).

2.3.1 Noisy data

When data are contaminated by measurement or some other sort of error, we only

have some noisy data f⃗δ |X to work with and instead of using the exact data value f⃗|X

in (2.6), the regularized solution with noisy data takes the form

sδ,λ := arg inf
s∈UZ,Φ,Ω

(
∥s− fδ∥2ℓ2(X) + λ2∥s∥2NΦ,Ω

)
. (2.12)

Here, we do not require that fδ being a function and only its values at X are required.

Following the same line of logic in deriving (2.11), we have

∥sδ,λ − f∥2Wµ
2 (Ω) ≤ Chd−2µ

X

(
∥sδ,λ − f∥2ℓ2(X) + λ2∥sδ,λ∥2Wm

2 (Ω)

+∥sf − f∥2ℓ2(X) + λ2∥sf∥2Wm
2 (Ω)

)
+ ∥sf − f∥2Wµ

2 (Ω)

≤ 2Chd−2µ
X

(
∥sf − f∥2ℓ2(X) + λ2∥sf∥2Wm

2 (Ω)

)
+ ∥sf − f∥2Wµ

2 (Ω)

+2Chd−2µ
X ∥f − fδ∥2ℓ2(X),

that differs from (2.11) only in the last term.

Corollary 2. Suppose all of the assumptions in Lemma 1 hold. Let sδ,λ be the

discrete least-squares solution of (2.12) with noisy data f⃗δ |X , then the error estimates

in Theorem 8 hold with an extra term Ch
d/2−µ
X ∥f−fδ∥ℓ2(X) added to the upper bounds

for some constant C depending on Ω, Φ, m, and ν.

We now focus on the case that f ∈ Wm
2 (Ω) is in the native space of Φ, and

the pointwise absolute error at each data point is bounded. Following the general

framework in [66, Section 8], we assume the existence of a noise level δ∞ ≥ 0 relative
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to the Sobolev norm of f such that

max
x∈X

∣∣f(x)− fδ(x)
∣∣ ≤ δ∞∥f∥Wm

2 (Ω) (2.13)

for any set X ∈ Ω. Then,

∥f − fδ∥ℓ2(X) ≤ n
1/2
X δ∞∥f∥Wm

2 (Ω) ≤ q
−d/2
X δ∞∥f∥Wm

2 (Ω)

and, hence, Corrolary 2 yields

∥sδ,λ − f∥Wµ
2 (Ω) ≤ C

(
ρdXh

−µ
X hm

Z + h
d/2−µ
X λ+ ρm−µ

Z hm−µ
Z + ρ

d/2
X h−µ

X δ∞

)
∥f∥Wm

2 (Ω).

This suggests a regularization strategy by using

0 ≤ λ ≤λδ := h
−d/2
X δ∞ = λ∗h

−m
X δ∞,

for any allowed value of µ.

If we take λ = 0, we fail the theoretical requirement for L2(Ω) convergence, and

this is studied numerically in the next section. If we take λ = λδ, Lemma 1 allows

0 ≤ µ ≤ m and the density requirement on data points X is independent of trial

centers Z for significantly large noise in the sense that δ∞ ≥ hm
X . In application, this

means that we can take nZ . nX . Due to the presence of the ρZ term in the error

estimates in Theorem 8, we are highly motivated to choose Z ⊂ Ω quasi-uniformly,

or uniformly if possible. The L2(Ω) error bound for the regularized least-squares

solution of (2.12) with regularization parameter λδ will be

∥sδ,λδ
− f∥L2(Ω) ≤ C

(
ρdXh

m
Z + ρmZ h

m
Z + ρ

d/2
X δ∞

)
∥f∥Wm

2 (Ω).

The presence of noise affects accuracy linearly depending on some constant that

depends on Ω, Φ, m, and the mesh ratio ρX of X. In other words, admissible noise in

data is comparable to the interpolation error, i.e., δ∞ = O(hm
Z ), for RBF least-squares

methods.
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2.4 Numerical examples

Note that the native space norm of the trial function in UZ,Φ,Ω in the form of (2.1) is

given by

∥s∥NΦ,Ω
= α⃗TK(Z,Z)α⃗.

Then, it is straightforward to show that the unique solution to (2.6) (or to (2.12)) is

given by the normal equation

(
Φ(X,Z)TΦ(X,Z) + λ2Φ(Z,Z)

)
α⃗ = Φ(X,Z)T f⃗|X (or Φ(X,Z)T f⃗δ|X),

for identifying the unknown coefficients of the approximant sλ (or sδ,λ) in the form of

(2.1). To avoid worsening the problem of the ill-condition, we compute a stabilized

Cholesky decomposition of

(
Φ(Z,Z) + ϵInZ

)
= LLT ,

for some smallest possible ϵ ≥ 0 so that the Cholesky algorithm does not crash

due to non-positive definiteness. This stabilization is implemented to safeguard the

robustness of our algorithm when a large order of smoothness m is used. With L in

hand, we can recast the normal equation as Φ(X,Z)

λLT

 α⃗ =

 f⃗|X

0nZ

 (or f⃗δ|X),

which becomes an overdetermined system that can be solved by standard linear solver-

s. If any ϵ > 0 is required in the Cholesky decomposition, the least-squares problem

above is equivalent to adding an extra smoothness term ϵλ2∥α⃗∥ in the regularization

for the sake of numerical stability.

We provide some demonstrations to verify some aspects of the proven theories.

All numerical tests use the standard Whittle-Matérn-Sobolev kernel

Φm(x) := ∥x∥m−d/2

ℓ2(Rd)
Km−d/2(∥x∥ℓ2(Rd)) for all x ∈ Rd,
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(a) Unregularized (b) Regularized

Figure 2.1: Example 1. Least-squares approximants obtained by nZ = 441 uniformly
placed set of trial center Z and nX = nZ quasi-random Halton set of collocation X with
(a) no regularization λ = 0 and (b) regularization parameter λ∗.

which satisfies (2.4) with exact Fourier transform (1 + ∥ω∥22)−m. We test ⌊m⌋ > d/2

as required in Lemma 1. Note that one can always scale the kernel by ∥x∥2 ← ϵ∥x∥2
with any ϵ > 0. Instead of scaling, we normalize test functions in Ω = [−1, 1]2 for

easy comparison without fewer parameters. In particular, we consider standard test

functions f1(x, y) = peaks(3x, 3y), f2(x, y) = franke(x/2 + 1/2, y/2 + 1/2), and the

function (x + y)p, which is in W 2
2 (Ω) for any p > 3/2, aiming to test the limit cases

in theories. In our implementation, we evaluate the function and its derivatives via

a smoothing f3(x, y) := max(εmach, (x + y)3/2). Reported errors are estimated on a

512 uniform grid.

Example 1: Oversample ratio

The least-squares stability in Lemma 1 holds under the condition when the fill dis-

tance hX of collocation is small enough to fulfill (2.7) and also (2.10) if λ < λ∗ =

h
m−d/2
X . Although these denseness requirements were not known explicitly in practice,

practitioners have seldom had stability problems with RBF least-squares approxima-

tion, which hints that (2.7) and (2.10) can be fulfilled easily by some oversampling

such that nX > nZ .

To test the requirement (2.10), we set up an unconventional asymmetric interpo-

lation problem. We take nZ = 212 regular nodes as trial centers Z. A set of nX = nZ
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(a) Unregularized (b) Regularized

Figure 2.2: Example 1. Least-squares approximants obtained by the setup in Figure 2.1
but with oversampling nX = 1.2nZ .

collocation points X were quasi-random generated by a Halton sequence. The re-

sulting linear system (2.6) is therefore an asymmetric square system. Note that,

with λ = 0, the solvability of such a system is not guaranteed by any theories. Fig-

ure 2.1(a) shows the resulting interpolant, which fails badly near the boundary where

no collocation data is presented. The colorbar there indicates the absolute error. In

Figure 2.1(b), the regularized fit using λ = λ∗ is shown. Appropriate regularization

is necessary in cases of insufficient oversampling.

Next, we include more points from the Halton sequence to obtain an expanded

set of nX = 529 collocation points, which yields an oversample ratio of nX : nZ = 1.2.

The corresponding least-squares approximants are shown in Figure 2.2; there is no

observable difference between the unregularized and regularized fit. The former is

hence preferred due to its lower computational cost. The same observations can

be made for the other two test functions, and thus we omit their results from this

presentation.

Example 2: hZ–Convergence

To test convergence in the case of scattered data points, we use a Halton sequence to

create the set 72 ≤ nZ ≤ 212 of trial centers Z. All tested sets Z are parts of the same

Halton sequence with the same starting point, and hence, are nested. The oversample

ratio is fixed at nX = 1.2nZ and we generate the collocation sets X similarly with a
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(f) Regularized, f3

Figure 2.3: Example 2. W q
2 (Ω)-Relative error, Eq for q ∈ {0, 2}, with respect to hZ =

(4/nZ)
1/2 of the unregularized and λ∗-regularized least-squares approximant.
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different starting point. With a large enough skip, resulting points in X are distinct

from Z. Then, we seek for the unregularized (λ = 0) and λ∗-regularized least-

squares approximants by solving (2.6). For easy comparison between the different

test functions, we report the relative W 2
2 (Ω) and L2(Ω) errors

Eq =
∥sλ − f∥W q

2 (Ω)

∥f∥W q
2 (Ω)

, q ∈ {0, 2} (2.14)

in Figure 2.3 against hZ ≈ (4/nZ)
1/2. We point out that our proven theories do

not apply to the L2(Ω) convergence of the unregularized cases, and yet, we can see

that the convergence profiles of the unregularized and regularized approximants are

analogous. Under close inspection, the λ∗-regularized least-squares approximations

display slightly more stable convergence behavior.

Test by test, the peaks function f1 allows convergence faster than predicted.

The franke function f2 is also infinitely smooth and results in similar situations of

superconvergence [67]. Most obviously, the predicted W 2
2 (Ω) divergence rate for the

case m = 2 should be (hX/hZ)
−2 ≈ 1.2−2 by Corollary 1 and convergence behavior

can be clearly seen in Figure 2.3(a)–(d). Now, we consider f3 for a test of functions

outside the native space. The W 2
2 (Ω) error remains constant for all tested orders m of

the kernel and sets Z, whereas the regularized least-squares approximations converge

with order 2 even for kernels with higher order.

Example 3: hX–divergence

We further investigate a possible hX divergence suggested by Corollary 1 when µ > 0.

We focus on µ = 2 and study the W 2
2 (Ω) relative errors E2. For ease of reproduction,

we only consider uniform sets Z and X. The number of trial centers is fixed at

nZ = 212 with hZ ≈ 10−1. The number of collocations is nX ≈ γ nZ for 1.1 ≤ γ ≤ 10.

Because f1 and all least-squares approximants are smooth, having some testing nX

larger than the number of error evaluation points does not affect the results. Among

all three test functions, the peaks reveals the most noticeable trends in hX-divergence;

see Figure 2.4 for the results from kernel smoothness ordersm = 3 andm = 4. Despite
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Figure 2.4: Example 3. W 2
2 (Ω) error profiles of least-squares approximation using the same

uniform nZ = 212 trial centers against different sets of uniformly distributed collocation
points under oversampling ratio.

observing the trends, the rate of divergence is much below the predicted rate of −2.

Although we did not further investigate a larger oversampling ratio, we conjecture

that hX-divergence, if present, is illegible in practice.

Example 4: Noisy data

Using the nZ = 212 uniform trial centers and uniform collocation points with over-

sample ratio nX = 1.2nZ as in the last example, we test the linear divergence results

with respect to noise in Corollary 2. We focus on reconstructing the first two smooth

functions using kernels with m = 2. Noisy function values at the collocation points

in X were generated by fδ = f + Unif(−ξ, ξ) with 10−5 ≤ ξ ≤ 15. Figure 2.5 shows

various relative errors Eq as in (2.14) for q = 0, 1, 2 of the least-squares reconstructions

(2.12) of the peaks f1 and franke f2 functions with λ = 0 and λ = λδ. To identify

the parameter λ∞ in (2.13), we must first have an estimate for ∥f∥Wm
2 (Ω), which is a

nontrivial task in general. For the sake of demonstration, we make such an estimation

based on the same procedure of error evaluation. We once again see that unregu-

larized and regularized least-squares approximations yield similar accuracy and the

expected linear divergence with respect to noise can be observed.
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Figure 2.5: Example 4. Error profiles of least-squares approximation based on noisy data
against maximum plointwise noise ξ = maxX |f(x)− fδ(x)|.

2.5 Conclusion

We provided some Sobolev error estimates for regularized RBF discrete least-squares

approximation. With appropriate regularization, a least-squares stability holds for

any sampling ratio of the fill distances of collocation points and trial centers. This re-

sults in various W µ
2 (Ω) error estimates for µ ≥ 0. For the unregularized least-squares

approach, stability can only be shown with collocation points being sufficiently dense

with respect to trial centers. This was demonstrated by a numerical example. The

consequence is an extra condition on all of the proven error estimates, which on-

ly holds for µ > d/2. With sufficiently dense collocation points, the unregularized

least-squares method shows numerical convergence profiles that closely resemble the

regularized case. It is our future work to develop new theoretical tools to extend the

results to 0 ≤ µ ≤ d/2.
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Chapter 3

Weighted least-squares collocation

methods for elliptic PDEs with

mixed boundary conditions

3.1 Introduction

In 1990, E. J. Kansa [41, 42] studied the performance of the multiquadric function

in approximating functions and solved elliptic, hyperbolic, parabolic partial differ-

ential equations (PDEs) by unsymmetric collocation methods. This method is now

commonly known as the Kansa method, which is mesh-free and can obtain excellent

numerical approximation by scatter nodes. Despite the lack of theoretical analysis,

the Kansa method was used to solve a large number of physical and engineering

problems, such as nonlinear shallow-water models by Zhou and Hon in [80], burgers

equation and options price model by Hon in [35, 36], and heat transfer problem by

Zerroukat, Power and Chen in [79]. In the paper [37] by Hon and Schaback showed

that a general proof that nonsingularity of matrix arising from the original Kansa

method is impossible and that a singular matrix can appear in some special cases.

Consequently, there are no convergence proofs for the original Kansa method. In

2006, [65] proposed an improved unsymmetric collocation method by requiring the

collocation set to be denser than the set of trial centers and proved its convergence.
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In [49], Ling and Schaback provided a convergence proof and an adaptive algorithm

for solving overdetermined Kansa systems. The method can be further extended to

least-squares minimization. In [20] by Cheung and Ling, a constrained least-squares

and a class of weighted least-squares formulations for general elliptic problems with

nonhomogeneous Dirichlet boundary conditions were proposed. They proved con-

vergence of these formulations by using kernels with Sobolev spaces as reproducing

kernel Hilbert spaces, which lay a solid theoretical foundation for the overdetermined

Kansa methods in solving practical problems. In [19], the authors applied the block-

greedy algorithm in [46] to tackle ill-conditioning of the system and could obtain

highly accurate solutions with less CPU time.

Besides the Dirichlet boundary condition, elliptic PDEs with mixed boundary

conditions have also appeared in many applications such as fluid dynamics, heat

transfer, and electrostatics (see [22]). For Kansa methods, we need only to have sets

of collocation points on the Dirichlet and Neumann boundaries, respectively. Then,

we can impose strong form collocation conditions. The method is easy to understand

and implement numerically.

On the basis of these improvements to the overdetermined Kansa method in both

theoretical and numerical aspects, we apply overdetermined Kansa methods to gen-

eral elliptic problems with mixed boundary conditions. We obtain least-squares for-

mulations with different weights before Dirichlet and Neumann collocation terms.

We also identify the dependents in all generic constants appearing in the proof of

convergence. Besides the fill distance of the collocation sets, weights also depend on

other elements, such as kernel smoothness, the relation between volumes of the prob-

lem domain and boundary, and the ratio of the measures of the Dirichlet boundary

and Neumann boundary. These factors are hidden in constants when using sampling

and inverse inequalities. Next, we study the influence of these factors and propose a

formula for weights in the least-squares formulation. Our formulas can be applicable

to a large class of real-world problems, such as different boundary conditions and thin

domains. Our weighted least-squares formulas can be proved convergent in H2(Ω) by

similar methods in [20] for Dirichlet boundary conditions. We test our formulations
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with proposed weights using two- and three-dimensional examples. The numerical

results show that the method has an m−2 order of convergence in H2(Ω) for different

domain and boundary conditions.

3.2 Problems and formulations

In this section, we introduce the problems we considered and some preliminary knowl-

edge on collocation methods. Then a least-squares formulation for mixed boundary

problems with different weights for the Dirichlet and Neumann boundary terms are

proposed.

We consider second order elliptic PDEs subject to Dirichlet and Neumann bound-

ary conditions on Γ0 and Γ1 respectively:

Lu = f in Ω,

u = φ0 on Γ0,

BNu = φ1 on Γ1.

(3.1)

In (3.1), the domain Ω ⊆ Rd is a bounded domain with sufficiently smooth boundary

∂Ω. Dirichlet and Neumann boundaries Γ0 and Γ1 satisfy ∂Ω := Γ0∪Γ1. The operator

L and BN can be denoted as

Lu(x) :=
d∑

i,j=1

aij(x)∂iju(x) +
d∑

i=1

bi(x)∂iu(x) + c(x)u(x) for x ∈ Ω, (3.2)

and

BNu(x) :=
d∑

i,j=1

aij(x)nj∂iu(x) for x ∈ Γ1

with n = {n1, . . . , nd} being the unit outer normal vector of ∂Ω.

To ensure the existence and uniqueness of solutions for problems (3.1) and to

apply the overdetermined Kansa method, we first make some assumptions regarding

the domain and the elliptic operator.

Assumption 1. We assume the domain Ω ⊆ Rd has a Lipschitz continuous boundary
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and satisfies an interior cone condition. The operator L is strictly elliptic, that is for

α > 0

d∑
i,j=1

aijξiξj ≥ α
d∑

i=1

ξ2i for all x ∈ Ω, {ξi}di=1 ∈ Rd,

and coefficients in (4.2) satisfy {aij}di,j=1, bi, c(x) ∈ Wm
∞(Ω) and c(x) ≤ 0 almost

everywhere in Ω.

Under such assumptions and for f ∈ Hν−2(Ω), φ0 ∈ Hv−1/2(Γ0) and φ1 ∈

Hν−3/2(Γ1) with ν ≥ 2, the problem (3.1) has a unique solution that satisfies the

regularity [30,69,73]:

∥u∥Hν(Ω) ≤ C
(
∥Lu∥Hν−2(Ω) + ∥u∥Hν−1/2(Γ0) + ∥BNu∥Hν−3/2(Γ1)

)
. (3.3)

Compared with the case of the Dirichlet boundary conditions on ∂Ω, extra terms

appear on the right hand side of the regularity inequality (3.3), which correspond

to the presence of Neumann boundary conditions. Because the first derivative of u

needs to be taken for the Neumann boundary, the norm for the Neumann condition

is ∥ · ∥Hν−3/2(Γ1) instead of ∥ · ∥Hν−1/2(Γ0) for the Dirichlet condition.

In the following, we introduce some preliminaries related to the overdetermined

Kansa method. Symmetric positive definite kernels Φm with their native space coin-

ciding with Sobolev spaces Hm(Rd) are used, for which we can analyze convergence

of our numeric scheme in Sobolev space [24, 75]. Matérn functions and Wendland’s

compactly supported functions are two commonly used kernels. Finite dimensional

trial space within which our numerical solutions lie is defined as

UZ,Φm,Ω := span{Φ(., zi), zi ∈ Z},

with Z = {z1, z2 . . . znZ
} being trial centers in the domain. Because collocation

sets are different from trial centers in the overdetermined Kansa method, collocation

points in Ω and on ∂Ω are denoted as X = {x1, x2 . . . xnX
}, Y0 = {y01, y02 . . . y0nY0

} and
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Y1 = {y11, y12 . . . y1nY1
} respectively. We use the fill distance

hZ := sup
z∈Ω

min
zi∈Z
∥z − zi∥ℓ2(Rd),

separation distance

qZ :=
1

2
min

zi, zj ∈ Z

zi ̸= zj

∥zi − zj∥ℓ2(Rd),

and mesh ratio distribution

ρZ :=
hZ

qZ
,

of the discrete set to describe their densities. To ensure the stability and consistency

of the numerical schemes, we further assume that the trial set Z and the collocation

sets X, Y0 and Y1 are all quasi-uniform and maintain a linear ratio of oversampling

as they are refined. That is, there exist constants ρχ > 1, γχ > 1 such that

qχ ≤ hχ ≤ ρχqχ, χ = {X,Y0, Y1, Z} and hZ ≤ γShS ,S = {X,Y0, Y1}, (3.4)

are satisfied.

3.2.1 Weighted least-squares formulations and the conver-

gence theorem

Via the regularity inequality in (3.3) and a similar technique for Dirichlet problems

in [20], we can obtain a weighted least-squares formulation with weights depending

on fill distances of discrete sets along with a convergence theorem. However, solu-

tions are only numerically convergent in some restricted cases, such as the order of

kernel smoothness should not be too large, the proportion of the Dirichlet boundary

needs to be suitable, and the domain should be regular enough because some hid-

den factors that affect convergence are contained in some generic constants when we

apply sampling inequalities and inverse inequalities. These factors include the ratio
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of different boundaries, the kernel smoothness, and different domain shapes. In this

section, we consider these aspects and propose a weighted least-squares formula with

specific formulas for the weights.

3.2.2 General formulas for least-squares weights

We first define the least-squares formulations for mixed boundary problem (3.1) with

undetermined weights as:

Definition 3. The weighted least-squares solution uWLS
X,Y0,Y1

∈ Hm(Ω) for the mixed

boundary problems (3.1) defined as

uWLS
X,Y0,Y1

:= arg inf
u∈UZ

∥Lu− f∥2X + ω0∥u− φ0∥2Y0
+ ω1∥BNu− φ1∥2Y1

, (3.5)

with ω0 and ω1 proportional to hd−2ν+4
X hd−2ν

Yk
and hd−2ν+4

X hd−2ν−2
Yk

.

Convergence results of weighted least-squares solution uWLS
X,Y0,Y1

can be obtained

by combining stability results and error estimations in reproducing kernel Hilbert

spaces. We state it in the following theorem.

Theorem 9. Suppose the Assumption 1 holds. Let u∗ ∈ Hm(Ω) be the exact solution

and ν is an integer satisfying max{2, d
2
} 6 ν ≤ m− d/2 be given. Let weighted least-

squares solutions uWLS
X,Y0,Y1

for problem (3.1) be defined as in Eq. (3.5) with weights

ω0, ω1 as in (3.18). When the trial set Z and collocation sets X, Y0 and Y1 satisfy

Eq. (3.4) and the dense requirement

CΩ,∂Ω,Γ0,Γ1,BN ,L,Φm(h
m−ν
X q−m+ν

Z + hm−ν
Y0

q−m+ν
Z + hm−ν

Y1
q−m+ν
Z ) ≤ 1/2, (3.6)

the error estimation of uWLS
X,Y0,Y1

holds for m > ν + d
2
as

∥uWLS
X,Y0,Y1

− u∗∥Hν(Ω) ≤ C(1 + ω
1/2
0 h

5/2
Z + ω

1/2
1 h

3/2
Z )h

m−ν− d
2

Z ∥u∗∥Hm(Ω),

with constant C depending on Ω, ∂Ω, Γ0, Γ1, BN , L, Φm, γX , γY0, and γY1.
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Proof : Let IZu
∗ denote the interpolant to the exact solution u∗ ∈ Hm(Ω) on Z

from the trial space UZ,Φm . By the inequality

∥uWLS
X,Y0,Y1

− u∗∥Hν(Ω) ≤ ∥uWLS
X,Y0,Y1

− IZu
∗∥Hν(Ω) + ∥IZu∗ − u∗∥Hν(Ω),

and error estimation for ∥IZu∗ − u∗∥Hν(Ω) from [24, Section 15.1.2]

∥IZu∗ − u∗∥Hν(Ω) ≤ CΩ,Φmh
m−ν−d/2
Z ∥u∗∥Hm(Ω) for m > ν +

d

2
,

we can focus on the terms about uWLS
X,Y0,Y1

−IZu
∗ ∈ UZ,Φm . After applying the stability

result (3.17) to the terms ∥uWLS
X,Y0,Y1

− IZu
∗∥Hν(Ω) and using the optimal property of

least-squares solution uWLS
X,Y0,Y1

, we are left to bound the discrete norms of u∗ − IZu
∗

in the domain and on two boundaries. These bounds can be obtained by the same

argument as in [20]. Combining the error estimations of ∥uWLS
X,Y0,Y1

− IZu
∗∥Hν(Ω) and

∥IZu∗ − u∗∥Hν(Ω), we can obtain convergence results of uWLS
X,Y0,Y1

as claimed.

From Theorem 9, the values of ω0 and ω1 change the least-squares weights before

the Dirichlet and Neumann boundary collocation terms. Note that the convergence

rate with respect to hZ will not be influenced by the least-squares weights ω0 and ω1

as long as they are both bounded. We analyze the representation of ω0 and ω1 as

follows. For any function u in trial space UZ . First, sampling inequalities must be

applied to discretize continuous norms. The Dirichlet term in regularity inequality

(3.3) can be bounded as

∥u∥Hν−1/2(Γ0) ≤ CΓ0(h
d
2
−ν

Y0
∥u∥Y0 + hm−ν

Y0
∥u∥m−1/2,Γ0). (3.7)

It can be seen that a continuous norm on Γ0 appears. To bound (3.7) from the above,

we need to bound ∥u∥m−1/2,Γ0 by norms on the whole boundary as

∥u∥m−1/2,Γ0 ≤ CRp0
0 ∥u∥m−1/2,∂Ω, p0 ≥ 0, (3.8)
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with

R0 =
vol(Γ0)

vol(∂Ω)
. (3.9)

The term R0 for the volumes of Γ0 and ∂Ω is added to keep the upper bound from

becoming too large when the proportion of the Dirichlet boundary is small. Then,

the trace theorem is used to bound the norm on the boundary as

∥u∥m−1/2,∂Ω ≤ CRq0
Ω ∥u∥m,Ω, q0 ≥ 0, (3.10)

with

RΩ =
vol(∂Ω)

d
d−1

vol(Ω)
. (3.11)

Here, p0 and q0 are to be determined later by numerical tests. In some special problem

domains, for instance, a thin domain with fixed domain volume, the volume of the

boundary becomes larger as the domain becomes thinner. When taking these cases

into account, we add some dimensionless ratios RΩ for volumes of the boundary

∂Ω and the domain Ω into consideration. Then, we can use the inverse inequality

in [20, Lemma 3.2] to bound the strong norm ∥u∥m,Ω, u ∈ UZ,Φm by a weaker norm

∥u∥ν,Ω as

∥u∥m,Ω ≤ CΩm
r0q−m+ν

Z ∥u∥ν,Ω, r0 ≥ 0. (3.12)

The term mr0 represents the upper bound related to the smoothness of kernel Φm.

Applying inequalities (3.8), (3.10) and (3.12) to inequality (3.7), we obtain

∥u∥ν−1/2,Γ0 ≤ C
(
mr0Rq0

ΩRp0
0 hm−ν

Y0
q−m+ν
Z ∥u∥ν,Ω + h

d
2
−ν

Y0
∥u∥Y0

)
. (3.13)

The term hY0/qZ is used before the norm ∥u∥ν,Ω is bounded when the fill distances

hY0 and hZ satisfy Eq. (3.4). Therefore, the power of the term hY0/qZ has little
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effect on the inequality (3.13) and we use l0 instead of m− ν in the following. After

simplification, we have

∥u∥ν− 1
2
,Γ0
≤ Chl0

Y0
q−l0
Z

(
m−r0R−q0

Ω R−p0
0 h

d
2
−ν−l0

Y0
ql0Z ∥u∥Y0 + ∥u∥ν,Ω

)
, (3.14)

with C depending on Γ0, ∂Ω, Ω and Φm.

Similar arguments can be utilized for the Neumann term in (3.3) to yield

∥BNu∥ν− 3
2
,Γ1
≤ Chl1

Y1
q−l1
Z

(
m−r1R−q1

Ω R−p1
1 h

d
2
−ν+1−l1

Y1
ql1Z ∥BNu∥Y1

+ ∥u∥ν,Ω
)
,

(3.15)

with R1 = 1−R0 and constant C depending on Γ1, ∂Ω, BN , Ω and Φm.

Lastly, we consider the term ∥Lu∥ν−2,Ω in (3.3). By the sampling inequality and

the inverse inequality in [20], we get

∥Lu∥ν−2,Ω ≤ CΩ,L(h
d
2
−ν+2

X ∥Lu∥X + hm−ν
X q−m+ν

Z ∥u∥ν,Ω). (3.16)

Combining Eq. (3.14)-(3.16), when X, Y0, Y1 and Z satisfy the dense requirement

Eq. (3.4) and (3.6), the stability result for the mixed boundary problem holds as

∥u∥2Hν(Ω) ≤ h
2( d

2
−ν+2)

X

(
∥Lu∥2X + ω0∥u∥2Y0

+ ω1∥BNu∥2Y1

)
, (3.17)

with weights

ωk = R−pk
k R−qk

Ω m−rkh
2( d

2
−ν+2)

X h
2( d

2
−ν+k)−lk

Yk
qlkZ for k = 0, 1. (3.18)

3.2.3 Identifying the least-squares weights

We run a massive number of numerical examples to seek the parameters in (3.18) so

that the solution (3.5) yields the desired convergence. Our tests are designed as:

1. mixed boundary problems in the square domain [−1, 1]2 with 0.04 ≤ hZ ≤ 0.08,

m ∈ {3, 4, 5} and fixed ratio RD = 1/4 and RΩ = 16,
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2. mixed boundary problems in the unit circular domain with m ∈ {3, 4, 5}, RD ∈

{1/34, 33/34} and fixed ratio RΩ = 4π, and

3. mixed boundary problems in the rectangular thin domain with m ∈ {3, 4, 5},

RΩ ∈ {152, 264} and fixed ratio RD = 1/2.

Instead of specific weights for each test, we propose

rk =
d

2
+ 5− k, lk = 0, pk =

d− 1

2
, and qk =

1

2
− k for k ∈ {0, 1}, (3.19)

which work consistently with robustness and accuracy in all cases. We suggest the

following sets of least-squares weights for Eq. (3.5)

ωk = R
− d−1

2
k R

k− 1
2

Ω m−( d
2
+5−k)h

2( d
2
−ν+2)

X h
2( d

2
−ν+k)

Yk
for k = 0, 1. (3.20)

3.3 Numerical experiments

In this section, we demonstrate the numerical performance of our least-squares for-

mulas in (3.5) with the proposed weights in (3.20). For two-dimensional cases, sim-

ulations in the square domain are used to test numerical stability for large order of

kernel smoothness m. The effect of different boundaries Γ0 and Γ1 is also tested in

circular and thin rectangle domains. Then, we extend our tests to three-dimensional

examples.

Any numerical solution u is a function in the trial space UZ,Φm that can be ex-

pressed as

u :=

nZ∑
j=1

λjΦ(·, zj) for zj ∈ Z,

where vector λ = [λ1, . . . , λnZ
]T ∈ RnZ contains all undetermined coefficients. Then,

strong-form collocate conditions can be imposed for PDEs in the domain Ω at the

set of collocation X as

Lu =

nX∑
i=1

nZ∑
j=1

λjLΦ(xi, zj) := LK(X,Z)λ for xi ∈ X, zj ∈ Z.
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Similarly, collocation matrices on the Dirichlet boundary at the set Y0 and on Neu-

mann boundary at the set Y1 can be constructed as follows:

u =

nY0∑
i=1

nZ∑
j=1

λjΦ(yi, zj) := K(Y0, Z)λ for yi ∈ Y0, zj ∈ Z,

and

BNu =

nY1∑
i=1

nZ∑
j=1

λjBNΦ(yi, zj) := BNK(Y1, Z)λ for yi ∈ Y1, zj ∈ Z.

From these nX+nY0+nY1 collocation conditions, we can find approximation solutions

of mixed boundary problems by the least-squares formulation in Eq. (3.5). Numerical

solutions of mixed boundary problems (3.1) can be rewritten as the following system

of equations: 
LK(X,Z)

ω0K(Y0, Z)

ω1BNK(Y1, Z)

λ =


f |X

ω0φ0|Y0

ω1φ1|Y1

 ,

in the least square sense. We solve the system by MATLAB function midivide. For

all tested examples, the unscaled Whittle-Matérn-Sobolev kernel

Φm(x) := ∥x∥m−d/2
2 Km−d/2(∥x∥2) for x ∈ Rd,

is used where Kν is the Bessel functions of the second kind. Fill distances of the

collocation set are constructed to satisfy hχ = 1/2hZ and χ ∈ {X,Y0, Y1}.

3.3.1 Convergence for small hZ and large m

We consider Poisson problems with boundary data generated from different exact

solutions:

u∗
1 = sin(πx/2) cos(πy/2),

u∗
2 = peaks (3x, 3y),

u∗
3 = franke(2x− 1, 2y − 1), and

40



u∗
4 = x3 + y3 + x2y + xy2 + xy.

The elliptic operator is the Laplacian. Sobolev kernels that reproduce Hm(Ω) with

m > 4 for Ω ⊆ R2 are required in the theories. For simplicity, we use m ∈ {3, 4, 5}

in our numerical experiments.

We first test proposed formulations in square domain [−1, 1]2. Discretization is

done by regular trial centers Z with nZ = 262, 312, ..., 512. The Dirichlet boundary

condition is imposed on Γ0 := {1} × [−1, 1] and the Neumann boundary is the

remaining Γ1 := ∂Ω/Γ0. It can be seen that the fixed ratio of the boundary condition

is R0 = 1/4. Figure 3.1 shows the H2 errors of four tested examples by ad hoc weights

ωk = h
2( d

2
−ν+2)

X h
2( d

2
−ν+k)

Yk
for k = 0, 1. (3.21)

For all examples, it can be seen that numerical solutions diverge for nZ ≥ 36 when

m = 4 and for all tested nZ whenm = 5. When we use proposed weights in Eq. (3.20),

H2 errors of the numerical solutions are shown in Figure 3.2. For all tested examples,

when the boundary condition is fixed, higher accuracy of numerical solutions can be

obtained by higher kernel smoothnessm. More importantly, compared with divergent

solutions by weights in (3.21), desired convergent solutions with m − 2 convergence

rate are obtained for all fill distances of trial centers hZ and kernel smoothness m.

3.3.2 Convergence under different mixed boundary condi-

tions

Some mixed boundary problems may involve extreme Dirichlet-to-Neumann bound-

aries. To test the performance of our least-squares methods in these cases, numerical

experiments are tested in the unit circular domain

Ω := {(x, y)| x2 + y2 ≤ 1}.
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Figure 3.1: H2 error profiles of weighted least-squares formulations with exact solutions
u∗1 to u∗4 in the square domain by weights in Eq. (3.21) and Matérn kernels of order
m ∈ {3, 4, 5} (colored black, blue, green with corresponding reference slopes 1,2,3)
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Figure 3.2: H2 error profiles of weighted least-squares formulations with exact solutions
u∗1 to u∗4 in the square domain by proposed weights in Eq. (3.20) and Matérn kernels of
order m ∈ {3, 4, 5} (colored black, blue, green with corresponding reference slopes 1,2,3)
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Figure 3.3: Trial centers Z, collocation points X, Y0, Y1 with the fill distance hZ = 0.05
and R0 = 1/34 on the unit circular domain

Dirichlet boundary conditions are constructed using polar coordinates as

Γ0 := {(1, θ)| θ ≤ 2πR0}.

Regular distributed trial centers Z with fill distance 0.035 ≤ hZ ≤ 0.075 are used to

discrete the PDE. When R0 = 1/34, Figure 3.3 shows the distribution of trial centers

Z with fill distance hZ = 0.05, collocation points X ⊆ Ω, Y0 ⊆ Γ0, and Y1 ⊆ Γ1.

When the ratios of the Dirichlet boundary part are R0 = {1/34, 33/34}, we show H2

errors for kernel smoothness m ∈ {3, 4, 5} of four tested exact solutions in Figure 3.4.

One can clearly see an m−2 convergence rate for all test cases. When m = 3, similar

accuracy is obtained for both tested R0. For kernel smoothness m ∈ {4, 5}, higher

accuracy is observed with a large ratio of the Dirichlet boundary R0 = 33/34, yet,

the convergence profiles for both tested R0 are similar in trend.

3.3.3 Convergence in thin domains

To show numerical behavior when the ratio of domain volume to boundary volume

changes, we apply the proposed methods to thin rectangular domains. By fixing the

area of the thin domain as 1, the perimeters of the thin domain become larger as its

width becomes smaller. The ratio RΩ in Eq. (3.11) also changes.
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Figure 3.4: H2 error profiles of weighted least-squares formulations for mixed boundary
problems with u∗1 to u∗4 in the unit circular domain when use Matérn kernels of order
m ∈ {3, 4, 5} (colored blue, green, black with corresponding reference slopes 1,2,3) and
ratio of Dirichlet boundary part R0 ∈ {1/34, 33/34} (denoted +, ∗)
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Numerical simulations are tested in two thin domains defined as

Ω1 =

{
(x, y)| x ∈ [−3, 3], y ∈

[
− 1

12
,
1

12

]}
,

and

Ω2 =

{
(x, y)| x ∈ [−4, 4], y ∈

[
− 1

16
,
1

16

]}
.

Ratios RΩ are 152 for Ω1 and 264 for Ω2. It is obvious that the domain Ω2 is thinner

than Ω1. We impose the Dirichlet boundary condition on Γ0 := {3}× [−1/12, 1/12]∪

[−3, 3]× {1/12} for Ω1 and Γ0 := {4} × [−1/16, 1/16] ∪ [−4, 4]× {1/16}. Neumann

boundaries are Γ1 := ∂Ω/Γ0. We have R0 = 1/2 for both domains. The fill distance

of trial centers is taken as 0.03 ≤ hZ ≤ 0.09. Figure 3.5 shows the H2 errors in Ω1

and in Ω2 with different exact solutions. It can be seen that the proposed method is

convergent under all test settings. When m = 3, numerical solutions show m−2 rates

of convergence for all examples. A higher than m − 2 convergence rate is obtained

with kernels of smoothness m ∈ {4, 5}.

3.3.4 Three dimensional examples

Now, we test the proposed methods by three-dimensional examples. Poisson problems

with boundary data generated by exact solutions:

u∗
5 = sin(πx/2) cos(πy/2) cos(πz/2),

u∗
6 = x3 + y3 + z3 + x2y + xy2 + x2z + xz2 + y2z + yz2 + xyz, and

u∗
7 = e−x2−2y2−z2(x2 + y2),

were considered. In our simulations, we study the convergence behaviors in different

domains.

In the first case, mixed boundary problems are solved in the cube [−1, 1]3. Fill

distances of uniformly distributed trial centers Z are set as 0.1 ≤ hZ ≤ 0.5. Two

kinds of the boundary conditions are considered with the Dirichlet boundary Γ0 :=

{1} × [−1, 1]× [−1, 1], and ∂Ω/{1} × [−1, 1]× [−1, 1] with R0 = 1/6 and R0 = 5/6
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Figure 3.5: H2 error profiles for mixed boundary problems with u∗1 to u∗4 in the thin
rectangular domain Ω1 and Ω2 (denoted o, ∗) when use Matérn kernels of order m ∈
{3, 4, 5}(colored blue, black, green with corresponding reference slopes 1,2,3) and RΩ ∈
{152, 264}
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respectively. Figure 3.6 shows the H2 errors for m ∈ {4, 5, 6, 7}. We observe the

desired m− 2 convergence rates in all tested settings. When hZ = 0.1 and R0 = 1/6,

Figure 3.7 to 3.9 show the pointwise relative errors

Ei =
|unum

i − uexact
i |

max{|uexact|}
,

of all tested exact solutions. Once again, we see higher accuracy when using ker-

nels with the higher order of smoothness. The largest error usually appears on the

boundary and typically on the Neumann boundary.

Second, we test our formulations in the unit sphere Ω := {(x, y, z)|x2+y2+z2 ≤ 1}.

Uniformly distributed points on the sphere are generated using the algorithm found

in [62]. Two boundary conditions with R0 ∈ {1/16, 15/16} are used by setting Dirich-

let boundaries as Γ0 = {(1, θ, ϕ)|ϕ ∈ [−π, π], θ <= 2πR0}. Figure 3.10 (a) shows

collocation sets on the Dirichlet boundary (red) and Neumann boundary (green) for

R0 = 1/16 and hZ = 0.1. Fill distances of uniformly distributed trial centers Z are

taken as hZ ∈ {0.1, 0.2, 0.3, 0.4} for all examples. Figure 3.11 shows the convergence

behavior when m ∈ {4, 5, 6, 7} and R0 ∈ {1/16, 15/16}. For examples with exact

solutions u∗
5 and u∗

6, we can obtain an m − 2 convergence rate for all settings. For

example, with exact solution u∗
7, higher than m−2 convergence rates can be obtained

for all tested m. What is more, solutions for different boundaries show the same order

of convergence for the same m. Figure 3.12 displays the pointwise absolute errors of

three tested examples when the boundary ratios are R0 ∈ {1/16, 15/16}, m = 6 and

hZ = 0.1. It can be seen that the accuracy of numerical solutions improves as the

Dirichlet boundary Γ0 enlarges.

Lastly, we test our proposed weights in a torus domain

Ω := {(x, y, z)|(x2 + y2 + z2 +R2 − r2)2 − 4R2(x2 + y2) ≤ 0},

with R = 1, r = 0.3 under two kinds boundary conditions

Γ0 :=
{
(x, y, z)|(x2 + y2 + z2 +R2 − r2)2 − 4R2(x2 + y2) = 0, y > 0.97

}
,
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Figure 3.6: H2 error profiles for mixed boundary problems in the cubic domain when use
Matérn kernels of order m ∈ {4, 5, 6, 7} (colored green, blue, purple, black with correspond-
ing reference slopes 2,3,4,5) and different ratios R0 ∈ {1/6, 5/6} (denoted +, ∗)
and

Γ0 := ∂Ω/
{
(x, y, z)|(x2 + y2 + z2 +R2 − r2)2 − 4R2(x2 + y2) = 0, y > 0.97

}
.

Figure 3.10 (b) shows collocation sets on the Dirichlet boundary (red) and Neumann

boundary (green) for

Γ0 := {(x, y, z)|(x2 + y2 + z2 +R2 − r2)2 − 4R2(x2 + y2) = 0, y > 0.97}

with hZ = 0.1. The fill distance of the regular trial centers Z is taken as hZ ∈

{0.1, 0.2, 0.3, 0.4}. Figure 3.13 shows convergence profiles with respect to hZ under

different boundary conditions and different kernel smoothness m. Desired solutions

withm−2 convergence rates can be obtained for all settings. Figure 3.14 shows point-

wise absolute errors for three Dirichlet boundary conditions when kernel smoothness

and the fill distances of the trial centers are set to m = 6 and hZ = 0.1, respectively.

3.4 Conclusion

We proposed weighted least-squares formulations for second order elliptic equations

with mixed boundary conditions and some numerically identified formulas for the
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m = 4 m = 5

m = 6 m = 7

Figure 3.7: Pointwise relative errors in the cubic domain for hZ = 0.1, exact solutions u∗5,
Sobolev kernels of order m ∈ {4, 5, 6, 7} and R0 = 1/6

50



m = 4 m = 5

m = 6 m = 7

Figure 3.8: Pointwise relative errors in the cubic domain for hZ = 0.1, exact solutions u∗6,
Sobolev kernels of order m ∈ {4, 5, 6, 7} and R0 = 1/6
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m = 4 m = 5

m = 6 m = 7

Figure 3.9: Pointwise relative errors in the cubic domain for hZ = 0.1, exact solutions u∗7,
Sobolev kernels of order m ∈ {4, 5, 6, 7} and R0 = 1/6

(a) (b)

Figure 3.10: Collocation points Y1 (red), Y2 (green) on the sphere (a) for R0 = 1/16 and
torus (b) for Γ0 : y > 0.975
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Figure 3.11: H2 error profiles of different exact solutions in the sphere domain when
use Sobolev kernels of order m ∈ {4, 5, 6, 7} (colored green, blue, purple, black with
corresponding reference slopes 2,3,4,5) and different ratio of Dirichlet boundary part
R0 ∈ {1/16, 15/16} (denoted +, ∗)

R0 = 1/16

(a)

R0 = 15/16

(b)
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(e) (f)

Figure 3.12: Pointwise relative errors on the sphere for exact solutions u∗5 (a, b), u∗6 (c, d)
, u∗7 (e, f) when hZ = 0.1, m = 6 and R0 ∈ {1/16, 15/16}
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Figure 3.13: H2 error profiles in the torus domain when use Sobolev kernels of order
m ∈ {4, 5, 6, 7} (colored green, blue, purple, black with corresponding reference slopes
2,3,4,5) and different Dirichlet boundary conditions Γ0 := y > 0.97 and ∂Ω/y > 0.97
(denoted ∗, o)

Γ0 : y > 0.97

(a)
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Figure 3.14: Pointwise relative errors on the torus for exact solutions u∗5 (a, b), u∗6 (c, d) ,
u∗7 (e, f) when hZ = 0.1, m = 6 under two kinds boundary conditions
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weights. In two dimensions, the proposed weights are applicable with kernel smooth-

ness m ∈ {3, 4, 5}, unit circular domain with R0 ∈ {1/34, 33/34}, and thin rectan-

gular domain with RΩ ∈ {152, 264}. Our weighted least-squares formulations are

convergent in H2(Ω). We verified our formulas with two and three dimensional ex-

amples. Desired accuracy and convergence rates of the solutions could be obtained

under different domain shapes, kernel smoothness, and boundary conditions.
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Chapter 4

Collocation methods of Cauchy

problems for elliptic operators via

conditional stability

4.1 Introduction

It is well known that Cauchy problems are ill-posed in the sense that their solutions

do not continuously depend on data. However, Tikhonov [71] proposed that condi-

tional stabilities of solutions for Cauchy problems can be constructed with an a priori

bound to the exact solution. In [40], an interior stability for elliptic Cauchy problems

was proved. A global stability was proved based on the Carleman estimate in [70]

by Takeuchi and Yamamoto. There are many other interior and global conditional

stability results for Cauchy problems, and for more detail, one can refer to [7,18,33].

Based on these conditional stabilities, efforts were made to look for stable numer-

ical methods. The quasi-reversibility method [43] as regularization was proposed for

solving Cauchy problems of Laplace equations by Klibanov in 1990 and convergence

analysis for a discrete finite difference scheme was also given. In [70], the discretized

Tikhonov regularization was proposed by Takeuchi and Yamamoto. Their regular-

ization was built on the theory of reproducing kernel Hilbert spaces (RKHS). A finite

element scheme for Cauchy problems was used and convergence results of the method
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were also proved in the same paper. Other numerical methods with convergent anal-

ysis are found in the works [17,38,63].

Meshless methods are another popular numerical method for solving Cauchy prob-

lems. Generally speaking, these methods can be applied to complicated geometry and

to solving high-dimensional problems. The method of fundamental solution (MFS)

with different regularization strategies was used to solve homogenous Cauchy prob-

lems in [39, 78], Han and Ling [34]. MFS combined with the method of particular

solution (MPS) was used to solve nonhomogeneous cases by Li, Xiong, and Chen

in [45, 77]. A meshless method called the general finite difference method (GFDM)

was proposed by Fan in [23] to solve inverse Cauchy problems. These meshless ap-

proaches usually have good numerical performance. However, most, if not all, are ad

hoc and do not have robust theoretical support.

Recently, some progress has been made in the theoretical aspects of meshless

collocation methods for PDEs. The Kansa method, proposed by E. J. Kansa in

1990 [41,42], is a typical meshless method used to solve partial differential equations

(PDEs) by imposing strong form collocation conditions to PDEs. To overcome the

singular problem of matrix systems by the Kansa method appearing in some cases

[37], the overdetermined Kansa method was applied to solve PDEs in [48]. Partial

convergence results of the overdetermined Kansa method were proved by Ling and

Schaback in [49]. Recently, convergence theorems for overdetermined Kansa methods

for elliptic PDEs were proved by Cheung, Ling and Schaback in [20].

Motivated by these improvements, in this paper, we apply an overdetermined

kernel-based collocation formulation to solve inverse Cauchy problems. In section 4.2,

we first introduce Cauchy problems considered in this paper and make some assump-

tions. We define discrete solutions for Cauchy problems with exact Cauchy data in

some trial spaces of the symmetric positive definite kernel. The discrete solutions were

defined as solutions of nonlinear optimization problems with quadratic inequality con-

straints. In the definition, the Tikhonov regularization strategy is used. Convergence

results of discrete solutions with respect to data densities and noise levels are also

proved based upon the scattered data approximation theory in RKHS [24, 75]. The
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value of the regularization parameter can also be fixed in the proof. After consider-

ing exact Cauchy data, we also define discrete solutions with noisy Cauchy data as

solutions of nonlinear least-squares problems with quadratic constraints. The con-

vergence theorem of the discrete solution with noisy Cauchy data is proved based on

the results of the discrete solution with exact Cauchy data. In Section 4.3, a solver

for least-squares problems with quadratic constraints was introduced based on gen-

eralized singular value decomposition (GSVD) and the Lagrange multiplier method.

In section 4.4, we compare the results by least-squares optimization problem with

quadratic inequality (LSQI) solver that we introduced with those of other nonlinear

solvers, and show numerically that the proposed solver can obtain high accuracy and

stable solutions. Numerical experiments for two-dimensional examples are computed

to verify the convergence results we proved in Section 4.2. The high accuracy of the

numerical results can also be seen by comparing them with the numerical solutions

by MFS [50] and RKHS [70].

4.2 Reconstruction method and error analysis

4.2.1 Cauchy Problems

In this paper, we consider the following Cauchy problem for PDEs: given f, g∗0 and

g∗1, find u inside Ω or on ∂Ω \ Γ where

Lu = f in Ω,

u = g∗0 on Γ,

∂Lu = g∗1 on Γ.

(4.1)

In (4.1), domain Ω ⊆ Rd is a bounded domain with sufficiently smooth boundary ∂Ω

and Γ is a nonempty open subset of ∂Ω. The elliptic operator L and the conormal

derivative operator ∂L associated with L can be denoted as

Lu(x) :=
d∑

i,j=1

∂j
(
aij(x)∂iu(x)

)
+ c(x)u(x) for x ∈ Ω, (4.2)

58



and

∂Lu(x) :=
d∑

i,j=1

aij(x)νj∂iu(x) for x ∈ Γ,

where ν = ν(x) is the unit outer normal vector of ∂Ω at x.

We make assumptions for the domain and operator coefficients for further use.

Assumption 2 (Smoothness of coefficients and domain). We assume Ω ⊆ Rd is

an open bounded domain with Lipschitz continuous boundary and satisfies an inte-

rior cone condition. Coefficients in (4.2) satisfy c(x) ≤ 0 almost everywhere in Ω,

{aij}di,j=1 and c(x) ∈ Wm−1
∞ (Ω) for m ≥ 2. We also assume {aij}di,j=1 are symmetric

positive definite, that is, there exists a constant α > 0 such that

d∑
i,j=1

aijξiξj ≥ α

d∑
i=1

ξ2i for all x ∈ Ω, {ξi}di=1 ∈ Rd.

We assume g∗0 and g∗1 are smooth enough to admit a uniquely defined exact solution

u∗ ∈ Hm(Ω) for the Cauchy problem (4.1) [40, Thm.3.3.1]. By the trace theorem,

g∗0 ∈ Hm−3/2(Γ) and g∗1 ∈ Hm−1/2(Γ). Conditional stabilities for Cauchy problems

(4.1) can be proved under an a priori bound for u∗. Based on which we construct

numerical algorithms. We state the recent global conditional stability result proved

by Takeuchi and Yamamoto in [70].

Proposition 1 (Global Conditional Stability). Let u∗ be the exact solution of the

Cauchy problem (4.1) and u∗ ∈ Hm(Ω) with m > d+2
2
. For 0 < κ < 1, there exists a

constant C > 0 such that

∥u∥L∞(∂Ω\Γ) ≤ C∥u∥Hm(Ω)

(
log

1

E(u)
+ log

1

∥u∥Hm(Ω)

)−κ

, (4.3)

with E(u) := ∥u∥L2(Γ) + ∥∂Lu∥L2(Γ) + ∥Lu∥L2(Ω).

From the above, we can easily see that ∥u∥L∞(∂Ω\Γ) converges to zero whenever

∥u∗∥Hm(Ω) ≤M and E(u) converges to 0. The latter suggests that kernel collocation
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methods similar to those for solving direct problems can be developed to minimize

E(u).

4.2.2 Kernels and native space

We consider symmetric positive definite kernels Φ : Rd×Rd → R and further assume

that their Fourier transforms Φ̂ of kernel Φ decay algebraically as

c1(1 + ∥ω∥22)−m ≤ Φ̂(ω) ≤ c2(1 + ∥ω∥22)−m. (4.4)

Matérn functions and Wendland’s compactly supported functions are two commonly

used kernels satisfying (4.4). The native space NRd,Φ of a kernel Φ is defined as

NRd,Φ := {f ∈ L2(Rd) ∩ C(Rd) : f̂/
√
Φ̂ ∈ L2(Rd)}

associated with norms

∥f∥2NRd,Φ
:= (2π)−

d
2

∫
Rd

f̂ 2(ω)

Φ̂
dω.

It was shown in [75] that native spaces NRd,Φ of kernels Φ satisfying (4.4) with m >

d/2 coincide with Sobolev spaces Hm(Rd). Native space norms ∥ · ∥NRd,Φ
and Sobolev

norms ∥ · ∥m are also equivalent. From [75, Cor.10.48], if Ω has a Lipschitz boundary,

we also have native spaces NΩ,Φ being norm equivalent to Sobolev spaces Hm(Ω).

Let Z = {z1, z2 . . . znZ
} be a discrete set of trial centers in the domain Ω. We

define the finite dimensional trial space based on the trial set Z.

Definition 4. Let Z be the trial set and kernel Φ satisfy (4.4), the finite dimensional

trial space UZ is defined as:

UZ,Φm := span{Φ(., zi), zi ∈ Z} ⊂ NΩ,Φ.

We propose a numerical method to seek numerical approximations of the Cauchy

problem (4.1) from these trial spaces. We do so by imposing collocation conditions.
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Let X = {x1, x2, . . . , xnX
}, Y0 = {y01, y02, . . . , y0nY0

} and Y1 = {y11, y12, . . . , y1nY1
} be sets

of discrete collocation points in Ω and on the Dirichlet and Neumann boundary.

To describe the point density of Z, we define the following quantities

hZ := sup
z∈Ω

min
zi∈Z
∥z − zi∥ℓ2(Rd), qZ :=

1

2
min

zi, zj ∈ Z

zi ̸= zj

∥zi − zj∥ℓ2(Rd) and ρZ :=
hZ

qZ
,

which are normally called fill distance, separation distance, and mesh ratio of Z

respectively. We further assume that the trial set Z and collocation sets X, Y0 and

Y1 are all quasi-uniform, that is, the mesh ratio ρχ > 1 satisfies

qχ ≤ hχ ≤ ρχqχ and χ = {X, Y0, Y1, Z}. (4.5)

4.2.3 Discrete solution with exact Cauchy data and error

analysis

For easy understanding, we begin by introducing a discrete approximation with exact

Cauchy data in the trial space to the solution of the Cauchy problem. We aim to

develop a simple least-squares approach. Let u be a function in Hm(Ω) and v be a

general notation for functions in the trial space UZ,Φm ⊆ NΩ,Φm = Hm(Ω). We first

introduce some preliminaries. For any u ∈ C(Ω), we define a discrete norm of u on

collocation set X as

∥u∥X =

(∑
xi∈X

u(xi)
2

)1/2

.

From [29], for any u ∈ Hm(Ω), when Assumption 2 holds for coefficients of the

elliptic operator, one has

∥Lu∥Hm−2(Ω) ≤ CΩ,L∥u∥Hm(Ω), (4.6)
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and

∥∂Lu∥Hm−1(Ω) ≤ CΩ,∂L∥u∥Hm(Ω).

In order to define a computable scheme for the Cauchy problem, we need to

discretize the continuous norms by discrete point sets in both the domain and the

Cauchy boundary. To do this, we introduce sampling inequalities in the following

proposition.

Proposition 2 (Sampling inequality of fractional order [20]). Suppose Ω ⊂ Rd is a

bounded Lipschitz domain with a piecewise Cm–boundary. Then there is a constant

CΩ,m,s depending only on Ω, m and s such that following inequalities hold:

∥u∥s,Ω ≤ CΩ,m,s

(
hm−s
X ∥u∥m,Ω + h

d/2−s
X ∥u∥X

)
for 0 ≤ s ≤ m,

and

∥u∥s−1/2,Γ ≤ CΓ,m,s

(
hm−s
Y ∥u∥m,Ω + h

d/2−s
Y ∥u∥Y

)
for 1/2 ≤ s ≤ m,

for any u ∈ Hm(Ω) with m > d/2 and any discrete sets X ⊂ Ω and Y ⊂ Γ with

sufficiently small mesh norm hX and hY .

Using the Tikhonov regularization strategy and discrete norms on collocation sets

X, Y0 and Y1, we define the discrete solution in trial space UZ,Φm of Cauchy problems

with exact data as:

Definition 5. The solution uX,Y0,Y1,σ ∈ UZ,Φm with exact Cauchy data defined as

solutions of following LSQI problem

uX,Y0,Y1,σ := arg inf
v∈UZ,Φm

σ2∥v∥2Hm(Ω) + ∥Lv − f∥2X

s.t. hd−1
Y0
∥v − g∗0∥2Y0

+ hd−1
Y1
∥∂Lv − g∗1∥2Y1

≤ (h2m−d−2
Z + h2m−d

Z )M̃2.

(4.7)

with σ being the regularization parameter and M̃ being a constant.

The values of regularization parameter σ and constant M̃ can be chosen during

its convergence analysis in the following part. Let su denote the interpolant of the
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exact solution u∗ ∈ Hm(Ω) on Z from the trial space UZ,Φm . It is known that su can

be uniquely defined for positive definite kernels. Convergence analysis of su to u∗ in

native space were well studied in [24,56,75]. To make use of these results in proving

convergence of uX,Y0,Y1,σ, we show that su is feasible for the problem (4.7).

Lemma 2. Suppose domain Ω and elliptic operator satisfy the Assumption 2. Let

uX,Y0,Y1,σ be the discrete solution with exact Cauchy data and u∗ ∈ Hm(Ω) be the

exact solution. When kernel smoothness m > 1 + d/2, the unique interpolant su of

u∗ in UZ,Φm is a feasible solution for the problem (4.7).

Proof : As su is the interpolant function of u∗ in trial space UZ,Φm , we need only to

prove that it satisfies quadratic inequality constraints in (4.7). First, on the Dirichlet

boundary, one has for m > d/2

h
(d−1)/2
Y0

∥su − g∗0∥ℓ2(Y0) ≤ h
(d−1)/2
Y0

n
1/2
Y0
∥su − g∗0∥L∞(Γ)

≤ CΩ,ρY0 ,Γ
∥su − u∗∥L∞(Ω)

≤ CΩ,ρY0 ,Φmh
m−d/2
Z ∥u∗∥Hm(Ω),

with the second inequality from nY0 ≤ CΓq
−(d−1)
Y0

≤ CΓ,ρY0
h
−(d−1)
Y0

and the last in-

equality from [24, Sec.15.1.2]. On Neumann boundary, for m > 1 + d/2

h
(d−1)/2
Y1

∥∂Lsu − g∗1∥ℓ2(Y1) ≤ h
(d−1)/2
Y1

n
1/2
Y1
∥∂Lsu − ∂Lu

∗∥L∞(Γ)

≤ CΩ,ρY1 ,Γ
∥∂Lsu − ∂Lu

∗∥L∞(Ω)

≤ CΩ,ρY1 ,Φm,∂Lh
m−1−d/2
Z ∥u∗∥Hm(Ω),

by [24, Sec.15.1.2] and inequality nY1 ≤ CΓq
−(d−1)
Y1

≤ CΓ,ρY1
h
−(d−1)
Y1

. Squaring both

sides of these two inequalities and applying ∥u∗∥Hm(Ω) ≤M , the lemma was proved.

From the proof of Lemma 2, besides the fill distance of trial center Z and upper

bound M of ∥u∗∥Hm(Ω), the value of the right hand side of the inequality constraints

in problem (4.7) also affected by constant C depends on domain Ω, Cauchy boundary

Γ, the mesh ratio ρY0 , ρY1 of boundary collocation sets Y0, Y1, and kernel Φm. As
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the constant cannot be evaluated exactly, we write M̃ = CΩ,ρY0 ,ρY1 ,Φm,ΓM .

With Lemma 2, we can prove the error of objective functions in LSQI problem

4.7. Let functional Jσ : Hm → R be defined as

Jσ(v) := (σ2∥v∥2Hm(Ω) + ∥Lv − f∥2ℓ2(X))
1/2. (4.8)

The discrete solution uX,Y0,Y1,σ satisfies Jσ(uX,Y0,Y1,σ) ≤ Jσ(su) for its optimal prop-

erty, and for Jσ(su), we have

Jσ(su) ≤ ∥Lsu − f∥ℓ2(X) + σ∥su∥Hm(Ω)

≤ ∥Lsu − Lu∗∥ℓ2(X) + σ(∥su − u∗∥Hm(Ω) + ∥u∗∥Hm(Ω)).

For the interpolant su, by [24, corollary 18.1], we have in native space NΩ,Φm

∥su − u∗∥2NΩ,Φm
≤ ∥su − u∗∥2NΩ,Φm

+ ∥su∥2NΩ,Φm
= ∥u∗∥2NΩ,Φm

.

Then, by the norm equivalent property of NΩ,Φm and Hm(Ω) for kernel Φm, we obtain

∥su − u∗∥Hm(Ω) ≤ CΩ,Φm∥u∗∥Hm(Ω). Error estimation of su to u∗ in [44, theorem 2.3]

suggests that for kernel smoothness m ≥ 2 + d/2

∥Lsu − f∥ℓ2(X) ≤ CΩ,Φm,Lρ
d/2
X n

1/2
X hm−2

Z ∥u∗∥Hm(Ω).

By inequality nX ≤ CΩq
−(d−1)
X ≤ CΩ,ρXh

−(d−1)
X , we can obtain the error estimation for

Jσ(uX,Y0,Y1,σ) as

Jσ(uX,Y0,Y1,σ) ≤ CΩ,Φm,L,ρX (σ + h
−d/2
X hm−2

Z )∥u∗∥Hm(Ω). (4.9)

This observation combined with sampling inequalities and Lemma 2 allows us to

study the convergence of uX,Y0,Y1,σ.

Theorem 10. (Convergence of uX,Y0,Y1,σ) Suppose the domain and elliptic operators

satisfy the Assumption 2 and conditional stability in the Proposition 4.3 holds for the
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Cauchy problem. Let kernel Φ have kernel smoothness order m ≥ 2 + d
2
. The exact

solution is denoted as u∗ ∈ Hm(Ω). When the regularization parameter is taken as

σ∗ = h
−d/2
X hm−2

Z , (4.10)

convergence results for uX,Y0,Y1,σ defined in (4.7) hold as:

∥uX,Y0,Y1,σ − u∗∥L∞(∂Ω\Γ)

≤ CM

(
log

1

(hm−2
Z + h

m−1−d/2
Z + h

m−1/2
Y0

+ h
m−3/2
Y1

)M2

)−κ

,
(4.11)

with the constant C depending on L, ∂L, Φm, Ω, Γ, ρX , ρY0 and ρY1.

Proof : Tikhonov regularization parameter σ is chosen to ensure the bound-

ness of ∥uσ,X,Y0,Y1∥Hm(Ω) which is necessary for its convergence. Because the reg-

ularization term is contained in the definition of functional Jσ(uσ,X,Y0,Y1), we have

∥uσ,X,Y0,Y1∥Hm(Ω) ≤ Jσ(uσ,X,Y0,Y1)/σ. From error estimation of Jσ(uσ,X,Y0,Y1), we have

∥uσ,X,Y0,Y1∥Hm(Ω) ≤ CL,Φm,Ω,ρX

1

σ
(h

−d/2
X h

m−2−d/2
Z + σ)M

≤ CL,Φm,Ω,ρXM,

(4.12)

with σ taken as in Eq.(4.10). Then, we consider the convergence of E(uσ,X,Y0,Y1−u∗).

It contains three terms that represent the L2 norm of the difference between uσ,X,Y0,Y1

and u∗ in the domain, on the Dirichlet Cauchy boundary and on the Neumann Cauchy

boundary. For simplicity, we consider terms in the domain and on the Cauchy bound-

ary separately. For boundary terms, using sampling inequalities on the boundary in

Proposition 2.4 and inequality a+ b ≤ C(a2 + b2)1/2, we have

∥uσ,X,Y0,Y1 − g∗0∥L2(Γ) + ∥∂Luσ,X,Y0,Y1 − g∗1∥L2(Γ)

≤ CΩ,Γ,∂L(h
d−1
Y0
∥uσ,X,Y0,Y1 − g∗0∥2ℓ2(Y0)

+ hd−1
Y1
∥∂Luσ,X,Y0,Y1 − g∗1∥2ℓ2(Y1)

)1/2

+ (h
m−1/2
Y0

+ h
m−3/2
Y1

)∥uσ,X,Y0,Y1 − u∗∥Hm(Ω)).

Because uσ,X,Y0,Y1 satisfy constraint inequalities in (4.7) and ∥uσ,X,Y0,Y1∥Hm(Ω) is bound-
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ed, we obtain

∥uσ,X,Y0,Y1 − g∗0∥L2(Γ) + ∥∂Luσ,X,Y0,Y1 − g∗1∥L2(Γ) ≤ C(h
m−1− d

2
Z + h

m− 1
2

Y0
+ h

m−3/2
Y1

)M,

with C depending on Ω, Γ and ∂L. By sampling inequality in the domain, we can

obtain

∥Luσ,X,Y0,Y1 − f∥L2(Ω)

≤ Ch
d
2
X(∥Luσ,X,Y0,Y1 − f∥X + σ∥uσ,X,Y0,Y1 − u∗∥m,Ω

+ (h
m−2− d

2
X − σ)+∥uσ,X,Y0,Y1 − u∗∥m,Ω),

with (x)+ = max{0, x}. When σ = h
−d/2
X hm−2

Z , we have (h
m−2−d/2
X − σ)+ = 0 under

the condition hX ≤ hZ . Applying the boundness property of ∥u∗
σ,X,Y0,Y1

∥Hm(Ω) in

Eq.(4.12), for m ≥ 2 + d/2, we have

∥Luσ,X,Y0,Y1 − f∥L2(Ω) ≤ Ch
d/2
X (Jσ(uσ,X,Y0,Y1) + σ∥u∗∥Hm(Ω))

≤ Chm−2
Z M.

Then, convergence of E(uσ,X,Y0,Y1 − u∗) becomes

E(uσ,X,Y0,Y1 − u∗) ≤ C(hm−2
Z + h

m−1−d/2
Z + h

m−1/2
Y0

+ h
m−3/2
Y1

)M. (4.13)

Substituting estimation for E(uσ,X,Y0,Y1−u∗) in Eq. (4.13), boundness of Hm norm

of uσ,X,Y0,Y1 to the conditional stability of the Cauchy problem in Eq. (4.3) results in

the convergence of uσ,X,Y0,Y1 obtained as in Eq. (4.11).

From convergence results of the discrete solution with exact Cauchy data in Eq.

(4.11), we can see uσ,X,Y0,Y1 converge to u∗ at log rate with respect to fill distance of

the trial centers h
m−1−d/2
Z , and boundary collocation sets h

m−1/2
Y0

and h
m−3/2
Y1

. After

knowing that there is a good approximation in Hm(Ω) with exact Cauchy data, we

can now seek a good comparison function in trial spaces with noisy Cauchy data.
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4.2.4 Discrete solution with noisy Cauchy data and error

analysis

When considering Cauchy data with noise, we need only to consider boundary terms.

We denote noisy Cauchy data as gδ0 and gδ1 for the Dirichlet and Neumann boundaries,

respectively, and assume noise level ∆ > 0 such that

(
hd−1
Y0
∥gδ0 − g∗0∥2Y0

+ hd−1
Y1
∥gδ1 − g∗1∥2Y1

)1/2 ≤ ∆.

With noisy Cauchy data with noise level ∆ contained in the definition of the

solution, similar to the discrete solution in the noise-free case in Definition 2.5, we

can define the solution with noisy Cauchy data as:

Definition 6. The discrete solution uδ
X,Y0,Y1,σ

∈ Hm(Ω) with noisy data defined as

solutions of the following LSQI problems:

uδ
X,Y0,Y1,σ

:= arg inf
v∈UZ

σ2∥v∥2Hm(Ω) + ∥Lv − f∥2ℓ2(X),

s.t. hd−1
Y0
∥v − gδ0∥2Y0

+ hd−1
Y1
∥∂Lv − gδ1∥2Y1

≤ (h2m−d−2
Z + h2m−d

Z )M̃2 +∆2.

(4.14)

Unlike the definition in the noise-free case, noise Cauchy data gδ0 and gδ1 are used in

the left side of the inequality constraint, and an additional noise level term is added

to the right side of the inequality constraint. It is easy to show that the discrete

solution in the noise-free case uX,Y0,Y1,σ is a feasible solution of problem (4.14). By

triangle inequalities, we have

∥uX,Y0,Y1,σ − gδ0∥2Y0
≤ 2
(
∥uX,Y0,Y1,σ − g∗0∥2Y0

+ ∥gδ0 − g∗0∥2Y0

)
,

and

∥∂LuX,Y0,Y1,σ − gδ1∥2Y1
≤ 2
(
∥∂LuX,Y0,Y1,σ − g∗1∥2Y1

+ ∥gδ1 − g∗1∥2Y1

)
.

Applying inequality constraint condition uX,Y0,Y1,σ satisfied in definition 4.7, we have

proved it to be a feasible solution of problem (4.14). By the optimal property of
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uδ
X,Y0,Y1,σ

and the convergence results of Jσ(uX,Y0,Y1,σ) in Theorem (10), we get

J(uδ
X,Y0,Y1,σ

) ≤ J(uX,Y0,Y1,σ) ≤ C(h
−d/2
X hm−2

Z + σ)M.

Then, we are ready to prove the convergence of the discrete solution with noisy

Cauchy data.

Theorem 11. Suppose the domain and elliptic operators satisfy the Assumption 2

and conditional stability in the Proposition 4.3 holds for the Cauchy problem. Let

kernel Φ have kernel smoothness order m ≥ 2 + d
2
with Theorem 10 for uX,Y0,Y1,σ

holding. The exact solution is denoted as u∗ ∈ Hm(Ω). When the regularization

parameter takes the value

σ = h
−d/2
X hm−2

Z , (4.15)

the convergence result for discrete solution uδ
X,Y0,Y1,σ

with noisy Cauchy data is

∥uδ
X,Y0,Y1,σ

− u∗∥L∞(∂Ω\Γ)

≤ CM

log
1(

(hm−2
Z + h

m−1− d
2

Z + h
m− 1

2
Y0

+ h
m− 3

2
Y1

)M +∆
)
M

−κ

,
(4.16)

with the constant C depending on L, ∂L, Φm, Ω, Γ, ρX , ρY0, and ρY1.

Proof : For convergence of uδ
σ,X,Y0,Y1

, we need to prove the convergence of func-

tional E(uδ
σ,X,Y0,Y1

− u∗) and the boundness of ∥uδ
σ,X,Y0,Y1

∥m,Ω. We first consider the

boundness condition. From the definition of functional Jσ in Eq.(4.8), we have

∥uδ
X,Y0,Y1,σ

∥m,Ω ≤
Jσ(u

δ
X,Y0,Y1,σ

)

σ
≤ CM,

with σ as in Eq. (4.15). Next, we analyze the convergence of E(uδ
σ,X,Y0,Y1

− u∗). By

applying sampling inequalities on boundary terms and then inserting noisy Cauchy
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data gδ0 and gδ1, we get

∥uδ
X,Y0,Y1,σ

− g∗0∥L2(Γ) ≤ C(h
d−1
2

Y0
∥uδ

X,Y0,Y1,σ
− g∗0∥Y0 + h

m− 1
2

Y0
M)

≤ C
(
h

d−1
2

Y0
(∥uδ

X,Y0,Y1,σ
− gδ0∥Y0 + ∥gδ0 − g∗0∥Y0) + h

m− 1
2

Y0
M
)
,

and

∥∂Luδ
σ,X,Y0,Y1

− g∗1∥L2(Γ) ≤ C(h
d−1
2

Y1
∥∂Luδ

σ,X,Y0,Y1
− g∗1∥Y1 + h

m−3/2
Y1

M)

≤ C(h
d−1
2

Y1
(∥∂Luδ

σ,X,Y0,Y1
− gδ1∥Y1 + ∥gδ1 − g∗1∥Y1) + h

m− 3
2

Y1
M).

Combining these two inequalities and using constraint conditions for uδ
σ,X,Y0,Y1

in

definition 2.8, we obtain

∥uδ
X,Y0,Y1,σ

− g∗0∥L2(Γ) + ∥∂Luδ
X,Y0,Y1,σ

− g∗1∥L2(Γ)

≤ C
(
(h

m−1− d
2

Z + h
m− 1

2
Y0

+ h
m− 3

2
Y1

)M +∆
)
.

In the domain, when σ takes the value as in Eq. (4.15), by the same argument used

in the proof of the theorem 10, the residual has an error estimation as

∥Luδ
σ,X,Y0,Y1

− f∥L2(Ω) ≤ Ch
d/2
X (Jσ(u

δ
σ,X,Y0,Y1

) + σ∥u∗∥Hm(Ω))

≤ Chm−2
Z M.

By Combining the error in the domain with that on the Cauchy boundary, the error

estimation for E(uδ
σ,X,Y0,Y1

− u∗) becomes

E(uδ
σ,X,Y0,Y1

− u∗) ≤ C
(
(hm−2

Z + h
m−1−d/2
Z + h

m−1/2
Y0

+ h
m−3/2
Y1

)M +∆
)
. (4.17)

Substituting estimation for E(uδ
σ,X,Y0,Y1

− u∗) in Eq. (4.17) and the boundness of

∥uδ
σ,X,Y0,Y1

∥Hm(Ω) to the conditional stability of the Cauchy problem in Eq. (4.3), the

convergence of uδ
σ,X,Y0,Y1

holds as Eq. (4.16).

From Theorem 11, with the a prior bound to the Hm norm of exact solution

u∗, the discrete solution with noisy Cauchy data uδ
σ,X,Y0,Y1

converges at log-rate with
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respect to noise levels ∆, the fill distance of trial centers hm−2
Z and collocation sets

h
m−1/2
Y0

and h
m−3/2
Y1

. After defining the solution for the Cauchy problem (4.1) and

proving its convergence with respect to an exact solution, we can find numerical

methods to solve problem 4.14 in Definition 2.8.

4.3 Numerical algorithm

In this section, the LSQI problem will first be written in matrix form by RBF colloca-

tion methods. A numerical solver combining generalized singular value decomposition

and the Lagrange multiplier method is introduced for the LSQI problem. The ap-

proximate solution uδ
σ,X,Y0,Y1

can be represented by an RBF expansion analogous to

that used for scattered data interpolation as

uδ
σ,X,Y0,Y1

=

nZ∑
j=1

λjΦ(·, zj) for zj ∈ Z.

By overdetermined Kansa methods, collocation conditions in the domain Ω are im-

posed at set X with elliptic operator L acting on the collocation matrix as

Luδ
σ,X,Y0,Y1

=

nX∑
i=1

nZ∑
j=1

λjLΦ(xi, zj) := LK(X,Z)λ for xi ∈ X, zj ∈ Z.

with λ = [λ1, . . . , λnZ
]T ∈ RnZ . By the same argument, we impose collocation condi-

tions on the Dirichlet and Neumann boundaries at sets Y0 and Y1 as

uδ
σ,X,Y0,Y1

=

nY∑
i=1

nZ∑
j=1

λjΦ(yi, zj) := K(Y, Z)λ for yi ∈ Y1, zj ∈ Z,

and

∂Lu
δ
σ,X,Y0,Y1

=

nY∑
i=1

nZ∑
j=1

λj∂LΦ(yi, zj) := ∂LK(Y, Z)λ for yi ∈ Y1, zj ∈ Z.

Furthermore, by the norm equivalence property with native space norm from [75,

Sec.10.1], norm ∥uδ
σ,X,Y0,Y1

∥m in the Tikhonov regularization term can be expressed
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as

∥uδ
σ,X,Y0,Y1

∥2m =

nZ∑
i=1

nZ∑
j=1

λjλiΦ(zi, zj) := λTK(Z,Z)λ for zi, zj ∈ Z.

Combining the above representations, the problem (4.14) with inequality constraints

can be written in matrix form as:

arg inf
λ∈RnZ

∥Aλ− b∥2 s.t. ∥Bλ− d∥2 ≤ E, (4.18)

with expressions and sizes for matric and vectors are

A =

 LK(X,Z)

σ(K(Z,Z))
1
2

 ∈ R(nX+nZ)×nZ , b =

f(X)

0

 ∈ R(nX+nZ),

B =

 h
d−1
2

Y0
K(Y0, Z)

h
d−1
2

Y1
∂LK(Y1, Z)

 ∈ R(nY0
+nY1

)×nZ , d =

h(d−1)/2
Y0

gδ0|Y0

h
(d−1)/2
Y1

gδ1|Y1

 ∈ RnY0
+nY1 ,

E =
(
(h2m−d−2

Z + h2m−d
Z )M̃2 +∆2

)1/2 ∈ R.

Nonlinear optimization solvers such as SDPT3 solver in Matlab CVX toolbox and

Mosek solver can be used to solve the quadratic constraints quadratic problem in Eq.

(4.18). Furthermore, a faster algorithm presented in [31] can be modified to solve

problem (4.18) and we introduce it here. First, the problem is simplified using the

GSVD of matrix A and B in problem 4.18. The full GSVD of A and B are

UTAX = DA, V TBX = DB, UTU = InX+nZ
, and V TV = InY0

+nY1
, (4.19)

with the size of each matrix being U ∈ R(nX+nZ)×(nX+nZ), X ∈ RnZ×nZ , DA ∈

R(nX+nZ)×nZ , DB ∈ R(nY0
+nY1

)×nZ , and V ∈ R(nY0
+nY1

)×(nY0
+nY1

). Matrices DA and
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DB have representations as:

DA =



α1 0 · · · 0

0 α2 · · · 0
...

...
. . .

...

0 0 · · · αnZ

...
...

. . .
...

0 0 · · · 0


, DB =


β1 0 · · · 0 · · · 0

0 β2 · · · 0 · · · 0
...

...
. . .

... · · · 0

0 0 · · · βnY0
+nY1

· · · 0

 .

After computing the GSVD of matrices A and B in Eq. (4.19), we can convert the

LSQI problem to

arg inf
ΛZ∈RnZ

∥DAΛ̃Z − b̃∥2 s.t. ∥DBΛ̃Z − d̃∥2 ≤ E, (4.20)

with Λ̃Z = X−1ΛZ ∈ RnZ , b̃ = UT b ∈ RnX+nZ and d̃ = V Td ∈ RnY0
+nY1 . We can

then write the problem (4.20) in scaler form as

arg inf
ΛZ∈RnZ

nZ∑
i=1

(αiλ̃i − b̃i)
2 +

nX+nZ∑
i=nZ+1

b̃2i s.t.

nY0
+nY1∑

j=1

(βjλ̃j − d̃j)
2 ≤ E2,

with Λ̃Z = {λ̃1, . . . , λ̃nZ
}.The minimization without regards to constraints given as

λ̃i =

 b̃i/αi, αi ̸= 0,

d̃i/βi, αi = 0.

If the above unconstrained solution does not satisfy the constraint, the solution of the

LSQI problem occurs on the boundary of the feasible set. Therefore, we need only

find the solution of the least-squares problem with the equality constraint condition

arg inf
ΛZ∈RnZ

∥DAΛ̃Z − b̃∥2, s.t. ∥DBΛ̃Z − d̃∥2 = E.

To solve the above optimization problem, we use the method of Lagrange multipliers.
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The Lagrange function is defined as:

h(η, Λ̃) = ∥DAΛ̃Z − b̃∥22 + η(∥DBΛ̃Z − d̃∥22 − E2).

By making derivatives of h with respect to λ̃i, i = 1, . . . , nZ equal zero, we obtain

the following equation system:

(DT
ADA + ηDT

BDB)Λ̃Z = DT
Ab̃+DT

Bd̃.

The solution of λ̃ can obtained with respect to Lagrange parameter η by solving the

above equations system

λ̃i(η) =


αib̃i + ηβid̃i
α2
i + ηβ2

i

, 1 ≤ i ≤ nY0 + nY1 ,

b̃i
αi

, nY0 + nY1 + 1 ≤ i ≤ nZ .

We are left to evaluate the Lagrange parameter η, which can be obtained by solving

the scaler secular equation:

ϕ(η) = ∥DB(Λ̃Z(η)− (DB)
−1d̃)∥22 = E2.

It was shown in [31] that the above scaler secular equation has a unique solution η∗

and that it can be obtained by, say, Newton iteration with a Hebden model as in [16].

Finally, the coefficients ΛZ for the LSQI problem (4.18) can evaluated by the relation

ΛZ = XΛ̃Z .

4.4 Numerical experiments

In this section, we test the accuracy and efficiency of the proposed method in Sec-

tion 4.3 for solving Cauchy problems by comparing them with other nonlinear solvers.

We study convergence behavior of numerical results with respect to noise levels and

the fill distance of trial centers. By comparing our numerical results with the MF-
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S and the finite element method (FEM), we further show the effectiveness of our

method.

Noisy Cauchy data are utilized to test the robustness of the algorithm proposed

in Section 4.3. Cauchy data with noise are generated by the same method as in [50]

and [70]

gδi = g∗i + δmax
y∈Γ
|g∗i |rand(ξ) for i = 0, 1,

where rand(ξ) is a uniformly random number in [−1, 1] for each component, and δ is

the level of noise. In all numerical experiments, we compute relative errors over the

domain as

Er(wσ,X,Y0,Y1) =
∥u∗ − wδ,X,Y ∥L2(Ω)

∥u∗∥L2(Ω)

,

and pointwise relative errors on evaluation points as:

E(wδ,X,Y )(i) =
|u∗(i)− wδ,X,Y (i)|

max{|u∗|}
,

as in [50] and [70] for the sake of comparison. The unscaled Whittle-Matérn-Sobolev

kernel

Φm(x) := ∥x∥m−d/2
2 Km−d/2(∥x∥2) for all x ∈ Rd,

satisfying (4.4) is used in all numerical examples, and Kν is the Bessel functions of

the second kind.

When solving the LSQI problem (4.14) numerically, the value of M̃ which appears

in the upper bound of the inequality constraint, is required. As its value cannot be

evaluated exactly from Lemma 2, we take M̃ = 1 in all numerical tests. Objective

values are used as criteria to show the quality of numerical solutions

Obj = ∥AΛZ − b∥2. (4.21)
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Boundary collocation sets Y0 and Y1 are given as hY0 = hY1 and we use hY as a simple

notation. The elliptic operator is chosen to be the Laplacian operator in all examples.

4.4.1 Robustness of the proposed solver

Besides the LSQI solver introduced in section 3, other nonlinear solvers can also be

applied to problem (4.18). We show numerical solutions by different solvers in this

example. The Cauchy data were generated from exact solutions

u∗ := x3 − 3xy3 + e2y sin(2x)− ey cos(x).

The problem is solved in the domain Ω := [−1, 1]× [0, 1] under the Cauchy boundary

Γ := ∂Ω \ [−1, 1] × {1}. We use hY ∈ {0.07, 0.08, 0.10}. Regularly distributed trial

centers Z and collocation pointsX are constructed such that hX = hZ = hY . Relative

errors are approximated by using a 602 uniform grid. Kernel smoothness is required

as m ≥ 2+ d/2 and we test m ∈ {3, 4}. Three nonlinear solvers are used to solve the

quadratic constraint least-squares problems 4.18:

1 LSQI solver introduced in Section 4.3,

2 SDPT3 solver in MATLAB CVX toolbox [52,53], and

3 MOSEK solver [8].

To be consistent with other papers, we use the value of δ in Eq. (4.21) to measure

noise, and a logarithmically spaced noise level vector δ with 10 elements between

10−6 to 10−1 is used. L2 errors and objective values obtained by three solvers are

shown in Figure 4.1. Since exact the same optimization problem is solved by different

solvers when kernel smoothness m and sets X, Z and Y are fixed, the same solutions

should be obtained if numerical errors are ignored. From Figure 4.1, almost identical

L2 errors and objective values are obtained by all three solvers when the problems

are solved with kernel smoothness m = 3. For higher kernel smoothness m = 4,

MOSEK solver failed to solve the problem for some δ when hY ∈ {0.07, 0.08} and

SDPT3 solver could not obtain solutions for most tested cases except for one case
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Figure 4.1: L2 errors, objective values by three nonlinear solvers for example u∗ =
x3 − 3xy3 + e2y sin(2x) − ey cos(x) with Cauchy boundary ∂Ω\[−1, 1] × [1] with hY ∈
{0.07, 0.08, 0.10} and m ∈ {3, 4}

when hY = 0.10 and δ = 10%. In cases when SPDT3 and MOSEK converged, the

three solvers yield the same L2 errors and objective values. When considering CPU

times, the LSQI solver was the fastest of the three under the same problem settings

as only a nonlinear scaler equation needs to be solved. SDPT3 solver consumed the

most CPU time. Thus, in the following numerical tests, we use only the LSQI solver

for solving (4.18).
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4.4.2 Convergence with respect to δ and hZ

From Theorem 11, numerical solutions converge to the exact solution with respect to

a log-rate of noise levels δ, and fill distances hm−2
Z and h

m−3/2
Y . For convergence tests,

we use an example with exact solutions u∗ := x3 − 3xy3 + e2y sin(2x) − ey cos(x) in

domain Ω := [−1, 1]× [0, 1] under two kinds of Cauchy boundaries

Γ1 : ∂Ω \ [−1, 1]× {1},

and

Γ2 : [−1, 1]× {0}.

Regularly distributed collocation points and trial centers satisfying hX = hZ = hY

are used.

Under no noise level δ = 0, Figure 4.2 shows the L2 error for m ∈ {3, 3.5, 4}

against the fill distance of trial centers hZ as a logarithmically spaced vector with 8

elements between 10−1.2 and 10−0.4. Because the ratio of the Cauchy boundary to

the whole boundary influences the convergence behavior, the results of the two tested

Cauchy boundaries are slightly different. For Cauchy boundary Γ0, convergence rates

are between 1 and 3 for m ∈ {3, 3.5, 4}. Slower rates between 0.3 to 1 are observed

for the smaller boundary Γ2. In both cases, a larger m yields a faster convergence

rate.

We use hY ∈ {0.07, 0.09} and kernel smoothness m = 4 to test convergence

behavior with respect to 10−6 ≤ δ ≤ 10−1. Figure 4.3 plots the L2 errors of our

reconstructed solutions based on Cauchy boundaries Γ1 (a) and Γ2 (b). The L2

errors for both Cauchy boundaries first decrease linearly at a rate of 0.5 and then

stop at a rate indicating noise-free accuracy as δ approaches zero.
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Figure 4.2: L2 error profiles by LSQI solvers for example u∗ = x3 − 3xy3 + e2y sin(2x) −
ey cos(x) in noisefree case with Cauchy boundary Γ1 : ∂Ω\[−1, 1]×[1] (a) and Γ2 : [−1, 1]×[0]
(b) with m ∈ {3, 3.5, 4}
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Figure 4.3: L2 errors by LSQI solver for example u∗ = x3−3xy3+e2y sin(2x)−ey cos(x) with
Cauchy boundary Γ1 : ∂Ω\[−1, 1]× [1] (a) and Γ2 : [−1, 1]× [0] (b) with hY ∈ {0.07, 0.09}
and m = 4
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4.4.3 Comparison with other numerical methods

In this section, we consider two examples with Cauchy data generated from

u∗
1 = x3 − 3xy3 + e2y sin(2x)− ey cos(x),

and

u∗
2 := cos(πx) cosh(πy).

The FEM with discrete Tikhonov regularization based on RKHS was applied to both

examples in [70]. The method of fundamental solution combined with Tikhonov

regularization was used to reconstruct solutions in [50]. Figure 4.4 shows the exact

solution in the domain Ω of u∗
1 and u∗

2. For a fair comparison, we use the same Cauchy

data as in [70] (hY = 0.02) and [50] (hY = 0.024). These two examples are solved in

the domain Ω := [−1, 1]× [0, 1] under two kinds of Cauchy boundaries

Γ1 : ∂Ω \ [−1, 1]× {1},

and

Γ2 : [−1, 1]× {0}.

We first consider the example with exact solution u∗
1. Fill distances of the collo-

cation set and trial centers are taken as hZ = hX = 0.06 and the kernel smoothness

is set to m = 4. An L2 error comparison of accuracy obtained by our proposed solver

and the other numerical methods is provided in Table 4.1 for Cauchy boundary Γ1

and in Table 4.2 for Cauchy boundary Γ2. Compared with RKHS in [70], comparable

solutions are obtained by our method for all δ in both tested Cauchy boundaries.

Except for the noise-free case, the same order of accuracy is obtained by our LSQI

solver as that shown in [50].

In the other test solution u∗
2, Cauchy data on Γ1 and Γ2 are flatter than data on

the missing boundary at [−1, 1] × {1}. Importantly, the Neumann data gδ1 remains

zero for all δ. These conditions make this example special and harder to solve than
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the other example. When we use the LSQI solver in Section 3 to solve the prob-

lem (4.18), the numerical solution may not be as accurate as the others because the

Dirichlet and Neumann boundaries are considered together in inequality constraints

in problem (4.18). To make use of the zero Neumann boundary for all noise levels

as the other two methods did, we consider the Neumann boundary separately by im-

posing an equality constraint. Instead of LSQI problem (4.18), we solve the following

least-squares problems with quadratic constraints on the Dirichlet boundary and an

equality constraint on Neumann boundary (LSQIEC)

arg inf
λ∈RnZ

∥Aλ− b∥2 (4.22)

s.t. ∥B0λ− d0∥2 ≤ E0 and B1λ = d1,

with A and b being the same as in Eq. (4.18) and

B0 = h
d−1
2

Y K(Y, Z), B1 = ∂LK(Y, Z),

d0 = h
(d−1)/2
Y gδ0|Y , d1 = gδ1|Y ,

E0 = h
m−d/2
Z M̃ + δ0, δ0 = h

(d−1)/2
Y ∥g∗0 − gδ0∥Y .

The equality constraint can be handled by the null space approach in [47]. Unknown

coefficients are expressed as λ = NBγ + B1\d1. For the new unknown vector γ,

substituting the above expression into the objective function and inequality constraint

on the Dirichlet boundary yields the following problem:

arg inf
λ∈RnZ

∥ANBγ − b+ A(B1\d1)∥2 (4.23)

s.t. ∥B0NBγ − d0 +B0(B1\d1)∥2 ≤ E0.

This is again an LSQI problem that can be solved by our solver. For Cauchy boundary

Γ1, fill distance as hZ = hX = 0.05 and m = 4, we show the L2 error by both the

LSQI and LSQIEC solutions in Table 4.3. The accuracy of the solutions improved

for all noise levels after imposing an equality constraint on the Neumann boundary,

especially for small noise level (δ ≤ 0.01). From the third and fourth columns of Table
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(a) (b)

Figure 4.4: Exact solutions of two tested examples: u∗ = x3−3xy3+e2y sin(2x)−ey cos(x)
(a) and u∗ = cos(πx) cosh(πy) (b)

4.3, LSQIEC gives comparable results with those from RKHS. When compared with

MFS, we again obtained better solutions by LSQIEC except in the noise-free case

(see the last two columns of Table 4.3).

Table 4.4 shows the results for Cauchy boundary Γ2. We use hX = hZ = 0.04.

The Sobolev kernel with m = 4 is used for LSQI. For LSQIEC, we show results

for both m = 4 and m = 5. The LSQIEC results are clearly improved over those

of the LSQI. Better results were also obtained for large noise levels compared with

RKHS and MFS. For small noise levels, solutions obtained by LSQIEC (m=5) were

comparable with those of the other two methods except in the noise-free case by

MFS.

Figure 4.5 and 4.6 respectively plot the numerical solutions of δ ∈ {0%, 10%} and

hY = 0.024 by LSQI solver recovered from Cauchy boundaries Γ1 and Γ2 for u
∗
1. Blue

points indicate the exact solution values on the missing boundary ∂Ω/Γ. Figures

4.7 and 4.8 are the numerical solutions of δ ∈ {0%, 10%}, hY = 0.024 and m = 5

under both Cauchy boundaries for u∗
2 obtained by LSQIEC. Although large errors

appear on the missing boundary in both examples, reconstruction solutions can give

reasonable approximations of the overall shape of the exact solutions.
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Results for hY = 0.020 Results for hY = 0.024

δ LSQI RKHS [70] LSQI MFS [50]

0.00 0.0014 0.0043 0.0012 1.6 ∗ 10−5

0.01 0.0064 0.0106 0.0068 0.0053

0.05 0.0170 0.0218 0.0180 0.0167

0.10 0.0258 0.0425 0.0287 0.0332

Table 4.1: Relative errors compare of u∗ = x3−3xy3+e2y sin(2x)−ey cos(x) when Cauchy
boundary given on ∂Ω \ [−1, 1]× {1}, hX = hZ = 0.06 and m = 4

Results for hY = 0.020 Results for hY = 0.024

δ LSQI RKHS [70] LSQI MFS [50]

0.00 0.0690 0.0428 0.0691 8.6 ∗ 10−4

0.01 0.0769 0.0507 0.0784 0.0696

0.05 0.1109 0.2449 0.1144 0.1023

0.10 0.1555 0.2797 0.1631 0.1869

Table 4.2: Relative errors for Cauchy problems with u∗1 = x3−3xy3+e2y sin(2x)−ey cos(x)
and Cauchy boundary [−1, 1]× {0}, hX = hZ = 0.06 and m = 4

Results for hY = 0.020 Results for hY = 0.024

δ LSQI LSQIEC RKHS [70] LSQI LSQIEC MFS [50]

0.00 0.0181 0.0064 0.0037 0.0126 0.0063 1.5 ∗ 10−4

0.01 0.0188 0.0063 0.0046 0.0129 0.0067 0.0074

0.05 0.0208 0.0106 0.0198 0.0155 0.0125 0.0365

0.10 0.0223 0.0159 0.0292 0.0175 0.0176 0.0831

Table 4.3: Relative errors compare of u∗ = cos(πx) cosh(πy) when Cauchy boundary given
on ∂Ω \ [−1, 1]× {1} for hX = hZ = 0.05 and m = 4

Results for hY = 0.020 Results for hY = 0.024

δ LSQI
LSQIEC
(m=4)

LSQIEC
(m=5)

RKHS [70] LSQI
LSQIEC
(m=4)

LSQIEC
(m=5)

MFS [50]

0.00 0.2065 0.1932 0.0790 0.0667 0.2076 0.1934 0.0796 0.0029
0.01 0.2096 0.1964 0.1036 0.0781 0.2180 0.1994 0.0977 0.1241
0.05 0.2204 0.2090 0.1444 0.3186 0.2454 0.2210 0.1462 0.2817
0.10 0.2304 0.2253 0.1588 0.3149 0.2687 0.2498 0.1750 0.3271

Table 4.4: Relative errors comparison in Ω for Cauchy problems with u∗2 = cos(πx) cosh(πy)
and Cauchy boundary given on [−1, 1] × {0} for hX = hZ = 0.04, m = 4 for LSQI and
m ∈ {4, 5} for LSQIEC
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Figure 4.5: Numerical errors for example u∗ = x3 − 3xy3 + e2y sin(2x) − ey cos(x) with
Cauchy boundary ∂Ω \ [−1, 1] × [1] with hY = 0.024, hZ = hX = 0.06, and δ = {0, 10%}
by LSQI (Blue points are exact solutions on missing boundary)
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Figure 4.6: Numerical errors for example u∗ = x3 − 3xy3 + e2y sin(2x) − ey cos(x) with
Cauchy boundary [−1, 1] × [0] with hY = 0.024, hZ = hX = 0.06, and δ = {0, 10%} by
LSQI (Blue points are exact solutions on missing boundary)
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Figure 4.7: Numerical errors for example u∗ = cos(πx) cosh(πy) with Cauchy boundary
∂Ω \ [−1, 1] × [1] with hY = 0.024, hZ = hX = 0.05, and δ = {0, 10%} by LSQIEC (Blue
points are exact solutions on missing boundary)
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Figure 4.8: Numerical errors for example u∗ = cos(πx) cosh(πy) with Cauchy boundary
[−1, 1]× [0] with hY = 0.024, hZ = hX = 0.04, and δ = {0, 10%}] by LSQIEC (Blue points
are exact solutions on missing boundary)

Conclusion

We provided both theoretical and numerical studies for some kernel-based collocation

methods for inverse Cauchy problems. We used kernels that reproduce Hm(Ω) and

all analyses were provided in Hilbert spaces. A solver for LSQI problems by GSVD of

matrices and the method of Lagrange multiplier was proposed to obtain solutions of

Cauchy problems. The convergence of the algorithm with respect to noise levels and

data density was given. For stable reconstruction, we used Tikhonov regularization

with an a priori choice of the regularization parameter.

Numerical examples verified our proved convergence results with respect to both

the noise level and fill distance of the trial centers. The robustness of our proposed

method with noisy Cauchy data can be seen when compared with other nonlinear

solvers. Our method also yields solutions with accuracy compatible with that of other

methods in the literature for solving Cauchy problems.
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Chapter 5

Complex patterns by spatial

varying parameters

5.1 Introduction

Many biological processes, including animal pigmentation patterns [12, 58, 60, 61],

tumor formation [26] and animal population distribution [13], can be modeled by

nonlinear reaction diffusion systems. Mathematical analysis and simulation can help

researchers better understand interactions between chemicals in animal growth from

a single cell to the large amount patterns seen in nature. In 1952, Turing proposed

the first model for the morphogens phenomenon in his paper [72]. In that paper,

he studied mathematical models that can generate an organism structure from a

zygote. Prompted by this study, many Turing models were put forward for different

biological and physical processes in nature. In 1955, a mathematical model of some

threshold phenomena in the nerve membrane was posed by Fitzhugh in [27]. In 1979,

Schnakenberg [68] proposed a model to describe trimolecular autocatalytic reactions

with two chemicals. The Gierer-Meinhardt (GM) activator-inhibitor model was first

introduced by Gierer and Meinhardt in [28] to describe the spatial pattern of tissue

structures starting from almost homogeneous tissue.

Most Turing models can be written by reaction diffusion systems with two chem-
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icals as 
∂u

∂t
= Du△u+ f(u, v) in Ω,

∂v

∂t
= Dv△v + g(u, v) in Ω,

(5.1)

with u(x, t) and v(x, t) denoting concentrations of the two chemicals at spatial posi-

tion x and time t, and Du and Dv are corresponding diffusion constants. Functions

f(u, v) and g(u, v) have different representations in different models, and they de-

scribe the reactions of two chemicals. In this paper, we consider the GM model
f(u, v) = k1 + k3

u2

v
− k2u,

g(u, v) = k4u
2 − k5v,

for some positive parameters k1, ..., k5. By the manipulation in [59], the GM model

can be written in a non-dimensional form
f(u, v) = r(1 +

u2

v
)− µu,

g(u, v) = ru2 − νv.

(5.2)

On the basis of some linear analyses, we study Turing instability of the GM

model for a fixed bifurcation parameter. Numerical study for pattern formation is

also essential as the non-uniform solution corresponding to spatial patterns cannot

be found analytically. Different numerical methods are proposed, such as the finite

difference method by [12, 60, 61], the finite element method by [51, 76] and different

kinds of meshless methods (the element free Galerkin method by [21, 54], and local

RBF method [54]), ect. The Kansa method, proposed by E. J. Kansa in 1990 [41,42],

is a typical meshless method to solve PDEs by imposing strong form collocation to

PDEs. To overcome the solvability problem of the Kansa method formed in [37],

an overdetermined Kansa method was applied to solve PDEs in [48]. Convergence

results of the overdetermined Kansa method were proved in [20,49].

With µ in Eq. (5.2) as the bifurcation parameter, in this thesis, we study Turing

instability of GM model. By applying the second order semi-implicit backward dif-
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ference (SBDF2) formula for time discretization and the Kansa method for spatial

discretization, we study the effect on pattern transition as the bifurcation parameter

changes. Besides the constant parameter in spatial space, complex patterns are also

studied by changing the bifurcation parameter continuously and discontinuously.

5.2 Turing instability

We study the Turing instability of the GM model by linear analysis. In the sequel,

we study system (5.1) subjected to Neumann boundary conditions (zero flux):

∂u

∂n
= 0 =

∂v

∂n
on ∂Ω,

with n being the unit outward normal vector of the boundary. Zero flux boundary

conditions imply that the system is self-organized with no external input. With no

diffusion in the steady state, the spatial steady state (u∞, v∞) of system (5.1) is given

by

u∞ =
r + ν

µ
and v∞ =

r(r + ν)2

νµ2
, (5.3)

which can be obtained by solving f(u∞, v∞) = 0 and g(u∞, v∞) = 0. We use µ as the

bifurcation parameter and treat ν and r as constants. When the other parameters

are fixed, the system will bifurcate when µ is larger than some critical value, i.e,

when the Turing instability appears. In other words, Turing instability appears as a

stationary pattern with a characteristic length scale in the reaction system. In the

following, we study conditions for Turing instability by using the method in [32,55].

The first condition for Turing instability is to ensure linear stability of the solution

in the absence of diffusion terms. The stability can be analyzed by studying the

behaviors of the system with a small perturbation introduced to the steady state of

the system. We write ũ = u − u∞ and ṽ = v − v∞. By the Taylor expansions of
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functions f and g at (u∞, v∞), we obtain

ũt

ṽt

 = A

ũ

ṽ

 with A =

fu fv

gu gv

∣∣∣∣
(u∞,v∞)

=


µ(ν − r)

r + ν
− ν2µ2

r(ν + r)2

2r(ν + r)

µ
−ν

 .

From [32, 55], the system is stable if and only if all eigenvalues of A have a negative

real part (Re(λi) < 0, i = 1, 2 ). Eigenvalues are obtained by solving |A − λI| = 0

and are given by

λ =
Tr(A)±

√
(Tr(A)− 4|A|)
2

.

Linearly stability is guaranteed by the following conditions:

Tr(A) = fu + gv =
µ(ν − r)

r + ν
− ν < 0, (5.4)

and

|A| = fugv − fvgu = −ν µ(ν − r)

r + ν
+

2ν2µ

(ν + r)
> 0. (5.5)

Now, we introduce the diffusion terms. The reaction-diffusion system can then be

written as ũt

ṽt

 = A

ũ

ṽ

+D∇2

ũ

ṽ

 with D =

Du 0

0 Dv

 . (5.6)

Under zero flux boundary conditions in Ω := [−p, p] × [−q, q], solutions have repre-

sentation as:

ũ =
∑
m,n

Em,ne
λm,nt cos

(mπx

p

)
cos
(nπy

q

)
, (5.7)

Em,n being the Fourier coefficients of the initial condition. By the same arguments,

we can obtain the analytic solution for ṽ. Substituting Eq. (5.7) into system (5.6),

we obtain the characteristic equation in the form of |λI − A + k2D| = 0, and the

eigenvalues can be solved. The characteristic equation can be further written as

λ2 +
(
(Du +Dv)k

2 − Tr(A)
)
λ+ h(k2) = 0, (5.8)
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with h(k2) = DuDvk
4 − (Dugv + Dvfu)k

2 + |A|. The formation of patterns occurs

when the steady state solution is unstable with respect to perturbations, namely

Re{λ(k)} > 0 for some k ̸= 0. Without this condition, spatial perturbation will

converge to the steady state. Combining the conditions for linear stability in (5.4)

and (5.5), the eigenvalue with positive real part can be obtained when h(k2) < 0. As

the coefficient of h(k2) already satisfied DuDv > 0 and |A| > 0, the condition

Dugv +Dvfu > 0 (5.9)

should also be satisfied to induce instability. To ensure the existence of k that yields

Re{λ(k)} > 0, the minimum value of h(k2) needs to be negative, and its minimum

that solves ∂h(k2)
∂k2

= 0 is

k2
T =

Dvfu +Dugv
2DuDv

. (5.10)

From the requirement h(k2
T ) < 0, the last condition to ensure Turing instability is

(Dugv +Dvfu)
2 > 4DuDv|A|. (5.11)

Combining conditions (5.4), (5.5), (5.9), and (5.11), we can compute the critical value

of µ in our model, and k2
T are

µT =
dν
(
(3ν + r)(ν + r) + 2(ν + r)

√
ν(2ν − r)

)
(ν − r)2

, (5.12)

and

k2
T =

ν(ν + r +
√
ν(2ν − r))

Dv(ν − r)
.

5.3 Meshless methods for pattern formations

To solve the GM model numerically, both time discretization and spatial discretiza-

tion are required to transform the continuous form to the discrete form. To study pat-
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terns as the bifurcation parameter µ in (5.2) changes, an iterative numerical scheme

is needed. To deal with the time discretization, an SBDF2 formula [64] is used. D-

iffusion terms are treated implicitly. For reaction terms, an explicit scheme is used

that is centered about time derivative. Therefore, the GM model in Eq. (5.1) is

discretized to
3un+1 − 4un + un−1

2∆t
= Du△un+1 + 2f(un, vn)− f(un−1, vn−1),

3vn+1 − 4vn + vn−1

2∆t
= Dv△vn+1 + 2g(un, vn)− g(un−1, vn−1),

where ∆t is time step, un and vn are concentrations of u and v, respectively, at time

t = n∆t, f(u, v), and g(u, v) are defined as in Eq. (5.2). By simplifications, we obtain


3

2
un+1 −∆tDu△un+1 = 2∆tf(un, vn)−∆tf(un−1, vn−1) + 2un − 1

2
un−1,

3

2
vn+1 −∆tDv△vn+1 = 2∆tg(un, vn)−∆tg(un−1, vn−1) + 2vn − 1

2
vn−1.

(5.13)

From Eq. (5.13), concentrations of u and v at time (n + 1)∆t can be evaluated by

using their values at times n∆t and (n− 1)∆t after the appropriate discretization.

For the spatial discretization, we use the Kansa method. Let Z = {z1, . . . , zN}

be a set of discrete trial centers in domain Ω and Φ(·, ·) be a RBF. Then, the con-

centration function un+1 can be approximated by

un+1 =
N∑
i=1

λiΦ(·, zi) (5.14)

with unknown coefficients Λ = [λ1, . . . , λN ]
T . In the domain Ω, strong form colloca-

tion conditions are imposed as

N∑
i=1

λi

(
3

2

Ni∑
j=1

Φ(zj, zi)−∆tDu

Ni∑
j=1

△Φ(zj, zi)

)
= h(zj) for zj ∈ Ω,

where

h(zj) = 2∆tf(un
j , v

n
j )−∆tf(un−1

j , vn−1
j ) + 2un

j −
1

2
un−1
j
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with un
j denotes the concentration of u at zj and T = n∆t. On the boundary, zero

flux boundary conditions are considered as

∂un+1

∂n
=

N∑
i=1

λi

Nb∑
j=1

∂Φ(zj, zi)

∂n
= 0 for zj on ∂Ω.

Combined collocation conditions in the domain and on the boundary, unknown coef-

ficients Λ for un+1 can be obtained by solving the following matrix equation (appro-

priately depending on its dimension)

23Φ(Zi, Z)−∆tDu△Φ(Zi, Z)

∂Φ(Zb, Z)

∂n

Λ =

h(Zi)

0

 , (5.15)

with Z = Zi ∪ Zb. After finding coefficients Λ, the concentration value un+1 in the

domain Ω is given by Eq. (5.14).

The overdetermined Kansa method is an alternative approach to use of the orig-

inal Kansa method to discretize PDEs. In the overdetermined least-squares Kansa

method, more collocation points X are used than trial set Z, i.e, hX ≤ hZ . Because

zero flux boundary conditions are applied to the GM model, we use weights for the

Neumann boundary sub-matrix proposed in the previous chapter as

ω1 = m− d
2
−4

(
vol(∂Ω)

vol(∂Ω)

) d−1
2
(

vol(Ω)

vol(∂Ω)
d

d−1

)−0.5

hd
Xh

d+2
Y . (5.16)

When we apply weighted least-squares formulations to discrete the spatial space, the

system matrix becomes23Φ(Xi, Z)−∆tDu△Φ(Xi, Z)

ω1
∂Φ(Xb, Z)

∂n

Λ =

h(Xi)

0

 . (5.17)

As both the Kansa method in Eq. (5.15) and the weighted least-squares method

in (5.17) for spatial discretization are meshless, they can be applied to irregular

domains. Therefore, besides the square domain, we also consider irregular domain
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shapes in our simulation in the latter section.

5.4 Complex pattern formations by a spatially vary-

ing parameter

For all tested examples, the unscaled Whittle-Matérn-Sobolev kernel is used

Φm(x) := ∥x∥m−d/2
2 Km−d/2(∥x∥2) for x ∈ Rd,

where Kν is the Bessel functions of the second kind. Kernel smoothness is taken

as m = 6. In the system (5.1), we fixed parameter Dv = 0.27, ν = 100.0, r =

0.001, Du = dDv, d = 0.0035 and use µ as the bifurcation parameter. We set initial

conditions as u(0, x) = u0+0.01ξ with ξ denoting a uniform random number in [−1, 1]

and u∞ is the spatially steady state in the Eq. (5.3) for all of our test examples.

5.4.1 Pattern formations by a spatially constant parameter

We study pattern changes as the value of µ changes. By the Turing instability

conditions in (5.4) and (5.9), the critical value to ensure pattern formations is µT =

2.04. We first study patterns for spatially fixed µ in the unit square domain [0, 1]×

[0, 1]. For the Kansa method, trial centers and collocation points set as 402 uniformly

distributed points in Ω. For least-squares methods, the same trial centers and 602

collocation points are used. We test three cases for spatial discretization: the weighted

least-squares method and the Kansa method with two random initial conditions. The

numerical results are shown in Figure 5.1. Patterns are formed for µ > 2.04, which

is consistent with the Turing instability analysis in Figure 5.1 (a)-(f). Stripes are

formed for µ ∈ [2.1, 2.3] and Figure 5.1 (g), (h) and (i) show results of µ = 2.15 and

T = 3000. When µ takes any value between 2.3 and 2.5, bistable patterns are formed

in which both striped and spotty patterns are possible states. Figure 5.1 (j), (k), and

(l) show results for µ = 2.4 at T = 3000. For µ > 2.5, spotted patterns are formed,

and the spots become smaller as µ increases. Figure 5.1 (m), (n), ,and (o) show the
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resulting patterns when µ = 3. For any fixed value µ, the same type but different

patterns are formed by the weighted least-squares method and the Kansa method

from Figure 5.1 (a)-(f), for instance, the direction of strips for µ = 2.15, the position

of spots and strips for µ = 2.4, and locations of spots for µ = 3. In these numerical

tests, the problem of ill-conditioning does not spoil the results given by the Kansa

method. Therefore, the Kansa method is used in the following.

From [15], pattern formations are sensitive to domain shape for some Turing sys-

tems. Because we are aiming to simulate complicated patterns on irregular domains,

it is vital to investigate the effect of domain shapes on pattern transition as the bi-

furcation parameter changes in our model. Specifically, we consider the peanut-shape

domain Ω1 from Eq. (5.23) with a similar curve on fish and the asterisk-shape domain

Ω2 from Eq. (5.24) with its boundary similar to an octopus. For the peanut-shape

domain Ω1, we use Ni = 884 collocation points in the domain and Nb = 222 equally

spaced collocation points on the boundary, and we use Ni = 969 uniformly distribut-

ed collocation points for the asterisk-shape domain Ω2 with Nb = 260 collocation

points on the boundary. The size of the time step is set at ∆t = 0.01. Figure 5.2

shows pattern transitions for µ ∈ {2.04, 2.05, 2.15, 2.4, 3}. We see almost the same

behavior as that occurring in the square domain. Therefore, domain shapes do not

have a detectable influence on pattern transition in the GM model.

5.4.2 Mixed patterns of steady state, stripes and spots

Some real-life fishes have mixed patterns (steady state, spots, and stripes). From

Figure 5.3 (a), the Frontosa fish has vertical stripes on its body and keep a steady

state on its tail. Whereas the sharpnose pufferfish possess both strips and spots on

its body as in Figure 5.3 (b). Before considering the complicated fish-shape domain,

we first try to generate similar patterns on the simple domains used in section 5.4.1.

Mixed patterns can be generated by setting µ as characteristic function

µ(x, y) =

µ1, for (x, y) ∈ P1,

µ2, for (x, y) ∈ Ω \ P1,
(5.18)

93



µ
=

2
.0
4
(T

=
4
0
0
)

Least-squares

(a)

Kansa method 1

(b)

Kansa method 2

(c)
µ
=

2
.0
5
(T

=
3
0
0
0
)

(d) (e) (f)

µ
=

2
.1
5
(T

=
3
0
0
0
)

(g) (h) (i)

µ
=

2
.4
(T

=
1
0
0
0
)

(j) (k) (l)

µ
=

3
(T

=
4
0
0
)

(m) (n) (o)

Figure 5.1: Pattern transition in unit square domain with dt = 0.01, ν = 100.0, r =
0.001, D1 = dD2 (d = 0.0035), D2 = 0.27 and µ ∈ {2.04, 2.05, 2.15, 2.4, 3} by the weighted
least-squares method and the Kansa method under two initial conditions with different
random perturbations
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Figure 5.2: Pattern formations in Ω1 and Ω2 defined in appendix 5.4.6 when ∆t = 0.01,
ν = 100.0, r = 0.001, D1 = dD2 (d = 0.0035), D2 = 0.27 and µ ∈ {2.04, 2.05, 2.15, 2.4, 3}
with collocation points Ni = 884, Nb = 222 for Ω1 and Ni = 884, Nb = 969 for Ω2
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with µ1 and µ2 being values corresponding to steady state, stripes, or spot pattern

from Section 5.4.1. When values of parameter µ are taken as the characteristic

function in (5.18) with values of µ1, µ2 and subdomains P1, P2 as in Table 5.1, Figure

5.4 (a), (c), and (e) show that expected mixed patterns ranging from steady state to

vertical stripes are generated. From Figure 5.4 (b), (d), and (f), we can have mixed

patterns of horizontal stripes and spots for all domain shapes. We conclude that

mixed patterns can be generated when µ takes different constant values in different

subdomains.

Next, we try to set µ as a stepfunction to create the patterns seen in the Frontosa

fish and sharpnose pufferfish in Figure 5.3. The domains of these two fishes are

constructed as Ω3 for the Frontosa fish and Ω4 for sharpnose pufferfish as stated in

the appendix 5.4.6. Uniformly distributed Ni = 1743 and Nb = 301 discrete points

are used in the domain and on the boundary of Ω3. Patterns similar to those of the

Fronsta fishes are formed in Figure 5.5 (a) when using bifurcation parameter µ in Ω3

as in Table 5.1. Figure 5.5 (b) shows the profile of the parameter µ in the domain Ω3.

For sharpnose pufferfishes, the numbers of equally spaced trial centers are Ni = 1746

and Nb = 218 on the domain Ω4. Patterns of sharpnose pufferfish in Figure 5.5 (c)

can be formed by setting µ in Ω4 as in in the Table 5.1 and we plot it in Figure 5.5

(d).
(a) (b)

Figure 5.3: (a): frontosa fish [1] and (b): pufferfish [2]

5.4.3 Patterns of variably sized spots

From Figure 5.6, the pattern seen on stingrays is spots of different size on the body

and tail. In this part, we try to simulate patterns with variably sized spots.
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(a)

T
=

1
0
0
0

(b)

T
=

1
0
0
0

(c) (d)

T
=

1
0
0
0

(e) (f)

Figure 5.4: Pattern formations with ∆t = 0.01, ν = 100.0, r = 0.001, D1 = dD2 (d =
0.0035), D2 = 0.27 and µ as step functions in Eq. (5.18) with µ1, µ1 and sub-domains P1,
P2 as in the Table 5.1
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(a)

T = 1000

(b)

(c)

T = 400

(d)

Figure 5.5: Pattern simulations of Frontosa and Sharpnose pufferfishes with ∆t = 0.01, ν =
100.0, r = 0.001, D1 = dD2 (d = 0.0035), D2 = 0.27 and µ as step functions in Eq. (5.18)
with µ1, µ2 and sub-domains P1, P2 in the Table 5.1

We first generate similar patterns on some simple domains. In [60], by the finite

difference method, mixed patterns of large and small spots can be formed by varying

µ sinusoidally across the spatial domain in the square domain as

µ(x, y) = p(1 + 0.5 cos(qπx) cos(qπy)) for (x, y) ∈ Ω, (5.19)

with p and q being constants that can be used to adjust spot size. Here, we use the

strategy to generate patterns on different domains. Figure 5.7 shows our simulation

results with parameters µ as Eq. (5.19) and p = 3 and q = 3.5. It is once again

observed that domain shape has no influence on the patterns.

We apply µ in the Eq. (5.19) to construct patterns in the stingray domain Ω5

introduced in appendix 5.4.6. We use Ni = 2155 uniformly distributed points in the

domain and Nb = 241 on the boundary in our computation. Based on different kinds
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of spot patterns, the domain is divided into three patches

P1 : {
√

x2 + y2 ≤ 0.6}, P2 : Ω ∩ {x ≤ −0.94}, P3 : Ω5 \ (P1 ∪ P2)

and uses values of µ as

µ(x, y) =


2.5(1 + 0.5 cos(3.5πx) cos(3.5πy)) for (x, y) ∈ P1,

2.5(1 + 0.5 cos(2.5πx) cos(2.5πy)) for (x, y) ∈ P2,

3.0 for (x, y) ∈ P3.

(5.20)

Figure 5.8 plots the pattern simulated for stingrays with final time T = 500 and

values of bifurcation parameter in Ω5.

Figure 5.6: Left: stingray [3] and right: zebrafish [4]

Figure 5.7: Pattern formation at T = 400 when dt = 0.01, ν = 100.0, r = 0.001, D1 = dD2

(d = 0.0035), D2 = 0.27 and µ = 3.0(1 + 0.5 cos(3.5πx) cos(3, 5πy))

5.4.4 Striped patterns with fixed direction

Based on findings in Section 5.4.1, striped patterns can be formed with µ ∈ [2.1, 2.3].

However, the directions of the stripes are different as initial conditions change and
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Figure 5.8: Pattern simulation of stingray at T = 500 with ∆t = 0.01, ν = 100.0, r =
0.001, D1 = dD2 (d = 0.0035), D2 = 0.27 and the bifurcation parameter takes as µ =
2.5(1+0.5 cos(3.5πx) cos(3.5πy)) for

√
x2 + y2 < 0.6, µ = 2.5(1+0.5 cos(2.5πx) cos(2.5πy))

for x < −0.94, and µ = 3 for elsewhere

cannot be controlled. Nevertheless, some animal patterns in nature exhibit fixed

directions. For example, patterns on zebrafishes are straight horizontal stripes from

head to tail as in Figure 5.6. In this section, we provide two settings to generate such

patterns.

In the first case, straight stripes are formed with a characteristic function µ as

in Eq. (5.18) that we used to simulate patterns on Frontosa fish in Figure 5.5 and

Figure 5.4. To obtain stripes in the horizontal direction, we use three step functions

in Eq. (5.18) with specific values of µ1, µ2 and, sub-domains P1, P2 as in Table 5.2.

Figure 5.9 (a), (c), and (e) show that striped patterns along the x axis were formed

in the square domain. Horizontal patterns were also formed in the two other domains

Ω1 and Ω2 although irregular patterns appeared near the boundary. We then use µ as

the characteristic function to construct patterns formed on zebrafishes. Figure 5.10

(b) plots the parameter setting as in Table 5.2. The resulting simulation is shown in

Figure 5.10 (a).

In our second approach, striped patterns formed along the x−axis when µ ∈

[µ1, µ2] changes linearly along the y−axis with both µi, i ∈ {1, 2} corresponding to

stripe patterns. However, the stripes are not straight due to the influence of domain

shape. We separate the domain into two patches P1 and P2, and use constant µ in
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P1 and linearly change µ in P2, i.e.,

µ =


µ1 +

µ2 − µ1

y2 − y1
(y − y1) for (x, y) ∈ P1,

µ2 for (x, y) ∈ P2.

(5.21)

Figure 5.9 (b), (d), and (f) illustrate the simulation results with parameters µ1, µ2,

y1, y2 and sub-domains P1, P2 in Eq. (5.21) shown in Table 5.2. Straight striped

patterns along the x−axis were formed in most regions of the domain except for small

subdomains near the boundary of Ω2. With this spatially changed µ in Ω3 as in the

Figure 5.10 (d), we simulated patterns on zebrafishes shown in the Figure 5.10 (c).

5.4.5 Circular and semicircular patterns

In this part, we aim to construct two kinds of patterns: angelfish in Figure 5.11 (a)

and semicircular stripes centered with an ellipse in Figure 5.11 (b).

In [60], when the domain is divided into two patches with a small rectangle as the

boundary, circular stripes can be generated by the finite difference method. Motivated

by this, we also use this strategy to build circular and semicircular stripes. Instead of

using rectangles as boundaries of the two patches, we use a small ellipse and spatially

change parameter µ as

µ(x, y) =


µ1, for P1 :=

{
(x, y)| (x− xc

a
)2 + (

y − yc
b

)2 ≤ 1, (x, y) ∈ Ω
}
,

µ2, for (x, y) ∈ P2 : Ω \ P1.

(5.22)

When the values of a and b are equal in P1 of Eq. (5.22), the boundaries of these

two patches form a circle. We first consider this case in P1. Figure 5.12 (a) and

(c) display the patterns generated when parameters in Eq. (5.22) are used as in

Table 5.3. Circular patterns in the center with surrounding spots are formed for both

domains. Figure 5.13 (a) shows that similar patterns can be formed with parameters

in Table 5.3 and µ in Figure 5.13 (b).

Lastly, we consider pattern formations by using the elliptical boundary between
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(a)

T=500

(b)

T=1000

(c) (d)

(e) (f)

Figure 5.9: Pattern formations with ∆t = 0.01, ν = 100.0, r = 0.001, D1 = dD2 (d =
0.0035), D2 = 0.27 and spatially changed parameters µ as step functions in Eq. (5.18) and
function as in Eq. (5.21) with parameters values shown in Table 5.2
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T=500

(a) (b)

(c)

T=1000

(d)

Figure 5.10: Pattern simulations of zebrafishes with Ni = 1743, NZb = 276, ∆t =
0.01, ν = 100.0, r = 0.001, D1 = dD2 (d = 0.0035), D2 = 0.27 and the bifurcation
parameter takes as : (a) step functions Eq. (5.18), (c) function as in Eq. (5.21) with
parameters values as in Table 5.2

two patches. From Figure 5.12 (b) and (d), when parameters are set as in Table

5.3, circular patterns centered at an ellipse are formed for the square and peanut-

shape domains. We then use this strategy to construct patterns on angelfish with its

domain simulated as Ω6 in Appendix 5.4.6. For patterns of angelfishes, circular and

semicircular stripes centered at a small ellipse close to the tail are formed. When we

use the parameters in Table 5.3 and the bifurcation parameter in 5.14 (b), patterns

similar to those on angelfishes are formed as in Figure 5.14 (a).

Conclusion

We studied Turing instability of GM activator-inhibitor models by linear analysis

and evaluated the critical value of the bifurcation parameter analytically. By com-

bining the SBDF2 method and the meshless Kansa method, pattern transitions were

numerically simulated in irregular domains. We also constructed complex patterns

103



(a) (b)

Figure 5.11: (a): angelfish [5] and (b): mimic octopus [6]

(a) (b)

(c) (d)

Figure 5.12: Patterns with ∆t = 0.01, ν = 100.0, r = 0.001, D1 = dD2 (d =
0.0035), D2 = 0.27 and µ as in Eq. (5.22) with unknown parameters in Table 5.3
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T=500

(a) (b)

Figure 5.13: Simulations of patterns on minic octopus when NZi = 969, NZb = 260, ∆t =
0.01, ν = 100.0, r = 0.001, D1 = dD2 (d = 0.0035), D2 = 0.27 and µ changed spatially as
µ = 2.0 for

√
x2 + y2 < 0.1 and µ = 2.2 elsewhere;

T=1000

(a) (b)

Figure 5.14: Pattern simulations of angelfishes with Ni = 1715, NZb = 207, ∆t =
0.01, ν = 100.0, r = 0.001, D1 = dD2 (d = 0.0035), D2 = 0.27 and the bifurcation
parameter takes as µ = 1.8 for (x+0.6

0.1 )2 + ( y
0.01)

2 < 1 and µ = 2.2 elsewhere

105



appearing in nature. Varying sizes of spot patterns can be formed by changing the

parameter sinusoidally. Mixed patterns of steady state, stripes, or spots are formed

by some step functions of µ on different patches of a domain. Circular patterns can

be built by the step function of µ with boundaries of different patches set as a circle or

ellipse. Different fish shaped domains were constructed to further simulate patterns

seen on fishes in real life.

Appendix

5.4.6 Irregular domains

We state irregular domains used in numerical simulation here.

1 Peanut shape domain:

Ω1 :=

{
(r, θ)

∣∣∣∣ r = 2

5

(
3

2
+ cos(2θ)

)
, θ ∈ [0, 2π]

}
, (5.23)

2 Asterisk shape domain:

Ω2 :=

{
(r, θ)

∣∣∣∣r = 2

5

(
3

2
+ cos(4θ)2

)
, θ ∈ [0, 2π]

}
, (5.24)

3 Domain Ω3 := Ω1
3 ∪ Ω2

3 to simulate patterns on frontosa fish and zebrafishes

Ω1
3 =

{
(x, y)| − 0.5 + 0.61(x+ 1.5) ≤ y ≤ 0.5− 0.61(x+ 1.5),

x ∈ [−1.5,−0.94]
} (5.25)

and

Ω2
3 =

{
(x, y)

∣∣x2 +
y2

0.52
= 1, x ∈ [−0.94, 1], y ∈ [0.5, 5]

}
. (5.26)

4 For sharpnose pufferfish, triangles and ellipse are used to built domain Ω4 :=
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Ω1
4 ∪ Ω2

4 as

Ω1
4 =

{
(x, y)

∣∣∣∣x2 +
y2

0.62
= 1, x ∈ [−0.74, 1], y ∈ [−0.6, 6]

}
, (5.27)

and

Ω2
4 =

{
(x, y)| − 0.37(x+ 1.8) ≤ y ≤ 0.37(x+ 1.8), x ∈ [−1.8,−0.74]

}
.

(5.28)

5 Domain Ω5 := Ω1
5 ∪ Ω2

5 used to simulate patterns on stingray in Figure 5.6

constructed as

Ω1
5 =

{
(x, y)

∣∣ x2 +
y2

0.82
= 1, x ∈ [−0.94, 1], y ∈ [−0.8, 8]

}
, (5.29)

and

Ω2
5 =

{
(x, y)

∣∣ − 0.21(x+ 2.2) ≤ y ≤ 0.21(x+ 2.2), x ∈ [−2.2,−0.94]
}
.

(5.30)

6 Domain Ω6 := Ω1
6 ∪ Ω2

6 used to simulate patterns on anglefish as

Ω1
6 =

{
(x, y)

∣∣ x2 +
y2

0.72
= 1, x ∈ [−0.94, 1], y ∈ [−0.7, 0.7]

}
, (5.31)

and

Ω2
6 =

{
(x, y)

∣∣ 0.47− 0.65(x+ 1.3) ≤ y ≤ 0.47 + 0.95(x+ 1.3), x ∈ [−1.3,−0.94]
}

(5.32)

5.4.7 Values of bifurcation parameter

We give the specific bifurcation parameter setting in Figures of each subsection.

107



Table 5.1: Parameter values for figures in Section 5.4.2

Figure µ1 µ2 P1 P2

Figure 5.4 (a) 1.8 2.1 [0, 0.5]× [0, 1] P1 : [0.5, 1]× [0, 1]

Figure 5.4 (b) 2.6 2.1 [0, 1]× [0, 0.5] P1 : [0, 1]× [0.5, 1]

Figure 5.4 (c, e) 1.8 2.1 Ωi ∩ {x ≤ 0}, i = {1, 2} Ωi/P1

Figure 5.4 (d, f) 2.6 2.1 Ωi ∩ {y ≤ 0}, i = {1, 2} Ωi/P1

Figure 5.5 (a) 1.8 2.1 Ω1
3 in Eq. (5.25) Ω2

3 in Eq. (5.26)

Figure 5.5 (c) 2.6 2.1 Ω4 ∩ {y ≤ 0.2} Ω4/P1

Table 5.2: Parameter values for figures in Section 5.4.4

Figure µ1 µ2 P1 P2 y1 y2

Figure 5.9 (a) 2.1 2.2 [0, 1]× [0.5, 1] [0, 1]× [0, 0.5]

Figure 5.9 (b) 2.1 2.3 [0, 1]× [0, 0.9] [0, 1]× [0.9, 1] 0 0.9

Figure 5.9 (c, e) 2.1 2.2
Ωi ∩ {|y| ≤ 0.3},

i = {1, 2}
Ωi\P1

Figure 5.9 (d) 2.1 2.3 Ω1 ∩ {y ≤ 0.35} Ω1\P1 −0.5 0.35

Figure 5.9 (f) 2.1 2.3 Ω2 ∩ {y ≤ 0.3} Ω2\P1 −1 0.3

Figure 5.10 (a) 2.1 2.2 Ω3 ∩ {y ≤ 0.3} Ω3\P1

Figure 5.10 (c) 2.1 2.3 Ω3 ∩ {y ≤ 0.3} Ω3\P1 −0.5 0.3

Table 5.3: Parameter values for figures in Section 5.4.5

Figure a b xc yc µ1 µ2

Figure 5.12 (a) 0.05 0.05 0.5 0.5 2.0 2.2

Figure 5.12 (b) 0.12 0.02 0.5 0.5 1.8 2.2

Figure 5.12 (c) 0.07 0.07 0 0 2.0 2.3

Figure 5.12 (d) 0.3 0.05 0 0 1.8 2.2

Figure 5.13 0.1 0.1 0 0 2.0 2.2

Figure 5.14 0.1 0.01 −0.6 0 1.8 2.2
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