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Abstract

Inverse problems arise in numerous fields of science and engineering where

one tries to find out the desired information of an unknown object or the cause

of an observed effect. They are of fundamental importance in many areas

including radar and sonar applications, nondestructive testing, image pro-

cessing, medical imaging, remote sensing, geophysics and astronomy among

others. This study is concerned with three issues in scattering theory, frac-

tional operators, as well as some of their inverse problems.

The first topic is scattering problems for electromagnetic waves governed

by Maxwell equations. It will be proved in the current study that an in-

homogeneous EM medium with a corner on its support always scatters by

assuming certain regularity and admissible conditions. This result implies

that one cannot achieve invisibility for such materials. In order to verify the

result, an integral of solutions to certain interior transmission problem is to be

analyzed, and complex geometry optics solutions to corresponding Maxwell

equations with higher order estimate for the residual will be constructed.

The second problem involves the linearized elastic or seismic wave scat-

tering described by the Lamé system. We will consider the elastic or seismic

body wave which is composed of two different type of sub-waves, that is, the

compressional or primary (P-) and the shear or secondary (S-) waves. We

shall prove that the P- and the S-components of the total wave can be com-

pletely decoupled under certain geometric and boundary conditions. This is

a surprising finding since it is known that the P- and the S-components of the

elastic or seismic body wave are coupled in general. Results for decoupling

around local boundary pieces, for boundary value problems, and for scatter-

ing problems are to be established. This decoupling property will be further

applied to derive uniqueness and stability for the associated inverse problem

of identifying polyhedral elastic obstacles by an optimal number of scattering

measurements.

Lastly, we consider a type of fractional (and nonlocal) elliptic operators

and the associated Calderón problem. The well-posedness for a kind of for-
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ward problems concerning the fractional operator will be established. As

a consequence, the corresponding Dirichlet to Neumann map with certain

mapping property is to be defined. As for the inverse problem, it will be

shown that a potential can be uniquely identified by local Cauchy data of the

associated nonlocal operator, in dimensions larger than or equal to two.
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Chapter 1

Introduction

Inverse problems ask to find out information of a medium that cannot be

observed directly. They have wide application in science and engineering, for

instance, X-ray tomography, oil detection, seismic inversion, image recovering,

just to name a few. In this chapter, we will give a general background of

inverse problems, as well as a brief introduction of the three specific topics

which will be focused in the current study.

1.1 Inverse Problems

Inverse problems arise in various areas of science and engineering where one

tries to find out the desired information of an unknown object or the cause of

an observed effect. A general way to do so is to send probing waves, measure

the resulting perturbation produced by the presence of the object, and deduce

the targeted information from these measurements. For a collection of various

topics in inverse problems, one may refer to [121].

As opposed to forward or direct problems, where the general model is

known and one tries to find out the output information for given input, inverse

problems are based on the setting that some information of the original model

is missing and the goal is to find out this targeted information by collecting

input and output pairs. Abstractly, suppose that F is a model with the

information set Λ. Then forward problems aim to find out the response of
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the model corresponding to certain input x, namely,

x, F [Λ] =⇒ F [Λ](x).

As for inverse problems, by giving input x and measuring the corresponding

output F [Λ](x), one tries to recover (part of) the unknown information Λ of

F , that is, (
x, F [Λ](x)

)
=⇒ Λ.

A large number of inverse problems are non-linear and ill-posed, including

the ones to be considered in the current study.

Inverse scattering is an important area of inverse problems. In forward

scattering, incident wave fields will be perturbed due to the presence of a

penetrable or impenetrable inhomogeneity in the free space, which is called

a scatterer. A scattered field will be generated owning to the interaction be-

tween the incident wave and the scatterer. The scattered wave obeys certain

decaying property at infinity, namely, the radiation condition. As a conse-

quence, the scattered wave possesses certain asymptotic behavior at infinity,

which reveals a one-to-one correspondence to a function called the far-field

pattern or scattering amplitude. The scatterer usually appears in two differ-

ent ways. One is impenetrable or impedance obstacles, in which cases the

wave propagation is governed by the corresponding partial differential equa-

tion (PDE) in the exterior domain with certain boundary condition, as well

as another coupled PDE in the interior if it is impedance. The other type

of scatterers is inhomogeneous medium, where the PDE with variable coef-

ficients, reflecting the inhomogeneity, is satisfied in the whole domain. In

forward scattering, the scatterer is known, and one aims to find the propa-

gating waves and their properties. Inverse scattering problems are concerned

with the opposite direction of forward scattering. It asks to recover tar-

geted information of the scatterer by measuring its corresponding scattering

waves. For a comprehensive study of inverse scattering problems, we refer to

[30, 17, 19].

The Calderón problem, which is also called electrical impedance tomogra-

phy (EIT), is another type of inverse problems which has received considerable

2



attention since Calderón’s paper [22] in 1980. Calderón asked and provided

a partial solution to the question of whether the electrical conductivity of

a medium can be determined by voltage and current data at the boundary.

Mathematically speaking, the Calderón problem concerns whether one can

recover (information of) the coefficients of differential operators from the cor-

responding Dirichlet to Neumann map. There have been many works on the

Calderón problems under various settings in the last three decades (cf., the

surveys [25, 11, 131]).

There are three main issues in inverse problems. Uniqueness concerns

whether there is only one object which corresponds to the measurements, or

there are several different materials react the same to the measurements. Sta-

bility asks how similar two objects are to each other, provided that the differ-

ence between the corresponding measurements are sufficiently small. Recon-

struction aims at designing analytical and numerical methods to reconstruct

the unknown object from measured data in practice.

1.2 Three Topics to be Explored

Three focused topics in this thesis will be briefly introduced in this section.

They are, the electromagnetic scattering in the case when the inhomoge-

neous medium has a corner at its support, elastic/seismic wave decoupling

under certain geometric and boundary conditions, and a type of fractional

anisotropic operators and the associated Calderón problem.

1.2.1 Corner Scattering for Electromagnetic Fields

Considering scattering problems for electromagnetic (EM) waves, we are in-

terested in the problem of whether singularities of the scatterer will necessar-

ily affect the far-field behavior of the scattered waves. In fact, we will prove

that, if a penetrable EM medium with regular parameters has a right corner at

its support, it will always scatter incident waves, under certain admissibility

conditions.

Besides its own interest, one of the motivations of our study on corner scat-
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tering is the possibility of invisibility cloaking. Instead of trying to uniquely

determine an inhomogeneity in inverse problems, the goal of cloaking is to

make the scatterer undetectable. It has been shown both in mathematics

and in engineering that one can make an object invisible by constructing an

appropriate cloak (cf. [62, 88, 112, 122, 16, 83, 61, 60, 82, 70, 107, 38, 37]).

Materials needed for perfect cloaking are known to be singular, which

is in agreement with the known uniqueness results in corresponding inverse

problems for regular coefficients (cf. [127]). Therefore, it is natural to ask

whether partial cloaking, invisibility under certain incident waves for instance,

is achievable when the cloaking device is of regular parameters. According

to our corner scattering results, the answer is no for any regular EM medium

which has a corner at its support, unless (perhaps) it is probed by a class of

incident waves with special forms.

Our EM corner scattering result is verified by establishing a stronger one,

via the analysis of interior transmission problems (ITPs) (see, e.g., [33, 111,

18, 66, 21, 19]) associated to the Maxwell system. More precisely, we will

prove that if an EM field satisfies certain ITP in a domain with corners, then

it cannot be extended across the corner in the way that the Maxwell equations

are still satisfied in a neighborhood of this corner.

The corner scattering result concerning acoustic medium scatterers was

first derived by Bl̊asten, Päivärinta and Sylvester [10] in 2014. They proved

that, in any dimension n, acoustic medium scatterers with a rectangular

corner will always scatter any incident field. Elschner and Hu then showed

in [45], by assuming real-analyticity for the refractive index, that any corner

in dimension two or any edge in dimension three scatterers every acoustic

incident waves. Later on, Päivärinta, Salo and Vesalainen [110] proved similar

corner scattering results in dimension two, but with less restriction on the

coefficients of the medium. They also showed for dimension three that any

convex conic corner, excluding those of angles in a countable set, will scatter

acoustic incident fields nontrivially. Results for more general corners and

edges can be found in [46].

We shall generalize in this thesis, non-trivially though, the result in [10],

4



from acoustic wave propagation to the more challenging and practical EM

case. Due to the complication of non-elliptic and vectorial Maxwell systems

compared to the case of elliptic and scalar Helmholtz equations, substantial

challenges will occur when generalizing the results. Firstly, by assuming the

triviality of the far-field amplitude, an integral identity for (vectorial) solu-

tions to the corresponding ITP for EM waves has to be derived. Secondly,

it is to be verified that the Laplace transform for the dot product of certain

two vectorial fields cannot vanish identically in any open set. Lastly and cru-

cially, special complex solutions, which obeys certain exponentially decaying

property, to corresponding variable coefficients Maxwell equations have to

be constructed. Those kind of solutions are called complex geometric optics

(CGO) solutions which have also found applications in other kinds of inverse

problems; see for instance, the survey article [129].

The construction of CGO solutions with sufficiently sharp estimates for

residual terms is of crucial importance in our proof of the main result. CGO

solutions for Maxwell equations were first constructed in [32], where authors

considered EM scatterers of variable electric permittivity and conductivity

but constant magnetic permeability. It was then generalized in [109] (see also

[108]) for the construction of CGO solutions to the fully variable Maxwell sys-

tem. The main idea in [109] is to introduce two extra scalar fields in addition

to the six-dimensional EM field, and then convert the Maxwell system to a

system of eight Schrödinger equations, for which there are many more known

results on CGO solutions. However, most of the known CGO solutions to

Maxwell systems are constructed with an L2 estimate for the residual term,

which is not sufficient for our current study. Therefore, CGO solutions with

Lp residuals of decaying order larger than 3/p, for any p ≥ 2, will also be

constructed.

5



1.2.2 Decoupling of Elastic Fields and its Applications

in Scattering and Inverse Scattering

Elastic, or seismic, body waves are mainly composed of primary (P-) and sec-

ondary (S-) waves, alias, compressional and shear waves. P-waves propagate

longitudinally and faster than S-waves which travel transversally. These two

kinds of waves are known to be coupled in general. For example, P-waves

can convert to S-waves after striking an interface, and vice versa. However,

we shall show in Chapter 3 that the P- and the S-waves can be completely

decoupled in certain circumstances.

Let U = (Uj)
3
j=1 denote the displacement field of a time-harmonic elastic

or seismic wave field. It satisfies the Lamé system, or the reduced Navier

equation,

(∆∗ + ω2)U = 0,

with the Lamé operator ∆∗ given by

∆∗U = µ∆U + (λ+ µ)∇ (∇ ·U) .

Denote the Helmholtz decomposition of U as

U = −∇φ+ curl F.

It is known (and can be verified straightforwardly) that the scalar field φ, or

v := −∇ ·U, which is closely related to the P-wave, satisfies the Helmholtz

equation, and the vector field F, or E := curl U, corresponding to the S-wave,

is a solution to the Maxwell equations.

We shall prove that, under certain geometric and boundary conditions,

elastic/seismic displacement fields have a special correspondence to solutions

of Helmholtz equations and those of Maxwell systems with the Dirichlet or

Neumann conditions. More precisely, in the case of scattering on a fourth

kind obstacle D, we will show that the scalar field φ, or v, satisfies the sound-

soft acoustic scattering problem, and F, or E applies to the electromagnetic

one with a perfect electric conductor, provided that ∂D satisfies a piece-

wise geometric condition (see, Section 3.2). Otherwise if the obstacle D is
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polyhedral and of the third kind, then F or E satisfies the electromagnetic

scattering model for a perfect magnetic conductor, and φ and v solves the

sound-hard acoustic one. Decoupling results in domains connected to a third

or fourth boundary piece, as well as decoupling for homogeneous third or

fourth boundary value problems will also be established.

With the help of these decoupling properties, we are able to further obtain

uniqueness as well as stability for corresponding linearized inverse elastic or

seismic scattering problems in the identification of a third or fourth kind

polyhedral obstacle. from an optimal number of scattering (near-field or

far-field) measurements. In particular, we shall show that if a polyhedral

obstacle without flat components is either a third or a fourth kind scatterer,

then it can be identified from only one single total scattering measurement,

or a single P-part (resp., S-part) one by assuming that the incident plane

wave has nontrivial P-part (resp., S-part). In the case that the polyhedral

scatter might contain two-dimensional pieces, we will verify the uniqueness

of determining a fourth kind scatter from a single (total or P-) scattering

measurement whose incident field has nontrivial P-part, or by two (total

or S-) scattering measurements whose incident fields has nontrivial S-part.

Otherwise if it is a third kind scatter with two-dimensional pieces, it can be

identified by two (total or S-) measurements with incident fields of nonzero S-

part, or by three (total or P-) measurements for incident waves with nonzero

P-part.

It is important in practice to reduce the number of needed measurements

in detecting a scatterer. Results for identifying an acoustic or electromagnet

obstacle with particular property by minimal (and finite) number of measure-

ment can be found in references, for instance, [26, 3, 47, 96, 94, 95, 67, 71, 73],

and corresponding stability estimates are contained in [114, 123, 91, 90, etc.].

As for counterparts in inverse elastic/seismic scattering, much less has been

found.

The first result in inverse elastic scattering is given by Hähner and Hsiao

[65]. They showed the uniqueness of determination of an impenetrable elas-

tic obstacle with the Dirichlet (first kind) boundary condition by infinitely

7



number of far-field measurements. Gintides and Sini [58] then proved similar

results but need only to use pure P- (or S-) far-field measurements generated

by pure P- (or S-) type of incident plane waves.

As for detection of elastic obstacles by a few number of measurements,

authors in [68] showed that one can detect a ball or a convex polyhedron

by one measurement, which is also in accordance with counterpart results in

inverse acoustic or EM scattering problems. Later on, the authors in [49]

proved that a fourth kind polyhedral obstacle is uniquely identifiable by a

single P-far-field measurement, and a third kind one can be detected by two

S-far-field measurement. It is worth mentioning that the last reference [49] is

the most relevant to our current study on uniqueness in inverse elastic scatter-

ing. But our uniqueness results apply to more general settings of scatterers

and measurements. In addition, the arguments we shall use to prove our

uniqueness results are completely different to those in [49]. Moreover, based

one the uniqueness results, we will consider the stability for corresponding

inverse elastic scattering of linearized elastic or seismic waves. The stability

estimates are of logarithmic type, which is known to be optimal for inverse

scattering problems at fixed energy.

The main idea in proving our uniqueness and stability results is to convert

the elastic scattering into the acoustic scattering for the P-wave and the EM

one for the S-wave, by applying the aforementioned decoupling properties.

Then the uniqueness and stability in recovering third or fourth kind elas-

tic/seismic obstacles can be obtained as a consequence of the known unique-

ness and stability results for corresponding acoustic and EM inverse problems

with polyhedral scatterers (see, [26, 3, 47, 97, 94, 114, 90, 91]).

1.2.3 A Fractional Operator and an Associated Calderón

Problem

The Calderón problem, which is also called Electrical Impedance Tomography

(EIT), is an important type of inverse problems which has numerous applica-

tions in geophysics, medical imaging, non-destructive testing and many other

8



fields. There has been considerable literature on Calderón problems under

various settings (see, the survey papers [25, 11, 131]), since Calderón’s work

[22] in 1980. The Calderón problem can be formulated in a mathematical way

as, to recover the conductivity γ inside a given domain Ω, from information

of the Dirichlet to Neumann (DtN) map This is closely related to another

inverse problem which asks to determine the potential q from the DtN map

associated with the operator Lγ + q.

Instead of the classical Calderón problem concerning (local) elliptic partial

differential operators, we shall consider the one for the (nonlocal) fractional

anisotropic operator Lsγ with s ∈ (0, 1). The Calderón problem for fractional

operators was first introduced in [55], where the authors considered to recover

the potential q in a bounded domain Ω, from the corresponding DtN map

of the nonlocal operator (−∆)s + q in Ω. It was proved in [55] that the

potential q can be uniquely recovered from partial DtN data. Several related

work on inverse problems concerning the fractional Laplacian has been done

afterwards, see the review paper [120].

The current study is concerned with a more general fractional operator

Lsγ. Unlike the case for the usual fractional Laplacian (−∆)s, which is well

defined and understood via the Fourier transform, the definition of Lsγ is less

clear. In fact, only implicit form of Lsγ is available by far. The fractional

operator Lsγ considered in the current study is a bounded map from Hs(Rn)

to H−s(Rn), which has the following weak form

〈
Lsγf, g

〉
:=

∫
Rn×Rn

(
f(x)− f(z)

)(
g(x)− g(z)

)
Ks(x, z)dxdz, (1.1)

where Ks = Kγ,s is defined via the heat kernel of the elliptic operator Lγ.

The definition (1.1) originates from the function f(t) = ts for operators via

the spectral theorem for densely defined self-adjoint operators, but is more

general in mapping properties. In addition, the weak form (1.1) coincides

with the definition of (−∆)s with Ks defined by the heat kernel of −∆, see

for instance, [86].

Nonlocal operators with the form (1.1) have found applications in various

fields such as random walk and Lévy flights [100, 101], anomalous diffusion

9



[124], image processing [79, 57, 12], machine learning [118], shape optimiza-

tion [34], population dynamics [98]. Mathematical theory for the fractional

Laplacian or more general fractional/nonlocal operators as in the form (1.1)

can be found in, just to name a few, [42, 36, 13, 51, 52, 116, 117, 14, 44, 40].

An interesting property for the fractional Laplacian (−∆)s or the more

general one Lsγ is the extension problem in one more dimension. In partic-

ular, it is proved in [15] that u and (−∆)s u defined in Rn are exactly the

Dirichlet and the Neumann data of a (n+1)-dimensional degenerate operator

∇ ·(x1−2s
n+1 ∇U) in the half space. The result was then extended by [126] into

the case for the more general fractional operator Lsγ, and the corresponding

degenerate problem in one more dimension turns to ∇ ·(x1−2s
n+1 γ∇U).

Based on the extension problem, an important unique continuation prop-

erty for the fractional operator Lsγ can be derived, that is, if both u and Lsγu

vanish in an arbitrary open set, then u has to be zero in the whole space. This

is completely different to the case for ordinary (local) differential operators.

This property was first introduced in [119] as a unique continuation prop-

erty of the fractional Laplacian (−∆)s, and a complete version was proved in

[55]. It was then generated in [54] for s ∈ [1/4, 1) that, as long as u satisfies

(−∆)s u+ qu = 0 in an open set and vanishes in a subset with positive mea-

sure (not necessarily containing any open set), then u must be identically zero

in the whole space. In comparison with complex geometrical optics (CGO)

solutions which plays a crucial role in Calderón problems for ordinary (local)

differential operators, the unique continuation property for Lsγ is crucial in

obtaining uniqueness and other result for fractional inverse problems. It is

noticed that the unique continuation property for (−∆)s is equivalent to the

Runge approximation which states that any L2 function in a bounded open

set can be approximated by solutions in a larger domain. For the Runge

approximation properties of the fractional operator, please see [55, 39, 53, 54,

etc.] for references.

We shall generalize the results in [55] by showing that the potential q in

any dimension n ≥ 2 can be uniquely determined by partial data of the DtN

map Λs
q = Λs

γ,q associated with the nonlocal operator Lsγ + q. The study for
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Ls is much more complicated than the one for (−∆)s. The main challenges

are twofold. Firstly, the fractional Laplacian (−∆)s has been well defined

and understood via the Fourier transform, which is not available for Ls with

γ a general positive definite matrix. Therefore, one has to obtain a proper

definition of the fractional operator Lsγ which satisfies desired mapping prop-

erties and coincides with the fractional Laplacian when the conductivity is the

identical matrix. In addition, it is also natural to expect that a well-defined

operator Lsγ should be compatible with the definition for fractional operators

by the spectral theorem. Another challenge is to prove the unique contin-

uation property for the fractional Laplacian (−∆)s into the one for general

fractional elliptic operators as Lsγ. The main idea to prove such a unique

continuation property is to look into the corresponding extension problem.

Our uniqueness result on recovering q from the DtN map of the nonlocal

operator Lsγ + q is “stronger” than the counterpart for ordinary Calderón

problems concerned with the local differential operator Lγ+q in three aspects.

One is our results and arguments are the same for any dimension n, while

those for classical Calderón problems are different in dimension two and higher

dimensions. The second is that the results in our study are valid for general

isotropic conductivity, but the three dimensional case for classical Calderón

problems has not been solved completely yet. Lastly, our recovery of q will

be set up with a very general partial data setting, in the sense that the

Dirichlet and the Neumann data can be taken on two arbitrary open subsets

of the full data set. However for classical Calderón problems, the best result

for dimension two gives a partial data recovery with the Dirichlet and the

Neumann data measured in arbitrary but the same data set. Even less is

known for three dimensions classical Calderón problems with partial data.

For more details of research concerning the classical Calderón problem, one

can refer to the survey articles [130, 77, 131]

In order for the inverse problem to be accessed, the well-posedness of the

(forward) “boundary” value problem for the fractional operator Lsγ+q will be

first established. Based on that, a proper definition of the DtN map Λs
q will

be further provided. Owing to the nonlocal property of Lsγ, the “boundary”

11



data is no longer measurements taken merely on the boundary of the domain,

but instead the ones measured in (an open subset of) the exterior domain.
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Chapter 2

Corner Scattering for

Electromagnetic Fields

The time-harmonic electromagnetic scattering problem will be considered in

this chapter. We are interested in the phenomenon where no perturbation of

a probing wave can be observed outside or far from a scatterer. We will show

that an electromagnetic medium with regular coefficients but a cubic corner

at its support, will always scatter incident waves, under certain admissibility

conditions. This implies that one cannot achieve invisibility for a regular elec-

tromagnetic medium with corners, except perhaps for a class of incident waves

with special forms. In fact, we will prove a stronger result, which states that

electromagnetic fields satisfying corresponding interior transmission problems

cannot be extended across the corner in a way that the Maxwell equations

are still satisfied. The result will verified by analyzing an integral of solutions

to an associated interior transmission problem in the support of the medium.

Complex geometric optics (CGO) solutions with sufficient sharp estimate for

the residual terms shall play an important role in the proof of the main result.

2.1 Introduction

In this chapter, the case when a electromagnetic (EM) scatterer does not scat-

ter an incident field is to be investigated. This is closely related to two ques-

tions in scattering theory and inverse problems; they are, the non-scattering

13



energy as well as the interior transmission problem, and the invisibility cloak-

ing.

The notion of non-scattering energies originates from the question that

whether there is a case in scattering where the far-field pattern is zero while

the incident field is nontrivial. If this is the case, then the corresponding

wavenumber is called a non-scattering energy (cf. [132]). A relevant field

of research is the interior transmission problem (ITP) [19]. In fact, a non-

scattering energy must be an interior transmission eigenvalue (ITEV) in a

domain, as long as the unique continuation principle applies to the scattered

wave from the far-field up to the boundary of the domain. However, whether

an ITEV can be a non-scattering energy depends on the possibility of the

corresponding interior transmission eigenfunction (ITEF) extending as a so-

lution to the scattering problem.

It is known that some important reconstruction techniques in inverse scat-

tering such as the linear sampling method [29], which assumes injectivity of

the far-field operator, may fail at the non-scattering energy. Therefore, non-

scattering energies or ITEVs had been trying to avoid in inverse scattering,

until researchers found that ITEVs might imply some physical properties of

the medium and could be brought out by far-field measurements; see for

instance, the survey articles [18, 21].

Unlike the existence of ITEVs, which has been almost solved completely

(cf. [20]), there are very few results for the existence of non-scattering ener-

gies. A typical case is the spherically stratified medium, where non-scattering

energies are exactly the same as ITEVs. Another type of known results is

the nonexistence of the non-scattering energy. In particular, authors in [10]

showed that acoustic non-scattering energies do not exist when the scattering

potential has a cubic corner at its support. This result was then generated in

different aspects by authors in [45, 72, 110, 46, etc.].

From another point of view, a scatterer would be invisible to observers

from far away when it is probed by an incident wave which produces no far-

field pattern. This leads to an interesting question of whether one can cloak

an object such that it can be invisible, namely, the possibility of invisibility
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cloaking.

Invisibility cloaking appeals to both scientific and engineering community

for its important and interesting applications in practice. It has been showed

both theoretically and practically that invisibility is achievable by applying

extremely irregular materials, which are called metamaterials ; cf., [62, 88,

112, 122, 16, 83, 61, 60, 82, 70, 107, 38, 37].

On the other hand, metamaterials are not easy nor cheap to construct

owning to the extreme properties they are supposed to have. Therefore, it

is natural to ask whether invisibility is available for materials with regular

parameters. Unfortunately, according to uniqueness results in inverse prob-

lems (cf. [30, 131]), this can only be done in an approximate way, or as a

partial invisibility which is valid under particular circumstances. The results

in [10] implies that invisibility is not even partially achievable when the in-

homogeneous medium as a rectangular corner at its support, by showing the

nonexistence of non-scattering energies.

We shall extend the results in [10] from acoustic scattering to the more

challenging and practical case of EM corners scattering. We will prove that an

EM medium with regular coefficients but a right corner, will always scatter

incident waves, under certain regularity and admissibility conditions. This

result implies that one cannot achieve invisibility for EM waves to a regular

medium with corners, except perhaps for a class of incident waves.

The EM corner scattering result will be proved by establishing a stronger

result, via the analysis for interior transmission eigenvalue problems (cf.

[111, 80, 18]) associated with the Maxwell system. More specifically, we shall

show that EM fields satisfying certain interior transmission eigenvalue prob-

lems cannot be extended across the corner, in such a way that the Maxwell

equations remain to be satisfied in the extended neighborhood. This will be

done by analyzing an integral identity for (vectorial) solutions to the corre-

sponding ITP, establishing a non-vanishing property for Laplace transforms

of the dot product for certain two EM fields, and constructing complex geo-

metric optics (CGO) solutions with residuals decaying in a order larger than

3/p in Lp norm for any p > 6.
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2.2 Electromagnetic Scattering from a Pene-

trable Corner

In this section, the main corner scattering result will be presented. We first

introduce some backgrounds for EM scattering problems. The result for cor-

ner scattering as well as the stronger version concerning the eigenfunctions of

an interior transmission problem is to be given and proved. Auxiliary results

to be applied in the proof of the main results will also be stated.

2.2.1 EM Forward Scattering

The time-harmonic EM wave propagation at the frequency ω > 0 is charac-

terized by the following Maxwell system,

curl E− iωµH = 0, curl H + iωγE = 0, (2.1)

where E and H denote, respectively, the electric and the magnetic fields. The

real coefficients µ = µ(x) > 0 in (2.1) stands for the magnetic permeability,

γ is defined by

γ := ε+ iσ/ω,

where ε = ε(x) and σ = σ(x) are, respectively, the electric permittivity and

the electric conductivity.

Let Σ ⊂ R3 be an inhomogeneous EM medium with the EM parameters

ε, µ and σ. Suppose that Σ is open and bounded in R3, and that

ε(x) = ε0, µ(x) = µ0, σ(x) = 0, for x ∈ R3\Σ,

where ε0 and µ0 are two positive constants denoting the permittivity and the

permeability of the free space. We shall fix the constants ε0 and µ0 through

out this chapter. Let (Einc,Hinc) be a pair of incident fields satisfying in R3

curl Einc − iωµ0H
inc = 0, curl Hinc + iωε0E

inc = 0. (2.2)

The scattering problem associating the inhomogeneous medium (Σ; ε, γ) and

the incident field (Einc,Hinc) is described by
curl E− iωµH = 0, curl H + iωγE = 0, in R3,

lim
|x|→∞

(Hsca×x− |x|Esca) = 0, uniformly for all x̂ := x/|x| ∈ S2,
(2.3)
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where (E,H) represents the total EM field, and (Esca,Hsca) := (E,H) −

(Einc,Hinc) is the scattered field. The limit in the second line of (2.3) is the

Silver-Müller radiation condition, which guarantees that the wave propaga-

tion is outgoing. As a consequence, the following asymptotic behavior at

infinity applies,

Esca(x) =
eiω|x|

|x|
E∞(x̂) +O

(
1

|x|2

)
, Hsca(x) =

eiω|x|

|x|
H∞(x̂) +O

(
1

|x|2

)
.

The functions E∞ and H∞ defined on S2 are known as the far-field pattern,

or the scattering amplitude, of the scattered electronic and magnetic fields

respectively. It is known that there is one-to-one correspondence between

Esca and E∞, as well as Hsca and H∞. Moreover, one has that

H∞ = x̂×E∞ for all x̂ ∈ S2.

Since the scattered field as well as the far-field pattern is determined by both

the incident waves and the scatterer, we sometimes write E∞ as E∞(Σ; Einc,Einc).

Analogous notations also apply to Esca, Hsca and H∞. The EM scattering

problem (2.3) has been thoroughly studied among numerous references. For

the well-posedness and other properties of the EM scattering system, readers

may refer to [103, 106, 30, 91, etc.]

We are concerned with the possibility of the case E∞(Σ; Einc,Einc) ≡ 0, or

equivalently H∞(Σ; Einc,Einc) ≡ 0. If it happens, then the scatterer induces

no perturbation at the outside under the probing wave (Einc,Hinc), and hence

is invisible to this probing field for any outside observer.

2.2.2 The Main Results

We shall show that an EM corner will always scatter incident waves except

for a specific class of waves we have no assertion on it yet. Before presenting

our main result for EM corners scattering in this section, we first specify

mathematically what a cornered scatterer is.

Definition 2.1. An EM medium (Σ; ε, γ) as described in Section 2.2.1 is

called cornered if the following conditions are satisfied.
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(1) There exists a sufficiently small ball Bε0 in R3 such that

γ(x) 6= ε0 and µ(x) 6= µ0, for any x ∈ Bε0 ∩ K,

where K denotes the closed positive orthant of R3.

(2) There is a sufficiently large ball BR0 in R3 such that

supp (ε0 − γ) ⊂ BR0 ∩ K =: D and supp (µ0 − µ) ⊂ D.

In Definition 2.1, the definite position of the corner is constrained at the

origin 0. However, this is not necessary. Therefore, we given the following a

generalized definition of a cornered medium.

Definition 2.1’. An EM medium (Σ; ε, γ) is called cornered if it satisfies the

conditions in Definition 2.1 after a rigid change of coordinates.

Our main result concerning EM corners scattering is stated as the follow-

ing.

Theorem 2.1. Let (Σ; ε, γ) be a cornered scatterer as defined in Defini-

tion 2.1. Assume more that ε, γ ∈ C4(D), and they do not vanish in D.

Then Σ scatterers every incident field contained in the class AEM, which will

be defined later in Definition 2.3.

Proof. Assume the opposite that there exists an incident field (Einc,Einc) such

that the corresponding far-field pattern E∞(Σ; Einc,Einc) to the scattering

system (2.3) is identically zero. Then as a result of Rellich’s lemma (cf. [30])

or the unique continuation property, one has that

(Esca,Hsca) ≡ 0 in R3\D,

where D is the bounded and closed set specified in Definition 2.1. By recalling

the Maxwell equations that the incident field (Einc,Einc) and the total field

(E,H) are subjected to, one has
curl E− iωµH = 0, curl H + iωγE = 0, in D,

curl Einc − iωµ0H
inc = 0, curl Hinc + iωε0H

inc = 0, in D,

ν×E = ν×Einc, ν×H = ν×Hinc, on ∂D,

(2.4)
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with ν the unit normal of ∂D pointing outwards. Therefore, the two pairs

(Einc,Einc) and (E,H) solve the problem (2.4). Moreover, (Einc,Einc) satisfies

the Maxwell equation (2.2) in the whole space R3. This is a contradiction to

Theorem 2.2 which will be presented soon afterwards.

The system (2.4) is actually an interior transmission (eigenvalue) prob-

lem (ITP) for Maxwell equations. It is noticed from the proof that, if the

EM scattering system (2.3) produces trivial scattered field outside the scat-

terer, then the corresponding wave fields satisfy the ITP (2.5). Moreover,

if
(
Einc,E,Hinc,H

)
is a solution to the ITP (2.4), and

(
Einc,Hinc

)
can be

extended into the whole space R3 as a solution to the Maxwell system (2.2)

in R3, then as an incident field,
(
Einc,Hinc

)
will not be scattered by the EM

medium Σ.

Therefore, the essential gap between the non-scattering energy and the

interior transmission eigenvalue (ITEV), is whether the eigenfunction can be

extended to the exterior as a solution to the Maxwell system. A relevant result

in [31] shows that when the medium scatterer is spherically stratified, then

any associated ITEF can be extended as such an incident field which will not

be scattered by the scatterer. In this case the two problems, non-scattering

and ITEF, can be regarded as equivalent.

However, for cornered EM medium scatterers, the following theorem de-

nies the equivalence between the non-scattering energies and the ITEVs. In

other words, interior transmission eigenfunctions of Maxwell equations in a

cornered domain D cannot be extended outside D in a way that the extended

functions can be fields of a EM scattering problem. In fact, they are not even

able to be extended across the corner in such a way.

Theorem 2.2. Let (Σ; ε, γ) be a cornered EM medium satisfying the same

conditions as in Theorem 2.1. Let D be a bounded and closed set specified

in Definition 2.1. Consider the following interior transmission eigenvalue
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problem
curl E− − iωµH− = 0, curl H− + iωγE− = 0, in D,

curl Eint − iωµ0H
int = 0, curl Hint + iωε0E

int = 0, in D,

ν×E− = ν×Eint, ν×H− = ν×Hint, on ∂D,

(2.5)

with ν the unit normal of ∂D pointing outwards. Assume that (2.5) admits

a solution
(
E−,Eint,H−,Hint

)
, with

(
Eint,Hint

)
∈ AEM (see, Definition 2.3).

Then for any open neighborhood Nε of the corner at the support of the medium

Σ, there is no solution (E0,H0) to the Maxwell equations

curl E0 − iωµ0H
0 = 0, curl H0 + iωε0E

0 = 0, in Nε, (2.6)

such that (
E0,H0

)∣∣
D

=
(
Eint,Hint

)
. (2.7)

2.2.3 The Class of Incident Fields

In this section, the class of EM waves fields stated in Theorems 2.1 and 2.2

will be specified.

Definition 2.2. A three-dimensional vectorial field (Eint,Hint) is said to be

inadmissible if, after a rigid change of coordinate, it satisfies the following

conditions (I) and (IIa) or (IIb).

Let PEint (resp. PHint) be the first nontrivial term of the Taylor expansion

for Eint (resp. Hint) at 0. Let N be the smaller one within the order of PEint

and PHint . Denote

S :=


{Eint}, if N = NEint < NHint ,

{Hint}, if N = NHint < NEint ,

{Eint,Hint}, if N = NEint = NHint .

(I) N ≥ 1.

(IIa) N is odd, and for any S ∈ S, the lowest-order homogeneous polynomial

PS can be represented as

PS =
(
x(j) P

(j)
N−1(x)

)3

j=1
,
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with homogeneous polynomials P
(j)
N−1, j = 1, 2, 3, of order N − 1;

(IIb) N is even, and for any S ∈ S, the lowest-order homogeneous polynomial

PS has the following representation

PS =

P (j)
N−2(x)

3∏
l=1
l 6=j

x(l)


3

j=1

.

Definition 2.3. A pair of real-analytic three-dimensional vectorial functions

(Eint,Hint) belongs to the class AEM if and only if it is not inadmissible.

Remark 2.1. The conditions of admissibility in Definition 2.3 are equivalent

to the property that (see also Theorem 2.5) there always exists a complex

vector ρ satisfying ρ · ρ and∫
K
ρ ·PS(x) e−x·ρdx 6= 0. (2.8)

Remark 2.2. Beside Definition 2.2, the admissible class AEM has an equivalent

specification by using the vectorial spherical harmonics. It is presented and

verified in a joint paper [93]. For more information on vectorial spherical

harmonics, readers can refer to references such as [30].

Before proceeding to the next part, we would like to point out that the

two common types of incident waves, i.e., plane waves and point sources, are

not inadmissible; that is, they belong to the admissible class AEM and will

be scattered by any cornered EM medium scatterer.

Lemma 2.1 ([93]). Let (Einc,Hinc) be either a pair of plane waves of the

form

Einc = eikx·dd⊥, Hinc =
√
ε0/µ0e

ikx·dd×d⊥,

with k := ω
√
ε0µ0, and d,d⊥ ∈ S2 being perpendicular to each other, or a

point source

Einc = curl (aΦy) , Hinc =
1

iωµ0

curl curl (aΦy) ,

with a ∈ R3 a constant vector, y /∈ Nε, and

Φy(x) :=
eik|x−y|

4π|x− y|
, x 6= y.
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Then a cornered scatterer (Σ; ε, γ) always scatters (Einc,Hinc), namely, the

corresponding far-field pattern of the scattering problem (2.3) can not be iden-

tically zero.

2.3 Proof of Theorem 2.2

We will prove Theorem 2.2 in this section, which is concerned with the ex-

tension of solutions to (2.5).

2.3.1 Auxiliary Results

In this section, results which will be used in the proof of Theorem 2.2 will be

presented.

We first state the result on a special class of solutions to the Maxwell

equations which are referred to as CGO solutions. We present here a simpli-

fied version which suffices for the proof of Theorem 2.2, while the full version

will be given as Theorem 2.6 and be presented and proved in Section 2.4.

Theorem 2.3. Let Ω be a bounded Lipschitz domain in R3. Let γ and µ be

functions in C4(Ω) which does not vanish in Ω. Then for any given p > 6,

c ∈ R and any ρ ∈ C3\{0} with |ρ| sufficiently large, the Maxwell system

curl E− iωµH = 0, curl H + iωγE = 0 in Ω, (2.9)

has a solution (E,H) with the following the form

E = e−ρ·x
(
γ−1/2ρ̂ + Ẽρ

)
, H = e−ρ·x

(
cµ−1/2ρ̂ + H̃ρ

)
, (2.10)

which satisfies ∥∥∥(γ1/2Ẽρ, µ
1/2H̃ρ

)∥∥∥
Lp(Ω)6

≤ C

|ρ|3/p+δ
, (2.11)

with two positive constants δ and C independent of (E,H) and ρ.

The next result is about the Taylor expansion of solutions to (2.2). Notice

that any solution of (2.2) in an open domain is real-analytic (cf. [30]). The

following theorem and its corollary can be verified via analyzing the Taylor

expansion of the corresponding vector fields. A detailed proof is contained in

a joint paper [92], which will be skipped here.
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Theorem 2.4. Let
(
Eint,Hint

)
be a solution to (2.2) in a neighborhood of the

origin 0. For either V = Eint or V = Hint, let PV be the first nonzero term

in the Taylor expansion of V at 0, with the lowest order NV. Then V can be

represented in an open neighborhood Nε of 0 as

V = PV + MNV+1RV,

which satisfies

(1) PV is harmonic and divergence-free.

(2) MNV+1 is a diagonal matrix whose diagonal entries M
(j)
NV+1, j = 1, 2, 3,

are homogeneous polynomials of order larger than or equal to NV + 1;

(3) RV is a 3-dimensional vectorial function which is bounded in Nε;

(4) PEint or PHint, which ever is of higher order (or both of them if they

have the same order), is (are) curl free.

Corollary 2.1. The vector field V given in Theorem 2.4 has another repre-

sentation as V = MNV
Ṽ, where Ṽ satisfies (2.4), and MNV

is a diagonal

3× 3 matrix satisfying (2.4) but with the integer NV + 1 replaced by NV.

The last result in this subsection is also of important use in the proof of

Theorem 2.2. Denote L as the Laplace transform operator defined by

L [f ](ρ) :=

∫
K
e−x·ρf(x)dx. (2.12)

Theorem 2.5. Let (Eint,Hint) ∈ AEM be a non-trivial pair of three-dimensional

vectorial functions. Suppose that (Eint,Hint) solves (2.2) in a neighborhood

of the origin 0. Let P = PS be the homogeneous polynomial specified in The-

orem 2.4. Then ρ ·L [P](ρ) will not vanish identically in any open subset of

{ρ ∈ C3; ρ · ρ = 0}.

For the proof of Theorem 2.5, we refer to the joint paper [93].
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2.3.2 Proof of Theorem 2.2

Proof of Theorem 2.2. Let
(
E,Eint,H,Hint

)
be a solution to (2.5). Then one

has from integration by parts (see also from [108] or [93]) that

I0 :=

∫
D

γ̃Eint · E− µ̃Hint ·H = 0, (2.13)

where γ̃ := γ − ε0, µ̃ := µ− µ0, and the pair E,H is any solution to

curl E− iωµH = 0, curl H + iωγE = 0, in D. (2.14)

Assume the opposite of the result in Theorem 2.2 that, there exists an open

neighborhood Nε0 of the corner, and a pair of EM fields (E0,H0) solving the

Maxwell system (2.6) in Nε0 and satisfying (2.7). We assume with out lose

of generality that the corner is at the origin 0.

According to Theorem 2.3, we choose (E,H) as the following

E = e−ρ·x
(
γ−1/2ρ̂ + Ẽ

)
, H = e−ρ·xH̃, (2.15)

where we take ρ as ρ = |ρ|ρ̂0, with ρ0 a fixed complex vector satisfying

<ρ̂0
(j) > c > 0 for j = 1, 2, 3. The exact value of ρ0 will be specified later.

We define the new integrals

I1 :=

∫
D\N+

γ̃Eint · E− µ̃Hint,

and

I2 := I0 − I1 =

∫
N+

γ̃Eint · E− µ̃Hint,

where N+ := Nε0 ∩D. We claim that

|I1| ≤ Ce−cε0|ρ| and |I2| ∼ |ρ|−N+3, (2.16)

where N is an integer whose value will be specified later in the proof. If this

is the case, then it contradicts the fact that I0 = I1 +I2 = 0, which completes

the proof.

Proof of Claim (2.16)

Now we verify the claim (2.16). The first part is easier. It is noticed for

any x ∈ D that

<(x · ρ) ≥ |x|min
j
<ρj > c|ρ||x|.
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Hence by inserting (2.15) into the integral we have for |ρ| sufficiently large

that ∣∣∣∣∫
D\N+

γ̃Eint · E
∣∣∣∣ =

∣∣∣∣∣
∫
D\Nε0

γ̃e−x·ρEint · (γ−1/2ρ̂ + Ẽ)

∣∣∣∣∣
≤
∫
D\Nε0

e−<(x·ρ)
∣∣∣γ̃γ−1/2

(
Eint · ρ̂ + γ1/2Ẽ

)∣∣∣
≤Ce−cε0|ρ|.

The other part of the integral in I1 concerning H can be treated in the same

manner. Therefore, we have verified the first assertion in (2.16).

We are left to prove the second part of the claim, that is

|I2| ∼ |ρ|−N+3. (2.17)

We shall write Eint and Hint in Nε0 , according to Theorem 2.4, as

Eint = PE + MNE+1RE, Hint = PH + MNH+1RH. (2.18)

We assume without loss of generality that N := NE ≤ NH, and denote for

notational simplicity that PN := PE and MN+1 := MNE+1.

Denote c0 be the value of γ̃γ−1/2 at the corner 0. By applying the expan-

sion (2.18), we further split the integral I2 into three parts: IIj, j = 0, 1, 2,

which are defined as

II0 := c0

∫
N+
ε0

e−x·ρ ρ ·PN , (2.19)

II1 :=

∫
N+
ε0

γ̃e−x·ρẼ · Eint −
∫
N+
ε0

µ̃e−x·ρH̃ ·Hint, (2.20)

and

II2 :=

∫
N+
ε0

γ−1/2e−x·ρ ρ ·
(
(γ̃ − c0γ

1/2)PN + γ̃MN+1RE

)
. (2.21)

We will show that

|II0| ∼ |ρ|−N+3, |II1| ≤ C|ρ|−(N+3+δ) and |II2| ≤ C|ρ|−(N+4). (2.22)

Estimate of Integral II0

For a given constant c ∈ (0, 1/
√

6), denote

Ũc := {ρ = (ρ(j))3
j=1 ∈ C3; min

j
<ρ̂(j) > c},

25



and

Uc := Ũc ∩ {ρ ∈ C3; |ρ| > 1} ∩ {ρ ∈ C3; ρ · ρ = 0}.

Then Uc is a non-empty open subset of the variety {ρ ∈ C3; ρ · ρ = 0} (cf.

[10]). Hence, one can obtain from Theorem 2.5 a point ρ0 ∈ Uc satisfying

ρ0 ·L [ρ0 ·PN ](ρ0) 6= 0.

Therefore, we can derive for any ρ = |ρ|ρ̂0 that

L [ρ ·PN ](ρ) =

∫
K
e−x·ρ ρ ·PN(x) dx

=|ρ|−(N+3)

∫
K
e−y·ρ̂0 ρ ·PN(y) dy

=|ρ|−(N+3)L [ρ̂0 ·PN ](ρ̂0) := C|ρ|−(N+3),

(2.23)

where C is independent of |ρ|. In addition, one has for sufficiently large |ρ|

that [10] ∣∣∣∣∣
∫
K\Nε0

e−x·ρ ρ ·PN

∣∣∣∣∣ ≤ Ce−cε0|ρ|,

which in combination with (2.23) yields

|II0| ∼ |ρ|−(N+3). (2.24)

Estimate of Integral II1

From Corollary 2.1 we obtain the following representation

Eint = MNE
ẼP , Hint = MNH

H̃P .

It is observed that∣∣∣∣∣
∫
N+
ε0

γ̃e−x·ρẼP ·MNE
Ẽ

∣∣∣∣∣ ≤∥∥∥γ̃ẼP

∥∥∥
L∞(N+

ε0
)3

∫
N+
ε0

∣∣∣e−x·ρ MNE
Ẽ
∣∣∣ .

Applying similar strategies as in (2.28) and (2.29), we have∫
N+
ε0

∣∣∣e−x·ρ MNE
Ẽ
∣∣∣ =

1

|ρ|N+3

∫
N|ρ|ε

∣∣∣e−y·ρ̂ MNE
(y)Ẽ(y/|ρ|)

∣∣∣ dy
≤
‖FE‖Lp′ (K)

|ρ|N+3
‖Ẽ(·/|ρ|)‖Lp(N|ρ|ε)3

=
‖FE‖Lp′ (K)

|ρ|N+3−3/p
‖Ẽ‖Lp(N+

ε0
)3 ,

(2.25)
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with FE(x) := e−x·ρ̂ MNE
(x). The estimate for the rest part of the integral

II1 concerning H can be derived in a similar way. Then by applying the

estimates (2.32) for Ẽ and H̃ we obtain

|II1| ≤
C

|ρ|N+3+δ
. (2.26)

Estimate of Integral II2.

By recalling γ̃(0)− c0γ
1/2(0) = 0 and noticing from the Taylor expansion

of (γ̃ − c0γ
1/2) around the corner, the integral II2 in (2.21) can actually be

regarded as

II2 =

∫
N+
ε0

γ−1/2e−x·ρ ρ̂ ·
(
Q̃N+1F

)
, (2.27)

with F bounded in Nε0 , and Q̃N+1 a 3 × 3 diagonal matrix homogeneous

polynomials of order larger than or equal to N + 1. Then one has

II2 =

∫
N+
ε0

γ−1/2e−|ρ|x·ρ̂ ρ̂ ·
(
Q̃N+1F

)
dx

=
1

|ρ|N+4

∫
N|ρ|ε

e−y·ρ̂ γ−1/2(y/|ρ|) Q̃N+1(y)F(y/|ρ|) dy.
(2.28)

Hence

|II2| ≤
1

|ρ|N+4
‖γ−1/2F‖L∞(N+

ε0
)3

∫
K
e−y·<ρ̂

∣∣∣Q̃N+1(y)
∣∣∣ dy

≤ C

|ρ|N+4
.

(2.29)

Therefore, we have verified all the estimates in (2.22), and hence (2.17)

as well as the complete claim (2.16).

2.4 CGO Solutions for Maxwell Equations

In this section Theorem 2.3 concerning CGO solutions for Maxwell equations

will be proved. In fact, it is a particular case of the following result.

Theorem 2.6. Let γ, µ and Ω be the same as in Theorem 2.3. Let ρ, ζ ∈

C3\{0} be such that ρ · ρ = 0 and ρ · ζ = 0. Then for any p > 6, and any

constants cij, i, j = 1, 2, the Maxwell equations (2.14) has a solution (E,H)

which is of the following form

E = e−ρ·x
(
γ−1/2ρ̂ + Ẽρ,ρ̂

)
, H = e−ρ·x

(
µ−1/2H0 + H̃ρ,H0

)
, (2.30)

27



with

E0 = c11ρ̂ + c21ζ× ρ̂ and H0 = c12ρ̂ + c22ζ× ρ̂. (2.31)

Moreover, there exists some constants C, δ > 0, which are independent of

(E,H) and ρ, such that∥∥∥(γ1/2Ẽρ,ρ̂, µ
1/2H̃ρ,H0

)∥∥∥
Lp(Ω)6

≤ C

|ρ|3/p+δ
. (2.32)

The CGO solution (2.30) will be constructed by inducing two auxiliary

scalar fields concerning the divergence on the electromagnetic field, following

the idea in [109].

2.4.1 From Maxwell Equations to Schrödinger Equa-

tions

We briefly introduce the idea from [109] for construction of CGO solutions to

Maxwell equations, which was originated from [108]. Most of the arguments

and statements in this subsection can be extracted or slightly modified from

those in [109, 23, 93].

Notations

We first introduce some notations. Define a operator P∓ as following:

P∓(∇) :=

 0 P−(∇)

P+(∇) 0

 ,

with

P+(∇) :=

 0 ∇ ·

∇ ∇×

 and P−(∇) :=

 0 ∇ ·

∇ −∇×

 .

Notice that for any three-dimensional vector field ρ, the 8-by-8 matrix P∓(ρ)

is also well understood by the above definition. The following notations shall

apply for vector fields ρ, ζ ∈ C3 as well,

P∓(ρ, ζ) :=

 0 P−(ρ)

P+(ζ) 0

 and P±(ρ, ζ) :=

 0 P+(ρ)

P−(ζ) 0

 .
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Denote

α := γ−1∇ γ and β := µ−1∇µ.

The following 8-by-8 matrix valued functions V ,W ,W ′ and Q which depend

on γ and µ shall also be used [93]:

V = Vµ,γ :=


iωµ 0 0 α·

0 iωµI3 α 0

0 β· iωγ 0

β 0 0 iωγI3

 ,

W =Wµ,γ := iω(γµ)1/2I8 +
1

2
P±(α,β),

W ′ =W ′µ,γ := iω(γµ)1/2I8 +
1

2
P±(β,α),

Q = Qµ,γ :=− ω2γµI8 +
1

4
diag

(
|α|2, |β|2

)
+

1

2
P∓(∇γ,∇µ)P±(β,α)

+ iω
(
P±(∇(γµ)1/2) + P∓(∇(γµ)1/2)

)
,

and

Q′ = Q′µ,γ =− ω2γµI8 +
1

4
diag

(
|β|2, |α|2

)
− 1

2
P∓(∇µ,∇γ)P±(α,β)

+ iω
(
P±(∇(γµ)1/2)−P∓(∇(γµ)1/2)

)
,

where with two scalar fields f1, f2, we mean diag(f1, f2) by diag(f1I4, f2I4).

Results

We shall use the following lemmas to convert the Maxwell system to a set of

Schrödinger equations.

Lemma 2.2 ([109, 23]). Denote XT =
(
ψ,HT , φ,ET

)
, with some scalar

functions ψ and φ, and three-dimensional vector fields H and E. Suppose

that X satisfies

(P∓(∇) + V)X = 0 in Ω. (2.33)

Then the following two statements are equivalent.

(1) The scalar functions ψ and φ vanish identically in Ω;

(2) The pare of vectorial functions (E,H) solves

curl E− iωµH = 0, curl H + iωγE = 0, in Ω. (2.34)
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Lemma 2.3 ([23]). Let X be the same as in Lemma 2.2, and denote Y T =(
µ1/2ψ, µ1/2HT , γ1/2φ, γ1/2ET

)
. Then X satisfies (2.33) if and only if Y solves

(P∓(∇) +W)Y = 0. (2.35)

Lemma 2.4 ([109, 23, 93]). There holds

(P∓(∇) +W) (P∓(∇)−W ′) = ∆I8 −Q, (2.36)

and

(P∓(∇)−W ′) (P∓(∇) +W) = ∆I8 −Q′. (2.37)

Lemma 2.5 ([109, 23, 93]). Let Y and Z be two 8-dimensional fields satis-

fying

(P∓(∇)−W ′)Z = Y.

Then Y is a solution to (2.35) if and only if Z solves

(−∆I8 +Q)Z = 0. (2.38)

We end up this subsection by the following concluding result. It is a

straightforward consequence of Lemmas 2.2-2.5. Here we omit the proof.

Corollary 2.2. Let Z be a solution to (2.38). Define the 8-dimensional field

X as

X := diag
(
µ−1/2, γ−1/2

)
(P∓(∇)−W ′)Z,

and denote XT =
(
ψ,HT , φ,ET

)
. Then (E,H) solves (2.34) if and only if

ψ ≡ φ ≡ 0.

2.4.2 CGO Solutions for the Schrödinger System

In this subsection, CGO solutions to the system (2.38) of eight Schrödinger

equations will be constructed.

We first briefly introduce the Sobolev spaces to be used in this section

(cf. [8]). For a ∈ R and p ∈ [1,∞], denote Ha
p = Ha

p (Rn) as the generalized

Sobolev space equipped with the norm

‖f‖Ha
p (Rn) :=

∥∥F−1{〈·〉a Ff}
∥∥
Lp(Rn)

,
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where 〈ξ〉 := (1 + |ξ|2)
1
2 , and F is the Fourier transform operator.

The aim of this subsection is to prove the following result concerning CGO

solutions for the Schrödinger system (2.38). In what follows, given p ∈ [1,∞],

we shall denote p′ as the Hölder conjugate of p.

Theorem 2.7. Let Q = Qµ,γ be the 8-by-8 matrix valued function defined

in Section 2.4.1. Given a ∈ [0, 2] and p ∈ [4, 6), there exists a constant C

satisfying the following.

Given any Z0 ∈ C8 and any ρ ∈ C3 with |ρ| sufficiently large and ρ·ρ = 0,

there exists a solution of the following form

Z = e−ρ·x
(
Z0 + Z̃ρ,Z0

)
, (2.39)

to the equation

(−∆I8 +Q)Z = 0. (2.40)

Moreover, there holds

‖Z̃‖Ha
p
≤ C|Z0|
|ρ|6/p−1

‖QẐ0‖Ha
p′
. (2.41)

In order to prove Theorem 2.7, we shall make essential use of the following

result, which can be obtained from [110].

Lemma 2.6. Let a ∈ R and p ∈ [4, 6). There exists a constant C which

satisfies the following.

For any ρ ∈ C3 with sufficiently large imaginary component, there exist a

solution operator

G = Gρ : Ha
p′ → Ha

p

satisfying

(∆ + 2ρ · ∇) G f = f,

and

‖G f‖Ha
p
≤ C

|=ρ|6/p−1
‖f‖Ha

p′
,

for any f ∈ Ha
p′.
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Proof of Theorem 2.7. Let Z = e−ρ·x(Z0 + Z̃). It is obtained that, Z satisfies

(2.40) if and only if Z̃ solves

(∆ + 2ρ · ∇) Z̃ = Q
(
Z0 + Z̃

)
.

Then by Lemma 2.6 one may find such a Z̃ via the following equation,

Z̃ = (I8 − GρQ)−1GρQZ0,

under the condition that the operator I8 − GρQ is invertible.

Recall from Lemma 2.6 that, for any 8-dimensional function F one has,

‖GρQF‖Ha
p
≤ C0

|ρ|6/p−1
‖QF‖Ha

p′
.

Notice that p′ < p and that Q is C2 and compactly support. Then we further

obtain the estimate

‖GρQF‖Ha
p
≤ C1

|ρ|6/p−1
‖F‖Ha

p
,

with C1 a constant independent of F . Now we can chose ρ with sufficient

large module so that the operator norm of GρQ on Ha
p is less than one. In

this case, the operator I8− GρQ has a bounded inverse on Ha
p . Moreover, we

have

‖Z̃‖Ha
p

= ‖(I8 − GρQ)−1GρQZ0‖Ha
p
≤ C

|ρ|6/q−1
‖QẐ0‖Ha

q′
.

The proof is complete.

By taking particular values of Z0 in Theorem 2.7, we have the following

result. The proof will be skipped.

Corollary 2.3. Let ρ, p and a be the same as in Theorem 2.7, and let ζ ∈ C3

satisfy ζ · ρ = 0. Set

ZT
0 = −|ρ|−1

(
c11, −c21ζ

T , c12, c22ζ
T
)
, (2.42)

with given constants cij ∈ R, i, j = 1, 2. Then one has

−
(
P∓(ρ)Z0

)T
=
(
0, c12ρ̂

T + c22(ζ× ρ̂)T , 0, c11ρ̂
T + c21(ζ× ρ̂)T

)
. (2.43)

Moreover, the Schrödinger equations (2.40) admits a CGO solution of the

form (2.39) satisfying

‖Z̃‖Ha
p
≤ C

|ρ|6/p
‖QẐ0‖Ha

p′
.

32



Next, we prove our main result, Theorem 2.6, on CGO solutions for

Maxwell equations (2.14).

2.4.3 Proof of Theorem 2.6

We present some preliminary results before proving Theorem 2.6.

Lemma 2.7. Let ρ, Z, Z̃ and Z0 be the same as in Theorem 2.7. Define

Y := (P∓(∇)−W ′)Z. (2.44)

Then Y has the following representation

Y = e−ρ·x
(
Y0 + Ỹ

)
, (2.45)

with

Y0 = −P∓(ρ)Z0, (2.46)

and

Ỹ = P∓(∇)Z̃ −P∓(ρ)Z̃ −W ′(Z̃ + Z0). (2.47)

Moreover, if |ρ| is sufficiently large, and

(P∓(ρ)Z0)(1) = (P∓(ρ)Z0)(5) = 0, (2.48)

then we have

Y (1) = Y (5) = 0. (2.49)

Proof. The equations (2.45)-(2.47) can be obtained from the definition (2.44)

of Y and the representation (2.39) of Z.

Now we verify the identity (2.49). It is obtained from (2.40), the Schrödinger

equation which Z satisfies, that Y is a solution to (2.35), and hence by (2.37)

that Y solves

(∆I8 −Q′)Y = 0.

One can show, by straightforward computation, that Y (1) and Y (5) of Y =(
Y (j)

)8

j
satisfy

(−∆ + q1)Y (1) = (−∆ + q5)Y (5) = 0, (2.50)
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where the compactly supported potentials q1 and q2 are given by

q1 = qγ :=
1

4
|α|2 − 1

2
∇ ·α− ω2γµ

and

q2 = qγ :=
1

4
|β|2 − 1

2
∇ ·β − ω2γµ.

Therefore by recalling (2.48) one has Y
(1)

0 = Y
(2)

0 = 0, and consequently,

Y (j) = e−ρ·x
(
Y

(j)
0 + Ỹ (j)

)
= e−ρ·xỸ (j), j = 1, 5.

In addition, the equations in (2.50) suggest that

(∆ + 2ρ · ∇)Ỹ (j) = qjỸ
(j), j = 1, 5,

By applying Lemma 2.6 we have that

(I8 − Gρqj)Ỹ
(j) = Ỹ (j), j = 1, 5.

In a same manner as in the proof of Theorem 2.7, one can deduce that the

operators I8 − Gρqj, j = 1, 5, are invertible when |ρ| is sufficiently large.

Therefore we deduce that Ỹ (j) = 0 and hence Y (j) = 0 for each j = 1, 5.

Remark 2.3. It is observed that the condition (2.48) is equivalent to

ρ · Z(2∼4)
0 = ρ · Z(6∼8)

0 = 0. (2.51)

Corollary 2.4. Let ρ, Z, Z0 and Y be the same as in Lemma 2.7. Define

X =
(
ψ,HT , φ,ET

)
:= diag

(
µ−1/2, γ−1/2

)
Y.

Then ψ = φ = 0 and (E,H) solves the Maxwell system (2.34), providing that

Z0 satisfies (2.51). .

We are now in the position to prove Theorem 2.6.

Proof of Theorem 2.6. Let Z0 be the vector given in (2.42), which satisfies the

condition (2.51). Then the field (E,H) as specified in Corollary 2.4 solves the

Maxwell system (2.34). with the 8-dimensional field Y given by (2.45)-(2.47).

Moreover, E and H admit the form (2.30) with

Ẽρ,ρ̂ = γ−1/2Ỹ (6∼8), H̃ρ,H0 = µ−1/2Ỹ (2∼4), (2.52)
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and the form (2.31) for ρ̂ and H0 can be derived from (2.46) and (2.43).

We are left to verify the estimates in (2.32). For a ∈ (0, 3/q) and q ∈ [4, 6),

Corollary 2.3 gives

‖P∓(∇)Z̃‖Ha
q
≤ C

|ρ|6/q
‖QẐ0‖Ha+1

q′
,

and

‖P∓(ρ)Z̃‖Ha
q
≤ C

|ρ|6/q−1
‖QẐ0‖Ha

q′
.

Recalling the presentation (2.47) one can obtain that

‖Ỹ ‖Ha
q
≤ C

|ρ|6/q−1
.

Then for 3/p = 3/q − a, the Sobolev embedding Ha
q ⊂ Lp in R3 implies,

‖Ỹ ‖Lp ≤
C

|ρ|3/p+(3/q+a−1)
. (2.53)

Given any t ∈ (0, 1), take a = 3/q − t (6/q − 1). Then the number p is given

by

p =
3

t (6/q − 1)
.

By proper choices of the two parameters t ∈ (0, 1) and q ∈ [4, 6), the value

of p takes full range in (6,∞). Hence by taking δ := 3/q + a − 1 = (1 −

t) (6/q − 1) > 0 the relation (2.53) can be reformulated as

‖Ỹ ‖Lp ≤
C

|ρ|3/p+δ
,

The estimate (2.32) is then a consequence of (2.52).

2.5 Future Work

In Theorems 2.1 and 2.2, we assume admissible conditions for the incident

fields to guarantee the corner scattering results for EM wave propagation.

However, this is due to the technique in our arguments of the mathemati-

cal proof, rather than a fundamental obstruction. In other words, it is not

clear yet that whether an “inadmissible” incident wave field characterized in

Definition 2.2 will actually be scattered by a medium with corner or not.

35



One possible research direction is to get rid of some assumptions in The-

orems 2.1 and 2.2 for the “admissible” cases. More precisely, I would like to

minimize the inadmissible class of incident fields so that, ideally, any inadmis-

sible wave field can be proven to be actually scattered by a cornered medium.

It is also possible that the inadmissible class is in fact the empty set, which

has been proven to be true in acoustic wave scattering [10, 45, 110, 46]. This

is important for further investigation of uniqueness and stability in inverse

EM scattering, concerning the shape identification of a cornered medium by

a single or a few measurement(s). Analogues for acoustic cases have been

done, for instance, in [72, 9].

The assumption of inadmissible classes comes from the requirement of a

vanishing property for the Laplacian transform of certain vectorial harmonic

functions which are divergence free. The difference compared to the acous-

tic case owes to the more complicated vectorial form of CGO solutions for

Maxwell equations. One possible way to solve this problem is to look for other

formulas for CGO solutions, which can be still applied for the non-vanishing

property in the EM case. Another possibility is to investigate directly the

wave fields in the current inadmissible classes and check whether such inci-

dent waves will be scattered or not.

Moreover, it is also worth looking at scattering problems for more general

corners or other types of singularities. This is interesting in both forward

and inverse scattering. As we discussed in the introduction, the essential

gap between non-scattering energies and interior transmission eigenvalues is

whether interior transmission eigenfunctions can be extended to the exterior.

Scarce results has been shown except for radial or cornered ones. As for

inverse problems, applications are twofold. In the case that corners or other

kinds of singularities scatters, one might be able to obtain information of

those singularities from scattered measurements. Otherwise if certain types

of singularities or regularities do not scatter certain kinds of incident fields,

then there would be a potential application of partial invisibility cloaking.
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Chapter 3

Decoupling of Elastic Fields

and its Applications

We consider in this chapter the time-harmonic elastic wave scattering which

is governed by the Lamé system. It is known that the elastic or seismic body

waves can be decomposed into two kinds, namely, the primary (P-) and the

secondary (S-) waves, which are also called, respectively, the compressional

and the shear waves. These two kinds of waves are generally coupled due to

the presence of interfaces or any other inhomogeneities. However, we shall

show in this chapter that P- and the S-waves can be completely decoupled in

certain circumstances. In this case, the boundary value or scattering problem

for the Lamé system can be reduced to the ones for the Helmholtz equation

and the Maxwell system. The decoupling results hence can be further applied

to establish the uniqueness and stability for the corresponding inverse elas-

tic scattering problems on determining polyhedral scatterers from a minimal

number of far-field measurements.

3.1 Introduction

Consider the time-harmonic linearized elastic or seismic wave propagation

governed by the following Lamé system,

(∆* +ω2)U = 0, (3.1)
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where U = (Uj)
3
j=1 is the displacement field, the constant ω stands for the

propagation frequency, and the differential operator ∆* is defined by

∆* U :=µ∆U + (λ+ µ)∇ (∇ ·U)

=(λ+ 2µ)∇ (∇ ·U)− µ curl curl U

with the Lamé constants λ ≥ 0 and µ > 0. Taking divergence at both sides

of the Lamé equation one has

(∆ +k2
p) v = 0 (3.2)

with kp := ω/
√
λ+ 2µ and v := ∇ ·U. While taking curl of the Lamé

equation one obtains

(∆ +k2
s) E = 0, (3.3)

where ks := ω/
√
µ and E := curl U. The equations (3.2) and (3.3) character-

ize the propagation of, respectively, S- and P-waves; and the constants ks and

kp are referred to as the S- and P-wave numbers respectively. Notice that the

field E corresponding to the S-wave is divergence free. It is observed that, by

denoting H := curl E/(iks), the pair (E,H) satisfies the Maxwell equation

curl E− iksH = 0 and curl H + iksE = 0. (3.4)

The fact that the displacement U can be decomposed into the P- and the

S-part can also be explained by the Helmholtz decomposition. It is known

that any rapidly decaying three dimensional vector field F can be decomposed

into a curl-free and a divergence-free component, namely,

F = −∇φ+ curl A, (3.5)

which holds in the sense of distribution. Moreover, if F ∈ L2(Ω) with Ω a

bounded domain in R3, then φ ∈ H1(Ω) and A ∈ H(curl,Ω). Writing U into

the form (3.5), one has

∇ ·U = −∆φ and curl U = curl curl A.

Then the equation (3.1) yields

−∇
(
∆ +k2

p

)
φ+ curl

(
∆ +k2

s

)
A = 0,
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which implies that

(
∆ +k2

p

)
φ = 0 and

(
∆ +k2

s

)
A = 0,

up to a constant. In fact, one has that

Up = −∇φ and Us = curl A.

Given a Lipschitz domain Ω in R3, let U satisfies the Lamé system (3.1)

in Ω. We introduce four kinds of boundary conditions for U on ∂Ω, which is

related to physical properties of the scatterer. The first kind or the Dirichlet

boundary condition is given by

U = 0 on ∂Ω. (3.6)

The second kind ir the Neumann type is characterized as

TU = 0 on ∂Ω, (3.7)

with T is the traction operator defined on ∂Ω as

TU :=λ(∇ ·U) ν + µ
(
∇U +∇T U

)
ν, (3.8)

with ν ∈ S2 the outward unit normal vector to ∂D. The boundary conditions

of the third and the fourth kinds are characterized by, respectively,

ν ·U = 0 and ν×TU = 0 on ∂Ω, (3.9)

and

ν×U = 0 and ν · TU = 0 on ∂Ω. (3.10)

The third kind boundary condition means that there has only tangent dis-

placement and normal traction on the boundary; and the forth kind says

that the displacement is normal and the traction is tangent upon the bound-

ary. For more information on boundary value problems concerning the Lamé

system (3.1), we refer to references [81, 85, 28, 99, 49].

It is known that the S- and the P- waves, though can be locally char-

acterized by independent equations (3.2) and (3.3) or (3.4), are in general

coupled via boundary conditions or inhomogeneity. However, we shall prove
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that under certain geometric conditions, the third or fourth kind boundary

conditions for the displacement field U, are equivalent to certain boundary

conditions of the Helmholtz equation and Maxwell equations, for v and E,

respectively, in the whole domain. More precisely, suppose the obstacle Ω is

of the fourth kind, then v can be viewed as an acoustic field in the domain

with sound-soft boundary, and E can be referred to as an electric field satis-

fying the perfect magnetic conducting boundary condition, provided that ∂Ω

is a piecewise minimal surface. If the obstacle is polyhedral and of the third

kind, then E is regarded as an electric field with the perfect electric boundary

condition and v solves the sound-hard acoustic equation.

3.2 Decoupling of Elastic Fields

We shall establish in this section the decoupling result for elastic waves. We

shall divided our arguments into two categories, regarding whether the bound-

ary data is of the third or the fourth type.

3.2.1 Boundaries Pieces of the Fourth Kind

We first consider decoupling of solutions to the Lamé system which satisfies

the fourth kind boundary condition on a boundary piece.

Theorem 3.1. Given a bounded Lipschitz domain Ω in R3, let the vector

field U be a solution to

(∆* +ω2)U = 0 in Ω. (3.11)

Let Γ be a connected piece of ∂Ω, and let U satisfy

ν×U = 0 and ν · TU = 0 on Γ, (3.12)

with ν the unit outward normal vector of Ω. Assume that

Θ = ΘΓ(x) :=
3∑
l=1

[
GradΓ νl

]
l
= 0 for all x ∈ Γ, (3.13)

where GradΓ denotes the surface gradient operator on Γ (cf., [30, 106, 76]).

Then one has

v = 0 on Γ,
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where v is defined by v := ∇ ·U.

Remark 3.1. We would like first to explain a little more about the geometric

condition (3.13). Let

x(u) = (xj(u1, u2))3
j=1

be a local parametric representation of Γ. Let g = (gjk)
2
j,k=1 be the first

fundamental form of Γ which can be represented as

gjk :=
∂x

∂uj
· ∂x
∂uk

, j, k = 1, 2.

Then the surface gradient operator GradΓ can be formulated as

GradΓ ϕ =
2∑

j,k=1

gjk
∂ϕ

∂uj

∂x

∂uk
,

where g−1 = (gjk)2
j,k=1 is the inverse of g. Hence one has that

Θ =
3∑
l=1

[
GradΓ νl

]
l
=

2∑
j,k=1

3∑
l=1

gjk
∂νl
∂uj

∂xl
∂uk

=
2∑

j,k=1

gjk
∂ν

∂uj
· ∂x
∂uk

= −
2∑

j,k=1

gjkljk,

where l = (ljk)
2
j,k=1 is the second fundamental form of Γ given by

ljk :=
∂2x

∂uj∂uk
· ν = − ∂ν

∂uj
· ∂x
∂uk

, j, k = 1, 2.

Therefore, the geometric condition (3.13) is equivalent to that

0 = tr(lg−1) = (2l12g12 − l11g22 − l22g11)/ det(g). (3.14)

Proof. We first compute by direct calculations that

GradΓ

(
νlUj

)
= νl GradΓ Uj + Uj GradΓ νl

=νl∇Uj − νl
3∑
i=1

νi∂iUjν + Uj GradΓ νl, j, l = 1, 2, 3,

where we have used the relation

∇ϕ = GradΓ ϕ+ (∂νϕ) ν,
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for any ϕ defined in a neighborhood of Γ. As a consequence one observes on

Γ that

3∑
l=1

[
GradΓ

(
νlUj

)]
l
=

3∑
l=1

νl∂lUj −
3∑
i=1

νi∂iUj +ΘUj = 0 (3.15)

and

3∑
l=1

[
GradΓ

(
νjUl

)]
l
= νj∇ ·U−

(
νT (∇U) ν

)
νj + U ·GradΓ νj

hold for all j = 1, 2, 3.

On the other hand, the first relation in the boundary condition (3.12)

implies for each j = 1, 2, 3 that

GradΓ

([
ν×U

]
j

)
= 0 on Γ.

Moreover, noticing the the property ν · GradΓ νj = 0 we have for j = 1, 2, 3

that

U ·GradΓ νj = 0 on Γ. (3.16)

Therefore, by combining the equations (3.15)-(3.16) we obtain

νT (∇U) ν = ∇ ·U on Γ.

By further using the second identity in (3.12) one has,

0 =ν · TU = 2µνT (∇U) ν + λ∇ ·U = (2µ+ λ)v on Γ.

The proof is complete.

We have derived in Theorem 3.1 a boundary condition related to the

P-wave, due to the fourth kind boundary condition for the Lamé system.

Next we will prove a consequence which specify the corresponding boundary

condition associating to the S-wave.

Corollary 3.1. Let Ω, Γ, ν and U be the same as in Theorem 3.1. Then

ν×H = 0 on Γ

with H := −i curl E/ks and E := curl U.
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Proof. We first rewrite the Lamé system (3.11) as

−(λ+ 2µ)∇v − µH + ω2U = 0,

where the scalar function v is defined by v := ∇ ·U. Then by using the

boundary condition (3.12) and integration by parts, one can obtain, for any

F ∈ H(curl,Ω) such that curl F ∈ H(curl,Ω) and ν×F = 0 on ∂Ω\Γ, that

µ

∫
Γ

F · (ν×H) =

∫
Γ

(
ω2U− µH

)
· (ν×F)

=

∫
Ω

(
ω2U− µH

)
· (curl F)−

∫
Ω

F · curl
(
ω2U− µH

)
=(λ+ 2µ)

∫
Ω

∇v · (curl F)

=(λ+ 2µ)

(∫
Γ

ν · (curl F) v +

∫
∂Ω\Γ

(ν×F) · ∇ v
)

=0,

where the last identity is implied by Theorem 3.1 that v = 0 on Γ. We hence

have completed the proof.

3.2.2 Boundaries Pieces of the Third Kind

Decoupling of solutions to the Lamé system which satisfies the third kind

boundary condition on a boundary piece will be given in this subsections. In-

stead of the geometric assumption (3.13) or (3.14) for the fourth kind case, we

shall adapt a more restrictive geometric condition for the third kind boundary

case.

First, we have

Theorem 3.2. Let Ω be a bounded Lipschitz domain in R3, and let U be a

solution to the Lamé system (3.11). Suppose that U satisfy

ν ·U = 0 and ν×TU = 0 on Γ, (3.17)

with ν the unit outward normal vector of Ω, and Γ a connected piece of ∂Ω.

If Γ is flat, then one has

ν×E = 0 on Γ, (3.18)

where the vector field E is defined by E := curl U.
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Proof. The first identity in (3.17) implies that

0 = GradΓ(ν ·U) = (∇U) ν −
(
νT (∇U) ν

)
ν on Γ.

The second relation in (3.17) suggests on Γ that

0 = (ν×TU)× ν/µ =
(
∇T U +∇U

)
ν − 2

(
νT (∇U) ν

)
ν.

Combining the above two equations one has(
∇T U−∇U

)
ν = 0 on Γ,

which is observed to be equivalent to (3.18).

The proof is complete.

Theorem 3.2 shows a boundary condition subjected by the induced field E

corresponding the S-wave which is implied by the third boundary condition of

the Lamé system. Next, we shall show a consequence on a boundary relation

for the field closely related to the P-wave.

Corollary 3.2. Let Ω, Γ, ν and U be the same as in Theorem 3.2. Then

∂νv = 0 on Γ, (3.19)

where the scalar function v is defined as v := ∇ ·U.

Proof. Denote E := curl U. Then Lamé system (3.11) can be written as

−(λ+ 2µ)∇v − µ curl E + ω2U = 0.

Hence for any f ∈ H1(Ω) such that f = 0 on ∂Ω\Γ, we have

− (λ+ 2µ)

∫
Γ

f ∂νv

=

∫
Γ

f
(
ω2ν ·U− (λ+ 2µ)∂νv

)
=

∫
Ω

∇ f ·
(
ω2U− (λ+ 2µ)∇ v

) ∫
Ω

f ∇ ·
(
ω2U− (λ+ 2µ)∇ v

)
=µ

∫
Ω

∇ f · (curl E)

=µ

∫
Γ

(ν×E) · ∇ f − µ
∫
∂Ω\Γ

v · (curl E) f

=0,

where in the last identity we have used the result from Theorem 3.2 that

ν×E = 0 on Γ.

The proof is complete.
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3.2.3 Elastic Decoupling in Boundary Value Problems

We summarize in the following the decoupling results derived in Sections 3.2.1

and 3.2.2 for boundary value problems.

Theorem 3.3. Let Ω be a bounded Lipschitz domain in R3. We have the

following conclusions:

(1) Suppose that ∂Ω =
∑m

j=1 Γj where m is a constant and each boundary

piece Γj satisfies the condition (3.13). Let U be the solution to the con-

stant coefficients Lamé system with the fourth kind boundary condition: (∆* +ω2)U = 0

ν×U = 0 and ν · TU = 0

in Ω,

on ∂Ω.
(3.20)

Then one has  (∆* +k2
p)v = 0 in Ω,

v = 0 on ∂Ω,
(3.21)

and curl E− iksH = 0 and curl H + iksE = 0

ν×H = 0

in Ω,

on ∂Ω,
(3.22)

where v := ∇ ·U, E := curl U and H := curl E/(iks).

(2) If Ω is a polyhedron and U satisfies (∆* +ω2)U = 0

ν ·U = 0 and ν×TU = 0

in Ω,

on ∂Ω.
(3.23)

Then one has  (∆* +k2
p)v = 0 in Ω,

∂νv = 0 on ∂Ω,
(3.24)

and curl E− iksH = 0 and curl H + iksE = 0

ν×E = 0

in Ω,

on ∂Ω,
(3.25)
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We have shown in Theorem 3.3 that, in the case when P- and S- waves

are decoupled, the corresponding boundary value problem (BVP) for Lamé

systems can be simplified to two BVPs, one for Helmholtz equations and the

other for Maxwell systems. Therefore, related results for BVPs associated to

Helmholtz equations or Maxwell systems may be applied to obtain parallel

results for corresponding problems of Lamé systems.

3.3 Scattering for Linearized Elasticity

We will discuss in this section the application of the decoupling results we

have derived in Section 3.2 to elastic or seismic scattering problems.

3.3.1 Backgrounds

We introduce in this section some preliminaries of the scattering theory for

linearized elastic, or seismic, waves. We shall refer an obstacle as a bounded

domain in R3 whose complement is connected from now on.

Let D be a third or fourth kind elastic obstacle with the Lamé coefficients

λ and µ. Given a time-harmonic incident field Uinc which is an solution to

the Navier equation (3.1) in the whole space R3, the corresponding elastic or

seismic scattering problem for D can be characterized as the following system,

(∆* +ω2)U = 0 in R3\D,

U = Uinc + Usca in R3\D,

U satisfies certain boundary condition (B.C.) on ∂D,

Usca satisfies the Kupradze radiation condition at infinity,

(3.26)

where U is the total displacement field, and Usca is the scattered field. The

Kupradze radiation condition in (3.26) guaranteeing Usca to propagate out-

wards is given by
lim
|x|→∞

(
x× curl curl Usca + iks|x| curl Usca

)
= 0,

lim
|x|→∞

(
x · ∇(∇ ·Usca)− ikp|x| ∇ ·Usca

)
= 0,

(3.27)
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which is satisfied uniformly for all directions x̂ ∈ S2. Solutions to the exte-

rior Lamé system which satisfies the Kupradze radiation condition are called

radiating solutions.

In terms of P- and S-waves, the Kupradze radiation condition (3.27) is

equivalent to the Sommerfeld radiation conditions,
lim
|x|→∞

(
x · ∇Usca

p − ikp|x|Usca
p

)
= 0,

lim
|x|→∞

(x · ∇Usca
s − iks|x|Usca

s ) = 0,
uniformly for all x̂ ∈ S2. (3.28)

As a consequence, one has the following asymptotic behaviors as |x| → +∞,

Usca
p (x) = |x|−1

(
eikp|x|U∞p (x̂) +O

(
|x|−1

))
,

Usca
s (x) = |x|−1

(
eiks|x|U∞s (x̂) +O

(
|x|−1

))
,

(3.29)

where U∞p and U∞s are known as, respectively, the longitudinal (or P-part

of) and the transversal (or S-part of) the far-field pattern of Usca. The total

scattering amplitude U∞ is defined as

U∞ := U∞p + U∞s . (3.30)

Moreover, one has the following property (cf. [65])

x̂×U∞p = 0 and x̂ ·U∞s = 0. (3.31)

For more results concerning the scattering problem (3.26), we refer to [81, 85,

4].

We recall that the S- and P- waves as characterized in Theorem 3.3 can be

decoupled and formulated into corresponding problems for Helmholtz equa-

tions and Maxwell systems. We hence introduce some backgrounds on scat-

tering problems for, respectively, Helmholtz equations and Maxwell systems.

Given an impenetrable acoustic obstacle D and an incident wave vinc, the

corresponding acoustic scattering problem can be formulated as

(∆ + k2)v = 0 in R3\D,

v = vinc + vsca in R3\D,

B.C. for v on ∂D,

vsca satisfies the Sommerfeld radiation condition at infinity,

(3.32)
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where k is the acoustic wave number. The Sommerfeld radiation condition in

(3.32) is given by

lim
|x|→∞

(x · ∇vsc − ik|x|vsc) = 0, uniformly for all x̂ ∈ S2, (3.33)

which results into the far-field pattern v∞ at infinity such that

vsca(x) = |x|−1
(
eik|x|v∞(x̂) +O(|x|−1)

)
. (3.34)

Depending on the physical property of the obstacle, the boundary condition

in (3.32) is usually of two forms. One is the Dirichlet boundary condition,

v = 0 on ∂D, (3.35)

which is imposed when the obstacle is sound-soft. The other is the Neumann

boundary condition corresponding to sound-hard obstacles,

∂νv = 0 on ∂D. (3.36)

Analogously, the time harmonic electromagnetic obstacle scattering prob-

lem with wave number k can be characterized as

curl E− ikH = 0 and curl H + ikE = 0 in R3\D,

(E,H) = (Einc,Hinc) + (Esca,Hsca) in R3\D,

B.C. for E or H on ∂D,

(Esca,Hsca) satisfies certain radiation condition at infinity.

(3.37)

The radiation condition in (3.37) is the Silver-Müller radiation condition given

by

lim
|x|→∞

(x×Hsca + |x|Esca) = 0, uniformly for all x̂ ∈ S2, (3.38)

or equivalently,

lim
|x|→∞

(x×Esca − |x|Hsca) = 0, uniformly for all x̂ ∈ S2. (3.39)

As a consequence, the scattered field subjects to the following asymptotic

behavior

(
Esca,Hsca

)
(x) = |x|−1

(
eik|x|

(
E∞,H∞

)
(x̂) +O(|x|−1)

)
, (3.40)
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where E∞ and H∞ are called, respectively, the electric and the magnetic

far-field pattern. Moreover, one has that (cf. [76, 30])

H∞ = x̂×E∞ and x̂ · E∞ = x̂ ·H∞ = 0. (3.41)

The types of electromagnetic obstacle we consider are perfect electric con-

ductors (PECs) described by the boundary condition

ν×E = 0 on ∂D, (3.42)

and perfect magnetic conductors (PMCs) satisfying

ν×H = 0 on ∂D. (3.43)

3.3.2 Elastic Decoupling in Forward Scattering

In this section, decoupling properties for S- and P-waves of the time-harmonic

elastic/seismic scattering system (3.1) with the third or fourth kind boundary

condition. The following two theorems can be deduced from the previous

arguments and results, in particular, Theorem 3.3. We omit the proofs.

Theorem 3.4. Let D be a fourth kind Lipschitz obstacle with ∂D =
∑m

j=1 Γj,

where m is a constant and each boundary piece Γj satisfies the condition

(3.13). Given a incident field Uinc, let U be the solution (total wave) to the

scattering problem (3.26) with the fourth kind boundary condition

ν×U = 0 and ν · TU = 0 on ∂D. (3.44)

Then one has that v := ∇ ·U satisfies the Helmholtz scattering problem

(3.32) with the incident field vinc = ∇ ·Uinc, the wave number kp and the

sound-soft boundary condition (3.35); and (E,H) defined by E := curl U

and H := −i curl E/ks solves the Maxwell scattering problem (3.37) with the

wave number ks, the PMC boundary condition (3.43), and the incident waves

Einc = curl Uinc and Hinc = −i curl Einc/ks.

Theorem 3.5. Let D be a third kind Lipschitz polyhedral obstacle. Let U be

the total wave of (3.26) with the third kind boundary condition

ν ·U = 0 and ν×TU = 0 on ∂D, (3.45)
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and the incident field of the form (3.46). Let v, E and H be defined as the

same in Theorem 3.4. Then one has that v satisfies the Helmholtz scatter-

ing problem (3.32) with the sound-hard boundary condition (3.36), and that

(E,H) solves the Maxwell scattering problem (3.37) with the PEC boundary

condition (3.42), where the corresponding wave numbers and incident fields

are the same as in Theorem 3.4.

We introduce here elastic incident plane waves of the following general

form

Uinc(x) = Uinc(x; d, d⊥, kp, ksαp, αs)

= αpde
ikpd·x + αsd

⊥eiksd·x =: Uinc
p + Uinc

s ,
(3.46)

where αp and αs are arbitrary complex constants, d ∈ S2 is the incident

direction, and d⊥ ∈ S2 satisfying d · d⊥ = 0 is the polarization direction.

Hereinafter, given a vector field d ∈ S2, the notation d⊥ shall refer to as a

unit perpendicular vector to d.

The following corollary concerns the particular case for Theorems 3.4 and

3.5 when the elastic/seismic incident field is given by (3.46).

Corollary 3.3. Consider the time-harmonic incident wave Uinc with the form

(3.46) in Theorems 3.4 and 3.5. Then the results of Theorems 3.4 and 3.5

hold for the acoustic incident wave

vinc = ∇ ·Uinc = iαpkpe
ikpd·x, (3.47)

and the electromagnet incident fields

Einc = iαsksd× d⊥eiksd·x and Hinc = −iαsksd⊥eiksd·x. (3.48)

By reviewing the decoupling results in Theorems 3.4 and 3.5, one observes

that a fourth kind seismic obstacle which satisfies the geometry condition in

Theorem 3.4 can be theoretically viewed as a sound-soft acoustic scatterer, or

a perfect magnetic conductor; and a third kind polyhedral elastic obstacle can

be viewed as a sound-soft acoustic obstacle, or a perfect electric conductor.

Therefore, the corresponding known results on inverse scattering for acoustic

and electromagnetic waves can be extended to their counterparts in inverse
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scattering problems for seismic/elastic waves. Moreover, one can see from

previous arguments that the field satisfies the acoustic scattering problem

involves only the P-part of the elastic field, and that the one subjected to the

electromagnetic scattering problem corresponds to pure S-waves. This is also

of significant importance from the practical view.

Before proceeding to inverse scattering problems for elastic/seismic waves,

we present a lemma which reveals the one-to-one correspondences between the

far-field patterns of elastic waves and those of acoustic and electromagnetic

fields. It can be found in references such as [65].

Lemma 3.1. Let Usca be a radiating solution to the Lamé system. Define

vsca := ∇ ·Usca, Esca := curl Usca and Hsca := curl Esca/(iks). Then vsca is

a radiating solution to the Helmholtz equation, and (Esca,Hsca) is a radiating

solution to the Maxwell system. Moreover, one has that

U∞p = v∞x̂/(ikp) and U∞s = H∞/(iks).

3.4 Inverse Obstacle Scattering in Elasticity

In this section, we consider the determination of a polyhedral elastic obstacle

D by measuring a minimum number of P- or S-far-field measurement. This is

a typical problem in inverse scattering. For study concerning inverse problems

on elastic/seismic fields, we refer to [65, 105, 49, 5, 68, 69, etc.].

Our results are valid for a very general admissible class of polyhedral

obstacles. In principle, obstacles in the admissible class may contain several

disjointed components. Moreover, two-dimensional flat surfaces, which are

called referred to as “screen-like” pieces, are also allowed to appear in the

admissible obstacle. But the minimal number of measurements needed in

uniquely recovering the obstacle varies for obstacles containing screen-like

pieces or for those which do not contain two-dimensional pieces.

Based on the decoupling results in previous sections, in particular those in

Section 3.3.2, uniqueness and stability results for elastic/seismic inverse scat-

tering in this section will be proved by the counterpart results for acoustic and
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electromagnetic inverse scattering problems. It has been proven that acous-

tic sound-soft/hard or EM perfect electric/magnetic conducing (PEC/PMC)

polyhedral obstacles can be uniquely determined by a single, or N − 1, or N

scattering measurement(s); see, [26, 3, 27, 47, 96, 97, 94, 48, 89, 95]. The num-

bers of measurements depend on different physical and geometrical assump-

tions on the obstacles and have been shown to be optimal to guarantee the

uniqueness therein. Corresponding stability estimates for these inverse acous-

tic or electromagnetic scattering problems can be found in [114, 123, 91, 90].

3.4.1 The Uniqueness

Uniqueness results on determining a polyhedral obstacle by a few scatter-

ing measurements will be given in this section. Depending on whether the

targeted obstacle contains flat pieces, uniqueness results for inverse elas-

tic/seismic obstacle scattering problems shall be divided into two parts. We

would like to remark here that, though the unique recovery results presented

in the following theorems concern only far-field measurements, we know from

unique continuation that all these results are also valid when near-field mea-

surements of the scattered waves are used instead.

We first give the uniqueness in the case when the obstacle has no flat

pieces, which are also referred to as screen-like/type pieces. We shall prove

that a single measurement uniquely identifies a third or fourth kind obstacle.

Theorem 3.6. Let D be a polyhedral obstacle of either the third or the fourth

kind which does not contain two-dimensional flat pieces. Then the obstacle

can be uniquely determined by a single far-field measurement U∞ correspond-

ing to the incident wave Uinc(·; d, d⊥, kp, ks, αp, αs) as introduced in (3.46) with

fixed constants αp, αs, wavenumber kp, ks, and unit vectors d, d⊥.

Moreover, if αp 6= 0 (or αs 6= 0) then the obstacle along with its boundary

type is uniquely identified by a single longitudinal far-field pattern U∞p (or

respectively, transversal far-field data U∞s ).

When the obstacle might contain screen-like pieces, the number of mea-

surement needed for the uniqueness result might be two or three, depending
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on the kind of boundary condition as well as the type of far-field measure-

ments (longitudinal, transversal, or total).

Theorem 3.7. Let D be a polyhedral obstacle which might contain flat pieces.

We have the following uniqueness results.

(i) If D is of the fourth kind, then it is uniquely identifiable by a single

far-field measurement U∞ or U∞p with an incident wave Uinc given in

(3.46) satisfying αp 6= 0.

(ii) Suppose that D is of either the third or the fourth type, which is known

a priori. Then D can be uniquely determined by two far-field measure-

ments U∞j (or the transversal U∞j,s), j = 1, 2, for incident fields Uinc
j

given in (3.46) with αs 6= 0 and the same wavenumber ks and incident

direction d but different d⊥1 and d⊥2 , satisfy that d⊥1 , d⊥2 and d are linearly

independent.

(iii) If D is of the third kind, then it can also be uniquely identified by three

longitudinal far-field measurements U∞j,p, j = 1, 2, 3, for incident fields

with αp 6= 0 and three linearly independent incident directions d1, d2 and

d3.

Proof of Theorems 3.6 and 3.7. Let Dj, j = 1, 2, be two polyhedral obsta-

cles which has the same (longitudinal or transversal) far-field pattern for the

incident wave Uinc = Uinc(·; d, d⊥, kp, ks, αp, αs) as in (3.46).

It is observed from (3.30) and (3.31) that, if two total far-field patterns

U∞j , j = 1, 2, are the same, then the corresponding longitudinal and the

transversal far-field data will coincide as well, namely, U∞1,p = U∞2,p and U∞1,s =

U∞2,s. Therefore, we need only to prove the cases when the pure longitudinal

or transversal far-field measurements are the same for D1 and D2.

If αp 6= 0 and U∞1,p = U∞2,p, then we obtain from Lemma 3.1 that v∞1 = v∞2 ,

where v∞j is the corresponding far-field of∇ ·Uj given in Theorems 3.4 and 3.5,

for each j = 1, 2. Recall that vj satisfies the acoustic scattering system (3.32)

with the sound-soft boundary condition if D is of the fourth kind, and with

sound-hard one if D is the third kind.
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In the case that the obstacles are solid, that is, they do not contain two-

dimensional flat pieces, the results in [3] and [48] ensure the unique deter-

mination of a sound-soft, or respectively a sound-hard obstacle by a single

measurement, and hence imply our uniqueness in determining a fourth kind,

or respectively a third kind elastic obstacle from one measurement.

Otherwise if the scatterers D1 and D2 might contain screen-like compo-

nents, then the uniqueness in recovering a polyhedral sound-soft scatterer [3]

suggests D1 = D2 with only one consistent measurements, when D1 and D2

are of the fourth kind. If they are of the third kind, then the uniqueness is

ensured by using three measurements with linearly independent directions dj,

j = 1, 2, 3, as suggested in [96] for sound-soft scatterers.

If αs 6= 0 and U∞1,s = U∞2,s, then again by Lemma 3.1 we have (E∞1 ,H
∞
1 ) =

(E∞2 ,H
∞
2 ) with the new far-field patterns related to curl Uj, j = 1, 2 given

in Theorems 3.4 and 3.5. Then uniqueness results in inverse electromagnetic

scattering for impenetrable polyhedral scatterers implies our corresponding

statement when using transversal far-field data U∞s . In particular, [89] gives

the unique determination result for solid polyhedral PEC/PMC obstacle by

one measurement, which implies the statement in Theorem 3.6 when αs 6=

0; and [94] provides the counterpart for polyhedral PEC/PMC scatterers

which might contain two-dimensional flat pieces, which yields Statement (ii)

in Theorem 3.7.

The proof is complete.

3.4.2 The Stability

In this section, we give the stability results corresponding to the uniqueness

established in Section 3.4.1 for inverse elastic scattering.

Stability for inverse problems is important from both the analytic and the

practical point of view. Since the measurements one can collect usually have

errors, it is necessary to require a reasonable stability estimate, to guarantee

that the scatterer reconstructed through the perturbed data is sufficiently

close to the actual scatterer. Stability estimates for different kinds of inverse

(scattering) problems have been extensively studied, see for instance, [125,
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74, 75, 113, 2, 114, 115].

Definition 3.1. Given positive constants r, L, R and h, we say that an open

set D in R3 belongs to the admissible class Ah = Ah(r, L,R) if and only if D

is composed of a finite number of solid polyhedrons with each polyhedron a

Lipschitz domain with constants r and L whose boundary is also composed

of Lipschitz domains in R2 with constants h and L.

For a more detailed definition and discussion of the admissible class of

scatterers, we refer to [92]; see also [90] and [91].

The Hausdorff distance dH given by

dH(D1, D2) := max

{
sup
x∈D1

dist(x,D2), sup
x∈D1

dist(x,D2)

}
,

shall be applied to measure the difference between two shapes D1 and D2.

Theorem 3.8. Let Dj ∈ Ah(r, L,R), j = 1, 2, be two polyhedral obstacles of

either the third or the fourth kind. Then there exist positive constants a, α,

C and ε0 = ε0(h; K) > 0 satisfying the following.

Given an incident field Uinc as in (3.46), suppose that∥∥U∞(·; Uinc, D1)−U∞(·; Uinc, D2)
∥∥
L2(S2)

≤ ε < ε0. (3.49)

Then one has

dH(D1, D2) ≤ Cfα(aε), (3.50)

where the function f : (0, 1/e)→ (0, 1) is defined by

f(t) := e(−(log(− log t))1/2).

Remark 3.2. For notational simplicity, we present here only the stability result

concerning the error in the total far-field data U∞. In fact, it can be replaced

as the difference in the transversal U∞s or the longitudinal U∞p , in the same

manner as in the uniqueness result Theorem 3.6.

Moreover, stability estimates in recovering scatterers containing screen-

like pieces, in accordance with the uniqueness in Theorem 3.7, can also be

established, by using the counterpart estimates for inverse acoustic or electro-

magnetic scattering in references [114, 90, 91]. The main difference compared
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to the current stability in Theorem 3.8 is the class for admissible scatterers.

Owing to the appearance of two-dimensional flat pieces in scatterers, the defi-

nition of the corresponding admissible class is more technical and needs more

careful characterizations.

Proof. By recalling the relation (3.31) one has

‖U∞‖L2(S2) = ‖U∞p ‖L2(S2) + ‖U∞s ‖L2(S2).

Hence the inequality (3.49) along with Lemma 3.1 implies that

‖E∞(·; Einc, D1)− E∞(·; Einc, D2)‖L2(S2) ≤ ε,

and

‖v∞(·; vinc, D1)− v∞(·; vinc, D2)‖L2(S2) ≤ ε,

where vinc and Einc are the incident fields given in, respectively, (3.47) and

(3.48), and v∞ and E∞ are the corresponding far-field patterns of the acoustic

or electromagnetic scattering problems specified in Theorems 3.4 and 3.5.

Now, the stability estimate (3.50) is seen from the stability results for

corresponding inverse acoustic scattering on sound-soft scatterers in [114],

and for sound-hard ones in [90]. It is also obtained, in particular when the

transversal far-field data is of use, from the stability estimates for correspond-

ing inverse electromagnet scattering in [91].

The proof is complete.
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Chapter 4

A Fractional Operator and its

Calderón Problem

The fractional (nonlocal) Laplacian has found important applications in fields

such as anomalous diffusion, quantum mechanics and image processing among

others Inverse problems involving fractional Laplacian have attracted atten-

tions in recent couple of years. Existing results on such inverse problems

mainly concern with the non-variant Laplacian, whose fractional operator

can be defined naturally by Fourier transforms. In this chapter, variable

fractional Laplacian and an associated inverse problem will be discussed.

We will give a proper definition of the variable fractional Laplacian, prove

the well-posedness of corresponding forward problems, define the Dirichlet to

Neumann map, and show the uniqueness of the associated inverse problem.

4.1 Introduction

In this chapter, a fractional (and nonlocal) anisotropic operator Ls with s ∈

(0, 1), as well as an associated inverse problem, will be discussed. Hereinafter,

L denotes a uniform elliptic and bounded operator given by Lu = Lγu :=

∇ · (γ∇u). Originating from the spectral theorem for densely defined self-

adjoint operators, the fractional operator Ls we shall define has the form

〈Lsv, w〉 =
1

2

∫
Rn

∫
Rn

(v(x)− v(z))(w(x)− w(z))Ks(x, z)dxdz, (4.1)
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which also admits the pointwise presentation

(Lsv) (x) = lim
ε→0+

∫
|x−z|>ε

(v(x)− v(z))Ks(x, z)dz. (4.2)

It gives a bounded operator

Ls : Hs(Rn)→ H−s(Rn).

Nonlocal operators of the form (4.1) have got considerable attention in

recent decades due to practical applications. Fields of applications include,

phase transition [7], anomalous diffusion [124, 42], random walk and Lévy

flights [100, 101], image processing [79, 57, 12], machine learning [118], shape

optimization [34] and population dynamics [98] among others. Mathematical

study for the fractional Laplacian or more general fractional/nonlocal opera-

tors as in the form (1.1) can be found in [42, 36, 13, 51, 52, 116, 117, 14, 44, 40,

etc].

We shall consider in this chapter the Calderón problem of recovering

the potential q from the Dirichlet to Neumann (DtN) map of the following

“boundary” value problem

(Ls + q)u = 0 in Ω with u = g in Ωe. (4.3)

Owning to the nonlocal property of the operator Ls, the “boundary” data g

is given in the exterior, instead of data on the boundary as a standard setting

for local differential operators. We shall verify well-posedness of the forward

problem (4.3) and define the DtN map with appropriate mapping properties.

The uniqueness in the inverse problem of identifying q from the DtN map

shall be established. A crucial tool for proving the uniqueness result is an

important and interesting property of Ls. We shall show that if both u and

Lsu vanish in an open set, then u must be zero everywhere. This is not valid

for local differential operators.

The Calderón problem for fractional operators was first introduced in [55],

where the authors considered to recover the potential q in a bounded domain

Ω, from the corresponding DtN map of the nonlocal operator (−∆)s + q in

Ω. It was proved in [55] that the potential q can be uniquely recovered from
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partial DtN data. Several related work on inverse problems concerning the

fractional Laplacian has been done afterwards, see the review paper [120].

The standard Calderón problem was first introduced in [22], trying to

recover the interior electrical conductivity by measuring voltage and current

data at the boundary. Mathematically speaking, one tries to determine the

conductivity or admittivity (matrix) function γ in a bounded domain Ω, from

the Dirichlet to Neumann (DtN) map

Λγ : u|∂Ω 7→ ν · (γ∇u) ,

where ν is the unit normal of ∂Ω, and u is the electric potential or voltage

which satisfies the partial differential equation (PDE)

Lγu := −∇ · (γ∇u) = 0 in Ω. (4.4)

Another inverse problem which is closely related to the original Calderón

problem is to recover the potential q from the DtN map associated with the

following PDE:

(Lγ + q)u = 0 in Ω. (4.5)

In the case that the conductivity is a scalar function which is smooth enough,

the Calderón problem concerning to recover γ in (4.4) can be reformulated

into the recovery of q in (4.5), by taking q = ∆
√
γ/
√
γ and L = −∆.

According to whether the material parameters depend on directions, there

are two types of materials in general. For example, when the conductivity

γ is a scalar function, the material is called isotropic; otherwise if γ = (γij)

is a matrix valued function which is not reducible to a scalar function, then

it is referred to as anisotropic. Many medium or materials in practice are

anisotropic, for instance, muscle tissue and the inner core of the Earth.

There is a considerable literature concerning the Calderón problem in the

recent three decades. In the case that the material is isotropic, results are

almost complete for any dimensions n ≥ 2 since the first work [127], which

showed the global uniqueness of determining q from the DtN map associated

with −∆ +q for dimensions n ≥ 3. For two-dimensional case, [104] was the

first uniqueness result of the Calderón problem. Later on, there are many
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articles suggesting improvement for the uniqueness results in [127] and [104]

by, for instance, recovering parameters with less regularity. The main tool

for uniqueness of the Calderón problem is complex geometrical optics (CGO)

solutions, which has also found crucial importance in other types of inverse

problems. For more details, please see the survey [131] and papers [64, 24,

etc.] afterwards.

When the conductivity is anisotropic, the known uniqueness results (and

techniques involved) for the Calderón problem in dimensions n ≥ 3 or n = 2

are very different. For dimension two, the best known result is due to [6] which

showed the unique determination of a general L∞ anisotropic conductivity

up to a diffeomorphism. However for three or higher dimensions, there are

only results for special kinds of conductivities, for example, those with real-

analytic coefficients and some kind of transversally anisotropic conductivities;

see [87, 41, 78, etc.].

Unlike the results for standard Calderón problem concerning local dif-

ferential operators, we are able to establish the uniqueness in the Calderón

problem of recovering q for the fractional anisotropic operator Lsγ. Moreover,

the result is valid under very general partial data setting.

4.2 Definition of the Fractional Operator

In this section, we will give a proper definition to the fractional operator

Ls = Lsγ with s ∈ (0, 1) and Lγ = −∇ · (γ∇). We shall also denote L = Lγ
for notational simplicity. In the rest of the chapter, unless otherwise specified,

all the arguments will be made under the following condition.

Assumption A. Assume that s is a constant in (0, 1), and γ = (γij(x))ni,j=1

is an n-by-n symmetric matrix which is C∞ smooth and satisfies

λ|ξ|2 ≤
n∑

i,j=1

γij(x)ξiξj ≤ λ−1|ξ|2 for all x, ξ ∈ Rn,

with some positive constant λ.
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4.2.1 Sobolev Spaces

In this subsection, the definition and some properties of certain (fractional)

Sobolev spaces will be given. Most of these definitions and facts can be

found in standard monographs on functional analysis or Sobolev spaces, for

instance, [8, 99, 1]. For notational simplicity, we shall consider, without lose

of generality, only real-valued function spaces throughout this chapter.

For any a ∈ R, let Ha(Rn) be the L2-based (fractional) Sobolev space

endowed with the norm

‖u‖Ha(Rn) :=
∥∥F−1

{
〈·〉a Fu

}∥∥
L2(Rn)

,

where 〈ξ〉 = (1+ |ξ|2)
1
2 , and F is the Fourier transform operator. Notice that

Ha(Rn) is a Hilbert space equipped with the inner product

(u, v)Ha(Rn) =
(
F−1{〈ξ〉a Fu},F−1{〈ξ〉a Fv}

)
L2(Rn)

. (4.6)

It is known that for s ∈ (0, 1), ‖ · ‖Hs(Rn) has the following equivalent form

‖u‖Hs(Rn) = ‖u‖L2(Rn) + [u]Hs(Rn)

with

[u]2Hs(O) :=

∫
O×O

|u(x)− u(z)|2

|x− z|n+2s
dxdz

for any open set O of Rn. It is noted that [·]Hs(Rn) is a semi-norm of Hs(Rn).

Given any open set O of Rn and a ∈ R, the following Sobolev spaces shall

also be used in this chapter:

Ha(O) := {u|O; u ∈ Ha(Rn)},

H̃a(O) := the closure of C∞c (O) in Ha(Rn),

Ha
O = Ha

O(Rn) := {u ∈ Ha(Rn); supp(u) ⊂ Ω}.

One can see from the definition that both H̃a(O) and Ha
O are closed subspaces

of Ha(Rn). Moreover, Ha
O is also a Hilbert space with the same inner product

introduced in (4.6). Then one has

Ha(Rn) = Ha
O ⊕

(
Ha
O

)⊥
.
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It is known that the Sobolev space Ha(O) is complete under the norm:

‖u‖Ha(O) := inf
{
‖v‖Ha(Rn); v ∈ Ha(Rn) and v|O = u

}
. (4.7)

As a consequence, one can also define the following closed subspace of Ha(O),

Ha
0 (O) := the closure of C∞c (O) in Ha(O).

In addition, one has

Ha(O) ∼=
(
Ha

Rn\O
)⊥
.

When the domain Ω is smooth enough, Lipschitz for instance, the corre-

sponding Sobolev spaces have some further relations.

Lemma 4.1. Let a ∈ R and Ω be a Lipschitz domain in Rn. Then one has

H̃a(Ω) = Ha
Ω
⊆ Ha

0 (Ω),

(Ha(Ω))∗ = H̃−a(Ω) and
(
H̃a(Ω)

)∗
= H−a(Ω).

4.2.2 The Heat Kernel

Consider the heat equation

∂tU + LU = 0 in R+ × Rn,

U |t=0 = f in Rn.
(4.8)

It is observed that a solution to (4.8) can formally be written as

U = e−tLf.

In fact, {e−tL}t is called heat semi-group. If there exists a function pt = pγ,t

such that

e−tLf(x) =

∫
Rn
pt(x, z)f(z)dz, (4.9)

then pt is called the heat kernel of the operator L or the semi-group {e−tL}t.

It is known that for L = Lγ with γ satisfying Assumption A, the heat kernel

pt admits a upper and a lower bounds (see, [35, Chapter 3]):

c1e
−b1 |x−z|

2

t t−
n
2 ≤ pt(x, z) ≤ c2e

−b2 |x−z|
2

t t−
n
2 , x, z ∈ Rn, (4.10)
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with bj and cj, j = 1, 2, positive constants. Moreover, pt can be chosen to be

symmetric [63, Chapter 9], namely,

pt(x, z) = pt(z, x), for all x, z ∈ Rn and all t > 0; (4.11)

Now we define Ks = Kγ,s as

Ks(x, z) :=
1

Γ(−s)

∫ ∞
0

pt(x, z)
dt

t1+s
. (4.12)

Lemma 4.2. There exist positive constants Cj, j = 1, 2, such that

C1

|x− z|n+2s
≤ Ks(x, z) = Ks(z, x) ≤ C2

|x− z|n+2s
. (4.13)

Proof. Using the Gamma function we have for given λ > 0 that

Γ(λ) :=

∫ ∞
0

e−ttλ−1dt =

∫ ∞
0

e−1/t dt

t1+λ

= cλ
∫ ∞

0

e−c/t
dt

t1+λ
, c > 0.

As a consequence we have∫ ∞
0

e−b
|x−z|2
t

dt

t1+s+n/2
=

Γ(s+N/2)

bs+n/2
1

|x− z|n+2s
.

The proof is completed by recalling (4.10) and (4.11).

4.2.3 Definition of the Operator Ls

We define the following operator

〈Lsv, w〉 :=
1

2

∫
Rn

∫
Rn

(v(x)− v(z))(w(x)− w(z))Ks(x, z)dxdz. (4.14)

It is seen from (4.13) that

|〈Lsv, w〉| ≤ C

∫
Rn

∫
Rn

|v(x)− v(z)||w(x)− w(z)|
|x− z|n+2s

dxdz

≤ C[v]s[w]s ≤ C‖v‖Hs(Rn)‖w‖Hs(Rn).

(4.15)

Therefore, the equation (4.14) in fact defines a bounded linear operator:

Ls : Hs(Rn)→ H−s(Rn). (4.16)

The symbol 〈·, ·〉 can hence be regarded as the naturally dual pairing between

H−s(Rn) and Hs(Rn). In the rest of this chapter, we will always adapt this
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notation to represent the dual operation of other pairs, for example, the

duality between H̃s(Ω) and
(
H̃s(Ω)

)∗
, and the one between L2(Ω) and itself.

It is observed from the definition (4.14) that Ls is self-adjoint, namely,

〈Lsv, w〉 = 〈Lsw, v〉 , for any v, w ∈ Hs(Rn). (4.17)

It is observed that

〈Lsv, w〉 =
1

2
lim
ε→0+

∫
Rn

∫
|x−z|>ε

(v(x)− v(z))(w(x)− w(z))Ks(x, z)dxdz

=

∫
Rn
g(x) lim

ε→0+

∫
|x−z|>ε

(v(x)− v(z))Ks(x, z)dzdx.

Therefore, the fractional operator Ls admits the following pointwise form

(Lsv) (x) = lim
ε→0+

∫
|x−z|>ε

(v(x)− v(z))Ks(x, z)dz. (4.18)

We would like to remark here that the definition (4.14) and the pointwise

form (4.18) of the fractional operator Ls = Lsγ coincide with the case for

(−∆)s, when γ is taken as the identical matrix. In fact, the symmetric

“kernel” Ks for (−∆)s is simply

Ks(x, z) =
cn,s

|x− z|n+2s
,

which also obeys the estimate (4.13).

Another remark for the definition (4.14) of the fractional operator Ls is

that it comes from the spectral theory for non-negative definite, self-adjoint

and densely defined self-adjoint operators. More precisely, given φ be a real-

valued measurable function defined on the spectrum of L, the operator func-

tion φ(L) is defined by

φ(L) :=

∫ ∞
0

φ(λ) dEλ,

where {Eλ} is called the spectral resolution of L (see for instance, [63]). In

our case, the function φ is given by φ(λ) = λs. By noticing

λs =
1

Γ(−s)

∫ ∞
0

(e−tλ − 1)t−1−sdt

for s ∈ (0, 1) with Γ the Gamma function, we can write

Ls =

∫ ∞
0

λs dEλ =
1

Γ(−s)

∫ ∞
0

(
e−tL − Id

) dt

t1+s
, (4.19)
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where e−tL is the same as introduced in (4.9). Then by noticing

〈Lsf, g〉L2 =
1

Γ(−s)

∫ ∞
0

〈(
e−tLf − f

)
, g
〉
L2

dt

t1+s
,

one can obtain our definition (4.14) of the fractional operator Ls.

The main reason that we prefer the weak form (4.14) to the spectral

definition (4.19) is the mapping property. Recall that with the weak form

(4.14) definition, we have the mapping property (4.16), which is generally

not true for the spectral definition (4.19). In particular,the domain of the

operator defined in (4.19) could be expected as H2s(Rn), which has been

proved for s = 1/2; see, [35, 63].

4.3 The Dirichlet Problem

In this section, we will formulate the “boundary” value problem associated

with the fractional operator Ls. The quotation mark to the word “boundary”

is because our “boundary” value is in fact given in an exterior open set rather

than on the boundary of the domain, where the latter is the typical setting in

standard boundary value problems for classical differential operators. We will

also derive the corresponding well-posedness for the Dirichlet problem. As an

important consequence, we are able to define the corresponding Dirichlet to

Neumann (DtN) map.

4.3.1 Well-Posedness of the Dirichlet Problem

We will consider in this subsection the following nonlocal Dirichlet problem(Ls + q)u = f in Ω,

u = g in Ωe,

(4.20)

and establish its well-posedness. In order to guarantee the well-posedness of

the forward problem (4.20), the “boundary” value g is given in the exterior

domain Ωe. See Theorem 4.1 for more details. In what follows, we will call f

in (4.20) as the right hand side (RHS) function, and g as the Dirichlet data of

(4.20). Here and thereafter, we shall denote Ω ⊆ Rn as a bounded Lipschitz

domain, q as a potential in L∞(Ω), and s ∈ (0, 1) as a given constant.
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We first give the weak formulation of the Dirichlet problem (4.20). Define

Bq = Bq,γ as

Bq(v, w) := 〈Lsv, w〉+

∫
Ω

q(x)v(x)w(x) dx, v, w ∈ Hs(Rn) (4.21)

with Ls given in (4.14). Since Ls is linear and symmetric, one has that Bq is

a symmetric bilinear form. Moreover, one can obtain from (4.15) that

|Bq(v, w)| ≤ C‖v‖Hs(Rn)‖w‖Hs(Rn), v, w ∈ Hs(Rn). (4.22)

Recall that the Sobolev space H̃s(Ω) is the closure of C∞0 (Ω) under the norm

‖ · ‖Hs(Rn). Therefore, Bq is also a symmetric bounded bilinear form in the

space H̃s(Ω).

We are now in the position of defining the notion of (weak) solutions to

the nonlocal Dirichlet problem (4.20). Hereinafter, the notation Lsg|Ω means

(Lsg)|Ω.

Definition 4.1. Given f ∈
(
H̃s(Ω)

)
= H−s(Ω), we say that u ∈ H̃s(Ω) is a

(weak) solution to (Ls + q)u = f in Ω,

u = 0 in Ωe,

(4.23)

if there holds

Bq(u, v) = (f, v)L2(Ω), for any v ∈ H̃s(Ω). (4.24)

Given further g ∈ Hs(Rn), we say that u ∈ Hs(Rn) is a (weak) solution to

(4.20) if ũg := u − g belongs to the Sobolev space H̃s(Ω) and is a (weak)

solution to the following homogeneous Dirichlet problem(Ls + q)ũg = f − qg − Lsg|Ω in Ω,

u = 0 in Ωe.

(4.25)

By rewriting (4.25) into the weak form as (4.24), one has

Bq(ũg, v) =
(
f − (Ls + q)g, v

)
L2(Ω)

, for any v ∈ H̃s(Ω).

Therefore, we have the following equivalent definition of solutions to the non-

homogeneous Dirichlet problem (4.20).
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Definition 4.2’. Given f ∈ H−s(Ω) and g ∈ Hs(Rn), we say that u ∈

Hs(Rn) is a (weak) solution to (4.20) if u− g ∈ H̃s(Ω) and

Bq(u, v) = (f, v)L2(Ω), for any v ∈ H̃s(Ω). (4.26)

The following result reveals the well-posedness of Dirichlet problems as-

sociated with the nonlocal operator Ls + q.

Theorem 4.1. Let Ω be a bounded Lipschitz domain in Rn and let q ∈ L∞(Ω).

Denote q−(x) := min{0, q(x)} and λ0 := −‖q−‖L∞(Ω) ≥ 0. Then there is a

countable set Σ = {λj}∞j=1 ⊂ (λ0,+∞) such that, for any given λ ∈ R \ Σ,

f ∈ H−s(Ω) and g ∈ Hs(Rn), there is a unique solution u ∈ Hs(Rn) to the

nonlocal Dirichlet problem(Ls + q − λ)u = f in Ω,

u = g in Ωe.

(4.27)

Moreover, the solution u has the following estimate

‖u‖Hs(Rn) ≤ C
(
‖f‖H−s(Ω) + ‖g‖Hs(Rn)

)
, (4.28)

with some positive constant C independent of f and g.

Remark 4.1. One can seen from the proof of Theorem 4.1 that the set Σ is in

fact the set of eigenvalues of the homogeneous Dirichlet problem. For study

of eigenvalues for the fractional Laplacian (−∆)s in the unit ball, please see

[43].

Proof. We first show the unique solvability of the following problem(Ls + q − λ0)u = f in Ω,

u = 0 in Ωe.

(4.29)

The associated bilinear form Bq(·, ·)− λ0(·, ·)L2(Ω) is bounded over Hs(Rn) as

well as H̃s(Ω), since Bq is bounded over both of these spaces. One can obtain

from (4.13) that, for any v ∈ Hs(Rn),

〈Lsv, v〉 =
1

2

∫
Rn×Rn

(v(x)− v(z))2Ks(x, z)dxdz

≥C
∫
Rn×Rn

(v(x)− v(z))2

|x− z|n+2s
dxdz

=C‖(−∆)s/2v‖2
L2(Rn) = C[v]2Hs(Rn)
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holds with some constant C > 0 independent of v. From the Hardy-Littlewood-

Sobolev inequality we observes for any v ∈ H̃s(Ω) that

‖(−∆)s/2v‖L2(Rn) ≥ c‖v‖
L

2n
n−2s (Rn)

= c‖v‖
L

2n
n−2s (Ω)

.

Furthermore, we have from the Hölder inequality that

‖v‖2
L2(Ω) = ‖v2‖L1(Ω) ≤ ‖1‖L n

2s (Ω)
‖v2‖

L
n

n−2s (Ω)

= |Ω|2s/n‖v‖2

L
2n
n−2s (Rn)

.

By combining the above three estimates we obtain that

〈Lsv, v〉 ≥ Cc

|Ω|2s/n + c
‖v‖2

Hs(Rn), for any v ∈ H̃s(Ω).

As a consequence, one has for any v ∈ H̃s(Ω) that

Bq(v, v)− λ0(v, v)L2 ≥ 〈Lsv, v〉 ≥ c0‖v‖2
H̃s(Ω)

.

Hence, we have deduce by far that Bq(·, ·) − λ0(·, ·)L2 is a bounded coercive

bilinear form over the Hilbert space H̃s(Ω). Therefore, by the Lax-Milgram

theorem we have that, given any f ∈ H−s(Ω) =
(
H̃s(Ω)

)∗
, there is a unique

solution u ∈ H̃s(Ω) to (4.29). Moreover, there holds the following estimate

‖u‖H̃s(Ω) ≤ C‖f‖H−s(Ω)

with some constant C independent of f .

We denote G0 as the solution operator of the Dirichlet problem (4.29),

which maps f to the solution u. Recall from previous arguments that the

map

G0 : H−s(Ω)→ H̃s(Ω)

is bounded and has a bounded inverse. Moreover, one can obtain that

〈f1,G0f2〉 = 〈f2,G0f1〉 , for any f1, f2 ∈ H−s(Ω).

It is noticed from Sobolev compact embedding theorems that the following

natural embedding operators Id1 and Id2 are compact

Id1 : L2(Ω)→ H−s(Ω), Id2 : H̃s(Ω)→ L2(Ω).
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Therefore, we have concluded that the operator

G̃0 := Id2 ◦ G0 ◦ Id1 : L2(Ω)→ L2(Ω)

is linear, compact, positive-definite and self-adjoint.

Now we consider the well-posedness of the problem(Ls + q − λ)u = f in Ω,

u = 0 in Ωe.

(4.30)

Notice that if λ ≤ λ0, one can deduce from the previous arguments that the

Dirichlet problem (4.30) is well-posed. We are left to investigate the case

when λ > λ0. It is observed that, a solution u to (4.30) satisfies the following

identity

u = G0 (f + (λ− λ0)u) ,

which implies (
Id0 − (λ− λ0)G̃0

)
Id2u = Id2 ◦ G0f,

where Id0 denotes the identity map on L2(Ω). Recall that G̃0 is self-adjoint

and compact on L2(Ω). Thus by spectral properties of self-adjoint compact

operators, the spectrum of G̃0 contains only countable number of eigenvalues

{ 1
λj−λ0}

∞
j=1 with λj > λ0 for all j = 1, 2, .... Denote Σ := {λj}∞j=1. Then by

the Fredholm alternative, one has for any λ /∈ Σ, the operator(
Id0 − (λ− λ0)G̃0

)
: L2(Ω)→ L2(Ω),

is injective and has a bounded inverse. Hence the operator

(Id− (λ− λ0)G0 ◦ Id1 ◦ Id2) : H̃s(Ω)→ H̃s(Ω)

is also injective and has a bounded inverse. Therefore, for any λ /∈ Σ and any

f ∈ H−s(Ω), the problem (4.30) is uniquely solvable, and the unique solution

u satisfies

‖u‖H̃s(Ω) ≤ C‖f‖H−s(Ω),

with some positive constant C independent of u and f .

Finally, the non-homogeneous Dirichlet problem (4.27) can be reformu-

lated into the problem (4.30), with u and f replaced by, respectively, u − g

and f−Lsg|Ω+(q−λ)g. We shall omit the details and complete the proof.
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As a direct consequence of Theorem 4.1, we have the following result

regarding the Dirichlet problem (4.20) for Ls + q.

Corollary 4.1. Suppose that 0 is not a Dirichlet eigenvalue of Ls + q in

Ω. Then for any given f ∈ H−s(Ω) and g ∈ H̃s(Ω), the nonlocal Dirichlet

problem (4.20) admits a unique solution u ∈ Hs(Rn), which satisfies the

estimate (4.28).

The following result can be obtained from the proof of Theorem 4.1, by

taking λ0 = 0.

Corollary 4.2. If q ≥ 0 a.e. in Ω, then 0 is not a Dirichlet eigenvalue of

Ls + q in Ω.

Notice that in the Dirichlet problem (4.27), the full data of g is given in

the space Hs(Rn). However, only the data of g in the exterior Ωe is used. In

fact, we will end up this subsection with the following results revealing that,

the solution u of (4.33) does not depend on the data of g in Ω.

Lemma 4.3. Suppose that the problem (4.27) is well-posed. For j = 1, 2,

given the RHS function f ∈ H−s(Ω) and the Dirichlet data gj ∈ Hs(Rn), let uj

be the corresponding solution to (4.20). If there holds g1− g2 ∈ Hs
Ω

= H̃s(Ω),

then one must have u1 = u2.

Proof. Define ũ := u1−u2. It is observed that ũ ∈ H̃s(Ω). Moreover, ũ solves

(4.27) with zero RHS and exterior data. By the well-posedness of (4.27), we

conclude that ũ = 0 and hence complete the proof.

Remark 4.2. As a consequence of Lemma 4.3, we can consider the nonlocal

problem (4.27) with the Dirichlet data g given in the quotient space

X := Hs(Rn)/Hs
Ω
∼=
(
Hs

Ω

)⊥ ∼= Hs(Ωe). (4.31)

Corollary 4.3. Let Ω, q and Σ be the same as in Theorem 4.1, and let

λ ∈ Rn\Σ. Then given any f ∈ H−s(Ω) and g ∈ Hs(Ωe), there is a unique

solution u ∈ Hs(Rn) to the nonlocal Dirichlet problem (4.27). Moreover, there

exists a constant C, independent of g and f , such that

‖u‖Hs(Rn) ≤ C
(
‖f‖H−s(Ω) + ‖g‖Hs(Ωe)

)
. (4.32)
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Proof. Let g̃ ∈ Hs(Rn) such that g̃|Ωe = g. Then by Theorem 4.1, there

is a unique ug̃ ∈ Hs(Rn) solving (4.27) with data f and g̃. We are claim

that ug̃1 = ug̃2 for any g̃1, g̃2 ∈ Hs(Rn) such that g̃1|Ωe = g̃2|Ωe = g. In fact,

it is noticed that the new function g̃0 := g̃1 − g̃2 belongs to Hs(Rn) and is

supported in Ω, and hence is an element in Hs
Ω

. Then following Lemma 4.3

we have ug̃1 = ug̃2 .

We are left to verify the stability estimate (4.32). First by (4.28) we have

‖u‖Hs(Rn) ≤ C0

(
‖f‖H−s(Ω) + ‖g̃‖Hs(Rn)

)
,

for any g̃ ∈ Hs(Rn) such that g̃|Ωe = g. Then by recalling the norm (4.7) of

the Sobolev space Hs(Ωe) we complete the proof.

4.3.2 The DtN Map

Next we consider the Dirichlet problem (4.20) with a zero right hand side,

namely, (Ls + q)u = 0 in Ω,

u = g in Ωe.

(4.33)

By looking into the bilinear form Bq, we will give in this subsection a proper

definition of the Neumann data of the solution to (4.33), as well as its Dirichlet

to Neumann (DtN) map. It has been obtained from Theorem 4.1 or Corol-

lary 4.1 that, as long as 0 is not a Dirichlet eigenvalue of Ls + q in Ω, the

problem (4.33) is well-posed with any given Dirichlet data g ∈ Hs(Rn), or

g ∈ Hs(Ωe) in view of Corollary 4.3.

In order to guarantee the well-posedness of the Dirichlet problem (4.33),

we shall assume henceforth that

Assumption B. Assume that Ω is a bounded Lipschitz domain in Rn, q is

an L∞ function, and 0 is not a Dirichlet eigenvalue of Ls + q in Ω.

Definition 4.2. We define Λq = Λs
γ,q as the following:

〈Λqg, h〉 := Bq(ug, h̃), for any g, h ∈ Hs(Ωe), (4.34)

where ug ∈ Hs(Rn) is the solution to (4.33) with the Dirichlet data g, and

h̃ ∈ Hs(Rn) is a function satisfying h̃|Ωe = h.
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We shall show in the next result that the RHS of (4.34) is independent of

the specific h̃ one chooses, and hence the left hand side (LHS) is well-defined.

Moreover, it gives definition of a bounded linear operator Λq.

Lemma 4.4. The equation (4.34) defines a bounded linear operator

Λq : Hs(Ωe)→ (Hs(Ωe))
∗ = H̃−s(Ωe), (4.35)

which is symmetric in the sense that

〈Λqg, h〉 = 〈Λqh, g〉 , for any g, h ∈ Hs(Ωe). (4.36)

Proof. We first show that the RHS of (4.34) is independent of the specific h̃.

In other words, we prove

Bq(ug, h̃1) = Bq(ug, h̃2),

for any h̃1, h̃2 ∈ Hs(Rn) such that h1|Ωe = h2|Ωe = h. Notice that the new

function h̃0 := h̃1 − h̃2 ∈ Hs(Rn) is supported in Ω, and hence is an element

in Hs
Ω

= H̃s(Ω). Since ug is the solution to (4.33), we have from (4.26) that

Bq(ug, h̃0) = 0.

The linearity of Λq follows directly from that of Bq. We are left to show

the mapping property (4.35). From the boundedness (4.22) of Bq we have

|〈Λqg, h〉| ≤ C0‖ug‖Hs(Rn)‖h̃‖Hs(Rn),

for any h̃ ∈ Hs(Rn) such that h̃|Ωe = h. By recalling the norm (4.7) of the

Sobolev space Hs(Ωe) as well as the stability estimate (4.32) for the solution

ug, we arrive at

|〈Λqg, h〉| ≤ C‖g‖Hs(Ωe)‖h‖Hs(Ωe),

with a constant C independent of g and h. Hence we conclude that Λq : g ∈

Hs(Ωe) 7→ Λqg ∈ (Hs(Ωe))
∗ is a bounded operator.

Remark 4.3. We obtain from Lemma 4.4 and its proof that the notation 〈·, ·〉

in (4.34) is in fact a pairing between Hs(Ωe) and its dual space. Moreover,

one can derive that

Λqg = Lsug|Ωe . (4.37)
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We end this section by deriving couple of results regarding the integral

identity in our case.

Lemma 4.5. Let Ω and q1, q2 satisfy Assumption B. Then the following

identity holds true for any g1, g2 ∈ Hs(Ωe):〈
(Λq1 − Λq2)g1, g2

〉
=

∫
Ω

(q1 − q2)ug1,q1ug2,q2dx, (4.38)

where for each j = 1, 2, ugj ,qj ∈ Hs(Rn) is the solution to (4.33) with the

potential qj and the Dirichlet data gj.

Proof. By recalling the symmetry (4.36) and the definition (4.34) of DtN

maps we have〈
(Λq1 − Λq2)g1, g2

〉
= 〈Λq1g1, g2〉 − 〈Λq2g2, g1〉

=Bq1(ug1,q1 , ug2,q2)− Bq2(ug2,q2 , ug1,q1).

The proof is completed by using the definition (4.21) of the bilinear forms

Bqj , j = 1, 2.

4.4 An Important Property of Ls

We introduce in this section the following important property for Ls.

Theorem 4.2. Let O be an open set in Rn. Given any function u ∈ Hs(Rn)

such that u = Lsu = 0 in O, one must have u ≡ 0 in Rn.

We remark here that the property stated in Theorem 4.2 does not hold

for local elliptic operators. One can take any compactly supported function

as a counter example.

Theorem 4.2 can be verified via a degenerate extension problem in Rn+1

which was first introduced in [15] for (−∆)s and extend to the case for the

more general fractional operator Ls in [126]. The proof of Theorem 4.2 will

be given at the end of this section.

4.4.1 The Extension Problem

We shall introduce this section some results for the extension problem asso-

ciated with Lsγ.
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Notations in Rn+1

A point in Rn+1 is denoted as x = (x, y), with x ∈ Rn and y ∈ R. Denote Rn+1
+

as the (open) upper half space of Rn+1, namely, Rn+1
+ := {x; x ∈ Rn, y > 0},

and denote ∂Rn+1
+ := {(x, 0); x ∈ Rn} as its boundary. For any open domain

O in Rn+1, denote O+ := O ∩ Rn+1
+ , O− := O ∩ Rn+1

− and O0 := O ∩ ∂Rn+1
+ .

Given x ∈ Rn+1 and R ∈ R+, denote B(x;R) as the open ball in RN+1

centered at x with radius R, and denote B(x;R) = B((x, 0);R) for x ∈ Rn.

Given O be a Lipschitz domain in Rn+1 and w an A2 Muckenhoupt weight

function (cf. [50, 102]), denote L2(O, w) as the weighted Sobolev space con-

taining all functions U which are defined a.e. in O such that

‖U‖L2(O,w) :=

(∫
O

w|U |2dx
)1/2

<∞.

Define

H1(O, w) := {U ∈ L2(O, w); ∇x U ∈ L2(O, w)},

where ∇x := (∇, ∂y) = (∇x, ∂y) is the gradient in Rn+1. It is observed

that L2(O, w) and H1(O, w) are Banach spaces with respect to the norms,

respectively, ‖ · ‖L2(O,w) and

‖U‖H1(O,w) :=
(
‖U‖2

L2(O,w) + ‖∇x U‖2
L2(O,w)

)1/2

.

Denote H1
0 (O, w) as the closure of C∞0 (O) in H1(O, w).

Based on the n-by-n matrix γ = (γi,j), we set

γ̃(x) =

 γ(x) 0

0 1

 .

Given σ ∈ (−1, 1), we define the following degenerate operator in Rn+1,

Lσ,γ̃ := −∇x ·(|y|σγ̃(x)∇x). (4.39)

It is known for σ ∈ (−1, 1) that |y|σ is a A2 Muckenhoupt weight (cf. [50, 102])

in Rn+1
+ . One can observe that

Lσ,γ̃ = yσ
(
Lγ − σy−1∂y − ∂2

y

)
in Rn+1

+ .

Let O be an open set in Rn+1. We say that U ∈ H1(O, |y|σ) (weakly)

satisfies Lσ,γ̃U = 0 in O if

0 =

∫
O

|y|σ (γ̃ ∇x U) · ∇x Φ dx, for all Φ ∈ C∞0 (O).
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Remark 4.4. It is noticed that, away from ∂Rn+1
+ , the coefficients of the dif-

ferential operator is C∞ smooth. Hence by standard elliptic regularity re-

sults, we obtain that U is C∞ in any open and relatively compact subset of

O+ = O ∩ Rn+1
+ or O− = O ∩ Rn+1

− .

Given u = u(x), we shall consider the following extension problem in Rn+1
+

introduced by [126],  Lσ,γ̃U = 0 in Rn+1
+ ,

U(·, 0) = u on ∂Rn+1
+ .

(4.40)

The following lemma reveals the interesting fact that the Neumann data on

∂Rn+1
+ of the problem (4.40) associated with the Dirichlet data u is exactly

Lsγu.

Lemma 4.6 ([126, 53]). Given a function u defined in Rn, let

U(x) :=

∫
Rn
P s
y (x, z)u(z)dz,

with the kernel P s
y given by

P s
y (x, z) :=

y2s

4sΓ(s)

∫ ∞
0

e−
y2

4t pt(x, z)
dt

t1+s
, x, z ∈ Rn, y > 0.

Then U is a solution to (4.40) and

lim
y→0+

U(·, y)− U(·, 0)

y2s
=

1

2s
lim
y→0+

y1−2s∂yU(·, y) =
Γ(−s)
4sΓ(s)

Lsu.

Proper Neumann Data on ∂Rn+1
+

Let O be an open set in Rn+1 such that O0 = O ∩ ∂Rn+1
+ 6= ∅. Let U ∈

H1(O+, |y|σ) satisfy Lσ,γ̃U = 0 in O+. Then for any Φ ∈ C∞0 (O) and any

ε > 0 we have that∫
O+

|y|σ (γ̃ ∇x U) · ∇x Φ dx

=

∫
O+∩{y≥ε}

yσ (γ̃ ∇x U) · ∇x Φ dx +

∫
O+∩{y<ε}

yσ (γ̃ ∇x U) · ∇x Φ dx

=−
∫
O+∩{y=ε}

yσ∂yU Φ dx+

∫
O+∩{y<ε}

yσ (γ̃ ∇x U) · ∇x Φ dx.

It is noticed that the second term of the RHS tends to zero when ε→ 0+, as

long as Φ ∈ H1(O, |y|σ). Thus one has

lim
ε→0+

∫
O+∩{y=ε}

yσ∂yU Φ dx = −
∫
O+

|y|σ (γ̃ ∇x U) · ∇x Φ dx, (4.41)
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for any Φ ∈ C∞0 (O), or by density, any Φ ∈ H1
0 (O, |y|σ).

Remark 4.5. One has for any Φ ∈ C∞0 (O) that

lim
ε→0+

∫
O+∩{y=ε}

yσ∂yU (Φ(x, y)− Φ(x, 0)) dx

= lim
ε→0+

ε

∫
O+∩{y=ε}

yσ∂yU
Φ(x, y)− Φ(x, 0)

y
dx = 0.

Therefore the LHS of (4.41) can be also written as

lim
ε→0+

∫
O+∩{y=ε}

yσ∂yU Φ(x, 0) dx. (4.42)

We assume from now on that O+ is Lipschitz. Recall that σ ∈ (−1, 1).

It is known (cf. [128]) that there is a unique trace operator Tr continuously

map from H1(O+, |y|σ) to Hs(O0), with

s := (1− σ)/2 ∈ (0, 1).

Moreover, a bounded linear right inverse Tr−1 : Hs(O0) → H1(O+, |y|σ)

exists. By using a cutoff function on O, one can actually restrict the image of

Tr−1 (with a little abuse of notations) as H1(O+, |y|σ) ∩H1
0 (O, |y|σ). Hence

given any φ ∈ Hs(O0), there exists Φ ∈ H1
0 (O, |y|σ) such that Φ(x, 0) = φ(x)

in the sense of trace and that,

c‖φ‖Hs(O0) ≤ ‖Φ‖H1
0 (O,|y|σ) ≤ C‖φ‖Hs(O0) (4.43)

with positive constants c and C independent of φ.

For any U ∈ H1(O+, y
σ) satisfying Lσ,γ̃U = 0 in O+, we define the

operator NσU mapping on Hs(O0) by

(NσU) (φ) := − lim
ε→0+

∫
O+∩{y=ε}

yσ∂yU φdx, φ ∈ Hs(O0), (4.44)

or formally,

NσU = − lim
y→0+

yσ∂yU.

In regard to (4.41) and (4.42) one has

(NσU) (φ) =

∫
O+

|y|σ (γ̃ ∇x U) · ∇x Φ dx, (4.45)
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with Φ ∈ H1(O+, y
σ) satisfying TrΦ = φ. Recall that one can always chose

Φ such that (4.43) holds true. Then we obtain

|(NσU) (φ)| ≤ C‖Φ‖H1
0 (O,|y|σ)‖U‖H1(O+;|y|σ)

≤ C‖φ‖Hs(O0)‖U‖H1(O+;|y|σ), φ ∈ Hs(O0).

Therefore we have constructed a linear operator Nσ which maps continuously

from {U ∈ H1(O+, y
σ); Lσ,γ̃U = 0 in O+} into (Hs(O0))

∗
= H̃−s(O0), by

assuming that O0 is Lipschitz in Rn.

The Regularity

We have the following interior regularity result for a (weak) solution U ∈

H1(O, |y|σ) to Lσ,γ̃U = 0.

Lemma 4.7. Let U ∈ H1(O, |y|σ) be a (weak) solution of Lσ,γ̃U = 0. Then

∇xU ∈ H1
loc(O, |y|σ), with

‖∇xU‖H1(O′,|y|σ) ≤ C(1 + c′)‖U‖H1(O,|y|σ)

for any O′ ⊂ O, where c′ := 1/ dist(O′, ∂O).

Proof. Notice that the weight |y|σ is independent of x. Then with the help

of Lemmas 4.9 and 4.11, the proof can be done by the classical difference

quotient arguments (cf. [56, Theorem 8.8]).

Remark 4.6. Unlike the interior regularity results for differential operators

with non-singular coefficients, we are lack of the property for higher smooth-

ness for the (n + 1)-th derivative ∂yU . This is due to the appearance of the

singular weight |y|σ. In particular, one can still improve locally the regularity

of ∂yU alway from ∂Rn+1
+ , but not across it. For example U(x, y) = y|y|−σ is

a solution of Lσ,γ̃U = 0, and one can check that U ∈ H1
loc(Rn+1, |y|σ), with

∂yU = (1 − σ)|y|−σ. However when O intersects ∂Rn+1
+ , there is no weak

derivative on the y-direction of ∂yU which belongs to the space L2(O, |y|σ).

Lemma 4.8 ([59]). C1(O) ∩H1(O, |y|σ) is dense in H1(O, |y|σ).
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Lemma 4.9. Let U ∈ H1(O, |y|σ). For any O′ ⊂ O such that |h| <

dist(O′, ∂O), one has ∆h
xi
U ∈ L2(O′, |y|σ) and,

‖∆h
xi
U‖L2(O′,|y|σ) ≤ ‖∂xiU‖L2(O,|y|σ).

Proof. The first result is classical, since the weight |y|σ does not affect differ-

ence quotient on x. The corresponding proof can be found in [56, Chapter

7].

Lemma 4.10. L2(O, |y|σ) is a separable reflexive Banach space, that is, any

bounded sequence in L2(O, |y|σ) contains a weakly convergent subsequence.

Lemma 4.11. Let U ∈ L2(O, |y|σ), and i ∈ {1, . . . , n + 1}. Suppose there

exists a constant C such that ‖∆h
xi
U‖L2(O′,|y|σ) ≤ C for any h > 0 and any O′

⊂ O such that h < dist(O′, ∂O). Then the weak derivative ∂xiU exists and

‖∂xiU‖L2(O,|y|σ) ≤ C.

Proof. With the help of Lemma 4.10, this is actually the classical result, see

for instance, [56, Chapter 7].

Odd and Even Reflections at ∂Rn+1
+

In order to extend the problem (4.40) across ∂Rn+1
+ , we give some results on

even and odd reflections of a solution U to (4.40).

Lemma 4.12. Given x0 ∈ Rn and R > 0, denote B = B(x0;R) for the time

being. Let U ∈ H1(B+, y
σ) satisfyLσ,γ̃ U = 0 in B+,

NσU = 0 on B0.
(4.46)

Extend the data of U to the whole ball B by defining the even reflection

Ue(x, y) :=

U(x, y) if y ≥ 0,

U(x,−y) if y < 0.

(4.47)

Then Ue ∈ H1(B, |y|σ) and satisfies Lσ,γ̃ Ue = 0 in B.
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Proof. We claim that (∇xUe)(x, y) = (∇xU)(x, |y|) and

∂yUe(x, y) :=

∂yU(x, y) if y ≥ 0,

− (∂yU) (x,−y) if y < 0,

(4.48)

in the distributional sense. If it is true, then U ∈ H1(B, |y|σ) is a direct

consequence of the fact that Ue ∈ H1(B+, y
σ).

Now we prove the claim. For any Φ ∈ C∞0 (B)⊂H1
0 (B+, y

−σ), one has∫
B+

∇xU Φ dx = lim
ε→0+

∫
B+∩{y>ε}

∇xU Φ dx

= lim
ε→0+

(
−
∫
B+∩{y>ε}

U ∇xΦ dx−
∫
B+∩{y=ε}

en+1U Φ dx

)
=−

∫
B+

Ue∇xΦ dx− lim
ε→0+

∫
B+∩{y=ε}

en+1U Φ dx.

Furthermore,∫
B−

∇xU(x, |y|) Φ dx =

∫
B+

∇xU Φ(x,−y) dx

=−
∫
B+

U ∇xΦe dx = −
∫
B−

Ue∇xΦ dx,

and∫
B−

− (∂yU) (x,−y) Φ dx =

∫
B+

− (∂yU) Φ(x,−y) dx

=−
∫
B−

Ue ∂yΦ dx + lim
ε→0+

∫
B+∩{y=ε}

U Φ(x,−y) dx.

Notice that

lim
ε→0+

∫
B+∩{y=ε}

U (Φ(x, y)− Φ(x,−y)) dx

= lim
ε→0+

2ε

∫
B+∩{y=ε}

U
Φ(x, y)− Φ(x,−y)

2y
dx = 0.

Thus we have proved the claim, and hence the assertion that Ue ∈ H1(B, |y|σ).

Next we show that Ue satisfies the differential equation in B. It is observed

from the definition of Ue and the regularity of U away from ∂Rn+1
+ that, for

any ε > 0,

Lσ,γ̃ Ue(x, y) = (Lσ,γ̃ U) (x, |y|) = 0, for all (x, y) ∈ B ∩ {|y| > ε},
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holds in the classical sense. As a consequence one has,∫
B∩{|y|>ε}

|y|σ (γ̃ ∇x Ue) · ∇x Φ dx

=−
∫
B∩{y=ε}

|y|σ∂yUe Φ dx+

∫
B∩{y=−ε}

|y|σ∂yUe Φ dx

=−
∫
B∩{y=ε}

|y|σ∂yU (Φ(x, y) + Φ(x,−y)) dx,

for any Φ ∈ C∞0 (B). Therefore by using Ue ∈ H1(B, |y|σ) and the condition

that NσU = 0, one obtains∫
B

|y|σ (γ̃ ∇x Ue) · ∇x Φ dx = lim
ε→0+

∫
B∩{|y|>ε}

|y|σ (γ̃ ∇x Ue) · ∇x Φ dx = 0,

for all Φ ∈ C∞0 (B).

The proof is complete.

Similar to (4.53), we define

Wo := |y|σ∂yUe. (4.49)

It is easy to check that Wo is actually the odd reflection of W = yσ∂yU ,

namely,

Wo(x, y) =

W (x, y) if y ≥ 0,

−W (x,−y) if y < 0.

(4.50)

Lemma 4.13. Let B = B(x0, R) and U be the same as in Lemma 4.12.

Then Wo ∈ H1(B′; |y|−σ) and satisfies L−σ,γ̃Wo = 0 in B′ = B′(x0, r) with

any r < R.

Proof. This is a direct consequence of Lemma 4.12 and Theorem 4.3.

By similar arguments for (4.56) we have that, for any Φ ∈ C∞0 (B), or any

Φ ∈ H1
0 (B, |y|σ) by density,∫
B′
|y|−σ (γ̃ ∇xW ) · ∇x Φ dx =− lim

ε→0+

∫
B′∩{y=ε}

LxU Φ dx

=−
∫
B′∩{y=0}

LxU(x, 0) Φ(x, 0) dx.

Recall from (4.54) that

LxU = y−σ∂yW. (4.51)
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Hence in parallel to (4.44), we can define the operator N−σ on W such that

N−σW =

∫
B′
|y|−σ (γ̃ ∇xW ) · ∇x Φ dx. (4.52)

Lemma 4.14. Let B,B′ and U be the same as in Lemma 4.13. If in addition

U = 0 on B0, then N−σW = y−σ∂yW = 0 on B′0.

Proof. This is a direct consequence of (4.51).

The Conjugation

Let U ∈ H1(O, |y|σ) be a (weak) solution of Lσ,γ̃U = 0 in O. Define

W := |y|σ∂yU. (4.53)

Then for U ∈ H1(O, |y|σ), one observes that W ∈ L2(O; |y|−σ). One also has

from Theorem 4.7 that ∇xW ∈ L2(O′; |y|−σ) for any O′ ⊂ O. Moreover, we

have the following result.

Theorem 4.3. Let U ∈ H1(O, |y|σ) be a (weak) solution of Lσ,γ̃U = 0

in O. Given any O′ ⊂ O, denote c′ := 1/ dist(O′, ∂O). Then one has

W ∈ H1(O′; |y|−σ) with

‖W‖H1(O′,|y|−σ) ≤ C(1 + c′)‖U‖H1(O,|y|σ)

and satisfies (weakly) L−σ,γ̃W = 0 in O′.

Proof. We know by Theorem 4.7 that ∇xW = |y|σ∂y∇xU ∈ L2(O′; |y|−σ).

Now we prove that there exists V ∈ L2(O′; |y|−σ) such that∫
O′
V Φ dx = −

∫
O′
W ∂yΦ dx, for any Φ ∈ C∞0 (O′).

Given any Φ ∈ C∞0 (O′) we have that

0 =

∫
O′
|y|σ (γ̃ ∇x U) · ∇x Φ dx

=

∫
O′
|y|σ (γ∇xU) · ∇xΦ dx +

∫
O′
W ∂yΦ dx.

Integrating by parts yields∫
O′
W ∂yΦ dx =−

∫
O′
|y|σ (γ∇xU) · ∇xΦ dx

=

∫
O′
|y|σ∇x · (γ∇xU) Φ dx.
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Recall from Theorem 4.7 that ∂xixjU ∈ L2(O′, |y|σ) for all 1 ≤ i, j ≤ n. Then

one can verify that V (x, y) := −|y|σ∇x · (γ∇xU) belongs to L2(O′, |y|−σ).

Therefore, we have verified that W ∈ H1(O′; |y|−σ) with

∂yW = −|y|σ∇x · (γ∇xU) . (4.54)

It is left to show that

0 =

∫
O′
|y|−σ (γ̃ ∇xW ) · ∇x Φ dx, for all Φ ∈ C∞0 (O′). (4.55)

Given any ε > 0, recall from Remark 4.4, the regularity of solutions away

from ∂Rn+1
+ , that U satisfies the equation

Lσ,γ̃U = |y|σLxU − ∂y (|y|σ∂yU) = 0

in the classical sense in O′∩{|y| > ε}. Then for any Φ ∈ C∞0 (O′), integrating

by parts one obtains∫
O′∩{|y|>ε}

|y|−σ (γ̃ ∇xW ) · ∇x Φ dx

=

∫
O′∩{|y|>ε}

∂y (γ∇xU) · ∇xΦ dx +

∫
O′∩{|y|>ε}

∂y (|y|σ∂yU) |y|−σ∂yΦ dx

=

∫
O′∩{|y|>ε}

∇x · (γ∇xU) ∂yΦ dx +

∫
O′∩{|y|>ε}

∂y (|y|σ∂yU) |y|−σ∂yΦ dx

+

∫
O′∩{y=ε}

∇x · (γ∇xU) Φ dx−
∫
O′∩{y=−ε}

∇x · (γ∇xU) Φ dx

=−
∫
O′∩{y=ε}

LxU Φ dx+

∫
O′∩{y=−ε}

LxU Φ dx

=−
∫
O′∩{|y|<ε}

Lx∂yU Φ + LxU ∂yΦ dx.

(4.56)

Recall, again from Theorem 4.7 that LxU, Lx∂yU ∈ L2(O′, |y|σ). Then the

RHS of (4.56) tends to 0 as ε → 0+, since Φ ∈ C∞0 (O′)⊂H1
0 (O′, |y|−σ).

Finally, one has

lim
ε→0+

∫
O′∩{|y|≤ε}

|y|−σ (γ̃ ∇xW ) · ∇x Φ dx = 0,

since W ∈ H1(O′, |y|−σ). Thus we have verified (4.55).

The proof is complete.
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Now, let O be an open domain in Rn+1. For any given h > 0, denote Oh

as the open set defined by

Oh := {x ∈ Rn+1; dist(x,O) < h}.

Let U ∈ H1(O1, |y|σ) be a (weak) solution of Lσ,γ̃U = 0 in O1. Define

W = |y|σ∂yU.

Then W ∈ L2(O1, |y|−σ) ∩ H1(O3/4, |y|−σ) and solves L−σ,γ̃W = 0 in O3/4.

Hence we can further define

U1 = |y|−σ∂yW.

It turns out by the same arguments that U1 ∈ L2(O3/4, |y|σ) ∩H1(O1/2, |y|σ)

and solves Lσ,γ̃U1 = 0 in O1/2. Then again, it is possible to define

W1 = |y|σ∂yU1.

By iteration, one can define, for each k ∈ N,

Uk = |y|−σ∂yWk−1 and Wk = |y|σ∂yUk.

Moreover, Uk ∈ L2(O1/2k+1/4, |y|σ) ∩ H1(O1/2k , |y|σ) solves Lσ,γ̃Uk = 0 in

O1/2k , and Wk ∈ L2(O1/2k , |y|−σ)∩H1(O1/2k−1/4, |y|−σ) solves L−σ,γ̃Wk = 0 in

O1/2k−1/4. Notice that Oh c O for any h > 0. Then we have Uk ∈ H1(O, |y|σ)

solves Lσ,γ̃Uk = 0 and Wk ∈ H1(O, |y|−σ) solves L−σ,γ̃Wk = 0 in O for every

k ∈ N.

It is observed that

Lσ,γ̃Uk = |y|σLxUk − ∂yWk.

Hence Lσ,γ̃Uk = 0 can be also understood as in the space L2(O, |y|−σ), or,

LxUk = Uk+1 in L2(O, |y|σ).

Similarly,

L−σ,γ̃Wk = |y|−σLxWk − ∂yUk+1 = 0 in L2(O, |y|σ),

83



or,

∂yLxUk = ∂yUk+1 in L2(O, |y|σ).

Therefore one has

LxUk = Uk+1 in H1(O, |y|σ).

With the above reflection and conjugation strategies, we are able to derive

the following result for the degenerate problem (4.40). For a detailed proof,

please see [53].

Lemma 4.15. Let U ∈ H1(Rn+1
+ , y1−2s) be the solution to (4.40) with the

Dirichlet data u ∈ Hs(Rn). If u = Lsu = 0 in B(x0, 2r) with given x0 ∈ Rn

and r ∈ R+, then one has

lim
r→0

r−m
∫
B(x0,r)

|y|1−2sU2
e (x) dx = 0, for any m ∈ N,

with Ue the even reflection (and extension) of U introduced in (4.47).

4.4.2 Proof of Theorem 4.2

Now we are able to prove Theorem 4.2.

Proof of Theorem 4.2. Since O is an open set in Rn, we can find x0 ∈ Rn and

r ∈ R+ satisfying u = Lsu = 0 in B(x0, 2r). Then combining Lemma 4.15

with the result in [133, Theorem 1.2] or that in [53, Proposition 5.4], we

obtain that the solution U to the degenerate exterior problem in Rn+1
+ vanishes

identically. Therefore, we have that u, as the Dirichlet data of U on ∂Rn+1
+ ,

vanishes identically in Rn.

4.5 The Calderón Problem for Ls + q

We establish in this section our final result for the inverse problem of recov-

ering q from information of the DtN map Λs
q. The result is valid for very

general anisotropic operators under a very general partial data setting.
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4.5.1 Density of Solutions

The following result on the density of solutions is crucial in proving the

uniqueness of recovering q from the DtN map Λq. It is an important con-

sequence of Theorem 4.2 as stated in the previous section.

Theorem 4.4. Denote ug as the solution to (4.33) with the Dirichlet data g

and the zero RHS. Given any open subset O of Ωe, the solution space

{ug|Ω; g ∈ C∞c (O)} (4.57)

is dense in L2(Ω).

Proof. Let f ∈ L2(Ω) satisfy

(f, ug)L2(Ω) = 0, for any g ∈ C∞c (O). (4.58)

We shall verify the triviality of f .

Denote φ ∈ H̃s(Ω) as the solution to the nonlocal problem (4.23) with the

RHS function f . We claim

Bq(φ, g) = −(f, ug)L2(Ω), for any g ∈ C∞c (O). (4.59)

If (4.59) holds true, then by noticing (4.58) and recalling g = 0 in Ω, we

obtain that

〈Lsφ, g〉 = 0, for any g ∈ C∞c (O),

which yields

Lsφ|O = 0.

Since φ ∈ H̃s(Ω) we have that φ = 0 in O. Therefore, Theorem 4.2 implies

that φ ≡ 0 in Rn, and as a consequence, f ≡ 0 in Rn.

We are left to verify (4.59). Recalling that ug is the solution to (4.33)

with a trivial RHS, and that φ ∈ H̃s(Ω), one has

Bq(φ, ug) = Bq(ug, φ) = 0, for any g ∈ C∞c (O).

Furthermore, for any g ∈ C∞c (O), noticing ug − g ∈ H̃s(Ω) and the fact that

φ is the solution to (4.23), one has

−Bq(φ, g) = Bq(φ, ug − g) = (f, ug − g)L2(Ω) = (f, ug)L2(Ω) .

The proof is complete.
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Theorem 4.4, in other words, states that any L2 function can be approx-

imated by solutions to the nonlocal problem (4.33). This is closely related

to the Runge approximation for local and classical differential equations. For

relevant study on approaching a L2 by solutions of Ls related problems, please

see [55, 39, 54].

4.5.2 Uniqueness in the Anisotropic Calderón Problem

with Partial Data

Finally, we establish our main result in the inverse problem of recovering q

from Dirichlet and Neumann data Λs
q associated with the nonlocal operator

Ls + q.

Theorem 4.5. Let Ω be a bounded Lipschitz domain in Rn, and q1 and q2

be two L∞(Ω) potentials. Let Ls = Lsγ satisfy Assumptions A and B as

introduced in Sections 4.2 and 4.3.2. Denote Λqj as the DtN map associated

with the nonlocal operator Ls + qj and the domain Ω (see, Section 4.3.2).

Assume

Λq1g|O2
= Λq2g|O2

, for any g ∈ C∞c (O1), (4.60)

where O1,O2 are arbitrarily fixed open subsets of Ωe. Then there must have

q1 = q2. (4.61)

Theorem 4.5 is in fact a consequence of the following much stronger result.

Theorem 4.6 (A Single Measurement). Under the same notations of The-

orem 4.5, assume that there exits a nontrivial function g0 ∈ C∞c (O1) such

that

Λq1g0|O2
= Λq2g0|O2

. (4.62)

Then the set where q1 and q2 are not the same cannot contain any open set

of Rn.

Corollary 4.4. Under the conditions of Theorem 4.6, assume further that

the following Conjecture A holds true. Then one must have (4.61).
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Conjecture A. Let u ∈ Hs(Rn) satisfy (Ls + q)u = 0 in Ω. If u is zero in a

set of nonzero measure in Ω, then u must vanish identically.

Remark 4.7. Conjecture A has been verified for the fractional Laplacian

(−∆)s in [54].

Proof of Theorem 4.6 and Corollary 4.4. If (4.62) holds true, then one has

from Lemma 4.5 that

0 =
〈
(Λq1 − Λq2)g0, φ

〉
=

∫
Ω

(q1 − q2)ug0,q1uφ,q2dx, (4.63)

for any φ ∈ C∞c (O2). Recall from Theorem 4.4 that the set of solutions

{uφ,q2|Ω; φ ∈ C∞c (O2)} (4.64)

is dense in L2(Ω). Under the setting of Theorem 4.5, the Dirichlet data g0

in (4.63) can be taken as any function in C∞c (O2). Then (4.63) along with

the density of (4.64) already implies (4.61). If (4.62) holds instead of (4.60),

then (4.63) yields

(q1 − q2)ug0,q1 = 0 in L2(Ω),

which implies that q1 and q2 are the same wherever ug0,q1 does not vanish.

By Theorem 4.2, u cannot vanish on any open set in Ω, since g0 is nontrivial,

which completes the proof of Theorem 4.6. If one further has Conjecture A,

then the set where u vanishes is of zero measure in Rn. We have hence verified

the conclusion of Corollary 4.4.

4.6 Future Work

Unique determination of the potential q from the DtN map of the associated

nonlocal operator Lsγ+q has been established in this study. However, nothing

has been shown for the recovery of γ. This is essentially different to the case

of recovering q. In particular, instead of the identity (4.38) which reveals

a linear relation of the difference between two potentials, the counterpart

integral identity for different coefficients γj, j = 1, 2, will be〈
Lsγ1v1 − Lsγ2v1, v2

〉
= 0, (4.65)

for any vj satisfies Lsγjvj = 0 in Ω, j = 1, 2.
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The Isotropic Case

For the standard Calderón problem with s = 1, this has been solved for L∞

conductivities in two dimensions and Lipschitz ones in dimension n ≥ 3 (see

the review paper [131]).

However, unlike the case for standard Calderón problems where the re-

covery of a isotropic conductivity γ can be reduced to the determination of

a potential q, the parallel problem for the fractional operator Lsγ cannot be

reduced to the current study.

The first step to establish uniqueness for the Calderón problem, is to

assume that there are two conductivities γj, j = 1, 2, such that the corre-

sponding DtN maps are the same. By doing this for the fractional operator

case, one obtains the identity Compared the current study of determining the

potential q, where the analogous identity is simply
∫

Ω
qv1v2 = 0, the inte-

gral in (4.65) is much more complicated. One does not even have an explicit

representation of the conductivities γj, j = 1, 2, in the identity (4.65).

The Anisotropic Case

The Calderón problem of determining an anisotropic conductivity or geom-

etry arises from many real cases like muscle tissues and the structure of the

Earth. It is known (cf. [84, 87]) that one can identify, at most up to a diffeo-

morphism, an anisotropic conductivity from the DtN map on the boundary.

Therefore one asks whether the diffeomorphism invariance is the only obstruc-

tion of uniqueness. This has been done for L∞ conductivities in dimension

two by using isothermal coordinates and reducing to the isotropic case. In

dimension n ≥ 3 this has been shown only for real analytic conductivities

(see [131] for a review).

However, for the fractional Calderón problem, we are able to deal with the

very general anisotropic case in recovering q, which is still an open problem

for the classical and local Calderón problem in dimension three or higher.

Therefore, another possibility for future work is to consider the problem of

determining the metric γ from the DtN map for the fractional operator Lsγ
with 0 < s < 1. Besides its own interest as an inverse problem for nonlocal op-
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erators, it might also be possible to give some light for the classical Calderón

problem for anisotropic conductivities. The first question to ask, analogous

to the standard anisotropic Calderón problem, is that whether there is also

diffeomorphism invariance. This is not clear for the fractional and nonlocal

operator Lsγ yet, since it is not a classical differential operator and the reflec-

tion between γ and Lsγ is not explicit. Two possible alternative ways into it

are to inspect, from the heat kernel which is used to define the kernel of Lsγ,

and from the extension problem in one more dimension introduced in [126].
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values of the fractional Laplace operator in the unit ball, Journal of the

London Mathematical Society 95 (2017), no. 2, 500–518.

[44] , Fractional Laplace operator and Meijer G-function, Construc-

tive Approximation 45 (2017), no. 3, 427–448.

94



[45] Johannes Elschner and Guanghui Hu, Corners and edges always scatter,

Inverse Problems 31 (2015), no. 1, 015003.

[46] , Acoustic scattering from corners, edges and circular cones,

Archive for Rational Mechanics and Analysis 228 (2018), no. 2, 653–

690.

[47] Johannes Elschner and Masahiro Yamamoto, Uniqueness in determin-

ing polygonal sound-hard obstacles with a single incoming wave, Inverse

Problems 22 (2006), no. 1, 355.

[48] , Uniqueness in determining polyhedral sound-hard obstacles

with a single incoming wave, Inverse Problems 24 (2008), no. 3, 035004.

[49] , Uniqueness in inverse elastic scattering with finitely many in-

cident waves, Inverse Problems 26 (2010), no. 4, 045005.

[50] Eugene B. Fabes, Carlos E. Kenig, and Raul P. Serapioni, The local

regularity of solutions of degenerate elliptic equations, Communications

in Partial Differential Equations 7 (1982), no. 1, 77–116.

[51] Mouhamed Moustapha Fall and Sven Jarohs, Overdetermined problems

with fractional Laplacian, ESAIM. Control, Optimisation and Calculus

of Variations 21 (2015), no. 4, 924–938.

[52] Matthieu Felsinger, Moritz Kassmann, and Paul Voigt, The Dirichlet

problem for nonlocal operators, Mathematische Zeitschrift 279 (2015),

no. 3-4, 779–809.

[53] Tuhin Ghosh, Yi-Hsuan Lin, and Jingni Xiao, The Calderón problem

for variable coefficients nonlocal elliptic operators, Communications in

Partial Differential Equations 42 (2017), no. 12, 1923–1961.
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