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ABSTRACT 

Things make us smart. Tools are made by humans aiming not only at solving 

technical problem but also developing high-order thinking. In a manner different 

from traditional mathematics lessons involving direct transmission of knowledge 

from teachers to students, tool-based mathematics classrooms fabricate an 

interactive teaching and learning environment. This environment fosters teachers’ 

professional guidance based on students’ manipulation of tools. The design of 

tool-based task aims to formulate students’ learning experience via their own 

acquisition of knowledge through tool manipulations. Mathematics concepts can 

be visualized and manipulated by students through engaging in activities with 

tools generating tool-based signs and mathematics signs in a semiotic process. 

The role of mathematics teachers in tool-based mathematics classrooms is to 

provide well designed tool-based tasks and implement tool-based lessons in order 

to orchestrate students’ learning, coupled with the endeavour of students’ 

manipulating of tools. 

Two new ideas, named didactical interactions and Tool-Task dialectic, were 

proposed in the study to effectively enforce mathematics teachers’ instruction 

through tool-based pedagogy in interactive classrooms. The main objective of this 

study was to holistically investigate the implementation processes of tool-based 

lessons by mathematics teachers based on some theoretical perspectives. A 

multiple-case study, consisting of three cases with similar and different 

backgrounds, was conducted. Didactical cycle was one of the main theoretical 

frameworks, which framed analysis of the study. Based on in-depth analysis 

within and across cases, didactical interactions and Tool-Task dialectic were 

empirically developed to enrich tool-based education theories allowing teachers to 
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demystify the cognitive development of students in tool-based lessons. The 

analysis of flows of the lessons uttered transition directions of critical phases 

ground on the theory; while pragmatic manipulations of tools operated by students 

and teachers’ orchestration provided strong evidence to illustrate interplay 

between tools and tasks. Thus, the findings of the study potentially contributed to 

some aspects of tool-based mathematics education research. 

 

Keywords: tool-based task design, tool of semiotic mediation, didactical cycle, 

didactical interactions, tool-task dialectic, mathematics classroom 
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CHPATER ONE: INTRODUCTION 

 1.1 Background 

Epistemologically, mathematics is generally described as an abstract subject. Its 

representations, for example, formulae, symbols and unknowns, are difficult for 

some people to understand. The mathematical concepts behind its representations 

are logical but sophisticated. Ernest (1994) states that the main philosophical 

problem of mathematics education relates to the relationship between the nature of 

mathematics and mathematics education. His idea has stimulated mathematics 

educators to not only investigate the epistemological aspects of mathematics but 

also pedagogical issues in mathematics teaching and learning environments. 

Pedagogically, mathematics teaching traditionally follows a deductive and 

authoritative approach (Leung, 2015). Direct instruction implies that authority is 

given to teachers, explaining why this is commonly ascribed as one-way 

transmission of knowledge from teachers to students through teachers’ talk, 

explanations and demonstrations. This usually means that students’ active 

participation and involvement is neglected. Teachers traditionally deliver 

mathematics knowledge in authoritative manner (Leung, 2015), with students 

required to follow mathematics rigidly without much room for thinking. The 

traditional theory of learning as transmission from teachers to students by copying 

from teachers’ presentations is however abandoned in other models for school 

learning (Hedegaard, 2004), with mathematics educators and teachers putting 

more emphasis on students’ independent thinking, problem solving and 

mathematical investigation (Kissane, 2006). 
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In explaining why this is the case, Van den Heuvel-Panhuizen (2003) emphasizes 

one of the roles of educators as follows:  

“Education developers have to look for problem situations that are 

suitable for model building and fit within a scenario or trajectory that 

elicits the further evolution of the model, to let it grow into a didactic 

model that opens up the path to higher levels of understanding for the 

students.” 

(Van den Heuvel-Panhuizen, 2003, p.16) 

Her ideas in Realistic Mathematics Education (RME) serve to theorize domain-

specific instruction theory for mathematics education, adopting realistic contexts 

to develop mathematical concepts in everyday life problem situations that make 

sense to students (Van den Heuvel-Panhuizen, 2003). Mathematics teachers hence 

often consider embedding teaching and learning mathematics into real-life 

situations through designing problems that potentially inspire students to construct 

mathematics in higher levels of understanding. 

Vygotsky (1987) reveals that a special feature of humans is their perception of 

real objects, something that not only refers to physical appearances but also how 

they understanding the world in terms of sense and meaning. This idea can be 

applied to students’ learning processes, stimulating them by engaging with the 

surrounding environment. More importantly, it encourages teachers to naturally 

create these kinds of learning environments in real-life contexts. 

Pimm (1995) indicates that manipulatives (referred to concrete objects) and 

physical actions are closely linked. Manipulatives are tangible and graspable, with 
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the action of grasping forming a metaphor for understanding the underlying 

physical sense of touch as an important source of knowledge (Pimm, 1995). 

In short, there is a meaningful and powerful way for pupils to construct 

mathematics knowledge through well-designed activities of hands-on 

manipulations with external aids. 

1.2 Tool-based mathematics learning and teaching 

To explain external learning and teaching environment, Norman (1993) 

specifically points towards the importance of using tools, and that the use of aids 

fosters ones’ cognitive development of memory, thought and reasoning. His work 

views human intelligence as highly flexible and adaptable, superb at inventing 

procedures and objects that overcome its limits that “the real power comes from 

devising external aids that enhance cognitive abilities” (Norman, 1993, p. 43). 

Human objects, like hand-made tools, play an important role in teaching and 

learning mathematics, with abstract mathematical concepts pragmatically and 

reflexively experienced through hands-on experiments with the objects. They 

contribute to the construction and reinvention of mathematics knowledge 

generated by students. For example, the dragging tool in dynamic geometry is 

viewed as a conceptual artefact for providing legitimate drag-to-fit solutions and 

developing students’ mathematical reasoning (Lopez-Real and Leung, 2006).  

When tools are embedded into mathematics classrooms, teachers can lead students 

into the learning environment by requesting them to complete tool-based tasks 

which are heuristically designed. Regarding mathematics task design, Henningsen 

and Stein (1997) have found that tasks are important so as to engage students in 

cognitive processes in doing mathematics, with high-level thinking and reasoning. 
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Among different mathematical task designs, the tool-based task is a milieu 

designed to establish a student-centred learning approach, wherein students are 

key. Therefore, one role of teachers is to design tool-based tasks closely linked to 

the intended mathematics to be taught. Tool-based task design can be viewed as a 

kind of reauthorization of mathematics lessons from being teacher-centred to 

student-centred. This position also conforms to the thought of Van den Heuvel-

Panhuizen (2003), that the top-down element characteristic of cognitive 

approaches to mathematics education can be converted to a bottom-up process.  

Tools play a mediating role in the interaction between learners and the object of 

learning. More advanced than traditional approaches, learning mathematics with 

tools is viewed as an abstract perceptive-motor way of learning, grounded in the 

actions, perceptions and reactions of students (Bartolini Bussi et al., 2004). 

Students cognitively engage in a learning environment when they have the 

opportunity to make contact with intended knowledge to be experienced through 

the active manipulation of tools. This can connect them with mathematics 

knowledge. Acharya (2017), in addition, mentions multiple factors influencing 

students’ learning mathematics. For example, recognition of students’ needs and 

achievements helps them to have higher order thinking. Thus, students are 

engaged in a tool-based learning environment through the active manipulations of 

tools. In this learning approach, mathematics knowledge is not just expressed 

directly from the teacher, but constructed by students in the process of 

manipulation and discussion. Moreover, visualization and manipulations based on 

tools help students to understand the abstraction in mathematics. For instance, 

actions taken by students genuinely reflect what they think (Bartolini Bussi, 2008). 
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Therefore, teachers can consider this as students’ feedback and utilize it to 

enhance pedagogical constitution. 

1.3 Recent research 

A number of theoretical frameworks related to the use of tools and its pedagogy 

have been developed through research in mathematics education (Leung, 2011, 

2013; Bartolini Bussi and Mariotti, 2008; Trouche, 2004). In general, two types of 

tool are discerned, involving the use of concrete (also known as physical) and 

virtual (also known as technological) tools respectively. Research has tended to 

focus on either one of these two types, albeit with some studies investigating both. 

Bartonlini Bussi and Mariotti (2008) advocate using concrete tools, stimulating 

students to produce signs and evolving the signs into mathematical knowledge. 

Specifically, appropriate use of abacuses has been shown to help students develop 

arithmetic ability through several utilization schemes. In addition, they propose a 

pedagogical framework called ‘didactical cycle’ (Bartonlini Bussi & Mariotti, 

2008; Mariotti, 2009, 2012; Bartonlini Bussi et al., 2012), promoting the 

development of teaching activities with the use of tools. Moreover, the analysis of 

teachers’ instruction with tools has contributed towards fostering their 

professional development (Mariotti & Maracci, 2012). Mathematics teachers 

acquire the confidence to use natural language to guide students to construct 

reasoning in tool-based teaching and learning environments (Corni, Ciliberti & 

Mariani, 2011). For example, Leung (2015) has studied innovation in the use of 

the symmetrical ruler, showing that well-designed teaching tasks help students 

develop an abstract mathematical understanding of line symmetry.  
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Technology has also been widely used in mathematics discourse, especially for 

engaging students’ learning motivations (Leung, 2012). Apart from an attractive 

interface offered by technological software, mathematics knowledge should be 

well-merged into and compatible with technological tools for students to use and 

learn. Trouche (2004) finds that the importance of institutionalizing and assisting 

an individual’s manipulations of computational tools lies in having an 

instrumental learning environment, especially with sophisticated tools. Drijvers et 

al. (2010) have conducted a case study investigating teachers’ practices in 

technology-rich classroom teaching environments, identifying some specific 

techniques (e.g. ‘spot and show orchestration’) of teachers’ orchestration. This can 

enhance teachers’ professional development, relating to the ways in which they 

prepare and conduct tool-based mathematics lessons. Kissane (2006) reveals the 

importance of using technological tools (e.g. graphics calculators) for enriching 

students’ personal experience of learning mathematics when changing from more 

formal and teacher-centred teaching to more exploratory and student-centred. The 

analysis of the design and implementation of technological tools in modern 

secondary mathematics education has thus provided evidence to influence 

curriculum development, pedagogical considerations and students’ learning. 

Both concrete and virtual tools have been studied at practical and cognitive levels 

(Bartolini Bussi & Mariotti, 2008). Maschietto and Soury-Lavergne (2013) 

investigate interrelation between concrete and virtual tools having similar 

functions but different manipulation skills. The power of their interventions in 

mathematics classrooms is essential for teaching and learning. In particular, tool-

based mathematics education research aims to contribute to philosophical thought 

and practices. Some research develops philosophical theories, prompting 
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elicitation of tool-based task design and its pedagogy, while other studies have 

investigated students’ learning from perspectives of manipulations of tools. 

However, didactical constitution in the mathematics classroom is differently 

defined within existing tool-based theories. Furthermore, there is little research 

studying the implementation of certain theories. Therefore, a research gap is 

evident between theoretical frameworks and practical implementation. 

1.4 Research questions 

Specifically, to address the research aim of this study, three research questions are 

asked: 

Q1. How do teachers orchestrate students to manipulate tools in tool-based 

mathematics classrooms? 

Q2. In multi-tool-based mathematics classrooms, how and why do students and 

teachers generate interplay of tools and tasks? 

Q3. How do the findings in Q1 and Q2 contribute to the development of a 

pedagogical framework guided by tool-based related theories in mathematics 

education? 

For the three research questions, this study analyses the implementation of 

teachers’ designed tool-based mathematics lessons to develop the theory of 

didactical cycle, with a pragmatic vision of pedagogical considerations using a 

data driven approach. Details of the research methods will be discussed in Chapter 

three Methodology after reviewing literature in the next chapter. 
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1.5 Significance 

Mathematics education research is inquiry through carefully developed research 

methods, aimed at providing evidence about the nature and relationships of 

mathematics learning and the teaching phenomenon (McKnight et al., 2000). This 

study aims to explore how mathematics teachers implement tool-based lessons 

which are analysed by tool-based pedagogical theories. In addition, I also focus on 

studying the design of tool-based tasks from teachers’ perspectives for 

triangulating the effectiveness of the implementation of lessons. During the 

implementation processes, interactions between students, the tools and the 

teachers in mathematics classrooms are critically analysed, with students’ views 

gathered for examining tool-based learning constitution. Based on the theories in 

prior literature, this analysis demystifies the implementation of lessons based on 

the analytic frame of the activity phases captured in didactic cycle. The findings 

of the study empirically thereby enrich the protocol of didactical cycle through 

extending it to didactical interactions in classroom setting. The study, in addition, 

has implications for tool-based teaching and learning environments based on the 

dialectic aspects of the tools and the tasks. 

1.6 Nature of study 

This study adopts a multiple-case study approach (Mills & Gay, 2016) for tool-

based didactic theoretical development. Mills and Gay (2016) explain that case 

study research allows researchers to study a bounded phenomenon; in this case, 

tool-based mathematics lessons. They also regard the case study as appropriate for 

investigating ‘process’ as the context which comprises the unit of analysis is 

defined as tool-based mathematics lessons, including chronological sequences 
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from their creation (i.e. design of the lessons and the tasks) to implementation and 

evaluation. Particularistic, descriptive and heuristic characteristics describe the 

features of the study I have specifically chosen, tool-based teaching, and the 

learning phenomenon under investigation in order to understand specific 

pedagogical implementations that occur in mathematics classrooms. The results of 

the study are presented in narrative forms which include thick descriptions (Mills 

& Gay, 2016). Finally, the study aims to illuminate some implications of 

theoretical considerations of the implementation of tool-based lessons through 

comparison of critical insights yielded from the cases. 

1.7 Outline of thesis 

This thesis is organized into eight chapters. This introductory chapter provides an 

overview, including background to the study, recent tool-based mathematics 

education research, research questions, the significance and nature of the study. 

Chapter two reviews literature relevant to tool-based teaching and learning 

concerning the design of tool-based tasks, instrumental approaches and didactic 

theories. Chapter three highlights the methods adopted in the study, with details of 

collecting and analysing data, as well as other concerns. Chapters four to six 

individually present the three comprehensive cases holistically: the backgrounds 

of participants, design of tasks, analysis of the implementation of lessons with the 

coding schemes and the analytic frames are highlighted. Chapter seven 

summarizes cross-case analysis, investigating critical features within and across 

the cases. Finally, chapter eight concludes the research and provides 

recommendations for future studies.  
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CHAPTER TWO: LITERATURE REVIEW 

This chapter reviews literature on tool-based mathematics teaching and learning 

research. After a brief introduction, covering the philosophical foundations of the 

study, I will present some frameworks, for example, tool-based task design, 

instrumental genesis, instrumental orchestration, semiotic mediation and 

didactical cycle, which are related to the study from a theoretical perspective. 

2.1 Philosophical foundation  

This chapter outlines key ideas from the theoretical frameworks addressed in the 

study, in particular, the philosophical perspectives of Vygotsky (1978). It is 

concerned with three fundamental issues, including relations between human 

beings and their (physical and social) environment, new forms of activity relating 

humans to nature and the relationship between the use of tools and the 

development of speech (Vygotsky, 1978). For the aspect of educational 

implications, Vygotsky defines the zone of proximal development (ZPD) as “the 

distance between the actual developmental level as determined by independent 

problem solving and the level of potential development as determined through 

problem solving under adult guidance or in collaboration with more capable peer” 

(Vygotsky, 1978, p. 86). In the study, ZPD not only frames cognitive development 

of students’ learning where appropriate challenges are posed to them but also 

development or improvement in teachers’ pedagogical competency in guiding 

students to collaboratively construct knowledge in classrooms. 

Besides zone of proximal development, the concept of semiotic mediation, 

concerning signs derived from Vygotsky’s work, has been used in subsequent 
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tool-based related theories. Vygotsky postulates from a psychological perspective 

that signs play a role of mediation in human activity. 

“The invention and use of signs as auxiliary means of solving a given 

psychological problem (to remember, compare something, report, choose, 

and so on) is analogous to the invention and use of tools in one 

psychological respect. The sign acts as an instrument of psychological 

activity in a manner analogous to the role of a tool in labor.” 

(Vygotsky, 1978, p. 52) 

This semiotic mediation regards the construction of knowledge as a consequence 

of instrumental activity, where signs appear and evolve within social interactions 

(Mariotti, 2009). This thought has influenced the work of educators and 

researchers in demystifying the construction of knowledge through the 

development of signs in individual and social interactive contexts. Vygotsky 

distinguishes between tools and signs, and emphasizes their differences and 

commonalities. 

“The tool’s function is to serve as the conductor of human influence on the 

object of activity; it is externally oriented; it must lead to changes in 

objects. It is a means by which human external activity is aimed at 

mastering, and triumphing over, nature. The sign, on the other hand, 

changes nothing in the object of a psychological cooperation. It is a means 

of internal activity aimed at mastering oneself; the sign is internally 

oriented.” 

(Vygotsky, 1978, p. 55) 
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The distinction between tools and signs discerns two forms of representation. It 

illustrates that humans can externally manipulate tools (which is observable) 

while internally changing their ideas (which is unobservable), represented as signs 

in their minds. 

To clearly manifest the idea of ‘signs’ adopted in the study, I will further explain 

it in later section of this chapter with the help of theories shown below. 

2.2 Tool-based task design 

To specifically study tool-based teaching and learning, I will first discuss the 

pedagogical theory of tool-based task design. Leung and Bolite-Frant (2015) have 

developed Vygotsky’s idea that “a concrete tool can be transformed into a mind 

tool through a carefully designed pedagogical environment” (p. 193). They 

illustrate “a tool-based task seen as a teacher/researcher design aiming to be a 

thing to do or act upon in order for students to activate an interactive tool-based 

environment wherein teachers, students and resources mutually enrich each other 

in producing mathematical experiences” (p. 192). The task was designed to induce 

the tool-based pedagogical environment, with three components considered. The 

first is the tool itself which can be regarded as a mediator between the 

phenomenological world and the conceptual world (Leung & Bolite-Frant, 2015). 

The phenomenological world can simply be regarded as observable things in the 

classroom while the conceptual world is comprised of knowledge (not only 

restricted to mathematics knowledge). The second component is students’ 

learning into which mathematics knowledge is intentionally embedded in the task 

so that students have the opportunity to complete it with tools. They can 

experience mathematics learning through active engagement in the construction of 
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knowledge that they are exploring and discover the knowledge in the environment. 

The third component is teaching pedagogy as utilized by mathematics teachers. 

The tool-based pedagogical environment aims to provoke a mathematical 

experience for students to interact with tools and discussion between students and 

teachers. In short, from the perspective of constructivism, mathematics knowledge 

is anticipated as being epistemologically constructed by students through the 

physical manipulations of the tools, while interactions between teachers and 

students are conducted to pursue mathematics to be taught. Specifically, the 

choice of tools for pedagogical purpose can be placed at two opposite 

epistemological poles: student-oriented manipulation of the tool and teacher-

oriented instruction. 

Figure 2.1 shows a relational triangle highlighting the interrelationships among 

different components in a tool-based pedagogical environment. Mathematics 

teachers (and researchers) designed the tool-based task, aiming to create the 

environment by selecting appropriate tools with critical features that trigger the 

development of mathematics knowledge in the process of manipulation with tools. 

Students’ learning emerges in interactions between tools, teachers and students 

themselves. The role of the teacher is essential in the sense that the design should 

consider anticipations of the mediation and interactions as a whole.   
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Figure 2.1. A relational triangle highlighting the interrelationships among different components in 

a tool-based pedagogical environment. Adapted from ‘Designing mathematics tasks: the role of 

tools’ (p.192) by A. Leung & J. Bolite-Frant, 2015, In Anne Watson and Minoru Ohtani (Eds.), 

Task Design in Mathematics Education: The 22nd ICMI Study (New ICMI Study Series), Berlin: 

Springer. 

 

Leung (2011; 2015) proposes a nested pedagogical framework for tool-based 

mathematics task design consisting of three epistemic modes: practices, 

discernment and discourse. The nested modes form the tools and signs in 

acquiring mathematics knowledge through the manipulation process of tools. The 

frame suggests that students establish practices of manipulations with tools at the 

beginning. This means that teachers should start tool-based mathematics lessons 

with activities allowing students to become accustomed to manipulating tools. 

One goal of the tool-based task is to transform tools from external objects into 

internal physiological tools. Therefore, critical discernment is prominently 

considered in the task so that students can notice something in manipulation 

processes according to the features of the tools. This discernment is expected to be 

explored by students during practice in the first stage. Based on this principle, a 

second layer of critical discernment should follow the first layer of establishing 
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practices, in a nested structure. The frame also incorporates an outer layer of 

creative or explanation activities, which cultivates students to internalize critical 

discernment based on the manipulations of tools into abstract or creative thought.  

Each layer in the pedagogical frame is grounded in the previous layer, with 

broader ideas spread out based on familiarizing manipulations of tools. High order 

thinking is anticipated as being adopted by students in their interactions with tools. 

 

Figure 2.2. A nested pedagogical frame for tool-based task design. Adapted from ‘Designing tool-

based task in the teaching of school mathematics’ (p. 2459) by A. Leung, 2015, International 

Journal for Cross-Disciplinary Subjects in Education, Vol. 5(1). 

 

2.3 Instrumental genesis 

As tools were prominent in the study, tool-related theoretical frameworks will also 

be reviewed. Apart from the didactic theories mentioned in previous sections, 

instrumental approach frames are addressed. Norman (1993) emphasizes 

experiential and reflective cognitions relating to how users experience using 

cognitive artefacts. The experiential mode leads to a state in which users perceive 

Creative/Explanation Activities 

Critical Discernment 

Establishing Practices 



16 

and react to situations around them. Reflective cognition probes comparison and 

contrast, which simulates users to make decisions. In particular, the cognitions 

require assistance of external supports (e.g. computational tools), with Norman 

believing that personal abilities are developed and socially expanded to construct 

human knowledge through the use of artefacts. 

Rabardel (2002) distinguishes instrument from artefact, with instruments built 

from artefacts combined with psychological constructs. In Rabardel’s study (as 

cited in Trouche, 2004), an instrument (also known as tools in the study) does not 

exist in itself, but only becomes an instrument when users are able to appropriate 

it and integrate it with their activities. This means that every tool is not only 

viewed in terms of its physical body but also its extension as psychological 

component, yielding its usages. Rabardel (as cited in in Trouche, 2004) also 

proposes the notion of utilization scheme, describing “the organization of activity 

with tools associated with the realization of a given task” (p. 287). The concept of 

utilization scheme is central in Piagetian theory, where assimilation and 

accommodation pragmatically apply to it (Rabardel, 2002). The scheme emerges 

most prominently when users are specifically using tools to accomplish certain 

tasks. At the same time, users are expected to internalize certain things during the 

manipulation of the tools in order to complete the task. For example, the 

utilization scheme might be a simple gesture on a compass a student is using to 

draw a circle. Therefore, Rabardel’s work not only studies features of tools, but 

also inspects utilization schemes among different users in various scenarios. 

Apart from utilization schemes, Rabardel (as cited in Guin, Ruthven & Trouche, 

2005) further reveals that human activities with the use of tools can become 

manifest by Instrumental genesis, an instrumental framework that illustrates the 
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effectiveness of users mobilized in activities with tools. It explains how 

interrelations between users and tools consist of a dual directional interaction 

between them. Two processes, named instrumentation and instrumentalization, 

are directed toward subjects (as users) and tools respectively. Instrumentation 

processes toward manipulators illustrate that characteristics of tools simulate the 

manipulators to manipulate them in order to think critically about a potential idea 

(e.g. a mathematical concept) through the process of accomplishing certain tasks. 

This process is rather restricted to the constraints of tools which develop actions 

taken by users. Instrumentalization processes toward tools generates a 

personalization of tools that users can search for and discover relevant functions 

of the tools to develop new ways of manipulation that are unexpected and 

unplanned for by the designers of the tools. Figure 2.3 shows instrumental genesis 

with the two directional processes. 

 

Figure 2.3. Instrumentation and instrumentalization. Adapted from The didactical challenge of 

symbolic calculators: turning a computational device into a mathematical instrument (p. 144), by 

D. Guin, K. Ruthven and L. Trouche, (2005), New York: Springer. 

 

To psychologically understand instrumental genesis from the standpoint of users, 

gestures and thought metaphor explain the dialectic relationship in the utilization 
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schemes of tools, which involves designed activity in a given task (Trouche, 

2004). The observable actions taken by users with the tool can reflect their 

thought and vice versa. In addition, Trouche (2004) believes that interrelated 

processes in instrumental genesis are automatically generated while users are 

using tools. This means that the users will, on one hand, use tools to achieve 

certain goal, and on the other, develop their own usages of the tools. 

Instrumental genesis plays a fundamental role in psychological relationships 

between tools and users. It cultivates the idea that characteristics of tools are 

critical for teachers and students in mathematical activities with the presence of 

tool-based tasks in mathematics classrooms. Teachers should design tool-based 

tasks involving tools for students to manipulate them. In addition, teachers should 

anticipate usages of tools that create instrumental genesis during students’ 

manipulation activities. Unfortunately, Mariotti (2002) reveals that tools might not 

function in achieving a didactic goal even if incorporating mathematics 

knowledge is integrated by appropriate utilization schemes. Moreover, 

instrumental genesis oriented usage of tools in a particular direction is very 

different from that planned in its design (Rabarel & Bourmaud, 2003). To handle 

this uncertainty, teachers should plan for unexpected utilization schemes 

developed by students during manipulation processes with tools. Moreover, 

teachers should sustain extraordinary actions taken by students when they 

accomplish tool-based tasks. To prepare for this eventuality, Trouche (2004) 

suggests that automatisms and routine procedures of manipulations of tools 

illustrating familiarization of uses of tools has fundamentally helped teachers to 

better understand instrumental genesis in preparing all-rounded anticipations of 

manipulations of tools by students. 
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The distinction between instruments and artefacts is emphasized in instrumental 

genesis where the psychological component is inherently embedded within a 

specific utilization scheme in the development of instruments. According to the 

definition, all teaching aids are initially regarded as artefacts. Theoretically, these 

artefacts are transformed into instruments once they have been appropriately used 

for teaching and learning. This philosophical difference between artefacts and 

instruments reveals a fundamental idea in instrumental genesis. In this study, I 

have combined terminologies and used ‘tools’ as the specific key word because 

the physical parts of tools and their psychological usages are simultaneously 

encountered. This means, in the stage of tool-based task design, the terminology 

of tools is referred to artefacts while tools are also equivalent to instruments when 

being utilized by manipulators. 

2.4 Instrumental orchestration 

In addition, Trouche (2004) has introduced instrumental orchestration, putting 

instrumental genesis forward into an institutional constitution. This emphasizes 

the social scheme of a specific classroom environment, linking teaching and 

learning with the use of tools.  

“I introduce the term instrumental orchestration to point out the necessity 

(for a given institution – a teacher in her/his class, for example) of 

external steering of students’ instrumental genesis….An instrumental 

orchestration is defined by didactic configurations (i.e. the layout of the 

artifacts available in the environment, with one layout for each stage of 

the mathematical treatment) and by exploitation modes of these 

configurations. For each orchestration, the main objectives, originating 
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from the necessity of orchestration itself and the secondary objectives, 

linked to the chosen exploitation modes, should be distinguished. The 

configurations and their exploitation modes produce accounts of activity”  

(Trouche, 2004, p. 296) 

The coordination function of instrumental orchestration critically analyses the 

tool-based environmental organization that Trouche’s works explain as the 

organization of work spaces and times in the situation.  

Three key elements are mentioned in the definition, didactical configuration, 

exploitation mode and didactical performance, which can be explained as follows: 

Didactical configuration: The holistic setting of the learning environment, 

representing the instrumental genesis of individual students manipulating the tools. 

Therefore, this configuration is mainly concerned with physical representations of 

tools emerging in mathematics classrooms. Generally speaking, teachers should 

be the creators of didactical configuration, as they have the authority to set up the 

tool-based learning and teaching environment. However, there can be situations 

wherein students are allowed to bring tools to classrooms so that they are 

authorized to create didactical configuration with teachers. 

Exploitation mode: The ways teachers intentionally decided to establish teaching 

and learning processes in order to achieve the didactical goals of tool-based 

lessons. In this mode, students are required to develop certain techniques and 

utilization schemes regarding the use of tools. Essentially, the role of teachers is to 

orchestrate individual groups of students performing something with tools relating 

to the teaching goals. 
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Didactical performance: The instant decisions made during actual 

implementations of exploitation modes. For example, raising proper questions and 

giving justifications to students are essential for teachers to orchestrate tool-based 

lessons. 

Three theoretical levels are additionally cultivated in instrumental orchestration 

according to Trouche’s definition. The first level consists of the physical parts of 

tools, including their features that could be viewed as the sole of tools. The second 

level involves the psychological parts of tools which comprise instrumental 

genesis, illustrating duel directional relationships between manipulators (i.e. 

students) and tools creating cognitive development for students. It also examines 

the utilization schemes of students manipulating tools in classrooms. The third 

level is concerned with the interrelationships between tools, students and teachers 

that social activities stimulate. 

In short, instrumental genesis focuses on interrelationships between students and 

tools which illustrate the cognitive development of individual students in 

manipulation processes. Advanced, instrumental orchestration explains tool-based 

learning and the teaching environment in the way that intentional and systematic 

organization of teachers and use of the various tools available in given tool-based 

task aim to guide students’ instrumental genesis. More importantly, it mentions 

the importance of the roles of teachers, that they not only build up settings of the 

environment but also guide students to work with tools by raising questions, as an 

example, to achieve the teaching goals. 
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2.5 Tool of semiotic mediation 

Bartolini Bussi and Mariotti (2008) have elaborated the theory of tool of semiotic 

mediation, describing interrelationships between tools (also known as artefacts), 

mathematics, teachers and students, based on perspectives from Vygotsky. The 

theory is based on analysis of extensive collections of data gathered from long-

term teaching experiments, carried out from kindergarten to secondary school 

levels, and associated with tool-based didactical issues (Bartolini Bussi & Mariotti, 

2008). It was initially influenced by Norman (1993), who proposed double 

features of tools in the definition of cognitive artefacts. These two features are 

pragmatic/experiential and reflexive respectively, describing outward orientations 

which modify the environment and inward orientations and make users smart (i.e. 

learning something). The idea of duel-directional orientations also supports the 

claims of the theory of instrumental genesis that fundamentally frames the roles of 

tools. Bartolini Bussi and Mariotti (2008) integrate ideas from Vygotsky’s 

approach that emphasize human mental activity, consisting of natural line and 

social or cultural line, where these two lines interweave, a crucial role of using 

tools related to the internalization process. This role is to mediate someone or 

cognitively conceive something through experiences. To specifically relate this 

role of tools in the study, tools mediate students to experience mathematics 

through interactive activity with the tools. This means students manipulating tools 

being regarded as an external activity, creating cognitive understanding of a 

certain kind of knowledge through the interactions within the activity. 

During the mediation process, students undergo internalization where tools 

externally simulate them to take actions and/or think. Hence, the consequences of 

the internalization process are production and interpretation of signs. Bartolini 
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Bussi and Mariotti (2008) interpret the concept of signs based on Vygotsky’s 

thought, however, focused only on the functions of signs encountered in their 

research in the contexts of tool-based mathematics lessons. These lessons consist 

of tools as well as tasks (regarded as tool-based task). The use of signs in 

accomplishing the tasks leads to twofold cognitive functions: one to generate 

artefact signs through the means of directly completing the tasks and 

communication with collaborating co-workers (i.e. other students) in the social 

setting; the second is “the production of signs is strictly related to the 

interpretation of the exchanged information and consequent communication” 

(Bartolini Bussi & Mariotti, 2008, p. 750) (i.e. in oral and written texts).  In 

advance, these functions of using tools generate signs for students to view 

mathematics knowledge through internalization process. In particular, Bartolini 

Bussi and Marotti (2008) distinguish two types of signs generated in the process 

of accomplishing tool-based tasks while social use of tools is being addressed. 

The first are artefact signs related to the accomplishment of the task and the tools 

used while the second are content signs (also named mathematics signs), related to 

the mathematics content to be mediated. 

The tool of semiotic mediation acknowledges the semiotic potential of tools which 

consist of double semiotic links (i.e. polysemy of an artefact) between 

mathematics and the tasks. From the user’s aspect, the double semiotic 

relationship has two meanings: personal meaning related to the aim of 

accomplishing the task and mathematical meaning related to the tools and its use 

(Bartolini Bussi & Mariotti, 2008). The role of tools is to mediate students to 

cognitively experience and develop mathematical meaning from personal meaning. 

Unfortunately, such development is not assumed to be activated automatically. It 



24 

was noticed that teachers’ involvement involves the awareness of the semiotic 

potential of tools in order to foster students to evolve such ‘meanings 

development’. Details of the design of didactical intervention will be discussed in 

next section. 

 

Figure 2.4. Tool of semiotic mediation. Adapted from ‘Mathematics learning and tools from 

theoretical, historical and practical points of view: the productive notion of mathematics 

laboratories’ by Maschietto, M., and Trouche, L., 2010, ZDM Mathematics Education, 42, pp. 33-

47. 

 

The above Figure 2.4 illustrates the theory of tool of semiotic mediation. The tool 

is placed in the centre, connecting all other elements. The task (i.e. tool-based task) 

is designed to produce artefact signs through students’ manipulations with the 

tools. Therefore, the upper part of the figure examines work on the tool-based task 

where students focus on tools and task. It can also be viewed as the first function 

of use of tools that students aim to accomplish the tool-based task through the use 

of tools. During the manipulation processes undertaken by students to achieve the 

goal of completing the task, they are expected to contextualize outcomes based on 

their manipulations of the tools. 

Artefact 
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Task Situated texts

Mathematical texts
Mathematics 
knowledge
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The left hand side of the figure links anticipated mathematics to be taught with the 

task. This part prominently focuses on the design of the tool-based task. It is 

concerned with the design of the problem in the task as well as the selection of 

tools used in the tool-based environment. The content of the problem influences 

the learning process of students so that it also yields the intended mathematics to 

be taught. In addition, students’ selection of tools also depends on the problem in 

the task. 

The right hand side of the figure aims to produce an evolution of signs, which is 

expected to be exploited by mathematics teachers. A teaching sequence, named 

didactical cycle, is grounded in the tool of semiotic mediation. It will be discussed 

in a separate section of this chapter. 

2.6 Didactical cycle 

Inspired by the theory of tool of semiotic mediation, Mariotti (2009; 2012) further 

developed the concept of didactical cycle to complement the didactic part of the 

theory. It promotes the idea of a mathematics discourse aimed at fostering the 

evolution of shared meanings converging to meet the didactic goals of a 

mathematics lesson. There is a need to distinguish between meanings emerging 

from manipulations with tools and mathematics knowledge developed in relation 

to such use (Mariotti & Maracci, 2012). Therefore, didactical cycle proposes 

pragmatically linking the semiotic potential of tools. This iteration aims to capture 

the following: students are expected to produce artefact signs having personal 

meanings attached to them during interactive activities with tools; students evolve 

the signs into mathematics signs consisting of abstract mathematical concepts in 

the process of using the tools. The main role of teachers is to web the signs. 
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Didactical cycle consists of three processes which are 1) activities with the 

tool/artefact; 2) activities with individual production of signs; 3) collective 

activities with signs produced. It contributes to complementarily developing 

complex semiotic mediation processes through the iteration of these three activity 

phases.  

 

Figure 2.5. The didactical cycle. Adapted from ‘ICT as opportunities for teaching-learning in a 

mathematics classroom: the semiotic potential of artifacts’ by Mariotti, M.A., 2012, Proceedings 

of the 36th Conference of the International Group for the Psychology of Mathematics Education. 

Taipei, Taiwan, v1, 25-42. 

 

The iteration of didactical cycle includes three activity phases: 

A1: Activities with artefacts: It is generally a starting point of didactical cycle 

where tools become indispensable elements for students to act on the task. The 

actions taken by students are acknowledged in the activities. The aim of this 

activity phase is to promote the emergence of artefact signs referring to uses of 

tools. In addition, students are usually formed as small groups in social settings in 

the phase where words, sketches and gestures are produced. 
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A2: Individual production of signs: It engages students to undertake different 

semiotic activities individually concerning, mainly, the written signs for the next 

step. Although students perform in social settings, this activity phase is concerned 

with individual students’ production, reflecting their own learning experiences 

regarding manipulations of tools. The production of signs does not require 

students to produce formal mathematical language (i.e. mathematics signs), but 

the signs are rooted in the tools and the given task, which create different artefact 

signs for collective activities and discussions. 

A3: Collective production of signs:  This activity phase includes mathematical 

discussion (Bartonlini Bussi, 1998), which is the core of the semiotic process 

orchestrated by teachers. This mathematical discussion engages mathematical 

discourse where teachers promote the evolution of meaning construction in the 

process of constituting educational goals. Specifically, in this activity phase, the 

individual signs produced by students in previous activity phases, collectively, are 

shared and discussed with various solutions for analysing, commenting and 

elaboration. The discussion explicitly directs students to transit the personal signs 

to mathematical signs in a cognitive dialectics process with teachers’ guidance. 

The whole class is engaged. Students’ written work and other forms of output are 

analysed and commented upon. Therefore, the main role of teachers is to collect 

personal signs and convert them into mathematics signs. 

The iteration is expected to repeat as a cycle where the activity phases are 

sequentially transiting.  

Mariotti (2009) highlights the essential role of teachers in the activity phases of 

didactical cycle, stressing the fact that uses of tools in mathematics classrooms 
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aim not only to solve problems by students but also pursue education goals by 

teachers for accomplishing didactical task. To a certain extent, tools are resources 

for teachers from a didactic perspective (Mariotti & Maracci, 2012). In the first 

activity phase, teachers allow students to work with tools in order to complete the 

assigned task. That means teachers designing tool-based tasks in adidactical 

situations (Brousseau, 1997) where students can develop their own utilization 

schemes during the activity processes. The development of utilization schemes is 

regarded as a kind of students’ productions, which are categorized in the second 

activity phase of didactical cycle. Therefore, teachers should monitor the 

production processes constructed by students. In the third activity phase, teachers 

should gather the productions and re-formulate them to conceive mathematics 

knowledge. 

“This cycle was not rigidly fixed and was open to changes, according to the 

particular conditions of activity” (Bartolini Bussi & Marotti, 2008, p. 763). This 

study aimed to examine implementations of didactical cycle in situational contexts 

through experimental study. 

2.7 Definition of signs 

In summary, the tool of semiotic mediation enables the contributions of tools to be 

made from mediated actions to concept formation through the internalization 

processes of students, who generate signs related to the use of tools. In advance, 

didactical cycle frames how teachers orchestrate the social interchange processes, 

guiding students to conduct semiotic activities aiming to cultivate the evolution of 

signs. Under these circumstances, signs are crucially defined as verbal or written 

forms of production (e.g. words and drawings written in tasks), including gestures 
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and manipulations of tools which fit the conditions of students’ generations with 

the tools within mathematics classrooms. It also includes discussions among 

teachers and students in social collaborative settings. 

2.8 The theories in the study 

To summarize all theories mentioned in this chapter, I have specifically linked the 

frameworks with this study, illustrating how these theories relate to the focus of 

the research. 

Vygotsky’s thought on the genesis of human activity is the foundation of 

constructivism. He cultivated two lines of philosophy, which were the natural line 

and the social/cultural line. In tool-based context, the former describes the 

necessity of functional tools that help individuals to naturally solve daily life 

problems, while the latter portrays a developmental revolution of tools, which 

further develops its functions by building in social or artistic elements. 

In the study, I attempt to combine some tool-related theories intertwining 

theoretical foundation for conceiving an effective tool-based teaching and learning 

environment, especially concerning the design of tool-based tasks. The design of 

tasks includes pedagogical considerations as well as physical settings for the 

implementation of the task. Tool-based task design illustrates the importance of 

the three components in conceiving tool-based teaching and learning 

environments. In addition, the nested pedagogical frame further elicits a sequence 

of progressive modes explaining the developmental means which students and 

teachers undergo in tool-based learning and teaching environment. For the theory 

of didactical situation (Brousseau, 1997), it frames ideas of designing problems 

(specifically a tool-based problem in this study) based on a-didactical situations 
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(Brousseau, 1997) which allow students to do independent work followed by 

teachers’ professional interventions. To harmonize the theory of didactical 

situation in tool-based context, a triangular relationship between the tool-based 

task, students and teachers is shown in Figure 2.6, illustrating close interrelations 

among the three parties. The role of teachers is to create/design the tool-based task 

(also known as the problem). A corresponding tool (or tools) logically emerges to 

provoke students to interact independently with the problem and among the 

students. In advance, teachers interact with students and tools in guiding students 

to construct mathematical knowledge. The interactions between students, tools 

and task are intentionally orchestrated by teachers. Therefore, the design of tool-

based tasks aims to create didactical situations involving teachers’ interventions 

and guidance for the devolution of the manipulations of tools achieving the goals 

of accomplishing the tool-based tasks. 

 

Figure 2.6. The theoretical framework. 

 

Tool-based task

Student(s)Teacher

Tool-based context



31 

To link the theory of didactical situation with tool-based teaching and learning 

environment, teachers should formulate mathematics problems that students can 

solve through self-motivated manipulations with tools in the classrooms. The 

didactical situation in a tool-based context enables teachers to design fruitful and 

independent tool-based problems for students’ manipulation and creation (i.e. to 

act and think). Proper selection of tools in the situation helps students solve the 

problem in the task. Moreover, the intervention of teachers is also anticipated in 

the situation to guide students to construct knowledge. Therefore, this situation 

grounds the design of didactic constitution in which instrumental genesis, 

instrumental orchestration, semiotic mediation and didactical cycle are to be 

evolved in the situation. Instrumental genesis and orchestration illustrates students’ 

cognitive development in processes of tool manipulations and teachers’ guidance 

in tool-based context respectively. According to instrumental genesis, students’ 

manipulations of tools can be discerned into two processes directed toward users 

and tools. Students, on the one hand, use tools to accomplish tool-based tasks, 

thus developing a utilization scheme in the processes, and on the other, a new 

utilization scheme might be developed that is different from the original design of 

the tools. These processes, between students and tools, lead learning experiments 

for students towards developing certain ideas in tool-based manipulation contexts. 

From pedagogical aspects, instrumental orchestration illustrates teachers’ 

interventions in the consideration of the physical settings of tool-based 

environment. It reveals that teachers should consider the holistic settings of tool-

based mathematics classrooms including availability of tools. Moreover, 

orchestration of teachers essentially emphasizes that proper questions and 

judgements should be raised in order to guide students to achieve certain goals. In 
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short, instrumental genesis and orchestration concerned interactions between tools 

and students, communication among students and interventions from teachers to 

orchestrate students. 

Apart from instrumental genesis and instrumental orchestration, the tool of 

semiotic mediation advocates evolution of signs in the construction of 

mathematics knowledge. First of all, the tool of semiotic mediation prominently 

used tools to connect tool-based tasks, students, teachers and mathematics. 

Teachers should design tool-based tasks embedding mathematics content in it. 

Students are expected to manipulate tools independently to produce 

contextualized signs when they are doing the tasks. Teachers, at the same time, 

guide students to convert the signs into mathematics mediated by the tools. 

Therefore, selection of proper tools is important, in that features of them critically 

influence students’ utilization schemes. Moreover, it is equally important that 

teachers consider both observable actions taken by students in the mathematics 

classroom as well as hidden cognitive thought in their minds. From this point of 

view, teachers, as the designers of tool-based tasks, should consider the 

consequential relationship between interactions and related mathematics 

knowledge as well as utilization schemes adopted by students.  This study focuses 

pedagogical considerations which are the prominently addressed by the theory of 

didactical cycle pragmatically suggesting an iteration of activity phases cultivating 

construction of mathematics knowledge through evolution of signs. It also plays 

an important role as a prominent framework to analyse the interactions emerged in 

the research lessons. 

In short, the theories relating to the design of the task theoretically provide 

insights to the analysis of teachers’ perspectives which is crucial for answering the 
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first research question, concerning the implementation of the lessons by the 

teachers. In addition, instrumental orchestration prominently cultivates teachers’ 

teaching focusing on the environmental setting. Furthermore, instrumental genesis 

is essential for answering the second research question, highlighting actual 

connection of students and tools. Thus, these theories could inspire me to do the 

analysis in order to answer the first two questions. Practically for didactical cycle, 

the three activity phases captured in the cycle are used as an analytical frame to 

analyse tool-based lessons in order to answer the third research question. 
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CHAPTER THREE: METHODOLOGY 

This chapter outlines the research design of this study in detail. A qualitative 

research design has been adopted, specifically, a case study approach (Yin, 2009, 

2012, 2014; Stake, 1995; Merriam, 1998; Merriam & Tisdell, 2016), in which the 

rationale of the research design, participants, data selection, data collection, data 

analysis and ethical consideration are all addressed. 

3.1 Rationale 

Nowadays, teaching and learning in the classroom is viewed as a social activity 

involving teachers and students engaging in the creation of knowledge, with 

students provided with the opportunity to experience this through activities in 

lessons. When I considered investigating tool-based activities in mathematics 

lessons, I believed that they should extend from the physical classroom 

environment into a holistic phenomenon that includes the background of the 

school, teachers and students, tools, the design of the lessons, their 

implementation, physical settings, pedagogical considerations, discourse and other 

psychological issues. In the study, tool-based mathematics classrooms and its 

holistic settings are specific concerns, investigated through explanation and 

exploration. Specifically, one of the aims of this study was to analyse 

implementation processes and the interactions of teachers, students and tools in 

the implementation of tool-based lessons. In this tool-based pedagogical 

environment, the use of tools for teaching and learning is contextualised as a field 

site for embedded intensive social interactions between teachers, students and the 

tool itself (Leung, 2015). Taking into account literature on tool-based teaching 

and learning, this study can be seen as an investigation of both theoretical and 
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experimental explorations in tool-based mathematics classrooms. It also analyses, 

in-depth, interactions between teachers, students and tools associated with tool-

based task design related to the construction of mathematics knowledge in tool-

based teaching and learning contexts. 

There are various methods that education researchers employ in research studies, 

for example, experiments, surveys and case studies. Research strategies should be 

properly adopted according to research design, research questions and the 

purposes of the study in which strategies are effectively applied (Denzin & 

Lincoln, 2005). As an Education researcher, I should also declare my interests in 

knowing more about the education field, specifically concerning tool-based 

mathematics education and focusing on the research questions raised in the 

previous chapter. To answer these research questions, a naturalistic inquiry 

research approach was adopted according to the nature and purpose of the 

research, with consideration of its philosophical foundations. 

“Other terms often used interchangeably are naturalistic inquiry, 

interpretive research, field study, participant observation, inductive 

research, case study and ethnography.” 

(Merriam, 1998, p. 5) 

In educational research, a school is traditionally considered to be a social 

institution designed for social and cultural reproduction and the transformation of 

knowledge (Merriam, 1998). This consideration is linked to the philosophy of 

critical research orientation, investigating the way in which cognitive knowledge 

is constructed in regard to the interests of parties such as teachers and students 

through social activities in the field. From the perspective of critical research 
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using qualitative methods, researchers are interested in how schools socialize 

activities in classes to produce certain patterns. In this study, I examine tool-based 

teaching and the learning environment that emerges in mathematics classrooms 

consisting of mathematics teachers, students and tools. Therefore, different from 

traditional mathematics classrooms, tools are prominent in the study. Taking 

teachers, students and tools into consideration, these three individual parties 

socially construct complex interactions in tool-based mathematics classrooms, 

regarded as lived experiences (Merriam, 1998). Thus, this study underlines the 

orientation of addressing the research questions that illustrate these social 

situations, particularly focusing on tool-based mathematics classrooms. 

In the family of qualitative research methods, Merriam (1998) specifically 

describes the case study as an intensive and holistic descriptive research method, 

used to analyse a bounded system (i.e. an educational environment), combined 

with other types of qualitative research in education. In addition, Yin (2009) 

further defines “a case study as an empirical inquiry that investigates a 

contemporary phenomenon within its real-life context” (p.18). Moreover, this 

inquiry involves both explanatory and exploratory case studies, either single or 

multiple-cases, and aims to answer descriptive and explanatory research questions 

in the forms of ‘how’ and ‘why’ (Yin, 2009). 

“An empirical inquiry about a contemporary phenomenon (e.g., a ‘case’), 

set within its real-world context – specifically when the boundaries 

between phenomenon and context are not clearly evident.” 

(Yin, 2009, p. 18) 
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According to Verma and Mallick (1999), a case study approach also allows 

researchers to focus on a specific situation and explore the interactions among 

objects in the situation. In addition, Stake (2005) adds that each case is looked at 

in depth, its contexts scrutinized and its ordinary activities detailed as a complex 

entity located within a situation embedded in a number of contexts or 

backgrounds which are studied. 

This study concerns the interactions between teachers, students and tools within 

tool-based mathematics classrooms, philosophically forming a bounded system 

consisting of complex patterns of activities. The activities within the system are 

embedded into situations that cannot be separated from other parts of the tool-

based learning environment. This explains why I adopted the method of case 

study to investigate the complex interactions that emerge in tool-based 

mathematics classrooms. 

A case study also acts as a lens for investigating natural settings, and an 

understanding of its history and the problem, or seeking to change policy if there 

is room for improvement (Stake, 2010). Didactical cycle has been proposed and 

studied as a main theoretical framework, having its own historical value. This case 

study allowed me to investigate the implementations of tool-based mathematics 

lessons with the analytic frame of didactical cycle in order to seek challenges and 

identify possible improvements in the cases. Taking everything into consideration, 

a case study approach allows researchers to explore intensively and holistically a 

specific contemporary phenomenon within a real-life context. Moreover, it can 

probe in-depth interactions between objects within that particular situation, with 

descriptive interpretations and investigation of knowledge construction through 
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socialization of activities in tool-based lessons a specific research orientation to be 

studied in the cases. 

3.2 Studying the cases with theories 

Theories in conducting evaluations (Yin, 2012) played an important role in 

defining the nature of the cases as a part of the study. The ideas discussed in the 

previous chapter (e.g. semiotic mediation, didactical cycle, instrumental genesis) 

helped frame a set of theories, a process which was essential for designing the 

study and generalizing subsequent results. The theory of didactical cycle was one 

prominent framework, playing the role of not only pragmatic pedagogical theory 

for describing how the activities emerged in the cases but also an analytical 

instrument for explaining why they happened. 

3.3 Instrumental multiple-case study 

Stake (1995) has discerned that case studies have two major foci, intrinsic and 

instrumental, that have implications for research design. Intrinsic case studies aim 

to learn about a particular example, consisting of a unique situation to be studied, 

hence, the case is automatically constructed and selected. Instrumental case 

studies in contrast are viewed as an instrument to accomplishing something other 

than understanding the particular case in hand, that is, for general understanding 

and insight into specific research questions (Stake, 1995). This study aims to 

explore implementation of tool-based mathematics lessons, focusing on 

interactions between teachers, students and tools. To get insights from holistic 

tool-based phenomenon though theoretical aspects, the instrumental case study 

approach is adopted in order to investigate the critical features of tool-based 

teaching and the learning environment. 
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Moreover, in order to portray the phenomenon in advance that some common 

characteristics would be manifested, several cases are jointly studied. Particularly 

in this study, I want to examine the interactions of teachers, students and tools in 

tool-based teaching and the learning environment. To study the critical issues that 

emerge in the bounded field, multiple-case study approach was adopted as a single 

case study would not allow me to examine similarities and differences of the 

characteristics between the cases (Stake, 2005). In addition, a single case design 

would have been less valuable as the analytic benefits of having more cases can 

be substantial (Yin, 2014). Instead, a multiple-case study design allows 

researchers to analyse each setting of a case and across cases (Baxter & Jack, 

2008). Therefore, there are two levels of analysis in the study which I investigate 

through in-depth individual cases followed by comparing critical issues between 

the cases. 

3.4 Unit of analysis 

Yin (2012) points out that an initial challenge in the case study approach is to 

define the case, referring to the unit that makes the link with the subject under 

investigation. To study tool-based teaching and learning, boundaries need to be 

placed on a case (Yin, 2003) to prevent producing too broad a question in the 

study. The unit of analysis is defined as tool-based research lessons, the whole-

class treatment of a single tool-based task. The research lessons consist of 

corresponding tool-based tasks associated with its joint efforts including the 

backgrounds of teachers and students, designs and implementations of lessons and 

uses of tools. In short, analysis uses ‘the tool-based lessons’ as the unit of 

comparison, involving in particular the emerging interactions among the critical 
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parties (i.e. teachers, students, tasks, tools and environments) and perspectives of 

teachers and students. 

3.5 Selection of cases 

This is an instrumental study, with multiple cases. The selection criteria for the 

cases was closely connected to the research questions that embedded tool-based 

tasks in mathematics lessons as the unit of analysis. The selected cases in the 

study included tools as a pedagogical consideration. As captured, multiple cases 

were employed that the number of cases was creditably set as three such that 

individual results in each case could be triangulated and consolidated in order to 

collaboratively provide representative findings. 

To maximize the representativeness of cases, uniqueness and collectiveness 

(Stake, 1995) were considered in the selection process. This was also a purposive 

selection. Tools played a prominent role in the study, therefore, the first criterion 

was tool-based task design associated with the use of tools in the research lessons. 

The selected cases were retrieved from designing rich tasks requiring tools as 

necessities in the lessons. Thus, the interplay of tools and tool-based tasks that led 

to learning and teaching experiences for students and teachers was one of the 

criteria in the case selection. Therefore, participants (i.e. teachers) in cases should 

be designing tool-based tasks in which perceptions of the designs of the tasks 

included views of tools that should also be accessible. In addition, topics of the 

tool-based tasks were also a concern. The mathematics content in the cases was 

found in the mathematics curriculum for junior secondary levels in Hong Kong. 

The mathematical knowledge related to estimation in various mathematics 

domains. Therefore, on one hand, the mathematical content to be taught in the 
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selected cases was similar, but on the other, there was diversity (e.g. academic 

backgrounds of the teachers, abilities of the students, uses of the tools, lengths of 

the lessons, etc.) in the cases that allowed comparisons to be made. That meant the 

three selected cases served the purposes of illustrating implementations of tool-

based mathematics lessons and interpreting differences and similarities among the 

cases through the analysis of the research lessons contextualized in the same 

mathematics domain. 

Table 3.1 Case descriptions 

Case School Teacher 
Grade of 

students 

Length of 

lesson(s) 
Topic Tool 

A School A Teacher A 
Secondary 3 

(Grade 9) 

A double 

lesson 

(70 minutes) 

Estimating the 

volume of a 

PVC container 

Stationeries 

and 

measuring 

aids  

B School B Teacher B 
Secondary 2 

(Grade 8) 

2 double 

lessons 

(70 minutes 

per double 

lessons) 

Approximation 

and Errors 

Measuring 

aids and 

application 

softwares 

C School C Teacher C 
Secondary 1 

(Grade 7) 

5 single 

lessons 

(40 minutes 

per lesson) 

Marbles 

Estimation 
Apparatuses 
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Table 3.1 shows some information relating to the research lessons conducted by 

the participants in the study. These participants were three mathematics teachers 

from three different secondary schools that formed the multiple cases according to 

some critical characteristics. Firstly, the grade levels of the students involved in 

the cases were junior secondary levels from secondary one to secondary three (i.e. 

grade seven to grade nine). These levels of mathematics contents were all 

documented in Hong Kong mathematics curriculum guide (Education Department, 

2002). Secondly, the lessons implemented were associated with tool-based tasks 

including concrete and virtual tools for the students to manipulate. Details of the 

tools will be discussed in latter chapters. 

3.6 The schools and the teachers 

As the cases were defined as research lessons involving tool-based tasks, three 

tasks cultivating similar mathematics contents (i.e. estimations and errors) with 

uses of tools were selected to be studied. These contents shared some common 

knowledge and techniques that comparisons between them would be thereupon 

made. The lessons involved both concrete and technological tools diversely 

including simple stationeries, measuring aids, some application softwares installed 

in tablets and specific apparatuses (details of the tools will be introduced in 

chapters four to six).  Once the tool-based tasks were selected, the lengths of the 

research lessons were appointed accordingly such that the teachers planned the 

lessons in order to accomplish the tasks. 

The following sections share some relevant information, including details of the 

corresponding schools and participating teachers in the three cases. 
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3.6.1  The schools 

3.6.1.1  School A and the research lessons 

This school is  co-educational with a long history. It has a primary school under a 

feeder school system (i.e. through-train mode) and, at most, 85% of secondary 

students come from this primary school. There are six classes in each form. The 

research class was a secondary 3 class consisting of 18 students who got the 

highest scores in mathematics. The research lesson consisted of a 70-minute 

double lesson. 

The medium of instruction in almost all subjects included mathematics was 

Cantonese. However, the medium of instruction of some subjects in senior forms 

is open for students to choose either Cantonese or English, i.e. there are 

mathematics classes taught in Chinese and English in senior secondary levels. In 

the research lesson, the medium of instruction was Cantonese and the teaching 

materials were printed in English. 

3.6.1.2  School B and the research lessons 

The school is a co-educational secondary school, with a 60 year history. It has a 

feeder primary school (i.e. under through-train mode) from which, at most, 85% 

of the secondary students come from. There are four classes in each form. The 

research class was one of the four classes in secondary two. It consisted of two 

double lessons with 70-minute in each of them. 

The medium of instruction in almost all subjects is English. The research class 

was the only class (out of the four) adopting Cantonese as the medium of 

instruction. 
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3.6.1.3  School C and the research lessons 

This school is a girls’ secondary school with a long history. It has both 

kindergarten and primary sections, however, only a quarter of the students in 

secondary section are graduates from the primary section, meaning three-quarters 

of the students come from other primary schools. The school has four classes in 

each form. In grade 7, three sub-classes are formed from two classes. Thus, the 

numbers of students is smaller than in normal classes. There were 24 students in 

the research class. The research lessons were conducted with the sub-class 

grouping intermediate level of students according to mathematics results obtained 

in examinations. It consisted of five consecutive single lessons where each lesson 

lasted 40 minutes. 

The medium of instruction in almost all subjects including mathematics is English. 

Table 3.2 Formulation of classes in Case C 

 1A 1D 1B 1C 

Classes 

*Sub-class 1 

Sub-class 2 

Sub-class 3 

Class 4 Class 5 

 

* refers to the research lessons encountered. 
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3.6.2  The teachers 

3.6.2.1  Teacher A 

Teacher A was a mathematics teacher who has been teaching for about five years.  

He has taught all grades of secondary mathematics in the school. Academically, 

he has Bachelor and Master’s degrees in mathematics and research in pure 

mathematics respectively. 

3.6.2.2  Teacher B 

Teacher B was an experienced mathematics teacher who has taught all grades of 

secondary mathematics in the school over 15 years. He has a Bachelor degree and 

a Master’s degree in research in mathematics, which demonstrates his solid 

mathematics background. 

3.6.2.3  Teacher C 

Teacher C was an experienced mathematics and science teacher who was also the 

panel head of the science department in the secondary school. Her teaching duties 

are in integrated science, junior secondary mathematics and senior secondary 

mathematics. Therefore, her knowledge in mathematics is harmonized with 

science knowledge, with her teaching mathematics knowledge inseparable from 

science. Academically, she has Bachelor, Master’s and Doctoral degrees in 

education, meaning that she was a seasoned educator in both mathematics and 

science. 
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3.7 Data collection 

Merriam and Tisdell (2016) suggest that “a technique for assessing the 

boundedness of a topic is to ask how finite the data collection is” (p. 39). I defined 

the boundary of the study as tool-based mathematics lessons involving 

interactions among teachers, students and tools. Therefore, useful information 

emerging in the cases should be collected for further analysis. 

Data collection used five main methods, as employed by Travers (2001), which 

were interviewing, observation, ethnographic fieldwork, discourse analysis and 

textual analysis. These methods of data collection covered various forms of 

information including the perceptions and feedback of the tool-based lessons of 

the teachers and the students, implementation of the research lessons and 

interactions among the teachers, the students and the tools. This approach aims to 

facilitate the analysis of the tool-based teaching and learning environment. 

Pre-lesson interviews with the teachers (18 minutes in case A; 66 minutes in case 

B; 89 minutes in case C) were conducted before the research lessons to elicit 

responses regarding the views of lesson design from the teachers’ perspectives. 

The pre-lesson interviews were unstructured which conversational type of 

questions arisen from situations (Ary et al., 2014) that a purpose of understanding 

rationale of the design of the lessons and the tasks was essential.  The interviews 

in general used “the who, what, when, where why, and how categories” (Ary et al., 

2014, p.466) to guide the researchers to probe questions regarding the design of 

the lessons and the tasks. 

Post-lesson interviews with the teachers (16 and 34 minutes in case A; 17 and 24 

minutes in case B; 41, 19, 25, 27, 20 and 15 minutes in case C) were 
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correspondingly conducted after the lessons to evaluate their implementation. 

There were two types of post-lesson interviews in each case that one of them 

mainly focused on the lesson implementations and the other one was to seek for 

the teachers’ views based on the preliminary analysis of the cases. The first type 

of post-lesson interviews with the teachers were semi-structured that standardized 

questions (see appendix) followed by some open-ended questions that were asked 

in order to capture the teachers’ satisfaction of the lessons. The second type of it 

was unstructured that the questions in the interviews were subject to initial 

insights obtained from individual analysis. This type of post-lesson interviews 

with the teachers aimed to affirm some coming up results were agreed by the 

participants. In case A, there were two post-lesson interviews with teacher A that 

the first one mainly focused on reviewing the interactions in the research lesson. 

The second post-lesson interview with teacher A was conducted after preliminary 

analysis of the case that some insights were discussed with the teacher in order to 

seek for his ideas based on the insights. In case B, two post-lesson interviews with 

teacher B were conducted. One of them was conducted after the two research 

lessons in order to capture the teacher’ views on the implementation of the lessons. 

The second one was to indicate his ideas based on the preliminary results of the 

case found by the researcher. In case C, six post-lesson interviews with teacher C 

were conducted five of which were held after each research lessons to enquire her 

thoughts of the lessons. The sixth post-lesson interview with the teacher was 

carried out after analysing the case at very first stage. It aimed to probe her 

opinions of the whole teaching and learning processes.  
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In brief, the pre-lesson and post-lesson interviews were simultaneously analysed 

for exploring discrepancies between the teachers’ expectations and the actual 

implementations. 

In addition, lesson plans and the designed worksheets (also known as the tool-

based tasks) were preliminary reviewed before the implementation of the lessons 

in order to provide insightful information regarding the design of the lessons.  

As the researcher, I observed all research lessons specifically focusing on 

interactions between teachers, students and tools in the teaching and learning 

environments. Observations were made most prominently focusing on teachers’ 

talk, discussions between teachers and students, discussions among students, 

manipulations of tools by students including their gestures and actions, written 

forms of works by students in the research lessons and flow of the lessons. Field 

notes were also taken during the lesson observations where general ideas were 

marked down for further investigation and elaboration. 

The research lessons were videotaped to record teaching and learning during the 

implementation of the tool-based lessons in the mathematics classrooms, details of 

the actual time durations of the lessons are shown in Table 3.3. In addition, all 

videos were transcribed to text format for analysis and partially translated for 

presenting in the paper. During the process, verbal conversations emerged in the 

lessons were transcribed while the actions and other voiceless activities were 

narratively described in the transcripts which were shown with brackets. 

Focus group interviews with some students after the research lessons were also 

conducted to investigate the impact of the tool-based learning experiences. In 

addition, the interviewed students were allowed to interpret ways of thinking 
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through manipulations of tools, which were given to them in the post-lesson 

interviews, in order to capture their detailed gestures as well as thinking 

associated with cognitive development of mathematics knowledge. The students 

were selected for the interviews according to their active participation in the 

lessons, especially having creative and untraditional ways of thinking. Groups of 

two to five students were invited to the interviews. Details of the interviews are 

shown in Table 3.3. 

The worksheets completed by the students were collected to gather a written form 

of production tracing the epistemologically effectiveness of learning, especially in 

mathematics knowledge. 

3.8 Data analysis 

Merriam and Tisdell (2016) reveal several ways to conduct data analysis for 

qualitative research. In the analysis, I will address the four issues of beginning 

analysis during data collection, managing data, creating coding schemes and 

becoming more theoretical. 

3.8.1 Beginning the analysis 

To begin analysis, Merriam and Tisdell (2016) suggest that researchers, as a 

preliminary step, make decisions that narrow the scope of a study. To do so in this 

study, the collected data was holistically studied and specific data revealed its own 

value in the analysis. For example, the videotaped research lessons were analysed 

in order to investigate critical features in the interactions according to the theories 

related in the literature review. To systematically analyse the research lessons, all 

videotaped research lessons were transcribed. In addition, some transcripts were 

translated into English for comparison and reporting. Coding schemes were 
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created to detect patterns of characteristics in the interactive activities of the 

lessons. Moreover, field notes during the observations supplemented the 

information that was not captured by the video recordings. For example, when 

camera was recording discussion of teacher and a group of students, another group 

of students was carrying out an interesting manipulation with a tool, which was 

influenced by the discussion. Then, I marked down this influence between 

different groups in the field notes. Other than analysis of the transcripts of the 

lessons, I simultaneously extracted relevant and important reflections from the 

interviews with teachers and students which triangulated the major findings of the 

interactions that emerged in the research lessons. Besides this, the data from the 

interviews were used to legitimate the perceptions of the designs of the tool-based 

tasks as well as the evaluations of the implementations of the lessons from the 

teachers’ and students’ viewpoints. In short, I began to analyse the characteristics 

of the functions of different types of data before and during the process of data 

collection in order to prepare for further in-depth analysis. 

3.8.2 Managing the data 

The collected data are listed in the following table. Each case has its own design, 

thus, the types of data are slightly different between cases. For example, the task 

in case A refers to the worksheets while the tasks in case C refer to the worksheets, 

presentation slides and online evaluation form. 

The data was systemically organized so that it could be easily assessed. The 

transcripts of the research lessons were put in spreadsheets so that I could easily 

search keywords in the transcriptions. I translated some of the data (e.g. the 
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transcripts of the interviews and worksheets completed by the students) from 

Chinese into English for comparison and reporting. 

Table 3.3 Table of the collected data  

Case Label Data 
Length 

(minutes) 

Language / 

Translation* 

A 

A1 
Pre-lesson interview with 

teacher A 
18 C to E (Partial) 

A2 Double lesson 63 C to E (Partial) 

A3 
Post-lesson interview 1 with 

teacher A 
49 C to E (Partial) 

A4 
Post-lesson interview 2 with 

teacher A 
29 C to E (Partial) 

AS5 
Post-lesson interview 1 with 

students 
16 C to E (Partial) 

AS6 
Post-lesson interview 2 with 

students 
34 C to E (Partial) 

A7 Worksheets - E 

A8 Completed worksheets - 
E / C to E 

(Partial) 

B B1 Pre-lesson interview with 66 C to E (Partial) 
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teacher B 

B2 Double lesson 1 62 C to E (Partial) 

B3 Double lesson 2 71 C to E (Partial) 

B4 
Post-lesson interview 1 with 

teacher B 
17 C to E (Partial) 

B5 
Post-lesson interview 2 with 

teacher B 
24 C to E (Partial) 

BS6 
Post-lesson interview 1 with 

students 
22 C to E (Partial) 

BS7 
Post-lesson interview 2 with 

students 
21 C to E (Partial) 

B8 Lesson plan  E 

B9 Worksheets - C to E 

B10 Follow-up worksheet - C to E 

B11 Field notes - C 

B12 Completed worksheets - C to E (Partial) 

BS13 Group presentations (Videos) - C to E (Partial) 

C C1 
Pre-lesson interview with 

teacher C 
89 C to E (Partial) 
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C2 Lesson 1 40 E 

C3 Lesson 2 39 E 

C4 Lesson 3 34 E 

C5 Lesson 4 41 E 

C6 Lesson 5 37 E 

C7 
Post-lesson interview 1 with 

teacher C 
41 C to E (Partial) 

C8 
Post-lesson interview 2 with 

teacher C 
19 C to E (Partial) 

C9 
Post-lesson interview 3 with 

teacher C 
25 C to E (Partial) 

C10 
Post-lesson interview 4 with 

teacher C 
27 C to E (Partial) 

C11 
Post-lesson interview 5 with 

teacher C 
20 C to E (Partial) 

C12 
Post-lesson interview 6 with 

teacher C 
15 C to E (Partial) 

C13 
Post-lesson interview with 

students 
19 C to E (Partial) 

C14 Lesson plan - E 
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C15 Worksheets - E 

C16 Online evaluation form - E 

C17 Presentation slides in Keynote - E 

CS18 Completed worksheets - E 

CS19 Keynote done by groups - E 

CS20 
Feedback from online evaluation 

form 
- E 

 

* ‘C’ refers to Cantonese/Chinese; ‘E’ refers to English 

3.8.3 Coding schemes 

Merriam and Tisdell (2016) propose a process of analysing data in the following 

six steps: 

1) think about the purpose of study, 2) think about lens of framework; 3) code 

data focusing on patterns and insights related to purpose and research questions; 4) 

think about main themes to cover the codes generated in 3); 5) go back to 3) think 

about the codes; 6) develop some categories, combining codes into fewer and 

more comprehensive categories. 

“Coding is nothing more than assigning some sort of short-hand 

designation to various aspects of your data so that you can easily retrieve 

specific pieces of the data.” 

 (Merriam & Tisdell, 2016, p. 199) 
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I coded the transcripts of the lessons with several rounds of coding for splitting 

and lumping together critical patterns in the interactions. Three independent codes 

were adopted in the analysis, while one consisted of two cycles. 

Table 3.4 The coding schemes 

Round Scheme Belief description 

First Cycle 1: Initial codes Breaking down the data into discrete parts 

explaining the instant situation of the 

transcriptions (e.g. by Vivo coding) 

 Cycle 2: Narrative codes Describing every unit of issues in the 

transcriptions by condensing the initial 

codes into words or phrases. 

Second Activity Phases codes Classifying the interactions emerging in 

the research lessons into the three activity 

phases of didactical cycle 

Third Tool-Task codes Reporting the tool - or task- orientations of 

the interactions in the research lessons 

 

In order to create data-driven codes grounded in the characteristics of the 

interactions emerging in the research lessons, I coded the transcripts in two cycles. 

In cycle one, initial coding and narrative coding holistically retold inclusive 

learning and teaching environment through careful analysis of the transcripts. The 

initial coding aimed at breaking down the data into discrete parts through closely 
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examining the situation (Saldana, 2009). In particular, it summarized every single 

datum into a statement without losing its critical features. One technique was 

using Vivo coding which directly extracts keywords from the data and uses them 

to be codes. In short, the initial coding summarized the data and converted it into 

statements in order to lead towards further exploration and analysis. Additionally, 

in cycle two, the narrative coding method aimed at “exploring intrapersonal and 

interpersonal participant actions and experiences to understand the situation” 

(Saldana, 2009, p. 109). In particular, narrative descriptions were applied in the 

first cycle of coding which describe every unit of issues in the transcription as a 

phase according to its characters. I gathered all narrative codes and tried to 

identify common characteristics. This cycle aimed to group similar codes together 

and discerned some codes into specified ones. 

Merriam and Tisdell (2016) remind us that codes should be constructed to enable 

researchers to answer research questions. As the study focused on interactions 

among teachers, students and the tools in research lessons, the second coding 

scheme was grounded in the theory of didactical cycle consisting of three activity 

phases which were converted to three codes, respectively, in order to categorize 

interactions emerging in the research lessons into those three activity phases. This 

coding scheme aimed to classify the interactions emerging in the research lessons 

into the three activity phases of didactical cycle which acted as the prominent 

analytic frame, as cited in the literature review. Each unit of conversation, 

manipulation and action was analysed within this framework. 

To further develop the ideas of codes in the first round, I took analytic memos 

(Miles, Huberman & Saldana, 2014) to reflect thinking processes about the data. 

They not only analysed the descriptive summary of the narrative codes but also 
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“synthesized them into higher level analytics meanings” (p. 95). The construction 

of themes from the codes was highly inductive (Merriam & Tisdell, 2016). This 

was also reflected in the creation of the third round of coding scheme in order to 

generate themes which covered general ideas of the codes. The third coding 

scheme was created during the coding processes of the first two rounds of coding 

schemes. That meant the analysis of the data inspired me to further develop this 

coding scheme to discern the targets of the activities consisting of twofold 

purposes, which were the ‘tool’ and the ‘task’. This coding scheme was then 

separately applied to the transcriptions as the ‘Tool/Task’ codes. This coding 

scheme was complementary to the former codes in order to capture critical 

objectives of the activities by discerning the targets of the particular moments into 

‘tool’ or ‘task’. 

In short, the first and second rounds of coding schemes were independently 

adopted. The first round consisting of two cycles aimed to generate codes that 

were based on the data. Thus, it further developed the third round of coding 

scheme that depicted the data in two oriented themes. The second round of coding 

scheme, on the other hand, targeted to analyse the data by the theoretical frame 

(i.e. activity phases in didactical cycle). 

Details of the results of the coding schemes will be shown for each of the cases. 

3.8.4 Within-case analysis and cross-case analysis 

“The primary goal of within-case analysis is to describe, understand and explain 

what has happened in a single case and bounded context” (Miles, Huberman & 

Saldana, 2014, p. 100). In addition, studying cross-case increases generalizability 

and transferability to other contexts, and reassures the processes in a well-
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described setting at a deeper level in order to develop more sophisticated 

descriptions and explanations (Miles, Huberman & Saldana, 2014). Yin (2012, 

2016) suggests five analytic techniques (pattern matching, explanation building, 

time-series analysis, logic models and cross-case synthesis) which are considered 

useful in the analysis within each of the cases and across the cases. Additionally, 

Miles, Huberman and Saldana (2014) remind researchers to reflect on and cluster 

the codes for converting them into patterns. Firstly, pattern matching aims to 

empirically trace certain patterns which are grounded on the data in order to 

strengthen internal validity of the study (Yin, 2016). Therefore, it was generally 

adopted within the cases. Secondly, I used explanation building as an analytic 

technique in the study to stipulate an explanation in order to know ‘how’ and 

‘why’ something happened. This also matched one of the features of case study 

that concerning ‘how’ and ‘why’ research questions. These two techniques were 

adopted in the three rounds of coding schemes. In the first round, the coding 

scheme was employed to analyse the data, specifically focusing on the features of 

the interactions that emerged in the research lessons through coding the data into 

narrative codes. It describes ‘how’ the interactions happened. In the second round, 

codes in the coding scheme aim to describe the interactions in the individual cases 

by referring the narrative codes to the codes of activity phases in didactical cycle. 

It also explained ‘how’ the interactions fit into the analytic frame. The third round 

of coding scheme explains ‘why’ those interactions facilitate the aspects of the 

tools and/or the tasks. Thirdly, “time-series analysis proposes chronologically 

interrupting patterns” (Yin, 2016, p. 151). The flows of the research lessons were 

studied chronologically so that causal relationships were encountered while the 

lessons were implemented and the knowledge is being constructed. In addition, 
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this technique helps in situations where data are collected in different time periods. 

For example, the pre- and post- lesson interviews provide two different sets of 

data to capture the perception of changes among the teachers. Importantly, time-

series analysis encourages the study of transitions of activity phases which 

examine the flow of activity phases. Details of the transitions are shown in each of 

the cases. Fourthly, logic models consist of matching empirically observed events 

in “repeated cause-effect-cause-effect patterns” (Yin, 2016, p. 155). I adopted this 

technique and it simulated me in the whole analysis process. It also allowed me to 

create a new coding scheme (i.e. Tool/Task coding scheme) where repeated events 

are found in the research lessons. Fifthly, cross-case synthesis was applied based 

on individual case analysis. It treats each individual case study as a separate study, 

and then further aggregates findings across the individual ones. In fact, for the 

cross-case analysis, as discussed in previous section, the creation of the 

‘Tool/Task’ coding scheme yields the preliminary level of cross-case analysis 

aiming at building substantive theory, offering an integrated framework covering 

multiple cases (Merriam & Tisdell, 2016).  

Specifically, the cross-case analysis mainly employed variable-oriented strategies 

which cut across cases by looking at similarities and differences of the themes in 

every case (Miles, Huberman & Saldana, 2014). Characteristics of the activities 

are identified in the analysis within the case, which are used for cross-case 

analysis. The comparisons between the ‘individual findings’ yield the cross-case 

analysis which investigates the differences and similarities among the three cases. 

Each case was analysed corresponding to homogeneous aspects, for example, the 

teachers’ perceptions of the tool-based lessons, flow of the lessons, features of the 

tools and their manipulations and students’ works. These aspects are portrayed as 
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standardized platforms where critical patterns found in each case can be compared. 

In addition, the interactions in all cases were categorized into three activity phases 

according to the theory of didactical cycle. This synthesizes a systematic and 

comparable structure of comparisons across the cases. For the Tool-Task codes, 

the themes generated from the coding schemes are presented in matrix display 

(Miles, Huberman & Saldana, 2014) to holistically report results across the cases. 

3.8.5 Becoming more theoretical 

There are several levels of data analysis from the basic level, where the data is 

chronologically organized and presented in narrative and descriptive ways to 

abstract level involving using concepts and theories to describe phenomena 

(Merriam & Tisdell, 2016). One means of analysing data was to think about the 

data in a theorizing (Merriam & Tisdell, 2016) way toward developing a theory 

that “explains some aspect of practice and allows researchers to draw inferences 

about future activity” (p. 215). Thus, when I coded the transcripts according to the 

activity phases of the theory of didactical cycle, it was essential for me to connect 

the concepts of the theory with the fundamental codes (i.e. narrative codes) in 

order to firstly describe and then secondly explain the interactions emerging in the 

tool-based mathematics classrooms. Moreover, new categories should be created 

to cover some common codes, and then combined with the theories captured in 

the study (e.g. the theory of didactical cycle). 

3.9 Generalization 

The aim of the case study approach is not to draw generalization, but to 

particularly discover the critical features of cases in similar contexts and 

backgrounds. In addition, it also aims to contribute to the theoretical frameworks 
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based on the insights generated from the parts of practical implementations of the 

cases. 

The cases, therefore, not only drew a certain degree of generalization that 

reflected the interactions in the lessons within a single case, but also illustrated the 

pedagogical considerations in the contexts arising from the particular form of tool-

based teaching and learning classrooms concerning the specific mathematics topic 

(i.e. estimation). Analytic generalizations were determined in the case study that 

depended on using the theoretical framework to establish a logic that might be 

applicable to other situations (Yin, 2012). The generalizations of the study were 

illustrated in the way it informed the relationships between the theoretical 

frameworks and the implemented interactions emerging from the cases. And then, 

one might find the relationships in other situations where similar concepts, 

constructs or sequences could be applied (Yin, 2012). 

3.10 Trustworthiness 

Yin (2005) states that triangulation is generally considered “a process of using 

multiple perceptions to clarify meaning, verifying the repeatability of an 

observation or interpretation” (p. 454). To ensure accuracy, a diversity of data 

sources was used to increase credence of the research findings. Triangulation 

works when more than two independent sources all converged on same set of 

events (Yin, 2012). Yesamin and Rahman (2012) add that triangulation increases 

the credibility of the research results by collaboration of different data. Therefore, 

different sources of data were involved in the collection of data from the teachers 

and the students. In addition, physical settings of the teaching and learning 

environments (e.g. the uses of the tools, location of the activities conducted, etc.) 
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also revealed critical information influencing the tool-based interactive activities. 

Such kinds of data were used to support the claims obtained from the analysis. It 

also works as a way of denying from the findings that some data might not 

support certain claims. 

To triangulate the findings of the interactions emerging in the cases, data source 

triangulation was adopted to include different types of data. Post-lesson interviews 

with the teachers and the students played critical roles. Some teachers in the cases 

were interviewed more than one time in order to grasp their viewpoints of the 

implementation of the lessons at different stages. For example, the interviews with 

the teachers just after the lessons aimed to probe the instant satisfactions and 

improvements of the implementation of those particular lessons. The interviews 

conducted much later were aimed at inquiring about the teachers’ theoretical 

views, in which the teachers were given some relevant tool-based theories and 

asked to holistically reconsider their lessons alongside the theories. The interviews 

with the teachers at different stages thus retrieved and consolidated both the 

experimental and theoretical understandings of the teachers. Collection and 

analysis of these different sources forming one body of data aim to obtain 

confirmation of the findings through the convergence of them. 

Yin (2012) suggests that rival explanations should be examined in data collection. 

This study encountered rival explanations in the way of asking participants, at the 

ends of the research lessons, to comment on the theory (i.e. didactical cycle) in 

order to seek any possible alternative interpretations. These comments not only 

triangulate between other data collected in the study, but also verify findings as 

evidence. Thus, it increases the credibility of the study with these considerations. 
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3.11 Ethical consideration 

There is no known risk during the study. The participants were voluntary for the 

study. Consent letters were signed by the participants and the corresponding 

school principals in order to assure ethical considerations. In addition, data 

collected in this study was not sensitive as the names of the participants are 

pseudonyms. Moreover, all data collected from the students was gathered 

anonymously. 
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CHAPTER FOUR: CASE A 

4.1 Background 

This chapter illustrates one of the three cases in the study. The research lesson in 

the case was a double lesson, concerning an estimation problem. Pre- and post- 

lesson interviews with the teacher and a post-lesson interview with groups of 

students are included in the case. 

4.2 Task design by teacher 

The teacher designed a double lesson to enable the students to estimate the 

volume of a PVC container (see Picture 4.1), as commonly found in everyday life. 

The plan of the lesson was set allowing students to design various methods in 

order to scientifically discover the volume of the container through measurements 

viewed as hands-on manipulations of tools. Through various manipulation 

activities, the research lesson aimed to provide rich learning experiences for the 

students, to manipulate various tools in order to mathematically estimate the 

volume of the container through applying related domains of mathematics 

knowledge. In the design of the lesson, the tools used were chosen by the students 

who were asked to do the task before the lesson so that they had sufficient time to 

plan for the approximation activity.  

Episode 4.1 (Post-lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Teacher:  The key is I want to teach them modelling, they can, they learn the 

formula from the textbook and they have the formula to apply to 

the problem you encounter. I want them to know that the meaning 
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of the formula is not just putting values into it, but to measure it 

and design something in which they can use the formula. I don’t 

intend to teach them the mathematics inside, because they have 

learnt this in previous lesson. Once they know the mathematics 

knowledge, how can they apply it to the real-life situation? This is 

the key in the lesson. In addition, after you [students] finish it, you 

[students] need to think about the error. Application by using 

mathematical modelling using the mathematics knowledge to solve 

real-life problems and finally evaluate whether they have done 

well. 

 

The research lesson was therefore designed for students to plan methods, select 

proper tools, implement their plans and review the implementation of these plans, 

including manipulations of the selected tools. Guided questions were implicitly 

asked in a set of worksheets that allowed the students to record and present the 

whole process (planning, implementation and review) in class. 

 

Picture 4.1 The frustum-like PVC container 
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4.2.1 Worksheet design 

A set of worksheets (see Appendix 1), consisting of five questions, was designed 

by the teacher and given to the students a day before the research lesson. The first 

question asked the students about their initial plans, involving the design of 

methods and anticipated tools to be used in the lesson. The second question asked 

the students to implement the plans and record data that was being used to solve 

the problem (i.e. finding the volume of the frustum-like PVC container). The first 

two questions were printed on the same page of the worksheets so that the 

students could simultaneously design and implement the plan. In addition, 

comparison between the initial design and the implemented methods was made by 

the students, associated with the first two questions shown on one single sheet of 

paper. The third and fourth questions asked the students to connect actions and 

collect data within mathematical contexts (i.e. errors in the measurement and 

calculation processes and application of formula of circular frustum). The last 

question asked the students to mathematically prove the formula of circular 

frustum. 

Before the start of the research lesson, the teacher verbally introduced the problem 

by showing the container so that the students had enough time to select the proper 

tools and bring them to the lesson. The worksheets were, at that time, also shown 

to the students. During the research lesson, the students were required to finish the 

first four questions. The last question was to be answered after the lesson had 

finished. This entailed follow-up activity implemented in the next day by the 

teacher to collect the completed worksheets. 
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The task in this case required the students to perform problem solving, make 

measurements and calculations, leading them to find solutions with the concrete 

tools. Different from standard questions in textbooks, this task was open for the 

students themselves to plan methods, choose proper tools, manipulate them, 

present implementations and evaluate methods. In traditional teaching, students 

would be asked to calculate volumes of standard solids by being given the 

necessary number of variables printed in textbooks. However, this task cultivated 

the students’ mathematical abilities in measuring sufficient unknowns for 

estimating the volume of the container through various methods. 

4.3 Implementation of lesson 

The implemented lesson consisted of four sequential activities which were 1) 

introduction, 2) students’ manipulation activity, 3) presentation and 4) debriefing. 

The teacher clarified the objective of the task at the beginning of the lesson in 

order to eliminate possible misconceptions from the students, especially for those 

not familiar with the problem which was different from the traditional ones in 

textbooks. 

Episode 4.2 (Lesson) 

Translation from verbatim in Chinese transcriptions 

Teacher:  The objective is to measure the volume of the container. A student 

asked me how much the container can contain and what material 

is needed to produce the container [volume of material used]. ... 

Okay, You will have about fifteen minutes, as shown on 

blackboard, I want you to find how much the container can 



68 

contain, that is the capacity, that is how much water it can store. 

 

Mathematics textbooks consist of exercises that traditionally ask students to 

calculate the volume of solids by providing numerical values of variables. In a 

normal situation, students generally apply formulas and substitute variables into 

the formulas learnt from the textbooks. Textbook questions usually drill students 

to select the proper formulas and calculation skills. In contrast, this tool-based 

task, as mentioned in section 4.2, encourages students to measure in various ways 

and derive different formulas when manipulating the tools in order to complete 

the task. With the diverse ways of measurement and estimation used by the 

students, the results obtained are quite diverse. The students learn not only 

measurement skills during the manipulation processes but also different 

mathematical thinking skills from various methods used by others. For example, 

they consider what the necessary and sufficient variables are in order to find the 

volume of the frustum. 

4.3.1 Plans of experiments 

In the tool-based task, the first part of the worksheets required the students to plan 

methods. The students generally planned brief methods, including ways of 

calculations. On the whole, they answered the first question requiring them to 

‘identify the quantities’ very well. However, concrete ways of measurement, e.g. 

what tools should be used for measuring the particular unknown, were not 

mentioned at this stage. Picture 4.2 shows an example of an answer for the first 

question given by a group of students. 
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Picture 4.2 An example of planning method by a group of students 

4.3.2 Implementations of experiments 

The teacher observed divergence between the plans and implementations of the 

methods adopted by the students. Indeed, the students changed their planned 

methods when they held the tools in their hands. Moreover, they modified ways of 

using them and developed their own manipulations. 

Episode 4.3 (Post-lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Researcher: I see that the first part of the worksheet is about their plan. 

Teacher: Yes, they had planned the first part, it is in the first page here. 

They should have brought something with them. 

Researcher: That is they have done the first box. 

Teacher: Yes, have done the first box here. For the second box, they need to 

use this one [the PVC container] to do it. This is the first one. The 
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second one is after the lesson they need to reflect on their designs 

and what error might be induced. The teaching flow is like that. 

 … 

Teacher: I see that. I don’t know if this was recorded. There are many 

cases, for example, they think that to measure the radius is to just 

simply to measure the radius, but when they actually carry it out 

they did not know where the centre [of the circle] is. Also, during 

the process, they discovered that there is a problem with the 

thickness. Because the design is quite special, I did not allow them 

to take the container in hand before the lesson. They just imagined 

that they would have that container. When they take the container 

in hand, they…Problem solving is when they get the real object in 

hand, there must be something different from what they have 

planned. This was what I want them to think about in the lesson. 

The special thing was to measure the radius. The difficult part was 

how to locate the position of the centre. 

Researcher: There were many different methods coming out? 

Teacher: Yes. Yes, there were many different methods. Some draw a 

rectangle, some draw a circle and then fold them in half and find 

the intersection. 

 

An example shown in Picture 4.3 reveals a student attempting to trace the location 

of the centre of the base of the container to measure its radius during the lesson. 

To locate the position of the centre, the student marked a point on a pin on the 

container in which she is trying to eliminate error for later measurement. This 
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action for locating the centre of a base was evident in some groups during the 

implementation of the lesson. However, it was not mentioned by the students in 

the plans before the actual manipulation of the tools. This shows that the students 

initially omitted a pragmatic way of finding the radius of the circular base in the 

plan. It was because this consideration was not previously questioned in textbooks. 

This way of thinking was hence unusual for the students since they were 

accustomed to using the way as the value of radius is generally given in textbook 

questions. That meant the students did not have the chance to consider how to 

measure the radius of a concrete object. Therefore, the differences between the 

planned and implemented methods as used by the students confirms this task can 

provoke them to think differently through the hands-on manipulation experiences. 

 

Picture 4.3 A group of students attempt to locate the centre of the base of the container 

Apart from the difference between the plan and its implementation, a variety of 

implemented methods by the groups was observed. 
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Picture 4.4 Part of worksheet completed by a group of students revealing a method of locating the 

centre of a base by folding paper 

Episode 4.4 (Post lesson interview with students): 

Translation from verbatim in Chinese transcriptions 

Researcher: Then I want to ask, can you recall the way of measuring the 

diameter, you used the ruler, did you encounter any difficulties? 

Student 1: The upper one here is easier to measure because we draw a mark 

here and put it as centre. 

Researcher:  Hmmm. 

Student 1: But the base, it is not solid, we drew it on a piece of paper. And 

then we used the previous method. Because the circle is large, it is 

even more difficult to locate the position of the centre. 

Researcher: Understood. Because you think that the lower circle became 

larger and it is more difficult to measure, or itself on the piece of 

paper or on its surface, so it is more difficult to measure. 

Student 1: Because it is larger and the discrepancy is larger and we finally 

need to find a closer value to the exact value. 
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The groups were unusual in considering how to concretely locate the centre of the 

base of the container in order to measure its radius. However, various methods for 

locating the centre emerged during the implementation of their plans. It was 

evident that the varieties of implemented methods could be ascribed to the hands-

on manipulations with objects by the students. 

4.3.3 Presentation 

Every group presented methods used for measuring and calculating the volume of 

the container and derivation of the implemented methods. For example, some 

students specifically explained how the formula of frustum was derived based on 

their prior mathematics knowledge. This particular group of students simplified 

the formula of frustum before measuring the unknowns from the container so that 

they knew what particular measurements should be made. In addition, they shared 

the ways of using the tools to eliminate errors occurring from the measurements. 

 

Picture 4.5 A group of students explaining the formula derived from the calculation 

4.3.4 Debriefing 

At the end of the lesson, the teacher used a measuring cylinder to measure the 

volume of the container and referred to this value as a reference for comparing the 

numbers obtained from the groups of students. The teacher emphasized that that 
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the measured value was not a ‘final answer’ but a referral measured value 

obtained by a simple and direct measurement. He added that the students could 

consider it as a reference for their own answers. 

 

Picture 4.6 Teacher measuring the volume of the container by using a measuring cylinder 

With the measured value for the volume of the container obtained by using the 

measuring cylinder, the teacher then discussed with the students the significance 

of the measured value and calculated values obtained by them. It was interesting 

that all values from the students were overestimates compared to the measured 

one. Discussion finally focused on the measuring techniques and the methods 

used by students. Possible reasons for obtaining the overestimated values were 

also discussed. 

Episode 4.5 (Post lesson interview with teacher): 

Translation from verbatim in Chinese transcriptions 

Teacher: Because I focus on the plan beforehand and the analysis 

afterwards, I think that the design for the lesson is to allow 

students to listen to students’ explanations and what error they 

have after peer evaluation. Comparison can be done among 

groups. An interesting thing is that they can see who has the better 



75 

results. A group poured water into it and they can validate their 

answer. So that they can know which group got the best result. 

They can know their shortcomings. I can see the effect and this is 

also my focal point. I also spared some time for conclusions. For 

the planning, I left it for the students beforehand. The ability of the 

students is high so my expectation of them is not just based on 

calculation. 

 

The debriefing session played an important role in prompting the students to 

present what they had done to the whole class. In addition, different results as well 

as different methods adopted by groups were compared by the students, leading to 

further in-depth discussion regarding the ways of thinking and the manipulations 

of the tools. The ‘final answer’ (i.e. the measured result measured by the teacher) 

given by the teacher also provided the students with a visualized reference value. 

The teacher observed that the students encountered various comparisons of the 

methods associated with the reference. 

Finally, an extended lesson was conducted to capture detailed information with 

meaningful productions obtained from the students which were written on the 

worksheet. The teacher collected the worksheets after the research lesson to 

extract discussable mathematics knowledge from it in order to have further 

discussion.  
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4.4 Views from students 

Episode 4.6 (Post-lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Researcher: What did you think about this lesson when comparing it with the 

normal mathematics lesson? Is there any difference? 

Student 2: Usually, we do not have something to play with [in a normal 

lesson]. We have a real object to play with here. Normally, we use 

a textbook and do exercises. 

Researcher: Particularly for this lesson. Is there anything new that can it bring 

to you? 

Student 2: Actually, it is insightful. Because we divide into groups and during 

the lesson, different ideas and methods came from different 

groups. We can reflect on why we didn’t think of it in this way. 

Researcher: In a normal mathematics lessons, say doing exercises, different 

students have different methods. Is there any difference between 

these different methods in normal lessons and different ways in 

this lesson? 

Student 2: In normal mathematics lesson, certain information or conditions 

are given and you can only use these. But now, you are given the 

object and you can do anything with it. So you can have more 

methods to calculate it. 

 … 

Student 2: It [the lesson] was interesting. Because there are different 

methods. And I can choose whatever method is suitable to me. I 
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personally like the experience and I would immediately remember 

it. 

 

The students reveal that they gained a new experience in an alternative learning 

environment involving concrete objects that they could manipulate. This learning 

experience is different from traditional mathematics lessons drilling, in requiring 

them to do exercises which are viewed as the major tasks. They added that neither 

assumption nor information was given in the problem. Hence, they were allowed 

to think and to act in open ways. Moreover, the students pointed out that the 

discussion in the class was useful to them. It encouraged them not only to listen to 

what other groups were doing but also to reflect on their own methods. 

Episode 4.7 (Post-lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Researcher: Compared with this lesson, do you have any different perception 

to other normal mathematics lessons? 

Student 3: Real-life and what we study in a textbook is a bit different. In the 

mathematics lesson, there are some factors that we do not 

consider. 

Student 4: When I worked, we do not need all these mathematics formula in 

school. I think that mathematics is not related to our real life. But 

in this lesson, I think that mathematics is more realistic. 

Student 5: Some mathematics, you can’t directly put it down as results. There 

are some errors. 
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After the lesson, the students revealed that some factors were not considered when 

solving the measurement problem. They had to use proper tools together with 

some mathematical skills to accomplish the problem. These factors, such as ways 

of measurements and selections of formulas, were required to be considered by 

the students in this tool-based environment. 

4.5 Tools 

The research lesson opened up for students the freedom to choose any tool for 

solving the estimation problem. The process of selecting the proper tools strongly 

confirmed that the students considered their usages and features, thus they brought 

‘useful’ tools to implement their plans. The actions of bringing specific tools to 

the lesson were prominent considerations, illustrating the perception of the tools 

and intentions of using them. 

Specifically, some physical tools, e.g. rulers, compasses, bamboo skewers 

(generally found in the school tuck shop), graph paper and blank A4 paper, were 

brought to the lesson. Practical use of some of these simple tools was hence 

observed in the lesson. The students generally used rulers to directly measure 

inner height as well as the slant height of the container, radii of the bases of the 

container and other lengths in general. Compasses were used to construct circles 

in order to duplicate the circular bases of the container on graph paper.  

In addition to the general practice of using the tools, some specific manipulations 

of the general tools were observed in the lesson. For example, skewers were used 

to form a completed cone from the frustum-like container. Moreover, rulers were 

used to fix a position in order to accurately measure the inner height of the 

container. Additionally, the students used rulers not only to measure lengths but 
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also align slants in order to form a cone-liked object from the frustum (see Picture 

4.7). Furthermore, compasses were used not only for the construction of circles 

but also in measuring the radius of a base (see Picture 4.8a). These utilization 

schemes were generally developed by students who were familiar with the critical 

features of these particular tools. For the examples I captured in Pictures 4.7, 

which show the students using rulers for alignment, this was ascribed to the tool’s 

straightness, and where compasses were used for measuring a radius, flexibility. 

 

Picture 4.7 Students using rulers to align skewers in order to form a ‘cone’ for measuring its slant 

height 

      

Picture 4.8a             Picture 4.8b 

Pictures 4.8 a & b General practices of using simple tools to measure objects 
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Picture 4.9a                   Picture 4.9b 

Pictures 4.9 a & b General practices of using simple tools to construct figures 

 

Picture 4.10 A group of students using compasses to mark the radius of the circular base of the 

container on an arbitrary straight line (the red box) for measuring its length 

4.6 Task 

Apart from the detailed discussion on task design (i.e. the worksheets), this 

section will illustrate students’ work that exclusively focused on the task. There 

are several questions I want to specifically address in regard to implementation 

processes during the lesson: where the tools always manipulated during the 

learning process? When did the students manipulate the tools during the lesson? 

And when did they work without using any tool? 

4.6.1 Forms of signs 

According to the definition of students’ works in the tool of semiotic mediation, 

two general forms of signs generated by students are present. These signs emerge 
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in written and verbal forms. It is easy to understand the written form of signs 

shown on worksheets or any sketch papers used in the lesson. For the verbal form 

of task, the teacher would raise questions or guide the students to do something 

during the lesson. This kind of verbal guidance or questioning could be 

considered as a contingency task that was not predesigned by the teacher, aiming 

to prompt students to take action or think. 

Episode 4.8 (Lesson) 

Translation from verbatim in Chinese transcriptions 

Teacher: The first task is to write down [estimated] numbers, this is the first 

task. The second task is to write clearly the methods you used. I 

will ask you to come up and explain to the whole class what 

methods have you used to obtain your answers. 

 … 

Teacher: I want all students to write down the procedures of the methods 

when you are doing the estimation. You will tell others how you 

got the answer later. 

 

The above episode illustrates a verbal command, including two purposes, 

requiring the students to estimate the volume of the container as an answer and a 

procedure respectively. It means that the methods for obtaining particular answers 

are tracked in order to explain how the students obtain them. Thus, the measured 

values and the procedures both become important in term of mathematics 

knowledge. 
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4.6.2 Students’ works 

In the analysis of the task (i.e. inquiry as to the volume of the container), the 

students generally decomposed the task into several contingency tasks (e.g. 

formulating a frustum with a formula, locating the centre of a circle, measuring 

the radius of the circle and constructing a cone from a frustum) which emerged 

during the hands-on manipulation processes. Some of these contingency tasks 

involved the use of tools but some did not. One group of students considered the 

problem as a derivation of the formula of frustum without using any tools at the 

beginning. These students viewed the question as one of manipulating algebra to 

generate a formula of a frustum for further measurements. Therefore, the 

contingency task was the derivation of a general form of the formula. The students 

transformed the problem into a task-oriented question involving the formula of 

frustum and all manipulations of tools were based on the unknowns from this 

particular formula. Thus, the tools were used to find the values of these unknowns. 

Another example was a group of students locating the centre of a circle which was 

the base of the container. This contingency task enquired as to their mathematics 

knowledge about the properties of circle. The students duplicated the base circle 

on paper then tried to construct the tangents and normals of the circle. This shows 

that some contingency tasks involved the use of tools while others solely required 

calculations. 

Episode 4.9 (Post-lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Researcher: Let’s talk about the formula. How did you get this formula, this 

one? [Pointing to the worksheet]. 
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Student 6: I think that it should be the larger value minus the smaller value 

and then I can take out the common factor, 1/3pi, and then it can 

be further simplified. 

Researcher: What mathematics concept did you use? 

Student 6: Volume of cone, formula and ratio. 

Student 7: Ratio of frustum and cone, it should be the ratio of the two cones. 

Student 6: Ratio of similar triangles and a3 – b3. 

Researcher: You have learnt this formula. 

Student 6&7: In form 2. 

 … 

Researcher: Did you check for this formula? 

Student 6: We worked it out one more time and we got the same results. 

Researcher: Work it out again? 

Student 6: I worked it out with the expression and simplified it and finally we 

got the same answers. So we believe that this is correct with this 

formula. 

 

The above episode shows a group of students deriving a formula of frustum 

before actual manipulations of the tools. Moreover, the formula is fundamental in 

the sense that all measurements were logically based on it. That means the 

variables this group wanted to measure were the unknowns in the derived formula. 

This process of deriving formula was viewed as a contingency task generated by 

the students, who produced mathematics signs without manipulating any tool. 
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Picture 4.11 A group of students tracing the centre of a circle drawn with the base of the container 

by finding two tangents of the circle 

In students’ plans, they derived a formula of volume of frustum which was not 

covered in the local mathematics curriculum. The students deduced the formula in 

their plan based on prior mathematics knowledge without manipulation of any 

tool before the implementation of the lesson. The development of the formula was 

solely prompted from abstract mathematics knowledge. The calculation shown in 

Picture 4.12 of the worksheet done by the students in the plan illustrates 

mathematical proof of the formula prepared by the group, which was isolated with 

concrete manipulation of tools. 

 

Picture 4.12 In the plan, a group of students derives a formula of frustum consisting of unknowns 
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Another group of students planned in a different way, considering the use of the 

tools at the beginning. Pragmatic considerations of using the tools were embedded 

into the plan: the skewers were to be used to form a cone in order to conduct 

further measurements. Therefore, manipulations of tools were a first consideration 

of this group of students. 

Table 4.1 Table of work done by a group 

 

Picture 4.13 In the plan, a group of students plans how to form a completed cone by using skewers 

[English Translation of students’ work in Picture 4.13 

1. Putting skewers on container to form a vertex forming a cone 

2. Measuring the data of length of skewers and radius etc. 

3. Applying formula to calculate] 

 

The above examples show two different ways of making plans, involving and not 

involving tools. These contingency tasks exclusively consider derivation of 

formula. In fact, some concrete ways of taking the measurements were not 

considered by the students until they had made hands-on manipulations for the 

[Skewers] 

            

 

          

            [Container] 



86 

measurements. For example, precise measurement of height of the frustum (inner 

height) was not captured in the plan in these two examples. 

Furthermore, some students did the activities after the manipulations of the tools, 

which solely involved calculations. Throughout the whole process, contingency 

tasks were found in a pattern from measurement to calculation. Thus, it was 

shown that the development of mathematical knowledge was pragmatically 

constructed from using hands-on measurements with manipulations of tools 

following calculations made with abstract manipulations of algebra. Formal 

mathematics seems to be constructed through the work on these contingency tasks 

with the ‘prior knowledge/information’ to perform manipulations of tools, and 

then finally to abstract calculations. This could be traced in the worksheets 

completed by the students. 

    

Picture 4.14a    Picture 4.14b 

Pictures 4.14 a & b Students using the measured data to calculate the volume of the container 

4.6.3 Role of worksheets 

The worksheets were designed not only to enable the students to think and to plan, 

in order to complete the tool-based task, but also for them to organize their work 

so that teacher could decide upon further pedagogical actions. Therefore, from the 
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perspectives of the theory of didactical cycle, this collection of the students’ 

works in the worksheets not only guided them to develop mathematics concepts in 

a structured way but also helped the teacher to access their understanding. In short, 

the worksheets had two functions in different durations. The first was that, during 

the manipulation processes, the students recorded the implemented methods while 

data was being recorded. Moreover, they had the flexibility to algebraically 

calculate the data with various mathematical techniques that might or might not 

involve tools. The second was that the information gathered about the task was to 

be used for discussion and further analysis. From a teaching perspective, the 

teacher reviewed the works done by the students in the worksheets so that further 

action could be planned based on those works. For example, the teacher could 

identify relevant higher order thinking questions by extracting misunderstood 

concepts from the students’ works.   

Episode 4.10 (Post-lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Researcher: If there is no such worksheet, would it be difficult to give them a 

conclusion without their work? 

Teacher: Yes, it is not that good. Traditionally, when students do 

experiments, they should have the laboratory report. It helps 

students organize their thinking. Written work cannot be omitted 

as they need to learn to write down their work, record it and 

analyse it. 

Researcher: The function of the worksheet is only for students to record their 

work? How about  teachers? 
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Teacher: Yes, allow them to keep a record and allow the teacher to give 

feedback to them. 

Researcher: It is not necessarily an assessment purpose. It can be used by a 

teacher. 

Teacher: Yes, I don’t consider this kind of study task as assessment. I don’t 

keep their marks. They like this activity and I think it is more 

important. 

 

4.7 Mathematics to be taught 

The teacher emphasized that the learning objective of the lesson was to prompt 

the students to understand that when applying formulas into real-life situations, 

they should consider measurement and its design in applying the formulas. 

Throughout the measurement processes, errors are not precluded as understanding 

the errors and finding ways to reduce the errors are critical skills to be taught. The 

lesson shows that the teacher is concerned with the accuracy of the measurements. 

In addition, some ways of making manipulations and calculations conducted by 

the students critically affect accuracy. Therefore, how to use tools and what to do 

in the task became the key concerns in the case. 

Ways of students’ manipulations of the tools were restricted to their prior 

understanding of frustum. The analysis of the worksheets done by the students 

shows that they were asked in the first question to plan for solving the problem. A 

group of the students in a post-lesson interview said that the way of calculating 

volume of the container was to find the difference between the volumes of a 

completed cone and an imagined small cone on top of it. This way of thinking was 



89 

taught before the research lesson (i.e. in traditional mathematics textbooks). Thus, 

this group of students cognitively construct further mathematics knowledge based 

on this way of thinking. Various methods used by the students were found to be 

ways of constructing the completed cone and the measuring skills to obtain the 

values of the unknowns of the containers (e.g. radii/diameters of circular bases, 

inner height of the frustum-like container and/or slant height of the container). 

    

Picture 4.15a    Picture4.15b  

Pictures. 4.15 a & b Selected worksheets done by the students 

Picture 4.15 above captures a plan of measuring four unknowns: two radii of 

bases, height of frustum-like container and height of constructed cone on the top 

of the container. The picture on the right illustrates a plan of measuring three 

unknowns: two radii of bases and height of the container according to the 

simplified formula. These measurement plans can be changed according to the 

features of the container as well as the uses of the tools. For example, a group of 

students recorded the slant height of a cone instead of the inner height of the cone, 

which was easier for them to measure. The errors were critically explored by 

students in the measuring process. They considered how to reduce them in the 
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manipulation processes and presented ways of making measurements as well as 

errors found in the process in the final presentations. The teacher prompted the 

students to discuss the characteristics of the measuring methods presented and of 

finding ways to reduce errors. 

In short, this tool-based problem gave the students an opportunity to connect 

mathematics knowledge as learned in textbook with practical considerations via 

the hands-on manipulations. The pragmatic considerations involved the errors and 

measuring skills that the students had not considered in traditional mathematics 

lessons. 

4.8 Coding analysis  

This section presents analysis of transcriptions from the research lesson using a 

coding scheme focusing on the activity phases in didactical cycle. Two layers of 

codes in two cycles were applied to the collected data, involving implementation 

of the lesson in order to trace the interactions that emerged in the processes of 

tool-based learning and teaching. 

In the second cycle, pattern coding was applied. Pattern coding develops multiple 

category labels to identify similar codes to what was generated in the first cycle. 

Narrative codes with similar criteria are gathered and linked as various categories. 

The categories aim to cover and account for all narrative codes. Essentially, the 

narrative codes are categorized into three activity phases (AP) in order to analyse 

the in-depth pragmatic operations captured in didactical cycle. 

An example of coding is shown as follows. 
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Translation from verbatim 

in Chinese transcriptions 

Initial coding Narrative coding AP 

Teacher: A student asked me 

what volume of container 

means. Does it mean how 

much material was used to 

manufacture the container? 

Or how much can the 

container carry? I want to 

clarify here. It is how much 

water can it contain, but not 

how much PVC needed to 

make it. This was the question 

a student asked me yesterday. 

Teacher 

clarified the 

goal of the 

task was to 

find how 

much water 

the container 

can contain. 

Clarification 

(Teacher) 

A3 

 

There are several interesting codes I encountered during the process of analysis. 

When narrative codes are created based on the initial codes, some similar but 

discernible codes were generated. This coding process split different 

distinguishable issues and lumps together similar contents that emerged from the 

data. 

4.8.1 Coding results  

The table below consists of all narrative code generated from the initial codes in 

the case. Brief descriptions correspondingly depict the situations happening in the 

research lessons. 
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Table 4.2 Table of narrative codes and its descriptions 

Narrative code Brief description Activity phase in 

didactical cycle 

Calculation Students calculate on 

papers/blackboard in written form 

A2 

Clarification Teacher clarifies his viewpoints; it 

mainly emerges after students’ 

feedback 

A3 

Comment from T Teacher gives comments to students 

based on their work; it is not telling 

students that answer was right or 

wrong  

A1/A3 

Comparison (T) Teacher prompts students to compare 

differences of methods used in groups 

A3 

Consolidation Teacher questions students to 

holistically consolidate ideas during 

the experiment; it can be included in 

‘Question to students’ but in more 

detailed 

A3 

Demonstration Students demonstrate manipulations to 

the whole class 

A3 

Discussion (Ss) Discussion among students A1/A2 

Distribution of 

work 

Teacher distributes worksheets to 

students 

A3 



93 

Drawing Students graphically draw something; 

this graph excludes formulas and 

calculations 

A1/A2/A3 

Explanation (with 

tool)  

Students explain how to practically 

manipulate with tools 

A3 

Explanation 

(without tool) 

Students explain why/how to use 

particular methods; it does not involve 

any tool in the explanation 

A3 

Feedback from Ss Students gave instant feedback in 

response to questions/comments from 

teacher 

A3 

Formula Students take formula as a 

consideration 

A2/A3 

Goal Teacher tells goal of lesson/tasks A3 

Guidance from T Teacher guides students to do/think; it 

is different from ‘Comment from 

teacher’ in that concrete 

considerations are given to students 

A3 

Manipulation Students manipulate with tools A1/A2 

Modification (Ss) Students change the answers they have 

given 

A2 

Presentation Presentation is started A3 

Process of 

experiment 

Teacher reminds students of the flow 

of experiment  

A3 

Question from Ss Students raise question A3 
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Reminder from T 

(Procedure)  

Teacher reminds students of the time 

limit of experiment; It can be grouped 

as ‘Process of experiment’ 

A1 

Terminology 

(Math) 

Concrete mathematical terminology is 

captured 

A1/A3 

Wrapping up by 

T 

Teacher concludes critical points A3 

 

Table 4.3 Table of narrative codes categorized in three activity phases of 

didactical cycle  

Didactical interactions Narrative code 

Activity with tool 

A1 

Comment from T 

Discussion (Ss) 

Drawing 

Manipulation 

Reminder from T (Procedure)  

Terminology (Math) 

Individual production activity 

A2 

Calculation 

Discussion (Ss) 

Drawing 

Formula 

Manipulation 

Modification (Ss) 

Collective activity Clarification 
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A3 Comment from T 

Comparison (T) 

Consolidation  

Demonstration 

Distribution of work 

Drawing 

Explanation (with tool)  

Explanation (without tool) 

Feedback from Ss 

Formula 

Guidance from T 

Presentation 

Process of experiment 

Question from Ss 

Teacher's expectation 

Terminology (Math) 

Wrapping up by T 

Others Clarification 

Guidance from T 

Process of experiment 

Teacher’s expectation 

 

4.8.2 Tool and Task codes 

To integrate the results of narrative codes and the code of activity phases of 

didactical cycle, the activities in the research lesson can be categorized into two 
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main objectives in the orientations of tool, task, or both. For example, ‘Discussion 

(Ss)’ is a code that was used to represent a group of students interacting in verbal 

discussion. The topic of the discussion is critical and analysis distinguishing a 

particular topic of discussions should be made in order to categorize frames under 

the group of ‘discussion’. In the first round of coding cycle, the content of the 

codes is more meaningful if the target of the activity can be emphasized. An 

example shown below illustrates adding the targeting theme of the activities, 

which is entitled ‘Tool/Task’, into the analysis of the transcribed verbatim. This 

targeting theme enriches the analysis to specify the activities in the research 

lesson. This also fosters the coding analysis which helps us to critically identify 

prominent issues in every specific moment captured in the narrative codes. 

Episode 4.11 (Lesson): 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Teacher: This group used a special method. 

They tackled it with a lot of algebraic 

expressions. You don’t have to copy all 

things onto the board. 

Guidance (T), A3, 

Algebraic expressions 

[Student 8 is writing on the board.] Proof of formula of 

frustum 

Teacher: Please briefly tell us your ideas. This 

group of students wrote a page of 

algebraic expressions for 

measurement. You just tell us your 

Guidance (T), A3, 

Algebraic expressions 
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ideas. It’s not necessary to prove 

everything 

Student 9: By using similar triangles…, since we 

can measure a, b and h [radii of bases 

and the height of the container 

respectively], these three unknowns. 

Explanation (without 

tool), A3, Similarity of 

triangles 

Teacher:  Can you explain the algebraic 

expressions over there?  

Clarification, A3, Proof of 

formula of frustum 

Student 9: We’ll use it later. Feedback from Ss, A3 

Teacher: Before your explanation, you should 

tell us the goal of your method. 

Guidance (T), A3, 

Simplification 

Student 9:  By measuring a, b and h, we can 

calculate the volume of the container. 

Operating the expression by 

simplification. 

Explanation (without 

tool), A3,  

Teacher: I understand you are only going to 

measure a, b and h, which are the same 

as r1 and r2 labelled in the previous 

group. Is there any difference in term 

of measurement in your method? By 

measuring these three unknowns?  

Clarification, A3, Method 

 

Question to Ss, A3, 

Measuring methods 

Student 9: No. Feedback from Ss, A3 

Teacher: No. Okay. That is similar to the 

methods in previous groups. 

Clarification, A3, 

Measuring methods 
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The above episode shows that the teacher is guiding the students to discuss the 

algebraic expression written on worksheet. The code ‘Guidance’ is applied to 

describe the teacher leading the students to focus on something. This ‘something’ 

is captured as the algebraic expressions written by the group of students, making 

this ‘Tool/Task’ complementary to the narrative codes. 

4.9 Didactical cycle 

Didactical cycle (Bartolini Bussi & Mariotti, 2008; Mariotti, 2012) acts as a tool-

based teaching and learning theoretical framework, with a cyclic iteration 

promoting the evolution of signs. This sign development is directed towards 

generating mathematics knowledge through a semiotic process (see literature 

review). Mariotti (2012) categorizes some of the different activities taking place 

in tool-based teaching and learning environment. Phases of activity with tool and 

individual production of signs aim to promote the emergence of meanings, related 

to the use of tools and concerning written production respectively. Furthermore, 

Lei and Leung (2017) have found that these phases intertwine and transit from 

phase to phase in dual directions. The directions of the iterations are shown to be 

reversible. Thus, didactical interactions are introduced, with interrelationships 

among the activities seen as closely related. 

To further study details of each activity captured in didactical cycle, narrative 

codes are analysed with the activity codes in a parallel way. More importantly, I 

want to investigate the implementation of iterative activities by using phases of 

didactical cycle as an analytical frame. 
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4.9.1 Phases analysis – Activity with tools (A1) and Individual production of 

signs (A2) 

In the coding process, discernment between these two particular phases, i.e. 

‘activity with tools’ and ‘individual production of signs’, was difficult to make. 

This was because these two phases emerged in a short period of time. The lesson 

also showed that the phases could emerge simultaneously. That means students 

using the tools in a short timeframe followed by writing on the worksheets, and 

then back to manipulating the tools. The difficultly in discernment was also due to 

the close bonding relationship between these two phases. Some students were 

simultaneously manipulating the tools and discussing with groupmates who were 

working on the worksheets, writing and recording something. It was hard to 

differentiate these two phases, especially when students were socially 

collaborating in manipulating the tools as well as completing the worksheets. 

Episode 4.12 (Lesson): 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

[A group of students are trying to construct a cone 

by rolling papers on the frustum-like container.] 

Manipulation, A1, 

Container, paper, cone 

Student 10:  And then we can find this height [of 

the formed one]. And then we cut it. 

Discussion (Ss), A2, Inner 

height 

Student 11: We don’t need to cut it. We can find 

this height. 

Discussion (Ss), A2, Cut, 

inner height 

[A student from the group is calculating with 

Pythagorean Theorem.] 

Calculation, A2, 

Pythagorean Theorem 
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[Students from the group are discussing the 

container and other tools.] 

Discussion (Ss), A2 

 

In the above episode, coding results shows the transition from A1 to A2. The 

students were at first using the papers to form a completed circular cone according 

to the frustum-like container. This was followed by producing verbal and written 

productions. For example, students discussing mathematically the sequence of the 

method, like the ‘heights’ of the container and the cone. A written form of the 

manipulations was also produced by a student at this time, who was calculating 

the slant height by using Pythagorean Theorem with the measured values. Thus, it 

shows that the students manipulate tools followed by discussion in group and 

calculation in person. Moreover, the students hold and manipulate the container 

and other tools in the whole process. Therefore, activity with tools generally 

responds to the students, in terms of instrumental genesis, in order to make 

measurements with the tools. These manipulations of tools eventually produce 

first-hand data for the students who are instantly required to record it or to 

verbally discuss it. These instant recordings or discussions are viewed as 

individual productions of signs that sometimes includes calculations as a part of 

measurement. Therefore, these two activities capture the fact that manipulations 

of the tools and productions of signs are intertwined. 

To further analyse how these two phases interact, I will introduce a new 

framework from the perspective of tool-task dialectic that supports teacher-

students interactions in terms of these activities.  
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4.9.2 Teacher’s interventions during the activity with tools (A1) 

Episode 4.13 (Lesson): 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Teacher:  Greater gradient will make it longer, 

right? The next question will be the 

inclination. Thus, you should think 

whether this method is appropriate or 

not. Or is it worth it to do so. 

Comment from teacher, 

A1, Gradient 

Teacher:  I think you should try to calculate it. Comment from teacher, 

A1, Calculation 

 

Two comments from the teacher are shown above to illustrate how the teacher 

guides the students during the manipulation processes. The teacher prompts the 

students to think and act according to manipulations of tools. In some senses, the 

teacher is not giving a detailed solution to the students, but rather telling them to 

try taking particular actions (e.g. calculations). Mathematical reasoning is 

obviously required from the viewpoint of the teacher.   

4.9.3  Collective production of signs (A3) 

To specifically analyse how to collect the signs produced by the students, 

narrative codes were categorized in several ways in order to investigate the 

activity phase of the collective production of signs. In this phase, didactical cycle 

proposes that collective discussions plays an important role concerning the 

collective production of signs generated from the first two phases (Mariotti, 2012). 
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I found three similar forms of items emerging in this phase in the coding analysis: 

Feedback, Explanation and Demonstration from students. The distinction between 

them is discussed below. 

4.9.3.1  Feedback  

Feedback from the students generally refers to their immediate responses to the 

teacher. These short sentences, or a word or terminology, represent students’ 

feeling that simple words can be satisfactory for responding to the teacher. The 

teacher elicited the students to produce this feedback, leading them to have further 

discussions.  

Episode 4.14 (Lesson): 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Teacher:  …What is the difference between this 

problem and the usual questions in 

textbook? 

Question to Ss, A3, 

Problem, textbook 

Student 12:  Measure error. Feedback from Ss, A3, 

Error 

Teacher: Measure error, it shows that some 

students can manage it. Actually 

there were errors when you were 

doing it. Anything more? What are 

the differences between this problem 

and textbook questions? There are 

Question to Ss, A3, 

Difference between 

problem & textbook 
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questions in textbook regarding 

frustums. 

Student 13: Find it [measurements] by ourselves. Feedback from Ss, A3, Way 

to solve problem 

Teacher: Find it by yourselves. It is because 

you have to measure. It naturally has 

errors. Can you avoid it? 

Question to Ss, A3, 

Improvement 

Student 13: Variable. Feedback from Ss, A3, 

Variables 

Teacher:  A student advocates a concept of 

variable… 

 

 

The above episode shows short responses from the students who replied to 

questions from the teacher. These responses are viewed as answers that require no 

further explanation. Although no mathematical reason is given by the students, the 

teacher accepts this feedback. With this feedback, the teacher keeps asking 

questions consisting of the exact wording of the feedback spoken by the students. 

This was viewed as a kind of follow up question raised by the teacher. 

4.9.3.2  Explanation 

Explanation emerges when students attempt to explain how and why they used 

specific methods. Based on the lesson observation, there are two major types: with 

or without tools. Explanations associated with tools means the students giving 

reasons explaining how to measure with the tools. In contrast, explanations 

without tools mean students explaining what they did without the tool. The 
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procedures of measurement and reasons for doing it are captured in the category 

of explanation. 

Episode 4.15 (Lesson): 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Teacher:  Please briefly tell me the method you 

used. The number you have found is, 

group number six, 830 [cm3]. Okay, 

please start. 

Question to Ss, A3, 

Method 

Student 14:  We measured many unknowns. Feedbacks from Ss, A3, 

Unknowns 

Teacher: For example? Question to Ss, A3, 

Specific example 

Student 14: Firstly we measured the radius of the 

base circle. 

Explanation (tool), A3, 

Radius 

Teacher: Is the method same as previous 

group? 

Question to Ss, A3, 

Comparison of methods 

Student 14: Yes, but we did not use a ruler. We 

used the method of folding paper to 

find the centre. 

Explanation (tool), A3, 

Ruler, paper 

 …  

Student 14: Then we applied the same method to 

another base [of the container]. After 

that, we measured its [the container] 

Explanation (tool), A3, 

Method 
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height. We did not calculate it, but 

measured it. Here, we used two rulers, 

one vertical and one horizontal. 

 

The above episode distinguishes ‘feedback’ from ‘explanation’. Apart from the 

length of the phases or words, explanation refers to the students responding in 

complete sentences with mathematical reasoning. Explanations give reasons to 

support how the students manipulated the tools and why they worked in the ways 

they did. The teacher accepted the explanations given by the students and his 

follow-up questions are comparatively simple. 

Feedback and explanation are categorized into two different forms in terms of the 

productions of signs given by the students. These two categories intrinsically 

consist of the students’ cognitive thoughts with or without mathematical reasoning 

respectively. Extrinsically, responses from the teachers towards the productions of 

the students were also accordingly different: guidance with specific directions was 

provided after the feedback while simple and short comments were made after 

explanations. 

4.9.3.3  Demonstration 

Demonstration was also categorized as one of the codes. It is different from the 

code of explanation. For explanation, as discussed in previous examples, students 

gave mathematical reasons including why and how to use the tools. For 

demonstration, obvious to discern demonstration code was applied while the 

students explain how to use the tool with hands-on manipulations in order to 

support the explanation. Activities coded as demonstration imply that the students 
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were holding the tools to support their position. Thus, demonstration is a sub-

category of explanation with mutual manipulation of tool. 

Demonstration, as explained above, includes manipulation of the tools. However, 

it does not only appear in the phase of activity with tools (i.e. A1). In A1, the 

students manipulated the tools with the purpose of producing useful information 

in order to complete the task. For the code of demonstration, it was likely to 

appear in the collective activity of production (i.e. A3), where the students used 

the tools to explain how and why they manipulated them in particular ways. 

Therefore, one of the results of demonstration is to gather information produced at 

a previous time for the teacher to use for further elaboration in the collective 

activity. 

Episode 4.16 (Lesson): 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Student 15:  That is, we drew a circle [according 

to the base of the container] on a 

paper. By viewing it under the light, 

we can fold the paper for overlapping 

the circle to locate its centre. [The 

student was holding paper and the 

container, then folded the paper to 

overlap the circle drawn on the 

paper.] 

Demonstration, A3, 

Folding paper, centre 

 

Student 15:  Then we applied the same method to Explanation (with tool), 
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another base [of the container]. After 

that, we measured its [the container] 

height. We did not calculate it, but 

measured it. We used two rulers, one 

vertical and one horizontal. 

A3, Method 

 

Practically, demonstration code is used to describe situations where the students 

use the tools to explain how they were manipulating the tools. In addition, it is 

sometimes supplemented with the code of explanation. 

In short, three representations in collective production of signs were captured as 

feedback, explanation (tool or no tool) and demonstration. These representations 

commonly emerge in collective production of signs in the theory of didactical 

cycle. However, they are different in terms of characteristics, with various 

considerations undertaken. Feedback helps the teacher to confirm that the students 

are on task. It is also a product of ‘teacher-probing-student’ for collecting 

terminology for discussion. Explanation is in verbal or written form, describing 

why the students think in this way or why the tools are being manipulated in a 

particular way. Specifically, demonstration acts as a repetition of the ways of tool 

manipulation in order to explain how it is done. 

4.9.4 Transitions of phases and didactical interactions 

There were several transitions from phase-to-phase of didactical cycle. Section 

4.9.1 illustrates that A1 and A2 are intertwined and emerge in a short period of 

time. It becomes obvious that students are manipulating the tools then generating 

personal productions (e.g. discussion among the students or calculations written 
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on the worksheets). However, some personal productions lead the students to 

repeat the manipulation processes that lead the transitions to proceed from A2 to 

A1 (Lei & Leung, 2017). Lei & Leung (2017) also found that a transition from A1 

to A3 emerges, where “the processes of producing written and verbal productions 

(i.e. A2) is skipped” (p. 149). In addition, the transition from A3 to A2 emerges in 

group presentations where the students additionally produce new evidence during 

the collective activity (i.e. A3), where “the teacher asks a question which has not 

been considered by the students” (p. 150). With these reversible directions of 

transitions in activities, Lei and Leung (2017) rename didactical cycle to 

didactical interactions, illustrating “the activity phases of didactical cycle 

interacting with each other” (p. 151).  Figure 4.16 shows the didactical 

interactions in a case where each phase can possibly proceed to the other two. 

 

Figure 4.16 Didactical interactions in the case 

To further study the factors prompting transitions in the activity phases, I have 

proposed a new theoretical perspective, named tool-task dialectic, interpreting 

interactions in the didactical cycle/interactions.  

 

Individual 
production of 

signs (A2)

Collective 
production of 

signs (A3)

Activities 
with artefact 

(A1)
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4.10 Tool-Task dialectic 

Analysis of the activity phases of didactical cycle/interactions associated with the 

narrative codes was discussed in previous sections. In this section, I will share 

insights into critical issues found in the analysis processes of the case. In the 

process of categorizing narrative codes, the interactions between teacher and 

students are split into two major orientations. Some focus on tool manipulations, 

others on the task or contingency task which may or may not be related to the tool 

uses. However, there are also situations in which some interactions are focused on 

both orientations, with tool and task simultaneously considered by teacher and 

students. 

In the previous section, we discussed the perspectives of the tools and the tasks in 

the lesson exclusively. I talked about the manipulation of the ruler as an example. 

When we talk about tools, it is obvious to think that the ruler is a necessity for 

measuring lengths, therefore, all groups in the lesson can use it to measure the 

lengths as such. And for tasks, one purpose is to require students to measure 

lengths accurately. But the ruler was not only used for direct measurement but 

also fixed the skewers to precisely construct a cone in order to accurately measure 

its slant height. Moreover, the lesson also showed that students used skewers and 

rulers to form a ‘cone’ from the frustum. The traits of thinness and straightness 

bearing in those tools were hence identified for the construction of the cone. 

Similar examples were observed from the lesson in the use of compasses. The 

students use compasses not only to construct circles on paper but also to act as 

measuring tools to accurately measure the radius of the base, which is shown in 

Picture 4.18. Therefore, the use of the tools is being formulated according to the 

requirements of the task, requiring the students to particularly focus on doing 
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something. These different usages of the tools reveal that manipulative processes 

are interfered with by the specific objectives of the task as well as the features of 

the tools. Therefore, uses of the tools are not isolated from the objectives of the 

task. The tools and the task are in fact closely related to and affect each other. 

Traditionally, questions printed in textbooks tend to drill computational operations 

with given variables. In such scenarios, students are not given many opportunities 

to manipulate any tool accordingly. It also epistemologically bounds students to 

do substitution only in that kind of question. In this case, however, the students 

modified the usage of the tools, by the features of the tools, in order to complete 

the task. In the analysis of manipulations of the tools with the theory of 

instrumental genesis, students inclusively consider the objectives of the task, 

directing them as to what to and how to use the tools in order to accomplish the 

task. Specifically in this research lesson, I will now discuss the intertwined 

relationship between the tools and this special task in the aspects of the utilization 

schemes of the tools that are differently developed by the students. Additionally, I 

will also talk about this topic based on the teacher’s interventions during the 

lesson. At the very beginning, I should emphasize that I am not intending to 

justify the uses of tools as right or wrong but rather considering whether the 

manipulations of the tools are ‘on the task’ or not.  
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Picture 4.17 a      Pictures 4.17 b 

Pictures 4.17 a & b Skewers are used to form a cone extended from the frustum while the rulers 

are used to check straightness and to measure 

 

Picture 4.18 A group of students uses compasses to accurately measure radius of base 

Picture 4.18 shows an arbitrary straight line labelling two marks (blue arrows). 

The line is marked by two ends of a compasses that represent the length of the 

radius at the base of the container. Traditionally, rulers are used for direct 

measurement, however, the students used two compasses to fix the radius of the 

base and then marked it on a straight line for measurement. The students 

manipulated the compass and have used it to measure the radius of the base 

instead of using a ruler. Compared to using rulers, according to the students, error 

was minimized due to the flatness of the base. These different uses of tools to 

measure a single item were only found in the lesson in which the students had the 

freedom to think and implement various methods for specific measurements in 

order to eliminate errors in this tool-based environment. 
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Picture 4.19 A group of students form a completed cone by rolling paper based on the frustum-like 

container 

In the above scenario, a group of students are using rulers to not only measure 

lengths but also construct a perpendicular scaffold for accurate measurements. 

The use of more than one ruler to form an orthogonal scaffold confirms that sets 

of rulers play different roles in the manipulations. For example, one ruler is placed 

vertically, precisely projecting the location of centre of the circular base onto the 

plane, whereas another is used to measure the diameter of the other base. The 

feature of straightness is employed in the first ruler for construction, while the 

other ruler is used for measurement.  

 

Picture 4.20 A student uses rulers to measure the inner height of the container  
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4.10.1 Taking actions 

Episode 4.17 (Pre-lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Teacher: The question actually asked students whether or not a cup of water 

can fully fill this frustum-like container. Then the topic is raised. It 

is obvious that this is related to volume. Though I taught them how 

to find the volume of frustum, I want them to manipulate it by 

themselves. I think the process will be interesting in that the main 

idea is not the formula of volume of frustum, which can be done in 

exercises, but the methods of measurements during the procedures. 

I think it is interesting that it is different from tradition, not only 

aimed at teaching concept of volume, but concept of measurement. 

 … 

Teacher: They have done the questions in the textbook providing all 

necessary measurements together with dotted lines representing 

hidden edges in figures. However, in real life, there are no dotted 

lines appearing in concrete objects assisting them. They have to 

use rulers to form and construct a complete cone. 

 

One goal of the designed task is to prompt the students to have hands-on learning 

experiences concerning the concepts of measurement and error. The teacher 

designed the task for the students to enable them to construct mathematical 

knowledge through manipulations of the tools. In addition, the task provides an 

open situation allowing the students to freely select tools to manipulate in 
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constructions and measurements. Thus, the task prompts the students to act with 

the tools, while the teacher makes good uses of the manipulations of the tools to 

lead the students to construct mathematics knowledge in this learning 

environment. In short, the task prompts the students to take pragmatic actions with 

the tools. 

 

Figure 4.21 Tool-Task dialectic: To act 

4.10.2 Modifying the task 

Episode 4.18 (Pre-lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Teacher:  The answers [obtained in the last cohort] were diverse as the 

students did not recognize the thickness of the container…they, on 

the one hand, measured something, but on the other, forgot its 

thickness. They measured diameters using rulers without 

considering the thickness. Some of them knew the thickness, but 

they took an average of the measurements. They had ideas like 

these. Some of them just used a ruler to measure the diameter of 

the circular base of the container without accurately considering 

its position. I prepared this task without enough time last time so 

that I did not organize the ideas brought from the students [in the 

last cohort]. 

Task Tool To act
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The teacher reveals here in the pre-lesson interview that he has analysed the 

manipulations of tools among a class of students from an earlier year, and 

gathered the misconceptions of measurements from this former class. 

 

Figure 4.22 Tool-Task dialectic: To design/construct 

The recorded ways of using tools manipulated by students at this time led the 

teacher to modify the task so that particular ways of manipulating tools could be 

anticipated in the current lesson. Thus, it could be viewed as collection of students’ 

works (but from a different cohort), with the teacher critically designing the task 

with useful information generated by past manipulations of tools.  

4.10.3 Planning 

 

Figure 4.23 Tool-Task dialectic: To plan/formulate 

The tool-based task was aimed at constructing a manipulative learning 

environment in which the students could take action. For prompting the students 

to take explicit actions, the task helps them to envisage methods before actual 

Tool Task To design/construct 

Task Tool To plan/formulate 
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manipulations take place. The process of planning allows the students to engage 

in a situation that involves cognitive thinking about the tools, regarding which 

tools and why to use them. This engagement emerged beyond the actual 

manipulations. Importantly, a question in the task asked the students to identify 

quantities relevant to the volume of the container. This particular question in the 

task served to orient the students to consider what was going to be measured.  

Different from the traditional questions in textbooks, the role of this task was to 

lead the students to reinvent particular aspects of mathematics knowledge through 

the open-ended problem. Although the task asks about the volume of the container, 

which looks similar to traditional questions, it has no ‘final answer’. The students 

were asked to provide proper solutions, accurate plans and implemented methods 

as well as the evidence of their choices. Specifically, it also requires the students 

to consider possible errors during the manipulation procedures. Therefore, 

sometimes, it plays a role in developing students’ abilities in formulating the 

problem and finding rational solutions. 

Episode 4.19 (Post-lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Student 16:  Because in our syllabus, it only teaches us how to calculate the 

volume of the cone. In the textbook, it also states that if asked to 

find the frustum, we can find it by subtracting the top part.  

Researcher: Understand. So, you are basing this on what the textbook says and 

you follow the steps. 

Student 16: Yes, yes. 
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4.10.4 Recording 

 

Figure 4.24 Tool-Task dialectic: To record/answer 

The students were asked to record the procedures in the implementation of the 

plans on the worksheets. In this part, the tools are prominent and necessarily in 

order to generate data through the measurements. The task acts as a report of the 

work of the students in the manipulation process. 

4.10.5 Generating contingency task 

Interestingly, some actions taken by the students were observed on a small scale, 

which acts to decompose the main task into a series of contingency tasks. The 

students broke down the tool-based problem into small pieces which are easier to 

handle. For example, following the method, the students decomposed the problem 

into three contingency tasks, with two measurements and a calculation. They 

found the two radii of bases of the container and its inner height by two different 

kinds of measurement with different tools. After that, they can substitute the 

measured values into a formula in order to calculate the volume of the container. 

Two contingency tasks were solved by using concrete tools to estimate the lengths. 

One contingency task was completed by applying the estimated values obtained 

from the previous contingency tasks into the formula of frustum which was 

proven by the students.  

 

Tool Task To record/answer
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Table 4.3 Table of contingency tasks generated from students’ works 

Contingency task Content of the contingency 

task 

Tool involved 

Contingency task 1 Estimating radii of circular 

bases 

Paper, rulers, tangents, 

normal 

Contingency task 2 Estimating height of the 

frustum-like container 

Rulers 

Contingency task 3 Substituting the estimated 

values into a formula that has 

been proven 

Formula 

 

 

Figure 4.25 Tool-Task dialectic: To generate 

In fact, it can be viewed as an analysis of the students’ implemented method. The 

method demonstrates that the students consider the problem as a set of 

contingency tasks to be solved by different measurement techniques and applying 

specific mathematics knowledge. In addition, in the different contingency tasks, 

the students in the group play different roles. For example, one student in the 

group proposed ways of measuring the radius by properties of tangent of circle, in 

which he demonstrated his abilities in that particular area. Another student in the 

same group gathered the measured values and applied them into the formula 

Tool 
Contin-
gency 
Tasks 

To generate 
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which was proven by him. Two students led the group with their expertise. 

Therefore, no single tool is so powerful for solving the entire tool-based problem, 

while no student is expected to dominate the whole group. Different from a 

traditional problem, the domination of students is less likely to emerge in the 

lesson since the tool-based task was relatively open and the generation of 

contingency tasks examined various abilities of the students. Therefore, in the 

collaborative learning environment, the students are generating contingency tasks 

and engaging in the contingency tasks with their individual contributions. 

4.10.6 Examining mathematical sense 

 

Figure 4.26 Tool-Task dialectic: To examine 

Episode 4.20 (Lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Student 17:  Do we need to skew it [to locate the 

centre of the circle]? 

Discussion (Ss) A1/A2, 

Container, Task 

Student 18:  Let’s use that method. Discussion (Ss) 

A1,Method 

Student 17: I can’t.  

Student 18: It’s only the matter of compasses. Compasses 

Tool Task To examine
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[Student 16 draws two arbitrary tangents of the circle, 

and then draws its normal. Then he locates the centre 

of the circle by the intersection of the normal.] 

Drawing A2, Normals 

of circle 

Student 18:  It’s done now. Discussion (Ss) A2 

 

A group of the students tries to trace the centre of the circle on paper, drawn 

according to the circular base of the container. They use a method of finding the 

intersection of normals to the circle. Different from using rulers directly, the 

students in the group examine the radius of the circle in an abstract way in which 

specific mathematical concepts (properties of tangent of circle) are applied. This 

method was viewed in an accurate way, in which the students decontextualized 

the 3-dimensional problem into a mathematics problem, which could then be 

completed on paper. 

4.10.7 Changing methods 

 

Figure 4.27 Tool-Task dialectic: To make decision 

Episode 4.21 (Post-lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Researcher: How to measure the longest one? How do you know this is the 

longest one? 

Tool 
Contin-
gency 
Tasks 

To decide how to measure 
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Student 19: We placed a ruler onto it and then we slid the ruler slightly and the 

marking is getting larger when it is more distant, until we get to the 

largest value. Then it is smaller and so we turn the ruler back to get 

the largest value. 

 … 

Researcher: Can I say it in this way? It is affected by the tool. You consider it 

thoroughly, you considered the thickness and the inner radius. And 

this one, you were restricted by the container and you can only do it 

in this way. 

Student 19: For example, place a ruler here and measure this value, then use 

Pythagoras Theorem to calculate it [the radius of the base]. 

Researcher: Can you elaborate a bit more? 

Student 19: That is I placed a ruler in the centre point and measured the height. 

Then used another ruler to measure the length from the edge. It 

should be the best method. Maybe there is some other tool. 

Student 20: Set square. 

Student 19: Not set square, I don’t know what I should call it. It can slide in 

and out. But we can’t have those tools. 

 

The above episode shows two different ways to obtain the radii of circular bases 

of the container. According to the features of the container, the students found it 

easier to directly measure the radius of smaller circular base by ruler since it was 

on a plane. For the larger circular base, the students used the other way to get the 

radius, involving measuring other parts of the container and applying the 

Pythagoras Theorem. That is to say, in the small circular base, it is easier to 
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measure directly on a plane while in the larger one, consisting of a big hollow, the 

students use other ways of measurement combined with calculations. Thus, the 

students try to use various methods in order to accurately and pragmatically 

measure unknowns in a precise and feasible way. They did not apply a single 

measurement in the method, although the variables were the same (i.e. radii of 

circular base). This change of measuring methods emerges as the students have 

decided to have more accurate measurements according to the features of the 

container. 

Episode 4.22 (Post-lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Researcher:  Did you measure the diameter or find the centre? 

Student 21:  Both are required 

Researcher: Both are required…Yes, why? 

Student 21: Ah, because once you find the centre, you can find the radius which 

is the distance from the centre to the edge. 

Researcher: Understand. Can I say it like ‘first you need to locate the centre. 

Then, you need to find the length of the centre to the circumference 

or you actually you… 

Student 21: Here we divide it by two. Here you can see it. [Pointing to their 

work] We use the centre because we want to make sure 

that…because if you just measure the diameter, there may be a 

discrepancy. If the two longest length, if they can overlap to the 

centre, then ok. 
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The above interview transcript shows why the students manipulate the tools in this 

particular way. Since the task requires the students to accurately find the volume 

of the container, they decompose it into contingency tasks consisting of accurate 

measurements and use of formula. Therefore, the selection of the tools associated 

with the methods is critical. The students legitimately explain the importance of 

locating the centre of the circular base before finding the diameter/radius. 

4.10.8 Instrumental genesis and Tool-Task analysis 

In advance, the manipulations of the tools generated errors that were one of the 

learning goals in the research lesson. Instrumental genesis theoretically framed the 

interactions between tools and students. Instrumentation process explains the 

ways users (i.e. the students) utilize the tool when the students are solving the 

problem. I suggest here that the task-oriented component should be considered in 

order to guide the students as to what, mathematically, to focus upon. 

 

Figure 4.28 Tool-Task dialectic: To give feedback 

When I simultaneously analysed the implementation of the lesson from the 

aspects of instrumental genesis and tool-task analysis, I found various harmonious 

findings that can be put together. 

Episode 4.23 (Lesson) 

Translation from verbatim in Chinese Code, Tool/Task 

Tool Task To give feedback
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transcriptions 

[A group of students is presenting to the whole 

class] 

Presentation, A3 

Student 22:  We added these [skewers] on the top 

of it [frustum-like container]. We used 

them to form a completed cone. 

Explanation (with tool), 

A3, Skewers, container 

[Other students in the same group help to hold the 

skewers] 

Demonstration, A3, 

Skewer, container 

Student 22:  Then we can firstly measure the 

height [of the cone formed]. 

Ruler 

Teacher: That means your group…  

Student 22: Use the formula of frustum, that is the 

volume of big cone minus that of 

small cone. Thus, we should find the 

height of the small cone first. 

Explanation (with tool), 

A3, Formula of frustum 

 

 

 

Figure 4.29 Tool-Task dialectic: To legitimate 

Tool Task 
To legitimate 

(via instrumentalization) 

Tool Student Instrumentalization
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Episode 4.23 shows how a group of students develop a utilization scheme (i.e. 

through the process of instrumentalization) in which they use skewers to construct 

a complete cone. They use skewers as they have thin and straight features. The 

development of the utilization scheme not only demonstrates a process of 

instrumental genesis but also gradually explains the mathematical procedure used 

to solve the problem, which may necessarily require the forming of a cone in 

order to find the volume of the frustum. This explanation can be viewed as a 

legitimation of using the skewers in order to form the cone. The action of 

construction of the complete cone by the skewers is illustrated two facts. One is 

that the students developed an alternative utilization scheme for the skewers 

according to instrumentalization. The second that the students demonstrate their 

understanding of finding the volume of the container (the frustum), which should 

involve the complete cone. Therefore, some parts of Tool-Task dialectic (e.g. 

legitimation) propose what tool and task interact by not only explaining with 

certain reasons, but also undertaking one process or both of the instrumental 

genesis (i.e. instrumentalization and instrumentation). 

4.10.9 Manipulating tools for triangulation 

In addition to the legitimate function of the tool that the students use to try to 

prove something in the task, multiple tools are used for a single task among 

different groups. The students from different groups presented different 

approaches in the presentations. For example, they have used direct measurement 

with rulers and geometrical consideration with formulas to solve the same 

problem, which asked them to find the location of centre of a circular base. 
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Figure 4.30 Tool-Task dialectic: To legitimate with some tools 

Episode 4.24 (Lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Student 23 

[from 

group 1]:  

The first method is to find the radius 

of the base. [The student draws on the 

blackboard a circle with the base of 

the container to demonstrate the 

process.] Then find the circle of it. 

For this bigger circle, we used a 

special method. Let r be the radius of 

it. 

Demonstration, A3, Centre 

and radius of circle 

Student 24 

[from same 

group 1]:  

We used a ruler to touch the circle at 

a certain point only [That is a tangent 

of a circle.] [The group also 

demonstrates this on the blackboard.] 

Drawing, A3, Rulers, 

Tangent of circle 

Tool 
A 

Task 

Tool 
B 
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Teacher: I have some rulers here, can you show 

us more clearly? 

Guidance from T, A3, 

Rulers 

Student 22: Then we use it [the ruler] to touch 

with the circle, and then find a 

perpendicular line of this ruler 

touching the same point [That is a 

normal of the circle.]. Then repeat 

these steps once again, we will have 

two lines [normals]. 

Demonstration, A3, 

Rulers, normal of circle 

Teacher: Repeat it? I repeat it and draw the 

same line? 

Question to Ss, A3, 

Normal of circle 

Student 22: Repeat it at another part of the circle. Feedback from Ss,  A3, 

Normal of circle 

Teacher: Can you show us? Guidance from T, A3 

[The student draw on the blackboard two arbitrary 

normals of the circle.] 

Drawing, A2,  Normal of 

circle 

Student 22:  Here is the centre of the circle 

[Student points to the intersection of 

the normals.]. 

Feedback from Ss, A2, 

Centre of circle 

 …  

Teacher: Is your group using the same method 

as group 1? 

Question to Ss, A3, 

Method 

Student 25 

[from 

group 2]: 

We didn’t use a ruler but folding 

paper to find the location of centre. 

Explanation, A3, Rulers, 

papers, Centre of circle 
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Teacher: Folding paper? Please show us. Guidance from T, A3, 

Method 

Student 25: That is, we draw a circle based on the 

container. Then fold it, we can see the 

centre. [The student folding the paper 

to make the circle overlapping itself 

twice. The intersection of the folding 

locates the centre.] 

Demonstration, A3, Paper, 

Folding paper 

 

The first part of Episode 4.24 shows a group of students applying geometrical 

knowledge to locate the centre of a circular base. The second part reveals that 

another group is using a method of folding paper to find the centre of the same 

base. Different groups hence illustrate various methods of applying different 

aspects of mathematics knowledge to complete the same task. 

The students in the case have experienced a tool-based learning environment 

involving an open question which allowed them to freely think and manipulate. In 

addition, the teacher did not restrict the students to using a single method. Also, 

he did not look for a unique solution that the students should follow. Under these 

circumstances, the students demonstrate various methods which are accepted by 

the teacher and the students in order to generate a fruitful discussion in the 

presentation regarding methods as well as errors. 

Episode 4.25 (Lesson) 

Translation from verbatim in Chinese Code, Tool/Task 
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transcriptions 

Teacher:  Does it mean that your method is 

different from others? Previous groups 

had three unknowns, but excluded the 

height of the frustum. 

Clarification, A3, 

Unknowns of 

measurement 

Student 26:  Not measure it, but calculate. Feedback from Ss, A3, 

Calculation 

Teacher: No hands-on using this? Did you find 

its slant height only? 

Question to Ss, A3, 

Calculation 

Student 26:  Yes. Feedback from Ss, A3 

Teacher: You did?  

Student 26: Once we measured the slant height, we 

applied Pythagorean theorem to 

calculate the height of the frustum. 

Explanation, A3, 

Pythagorean theorem, 

method 

Teacher: You considered it. Through 

calculation but not measurement. 

Clarification, A3, 

Calculation 

Student 26: Since measuring height is not that 

accurate. We don’t even know whether 

it’s orthogonal or not. 

Explanation (without 

tool), A3, Method 

 

Episode 4.25 shows the students explaining that they have attempted to use 

various methods. One method was replaced by a ‘better’ one due to a restriction in 

the measuring procedure (i.e. the manipulation process). When measuring the 

slant height, orthogonality did not geometrically affect the accuracy of the 

measurement that the paper was rolled onto to form a cone that had already 
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structured a concrete position from which to be measured. The student revealed 

that it led to error if they directly measure the height of the frustum by ruler, thus, 

they tried to avoid this. 

In these two episodes (i.e. Episodes 4.24 and 4.25), different uses of the tools are 

considered by the students to complete a single task that makes comparisons 

between the tools in terms of features, manipulating skills, methods and errors 

encountered. In addition, these comparisons can be made between two groups, as 

shown in the first episode. The second episode shows that the students can also 

internally compare the measuring methods within the group. This comparison was 

made within the group that decided to use one method instead of the other.  

4.10.10 Practical examination for abstract mathematics  

In making the comparison between the estimated values (produced by the students) 

and the measured value (as measured by the teacher at the end of the lesson), all 

values obtained by the students were larger than the reference value. One main 

reason for this overestimation was that most of the groups measured outer parts of 

the container whereas the reference answer measured the capacity of the container 

by the water poured inside it. Some groups did not consider the issue of thickness 

and measured values calculated by the formula as per doing textbook questions. 

Although some students were concerned with the thickness of the container, so 

they adjusted their calculations by reducing the measured values of the lengths, 

they uniformly reduced a value from every measurement indicating the thickness 

of the container. However, they did not take into account the fact that container 

might not have a uniform thickness. 
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Different from the exercises in traditional textbooks asking students to find 

volumes of frustums with given necessary values, they seldom had the choice to 

choose the sufficient unknowns for calculations.  In the tool-based learning 

environment, the students were not only given the freedom to choose what to 

measure but also allowed to connect the prior mathematics they learnt with the 

tool-based situation they face. 

 

Figure 4.31 Tool-Task dialectic: To model real life situation 

In short, the students tried to use mathematics knowledge to model the situation 

by choosing proper tools and methods. Throughout the estimation process, the 

students planned the methods with some abstract mathematics knowledge (ratio, 

formula of volume of cones, Pythagoras Theorem, etc.). And then they 

pragmatically implemented the methods by manipulating the tools as hands-on 

actions. 

4.11 Summary of the case 

So far, I have analysed various aspects of the case including task design from the 

teacher’s perceptions, the tools and the task analysis, mathematics to be taught, 

the activity phases of didactical cycle and the students’ works and views. More 

specifically, the implementation of the lesson including the interactions among the 

Abstract Real 

Task Tool To fit into 
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teacher, the students and the tools together with the productions generated by the 

students during the lesson, have been analysed. Moreover, I have also extracted 

crucial points from the interviews with the students and the teacher before and 

after the research lesson which were used for triangulating the findings. 

This concrete measurement problem prompted the students to estimate the volume 

of a frustum-like container, leading them to construct mathematics knowledge 

through hands-on manipulations of tools. Their mathematics knowledge included 

applying formulas, measurements by concrete tools, computations, errors and 

their reductions. This problem provided freedom for the students to choose proper 

tools and use methods that were manipulated and planned respectively. The 

students planned and implemented different methods, hence, the teacher prompted 

the students to share and to discuss in order to collect various ideas from the 

different methods so that mathematics knowledge was notably reinvented from 

the diversity. 

The task that also known as the worksheets played a critical role in guiding the 

students to understand what should be focused upon. In the study, the questions in 

the worksheets were viewed as tasks. From the first stage of planning methods to 

the final stage of reviewing the whole process, the task not only directed the 

students to consider certain issues (e.g. quantities to be measured), but also helped 

them to record important data which was used for calculations and analysis. 

Moreover, contingency tasks were generated by the students during the 

manipulation procedures during which different students led various contingency 

tasks. 
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For the tools involving simple measuring manipulatives, e.g. rulers, compasses 

and paper, the students had the basic skills to operate them. In addition, the 

students developed different specific usages of the tools which developed 

mathematics knowledge. For example, the formation of a completed cone by the 

skewers showed that volume of frustum could be found by finding the volume of 

cones. Another example illustrated was that finding inner height by rulers was 

necessary in the process of calculating the slant height by applying Pythagoras 

Theorem. In short, the creation of a new usage of the tools came with specific 

mathematics knowledge or skills. Thus, it could be viewed as a set of 

manipulations consisting of mathematics knowledge. 

The students’ productions were found in both verbal and written forms. Verbal 

forms of production were generated throughout the whole research lesson. It was 

generally produced in the discussions between the teacher and the students, group 

work by the students, and the presentations held by the students. The written 

production in the worksheets was generated in the process of manipulation 

activities, where the students recorded the procedures of the methods and the 

measured values from the measurements. 

The data also showed that there were connections between uses of the tools and 

the task (i.e. the tool-based problem). The plans of the methods were usually 

activated by the worksheets. The plans informed the students to bring the tools to 

the classroom. The manipulations of the tools instrumentalized the students to 

generate productions. On one hand, the students manipulating the tools aimed to 

find an answer for the task. On the other, they generated ideas via the mathematics 

knowledge (e.g. the errors). During the experimental processes, the tool 

manipulations sometimes generated specific contingency tasks that constructively 
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solved the measurement problem. In tool and task analysis, several interferences 

between them were observed. For example, the task led the students to manipulate 

the tools. Inversely, manipulations of the tools gave feedback to the students in 

order to generate productions. The task had a purpose of recording useful data 

from tool manipulations. In addition, a function of the uses of the tools that was 

obviously observed was that the manipulations of the tools are viewed as 

explanations, so that students can demonstrate how to use the tools in the whole 

class. 

The coding analysis was collaboratively applied to categorize patterns of 

interactions during the lesson and theoretically analyse the phases in didactical 

cycle. I analysed the research lesson mainly focusing on the interactions between 

the teacher, the students and the tools. Then I categorized the interactions in the 

transcriptions with narrative codes which generated various patterns. Then I 

grouped some important actions of the lesson into the activity phases in didactical 

cycle. Narrative codes and the phase codes were simultaneously considered. It 

was found that 1) activity with tools and individual production of signs are 

intertwined and even emerge at the same time; 2) various forms of representations, 

e.g. feedback, explanation and demonstration, are found in students’ performance 

during interactions of research lesson. These representations have different 

functions in the discussion to connect tool-based productions with mathematics 

knowledge. 

Putting these things together, the following figure visually summarizes the tool-

task dialectic in the didactical interactions observed in the case. 
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Figure 4.32 Didactical interactions with tool-task dialectic in case A 

 

  

Individual production of signs 
(A2)

Collective production of signs
(A3)

Activities with artefact 
(A1)

Task Tool

To record

To generate

To legitimate

To give feedback

Task Tool
To act

To plan

Task Tool

To explain

To legitimate

To demonstrate
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CHAPTER FIVE: CASE B 

5.1 Background 

This chapter discusses the second case in the study, consisting of two double 

lessons (i.e. four lessons in total) planned and implemented by the teacher. A 

typical trigonometry question was converted into a measurement problem 

requiring students to use two types of tools in order to solve it. The lessons were 

conducted inside the classroom as well as on the school playground, where the 

students made the actual measurements. Pre- and post- lesson interviews with the 

teacher and a post-lesson interview with some students were also conducted. 

5.2 Task design by teacher 

These two double lessons aimed to provide the students with the practical learning 

experience to apply trigonometry and solve a problem. The problem was to 

estimate the height of the school badge (i.e. the school emblem) hanging above 

the stage at the front of the school playground through obtaining valid data with 

concrete and technological tools. The estimation, from a mathematical perspective, 

was to include not only understanding of measurement (Education Department, 

2002), but also errors considered during the process of solving the problem. 

The problem shown in Figure 5.1 requires the students to find the height of school 

badge (known as h) by measuring the unknowns labelled in the figure with given 

tools. 
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Figure 5.1 Diagram shown in the worksheets visualizing the method of measurements 

In the design process, a task was first drafted by the teacher and then discussed 

with a partner teacher and researchers. The role of the researchers was to assist the 

teachers to design the task so that it could include tools. Then, the task was 

collaboratively designed by the two teachers who are to implement it in two 

different classes. 

For the content knowledge of the task, the teachers designed it to prompt the 

students to mathematically compare the errors obtained from different 

measurements during the estimation processes. The objectives of the research 

lessons were written as follows.  

(Lesson plan) 

Objectives: 

1. To explore the measuring procedures of using different tools in various 

measurements. 

2. To understand the weakness and constraints of different tools. 

3. To understand the concept of relative error and percentage error  

d = Horizontal Distance  

m = Height of eyelevel 

θ = Angle of elevation 

School badge

h = Height of school badge 

Foot of perpendicular of the school badge 
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The goal of the task was to inspire students to discover relative and percentage 

errors through measurements, using different tools with different measuring 

techniques. The teacher presumed that students could learn of the errors from 

various comparisons between different measurements made by individuals and 

tools. The concepts of relative and percentage errors, rather than the formula itself, 

would therefore be a main focus in the lessons. 

Episode 5.1 (Post-lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Teacher:  The objectives of the lessons aim to make students understanding 

why they should consider ‘relative error’. In the case of measuring 

two different objects and obtaining the same errors, are they 

equally accurate? For example, measuring the length of an object 

of around 1km, error is 1cm; while measuring the length of 

another object of around 2cm, the error is also 1cm. In terms of 

absolute error, it also 1cm. However, it is obviously more accurate 

when we are measuring the length of 1km object if we get an error 

of only 1cm. Then I want the students to understand that it is 

essential to know the percentage error to complete the task. … 

They [students] should consider ratio. They can explore this on 

their own. They can even construct a formula where measured 

value is put in the numerator. 

 

The teacher expected the mathematics concepts of relative and percentage error to 

be discovered and constructed by the students, who would then understand them 
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in a meaningful way. The students should be able to understand why it is 

necessary to compare the quantities of errors and measured values. The teacher 

considered that this comparison is as important as the mathematical concepts of 

relative and percentage errors. Sole consideration of either one of these quantities 

does not make sense in regard to accuracy of measurement, but simultaneously 

taking these quantities into account is notable. Therefore, these two quantities 

should be considered and compared at the same time when accuracy is studied. 

In the playground activity, students were allowed to manipulate two types of tools 

(concrete and technological tools). The two concrete tools were measuring tape 

and theodolite and two applications (Easymeasure and Angle Meter) were 

installed in tablets. With these tools, the designed tool-based task prompted 

students to measure lengths with the measuring tapes while the Easymeasure 

digitally measured distance with the built-in camera. The students were also asked 

to measure inclined angles with the theodolites and Angle Meter, designed for 

measuring angles from the horizon with the horizon sensor of the tablet. Thus, 

both concrete and technological tools (measuring tape and Easymeasure) were 

utilized to measure lengths; while the other pair of concrete and technological 

tools (theodolite and Angle Meter) was used to measure the angles of inclination. 

The idea behind utilizing both concrete and technological tools for measurements 

is to provide an opportunity for comparison between errors generated from the 

measurements with the provided tools. 

5.2.1 Sets of worksheets in the first double lesson 

In the first double lesson, two sets of worksheets (see Appendix) were used by the 

students, consisting of two different requirements in terms of locations of 



140 

measurements. Based on the rationale of the task design above, two sets of 

worksheets (Set A and Set B) in the first double lesson were developed as follows. 

The worksheets consisted of six parts in the following sequence: 

 Activity 1: Measuring the height of eyelevel. 

 Activity 2: Measuring the horizontal distance. 

 Activity 3: Measuring the angle of elevation. 

 Activity 4: Calculating the height of school badge. 

 Activity 5: Calculating errors. 

 Activity 6: Calculating possible range of height of school badge. 

Parts 1 to 3 were designed for data collection with parts 4 to 6 for calculations 

with the collected data. 

5.2.2 Grouping and pairing 

The teachers developed two sets of worksheets for the students to explicitly study 

relative error. The two sets of worksheets, labelled as set A and set B, had the 

same questions, but required the students to measure from different locations. 

They were distributed to two different groups of students respectively. One group 

was asked to measure from the white line marked on the playground, while the 

other group was required to measure from the yellow line marked on the 

playground (slightly further from the school badge compared to the white line). 

Thus, the only difference in these two sets of worksheets lay in the measuring 

locations.  
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For both sets of worksheets, students were asked to work in pairs so that they 

could take turns to measure and to record. In this way, they could compare the 

measured values with their partners. 

In addition to the comparison between individual measurements within the pair 

and the same group, these sets of worksheets had the intent of guiding students to 

make comparisons across groups in order to develop the concepts of relative and 

percentage errors. 

5.2.3 Three dimensional comparisons 

The tool-based task was designed to compare the individual work done by 

students in three dimensions: the variety of the measurements made by individual 

students (cross columns of the tables within a worksheet, shown in Picture 5.2a), 

the measurements completed with different tools (cross rows of the tables within a 

worksheet, shown in Picture 5.2b & Picture 5.2c) and the measurements from 

different locations (cross worksheets, shown in Picture 5.2d). The first dimension 

epistemologically constituted elimination of error through multi-measurements. 

The second and third dimensions were aimed at developing students’ sense of 

importance of relative and percentage errors in terms of measuring tools and 

measuring methods respectively. 

    

Picture 5.2a Cross-column comparison 
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Picture 5.2b    Picture 5.2c 

Pictures 5.2 b & c Cross-row comparison 

    

Picture 5.2d Cross-worksheets (left: worksheet for ‘white line’; right: worksheet for ‘yellow line’) 

5.2.4 Follow-up worksheet in the second double lesson 

In the second double lesson, a follow-up worksheet (see Appendix) was assigned 

to facilitate the students to discuss and present the findings of the measurements 

associated with the errors generated during the manipulation processes. The 

follow-up worksheet consisted of seven questions. In the lesson, the students were 

randomly regrouped to present findings from the measurements and calculations 

based on the questions of the worksheet, which had directed the students to focus 

on errors generated from the measurements in the experiments. 

5.3 Implementation of lessons 

The lessons were implemented in two double lessons. The first double lesson 

included an introduction inside the classroom followed by measuring and 
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calculating activities in the playground. In the introduction session, the teacher 

directly delivered the above-mentioned three learning objectives to students. 

Students received the four measuring tools and then went to the playground to 

measure distances and angles of elevation as directed by the questions in the 

worksheets. After the measurements, the students calculated the errors with the 

collected data to complete the latter part of the worksheets. 

The second double lesson provided opportunities for students to discuss and 

present findings in the classroom. An online platform was employed to help them 

organize their findings in video format. Each group videotaped a 3-minute 

presentation (shown in Picture 5.3) answering two to three questions selected 

from the seven questions in the follow-up worksheet by the teacher. And then they 

uploaded the presentations to the online platform where other students and the 

teacher could view and make comments. After that, they further discussed the 

comments.  

 

Picture 5.3 A group of students record a video clip for later presentation in the lesson 
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5.3.1 Productions from manipulations of tools 

Episode 5.2 (Second double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

[A videotaped presentation was playing in class] Presenting (Video) 

Student 1: [In video] For question 2, using 

concrete tools to measure the distance 

and the angle of elevation is better than 

using the technological tools. It is 

because the errors are smaller [in the 

case of concrete tools]. 

A3,Comparison between 

tools 

 

During the second lesson, the students spelt out mathematical terminologies when 

they were manipulating tools in the playground. These mathematical 

terminologies included measuring distance and comparing errors. Apart from the 

mathematical terminologies, they could also make adjustments justified via some 

mathematical reasoning (e.g. that the concrete tool was better than the 

technological tool because the errors in the former were smaller than in the latter).  

5.4 Views from students 

Some groups of students were asked in the post-lesson interviews regarding what 

they had learnt in the lessons. They could repeat all steps they had done in the 

lessons. In addition, they understood the intention of the teacher in the lessons 

which encourage them to apply trigonometric formula into the measurement 

problem. Episode 5.3 illustrates that the group of students understand the problem 
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requiring them to use the formula of ‘tangent’ only. In fact, they also know the 

formulas of sine and cosine. They could logically express the reason of applying 

the formula of tangent but not the other two.  

Episode 5.3 (Post-lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Researcher: What do you think the teacher’s intention is in doing these 

lessons? 

Student 2: Infuse what we have learnt in mathematics into our daily life. 

Researcher: What have you learnt? 

Student 2: Sine, cosine and tangent. 

Student 3: Triangle. 

Researcher: Did you apply all of them? 

Student 2: No, only tangent since you don’t know the slant side. 

 

Episode 5.4 showed the views of another group of students regarding the 

comparison between concrete and virtual tools. The group revealed that they 

adopted trust concrete tools which were ‘real’ to them. Moreover, the values 

displayed on the virtual tools varied with small movements. Thus, the sensitivity 

of applications installed in the tablets influenced some students to examine the 

accuracy of the measurements. 

Episode 5.4 (Post-lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Student 4: I also think that it is more difficult with iPad. Maybe it is an 
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electronic device and it is not a real tool. So, the error would be 

large.  

Researcher: You think that the error would be smaller with a concrete device? 

Student 4: Yes. It is more accurate with a concrete device, but with an 

electronic device, it seems not so realistic. 

Researcher: How about the views from others? 

Student 5: Sometimes, it is difficult to measure, like several hundred meters. 

Researcher: Do you mean using an iPad? 

Student 5: Yes. And we always need to amend the readings by adjusting the 

iPad. 

 

5.5 Tools 

The utilization schemes of different tools were developed by the students during 

manipulations to complete the tasks. Pictures 5.4 and 5.5 illustrate how the 

students used different strategies to measure distance and angles with the given 

tools, that required specific techniques and gestures to manipulate. 

   

Picture 5.4a     Picture 5.4b 

Pictures 5.4 a & b Students use two types of tools to measure the horizontal distance from the base 

of the school badge  
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Picture 5.5a      Picture 5.5b 

Pictures 5.5 a & b Students use two types of tools to measure the angles of elevation from eye 

level to the base of the school badge on the wall 

5.5.1 Actual manipulations 

The students used the four given tools prepared by the teacher to solve the 

problem according to the questions in the worksheets. For example, using 

measuring tapes and Easymeasure (i.e. the technological tool installed in tablets) 

to measure horizontal distance of the school badge from the lines pre-set by the 

teacher. Also they used theodolites and Angle Meter (i.e. another technological 

tool) to measure angle of elevation. The tables in the worksheets were for the 

students to fill in the measured values for further investigations. Most of the 

students measured the unknowns with the tools following the sequence of the 

questions in the worksheets. 

In the measuring process, pairs of students worked together to help each other 

complete the worksheets. For example, one student held the end of the measuring 

tape while the other read the marks on the other end. Also, a question on the 

worksheet asked the students to measure each of their eye levels from the ground 

with the help of their partner. 
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5.5.2 Restrictions of tool use 

Episode 5.5 (First double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Student 6: I am measuring the distance between 

the yellow line and the stage, and the 

distance between the stage and that 

position [the foot of the horizontal 

distance of the school badge], and then 

summing them up. But now it has a big 

error. 

A1/A2, Manipulation, 

Measuring errors 

 

The maximum measuring length of the measuring tape is five meters. Practically, 

it was impossible to directly measure the horizontal distance from the stage to the 

yellow line (estimated as 5.41m) with the measuring tape. To solve this technical 

problem, students measured the distance in different segments and added-up the 

measured values to get the total length. Thus, measurement and the errors were 

simultaneously considered by the students in the process of measurement and 

calculation. Such kinds of errors were made due to certain restrictions of the tools, 

e.g. the measuring tape was not long enough. Under this circumstance, the 

students mediated the given tools in order to complete the task which required 

them to use the tools in an innovative way. Therefore, alternative methods were 

used by the students to handle the restrictions of the tools. Measuring the distance 

in different segments produces errors which were different from measuring a 
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distance in one go. As a result, to get more accurate result, the students considered 

measuring two consecutive measurements. The restrictions of the tools thereby 

forced the students to flexibly manipulate them in order to solve the problem. 

 

Picture 5.6 The measuring tape used at its limit 

In addition to the limitation of measuring tape, the physical setting of the 

playground also influenced the use of tools. For example, the stage underneath 

and the basketball stand in front of the school badge were obstacles that students 

encountered. 

5.5.3 Misunderstanding of measuring target 

During the process of manipulation, some students did not exactly understand the 

actual target of measurement. The problem (on page 4 of the worksheets) 

precisely asked the students to measure the angle of elevation with theodolites and 

one of the technological tools (i.e. Angle Meter) by watching the bottom of the 

school badge. However, Episode 5.6 illustrates that two students in a pair 

measured the angle of elevation by looking at different parts of the school badge. 
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Episode 5.6 (First double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

[A pair of students uses the iPad to measure angle of 

elevation.] 

 

Researcher: Which part were you looking at? Question to Ss 

Student 7: Bottom of the school badge. 

 

Feedback from Ss, A2, 

Part of school badge 

Student 8: Top of the school badge. 

 

Feedback from Ss, A2, 

Part of school badge 

Student 7: It should be the bottom of the school 

badge. Here it says that. [The student 

was pointing to the worksheet.] 

A2, Worksheets 

Student 8: Okay, I measure once again. Feedback from Ss, A3, 

Manipulation 

[The pair used theodolite to measure again]  

 

This pair of students discussed the exact location of the school badge while they 

measured the angle of elevation with the theodolite. After measuring the angle 

separately, they found that they had looked at different parts of the school badge 

so the measured values were different. In addition, an error of measurement was 

generated. To be consistent, one of the students pointed out that the question on 

the worksheets mentioned the location of the school badge when measuring the 

angle of elevation. Thus, the other student agreed and corrected it by measuring 

once again in an accurate way. In short, one role of the worksheets was to 



151 

decrease the diversity of measurements in order to eliminate some unexpected 

errors generated in the process of measurement. 

5.6 Task 

The estimation problem of finding the height of the school badge was introduced 

by the teacher at the beginning of the first double lesson. Different sets of 

worksheets and the tools were distributed to the students after the introduction. 

Questions on the worksheets structurally guided students to gather valid measured 

values for consideration and calculations. Therefore, the worksheets facilitated the 

students to measure, record and calculate during the playground activity. In 

addition, the follow-up worksheets addressed mathematics contents covered in the 

measurements, for example, calculation of the errors.  

The first three questions in the worksheets required students to directly measure 

values by using tools, for example, eyelevel (m), horizontal distance from the foot 

of the school badge (d) and the angle of elevation (θ). For these technical parts of 

the tasks, the students were required to take actions on measurements. The latter 

part of the worksheets asked students to calculate the height of the school badge 

with the measured values obtained from the first part of the worksheets. 

    

Picture 5.7a     Picture 5.7b 

Pictures 5.7 a & b Discussion on the task 
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Pictures 5.7a and 5.7b display an example of a pair of students completing the 

task. They are discussing the data collected in the playground. Meanwhile, the 

students conduct preliminary analysis based on the measured values obtained with 

the tools. They investigate the problem through a data-driven approach that meant 

they are making use of the data to decide on calculation methods. At this stage, 

the students are using the measured values to complete the task, and they have to 

have had relevant mathematics concepts (e.g. trigonometric ratios and Pythagoras 

theorem) learned in previous mathematics lessons. Thus, the applications of these 

mathematics concepts were processed by the students. In fact, this activity helped 

the students acquire mathematics concepts in the process of analysing the data. 

5.7 Role of teacher 

The role of the teacher is to provide a rich learning experience for students to 

immerse themselves in the tool-based environment, where they can solve the 

problem by using the given tools. This means that the teacher should state clearly 

the requirement of the task and details of the tools to the students. The teacher 

talked about these two issues separately in two environments. He first introduced 

the problem (in a broader sense, it was the tool-based task) in the classroom. He 

then went to the playground with the students to conduct the measurement activity. 

In the playground, the teacher’s aim was to orchestrate the students to use the 

given tools in order to solve the problem. During the manipulation process, the 

teacher tended to have two types of actions. Episode 5.6 illustrates as an example 

of one type of action, in which the teacher instructs the students to practically 

operate the technological tool (i.e. Angle Meter). It shows the teacher telling a 

pair of students the direction where the manipulator should be aimed at. A 
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particular function of the tool (‘Pause’ to capture the degree of angle of elevation) 

is mentioned by the teacher. The students then follow the instructions of the 

teacher to manipulate the tablet in order to measure the angle of elevation. 

The other type of actions was that the teacher prompted the students to focus on 

the questions in the worksheets. The below episode shows the teacher directing 

the students to specifically construct a formula when they were confused by the 

questions. It illustrates that the pair of students was completing the worksheets. 

However, the teacher found that they had misunderstood the question. Thus, he 

guided the students by telling them the purpose of the question. In this situation, 

no tool was being manipulated or considered in the discussion. 

Episode 5.7 (First double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

[A pair of students is writing on the worksheets.] A2, Worksheets 

Student 9: Is this the mean (average)? A2, Feedback from Ss, 

Mean 

Teacher: It does not ask for a number as an 

answer. But a formula. 

A2, Guidance, Formula 

Student 9: I see. A2, Feedback from Ss. 

[The student modifies the answers on the 

worksheets.] 

A2, Worksheets 
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5.8 Mathematics to be taught 

This case focused on the construction of relative errors as the key learning 

objective in the study. The teacher designed the task to guide students to reinvent 

the concept of relative error through manipulations of concrete and technological 

tools. In addition, data for calculating errors was gathered by the students working 

in pairs, who could make comparison between measurements obtained by 

different partners. 

Formulae of trigonometry, e.g. definitions of sine, cosine and tangent, were 

viewed as the prior mathematics knowledge of the students in order to discover 

the errors in the measurement processes. Before the research lessons, the teacher 

anticipated that the students could mathematically apply trigonometry to the 

measured values in order to clearly notify the errors generated from the 

measurement. Ultimately, the students were expected to consider relative errors as 

a useful mathematics concept to compare the different measurements. 

After the first double lesson was implemented, however, the teacher found that 

application of the trigonometric formulae was one difficulty the students had in 

the measurement and calculation processes. 

Episode 5.8 (Pre-lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Researcher:  The prior knowledge of doing this activity is ‘Trigo’ 

[Trigonometry]. Do you think that you should teach [review]? 

Teacher: The ultimate goal of the activity is to estimate the height of the 

school badge and the errors of measurements. Since it is about 
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Calculus and application of tangent. Then the error should involve 

differentials.  

 … 

 I think secondary 2 students can’t understand secant…  

 

Episode 5.9 (Post first lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Teacher: When I introduced the problem with the diagram requiring them to 

apply formula of tangent, not many students could write down the 

formula. Then I drew a right-angled triangle and labelled its sides. 

I reminded them of the formula of tangent. During the lesson, 

many students asked me whether it is correct or not to use 

formulae of cosine or sine. Actually this topic had just been taught 

in previous lessons.  

 

In the first episode above (i.e. Episode 5.8), the researcher asks the teacher about 

perceptions of the students’ prior knowledge of application of trigonometry. The 

reply of the teacher shows that he had been focusing on the calculation of errors. 

The key learning objective in the research lessons that the teacher expected the 

students to identify was errors of measurements. In the second episode above (i.e. 

Episode 5.9), the teacher agrees that review of prior knowledge is essential. He 

underestimated the importance of recapping trigonometry and presumed that 

students understood it well. Thus, the prominent mathematics content in the first 

lesson seemed to be switched from calculations of errors to applications of 
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trigonometry. Therefore, the teacher spent some time reviewing the trigonometric 

formulas in the first double lesson. Learning errors was postponed to the second 

double lesson.  

To sum up, identification of errors of measurements was still the main learning 

objective in the research lessons. However, related mathematics knowledge 

should also be seriously considered and included in the design of the lessons. 

5.9 Coding analysis 

The transcriptions of the research lessons were coded in two cycles. I coded the 

transcriptions with initial and narrative codes in the first cycle. Moreover, to 

categorize the interactions in the lessons into three activity phase of didactical 

cycle, I coded the transcriptions independently again with three general codes 

identifying the activities mentioned in didactical cycle. 

An example of coding is shown as follows. 

Translation from verbatim 

in Chinese transcriptions 

Initial coding Narrative 

coding 

AP, 

Tool/Task 

Teacher: Okay. Some 

students seem to have 

detailed comments. [Shown 

on screen to the whole class] 

These comments are very 

detailed but they are not 

related to mathematics. Too 

noisy? I want you to 

Teacher 

comments on the 

students’ inputs 

which were not 

highly related to 

mathematics. 

Students’ 

comments were 

Comment from 

T 

 

 

 

 

 

 

A3, 

Comments 
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comment on mathematics 

related issues. Not comment 

on resolutions or quality of 

voices of the videos. 

Although these were your 

opinions, I want you to share 

mathematics contents… 

 

 

… 

Teacher: There are many 

types of errors. One is based 

on apparatus. We have 

discussed the accuracy of 

apparatus before. For 

example, rulers with 

compassed marks will be 

more accurate. Another type 

of error comes from 

manipulators who have 

different measuring skills. 

mainly related 

to technological 

issues with the 

videos. Teacher 

clarified he 

wanted students 

to comment on 

mathematical 

issues. 

 

 Teacher 

summarizes two 

types of errors 

which come 

from the 

apparatus and 

the manipulator. 

 

Guidance from 

T 

 

 

 

 

 

 

 

Wrapping up 

from T 

A3, Non-

mathematical 

issue 

 

 

 

 

 

 

 

A3, Errors, 

apparatus, 

accuracy, 

measuring 

skills 
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5.9.1 Coding results 

Table 5.1 Table of narrative codes and its descriptions 

Narrative code Brief description Activity phase in 

didactical cycle 

Arrangement 

(Tool) 

Teacher physically arranges and 

distributes tools  

A1/A2/A3 

Assisting (Tool) Teacher assists students incorrectly 

and properly uses tools 

A1 

Calculation Students calculate on papers in written 

form 

A1/A2 

Checking (Tool) Teacher requires students to check 

available tools 

A1 

Clarification Teacher clarifies his viewpoints A2/A3 

Comment from 

Ss 

Students give comments; mainly 

appear in the e-platform 

A3 

Comment from T Teacher gives comments to students 

based on their works 

A3 

Confirmation Teacher agrees with students A2/A3 

Discussion (Ss) Discussion among students A1/A2/A3 

Discussion (T & 

Ss) 

Discussion between teacher and 

students 

A3 

Explanation (T) Teacher explains in details A1/A2/A3 

Explanation (with 

tool) 

Students explain how to practically 

manipulate the tools 

A1/A2 
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Explanation 

(without tool) 

Students explain why/how to use 

particular methods; it does not involve 

any tool in the explanation 

A3 

Feedback from Ss Students give instant feedback in 

response to questions/comments from 

teacher 

A1/A2/A3 

Follow-up 

question to Ss 

Teacher raises instant questions 

according to the feedback/explanation 

from students 

 

Formula Students take formula as a 

consideration 

A2 

Goal Teacher asks students what they have 

learnt in the lessons 

A3 

Grouping Students form into groups/pairs A3 

Guidance from T Teacher guides students to do/think; it 

is different from ‘Instruction’ 

A1/A2/A3 

Instruction Teacher instructs students to take 

actions to do something 

A1/A2/A3 

Manipulation Students manipulate the tools A1/A2 

Misuse of iPad Students use tablets for fun A3 

Prepare IT Teacher turns on visualizer and/or 

projector 

- 

Presenting 

(Video) 

Video records are played A3 

Process of lesson Teacher tells the students the A2/A3 
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flow/design of lessons 

Question from Ss Students raise questions A2/A3 

Question to Ss Teacher asks questions A2/A3 

Recording Students record presentations A2/A3 

Referring to task Worksheets/questions on worksheets 

noticed 

A2/A3 

Referring to 

textbook 

Teacher tells students to read textbook A2 

Reminder from T 

(Procedure) 

Teacher reminds students of the time 

limited for experiment 

A1/A3 

Terminology 

(Math) 

Concrete mathematical terminology is 

captured 

A2 

Wrapping up by 

T 

Teacher concludes critical points A3 

 

Table 5.2 Table of narrative codes categorized in three activity phases of 

didactical cycle 

Didactical interactions Narrative code 

Activity with tool 

A1 

Arrangement (Tool) 

Assisting (Tool) 

Calculation 

Checking (Tool) 

Discussion (Ss) 

Explanation (with tool) 
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Explanation (T) 

Feedback from Ss 

Guidance from T 

Instruction 

Manipulation 

Reminder from T (Procedure) 

Individual production activity 

A2 

Arrangement (Tool) 

Calculation 

Clarification 

Confirmation 

Discussion (Ss) 

Explanation (with tool) 

Explanation (T) 

Feedback from Ss 

Follow-up question to Ss 

Guidance from T 

Instruction 

Manipulation 

Process of lesson 

Question from Ss 

Question to Ss 

Recording 

Referring to task 

Referring to textbook 

Terminology (Math) 
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Collective activity 

A3 

Arrangement (Tool) 

Clarification 

Comment from Ss 

Comment from T 

Confirmation 

Discussion (Ss) 

Discussion (T & Ss) 

Explanation (T) 

Explanation (without tool) 

Feedback from Ss 

Goal 

Grouping 

Guidance from T 

Instruction 

Presenting (Video) 

Process of lesson 

Question from Ss 

Question to Ss 

Recording 

Referring to task 

Reminder from T (Procedure) 

Wrapping up by T 

Others Grouping  

Guidance from T 

Instruction 
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Manipulation 

Misuse of iPad 

Prepare IT 

Process of lesson 

Question from Ss 

Question to Ss 

Referring to task 

 

5.10 Didactical cycle 

With the narrative codes and coded categories of activity phases of didactical 

cycle, I simultaneously combined the codes together. To combine these two sets 

of codes, I examined the actual operations of the activity phases and investigated 

the flows of it in the case. To elicit better discussion, the three activity phases are 

briefly recapped. I also use the codes to represent the activity phases in the 

discussion. Activity with tools (i.e. A1) represents the processes of students 

manipulating the tools. Individual production of signs (i.e. A2) proposes the 

processes of students generating meaningful verbal or written forms of signs 

based on the manipulation process. Collective production of signs (i.e. A3) 

manifests the processes of development of signs from students’ productions to 

formal mathematics. 

5.10.1 Role of teacher in Activity with tool (A1) 

Activity with tool promoted the emergence of specific signs in association with 

the use of particular tools (Bartolini Bussi & Mariotti, 2008). Students were in 

fact the key persons manipulating tools during this phase. The role of teacher 
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during students’ manipulations was found to assist the students to use the tools in 

the proper ways. 

    

Picture 5.8a     Picture 5.8b 

Pictures 5.8 a & b Teacher assisting students to use tools 

The orchestration of the teacher guiding the students to properly manipulate the 

given tools in the process of activities with tools was not notably emphasized in 

didactical cycle. However, the case demonstrates that the role of teacher in the 

activity with tools not only guides the students to manipulate the tools in the 

correct ways but also receives feedback from the students so that the teacher can, 

preliminarily, understand some of their ideas. 

5.10.2 Guidance (A1/A2/A3) 

Guidance was one of the codes which appeared in all phases in didactical cycle. It 

refers to an activity in which the teacher leads the students to think about their 

actions or specific contents of the task. The teacher gave guidelines to the students 

in various ways. For example, he gave them specific hints for carrying out the task. 

Also, the teacher taught the students to manipulate certain tools in particular ways. 

Episode 5.10 (Second double lesson) 

Translation from verbatim in Chinese Code, Tool/Task 
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transcriptions 

Teacher: Do all groups have iPads? Okay, please 

come here. [Gathering all students to 

the front of the school hall]. This is a 

white line that is for group A. All of you 

measure from here. [Teacher moved] 

That is this first yellow line. [Teacher 

stands on the line] Yellow group 

[Groups with yellow worksheets] should 

measure from here. 

Guidance, A1, iPad, 

location of measurements 

 

The teacher guided the students in various situations. When the students are 

manipulating the tools, the teacher guides the students where to measure by 

emphasizing the locations of the measurements. The locations are critical in the 

process of measurements, which mathematically affect the generated errors. It 

shows that the teacher is concerned about how the students measure variables. In 

fact, the teacher mentions this in the classroom just before the class moved to the 

playground. He reminded the students once again during the activity with tools.  

Episode 5.11 (First double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Teacher: Let’s use this diagram. [Teacher 

draws a right-angled triangle and 

labelled an angle as theta] Okay, what 

Guidance, A2, 

Trigonometry 
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is sine theta? 

Student 10: ‘a’ over ‘b’ Feedback from Ss, A2/A3, 

Ratio 

Teacher: Someone said ‘a’ over what? ‘a’ over 

‘c’ [Marks down on blackboard] What 

is cosine theta? 

Follow-up question to Ss, 

A2/A3 

Student 10: ‘b’ over ‘c’ Feedback from Ss, A2/A3, 

Ratio 

Teacher: Okay, what is in common between 

these diagrams? How can you use this 

diagram? I give you five minutes to 

discuss. 

Follow-up question to Ss, 

A2/A3, Diagram 

 

Additionally, the above episode also illustrates a situation involving the code of 

guidance. The teacher drew a right-angled triangle to illustrate trigonometric 

formulas which helped the students to solve the tool-based task. The use of 

diagram guides the students to theoretically recap some general formulas in 

trigonometry. The students should then discuss this further in order to apply these 

theoretical formulas into the situation which the teacher did not tell the students in 

detail. 

In short, the teacher guides the students to think in a certain way, for example, by 

recapping relevant mathematics knowledge to lead them to consider using 

trigonometry, in the appropriate moment of the lesson. 
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5.10.3 Instruction (A1/A2/A3) 

Different from the code of guidance, instruction is a code for identifying a certain 

action that the teacher requests the students to take. For the code of instruction, 

the teacher not only guides the students to think in a certain way, but also instructs 

them to manipulate some tools or to work on certain tasks. The following episode 

shows some examples of situations which were coded as instruction. 

Episode 5.12 (First double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Teacher: First of all, two of you work in a pair. 

One of you helps the other to measure 

[eye levels]. Measure vertical distance 

from eye to ground. Use measuring tape 

to do that. Do you have any question? 

You cannot measure this by yourself. 

This must be done with others’ help. 

This is the first step. After measuring 

this, you should measure ‘d’. This‘d’ 

refers to the diagram… 

Instruction, A1, Measure, 

Eyelevel 

 …  

Teacher: Measuring angles in this way. Keep 

your eye level here. [Gesture] Look 

straight ahead. 

Instruction, A1, Eyelevel 

 



168 

The above episode illustrates situations where the teacher tells the students to take 

certain actions with the tools. These instructions were viewed as the teacher 

teaching the students how to manipulate the tools. They mostly emerge when 

some students do not know how to technically use the tools. The above scenario 

shows that the instructions can be made by the teacher without explanation. The 

teacher only requires the students to follow his instructions.  

Episode 5.13 (First double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Teacher: For the group doing white worksheets, 

one student records the measured 

values in cm. And then s/he uses 

measuring tape [to measure distances] 

in cm and [uses theodolite] to measure 

theta in degree. Thus, you’ve found ‘m’, 

‘d’ and theta. Using the formula, you 

can get ‘h’ [height of the school badge]. 

You substitute these three measured 

values into the formula to get ‘h’. You 

use Apps to measure lengths and angles 

once again. You substitute these 

measured values into the formula again 

to find another ‘h’. That means you get 

the values of ‘h’ twice. One using 

Instruction, A1, Record, 

measuring tape, 

worksheets 

 

 

 

 

Instruction, A2/A3, 

Trigonometric formulas 
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concrete tools that were measuring tape 

and theodolite. The other, using virtual 

tools, i.e. iPad. These numbers are 

recorded in the first few pages of the 

worksheets. 

 

 

The above episode was another situation in the lessons which was also coded as 

instruction. The teacher told the students to record in the worksheets the 

corresponding values measured with the given tools. The aim of the instruction 

was to confirm that the students understood what to measure and where to record 

accordingly. The latter part of the episode showed that the teacher had again 

instructed the students to calculate the height of the school badge by substituting 

the measured values into the discussed formula. Again, no explanation was made 

in the instruction. 

5.10.4 Explanation (A1/A2/A3) 

Explanation is a code referred to a situation where the teacher interprets 

something with reasons. The following episode illustrates how a narrative is 

coded as explanation. 

Episode 5.14 (Second double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Teacher: Let’s talk about ‘Angle Meter’. The 

absolute error of it is not captured. Then 

Explanation, A3, Angle 

Meter, absolute error 
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we should use what we’ve learned in 

mathematics lessons. If the [readings of] 

angle meter is correct to two decimal 

places, what is the absolute error of this 

measuring tool? A unit of two decimal 

places divided by 2, that is 0.005 

degree. Since all of you used the same 

Apps, please mark it down. For the 

measuring tape, let see, it is [a unit] is 1 

cm, that means the absolute error of it is 

0.05 [cm]. 

 

The above episode shows the teacher discussing with the students the absolute 

errors of the technological tool (Angle Meter) used for measuring angle of 

elevation. The procedure, including calculation, of finding the errors was clearly 

explained by the teacher who referred the reading on the given tool to the 

mathematical content previously learnt. That means, he was explaining with 

reasons to the students what they should be focusing on when manipulating the 

tools. 

5.10.5 Guidance, instruction and explanation 

Guidance, instruction and explanation were very similar codes that played 

different pedagogical roles in the tool-based environment. Guidance means the 

teacher guided students to think in a certain way. This guidance involves a 

meaningful way of thinking that directs students to cognitively consider some 
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issues which are related to mathematics. The teacher gives guidance, usually, 

when students are doing things that might distract them from the learning goals. 

Thus, the teacher should tell them what they should focus on. As far as instruction 

is concerned, the teacher instructs the students in a way that they can follow in 

order to take certain actions. It mainly emerged when the students were 

manipulating tools. The teacher instructed students generally in two situations. 

The first situation was when the teacher required the students to manipulate tools 

in a particular way. Therefore, he told the students precisely how to manipulate 

the tools before the actual manipulations took place. The second situation was 

when the teacher corrected the ways the students manipulated the tools because he 

was not satisfied with their work. For example, when a student placed the tablet 

on his chest to measure angle of elevation, the teacher instructed the student to 

place it at eyelevel in order to obtain an accurate measured value. As for 

explanation, the teacher explained in details with reasons supporting why the 

students should think in that way. In addition, the code of explanation is used to 

mark the situation where the teacher gives reasons to the students as to why that 

manipulations should be done in that particular way. Therefore, it is 

complimentary to the guidance and instruction, which did not always provide 

reasons for interpretation. 

These three codes were used for two reasons: on one hand, to precisely identify 

what was happening within particular moments of activity phases in didactical 

cycle, and on the other, as complimentary issues that the teacher was using to 

guide the students to think, instructing the students to take actions and explain 

why they should think or act in certain ways. These three codes sequentially 
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emerged during the analysis process. They also turned out to be three pedagogical 

strategies that the teacher tended to employ in the research lessons.  

In addition, guidance and instruction codes mostly appear during students’ 

manipulations of tools and activity of sign productions (i.e. A1 and A2). While 

explanation code is generally found in collective activity (i.e. A3), these three 

codes could be observed throughout these three activity phases in the case. 

Moreover, these three codes referred to as the three pedagogical strategies 

extended the framework of didactical cycle in the way they could be potentially 

used in every activity phase. 

5.10.6 Transitions of phases 

I prominently discuss the analysis of transitions of the activity phases proposed in 

didactical cycle in the following section. There are changes of activities found in 

the research lessons which I am interested in investigating crucial conditions for 

the changes.  

5.10.6.1 A2 to A1 

Episode 5.15 (First double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

[A pair of students is using Angle Meter to measure 

the angle of elevation.] 

 

Student 11: Over 100 degrees. [Feels confused] Feedback from Ss, A2, 

Measured value of angle of 

elevation 
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Teacher: Do you know how to use it? You 

should face to the bottom of the 

School badge. [The teacher helps the 

student to adjust his position.] 

Guidance/instruction, A1, 

Use of Angle Meter 

Student 12: Looking at the School badge is okay. A1, Way of using iPad 

Student 11: Yeah, finally got it. Feedback from Ss, A2, 

Measured value 

 

The above episode is a situation showing a pair of students measuring angle of 

elevation using the technological tool, an application installed in the tablet. One of 

the students held the tablet to measure the angle and got a result of over 100 

degrees. The student got confused with the result as the angle of elevation cannot 

be over ninety degrees. At that moment, work done by the student is categorized 

as production of result of measurement. Additionally, the students express no 

satisfaction with the answer. This expression is also viewed as a production that 

the student was mathematically dissatisfied with the measured value. After this, 

the teacher joins the pair of students and practically guides one to use the tablet. 

The student tries to measure the angle of elevation again according to the 

procedure as told by the teacher. Therefore, the interaction returned to tool 

manipulation. 

Theoretically, didactical cycle proposes that the individual production of signs is 

followed by collective activity. However, in practice, the student repeated the step 

of manipulation of the tool after he generated some unsatisfactory production. 

Thus, the phases were transited from A2 back to A1. 
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5.10.6.2 A3 to A2 

Episode 5.16 (First double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Teacher: Did you complete pages 2, 3 and 4 of 

the worksheets? The latter part of the 

worksheets requires the data [from 

page 2 to 4] to do calculations. I hope 

you have finished it. Let us organize 

the data. Okay. I want you to do 

activity 4 in five minutes. 

Guidance, A3, 

Worksheets 

 

Referring to task, A3, 

Calculations 

Student 13: Opposite angle [side] divided by 

adjacent angle [side]. 

Feedback from Ss, A2, 

Trigonometric ratio 

Teacher: Activity 4 asks you to express h in 

terms of d, m and theta. Now, I will 

show you the diagram which I showed 

you at the beginning….Let us look at 

the diagram together. ‘m’ represents 

the height of your eyelevel. ‘theta’ is 

the angle of elevation of your head. ‘h’ 

is the height of school badge. ‘d’ is the 

horizontal distance from the foot of the 

school badge to either white line or 

yellow line depending on which group 

Referring to task, A3, 

Variables, measured 

values 



175 

you are in. Now you need to use 

algebraic form to write down an 

expression. You have five minutes… 

Student 14: Can I have draft paper? Question from Ss, A2 

Teacher: You can write it on the worksheets. 

Some students asked for the 

trigonometric formulas. If you want, 

you can read the textbook. Or I can 

give you a hint. I taught it two weeks 

ago, you may forget stuff of sine and 

cosine. 

Referring to task, A3, 

Trigonometric formulas 

Referring to textbook, A3, 

Trigonometric formulas 

Student 13: Yes. Feedback from Ss, A3 

Teacher: Let us use this diagram [a labelled 

right-angled triangle]. Okay. What is 

sine theta? 

Question to Ss, A2, Sine 

Student 15: a over b [referred to the labels on the 

diagram]. 

Feedback from Ss, A2, 

Sine ratio 

[The discussion continues focusing on trigonometric 

formulae.] 

 

 

The above episode depicts the discussion between the teacher and the students in 

the classroom. They had just completed the measuring activity in the playground 

and had gone back to the classroom for further elaboration in the first double 

lesson. The teacher wrapped up a little bit of the measuring activity done in the 

playground. He also remarked that the students were expected to complete the 
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first three activities (i.e. problems) in the worksheets by measuring the valid data. 

The remaining parts of the worksheets required the students to use the measured 

data to derive a formula which was to be used to calculate the height of the school 

badge from ground level. At this point, I have categorized that moment into 

collective activity as the teacher consolidated the work done by the students so far 

and anticipated the next step. The teacher verbally repeated names of the 

measured values associated with a diagram of a right-angled triangle, which is 

typically used to teach trigonometric formulas. He anticipated connecting the 

measured values with the trigonometric formula (specifically tangent). In the 

midst of the connection, the teacher found that the students were not familiar with 

the trigonometric formula which he originally viewed as a prior knowledge of the 

student. Therefore, he discussed with the students regarding the gap of using 

measured values to apply for the problem. This part was categorized into 

production of signs for which the students generated ratios by using trigonometric 

formulas. 

Although there was no manipulation of any tool from the four given tools in the 

episode, the transition of activity phases was observed from A3 to A2. For the 

discussion held in the classroom (regarding as A3), the teacher summarized the 

measurements done in the playground. He then expected the students to derive the 

trigonometric formula on their own. However, it was different in practice. For A2, 

the students generated mathematical ideas with the help of the diagram of the 

right-angled triangle. 

In short, the activity of production of signs (i.e. A2) could comply with hands-on 

manipulation. It could also rely on the teacher’s guidance without manipulation of 

the tool. 
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5.10.6.3 The didactical interactions 

To analyse the interactions within the research lessons with the framework of 

didactical cycle, I have discussed the role of teacher in A1 and discerned three 

types of interactions, namely guidance, instruction and explanation in previous 

sections. In addition, I found two reverse directional transitions in the analysis of 

the lessons. One was the movement from A2 to A1, where the teacher only 

instructed the students to manipulate the tool when the students had conceived 

mathematical ideas from the measurement. The other transition was movement 

from A3 to A2. During the process of brief summary of the measurement activity, 

the students were required to produce knowledge of trigonometry without any 

manipulation of tool. These transitions of activity phases complemented to the 

flow of didactical cycle that enriched the framework to conceive a new network 

(see Figure 5.9). 

Lei and Leung (2017) conducted a single case study, which found three reverse 

directional transitions of the activity phases in the frame of didactical cycle. The 

consummate network with reverse transitions was named as “didactical 

interactions” (p. 151). 

Although not all directions of transitions were found in the case, the idea of 

didactical interactions was still an important philosophical idea, illustrating the 

activity phases interacting with each other.  
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Figure 5.9 Didactical interactions in the case 

5.11 Tool-Task dialectic 

Didactical cycle was developed based on semiotic mediation that depended on the 

tool. The first activity phase of the didactical cycle (i.e. A1) was no doubt an 

important stage, where the tools played a significant role in the whole learning 

process. The features of the tools not only led the students to manipulate them but 

also facilitated them in the construction of specific mathematical ideas. When I 

analysed the three activity phases of the cycle, however, a tool did not always play 

a part in every phase of the lessons. For example, in the latter part of the second 

research lesson (i.e. when the students were handling the collected data, recording 

videos and discussing with groupmates guided questions raised by the teacher), 

the tools were absent. In fact, in some parts of the research lessons, the tools were 

not prominently considered. In these particular moments, the role of the tools was 

diminished since the focus of discussion was on the measured values and the 

calculations related to the measurements. These parts generally involved 

calculations and discussion of mathematics concepts, and mainly emerged in 

collective activity of signs (i.e. A3) in the analysis of category of activity phases 
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of didactical cycle. I called it task-oriented activities that the teacher and the 

students concentrate on purely for the completion of the task to solve the problem. 

To study the interrelations between the tools and the task in the case, I have 

investigated the interactions between the teacher, students and the tools, which are 

explicitly discussed in the following sections. 

5.11.1 Sense of distance 

Episode 5.17 (Post-lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Teacher:  The tool [an application installed in the tablets] is called 

‘Easymeasure’ which uses a camera to measure distance. For 

example, if I look at the door [using the camera], in a right 

position, it will tell you 550cm, I tested it with Mr. Chan [other 

teacher who teaches same grades of students] this morning and 

got this inaccurate result. This makes no sense if it is 550cm. 

Researcher: Students may believe that 550cm shown in the App is correct. They 

don’t think 550 a long distance. Does it mean it makes sense to 

them? 

Teacher: That’s why they have to measure with measuring tapes which is 

more accurate. 

 

The sense of distance was one of the mathematical considerations present when 

technological tools are used. The students tend to believe all results measured 

with the measuring tape and the applications in the tablet. However, if the number 

shown in technological tool indicated a significant difference from that in other 



180 

tools, especially concrete ones, manipulators would have to decide which 

measures made sense and were meaningful to them. Therefore, on one hand, the 

students should make decisions to compare the measured values obtained by the 

measurements which were measured by two different tools, but on the other, the 

worksheets were designed to consist of some tables simulating the students to 

make the comparison between measurements as recorded by different tools, e.g. 

measuring tape against a technological application installed in tablet (i.e. 

Easymeasure). 

In the comparison, the students developed a sense of distance when a big 

difference was obtained from the measurements. Different from measuring the 

values by one single tool, the students experienced accuracies of the tools more 

easily when they measured with two different tools. 

5.11.2 Sense of angle 

Episode 5.18 (First double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

[A pair of students is using Angle Meter to measure 

the angle of elevation.] 

 

Student 16: Over 100 degrees. [Feels confused] Feedback from Ss, A2, 

Measured value of angle of 

elevation 

Teacher: Do you know how to use it? You 

should face the bottom of the school 

Guidance/instruction, A1, 

Use of Angle Meter 
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badge. [The teacher helped the 

student to adjust his position.] 

Student 17: Looking at the school badge is okay. A1, Way of using iPad 

Student 16: Yeah, finally got it. Feedback from Ss, A2, 

Measured value 

 

          

Picture 5.10a     Picture 5.10b 

Pictures 5.10 a & b A student measures an angle of elevation in 141.92o with the application in 

tablet (Left). The student measures in another way and gets the angle 53.32o (Right). 

 

Picture 5.11 The pair of students corrected the measured value in the worksheets 
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The above episode shows a pair of students measuring the angle of elevation of 

the school badge from eye level by using the technological tool (i.e. Angle Meter), 

obtaining 141.92 degrees from it, with the students noticing that the measured 

value was different from the one previously measured with the concrete tool (i.e. 

the theodolite). Then, she repeated the measurement by adjusting the direction of 

elevation of the tablet and obtained 53.35 degrees, which was closer to the value 

measured with the concrete tool. At the beginning of the measurement, the student, 

who wrote down 141.92 degrees in the worksheet, did not realize that the obtained 

number was wrong. There were two sources informing the students that there was 

a problem with the measurement obtained from the technological tool. One was 

that a student noticed that an angle of elevation should not be an obtuse angle 

(shown in the episode). The other was that the student discovered a significant 

difference in the measured values between technological and concrete tools. In the 

worksheet shown in Picture 5.11, the students firstly measured the angle twice 

with the theodolite and obtained 55 and 50 degrees respectively. Whenever they 

tried to measure the angle with the technological tool, a significant difference was 

observed which made it difficult not to believe one was wrong. After modifying 

the way of manipulating the technological tool, the paired students got values 

similar to that obtained by using the concrete tool. The students were finally 

satisfied with the values obtained in the second trial which were close to the 

measured values with the concrete tool. 

As discussed in the section of task design, the teacher anticipated the students 

conceiving concepts of errors by making comparisons between measurements 

obtained from the two given tools. The comparison, at the same time, played 
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another role: to provoke the students to establish senses of numbers in both 

distances and angles of elevations. 

 

Figure 5.12 Tool-Task dialectic: To develop senses of number 

5.11.3 Explanation by teacher 

Episode 5.19 (Second double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

Teacher: …There were two [three in total] 

sources that generated errors. One was 

related to the apparatus. The accuracies 

of apparatuses were discussed. For 

example, the markings on measuring 

tape influence its accuracy. The second 

source was the measurement skills of 

individuals. How they measure? Any 

discrepancy. It is a very important 

source. Is s/her using the correct way? 

Does s/her use the tool in a wrong way. 

The third one was about calculations. 

Wrapping up by T, A3, 

Errors 

 

 

 

 

 

 

 

 

 

 

Tool Task To develop senses of number
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There was error when we calculated h 

[height of the school badge]. The error 

of measuring theta was said by student 

L, coming from rounding off. However, 

there was another major source that 

generated error. It was caused by the 

tool itself. That meant the markings of 

the tool. Second issue was related to the 

manipulators… 

Comment from T, A3, 

Rounding off 

 

Explanation (T), A3, 

Errors 

 

In section 5.10.4, absolute errors are studied in a scenario of measurement 

measured by the technological tool (i.e. Angle Meter) discussed between the 

students and the teacher. This section focuses on the explanations of the teacher 

that emerged in the collective activity of signs. Three sources of error generation 

were, namely, features of the tools, skill of manipulations and accumulating errors 

by calculations as explained by the teacher. He addressed the errors from the 

perspective of considering these three issues. As shown in the episode, he tried to 

categorize some comments from the students into one of these perspectives. The 

features of the tools consisted of critical factors that directly influenced errors, for 

example, the mark intervals on the measuring tape used to measure absolute error. 

Moreover, the skills of using tools also affects the accuracy of measurement, for 

example, when the students were using the theodolites to measure the angle of 

elevation, the target location of the school badge they were looking at critically 

varied the results of the measurement. Thus, the teacher explained these sources 

of errors in the measurement process by the uses of the tools. 



185 

 

Figure 5.13 Tool-Task dialectic: To explain (by teacher) 

5.11.4 Triangulation by tools 

The completion of the task required utilizing both the concrete and technological 

tools in every measurement. That meant, to measure one unknown, concrete and 

technological tools had to be simultaneously manipulated by the students. In 

addition, every student in pairs measured at least once in the measurement process. 

If the students were only given one trial to measure an unknown, they would have 

no chance to make comparison with the only measured value. In the case, two 

measurements were made so that the students could obtain two measured values. 

They should encounter the validity of the measured values by considering the 

features of the tools as well as the measuring techniques they used. 

 

Figure 5.14 Tool-Task dialectic: To accomplish requirements 
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5.11.5 Explanation by students 

Episode 5.20 (Second double lesson) 

Translation from verbatim in Chinese 

transcriptions 

Code, Tool/Task 

[The teacher played a recorded video clip showing a 

student presenting question 4 & 5 in the follow-up 

worksheet.] 

Presenting (Video), A3, 

Follow-up worksheet 

Student 18: …The obtained answer showed that 

the percentage error of measuring 

distance from the yellow line was 

relatively small. That means 

[measuring from] the yellow line is 

more accurate. The percentage errors 

obtained by the measurements 

measured by concrete and virtual 

tools from the white line were more 

[larger] than that of measurement 

from the yellow line. Smaller 

percentage error leads to higher 

accuracy. For question 5, which one is 

more accurate in measuring theta, 

measuring from the white line or the 

yellow line? Why and give 

mathematical evidence. We obtained 

 

Explanation , A3, 

Percentage error,  
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the result as measuring theta at the 

white line was more accurate. It is 

because the percentage error of 

measuring theta by concrete and 

virtual tools from the white line is 

smaller than that of measurement from 

the yellow line. Thus, percentage error 

of [measurement from the] white line 

is smallest. It means it is the most 

accurate [relatively more accurate]. 

 

The above episode illustrates a situation where a video presentation of a group 

was playing in the classroom. In the video, a student answers two questions on the 

follow-up worksheets which were assigned by the teacher.  The student used the 

summary of data provided by the teacher to answer the questions. Comparisons 

between the average errors in the data summary were made by the student in order 

to support his claims as to the accuracies of the measurements. The organized data 

obtained from the measurements was the only source in his explanation. 

 

Figure 5.15 Tool-Task dialectic: To explain (by students) 

Tool Task To explain
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To conclude, the tool-task dialectic framed a new perspective regarding 

interrelations between the tools and the task associated with the measurements 

and calculations emerging from the lessons. That meant, the students were free to 

choose any of the following three activities: to measure the unknown if it is 

measurable, to calculate the unknown if it is formulated, or to do both. 

5.12 Summary of the case 

In this case, the interviews with the teacher and the students, the lesson 

observations and the documentary (e.g. lesson plan and students’ works) brought 

out several interesting insights of tool-based pedagogical issues. Besides the 

analysis framed by activity phases of didactical cycle, a new landscape of 

interrelations between the used tools and the task were addressed in the case. 

In the analysis of the task, the worksheets guided the students in two main parts. 

One part of the worksheets asked the students to use the given tools to manipulate. 

The second part required the students to use the measured values to calculate the 

height of the school badge in the playground, and at the same time, to encounter 

errors in the measurements. 

The theory of semiotic mediation emphasizes that the role of tool is to mediate 

students to construct mathematics knowledge through manipulation of a tool and 

production of signs during the manipulation process. Thus, the worksheets aimed 

to assist the students in accomplishing the task though the process of semiotic 

mediation, where the first part of the worksheets led the students to manipulate the 

tools while its second part helped the students to further deal with productions 

generated from the manipulation process. 
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The mathematics concepts or knowledge were anticipatorily conceived through 

comparisons in various dimensions. There was comparison between two 

individual students in pairs. In terms of the tools, there were comparisons between 

the measurements with concrete and technological tools. In terms of the task, 

there was a comparison between the measurements of groups measuring from the 

yellow line and the white line. 

Instrumental genesis (Rabardel, 1993, 1999) frames dual directed interactive 

processes between a tool and its manipulator. In the case, the students, as the 

manipulators, undertook the tool-based problem requiring them to use the given 

tools to measure valid data and use the data to calculate the height of the school 

badge. In practice, the students developed utilization schemes in the manipulation 

processes. The dual directions were instrumentation and instrumentalization. 

There were several observed utilization schemes emerging from the interactions 

between the students and the tools, especially in the activities conducted in the 

playground. For the concrete tools, measuring activities involving the measuring 

tapes and the theodolites provided the students with learning experiences of 

making measurements so that they could physically view the length and angle in 

the ways of visualizing changes in dimensions respectively. That meant the 

students could view changes in the length of the blade of the measuring tape (i.e. 

longer/shorter) and the angle between vertical string and protractor of the 

theodolite (i.e. flatter/incliner) respectively. These measuring activities were 

viewed as instrumentation that particularly emerged in the situation where the 

students experienced spatial motions through the changes in the lengths and the 

angle of elevation. Simultaneously, the students’ manipulation activities reshaped 

the use of the tools. When the students were using the technological tools (the 
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applications installed in the tablet) to measure distances and the angle of elevation, 

the contradictory numbers between the measured values obtained from concrete 

and technological tools inspired the students to reflect on the validity of the 

numbers. Thus, their senses of distances and angles were developed. 

From this instant, they modified their ways of manipulating the tools (in most of 

the cases, they repeated the measurements with the technological tools) in order to 

obtain reasonable results which were consistent with the measurements using both 

concrete and technological tools. The students changed directions of movements 

with the technological tools in order to produce measured values as close as 

possible to the results from the measurements with concrete tools. These trials of 

manipulations of the tablets could be viewed as instrumentalization processes that 

changed the intended function of the technological tools. The technological tools 

were not used to obtain measured values, but switched to test its functions through 

changing the ways of using it to obtain similar measured values to that obtained 

with concrete tools. To conclude, the students viewed the measured values 

obtained from the measuring tape and the theodolite as benchmarks. The 

technological tools became machines to test and to triangulate the measured 

values obtained with the concrete tools. Thus, a new utilization scheme of the 

technological tools was developed. Moreover, with the consistent measured 

valued obtained with both tools, the students were familiar with usages of the 

technological tools, thus, they also learnt how to use them properly in order to 

further conceive the mathematics concepts (e.g. the errors).  

In short, instrumental genesis helps us to analyse interrelations between individual 

students and tools when manipulation processes are conducted.  



191 

Mariotti (2009) developed the concept of didactical cycle grounded in semiotic 

mediation (Bartolini Bussi, 2008), that iterated the three activity phases which 

frame the codes for analysing the transcriptions of the research lessons. In the first 

phase of the framework (i.e. A1), the students manipulated the tools as activities 

that in instrumental genesis that relates to that particular analysis addressing how 

they manipulated the tools (see previous paragraph). In the second phase (i.e. A2), 

the students’ productions were obviously shown in written form, which were 

recorded on the worksheets (i.e. the measured values from the measurements with 

the given tools, derived formulas and the calculations). In the third phase (i.e. A3), 

collective activities including mathematics discussion were the semiotic processes 

orchestrated by the teacher, who led the students to transform informal 

mathematics based on the activities with the tools to abstract mathematics (e.g. the 

errors). One of the ways enabling the transformation was the presentations. The 

students presented their findings based on the questions structurally connecting 

the measured values and the calculations with the concepts of percentage error. 

To further study the transitions of the activity phases in didactical cycle, two 

reverse directions of transitions were observed in the case. The transition from the 

activity of students’ production back to manipulation of tool demonstrates that the 

practical production was not mathematically correct. The students needed to 

modify ways of manipulation the tools whenever they generated outputs which 

they were unsatisfied with. In addition, these outputs were not meant to be 

meaningless to the students, but simulated them to consider other ways of doing it. 

The other transition of activity phases emerged when the teacher gathered the 

results of the measurements followed by the activity of the students’ production of 

trigonometric formulae (i.e. A3 to A2). 
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At the end, the focus of the analysis is put onto the interrelations between the tools 

and the task. The following figure summarizes the tool-task dialectic in the 

didactical interactions observed in the case. 

 

Figure 5.16 Didactical interactions with tool-task dialectic in case B  
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CHAPTER SIX: CASE C 

6.1 Background 

This chapter discusses one of the cases in the study. It consists of a series of five 

research lessons, planned and implemented by a teacher for a class of secondary 

one (equivalent to grade 7) students, with the aim of estimating the number of 

marbles contained in a 1000mL conical flask (shown in Picture 6.1). These 

mathematics lessons were conducted in a science laboratory, different to a 

traditional mathematics classroom setting. Pre- and post- lessons interviews with 

the teacher and a post-lesson interview with a group of the students were 

conducted as part of the case. 

6.2 Task design by teacher 

The teacher designed a series of five research lessons aimed at providing students 

with the learning experience of carrying out experiments to estimate the number 

of marbles in a conical flask using apparatuses in a science laboratory. The 

estimation problem simply asked the students to plan, implement and review 

methods in order to approximate the number of marbles. In addition, the students 

were required to provide justifications and mathematical reasons to support their 

claims. The learning aims and objectives of the research lessons as written in the 

lesson plan were as follows. 

 Aim: 

 1. Understand the concept of estimation and error in measurements. 

2. Use appropriate formulae and strategies to reduce error in the 

estimation activity. 
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Objective: 

Estimate how many marbles there are in the large conical flask. Judge the 

reasonableness of results. 

(The lesson plan) 

The lesson plan reveals that the learning aims of the lesson were, mathematically 

speaking, to understand estimation and errors through hands-on measurements. 

 

Picture 6.1 The estimation problem: Estimate the number of marbles inside the 1000mL conical 

flask 

In the case, students’ prerequisite knowledge consisted of some basic concepts of 

capacity and volume in term of measurements learnt in primary school. Three 

paragraphs related to measurements were extracted from the primary level 

mathematics curriculum, which are shown as follows.  

“Measures: Capacity: Develop the concept of capacity, Compare the 

capacity of containers directly, Measure and compare the capacity of 

containers using improvised units, Understand the need for using standard 



195 

units, Measure and compare the capacity of containers using ‘litre’ (L) 

and ‘millilitre’ (mL), Measure with appropriate tools.” 

(Education Department, 2002, p. 33) 

“Measures: Volume: Develop the concepts of volume, Introduce the 

standard units cubic centimetre (cm3), measure and compare the volume 

of objects using ‘cubic centimetre’, Introduce ‘cubic metre’ (m3), 

Understand and apply the formulae for finding the volume of cubes and 

cuboids.” 

(Education Department, 2002, p. 41) 

“Measures: Volume: Recognize the relationship between capacity and 

volume, Find the volume of irregular solids by displacement of water.”  

(Education Department, 2002, p. 43) 

The concept of errors as well as related mathematics knowledge had been taught 

by the teacher in previous lessons in a traditional way. Therefore, in this series of 

lessons, the students were asked to solve the approximation problem by applying 

previously learnt relevant mathematics knowledge relevant mathematics 

knowledge to this particular estimation situation. Moreover, construction of 

knowledge was anticipated to be made at a deeper level so that the students could 

provide mathematical reasons in the experimental process. 

The students were divided into groups for the estimation activity. Four students 

formed a group to accomplish the sets of worksheets. Every group had one or two 

opportunities to conduct the experiments. Some groups had only one plan, 

therefore they conducted one experiment. Some groups had two plans, meaning 
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that they tried two experiments. All groups had to share their methods in the 

presentations so that they could compare methods between groups. For the groups 

that tried two methods, they could additionally compare the methods within their 

own group. 

6.3 Implementation of lessons 

The case consisted of a series of five consecutive research lessons conducted 

within two weeks. The teacher designed the lessons in the following sequence: (1) 

Introduction and planning, (2) Planning and trying out the experiment, (3) Trying 

out and recording the experiment (4) Group presentation and (5) Reflection. 

6.3.1 First lesson 

In the introduction and planning lesson (i.e. the first lesson), the teacher launched 

the main problem which asked the students to estimate the number of marbles 

contained in the large conical flask (i.e. 1000mL). It required them to 

mathematically approximate the number without taking out any marbles from the 

flask. At the beginning of the lesson, each group was given a set of worksheets 

and a tablet. The worksheets were designed to guide the students to plan, 

implement and review the experiments, while the tablets held several questions 

aimed at guiding the students to present in the research lessons. Besides the 

guided questions on the worksheets and in the tablets, the teacher reminded the 

students of the apparatuses which were available in the science laboratory so that 

they could use them to accomplish the task. 

To begin, the teacher allowed the students to estimate the number of marbles in 

smaller conical flasks (100mL). The teacher called this activity a ‘level one’ 

problem, where the students could experience a simpler estimation process before 
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conducting the actual one. The teacher also viewed this problem as a warm-up 

exercise for the students in taking actions in the new learning environment (i.e. 

the science laboratory). At the end of this simplified ‘level one’ problem, the 

students were allowed to pour out the marbles from the small flasks so that they 

could count them in order to compare estimated and actual numbers. During this 

warm-up exercise, various strategies were observed in the lesson. For example, 

some students counted the number of marbles at the bottom of the flask, then 

diminished a fixed number by each layer (i.e. an arithmetic sequence) until they 

reached to the top of the flask. Different estimation strategies were discussed 

among groups. To collect the estimated values from the groups, the teacher drew 

on the blackboard a table consisting of two columns collecting the estimated and 

actual numbers of marbles in the small flasks respectively. Thus, the differences 

between the numbers obtained from various groups were compared in terms of the 

different strategies used by the groups. 

 

Picture 6.2 The table on the blackboard showing the estimated and actual numbers of marbles in 

the small flasks from the six groups 

Mathematically, the concept of absolute error first emerged in the table through 

comparison between the numbers in these two columns. Subsequently, the main 
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problem (i.e. estimation of number of marbles inside the 1000mL conical flask) 

was introduced. 

In the latter part of the first lesson, the students planned their own strategies. The 

planned procedures and required tools for anticipated use in the experiments were 

written on the first part of the worksheets. Moreover, the worksheets consisted of 

a table that asked the students to plan which tools they anticipated using. Besides 

this, the teacher not only asked the students to list the names of the tools but also 

mention the anticipated functions of these particular tools (see an example in 

Picture 6.3). Meanwhile, an application (Keynote) installed in tablets also allowed 

the students to record their plans in both text and media formats (e.g. with photos 

or videos). It provided alternatives for the students in presenting their ideas other 

than text formats. At the end of the first lesson, the teacher collected the 

worksheets, which were partially completed by the students. The teacher reviewed 

the planned methods and discussed the methods with the students in the second 

lesson. 

 

Picture 6.3 An example of a completed table in the worksheets 
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6.3.2 Second lesson 

To start the second lesson, the teacher briefly summarized the students’ plans 

from the previous lesson. Based on the worksheets, the teacher observed that 

many groups had similar plans using an electric balance to measure weights (e.g. 

marbles and empty flasks). However, the teacher wished to have a diverse range 

of methods in the experiment. Thus, she proposed that the groups think of other 

possible methods with different considerations (e.g. relating to volumes). She 

delivered one more set of worksheets to every group for planning other methods 

where the students were willing to do so. These additional methods were optional 

for the groups should they have enough time to plan for a second approach in the 

second lesson. Besides the optional methods, the teacher commented on all of the 

first plans done by the groups. Other than the comments on each group, the 

teacher specifically emphasized the mathematical term ‘error’. The students were 

required to consider as well as eliminate it in the plans. She also suggested that the 

students read the textbook chapter consisting of strategies for reducing errors. 

Apart from the errors, moreover, the teacher talked about the concepts of mass 

and volume in order to provide different aspects of these considerations for 

students to examine through various methods for solving the problem. For the 

content of volume, the teacher gave a definition of volume, standard unit and 

general tools used for measuring it to the students before the actual manipulations 

of the tools. 

The students spent about twenty minutes conducting the experiments according to 

the first and/or second planned method(s). At the same time, they were 

completing the procedures of the experiments in the worksheets in the format of 

texts, formulae and diagrams in order to explain the flow of their work as well as 
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some measured data. During the implementation of the methods, the teacher went 

to the groups to talk with the students. Details of the manipulations and 

discussions will be provided in later sections. 

At the end of the second lesson, the teacher reminded the students to complete 

part of the worksheets and to start preparing slides in the application (Keynote) 

using the tablets for the presentations. She added that the groups were allowed to 

present one or two methods. If two methods were presented, the teacher suggested 

that students compare between methods in order to reduce errors. 

Besides the teacher introducing various aspects of the considerations (e.g. 

volumes), the pragmatic uses of the tools were addressed by the teacher in the 

second lesson. For example, measuring cylinders, displacement cans and callipers 

were prominently shown by the teacher in the lesson. 

6.3.3 Third lesson 

The teacher modified the template in Keynote for the presentation by adding an 

extra question requesting that the students connect the methods of the estimation 

process with mathematical contents of errors previously learned (i.e. chapter five 

of the textbook). Additionally, the teacher went through the content summary of 

the textbook regarding estimation strategies and errors that had been taught before 

the lessons. She also went through every question on the slides followed by 

summarizing some key concepts from the textbook in order to remind the students 

to connect the experiment process with mathematical content. Before the students 

continued the experiments, the teacher reminded them again about the apparatuses 

available in the laboratory by quickly showing them to the class. During the 

second trials of experiments in the lesson, the students used the first method or the 
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second method if they had already followed the first. Meanwhile, the teacher 

walked around to orchestrate the students in doing the experiments, including 

explanations of usages of the apparatuses. 

Episode 6.1 (Post third lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Teacher: I kept looking for linking mathematics with the estimation activity. 

For example, mathematics topics or contents. I wondered if 

students might forget it, so I told them to look at the textbook for 

reference. There were some hints in the slides in Keynote 

[application in tablet for presentation] such that they can refresh 

their minds. Sometime students do something related to 

mathematics, but they aren’t aware of doing it. Then I call their 

attention to the mathematics knowledge and tell them you are 

learning this and that. 

 

Throughout the third lesson, the teacher gave informative instructions to the 

students: at the beginning and the end of the lesson. In the middle part of the 

lesson (i.e. conducting experiments), she allowed the students to implement the 

planned methods. In addition, she orchestrated the students by embedding 

mathematics knowledge learnt from the textbook into manipulations of 

apparatuses in the experiments. She used the additional questions in presentation 

slides (i.e. Keynote) to guide the students to connect mathematics knowledge. 

Additionally, at the end of the third lesson, the teacher had a short reminder telling 

the students to complete the slides for presentation in the next lesson. 
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Pedagogically, during the experimental procedure, the teacher did not give any 

‘answer’ to the students but guided them by asking them questions or telling them 

to try manipulating the apparatuses.  

At the end of the third lesson, the teacher collected the worksheets again for 

scanning work done by the students. 

6.3.4 Fourth lesson 

The teacher distributed the reviewed worksheets to the groups at the beginning of 

the fourth lesson. After this, the students were given the tablets to prepare for the 

presentations. The teacher explained that the presentations were conducted in a 

‘jigsaw’ way which divided each group (with four students) into two sub-groups 

having two functions and named as ‘home-group’ and ‘visit-group’. In every 

group, two members in home-group stayed in a fixed table to present to other 

visit-groups while the other two members formed visit-groups and went to other 

home-groups to attend their presentations. During the presentations, the students 

in visit-groups evaluated other groups’ presentations by completing an online 

evaluation form (See appendix; a part of the form is shown in Picture 6.4). The 

form asked the students about the performances of the home-groups’ presentations. 

To start with the presentations, the teacher read the questions listed on the online 

evaluation form (i.e. the Google Form).  

After the fourth lesson, the teacher posted the comments and works of the students 

on an online platform so that they had opportunities to review all results of the 

experiments as well as the comments from other groups. 
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Picture 6.4 A part of an online form for peer evaluation for use during presentations 

During the jigsaw presentations, the students presented the slides in Keynote. 

Each group presented three times in order to complete the jigsaw cycle. At the 

final round of presentations, a student from each group video-recorded their own 

presentation which was made accessible afterwards. Details of presentation 

contents will be discussed in the corresponding sections. 

Episode 6.2 (Post fourth lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Teacher: It is because I was thinking that the students may not know what to 

learn [in the presentation]. Some students maybe just listen and 

then leave the group. I want them to be more focused on what they 

are listening to. 

Researcher: It plays a role as a task that is to be completed? 

Teacher: Yes, like students listening to a group presenting the estimated 

number, the students should reveal what they have listened to and 

express what they understand. At least they should tell us which 
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part they don’t understand. I want this peer evaluation to have this 

result. 

 

The teacher revealed in the post-lesson interview that a function of the online peer 

evaluation form was to guide students to focus on specific content in the 

presentation. 

The online evaluation was viewed as a task the students had to complete. 

Theoretically, it was like the worksheets in that the evaluation form consisted of 

guided questions that directed the students to specifically focus on a specific issue 

(e.g. mathematics knowledge). 

6.3.5 Fifth lesson 

At the beginning of the fifth lesson, the teacher asked the students to consider a 

situation, imagining that they were allowed to weight the empty large flask. She 

prompted the students to reconsider the situation given this extra information. The 

teacher asked the students to verbally provide methods to reasonably address the 

estimation problem. Some students logically answered with a way of calculating 

the number of marbles: finding the difference between the weight of the large 

flask with and without marbles, and then dividing it by the average weight of a 

marble. This particular method made sense to all students. Meanwhile, the teacher 

emphasized strategies for reducing errors generated from the process of making 

measurements. For example, measuring a large number of objects and then taking 

an average was adopted instead of measuring a single one. Also, considering the 

accuracy of the measuring tools, reading techniques of measurements and so on, 

were also essential to the students.  
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Before the last lesson, the teacher posted the scanned worksheets of the groups on 

the online platform. In addition, some students made comments on the work done 

by other groups using the platform. In the lesson, the teacher reminded the 

students to clearly explain the estimation processes with reasons. To sum-up from 

the aspect of mathematics knowledge, the teacher gathered the students’ work and 

appraised them according to three major considerations in the estimation process: 

weight (mass), volume and area (cross-section area). In addition to consideration 

of volume, students raised concern about the empty space between the marbles in 

the flask, with displacement method discussed among the students and the teacher 

to tackle this concern. Moreover, some pragmatic strategies for reducing errors 

were theoretically discussed. At the end of the lesson, the teacher poured out all 

the marbles from the large conical flask and counted their number. She 

emphasized that the estimated number of marbles was only a reference for 

understanding the accuracies of the methods and measurements because they 

contained randomness and luck. That meant a group finding the closest number of 

marbles compared to the actual one did not imply the method used by the group 

was the best. The main mathematical idea in the estimation process was to 

systemically plan, pragmatically implement and reflectively review the methods. 

Moreover, logically reductions of errors with reasons were also one of issues the 

teacher wanted the students to learn. 

6.4 Views from students 

After all five research lessons, a group of students was interviewed in order to 

gather their viewpoints on the lessons, focusing on the use of tools and the 

mathematics knowledge they had learnt. 
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Episode 6.3 (Post first lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Researcher: What did you learn in these five lessons? 

Student 1: I learnt some methods for estimation. Normally, we seldom 

estimate. We only use it when it involves many decimals. 

Researcher: What estimation methods did you learn in the lessons? You 

mentioned decimal places, do you mean rounding off? 

Student 1: No. Not rounding off. But some strategies, like a benchmark 

method that can be estimated with some tools. 

Researcher: Okay, tools can be used in benchmarking method. So what kinds of 

tools did you use? 

Student 1: Electric balance. 

 … 

Researcher: Which one is more important in the lessons? The process of 

experiment or the result [the estimated number of marbles in the 

flask]? 

Student 2: The process is more important. Teacher told us to focus on the 

methods we should consider. 

Student 1: It should be the process. We should be finding, on our own, the 

errors in the process. Exercises in textbook only ask for answers, 

but it does not consider the inquiry process. 

 

The students tried to apply some strategies learnt from previous mathematics 

lessons to the estimation problem. The strategies, like benchmark method and 

repetition method, were introduced by the teacher in the regular mathematics 
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classroom, where the students did not have to manipulate any tools throughout 

that learning process. Complementary to traditional mathematics lessons, this 

series of tool-based lessons provided theoretical and practical learning experiences 

to the students in terms of handling the errors throughout the hands-on estimation 

experiments. 

In these research lessons, the students designed various methods to estimate the 

number of marbles in the flask. They understood that the results of the estimation 

as well as the processes of doing it were important. On one hand, during the 

implementations of the methods, the students should be able to handle the errors 

which affect the estimation results. From this perspective, the manipulations of 

the apparatuses strongly refer to the understanding of the handling errors of the 

students. On the other hand, the uses of the tools influenced the students’ minds so 

that some changes or justifications in using the tools were observed. It could be in 

the form of changes of planned methods (between considerations of weight, 

volume, surface area or a combination of them) which meant the students having 

to consider different aspects of mathematics concepts. The justifications of using a 

particular tool entailed the manipulators comprehending a specific idea. These 

changes were made during the interactions between the students and the tools. 

Episode 6.4 (Post lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Researcher: As you remember, there were two lessons for experiments. That 

means, in general, there were two experimental methods you can 

plan. 

Student 3: At the beginning, we started a method but stopped afterward. Then 
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we focused on the second method. 

Researcher: The second method meant considering the masses? 

Student 3: Yes. 

Researcher: What was the first method? 

Student 3: We just directly observed and estimated the number of marbles by 

wild guess of its sizes. 

Researcher: Just guess as a whole? 

Student 3: Yes, we purely guess by observation in the first method. 

Researcher: What did you focus when you purely guessed? 

Student 3: Heights of the flasks. 

Researcher: Any other considerations? 

Student 4: We might also consider the widths of the flasks [diameters of the 

conical flasks]. 

Researcher: What made you abort the first method? 

Student 3: It was not accurate as we did not use any tools for help. It was just 

by wild guess. 

Researcher: Do you mean that using tools would make the estimation more 

accurate? 

Student 3: Since we want to find the mass of the large conical flask (in the 

second method), therefore in this method, we should use balance 

to do that. 

 

From the viewpoints of the students, considering using apparatuses in the 

estimation process was important. The tools helped them to legitimately reduce 

errors with reasons. It was different from the estimation by wild guess without any 
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justification approach. Using the method of wild guess, the students were not 

confident in revealing the estimated values as they understood that the values 

were not rational. However, the students were more confident with the estimated 

values if the values were derived from measurements made through the use of the 

tools. Although errors still existed in the process of manipulations of the tools, the 

students could clearly identify them and try to reduce them. Thus, the students 

tried to embed the tools into their experiments. 

Episode 6.5 (Post first lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Researcher: How do you think about the importance of implementation of 

plan? 

Student 5: We should implement the plan to see whether that plan worked or 

not. Sometime we ‘imagine’ the plan is perfect, however, there will 

be many errors in its implementation. We should do it hands-on to 

see if it works or not. 

Researcher: Is there any example? 

Student 5: For example, we tried to compare the sizes of small and large 

conical flasks. However, when we were holding the flasks, we 

realized that the thicknesses of the flasks were different. 

 … 

Researcher: What made you change your method? 

Student 5: In the first plan, we did not plan in details. We just brainstormed 

and took action in the first plan using the first method. Then when 

we found that it did not work, we thought of more details. 
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Researcher: What made you think that ‘it did not work’? 

Student 5: We thought it was too simple in the first method. As we still had 

time to do it, we tried to be more accurate. 

Student 6: In the first method, it was too ‘weak’. We did not collect 

information on the flask. Thus, in the second method, we tried to 

gather more information in order to have stronger evidence to 

support our estimation. Also fewer errors. 

 

Implementation of the methods verified the feasibility of plans and also examines 

the students’ understanding of mathematical concepts. On one hand, the students 

plan the methods including anticipated manipulations of the tools. That means the 

students had prior understanding of using the tools associated with some 

mathematical concepts. On the other hand, when the students practically 

manipulated the tools, the interactions between them can change the actual 

manipulations of the tools through hands-on experiments. For example, changes 

were made due to some students finding out that the actual manipulations of the 

tools were unfeasible, so they had to change to another method. To further discuss 

the manipulations of the tools, I will analyse the changes using the theory of 

instrumental genesis in detail in a later section.   

6.5 Tools 

Unlike a traditional mathematics teaching and learning environment, the research 

lessons were conducted in a science laboratory where various apparatuses were 

provided for the students to use. Picture 6.5 shows a table in the worksheets 

illustrating some apparatuses which could be found in the laboratory. It also 
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shows the dimensions and units of measurements corresponding to the 

apparatuses. 

 

Picture 6.5 A table from the worksheets introducing apparatuses available in the science 

laboratory 

6.5.1 Actual manipulations 

The teacher found that one of the tool selection criteria of the students related to 

the availability of the tools in the learning environment. The students cognitively 

decided to use types of tools depending not only on the requirements of the task 

they were about to accomplish but also other external factors like subject of lesson, 

physical environment of lesson, and so on. Therefore, the research lessons were 

conducted in the science laboratory so that the students could consider using 

various apparatuses to measure objects for the estimation processes. 

Episode 6.6 (Post first lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Researcher: What factors influenced students to choose tools? 

Teacher: I think they choose what they have seen. They consider any tools 

which are placed around them. It’s obvious.  
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Researcher:  Is there any difference if the lesson is conducted in a normal 

classroom or laboratory? Especially affecting choice of tools by 

students? 

Teacher:  Since the electric balances were connected with plugs…They first 

saw it in the laboratory, thus, it limited students’ minds to think of 

weight. Also, I should, in the next lesson, show them all the other 

apparatuses available in the laboratory. I’ll give them some 

minutes to refine the plans they have to see if they have another 

approach. 

 

In the first lesson, the teacher discovered that most of the groups planned to use 

electric balances in their planned methods. She argues that the unanimity of using 

this single tool was due to the electric balances being originally placed on the side 

tables, which were observable locations in the laboratory. To stimulate the 

students to consider other perspectives in the methods, the teacher demonstrated 

to the students other possible tools in the second lesson. This involved different 

types of tools to help the students mathematically think of various methods. The 

diversity of the planned methods and their implementations were crucial as 

mathematics knowledge can be constructed from the comparisons between 

different methods. 
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Picture 6.6a     Picture 6.6b 

Pictures 6.6 a & b Students compare the large conical flask with small flasks 

The pictures above capture the gestures of the students in their estimation 

experiments. The students compare the heights of the small and the large conical 

flasks in order to find the ratio of heights. They use the measured ratio to calculate 

(as an estimation process) the number of marbles in the large flask by multiplying 

the ratio by the number of marbles in the small flask, which was known to them. 

 

    

Picture 6.7a     Picture 6.7b 

Pictures 6.7 a & b Students use the displacement can and measuring cylinder to measure volumes 

of marbles 

The above pictures show a group of students measuring the average volume of a 

marble by displacement method. They put water into the displacement can then 
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placed ten marbles into it. The amount of water poured out was collected by a 

measuring cylinder so that the students could read its volume directly. Then they 

divided the measured value from the measuring cylinder by ten to obtain the 

average volume of a marble. 

 

Picture 6.8 Students use an electric balance to measure the weight of marbles (They weigh a flask 

with marbles and the empty flask, then find the difference) 

In addition to the consideration of volumes, the use of electric balances was 

obviously considered by the students. They were familiar with electric balances in 

weighing objects. At the beginning of the experiment, some students tried to place 

a marble on the balance in order to weight it. However, the spherical shape of the 

marble made it unstable when placed on the balance. Thus, they changed the way 

of measurement to measuring a bundle of marbles in a flask. Calculation is 

thereby encountered by the students when the way of measurement involves 

various apparatuses. That means that they can measure the weight of the flask. 

Then the students calculate the difference between the weights of flask with and 

without marbles. Therefore, the utilization scheme of the tools is changed due to 

an actual manipulation of it. Additionally, different types of errors are generated 

from the different ways of finding the weight of a marble. 
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Episode 6.7 (Second lesson) 

Verbatim Code, Tool/Task 

Student 7: This is volume. This one is one hundred 

[mL], and that one is one thousand 

[mL]. Can we multiply it by ten? 

Discussion (Ss), A1/A2, 

Volume, ratio, 

multiplication 

Student 8: No. This is volume. Can we do that? 

We are now measuring weight. The 

units of weight and volume are 

different. The ratio of volume may not 

be equivalent to the ratio of weight.  

Discussion (Ss), A1/A2, 

Volume, Weight, Ratio 

 

The above conversation shows two students discussing the measurement of 

weights and volumes based on the flasks and the labels printed on them. Labels 

marked on the flasks facilitated the students to establish volumes in the estimation 

process, and the features of the tools stimulated the students to consider specific 

mathematics knowledge. 

6.6 Task 

The research lessons consisted of several activities the students went through with 

the guided questions on the sets of worksheets. The worksheets were distributed 

to the students at the beginning of the first lesson. The teacher collected the 

worksheets at the end of the first lesson for review and to comment on the first 

part of the work done by the students. At the beginning of the second lesson, the 

teacher distributed the marked worksheets to the students. Again, at the end of the 

second lesson, the teacher collected the worksheets and returned them to the 
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students at the beginning of the next lesson. Besides the worksheets, technological 

applications installed in the tablets (i.e. Keynote) were prepared for the students to 

present their experiments. In addition, an online evaluation form required the 

students to collect useful information from the other groups. 

6.6.1 Worksheets 

A set of worksheets (see appendix) consisting of seven questions was designed. 

The content of the worksheets was formally designed to enable the students to 

accomplish the aims and the objectives of the task, which inquired about the 

mathematical concepts of estimation and errors in measurement (see section 6.2). 

The worksheets were divided into three main parts which were 1) Design a plan to 

estimate the number of marbles in the large conical flask, 2) Carry out the plan 

and record the estimation process in Keynote and 3) Present and evaluate the 

estimation process (in Google Form). These parts were consistent with the flow of 

the lessons that the teacher had designed to enable the students to plan, act and 

review their estimation methods and handle the errors generated from the 

estimation processes.  

One set of worksheets was distributed to all groups in the first lesson so that the 

students could plan their experimental methods. Some groups were given an extra 

set of worksheets in the second lesson on which they were allowed to plan and 

implement two methods instead of a single one. The scenario below captures two 

implemented methods by a group. The methods were similar, concerning the ratio 

of weights of the flasks. With the first method, the students estimated the number 

of marbles by considering the ratio of the weights of the small and the large flasks 

with marbles. In the second method, the students modified the first method by 
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specifically multiplying the ratio to the weight of empty small flask instead of the 

flask with marbles. The modification was made in order to improve the accuracy 

of the first method. With the first method, the group holistically considered the 

weights of glass (i.e. material of the flasks) and clay (material of the marbles) at 

the same time. The second method considered the concept of weight; that ratio of 

weights should be applicable to objects made by the same material (i.e. the glass 

only). That meant the students separately measuring the weights of objects made 

by different materials in the second method.  

Table 6.1 Table of work done by a group 

Captured from the worksheets 

 

 

Picture 6.9a Extraction from worksheet done by a group of students 
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Picture 6.9b Extraction from worksheet done by a group of students 

Transcription for Picture 6.1.2a 

[Weight of a large conical flask with 

marbles] 1918.7 [g] 

[Weight of a small flask with 28 

marbles] 243.4 [g] 

1918.7 ÷ 243.4 

≈ 1919 ÷ 243 

= 7.897 

= 8 

The multiple of the big conical flask 

by the small conical flask 

8×28 = 224 

The estimated number of marble[s] in 

the big conical flask. 

Transcription for Picture 6.1.2b 

[Weight of an empty small flask] 80.7g 

[Weight of a marble] 5.6 [g] 

28 marbles = 5.6×28 = 156.8 [g] 

[Weight of a small flask with 28 

marbles] 243.4[g] 

 

(243.4×8 – 80.7×8) ÷ 5.6 

= (1947.2 – 645.6) ÷ 5.6 

= 1301.6 ÷ 5.6 

= 232.42857 

= 232 

big conical 
flask divide 
[by] small 

conical flask
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The two methods above, having similarities and differences, gave the teacher as 

well as researchers the opportunity to trace the cognitive development of 

mathematics knowledge. The modified method was more advanced compared to 

the first one since the measurements are separated according to the type of 

materials of the objects.  

In short, the worksheets acted as a pragmatic report collecting ideas from the 

students and about the implementation of the experimental processes. It also 

allowed the teacher and the students to review their work at different moments.  

6.6.2 Keynote (Presentation software) 

Besides the worksheets guiding the students to plan and to record the experiments, 

the teacher assigned students to present their methods through an application 

installed in the tablets called Keynote. The teacher created a template in Keynote 

consisting of questions guiding the students to discuss certain critical issues. Some 

questions in Keynote were similar to those in the worksheets. To differentiate, the 

aim of the worksheets was to guide the students to systematically plan and record 

the experiments while the use of Keynote structurally helps the students present 

the experiments to other groups. However, in some respects, certain functions of 

the worksheets and Keynote overlapped when not playing specific roles on their 

own. Thus, the students worked on the worksheets and Keynote in an intertwined 

way. 

Episode 6.8 (Third lesson) 

Verbatim Code, Task/Tool 

Teacher: …You need to add the red line, now,  
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this last slide is, did you use anything 

from Chapter 5 that has been used in 

the marble activity? What have you 

learnt in Chapter 5, did you use it, in 

this activity? Let me have a quick go 

through it. If you have textbook 

Chapter 5, please take it out. Because 

you may use the terms to do this slide. 

Chapter 5 textbook. You look at, have 

you typed already? The new one 

already changed. You have downloaded 

the first one in the last lesson or 

previous lesson. You haven’t gotten 

this? Okay. And then you also add a 

bracket please. You do many things in 

Chapter 5, but the thing related to 

estimation or reducing error, is this 

part. Did you use the idea or strategy in 

your estimation process? Is it okay? 

This is something I want you to correct. 

Now I go to your textbook, you will 

look at the summary, page 5, point 3.9, 

summary… 

Referring to textbook, A3, 

Textbook 

 

Referring to task, A3 
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On the worksheets and in Keynote, the teacher required the students to connect 

strategies of reducing errors previously learnt with the tool-based experiments. 

The mathematical ideas of identifying errors and strategies for reducing them 

should be recorded in Keynote in such a manner that they can be presented to the 

other groups. 

6.6.3 Online evaluation form (Google Form) 

In the jigsaw presentation, students not only had opportunities to present the 

experiments but also listened to the methods implemented by other groups. 

Episode 6.9 (Fourth lesson) 

Verbatim 

Teacher: Also, this Google Form, later will generate an Excel file. Then I can 

post onto the MOODLE [Online platform that students can access] 

so that you can see all groups’ evaluations. Look at your worksheet, 

page four, turn to page four. This will give you the comment. You 

have to base it on the comment, put down one or two lines as their 

main comment to you. Tonight, worksheet page four should be 

finished. When you see the Excel file in the MOODLE, you have to 

complete page four. You summarize their comments and put down 

how people think about you. 

 

Episode 6.10 (Post fourth lesson interview with teacher): 

Translation from verbatim in Chinese transcriptions 

Teacher: A question at the end of the worksheet asks students to modify the 
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experiment in order to seek improvement. It can be a reduction of 

errors during the experimental process. It can also be a reflection 

of their own experiment. After knowing other methods, the students 

can also be open-minded, learning from the methods done by other 

groups. 

 

The Jigsaw presentation allows the students to exchange ideas among different 

groups. The students can get to know other groups’ methods by listening to others’ 

presentations and have opportunities to reflect on their own methods by receiving 

comments from other groups. The online evaluation form gathered all inputs from 

the students according to the presentations. This kind of collective activity 

facilitated the interchange of ideas between various groups within the presentation 

lesson. In addition, it also allows the students to communicate beyond the lesson.  

6.6.4 Jigsaw presentation 

Episode 6.11 (Post fourth lesson interview with teacher): 

Translation from verbatim in Chinese transcriptions 

Teacher: Everyone should be taking actions. Listeners answer the online 

evaluation form while they are listening. Presenters can present 

professionally so that others do not give a low score in the 

evaluation ... but I think the most important idea [for this 

presentation] is to provide an opportunity for presenters to tell 

others their thoughts. 

 



223 

Combining Keynote and the Google Form, the students play different roles in the 

presentations. The home-groups (i.e. sub-groups with responsibility to present) 

use Keynote to present their experiments to other groups; while the visit-groups 

(i.e. sub-groups attending others’ presentations) fill-in the Google Form for 

commenting. In the end, both sub-groups exchange their views so that all can 

access the comments from others and give feedback using the online platform. 

6.7 Mathematics to be taught 

In general, the learning objectives of the series of five research lessons were 

designed with several aspects in mind. Mathematical considerations in the process 

of planning and implementing the experimental methods included the concepts of 

mass (weight), volume and surface area of concrete objects, errors produced from 

actual measurement processes and methods for reducing the errors. These were 

regarded as the mathematics to be taught in the design of the lessons. The teacher 

prompted the students to solve the estimation problem through hands-on 

manipulations of tools in the process of planning, implementing and reviewing the 

methods.  

Mathematics knowledge was anticipated being constructed through the process of 

students’ planning of methods, implementing the methods by manipulations of 

tools, and reviewing the methods through presentations and discussions. 

Specifically, measurement errors and corresponding reduction strategies emerged 

only through the students’ manipulations of the tools in the experiments. I will 

discuss now the mathematics knowledge in detail through different theoretical 

aspects in later section of this chapter.  
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6.7.1 Misconception 

Misconception was captured during the implementation of apparatuses in the 

experiments concerning the concepts of weight and volume. The students in one 

group were confused when handling with these two concepts. 

Episode 6.12 (Second lesson) 

Verbatim Code, Tool/Task 

[A group of students are measuring the volume of 

marbles with a displacement can.] 

Manipulation, A1, 

Displacement can, 

measuring cylinder 

Student 9: Drop them [marbles] one by one. Discussion (Ss), A1, 

Gesture 

Student 10: Water is pouring out. Drop them one 

by one. 

 

[A student from the group drops marbles one by one 

into the displacement can, another student collects 

leaking water in a cylinder.] 

 

Student 10: It is pouring out. Drop ten marbles. 

And then divide [the volume 

measured] by ten. Wait for pouring out 

all water. 

Discussion (Ss), 

A1,Division 

Student 11: Much water.  

Student 10: When will it end? It’s okay now. How 

many? You put it in a horizontal place. 

Discussion (Ss), A1, 

Gesture 

[The student puts the cylinder on the table and marks Manipulation, A1, Gesture 
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the horizontal water level.] 

Student 11:  Twenty-three [mL]. Discussion (Ss), A1 

Student 9: Twenty-three and one. It is in the 

middle [of the marks].  

 

Student 10: No. Here’s a mark. It’s twenty-three. 

[Pointing to the cylinder.] 

Discussion (Ss), A1, 

Measuring cylinder 

Student 11: Two point three grams? Discussion (Ss), A2 

Student 10: Two point three grams? However, we 

previously found five point four. 

 

Student 11: Let’s measure it once more. Manipulation, A1, 

Displacement method 

Student 10: We got five point something.  

Student 11: We got five point four.  

[The group refills the displacement can and repeats 

the displacement method again.] 

Manipulation, A1, 

Displacement method 

 

Episode 6.13 (Post second lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Teacher: I think the students mixed up the concepts of mass [weight] and 

volume. They thought that the ratio of mass equals the ratio of 

volume or vice versa. Thus, I saw two groups of students using 

electric balances to weight empty small flasks. They applied the 

ratio of mass as the ratio of volume. They were also confused. The 

reason for confusing these two concepts [weight and volume] is 
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that they have not previously encountered these two measurements 

at the same time. When these two concepts are taught separately, it 

will not make any problem. That is to say, the ratios are the same. 

They thought 100g equals to 100cm3. But now, they know there is a 

problem. 

 … 

Teacher: They [the students] may have an idea that bigger volume will have 

bigger mass. They may have this general feeling about these two 

concepts. 

 

The students got a value (i.e. 2.3) by measuring the poured out water from the 

displacement can, while they also weighed the marbles on the electric balance to 

get the average weight of a marble (i.e. 5.4). Then, the students repeated the 

displacement method since they had found that those two measured values were 

different. In fact, in the displacement method, the obtained value was associated 

with the concept of volume. Instead, the average weight of a marble obtained 

from the electric balance was related to the concept of mass. The students 

anticipated that the results of these two measured values should be the same, or at 

least the numbers should be very close to one other due to the measuring errors. 

Thus, it shows that the students have a misconception about discerning the 

concepts of volume and weight through different measuring methods. 
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6.8 Coding analysis 

I coded the transcriptions of the research lessons with initial and narrative codes. 

Meanwhile, three activity phases of didactical cycle also act as a frame from 

which to categorize the interactions in the lessons for analysis. Additionally, I also 

analysed the data by the targeting theme, examining the interactions in the lessons 

from the aspects of tool and task orientations. 

An example of coding is shown as follows. 

Verbatim Initial coding Narrative coding AP, 

Tool/Task 

Student 12: There’re some 

spaces inside [the large 

flask]. 

A student 

talks about 

empty space 

between the 

marbles. 

Discussion (Ss) A1/A2, 

Flask, 

empty 

spaces 

 

6.8.1 Coding results  

The table below is comprised of all narrative code generated from the initial codes 

in the case. Brief descriptions correspondingly depict the situations happening in 

the research lessons.  
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Table 6.2 Table of narrative codes and its descriptions 

Narrative code Brief description Activity phase in 

didactical cycle 

Arrangement 

(Classroom) 

Teacher conducts lessons in laboratory 

Teacher introduces flow of 

presentation to students 

 

Arrangement 

(Grouping) 

Students formed into groups arranged 

by teacher 

A1 

Arrangement 

(Tool) 

Teacher physically arranges and 

distributes tools 

A3 

Arrangement 

(WS) 

Teacher briefly goes through questions 

on worksheets 

A3 

Clarification Teacher repeats students’ viewpoint 

and asks for clarification 

A3 

Comment from T Teacher gives comments to students 

based on their work 

A3 

Comparison Teacher compares values from 

different aspects 

A3 

Confirmation Teacher expresses her agreement 

toward students’ viewpoints 

A1/A2/A3 

Demonstration Students demonstrate their 

manipulations of tools  

A1/A2/A3 

Discussion (Ss) Discussion among students A1/A2 

Discussion (T & Discussion between teacher and A1/A2/A3 
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Ss) students 

Discussion (Tool) Discussion among students mainly 

focusing on features of tools   

A1 

Division of 

labour 

Teacher orchestrates students to take 

responsibilities as presenters, listeners 

and note takers 

 

Drawing Students graphically draw something; 

the graph excludes formulae and 

calculations 

A2 

Explanation (T) Teacher explains in detail  

Explanation (with 

tool) 

Students explain how to practically 

manipulate the tools 

A3 

Explanation 

(without tool) 

Students explain why/how to use 

particular methods; it does not involve 

any tool in the explanation 

A3 

Feedback from Ss Students give instant feedback in 

response to questions/comments from 

teacher 

A1/A2/A3 

Follow-up 

question to Ss 

Teacher raises instant questions 

according to the feedback/explanation 

from students 

A1/A2/A3 

Formula Students take formula as a 

consideration 

A2/A3 

Goal Teacher tells goal of lessons/tasks A3/ 

Guidance from T Teacher guides students to do/think; A1/A2/A3 
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different from ‘Comment from T’ and 

‘Instruction’ as she gives directions of 

considerations to students 

Instruction Teacher guides students to take certain 

actions to do something 

A1/A3 

Manipulation Students manipulate with tools A1 

Measurement Students manipulate a tool, 

specifically for measurements 

A1/A2 

Modification Students change the answers they have 

given 

A1/A2 

Presentation Presentation is started A3 

Process of lesson Teacher tells the students the flow of 

the lessons, it can be considered 

together with ‘Arrangement 

(Classroom)’ 

A1/A3 

Question from Ss Students raise questions A1/A2/A3 

Referring to 

Keynote 

Questions in keynote are noticed  

Referring to 

textbook 

Teacher reminds students of contexts 

in textbook 

 

Referring to task Worksheets/questions on worksheets 

are noticed 

A3 

Referring to tools Teacher briefly introduces available 

tools and their usages 

A1/A2/A3 

Reminder from T Teacher reminds students of the time A3 
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(Procedure) limit for experiment 

Restriction Teacher talks about rules in 

experiment 

A1/A3 

Terminology 

(Math) 

Concrete mathematical terminology is 

captured 

A3 

Work after lesson Teacher tells students to work on 

certain things after lessons 

A3 

Wrapping up by 

T 

Teacher concludes critical points A3 

 

Table 6.3 Table of narrative codes categorized in three activity phases of 

didactical cycle 

Didactical interactions Narrative code 

Activity with tool 

A1 

Arrangement (Grouping) 

Confirmation 

Demonstration 

Discussion (Ss) 

Discussion (T & Ss) 

Discussion (Tool) 

Feedback from Ss 

Follow-up question to Ss 

Guidance from T 

Instruction 

Manipulation 



232 

Measurement 

Modification 

Process of lesson 

Question from Ss 

Referring to tool 

Restriction 

Individual production activity 

A2 

Confirmation 

Demonstration 

Discussion (Ss) 

Discussion (T & Ss) 

Drawing 

Feedback from Ss 

Follow-up question to Ss 

Formula 

Guidance from T 

Measurement 

Modification 

Question from Ss 

Referring to tool 

Collective activity 

A3 

Arrangement (Tool) 

Arrangement (WS) 

Clarification 

Comment from T 

Comparison 

Confirmation 
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Demonstration 

Discussion (T & Ss) 

Explanation (with tool) 

Explanation (without tool) 

Feedback from Ss 

Follow-up question to Ss 

Formula 

Goal 

Guidance from T 

Instruction 

Presentation 

Process of lesson 

Question from Ss 

Referring to task 

Referring to tool 

Reminder from T (Procedure) 

Restriction 

Terminology (Math) 

Work after lesson 

Wrapping up by T 

Others Arrangement (Classroom) 

Division of labour 

Explanation (T) 

Goal 

Referring to Keynote 
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Referring to textbook 

 

6.9 Didactical cycle 

Similar to other cases in the study, the theory of didactical cycle philosophically 

framed the analysis, in which three activity phases from the theory are used to 

categorize interactions in the research lessons. Firstly, I will separately analyse the 

activities in the lessons according to individual phases in didactical cycle. 

Secondly, I prominently focus on the transitions of the phases associated with 

pedagogical considerations of the teacher and learning of the students.  

6.9.1 A1 as starting 

Episode 6.14 (First lesson): 

Verbatim Code, Task/Tool 

Teacher:  We are going to do marble estimation. 

Marbles [Teacher is holding a marble 

in her hand and shows it to students], I 

guess you have played before. To 

warm up your mind, I have some 

marbles in the small flask. [The flask is 

shown to the students]. Now you just 

look at this, don’t take it out. Try to 

guess or estimate. You have good 

strategies and try to use them, okay? I 

will give you four minutes. You tell me 

Goal, Problem 

 

 

 

 

 

Restriction, Task 

Process of lesson 



235 

what you think. How many marbles are 

there? Group leaders, can you come to 

get… 

[Group leaders walk to the front of the classroom 

and get the small flasks with marbles.] 

Arrangement (tool), Flask, 

marbles 

Teacher: Every group now has marbles. Confirmation, A1, Marbles 

[Teacher walks to a group]  

Teacher: Any ideas? Question to Ss, A1, 

Marbles 

Student 13: I think it’s 25. Feedback from Ss, A1 

Teacher: You think that it’s 25? Your lucky 

number is 25. No reason? Maybe I 

give you some time. 

Question to Ss, A1 

 …  

[Teacher walks to the group]  

Teacher:  How many? Question to Ss, A1, Flask, 

marbles 

Student 13: 28. Feedback from Ss, A1 

Teacher: 28, so close, so what is your reason? Question to Ss, A1 

Student 13: We counted it from the bottom. Explanation, A1, Flask 

Teacher: You counted it from the bottom. How? 

You count it from the side? 

Follow-up question, A1, 

Flask, marbles 

[A student holds up the flask and shows the bottom 

of the flask to the teacher.] 

Demonstration, A1, Flask, 

marbles 

Teacher: Okay, and then you count it. How do Follow-up question, A1, 
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you get the 28? Flask, marbles 

Student 13: Each layer, it has a little bit less. Explanation (Tool), A1, 

Flask, marbles 

Teacher: Each layer you have a little bit less. 

And then you come up with 28? 

Confirmation, A1, Flask, 

marbles 

Student 13: Yes. Feedback from Ss, A1, 

Flask, marbles 

Teacher: Okay. [Teacher walks to next group.]  

 

To start the series of research lessons, the teacher introduces the objectives of the 

lessons in the first few minutes. The teacher formally tells the students some of 

the conditions (e.g. that the students are not allowed to take out the marbles from 

the flask; the students are allowed to use any tool in science laboratory) and 

guidance (e.g. the students should consider some ‘good strategies’ for the 

estimation) in the introduction. She also tells the students about the restrictions 

they might face as well as the key learning domains they should focus on in the 

experimental process. After this short introduction, the teacher asks the students to 

do a simple activity including manipulations of some tools. The aim of the activity 

prompts the students to experience a small scale experiment to prepare for 

generating ideas to solve the main problem. 

Theory of didactical cycle proposes that the mathematics lesson pedagogically 

starts with the activity with tools (i.e. A1). The research lessons, in general, 

conform to this model. However, before the actual manipulative activity with the 

tools, the teacher introduced the objectives of the lessons in order to orientate the 

students towards understanding the goals of the hands-on experiments (e.g. what 
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to manipulate and why to do it in that way) and other important issues (e.g. what 

mathematical domain they should focus upon). Specifically, the students should 

scientifically provide reasons for how and why they manipulate the tools in 

particular ways. 

In addition, the teacher’s interventions were essential in the activities with tools. 

In the latter part of Episode 6.14, teacher kept asking questions to probe the 

students’ level of understanding during their manipulations of tools. Some ideas 

were generated by the students during the actual manipulations of tools with the 

guidance of the teacher in the activity. 

In short, the teacher firstly introduces the problem in order to clearly tell the 

students how to start to think about the problem, to consider some restrictions, and 

to try experiencing manipulations of the tools. Therefore, to start the didactical 

cycle, the teacher gives an introduction to illustrate some anticipated constrictions 

and limitations the students might face in the processes of accomplishment of the 

task and manipulations of the tools. 

6.9.2 A1 and A2 intertwining 

Episode 6.15 (Second lesson): 

Verbatim Code, Task/Tool 

Student 14: There’re some spaces inside [the 

large flask]. 

Discussion (Ss), A1/A2, 

Flask 

Student 15: Every marble has space [between 

marbles]. 

Discussion (Ss), A1/A2, 

Marbles 

Student 14: If we use the small flask to estimate Explanation (tool), A1/A2, 



238 

the large flask, there will be errors, 

since there’re spaces between 

marbles. 

Flask & marbles 

Student 16: Then it’ll not be accurate. Discussion (Ss), A1/A2, 

Accuracy 

 …  

[Students are holding the small flask to compare 

with the large flask.] 

Manipulation, A1, Flask 

Student 15: Height [of the large flask] is twice of 

the height of small flask. 

Measurement, 

Manipulation, A2, Height 

& ratio 

Student 14: It’s roughly two times. Discussion (Ss), A2, Ratio 

Student 15: If it’s roughly two times [of the 

height], what will be the proportion of 

the weights? 

 

Student 14: How many faces should it have?  

Student 16: One, two…We should try to measure, 

to cover… 

Manipulation, A1/A2, 

Flask 

 

The above episode illustrates a group of students comparing the small and large 

conical flasks in order to find the ratio of their volumes. A student first considers 

the empty spaces between the marbles inside the large flask. Another student 

points out that these spaces led to the inaccuracy of the comparison. After that, the 

discussion changes to consideration of the proportion of the volumes of the flasks 

by comparing heights and surface areas. By using the activity phases of didactical 
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cycle as analytical themes, Episode 6.15 demonstrates that the students are 

conducting activities with the flasks. Moreover, the students were, at the same 

time, generating mathematical ideas and providing mathematical reasons in the 

discussion while the tools are being manipulated. Therefore, individual production 

of signs obviously emerges during the process of the tool manipulations. It shows 

that the phases of ‘A1’ and ‘A2’ are intertwined, and thus, are sometimes difficult 

to discern from each other. 

Episode 6.16 (Second lesson): 

Verbatim Code, Task/Tool 

Student 17: The height is two times that. [Student 

comparing the heights of large and 

small flasks.] 

Measurement, A2, Flasks 

Student 18: Approximately two times. Confirmation, A2, Flasks 

Student 17: Let’s think about its cross-section. 

That is the weight of material. 

Discussion, A2, Flasks 

Student 18: How many should we cut? [By 

imagination] 

 

Student 17: This is one, two. Let’s measure it by 

placing small flasks around the large 

flask. 

Discussion, A1/A2, Flasks 

Student 19: Can do it like this. [The student 

compares] 

Manipulation, A1 

Student 17: This is 1, 2, 3, … Manipulation, A1, Flasks 
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Furthermore, since the students are conducting the experiments in groups, 

personal productions of signs are observed in that group members talk to other 

members in order to share their ideas. The personal productions during the tool 

manipulations form a new network of construction of signs in which productions 

from individual students are interchanged. This means that the productions can be 

viewed as a ‘group production of sign’, comprised of ‘individual production of 

signs’ through discussion among the group members. Group production of signs, 

hence, is more of a fit to the situation where the students in groups collaboratively 

produce, construct and justify mathematical ideas. 

In brief, these two activity phases in didactical cycle (i.e. A1 and A2) are 

intertwined with each other, especially in group works. Theoretically, there are 

several interactions observed in the discourse. One is the interaction between tool 

and student (i.e. the manipulator). This was obviously categorized as the activity 

with tool (i.e. A1). At the same time, interactions between two students, or among 

students, also emerges in which the productions of signs (i.e. A2) is obviously 

observed (or at least the students communicated according to the manipulations of 

tools in terms of formal or informal mathematical terminologies). 

6.9.3 Two types of Guidance in A3 

Episode 6.17 (Fourth lesson) 

Verbatim Code, Task/Tool 

Teacher: ‘Do I understand all they present?’ 

[Referring to questions from the form] 

Okay? For the first estimation method, 

Referring to task, A3, 

Google Form 
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you have to ask them [the question]. 

‘What is their estimation number?’, 

‘How many in the big flask’, ‘Is the 

number reasonable?’, ‘Do you think 

this number is reasonable?’, ‘Is there 

any possible error?’ If you have figured 

it out, put it down. For the second 

method, listen carefully and see you 

understand the second method. Put 

down the second estimated number. 

They may be different. Don’t worry, just 

record it down. ‘The second number, do 

you think it’s reasonable?’ ‘Do you 

recognize any possible error?’ Possible 

error. You just need to put down your 

ideas, no need to worry. Overall 

performance… 

 

 

 

 

 

 

 

 

 

 

 

Guidance, A3, Google 

Form 

 

Episode 6.18 (Fourth lesson) 

Verbatim Code, Task/Tool 

Teacher: When you are a listener, you need to 

tell me which group you are listening 

to. Which group. Let’s say, I go to 

group number 4 to listen so I should 

Guidance, A3, Google 

Form 

Referring to task, A3, 

Google Form 
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tick group number 4.  

 

The above episodes demonstrate two different types of ‘Guidance’, illustrating 

how the teacher guides the students to work on a task (i.e. the Google Form). Both 

episodes consist of the code ‘Guidance’. However, there are some differences in 

its contents which the teacher discusses with the students, that is, the details of the 

questions listed on the Google Form in these two episodes. In the first episode, the 

teacher goes through the questions concerning the mathematical contents of the 

questions. The aim of the actions is to guide the students to understand the 

prominent mathematical domain inquired of in the questions. In the second 

episode, the teacher guides the students to technically fill-in the necessary items 

on the Google Form. This action did not conceive mathematical knowledge but 

pragmatically helped the students finish the task. 

In some scenarios, the teacher has instructed the students by going through 

questions in the task. By verbally repeating the questions in the task, the teacher 

provides guidance to the students in two different ways: mathematically giving 

hints to the students (e.g. see Episode 6.17) or guiding them as to what is 

irrelevant to mathematics knowledge and comparatively less important than the 

first function. This practical guidance assisted the students in collecting and 

managing data in order to successfully complete the task.  

These two types of guidance emerged in the situations where the teacher had 

either mathematically guided the students to focus on specific contents in the 

questions of the task or pragmatically instructed them to technically complete the 
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task. The latter scenario was similar to the situation where the teacher technically 

taught the students how to manipulate some tools which was found in A1. 

6.9.4 Collective production of signs (A3) 

Episode 6.19 (Third lesson): 

Verbatim Code, Task/Tool 

Teacher: To measure some short distances. 

Ruler, calculator. Displacement cans. 

Anything you like, you think that our 

lab can provide, you can also tell me. 

There are different papers, graph 

papers also. And the A3 papers for 

drawing. So some small flasks with 

marbles and the large one. You are 

welcome to take photos of these. Now 

you have twenty minutes. Okay? You 

may start now. 

Referring to tools, A3, 

Available tools 

 

 

 

 

 

Process of lesson 

[Students start to prepare for Keynote presentation] Manipulation, A1/A2 

[Teacher walks to a group]  

Teacher: What method did you choose? Question to Ss, A3, 

Method 

Students: Water. Feedback from Ss, A3 

Student 20: The volume of a marble and then 

multiply the approximated number 

inside the big flask. 

Explanation, A3, Method 
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Teacher: Okay. You said you can’t measure the 

volume of a marble?... 

Clarification, A3, Method 

 

In the second and third lessons, some groups of students are conducting two 

rounds of experiments. At the beginning of the third lesson, the teacher is 

wrapping-up the work done by the students in the first two lessons. She finds that 

some tools (e.g. displacement cans and callipers) have not been chosen by the 

students. Thus, she reminds them that there are some available apparatuses in the 

laboratory and of their usages at the beginning of the lesson. This elaboration is 

viewed as an activity giving feedback to the students according to the work done 

in previous lessons. After this, the teacher tells the students to start preparing for 

the presentations as well as wrapping-up the ideas of experiments done in 

previous lessons. 

The preparation of the presentations was to complete the slides in Keynote, which 

presents the processes of experiments in a digitalized way. The students, in this 

process, summarize the flow of the experiments and organize the collected data 

for the presentations. This process includes photo or video recordings of the 

experiments. Therefore, some groups might repeat some procedures of the 

experiments even though they have already completed the manipulation processes. 

In the episode, the teacher has conducted the activity with tools together with a 

collection of students’ ideas. In the first two lessons, the students in general 

experience two cycles of didactical cycle: they manipulate with the tools, 

complete a part of the worksheets and discuss with the teacher. The students have 

experienced two rounds of activities with tools, productions of mathematical ideas 
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and collective sign activities in previous lessons. In the lesson, for instance, the 

teacher prompted the students to express their ways of implementing methods 

without further requiring them to manipulate any tool. It shows that the teacher 

anticipates the students producing certain ideas based on previous experience of 

conducting the experiments rather than generating ideas from actual 

manipulations of the tools. Thus, the activity phases in didactical cycle are not 

transited in a similar way to the previous cycles. 

6.9.5  Transitions of phases 

In this section, I will discuss the analysis of transitions of the activity phases in 

didactical cycle. There were several directions of transitions found in the research 

lessons.  

6.9.5.1  A3 to A1 

This case consisted of a series of research lessons, thus, it was essential to 

investigate the flow of the lessons especially the transition of lessons that gave the 

teacher an opportunity to inspect the work done by students during the gap 

between the lessons. In the first lesson, the teacher collected the worksheets 

consisting of the first methods planned by the students. She then studied the first 

methods and found that there were similar approaches proposed by the students. 

In order to generate a wider range of methods for the investigation, as well as 

discussions, the teacher provided an informative introduction at the beginning of 

the second lesson stimulating students to not only consider weights but also 

volumes of objects in the experiments before the next cycle of planning and 

manipulating. Thus, a new cycle was started with the teacher’s interventions, 

which guided the students to consider specific mathematical domains. 
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Episode 6.20 (End of first lesson) 

Verbatim Code, Task/Tool 

Teacher: Okay. Upload Keynote please. You 

should change your file name, 

otherwise the other file will over-write 

your existing Keynote. Hand in your 

worksheet now. I want to see how fast 

your group is. You still have one 

[worksheet], keep it in your own group. 

So next lesson I will give you the first 

one, but you can still use the second 

one to think about that. Okay. Take out 

your iPads if you are finished. Your 

lesson has to end.  

Guidance, A3 ,Keynote & 

worksheets 

 

Episode 6.21 (Start of second lesson) 

Verbatim Code, Task/Tool 

Teacher: Thank you. Now, you have turn in the 

first plan to me already. And I’ll 

discuss your plan in a moment. You 

should still have the second worksheet. 

Is it there? 

Guidance, A3, Worksheets 

 …  

Teacher: Let’s have a very short discussion Goal, A3, Methods 
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about your work yesterday. So 

remember, last time, our aim was to 

guess the number of marbles in the 

flask. But the limitation is that you 

cannot take out the marbles, you do 

not have the empty large flask. This is 

the thing you need to remember, 

otherwise, it won’t be challenging.  

 

 

Restriction, A3 

 …  

Teacher: Now, let me just give you some 

feedback. I find three things. One is 

that we have very similar approaches. 

All groups used electric balance to 

measure weight. Why do you think so 

similarly? [Pause] Is it your original 

idea? Or did you see other people 

doing it so you did it too? 

Wrapping up, A3, 

Methods & electric 

balance 

 

Question to Ss, A3 

Student 21: Original. Feedback from Ss, A3 

Teacher: Oh, your original idea. How many had 

an original idea? [Teacher raises her 

hand.] 

Follow-up question to Ss, 

A3 

[Some students raise their hands] Feedback from Ss, A3 

Teacher:  Um. Okay. Now. Do you know we can 

have different ways? This lesson, you 

have a choice. If you still continue to 

Guidance, A3, Methods 
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this approach, then you try to reduce 

the error. Do you know, reduce the 

error. Now your textbook has a page, 

taking about how to reduce error. 

 

Referring to textbook, A3 

 …  

[Teacher reviews Chapter 5 regarding estimation 

and errors with students.] 

 

Teacher: Now you may try, you have twenty 

minutes. You can go to see the 

apparatuses at the back. 

Instruction, A1, 

Apparatuses 

[Students started second round of experiments.] Manipulation, A1 

 

In the first episode, the teacher ended the first lesson by collecting the worksheets 

on which the first part was completed. She analyses the methods and summarizes 

them before the next lesson. The teacher reveals in the post-lesson interview (i.e. 

after the first lesson) that she found the students had similar approaches in their 

plans which used the electric balance as a single tool in the experiments. In order 

to produce various types of errors using different tools, the teacher inserted 

another task which asked the students to plan an extra method, or method two, 

which was optional for them. If a group had two methods, they could then make 

comparisons between the two methods. Moreover, the teacher asked the students 

to mathematically consider the errors throughout the experiments. Therefore, 

Episode 6.21 shows the teacher wrapping-up some ideas that she had observed in 

the first lesson and the prompting the students to focus on the errors in the 

estimation processes. To remind the students about the content of errors, she 
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reviews a summary of a chapter of textbook regarding this particular topic. In 

short, the collection activity (i.e. A3 in didactical cycle) connects two consecutive 

lessons, where the teacher gathers the students’ works and analyses it for next 

cycle. In addition, discussion between the teacher and the students was held in 

order to share ideas generated in previous activities. 

6.9.5.2  A2 to A1 

In section 6.9.2, I discussed how the phases of activity with tools (i.e. A1) and 

personal production of signs (i.e. A2) intertwined with each other. It was difficult 

to discern these two phases since the students were producing written and verbal 

forms of signs while manipulating the tools. These phases simultaneously 

appeared, especially when students were formed into groups, so that each member 

had their own duties. For example, some group members manipulated the 

container while others took notes on the worksheets. In the same group, although 

they were taking different responsibilities, they shared ideas through discussion 

during their duties. 

Episode 6.22 (Second lesson): 

Verbatim Code, Task/Tool 

Student 22: The height is two times that. [Student 

comparing the heights of large and 

small flasks.] 

Measurement, A2, Flasks, 

empty spaces 

Student 23: Approximately two times. Confirmation, A2, Flasks 

Student 22: Let’s think about its cross-section. 

That is the weight of material. 

Discussion, A2, Flasks 
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Student 23: How many should we cut? [By 

imagination] 

 

Student 22: This is one, two. Let’s measure it by 

placing small flasks around the large 

flask. 

Discussion, A1/A2, Flasks 

Student 24: Can do it like this. [The student make 

comparison among the flasks] 

Manipulation, A1 

Student 22: This is 1, 2, 3, … Manipulation, A1, Flasks 

 

When I analysed the lessons with the codes regarding the activity phases of 

didactical cycle, there was still some specific direction of transition, showing that 

the phases were changing from personal production of signs (i.e. A2) back to 

activity with tools (i.e. A1). The above episode shows that the students conform 

when comparing the heights and thickness (they use the term ‘cross-section’ in the 

discussion) of the flasks to estimate the weight of the large flask. They critically 

set ‘heights’ and ‘thickness’ as comparable features of the flasks which are two 

measurable and comparable variables. These features as well as their 

mathematical concepts are viewed as prominent signs generated. After the 

production of signs, the students moved on to manipulate tools to compare these 

features. Therefore, it was apparent that the phase of production of signs is 

followed by activity with tools. 
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6.9.5.3  A3 to A1 to A3 

Episode 6.23 (Fifth lesson): 

Verbatim Code, Task/Tool 

Teacher: …You know in the first lesson, you are 

very eager to find the weight of the 

empty large flask. Now, I will give you 

that. I give you the mass. Then do you 

know how to calculate it? This time is 

really the calculation now. It is not 

[just] estimation. 

Question to Ss, A3, 

Measured data 

Students: [Inaudible voice]  

Teacher: You say it louder. [Pointed to a 

student] 

 

Student 25: Ar, 1918.7 [Weight of large flask with 

marbles] minus 333.8 [Weight of 

empty large flask], and then divided 

this result by the weight of one marble. 

Explanation (with tool), 

A3, Flask 

Teacher: Oh. The weight of one marble, who has 

measured that? Have you? 

Follow-up question, A3, 

Weight of marble) 

Student 25:  Six [grams] Feedback from Ss, A3, 

Weight of marble 

Teacher: Six? Exactly six? Confirmation, A3 

Student 25: No, that is the average. Feedback from Ss, A3, 

Average 
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Teacher: Average, good, how can you take the 

average? Can you tell us your … 

Follow-up question, A3, 

Average weight of marbles 

Student 25: The weight of five marbles together, 

and then divided the results by five. 

Explanation, A3, Method 

of taking average 

Teacher: Good, your average weight is done by 

five marbles, the weight of five marbles 

divided by five. Okay. 

Confirmation, A3, Method 

of taking average 

[Teacher writes down the steps of calculation on the 

blackboard] 

Confirmation, A3, Method 

of taking average 

Teacher: Why don’t we just measure one marble 

directly? What do you think? 

Question to Ss, A3, Weight 

of marble 

Student 25: Because the weight of different 

marbles may not be the same. 

Explanation (with tools), 

A3 

Teacher: Have you checked it? Follow-up question, A3 

Student 25: Yes. Feedback from Ss, A3 

Teacher: You find different marbles have 

different weight. That’s why you chose 

five marbles. Can you help me to get it 

now? 

Instruction, A3, Method of 

taking average 

[Teacher asks the student to measure five marbles by 

using the electric balance in front of the whole 

class.] 

 

[Camera goes to the student who is using the 

electric balance] 

 

Student 25: 28.6 [grams] Demonstration, A1, 
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Weight of marbles, electric 

balance 

Teacher: 28.6 divided by five, so this is about, 

how many? 

Question to Ss, A1 

Student 26: 5.7 [grams] [Exact 5.72] Feedback from Ss, A1, 

Calculation 

Teacher: About 5.7g. Never mind, this time we 

make it more… 5.72. When it is 

divided by five. Is it that you subtract 

the total from the weight of the empty 

flask first? Is it? You just mentioned 

that. [Teacher writes: 1918.7 – 333.8 

on the blackboard] And then what is 

the next step? 

Confirmation, A3, 

Calculation 

 

In the last research lesson, the teacher wraps-up the whole process of experiments 

and discusses this with the students. The above episode illustrates a usual practice, 

the way of discussion between the teacher and the students, with the teacher 

asking the students about the methods they used in previous lessons. In addition, 

she adds a question with an assumption in order to encourage the students to think 

about alternatives to the estimation problem. With the given assumption, the 

students were able to plan a new way using the additional data to estimate the 

number of marbles in the flask. In this instance, the teacher required one of the 

students to demonstrate the way of finding the weight of a marble by actual 

manipulations of the electric balance in the class. Weighing five marbles instead 
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of a single one was a strategy in estimation that eliminated errors. In this 

particular case, an activity with tools was conducted at that moment with the aim 

of demonstrating this to all students. 

Specifically, the tools not only acted as mediators but also played a role as 

interpreter to give mathematical reasons through their manipulations. This tool 

manipulation activity was not aimed at the production of sign but illustrates the 

process of measurement, which is viewed as evidence for reducing errors. After 

the demonstration, the teacher discussed with the students the measurements and 

calculations they had done in the experiments. Therefore, Episode 6.23 shows that 

transitions of activity phases of A1 and A3 are in dual directions. 

6.9.5.4  A3 to A2 

Episode 6.24 (Fifth lesson): 

Verbatim Code, Task/Tool 

Teacher: …Here, in fact, if you check the 

marking, you can use the volumes to 

get it. But of course you have to 

calculate the empty space. I guess you 

can use the measuring cylinder to 

measure the empty space. Can anyone 

give me an idea? Is it using volume? 

Any group use volume? 

Question to Ss, A3, Empty 

space between marbles, 

volume, measuring 

cylinder 

Student 27: But we didn’t count the empty space. Feedback from Ss, A3, 

Method 
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Teacher: You forgot to count the empty space? 

Okay. Let me see your work. [Teacher 

is looking at Keynote] Thank you very 

much … You don’t have that step. 

That’s why I don’t know your 

calculation. Okay. Can you explain 

more to me? You multiply it by ten, 

right? Why you multiply by ten? 

Comment from T, A3 

 

Referring to task, A3 

 

 

Question to Ss, A3 

Student 27: Without empty space. Then we make it 

11 times which may include the empty 

space. 

A2, Empty space, ratio 

 

The above episode reveals that the teacher has discussed with the students 

consideration of the empty space between the marbles inside the flasks in the last 

lesson. The teacher asked the students about the way of eliminating the error 

concerning the empty space inside the flask with the marbles. A group of students 

replies that they did not take it into account. However, they propose a new way of 

discerning the empty space by adjusting the ratio of the volumes of the large and 

small flasks. This approach was newly proposed by the group, which is regarded 

as a production activity (i.e. A2) that takes place during the discussion between 

the teacher and the students. 

The interactions between the teacher and the students leads the situation, and the 

collective activity (i.e. discussion between the teacher and the students) stimulates 

the students to produce new ideas where there is no actual manipulation of the 
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tools emerging. Therefore, in this case, the episode supports the transition of 

activity phases from A3 back to A2. 

6.9.5.5  The didactical interactions 

Transitions of the activity phases generally follow the directions proposed by 

didactical cycle, in which the students manipulate tools to produce personal 

artefact signs followed by collective production activity orchestrated by teachers. 

There are some reverse directions of transitions in the activity phases found in the 

flows of the research lessons. As captured in the previous section, although the 

activity with tools and individual or group productions were intertwined, the 

transiting direction from A2 to A1 emerges. In addition, the phases of A1 and A3 

were found to be transiting in dual directions when the students manipulate tools 

as demonstration. Moreover, collective production activity was manifested, 

followed by students’ production, while manipulation of tools was skipped. 

To sum up, I propose a modified didactical cycle by embedding reverse directions 

from phase to phase which forms a new network named didactical interaction. 

 

Figure 6.10 Didactical interactions in the case 

Individual 
production of 

signs (A2)

Collective 
production of 

signs (A3)

Activities 
with artefact 

(A1)
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6.10 Tool-Task dialectic 

In the analysis framed by didactical cycle associated with the narrative codes 

generated from the transcriptions, an observation regarding the focus of the 

interactions in the research lessons was significantly raised. The interactions have 

been theoretically analysed by the activity phases in didactical cycle. In addition, 

these interactions engage in serving certain aims. Here, I will use an example to 

illustrate how this insight can be made. When I categorize a conversation among 

two students as individual production of signs (i.e. A2) according to the theory of 

didactical cycle, the topic and the concentration of the conversation (or as I called 

it, orientation of the conversation) is critically prominent in the analysis that leads 

the development of mathematics knowledge. In addition to the observations of the 

series of research lessons, all these captured orientations can be discerned into two 

categories, named ‘tool-oriented’ and ‘task-oriented’. In between these two 

orientations, moreover, an overlapped orientation which combines with both tool- 

and task- orientations can be observed. 

The following sections present several interrelations between the tool- and the 

task- orientations. 

6.10.1 Familiarity with tools and task 

At the start of the research lessons, the teacher introduced the aim of the lessons: 

to inquiry about the number of marbles in the large conical flask through 

estimation process. She gave a ‘level one’ task to the students to estimate the 

number of marbles in a small conical flask. This small scale task led the students 

to experience planning of methods and become familiar with the manipulations of 

the apparatuses in the learning environment (i.e. the science laboratory). 
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Episode 6.25 (First lesson): 

Verbatim Code, Task/Tool 

Teacher:  We are going to do marble estimation. 

Marbles [Teacher holds a marble in 

her hand and shows it to the students], 

I guess you have played before. To 

warm-up your mind, I have some 

marbles in the small flask. [The flask is 

shown to the students]. Now you just 

look at this, don’t take it out. Try to 

guess or estimate. You have good 

strategies and try to use it okay? I will 

give you four minutes. You tell me what 

you think. How many marbles are 

there? Group leaders, can you come to 

get… 

Goal, Problem 

 

 

 

 

 

Restriction, Task 

Process of lesson 

[Group leaders walk to the front of the classroom 

and get the small flasks with marbles.] 

Arrangement (tool), Flask, 

marbles 

Teacher: Every group now has marbles. Confirmation, A1, 

Marbles 

[Teacher walks to a group.]  

Teacher: Any ideas? Question to Ss, A1, 

Marbles 

Student 28: I think it’s 25. Feedback from Ss, A1 
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Teacher: You think that it’s 25? Your lucky 

number is 25. No reason? Maybe I give 

you some time. 

Question to Ss, A1 

 

Episode 6.26 (First post-lesson interview with teacher) 

Translation from verbatim in Chinese transcriptions 

Researcher: How can this level one activity [estimation in small conical flask] 

help students to do the level two activity [estimation in large 

conical flask]? 

Teacher: I hope that the students can learn how to estimate through level 

one activity with reasons, not by wild guessing. This estimation is 

not by wild guessing. There was a group that multiplied the 

estimated number found in level one activity by a factor to act as 

estimation in level two. I can’t say this method is no good as it 

may help students to have a better plan in level two activity. 

 

From the teacher’s perspective, the level one problem was viewed as a 

fundamental trial for the students in planning their methods. Moreover, when the 

actual number of the marbles inside the small flasks was revealed, the students 

knew the differences between the estimated values and the actual ones. Hence, the 

students could further interpret the differences so that the concept of errors 

emerges. This activity not only provides the students with opportunities to 

experience the estimation process but also instantly prompts them to construct 

mathematics knowledge. In addition, the students’ work also shows that they use 
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the results of the level one problem to solve the main problem. That means the 

main estimation methods include the strategies in the level one problem. 

 

                        

         

Figure 6.11 Tool-Task dialectic: To experience and get feedback 

6.10.2 Planning with reason 

Episode 6.27 (First lesson): 

Verbatim Code, Task/Tool 

Teacher:  …You will need some tools to help you. 

Any tools in the laboratory? Do you 

remember? You have many things that 

you have used. Metre ruler…There is a 

list of things that can lead you to do the 

work. These measuring tools, you 

choose and you can take photo. Now 

every tool you choose needs to be for a 

reason. Understand? You cannot just 

borrow everything. I have a chart, 

Question to Ss, A1, 

Apparatuses 

 

 

 

 

Guidance, A1, Reasons 

for using tools 

 

Referring to task, A1, 

Task 
(Level 1) 

Tool To experience how to use 

Task 
(Main 

problem) 
To produce data 
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table and I need you to explain. You 

don’t need to write in details. You just 

let me know what you use it to measure 

it. Measuring weight? Volume? 

Length? Something like[s] these. Is it 

okay? 

Reasons for using tools 

 …  

Teacher: Once you have decided what materials 

you want, you let me know, I’ll give 

them to you. 

Guidance, A1, 

Apparatuses 

[Teacher walks to a group of students.]  

Teacher: Write down your plan first. I will let 

you know after you finish your plan. 

Guidance, A1, Plan 

 

In the first lesson, after the students have experienced the level one problem, they 

plan methods for the main estimation problem, which is to ascertain the number of 

marbles in the large flask. The teacher requires the students to complete a table in 

the worksheets including names of apparatuses available in the science laboratory 

as well as their anticipated usages. At this particular moment, the students are 

given some of the apparatuses which were used in the ‘level one’ problem. The 

students were allowed to use the proposed tools given that they had clearly 

explained their ways of using them. 
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Figure 6.12 Tool-Task dialectic: To plan 

This episode reveals a critical situation in which the teacher has encouraged the 

students to ‘think’ about how to use certain apparatuses before actual 

manipulations of them take place. However, it also shows a pragmatic concern, in 

that the teacher wants the students to have experience of hands-on manipulations 

for planning methods. The ‘level one’ problem (see sections 6.3.1 and 6.10.1) 

serves this propose and makes the connection between ‘thinking’ and ‘acting’ 

processes. After this point, in the main problem, the students can plan for ways of 

using the tools associated with the estimation methods.  

6.10.3 Recording idea 

Episode 6.28 (First lesson): 

Verbatim Code, Task/Tool 

[Students are discussing according to the 

worksheets.] 

 

Student 29: There are volumes that occupy space 

[Empty space]. 

Discussion (Ss), A2, 

Flasks 

[Teacher joins the discussion.]  

Teacher: Put your idea in the paper 

[worksheets] first. I will let you … So 

you can borrow tools.  

Guidance, A2, 

Worksheets, apparatuses 

Task Tool To plan how to use 
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Student 30: So is it okay to choose one? Question from Ss, A2 

[Teacher teaches students how to fill-in the 

worksheets.] 

 

Teacher: This is the electric device that you 

borrow and then the reason that you 

chose is … 

Guidance, A2, 

Worksheets, electric 

balance 

Student 30: For measuring the weight of a marble 

and the conical flask. 

 

Teacher: Yes, so you write it down please. Instruction, A2, 

Worksheets, reasons 

[A student writes down the reason.]  

 

The above episode specifically illustrates how the teacher instructs the students to 

write down the planned methods as well as the proposed tools to be used in the 

methods. It relates to the process in which a group of students is verbally 

discussing how to use the electric balance. However, the teacher emphasizes that 

the students should formally record the usage of the tools in the task with which 

she was unsatisfied in the verbal production by the students. It shows that the 

teacher utilizes the worksheets (as a part of the task) to organize the students’ 

ideas and work. Therefore, the worksheets are playing a role as a reference point 

for the students to look back to when they are actually conducting the experiments. 

Thus, the task plays an important role in the production of signs, which record the 

students’ ideas for the construction of mathematics knowledge. 
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Episode 6.29 (Second lesson): 

Verbatim Code, Task/Tool 

Teacher: …You may not have time I guess, so 

you don’t have any writing [on the 

worksheets]. I just see you have got 

some measurements. This number 

doesn’t have any meaning. I don’t know 

what 640 is about. The weight of the 

flask? I am not sure. Then you explain 

it. Okay? And your calculations need to 

be more clear [written in worksheets]. 

Comment from T, A3, 

Worksheets, calculations 

 

The above episode reveals that the teacher treats the worksheets as an explanation 

of ways the students regarding the experiments. The teacher, on one hand, 

prompts the students to ‘tell’ something during the planning of the experiments, 

but on the other, requires them to clearly ‘record’ and ‘report’ the procedures of 

the experiments in the worksheets so that she can understand what they are 

thinking and doing. 

 

Figure 6.13 Tool-Task dialectic: To record 

 

Task Tool To record 
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6.10.4 Using tools as legitimation  

Episode 6.30 (Post lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Researcher: As you remember, there were two cycles of experiments. That 

means, in general, there were two experimental methods you could 

plan. 

Student 31: At the beginning, we started a method but stopped afterward. Then 

we focused on the second method. 

Researcher: The second method meant considering the masses? 

Student 31: Yes. 

Researcher: What was the first method? 

Student 31: We just directly observed and estimated the number of marbles by 

wild guess of its sizes. 

Researcher: Just wild guess? 

Student 31: Yes, we purely guessed by observation as the first method. 

Researcher: What did you focus on when you purely guessed? 

Student 31: Heights of the flasks. 

Researcher: Any other considerations? 

Student 32: We might have also considered the widths of the flasks [diameters 

of the conical flasks]. 

Researcher: What made you abort the first method? 

Student 31: It was not accurate as we did not use any tools for help. It was just 

by wild guess. 

Researcher: Do you mean that using tools would make the estimation more 
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accurate? 

Student 31: Since we want to find the mass of the large conical flask [in the 

second method], in this method, we should use the balance to do 

that. 

 … 

Student 32: In the first method, it was too ‘weak’. We did not collect 

information about the flask. Thus, in the second method, we tried 

to gather more information in order to have stronger evidence to 

support our estimation. Also fewer errors. 

 

In the interview, a group of students explain that they had two ways to estimate 

the number of marbles in the large flask. The first method was by ‘wild guessing’. 

Although the students used the word ‘wild’ in the first estimation method, it 

consisted of reasons that took the appearance of the conical flasks as a factor to 

make the guess. The appearance included height and diameter of the bases of the 

flasks. Hence, the students used the estimation problem to compare the 

dimensions of the flasks. Specifically, these dimensions were captured in the first 

method belonged to one-dimensional space, i.e. lengths. 

Due to the constraints of the tools in the first method, the students tried to 

consider a second method concerning weight. The second method was to use the 

electric balance to measure weights. There were two issues in the second method 

that made the students feel ‘more comfortable’ compared to the first method. One 

was that the students were using tools to manipulate (i.e. the electric balance) 

rather than putting the flasks here and there to make comparison. The second was 

that some values were generated in the measurements which gave objective 
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figures to the students for making further actions (e.g. calculations). Therefore, 

the second method involving use of electric balance to measure weights was 

adopted by the group. 

As a result, in certain senses, the students tended to use tools to legitimate the 

arguments by providing objective measured values to support their views.  

 

Figure 6.14 Tool-Task dialectic: To legitimate 

Nevertheless, while the second method was adopted, the students had to further 

consider the accuracy of using the chosen tools in the method. Thus, while the 

students confirm the use of the electric balance as a part of the experiment, their 

next concerns are what to measure and how to use the measured values. These 

considerations are prominently related to the aims of the task, which will be 

discussed in later sections. 

6.10.5 Exploring 

Episode 6.31 (Post lesson interview with students) 

Translation from verbatim in Chinese transcriptions 

Researcher: What do you think of the importance of implementation of plan? 

Student 33: We should implement the plan to see whether that plan worked or 

not. Sometimes we ‘imagine’ the plan is perfect, however, there 

will be many errors in its implementation. We should do it in our 

Tool Task To legitimate
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hands to see if it works or not. 

Researcher: Is there any example? 

Student 34: For example, we tried to compare the sizes of small and large 

conical flasks. However, when we were holding the flasks, we 

realized that the thicknesses of the flasks were different. 

 

On one hand, manipulations of the tools are based on the plans the students made, 

but on the other, the interactions between the students and the tools might change 

the original plans of the methods as some features of the tools restrict the methods. 

Thus, the students use tools, as mediators, to explore mathematically during 

implementation of their plans. It means that the students cannot not make any 

confirmation without actual manipulations of the tools.  

 

Figure 6.15 Tool-Task dialectic: To explore 

6.10.6 Creating method 

Episode 6.32 (Fifth lesson): 

Verbatim Code, Task/Tool 

Teacher: We try to avoid the difference of the 

weight in different marbles by this 

method [Weighing five marbles at a 

Comment from T, A3, 

Electric balance, method, 

errors 

Tool Task To explore
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time by electric balance]. Can you 

improve it? Since we have some error 

coming from here. Can you improve it? 

What about Group 5? [Pointing to 

Group 5] Any suggestion? Based on 

this part or this point, how can we 

improve it? [Pause]. 

 

 

Question to Ss, A3, 

Method 

  

 

Student 35: Measure more … marbles. Feedback from Ss, A3, 

Method 

Teacher: Measure more marbles. Good. How 

many? 

Follow-up question, A3, 

Number of marbles 

Student 35: Ten. Feedback from Ss, A3, 

Number of marbles 

Teacher: Ten. Yes. If you have more marbles, 

when you take the average, the weight 

can be more accurate. Okay. Very 

good. Good suggestion. 

Confirmation, A3, 

Method, number of 

marbles 

 

In the fifth lesson, the teacher conducted a reflection session, discussing with the 

students the implemented methods, errors and improvements in the methods. The 

teacher raises several questions addressing the errors and their reductions of the 

measurements. The above episode illustrates how the teacher recalled the students’ 

implemented method of measuring five marbles at a time instead of one marble. 

Additionally, the teacher points out that measuring a bundle of marbles helps 

them to eliminate the error arising from the diversified weights of different 
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marbles. Thus, she is prompting the students to provide the suggestion of 

measuring more marbles at one time for finding the average weight of a marble in 

order to reduce the measurement error. Although the discussion did not involve 

actual manipulation of tool (i.e. it was different from ‘Demonstration’ which was 

previously illustrated), the students answered based on their previous 

manipulations of the tools in the experiments (i.e. weighting five marbles at a 

time). The number of ‘ten’ revealed by the student was regarded as a reference 

number that was a possible number of marbles the students could measure. 

Importantly, this number should be larger than the original number implemented 

in the method to lead to an improvement of the measurement. 

 

Figure 6.16 Tool-Task dialectic: To create/generate 

6.10.7 Duplicating experiment 

Episode 6.33 (Post fourth lesson interview) 

Translation from verbatim in Chinese transcriptions 

Teacher: Students should ask themselves whether or not they can repeat 

experiments based on the methods used by other groups. If they 

have the confidence to repeat the experiments step-by-step, it will 

mean that they theoretically understand the methods. 

 

Tool Task To create/generate
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The teacher proposes an interesting view for confirming that the students are 

understanding a particular method: if they have the confidence to repeat the 

method themselves. It shows one assessment way that the teacher uses to evaluate 

the level of understanding among the students through their hands-on experiments. 

 

Figure 6.17 Tool-Task dialectic: To prove 

6.10.8 Connecting mathematics during manipulation of tools 

Episode 6.34 (Second lesson) 

Verbatim Code, Tool/Task 

Teacher: Um, Okay now. Do you know we can 

have different ways? This lesson, you 

have a choice. If you still continue to 

this approach, then you try to reduce 

the error. Do you now, reduce the 

errors? Now your textbook has a page, 

talking about how to reduce error. If 

you have got the textbook, you can 

have a look. First of all, about your 

measurements. You have to read your 

measurement correctly. And then the 

 

Goal, A3, Methods 

 

 

Referring to textbook, A3, 

Errors & textbook 

 

 

Guidance, A3, Accuracy, 

methods, measurements 

 

Tool Task To prove (understanding)
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second thing is you have to repeat the 

steps so that is it just by chance that 

you get this results or every time you 

will get this. So you try to reduce error 

in two different ways. This is two 

different approaches. One is to check 

that you measure it correctly and read 

the measurement correctly. Second 

thing is you try to repeat the 

measurement. See if every time like[s] 

that…  

 

The above episode reveals how the teacher guided the students at the beginning of 

the second lesson. The teacher firstly summarizes some common methods as 

planned by the students followed by telling them the goal of the second lesson. 

She allowed the students either to keep the same ‘approach’ (i.e. method planned 

in the first lesson) or plan another approach (i.e. alternative method) in the lesson. 

With respect to those methods, the teacher reminds them to consider mathematical 

contents learnt previously regarding the topic of errors. The strategies in the 

textbook are emphasized by the teacher. She tells the students to consider these 

strategies for reducing errors during the processes of measurements. The main 

idea of this introductory part is to pedagogically guide the students to think 

mathematically during the planning. In the episode, the teacher does not tell the 

students how to measure, but guides them regarding what should be focused upon 

in the measurements. It could be viewed as task-oriented guidance by the teacher. 
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Figure 6.18 Tool-Task dialectic: To concentrate 

For the importance of Tool-Task dialectic, the interrelations between the tool and 

the task were individually analysed. It was meaningful that the interrelations were 

simultaneously joined with the analysis of activity phases in didactical cycle, such 

that the topics/concentrations of the activities were prominently encountered. 

6.11 Summary of the case 

This series of five research lessons has consisted of an approximation problem 

requiring grade 7 students to scientifically estimate the number of marbles in a 

conical flask. The lessons along with pre-, post- lesson interviews with the teacher, 

post-lesson interview with the students and documentation (e.g. worksheets, 

reports of students’ online works, etc.) were chronologically presented. Task 

design in terms of worksheets, technological software and online evaluation, the 

tools and the students’ manipulations, were included in the analysis. 

In the analysis, framed by the theory of didactical cycle, the series of lessons went 

through at least two cycles while the students conducted more than two rounds of 

manipulation activities with the tools. In fact, some students manipulated the tools 

in every lesson in the science laboratory where they easily accessed the 

apparatuses. 

From the aspects of the task, it had several forms of representation in the case. 

The worksheets served as a tangible form of task that guide the students to plan 

Task Tool To focus on (mathematics) 
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the methods, record the procedures and review the experiments. Besides this, 

Keynote and Google Form (online evaluation form) in the jigsaw presentations 

play important roles not only in engaging the students into the problem but also in 

guiding the presenters and audiences to examine certain mathematical 

considerations. These tasks guide the students in the ways of asking them to 

answer certain pre-set questions, record the procedures for further calculations and 

actions, and reflecting on their own or others’ works by commenting. 

From the aspects of the tools, the apparatuses were manipulated by the students 

who took actions in the considerations of weights, volumes and surface areas. In 

addition, the students use the apparatuses to compare sizes including dimeters, 

heights, and thickness of the tools by various gestures. 

The students’ productions were observed mainly in verbal and written forms. 

Written forms of productions are generally found in the worksheets, Keynote 

presentation slides and the input of the online evaluation form. For the contents of 

the productions, the students were concerned with volumes, weights (masses) and 

surface areas in the experiments. The errors as well as the reduction strategies 

were also observed in the discussions in the research lessons. 

Coding analysis, including the narrative codes and the activity phases of didactical 

cycle, was applied to transcriptions of the research lessons in order to develop 

patterns of interactions. Again, the transitions of the activity phases illustrate that 

reverse directions emerge in the case. In this case, consisting of several lessons, 

each lesson generally starting with the teacher recapping what has been done and 

revealed in the former lessons. This transition from lesson to lesson serves as a 

function of collective production of signs through which the teacher gathered 
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ideas by summarizing the actions of the students and reviewing the worksheets 

from previous lessons. 

The analysis shows that there were interrelations between uses of the tools and the 

problem (i.e. the task). The teacher gave a simplified task for launching the 

problem through which the students gained experience in making contact with 

some tools. These experiences produced an initial sensation among the students 

who developed the skills of manipulating the tools (e.g. practically weighting 

marbles by electric balance). These skills definitely helped the students to plan 

methods for the main problem. For the task-orientation, as mentioned in previous 

sections, it guided the students to manipulate the tools accordingly (e.g. what to 

measure, why to measure, etc.). It also helped them to logically record the 

procedures of the experiments including concrete manipulations of the tools. 

These recordings assist the students in comparing systemically the methods within 

different groups. For the tool-orientation, the apparatuses play a role of 

legitimation, in that manipulations served as the explanations. The students 

demonstrate to others how to do the experiments with the tools so that the actions 

taken as demonstrations serve as the answers which were accepted by other 

students and the teacher. Here, no extra interpretation was required to supplement 

the demonstration. Thus, the uses of the tools are shown as being important in 

developing mathematics reasoning. In short, these interrelations between tool and 

task can be grouped and named as tool-task dialectic. 

To sum-up, the following figure summarizes the processes of tool-task dialectic 

together with the didactical interactions in the case. 
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Figure 6.19 Didactical interactions with tool-task dialectic in case C 

 

Individual production of signs 
(A2)

Collective production of signs
(A3)

Activities with artefact 
(A1)

Task Tool

To record

To produce data

To generate

To legitimate

To connect math

Task Tool

To act

To plan

To explore

Task Tool

To legitimate

To improve

To connect math
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CHAPTER SEVEN: COMPARISONS OF THE CASES AND FINDINGS 

In this chapter, I will present analysis across the three cases (in section 7.1) and 

the main findings (in section 7.2) of the study. The purpose is to examine the 

implementation of the research lessons, addressing the theoretical frameworks 

(e.g. didactical cycle) of the study. I holistically include the design of the tool-

based tasks, the flow of the lessons, mathematics to be taught and other critical 

considerations in the analysis. Furthermore, I will present the commonalities and 

differences between the cases from those perspectives in two ways, empirically 

applying the theory and constructively building on top of it (Miles, Huberman & 

Saldana, 2014). In the comparisons between the cases, I integrate the ideas 

generated from the analysis and focus on the discussion of the interactions that 

emerged in the lessons. In short, on the one hand, interactions are deductively 

analysed by the theory of didactical cycle, and on the other, they are inductively 

categorized into themes by narrative analysis. 

7.1 Comparisons of the cases 

Cross-case analysis is a process of cumulating, comparing and contrasting diverse 

findings (Ryan, 2012). It aims to construct general explanation which matches 

together individual cases, even though the cases vary in their details (Yin, 1994; 

2012). In previous chapters, I conducted in-depth analysis on each case, looking at 

patterns and themes which preliminarily cultivate insights for comparative 

analysis. For every pattern and theme found in the case analyses, I 

homogeneously looked at commonality and differences in the findings. 
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7.1.1 Perspectives of the teachers 

The three cases in the study had three experienced mathematics teachers as 

participants, who had taught in secondary schools for about five years, over ten 

years and over twenty years respectively. In the first two cases (A and B), the 

teachers obtained postgraduate research degrees in pure mathematics and had 

solid academic backgrounds in mathematics. In pre-lesson interviews with teacher 

A and teacher B, they emphasized abstract mathematics concepts and focused on 

the specific mathematics contents (e.g. formula of frustum in case A; percentage 

errors in case B) during the research lessons (see sections 4.2 and 5.2). In case C, 

teacher C obtained a doctoral degree in mathematics education and had a solid 

academic background in science education. She emphasized that the students were 

required to focus on the process of the experiments associated with manipulation 

of apparatuses; that is, the tools in the science laboratory that constituted the 

learning environment. Thus, there is a possible causal relation between academic 

background of the teachers and focuses of learning objectives of the lessons, 

which could be further investigated. 

To analyse the perspectives of the teachers, I have divided their viewpoints into 

two levels. The first level is their perception of the design of the anticipated 

lessons, which can be analysed from the data obtained in the pre-lesson interviews. 

The second level is satisfaction with the lessons, which can be traced in the post-

lesson interviews. For the first level, in the pre-lesson interviews with the teachers, 

each of them had a main focus on their corresponding tool-based lesson. In case A, 

the research lesson aimed to lead the students to measure unknowns which had 

been identified by them. Teacher A provided the students with a learning 

experience which was different from a traditional mathematics lesson that would 
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have required them to drill textbook exercises (i.e. finding volumes of frustums 

with given variables of lengths, slant heights, inner heights and so on). In case B, 

teacher B prompted the students to discover the necessity of the formula of 

percentage error by comparing measurements, conducted by means of the given 

concrete and technological tools. The key learning objective was the concept of 

percentage error. In case C, the lessons aimed to allow the students to experience 

hands-on manipulation of the apparatuses in order to solve the estimation problem 

with reasonable explanations. The process of the experiments as well as the 

mathematical reasons behind the usage of the apparatuses were prominent in the 

case. For the second level, in the post-lesson interviews, teacher A revealed that 

the implementation of the lesson conformed to its design. The students in case A 

developed some skills for measurements, especially knowing that various 

measurement skills generated their own errors. In addition, they constructed 

mathematics knowledge (e.g. formula of the frustum) during the problem solving 

procedure (a group of the students derived the formula before the measurements). 

In case B, teacher B, however, revealed that learning difficulty was found in the 

lessons as some students were not familiar with the trigonometry formulae. Thus, 

the focus of the lessons was switched to applying the trigonometry formulae into 

the situation and how to use the measured values for the calculations. Therefore, 

consideration of the ways of tool manipulation became less important in the 

lessons. In case C, teacher C was satisfied with the process of the experiments 

including the plans, implementations and the presentations which were conducted 

by the students. Different from traditional mathematics lessons, she emphasized 

that there was no fixed answer in the tool-based task so that the students could 

only justify the accuracy of the experiments in terms of the procedures taken. The 
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students in the implementation of the lessons demonstrated that they had the 

ability to conduct accurate and reasonable processes of manipulating the 

apparatuses. In addition, the teacher and the students accepted the procedures as 

the answers for the problem. This kind of learning mathematics experience was 

unconventional for the students in that the process of solving the problem was 

more important than the estimated numbers finally obtained. 

In short, teachers A and C tended to focus more on the processes of the methods 

and the experiments respectively, involving the manipulations of the tools 

prominently, assisting the students to construct the mathematics knowledge (i.e. 

the errors). Moreover, the tool manipulations were included as part of the answers 

in the process of solving the problems (see sections 4.6.3 and 6.6.1). Teacher B 

put emphasis on the calculations and comparisons of the measured values in order 

to construct the concept of percentage errors. Tool manipulations were viewed as 

a means to achieve the construction of mathematics knowledge (see sections 5.2.4 

and 5.6). 

Table 7.1 shows the foci of the research lessons according to the teachers’ 

perceptions. 

7.1.2 Designs of the lessons 

In the cases, the scale of the research lessons was different, and the flow of the 

lessons also influenced by these settings. 

In case A, there was only one double lesson wherein teacher A would finish the 

tool-based task in the designated time. Therefore, the teacher pedagogically 

orchestrated the students to plan methods, implement their plans and present and 

evaluate results within the double lesson. Moreover, in the analysis of the activity 
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phases of didactical cycle, the collective activity of signs should also be 

conducted in the double lesson. That meant the teacher simultaneously collecting 

the generated ideas from the students during the lesson. Hence, one role of the 

teacher in this setting was to analyse the students’ work during the productions of 

signs. Thus, he would simultaneously orchestrate the students to produce artefact 

signs, analyse the signs and convert them into mathematics signs.  

In case B, there were two consecutive double lessons wherein the students mainly 

manipulated the designated tools in the first double lesson. In the second double 

lesson, they presented the processed data, commented on the work of other groups 

and discussed among the whole class. At the end of the first double lesson, teacher 

B collected the measured values from all the student pairs for managing the data. 

In the second double lesson, he distributed a data sheet to each group in order to 

lead them to analyse the processed data. Teacher B collected and processed the 

data generated from the students during the time gap between the research lessons. 

This design of lesson allowed the teacher to gather the data as well as the views of 

the students so that he could provide further feedback to them regarding their 

measurements and productions. Therefore, in terms of didactical cycle, teacher B 

conducted the collective production of signs at both the end of the first research 

lesson and the beginning of the second. 

Case C consisted of a series of five research lessons, with the students 

experiencing two rounds of manipulating the apparatuses. On the one hand, the 

students planned, implemented and reviewed methods for the experiments. On the 

other, the teacher collected updated students’ work at the end of each lesson and 

commented on this work at the beginning of the next. This kind of collective 

activity allowed the teacher not only to formatively assess the students’ learning 
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but also progressively modify teaching strategies for the next lesson. Although the 

students experienced two rounds of planning and conducting the experiments, 

they took part in various activity phases of didactical cycle in the lessons (this will 

be discussed in detail in later sections). 

As a result, the length of the lessons objectively controlled the flow of activities in 

the lessons, which involved some practical pedagogical considerations. Moreover, 

the arrangement of the collective activities of the students’ work was essentially 

determined by the teachers, who considered the existing number of lessons in the 

cases. The gaps between the lessons potentially allowed the teachers to analyse 

the production of the students in order to provide suitable guidance to them. 

7.1.3 The topics 

The mathematical topics of the three cases in the study were estimations. The 

tool-based task in case A required the students to estimate the volume of frustum-

like containers.  In case B, the task asked the students to estimate the height of a 

school badge located above the school playground. In case C, the task required the 

students to estimate the number of marbles contained in a 1000mL conical flask. 

The epistemological mathematics content in the cases required the junior 

secondary students to manipulate tools in order to estimate unknowns in various 

dimensions. Case A was concerned with capacity and volume, with the students 

required to measure certain lengths associated with mathematical formulae to 

calculate the volume of the container. Case B required the students to calculate the 

height of the school badge through designated processes of measurement of 

certain lengths and certain angles with given tools. Therefore, case B employed 

the only situation in which the students were required to conduct measurements as 
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assigned in the worksheets. Case C concerned the estimation of whole numbers, 

where the students designed and conducted experiments to find a number by 

considering volume, weight (mass) or surface area using the apparatuses available 

in the learning environment. In short, all the tasks involved estimations but the 

learning objectives were different. 

Table 7.1 Brief information on the design of the research lessons across the cases 

 Case A Case B Case C 

Topic Estimation of 

volume of a 

frustum-like 

container 

Estimation of 

height of a 

school badge 

from the ground 

Estimation of 

number of 

marbles in a 

1000mL conical 

flask 

Number of 

lessons 

One double Two double Five single 

Focus Procedures Calculations of 

data 

Procedures & 

Reasons 

Tool Free to select Designated Free to select in 

laboratory 

Comparison (For 

the students) 

Within each group 

& 

among groups 

Within each pair 

& among 

different pairs 

Within each group 

& among groups 
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7.1.4 The tasks 

There were several representations of the tasks involved in the three cases. Case A 

consisted of one double lesson where the worksheets played a prominent role in 

guiding students to solve the estimation problem. Therefore, the task in the case 

generally referred to the worksheets. Case B, involving two double lessons, 

consisted of two sets of worksheets for two groups of student pairs, who used the 

same tools to measure lengths and angles at two different locations. Additionally, 

an online platform was available for sharing videos recorded in the presentations. 

An extra follow-up worksheet associated with a data sheet was designed by the 

teacher, who used it to guide the students to prepare for the presentations. The 

follow-up materials were also regarded as a part of the task (or viewed as a 

contingency task) in case B. In case C, consisting of a series of lessons, the tasks 

were designed in various forms. A set of worksheets, slides in Keynote and 

Google Form for respective presentations and evaluations were viewed as tasks in 

the case that served different functions. Teacher C prompted the students to use 

the worksheets in planning and recording the experiments. Slides in Keynote 

allowed the students to present the experiments in an organized way while Google 

Form played a role in gathering students’ comments for discussions. Various 

forms of the tasks took different roles to encourage the students to think and take 

actions. In addition, this also formally assisted the students to record the whole 

learning processes. 

7.1.4.1  The worksheets 

As all cases used worksheets, I analysed their content in-depth. There were 

questions in the worksheets in cases A and C that required the students to plan 
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methods or experiments before the actual manipulations of the tools. For case B, 

there was no such question, prompting the students to plan before the 

measurements. Under these different circumstances, teachers A and C emphasized 

that the students should think about what kinds of tools should be used (for cases 

A and C) and how to use them with justifications (for case C) at the beginning of 

the lessons (i.e. before the actual manipulations of the tools). Teachers A and C 

also guided the students to record the planned methods and processes of 

experiments in the worksheets while teacher B emphasized the technical uses of 

the designated tools before their actual manipulation. He only reminded the 

students to pragmatically record the measured values in the worksheets for further 

calculations. With the different design of the worksheets (i.e. with or without the 

plans), cases A and C allowed the students to compare their former plans with the 

implemented ones. Furthermore, the students could justify their implementations 

by making comparisons between the two. Specifically in case C, as the students 

had detailed planning of the methods, they could reflect not only on the process of 

the methods (e.g. concerning volume or weight) but also the usages of the tools 

(e.g. measuring the weight of a marble). For case B, as the students did not have 

any prior production before the actual measurements, they could only reflect on 

the skills in the manipulations of the given tools (e.g. straightness of the 

measuring tape). 

To analyse  in-depth the plan of methods and experiments in cases A and C, the 

teachers asked the students to focus differently in the plans. In case A, the 

students were asked to finish the first question on the worksheets by identifying 

the unknowns to be measured in the plans. Teacher A intended to elicit students to 

manipulate algebraic expressions in order to identify what necessary and 
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sufficient unknowns were needed. In case C, the students were asked to plan the 

procedures of the experiments. Teacher C required the students to plan ways of 

manipulating the apparatuses. To sum up, although the teachers in the two cases 

prompted the students to plan before actual manipulations of the tools, the foci of 

the plans were different. These differences conformed to the perspectives of the 

teachers, who focused on abstract mathematics or scientific procedures in the 

tasks (see section 7.1.1). 

7.1.4.2   Other types of tasks 

In addition, various parts of the tasks in case C served different roles. The 

worksheets guided the students to record the processes of the planned and 

implemented experiments. The slides in Keynote helped students to manage the 

information for their presentations. The online evaluation form gathered 

comments from students for discussion. Various forms of the tasks allowed 

students to record, present and review the experiments. Moreover, the teacher 

pedagogically considered different ways of teaching to use the worksheets using 

Keynote and Google Form. For example, teacher C spent time on introducing the 

questions using Keynote in order to connect the experimental processes with the 

contents in the slides of Keynote. With the online evaluation form (i.e. Google 

Form), the teacher taught the students in a pragmatic way in order to guide them 

how to answer in the form (see section 6.6.3). In addition, she gathered and 

analysed the comments on the form so that the students could effectively discuss 

them in the next research lesson. The diverse forms of tasks were unique to this 

case. Thus, the different pedagogical considerations of using these tasks to teach 

the students implied that various kinds of task played specific roles according to 

their functions. Hence, the unique flow of activities in the lessons was established. 
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All cases consisted of presentation sessions in the research lessons. The students 

in case A used the worksheets to assist in the presentations, where they verbally 

presented their methods and findings according to the worksheets. Besides this, 

during the presentations, some of them manipulated the tools in demonstrations in 

order to support their ideas. The students in case B presented with the guide 

questions in the follow-up worksheet provided by the teacher before the 

presentations. The follow-up worksheet bounded the discussions of the students in 

such a way that they were required to answer specific questions with the 

processed data. The processes of measurement were not the main concern in the 

presentations. This also meant that no demonstration of tool manipulation 

emerged in the presentations. In case C, the slides in Keynote consisted of some 

open-ended questions guiding the students to present the processes of the 

experiments, while the online evaluation form collected comments corresponding 

to the views of the students. The process of manipulation of the apparatuses was 

prominently discussed and associated with ways of reducing errors generated 

from the processes. The students did not manipulate the apparatuses in the 

presentations as the photos and/or videos of the experiments were embedded into 

the slides so that the audience clearly understood the process by looking at the 

photos and videos. In the three cases, the students performed differently in the 

presentations. The students in case A reported the processes of estimation 

methods according to the questions in the worksheets, directing them to consider 

errors generated in the processes. Meanwhile, teacher A guided the presenters to 

think about specific mathematical concepts. Thus, the discussions were 

comparatively diverse in terms of their content (e.g. ways of manipulating the 

tools, formula of frustums, unknowns for measurements, etc.). In case B, the 
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students were given the follow-up worksheets for focused discussion of the 

comparisons of the data obtained from different pairs of students. However, since 

the discussion focused on the mathematics contents of percentage errors, 

manipulations of the given tools were not discussed much. In case C, the students 

had various opportunities to organize data, present and review their findings. In 

addition, students presented the procedures of the experiments associated with the 

mathematical errors generated from the processes. They could also ‘demonstrate’ 

how to manipulate the apparatuses through video-recording the processes for the 

presentations. In short, the students in case A presented the procedure of the 

manipulation of the tools with the worksheets as well as the tools for instant 

demonstrations. In case B, students presented the analysis of the data associated 

with the errors according to the questions in the follow-up worksheet. The 

students in case C presented holistically the whole procedure of the experiments 

in various forms. In addition, they videotaped some parts of the experiments 

which meant that the preparations for the presentations were conducted during the 

experiments. 

7.1.5 The tools 

This research aimed to study the implementation of tool-based lessons, with the 

tools one of the critical elements in the analysis. To investigate the role of the 

tools, the selection of tools will be discussed. There were different kinds of 

selections in the cases. 

The students in case A prepared the tools on their own after teacher A had 

introduced them to the problem before the research lesson. The students chose 

general stationery as the tools for manipulation, basically aimed at carrying out 
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the measurement of lengths. In addition, some tools were used for both 

measurement and calculations (e.g. some students traced the location of the centre 

of a circle by constructing its normal, see section 4.6.2). These kinds of 

manipulations of the tools revealed that the students were applying certain 

mathematical concepts (e.g. properties of tangents of circles) into the situation. 

Therefore, the manipulations of the tools served the purpose of applying 

mathematics knowledge other than simple measurements. This meant that the 

tools acted as mediators, connecting the prior mathematics knowledge of the 

students with the task, which consisted of other mathematics to be acquired by the 

students. In addition, as teacher A had emphasized the process of the 

implementation of the methods, including the errors generated from the process, 

the ways of using the tools were critical in order to reduce errors. Moreover, the 

tools were not only used during the manipulation processes but also served as 

demonstrations in the presentations, such that the students should be able to 

explain why and how to use the tools as part of finding solutions to the problem. 

In case B, two tools were designated by teacher B and given to the students in the 

first double lesson. The students were required to carry out the measurements by 

following the questions in the worksheets, which led them to use the designated 

tools to measure the unknowns listed there. The purpose of the manipulation of 

tools simply aimed to generate data for calculating errors for comparisons. After 

the manipulation processes conducted in the playground, the tools were taken 

back by teacher B. To specifically analyse the tools in the case, the use of concrete 

and technological tools had to measure the same unknowns but also allow the 

students to exercise different manipulation skills in order to learn the concepts of 

lengths and angles respectively. This conformed to the research findings of 
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Maschietto and Soury-Lavergne (2013), who proposed a ‘duo of artifacts’ that 

investigated a tool-based experimental setting involving a single tool in both 

concrete and technological forms, in which students manipulated the physical 

pascaline as well as the digitalized pascaline of an e-book. Its findings showed 

that the students had opportunities to connect the concepts of quantity and the 

digit codes represented in the technological tool (Maschietto & Soury-Lavergne, 

2013). In case B, the students were also compelled to connect the concepts of 

lengths and angles of elevations during the manipulations of the given types of 

tools (see section 5.5). In addition, two different forms of the tools measuring the 

same unknowns (e.g. using measuring tapes and the application of Easymeasure 

to measure lengths) triangulated the measured values and justified their accuracy 

in the measurements (e.g. section 5.11.4). 

In case C, the students were allowed to choose any apparatus found in the science 

laboratory.  A table showing the names of some general apparatuses was listed in 

the worksheets (see Figure 6.5) for the students to plan their experiments. The 

manipulation of some specific apparatuses referred to certain mathematics 

concepts (e.g. using an electric balance to weigh marbles and the concept of 

weight). The tools were generally manipulated for the measurements while errors 

generated from the measurements were taken into considerations by students. The 

work of the students showed that they identically perceived the concepts of 

volume and weight in the early part of the lessons. Teacher C discerned these 

concepts through various measurements conducted by the students, analysing the 

units addressed in the particular measurements. In addition, teacher C guided the 

students to reduce the errors generated from the tool manipulations in the 

experiments according to previously taught mathematical knowledge. 
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To sum up, there was free selection of tools in case A, in that teacher A allowed 

the students to use any stationery in the estimation process. The tools were 

designated in case B and the teacher designed the questions on the worksheets, 

requiring students to complete them by specifically measuring with the tools. The 

students in case C were allowed to choose the tools from the apparatus list 

provided by teacher C. This could be viewed as a partial free selection of tools. 

The freedom of selection had no doubt been a part of the design of the tool-based 

lessons. Moreover, it critically influenced pedagogical considerations in that the 

teachers decided what mathematics knowledge students should focus on in the 

lessons. For example, in the presentation session in case A, students should 

explain clearly the reasons for using specific tools addressing certain purposes 

(e.g. rulers to measure diameter of a circular base or finding its centre by tracing 

normals of the circle). The mathematical reasons behind the actions should be 

clearly disclosed together with the manipulations of the tools. It was different 

from the focus in case B in that students focused on comparisons between the data 

collected by different groups instead of the ways of manipulating the tools. Since 

all student pairs in case B used the same tools with similar ways of measurement, 

the discussion of the manipulation process was omitted. That meant the students 

presented the analysis of the data instead of the actions taken with the tools in the 

playground. In case C, the students discussed the methods of the experiments 

involving manipulations of the apparatuses in the presentations, in which the 

manipulation actions and errors generated from the actions were the key foci in 

the case. In short, the different foci in the three cases simply bisected the 

discussions into two levels which were 1) task oriented (i.e. case B) or 2) tool 

oriented (i.e. cases A and C). 
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7.1.6 Students’ learning 

I analysed the students’ learning from two main aspects. An obvious step was to 

analyse the interactions of the students with the teachers, with the tools and 

among themselves according to the data collected during the research lessons. The 

other aspect was analysis of the interviews with the students after the research 

lessons in order to gather their ideas regarding the tool-based lessons. 

The issue of interactions of the students with the tools was discussed in section 

7.1.5. 

The interactions between the students in the research lessons are discussed from 

the point of view of the practical arrangements of grouping the students adopted 

in the three cases. Additionally, I will discuss the in-depth analysis of interactions 

with respect to the idea of Tool-Task dialectic in a later section of this chapter. In 

case A, the students were formed into groups consisting of three or four students, 

who planned and implemented the methods together. That meant the students in 

the groups working collaboratively to construct their own mathematical ideas 

through manipulation of the tools. After this, the groups shared their ideas at the 

end of the lesson. Therefore, they first learned in a small social setting consisting 

of three-to-four students, and then shared their findings in a larger setting (i.e. the 

whole class). To wrap-up, they learned in a summative way to comprehend the 

methods used by other groups in the presentations at the end of the lesson. In case 

B, the students made the same measurements (in different locations) while they 

knew what the other student pairs were doing. The students just did not know the 

measured values. The concept of percentage error was constructed through the 

comparison between the data obtained from various pairs. That meant the students 
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could not stand alone to construct the mathematics knowledge while they were 

only working in pairs in the manipulation process. Therefore, they should gather 

the data from the other pairs to collaboratively generate ideas for comparison. In 

short, the use of the tools was only viewed as a way for the construction of 

mathematics knowledge and the role of tool manipulations was to produce a set of 

data for further actions. The construction of knowledge of percentage errors was 

not very influential in the process of manipulating the tools but rather the 

measured numbers. In this circumstance, what if the students, in case B, were 

given a set of measured data so that they did not need to manipulate with the tools? 

In case C, the students planned their own experiments with various apparatuses 

provided. It was similar to the situation in case A in that the students conducted 

different experiments between various groups. Different from case A, the series of 

lessons in case C allowed teacher C to gather ideas from and share them with the 

groups. The students in all groups knew what the other groups were generally 

doing throughout the lessons from the sharing sessions. Therefore, the students 

could modify their approach to the experiments in a formative way and were 

simultaneously comparing their own methods with the updated methods of other 

groups. In addition, jigsaw presentations allowed the students to systemically 

exchange ideas about the experiments. 

Moreover, there were some critical insights gained in the interviews with some 

students in the three cases. The students in case A emphasized that they had 

experienced a lesson (in fact, a double lesson) which was different from 

traditional lessons. According to the initial perceptions of the students, the 

problem in the case was similar to the typical questions inquiring as to the volume 

of frustums at the beginning. However, it felt totally different once they started to 
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solve it. The manipulation processes stimulated the students to reflect on their 

plans of ways of involving concepts of measurement. Therefore, they modified 

the planned methods in order to solve the problem according to the actual 

manipulations of the tools. In case B, the students emphasized that they met with 

some difficulties when using the tools. However, they did not provide many ideas 

to improve methods of measurements since they had no other choice in the 

selection of tools. Moreover, they revealed that it was difficult for them to 

consider the errors with the given data by the teacher. In short, although it was 

obvious that all data was collected from the measured values obtained by students, 

the analysis of the data sheet for conceiving the concepts of percentage error was 

only regarded as a way to calculate a set of ‘averaged numbers’ from students’ 

viewpoints. In between the construction of the mathematics knowledge and the 

manipulations of the tools, there was a gap which they found difficult to link up. 

In case C, the students revealed they understood that the inquiry process was more 

important than the answers. The process of experiments could consist of many 

mathematical ideas that could be developed into formal mathematics. In addition, 

the methods in the experiments were comparable in that students tried to develop 

a ‘better’ approach through actual manipulations of the apparatuses. Thus, they 

modified the methods from time-to-time in the experiments. 

7.1.7 Nested pedagogical frame 

The study employed various theories in the literature of tool-based teaching and 

learning. Leung (2015) proposed the nested pedagogical frame which describes 

tool-based mathematics lessons as generally starting in a situation where students 

are practically using tools to do something in order to become familiar with 

manipulation processes. In cases A and B, the teachers instantly required their 
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students to manipulate the tools. Although teacher A requested that students make 

plans before the manipulations of the tools, the planning process mainly focused 

on the calculation and identification of unknowns regarding measurements (see 

section 4.3.1). Therefore, familiarizing them with the uses of the tools was absent 

in the two cases. In case C, the teacher prepared the students with a ‘warmup’ 

activity, allowing them to solve a similar but simpler problem (see sections 6.3.1 

and 6.10.1) with the help of an apparatus. The activity was conducted to establish 

practices of using the tools so that students could not only experience hands-on 

activity with the tools but also develop a critical discernment ability and creativity 

according to the nested pedagogical frame. This critical discernment was based on 

patterns of variation and the invariant nature of the tasks, in that the teacher in 

case C changed the rules between the level one question and the main problem (i.e. 

the students could not take out the marbles from the large flask). Therefore, the 

students needed to modify their methods in order to tackle the new problem. Thus, 

the creative activity could be regarded as the introduction of the main problem in 

case C. Going back to the discussion of cases A and B, which did not prominently 

include establishing practices, the students experienced practical usage of the 

tools while they conducted the actual methods and measurements. In case A, 

students started to touch the tools when they were conducting the experiments in 

order to modify the methods they had planned. In case B, they experienced 

discernment (see section 5.2.3) which was designed by the teacher in the 

distinguishing worksheets. 

In short, the teacher in case C distinctively designed an activity to enable the 

students to focus on the establishment of using tools. In addition, the main 

problem required the students to think critically, based on similarity with and 
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different rules compared to a simpler problem. This also influenced the flow of 

the lessons as a smaller scale of didactical interactions was conducted during the 

simple problem for the purpose of allowing the students to familiarize themselves 

with the use of tools. 

7.1.8 Instrumental orchestration 

In instrumental orchestration, didactical configuration could be categorised into 

three levels (Trouche, 2004). The first level refers to the physical allocations of 

the tools in the classrooms. The second level concerns perceived psychological 

use of the tools. The third level is the relationship of the users and the tools. 

Specifically, the used tools in case A were selected and brought by the students, 

who decided to use them according to their preference. Therefore, the second 

level of didactical configuration also described this situation concerning the 

psychological use of them at the same time. The third level of didactical 

configuration emerged in the process of conducting the experiments in case A. 

This process essentially generated the idea of Tool-Task dialectic which is one of 

the findings in the study. In case B, the first level of instrumental orchestration 

depended on the design of the lesson, which was set by the teacher. The usages of 

the designated tools were also presumed by the teacher. Therefore, the first two 

levels of instrumental orchestrations were rigid. For the third level, the students in 

case B had similar approaches for using the tools. In case C, the tools (known as 

apparatuses) were available in the classroom (i.e. the science laboratory). The 

students could develop methods to use them. Therefore, the second and third level 

of didactical configuration were freely used  
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In the analysis of the implementation of the lessons, exploitation mode and 

didactical performance would be viewed as the intervention of the teachers, which 

could be categorised and described by some narrative codes, for example, 

‘guidance by T’, ‘instruction’, ‘feedback’ and so on. In addition, Tool-Task 

dialectic could also be one constitution to illustrate the situations of exploitation 

mode and the didactical performances in the three cases. Details will be shown in 

section 7.2.5. 

7.2 The findings: Didactical interactions and Tool-Task dialectic 

To put the processes of the research lessons into one single picture, I will 

conclude the findings with the following figure which combines the didactical 

interactions with the observed characteristics and themes of Tool-Task dialectic in 

the three cases. In the following sections, I will explain how and why the modified 

activity phases put forward to describe the interactions emerged in the research 

lessons in section 7.2.1. Moreover, transitions of the phases yielded the creation of 

the didactical interaction (i.e. section 7.2.2 to section 7.2.4). Besides this, I 

describe how the interactions performed in the cases from the aspect of Tool-Task 

dialectic address the research questions of the study (i.e. section 7.2.5). 
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Figure 7.1 Didactical interactions and Tool-Task themes 

 

7.2.1 Modified activity phases 

I analysed the interactions in the lessons associated with the theory of didactical 

cycle from two aspects: I firstly categorized the interactions in the lessons into 

individual activity phases (see sections 4.9.1-4.9.3; 5.10.1-5.10.5; 6.9.1-6.9.4), 

and secondly, analysed the transitions of the activity phases which formed a new 

network intertwining the phases (see sections 4.9.4; 5.10.6; 6.9.5). To 

pragmatically combine the findings captured in the previous chapters and describe 

the activity phases found in the cases, I specifically modified the phases in the 

following ways. 

Collaborative production of signs 
(A'2)

Collective production of signs 
(A'3)

Activities with tools 
(A'1)

Task Tool

To connect, develop 
senses, explan, 
generate, give 

feedback, legitimate, 
record, produce data

Task Tool
To act, develop 
senses, explore, 
measure, plan 

Task Tool
To connect math, 

demonstrate, explain, 
improve, legitimate
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7.2.1.1  Activity with tools (A’1)  

The theory of didactical cycle would propose that lessons generally start with 

activities using the tools, allowing students to engage and experience hands-on 

manipulations with the tools, in order to produce artefact signs. However, the 

cases demonstrated that there were ‘introductions’ before students’ activities with 

the tools. These introductions included teachers elaborating the tool-based 

problems, introducing the worksheets and illustrating the available tools, 

identified as task-oriented and tool-oriented introductions. The teachers clearly 

stated the requirements of the task (viewed as task-oriented introduction) and/or 

illustrated the practical usages of the tools (viewed as tool-oriented introduction) 

at the beginning of the tool-based lessons. The teachers elicited the students to 

engage with the tool-based environments via clear guidance so that they could 

think about what to do according to the tasks and anticipate how to use the tools in 

the oriented introductions. 

Afterwards, the students implemented the planned methods with the use of the 

selected tools in case A, measured the values according to the worksheets with the 

designated tools in case B, and conducted the experiments with the selected 

apparatuses in case C. 

Therefore, I define A’1 as activity with tool. It identically defines the same as A1 

in which term ‘artefact’ was replaced by ‘tool’ in a broader sense. 

7.2.1.2  Collaborative production of signs (A’2) 

For the activity phase of individual production of signs in didactical cycle, the 

students’ actions showed that it was difficult to distinguish the manipulation 

processes (see sections 4.9.1; 5.10.1; 6.9.2). With the idea of instrumental genesis, 



300 

every student individually interacts with tools to generate certain ideas. This 

means that the students are stimulated by the tools when they are manipulating 

them.  Therefore, the activities with the tools, in general, embed the generation of 

the students’ productions. It becomes hard to categorize the interactions into either 

activity with the tools or production of signs. Moreover, in the social setting in 

which the students worked in pairs or groups, ideas generated by individual 

students are influenced by others. Thus, the manipulations of the tools yielded 

individual students’ productions followed by collaborative productions. Hence, 

the phase of individual production of signs can be reflectively considered in a 

boarder way, that collaborative production of signs is a possible constitution to 

describe the situations.  

Therefore, A’2 is defined as collaborative production of signs in which the 

collaborations of the students should endeavour to be the productions which were 

simultaneously constructed by consolidating the works of the individuals. A 

remark made to clarify the modified phase is not contradictory to the original 

theory, but it acts as optimisation of the phase. 

7.2.1.3  Collective production of signs (A’3) 

For the collective production of signs, the teachers’ orchestrations were 

prominently observed in the cases. In case A, the teacher raised instant questions 

with the students in the presentations in order to prompt them to concentrate on 

the processes of the methods as well as errors generated from the experiments. 

The manipulations of the tools that emerged in the collective activity were 

categorized as demonstrations and explanations. Teacher B in case B gathered the 

data to create a data sheet and prepare a follow-up worksheet for the students to 
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analyse and present in the final stage of the lessons. Teacher B managed the data 

in the data sheets and set up the questions in the follow-up worksheet as a way of 

eliciting the students to compare the data in order to construct the concept of 

percentage errors. In case C, students managed the data and presented the process 

of the experiments guided by Keynote slides. In addition, comments from students 

were gathered in the online evaluation form which stored and disclosed the 

comments to all students. 

Due to the structure of the lessons, there were gaps between two consecutive 

lessons in cases B and C. Although the teachers in cases B and C adopted 

collective productions at the end of each lesson and processed their collections 

during the time gaps between the lessons, the teachers took different actions for 

the collective activities. In case B, the teacher took averages of the data collected 

by the student pairs. He also presented the average values in tables on a data sheet, 

structurally showing the numbers which the students should use for calculating 

the percentage error. In case C, however, the teacher did not ‘process’ the work 

done by the students. She only categorized similar methods for the students’ 

discussion. The different actions taken by the teachers in the two cases led to 

different learning situations. Since teacher C kept the originality of students’ 

productions, they could connect the work done by themselves with the guidance 

of the teacher. However, in the other case, teacher B changed the raw data to the 

data sheet on which the students had to, at first, study the tables before the 

analysis. There was a gap between the work done in the previous lesson and the 

average numbers in the data sheet. Additionally, it was difficult for the students to 

connect the average numbers in the data sheet with the actual manipulations with 

the tools. 
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For the teachers’ roles, there were different arrangements of collecting students’ 

productions in the cases. In case A, the teacher guided the students to provide the 

presentations in order to collect and share ideas from the groups regarding 

measurements and calculations. For instance, the presentations aimed to lead the 

students to develop the concept of error. In the presentations in case B, students 

answered the questions in the follow-up worksheet with the processed data 

provided by the teacher. That meant the teacher could be well prepared for the 

data sheets as well as the follow-up worksheets, aiming to gather the ideas of the 

students in order to allow them to construct the concept of percentage error. In 

case C, Keynote and Google Form elicited the presenters and audiences to share 

and gather mathematical ideas in the jigsaw presentations. Therefore, the teacher 

would not only teach the students to practically access the tasks but also 

orchestrate the students to concentrate on the focal contents of the tasks. Therefore, 

the roles of the teachers in the collective production of signs were different in the 

cases. 

In short, A’3 is to be defined as collective production of signs. It is the same as 

A3 in which the teachers play prominent roles in the activity phase in order to 

orchestrate students to purposively develop mathematics knowledge. 

7.2.2 Transitions of activity phases 

Didactical cycle is proposed as a theoretical framework to guide teachers to plan 

and implement tool-based lessons according to a logical flow of the three activity 

phases. Recent research (Bartolini & Mariotti, 2008; Corni, Giliberti & Mariani, 

2011; Mariotti, 2012) solely analyses lessons according to the individual activity 

phases. This research, in addition, has traced the flow of activity phases and 
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studied their transitions in order to examine interactions emerging in the tool-

based lessons. 

7.2.2.1  Activity with tools (A’1) ↔ Collaborative production of signs 

(A’2)  

Dual-directional transitions between the phases of activity with tools and 

collaborative production of signs were observed and studied in the three cases. 

The interactions of the students and the tools in the cases confirmed that the 

manipulation processes kept the students producing verbal productions in the 

discussion and written productions on the worksheets. These two phases switched 

from phase-to-phase in a short period of time. In addition, some students 

manipulated the tools during the discussion while others were writing down the 

processes or results on the worksheets. Thus, in the collaborative learning 

environment, the activities of manipulations with the tools and production of signs 

were intertwined. 

The transitions between A’1 and A’2 took place in different situations in the cases. 

In case A, the students manipulated the tools for generating productions during 

the whole lesson. In case B, the transitions between A’1 and A’2 emerged only in 

the activity in the playground. In case C, the transitions appeared mainly in the 

first two lessons while manipulations of apparatuses were happening. These two 

intertwined activity phases were observed to be the major parts of students’ 

engaging activities of accomplishing the tasks associated with the uses of the tools 

guided by the teachers. 
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7.2.2.2  Collaborative production of signs (A’2) ↔ Collective 

production of signs (A’3) 

Dual-directional transitions between the phases of collaborative and collective 

production of signs also emerged in the cases. Case A illustrated that transitions in 

the activities for collective production of signs orchestrated by teacher A 

stimulated the students to produce certain new ideas in the presentations. They 

produced additional ideas without further manipulation of any tool when 

answering the guided questions raised by teacher A. Episodes in case B 

demonstrated that students’ production activities and the collective production 

activities took turns to appear (see section 5.10.6.2). Teacher B discussed with the 

students in order to prompt them to produce new signs. This intention not only led 

the teacher to gather and analyse their work but also stimulated students to 

produce more work. Similar situations emerged in case C with the discussions 

between the teacher and students serving two functions. A first function of the 

discussion was to wrap-up ideas generated from the experiments while a second 

was to prompt students to construct formal mathematics (see sections 6.9.4 and 

6.9.5.4). 

This transition could be used as a process omitting the tool manipulations. In 

some senses, the students were prompted by the teachers who expected them to 

recall the manipulation processes or anticipate results from the processes. 

Additionally, the occurrence of this transition could be explained by the task-

orientation of the activity, which will be further discussed in section of Tool-Task 

dialectic in section 7.2.5. 
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7.2.2.3  Activity with tools (A’1) ↔ Collective production of signs (A’3)  

Dual-directional transitions between the phases of activity with tool and collective 

production of signs emerged only in cases A and C. The interactions in the two 

cases showed that the teachers had elicited students to discuss what they found 

during the manipulation processes. That meant the teachers wanted to collect 

ideas regarding the manipulations of the tools when students were conducting the 

methods and experiments. The purpose was to require them to instantly explain 

their ideas once they had started to manipulate the tools. It did not aim to learn 

what students experienced from the manipulation processes but to figure out why 

they had adopted particular methods in experiments. In fact, it conformed to the 

perception of the design of the tasks in these two cases that, for the teachers, were 

concerned with processes of manipulations of the tools for solving problems (see 

section 7.1.5). For the transition analysis, no transition from A3 to A1 was 

observed in case B. It showed that teacher B regarded the manipulation processes 

as a procedure for generating data only. The focus of the lessons was the 

calculation of the measured data. Moreover, students used similar measuring skills 

which were not discussed in-depth in the lessons. Therefore, from the teacher’s 

perspective, the role of the tools determined the directions of the transitions so 

that no reverse direction of the transition emerged in the case. In short, the 

directions of the transitions were influenced by the teaching and learning 

objectives of the tool-based lessons. 

7.2.3 Didactical interactions 

To study the tool-based lessons associated with the critical elements in the theory 

of didactical cycle, I analysed the interactions in the cases from two aspects which 
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concentrated on the activity phases and their transitions. From this perspective, I 

found that the tool-based lessons in the three cases consisted of critical discourses 

which could categorize the activity phases of didactical cycle into themes. It 

preliminarily revealed the intention of the theory, which pedagogically describes 

the activities to emerge in a tool-based learning and teaching environment in a 

conforming way. The transition analysis, in addition, exposed the close bonds in 

the activity phases which were over-archingly considered. In order to describe the 

tool-based teaching and learning situations in the three cases, I have modified the 

theory of didactical cycle with dual-directional arrows illustrating the close 

interrelationships of the activity phases. It is also named didactical interactions, 

which describes the activity phases that are interacting with each other. 

 

Figure 7.2 Didactical interactions in the cases 

 

I should emphasize that the dual directions illustrate possible transitions of the 

phases. It does not mean that all directions of the transitions will emerge in a tool-

based lesson (see case B). Didactical interactions proposes a theoretical idea for 

mathematics teachers to design and implement tool-based lessons consisting of 

Collaborative 
production of 

signs (A'2)
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Activity 
with tool 

(A'1)
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interactive activities which can be transited from phase-to-phase in order to create 

rich learning experiences for students. Nevertheless, it frames an enriching 

pedagogical framework for researchers to analyse in an interactive tool-based 

learning and teaching environment. 

7.2.4 Additional activity phases 

As an additional remark on the analysis process, in the coding analysis all 

situations in the transcriptions were coded by narrative codes but some could not 

be categorized into one of the three activity phases in didactical cycle. These 

situations mainly emerged at the beginning of the research lessons (e.g. teachers 

introducing the problem or uses of the tools). It shows that there is the possibility 

to potentially build an activity phase to enhance didactical interactions through the 

implications of tool-based lessons. Therefore, to enrich theories of didactical 

cycle/interactions, it is possible to add additional phases which supplement the 

existing three phases. This can be considered a future direction for further study of 

the cases.  



308 

Table 7.2 Matrix of results of codes associated with Tool-Task themes 

Case Themes and narrative codes Activity phases in didactical interactions 

Case A Action with tool 
 Discussion 
 Drawing 
 Manipulation 
 Terminology 

Activity with tool / 
Collaborative production of signs 
 

 Change of method 
 Discussion 
 Explanation (with/without tool) 
 Manipulation 
 Modification 

Collaborative production of signs / 
Collective production of signs 

 Generation of contingency task 
 Discussion 
 Formula 
 Manipulation 
 Modification 

Collaborative production of signs 

 Giving feedback 
 Demonstration 
 Discussion 
 Feedback from Ss 
 Formula 
 Manipulation 
 Modification 

Collaborative production of signs / 
Collective production of signs 
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Table 7.2 (Continued)  

Case Themes and narrative codes Activity phases in didactical interactions 

Case A Legitimation 
 Calculation 
 Clarification 
 Comparison 
 Consolidation 
 Demonstration  
 Drawing 
 Explanation (with/without tool) 
 Feedback from Ss 
 Guidance from Teacher 
 Presentation 
 Question from Ss 
 Terminology 

Collaborative production of signs / 
Collective production of signs 

 Making sense 
 Drawing 
 Discussion 
 Modification 

Collaborative production of signs / 
Collective production of signs 

 Plan of method 
 Discussion 
 Drawing 

Activity with tool / 
Collaborative production of signs 
 

 Record 
 Discussion  
 Drawing 
 Formula 

Collaborative production of signs 
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Table 7.2 (Continued)   

Case Themes and narrative codes Activity phases in didactical interactions 

Case B Action with tool 
 Discussion 
 Guidance from T 
 Manipulation 
 Terminology 

Activity with tool 
 

 Explanation 
 Arrangement (Tool) 
 Assisting (Tool) 
 Calculation 
 Discussion 
 Explanation (T) 
 Explanation (with/without tool) 
 Formula 
 Goal 
 Guidance from T 
 Instruction 
 Question to Ss 
 Referring to task 
 Referring to textbook 
 Terminology 
 Wrapping up by T 

Activity with tool / 
Collaborative production of signs / 
Collective production of signs 
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Table 7.2 (Continued)   

Case Themes and narrative codes Activity phases in didactical interactions 

Case B Giving feedback 
 Comment from T 
 Discussion 
 Formula 
 Manipulation 

Activity with tool / 
Collaborative production of signs 
 

 Legitimation 
 Confirmation 
 Discussion 
 Manipulation 

Activity with tool / 
Collaborative production of signs 
 

 Making sense 
 Comment from Ss 
 Comment from Teacher 
 Feedback from Ss 
 Guidance from T 
 Instruction 
 Manipulation 

Activity with tool / 
Collaborative production of signs / 
Collective production of signs 
 

 Record 
 Calculation 
 Clarification 
 Comment from Ss & T 
 Confirmation 
 Instruction 

Activity with tool / 
Collaborative production of signs / 
Collective production of signs 
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Table 7.2 (Continued)   

Case Themes and narrative codes Activity phases in didactical interactions 

Case B  Manipulation  
 Presenting (Video) 
 Recording 

Activity with tool / 
Collaborative production of signs / 
Collective production of signs 

Case C Action with tool 
 Comment from T 
 Comparison 
 Confirmation 
 Demonstration 
 Discussion 
 Division of labour 
 Drawing 
 Explanation 
 Feedback from Ss 
 Follow-up question to Ss 
 Guidance from T  
 Instruction 
 Manipulation 
 Measurement 
 Question from Ss 
 Restriction 

Activity with tool / 
Collaborative production of signs / 
Collective production of signs  
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Table 7.2 (Continued)   

Case Themes and narrative codes Activity phases in didactical interactions 

Case C Connecting to mathematics 
 Explanation 
 Goal 
 Guidance 
 Referring to textbook 
 Referring to task 
 Referring to tool 
 Terminology 
 Wrapping up by T 

Activity with tool / 
Collaborative production of signs / 
Collective production of signs 

 Exploration 
 Explanation 
 Feedback from Ss 
 Formula 
 Manipulation 
 Referring to task 
 Wrapping up by T 

Activity with tool / 
Collaborative production of signs / 
Collective production of signs 

 Generation of contingency task 
 Comment from T 
 Comparison 
 Confirmation  
 Discussion 
 Feedback from Ss  

Activity with tool / 
Collaborative production of signs  
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Table 7.2 (Continued)   

Case Themes and narrative codes Activity phases in didactical interactions 

Case C  Formula  
 Manipulation 
 Modification 

Activity with tool / 
Collaborative production of signs 

 Legitimation 
 Comment from T 
 Comparison 
 Confirmation 
 Discussion 
 Explanation 
 Follow-up question to Ss 
 Guidance from T 
 Manipulation 
 Measurement 
 Referring to textbook 

Activity with tool / 
Collaborative production of signs / 
Collective production of signs 

 Plan of method 
 Confirmation 
 Drawing 
 Explanation 
 Feedback from Ss 
 Guidance 
 Goal 
 Manipulation 
 Follow-up question to Ss 
 Referring to task 

Activity with tool / 
Collaborative production of signs 
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Table 7.2 (Continued)   

Case Themes and narrative codes Activity phases in didactical interactions 

Case C Presentation 
 Arrangement 
 Comment from T  
 Comparison 
 Confirmation 
 Demonstration 
 Discussion 
 Division of labour 
 Explanation 
 Feedback from Ss 
 Follow-up question to Ss 
 Goal 
 Guidance from T 
 Instruction 
 Presentation 
 Question from Ss  
 Referring to Keynote 
 Referring to tools 
 Restriction 
 Terminology 
 Wrapping up by T 

Activity with tool / 
Collaborative production of signs / 
Collective production of signs 

   
   
   



316 

Table 7.2 (Continued)   

Case Themes and narrative codes Activity phases in didactical interactions 

 Record 
 Comment from T 
 Comparison 
 Confirmation 
 Discussion 
 Explanation 
 Feedback from Ss 
 Guidance 
 Instruction 
 Manipulation 
 Wrapping up by T 

Activity with tool / 
Collaborative production of signs / 
Collective production of signs 
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7.2.5  Tool-Task dialectic 

With in-depth coding analysis of the interactions that emerged out of the research 

lessons in the cases, I categorized the themes of the activities in the lessons into 

tool- and task- orientations, which illustrate the objectives of the interactions. I 

firstly tried to bisect the interactions in the research lessons into tool- or task- 

purposes so that the interactions could be analysed in a meaningful way, and in 

which the specific characteristics would be captured. During the process of 

discerning the purposes of the interactions, I also found that there were some close 

interrelationships between the tools and the tasks (also viewed as the tool-based 

problems where the observable representations were the printable worksheets). In 

particular, some interacting relations were taken even further by not even 

individuating the tool and the task a prior. It may talk about the two as one thing 

in which it is difficult to see how emerges is usefully thought of in terms of the 

tools and the tasks. In the three cases, the tools and the tasks complimented with 

each other in order to achieve certain purposes, which ultimately created the 

mathematics to be taught in the lessons. I named the inter-relationships of the 

tools and the tasks Tool-Task dialectic, which was defined to explain how the tool 

interact with the task and vice versa. 

7.2.5.1  The narrative codes 

Table 7.1 shows a summary of the narrative codes, which are categorized into the 

Tool-Task themes associated with the activity phases in the three cases. Several 

themes can be extracted from the table for comparisons between the cases. 
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7.2.5.2  Activity with tools 

Since the autonomy of the selections of the tools was differently designed in the 

cases, students participated in different forms of manipulation activity. The design 

of cases A and C allowed the students to freely select any tool and apparatus for 

further action. Therefore, the manipulation processes in the two cases involved 

discussions among the students and with the teachers. In contrast, in case B, the 

required tools were designed by the teacher. Thus, the students only followed the 

requirements of the worksheets which asked them to measure something using the 

tools. During the manipulation processes, discussion between the students and the 

teacher mainly concentrated on the technical uses of the tools. 

Furthermore, the variety of methods generated from the activities with the tools 

depended on the captured discussion. That meant, in cases A and C, that the 

students were prompted to produce diverse ways of practicing methods or 

experiments for further discussion. On the contrary, the students in case B mainly 

produced ‘numbers’ measured by the tools for further ‘calculations’. In a very 

simple way, one can say that the students in cases A and C were ‘more tool-

oriented’ as the tasks allowed them to freely choose proper tools for 

manipulations, while the students in case B were ‘more task-oriented’, in the 

sense that they were analysing the data in order to make comparisons. 

7.2.5.3  Connecting to mathematics 

Obviously, there was only one case (case C) with the theme of connecting the 

students’ works to mathematics. In the pre- and post- lesson interviews with the 

teachers, all teachers revealed that there was specific mathematics content 

intended to be taught in the research lessons (see sections 4.2; 5.2 and 6.2). The 
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connection between mathematics knowledge and the manipulation processes was 

prominently captured in case C, since teacher C went through the mathematics 

content from a textbook in the lessons. The aim of this action was to remind 

students to concentrate on the specific contents associated with the way of the 

experiment. It could be viewed as tool-oriented manipulation of tools in that the 

students tried to apply mathematics concepts in the manipulation of the tools. 

Instead, the students in case B experienced task-oriented manipulations of the 

tools in which they followed the order of the questions on the worksheets to make 

the measurements. That meant they were asked to connect measurement with 

mathematics knowledge after the actions of the tool manipulations. 

7.2.5.4  Change of method 

In section 7.1.4, I discussed the design of the tool-based tasks in the three cases. 

The worksheets in cases A and C led the students to plan methods before actual 

manipulations of the tools. The plans encouraged the students to produce various 

methods, which were compared for constructing mathematics knowledge by 

discernment. In case B, the discernment was made with the variations in 

measurements with different tools and in different locations. Therefore, in cases A 

and C, the initiation of changing the methods was based on students’ autonomy in 

terms of freedom in the selection of the tools. 

7.2.5.5  Purpose of recording 

One prominent function of the tasks was to record the procedures and the results 

of the measurements. In case A, the students answered in open-ended spaces on 

the worksheets, with drawing diagrams and deriving formulas the main 

productions. This involved noting the ways of measurement and details of the 
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calculations associated with errors generated from the processes. In case B, 

students recorded the measured values in the worksheets in order to further 

calculate the percentage errors which were the main parts of the questions on the 

worksheets. As the procedures of the measurements were designated by the 

teacher, students discussed the errors, based on the analysis of the measured 

values instead of the techniques of the measurements. Although the teacher 

extended the discussion in the second lesson, which allowed students to present 

and videotape the presentations based on the given follow-up worksheet, the focus 

of the presentations was on comparisons of the processed average data. In case C, 

since there were various types of contingency tasks for students to record, they not 

only recorded the procedure of the experiments but also videotaped the 

presentations so that they could comment on others’ work and review the 

comments after. 

In short, the recording purpose of the tasks contributed to various dimensions. It 

could record the manipulation procedures so that the students could analyse them, 

looking at the errors and improvements. Moreover, the video-recorded procedures 

could be used for the purposes of explanation and legitimation. In addition, the 

tasks could serve as a databank which contained all required values to be 

measured. The databank could also be viewed as guiding the students to conduct a 

designated measurement. Certainly, different recording purposes of the tasks 

elicited distinct foci of mathematics knowledge. It led to different types of 

negotiation in later discussion (e.g. explanation and legitimation). 
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7.2.5.6  Explanation 

In the three cases, the students were found to provide mathematical reasons for 

tool selection, tool manipulations and methods adopted. They had opportunities to 

express how and why they did something in a particular way during the entire 

process of the research lessons. In some specific situations, students were asked 

by teachers regarding ways of manipulating the tools during the activities with the 

tools. Some discussions within groups or pairs produced mathematical reasons, 

with specific terminologies or mathematical operations generated. During the 

collective activities, some students demonstrated experiments with the tools which 

could be viewed as specific ways of generating explanations (i.e. explanation by 

the manipulation of the tools). For the explanation contents, the students based 

this on the manipulation processes and/or the analysis of measured data. 

Therefore, the tool-based tasks prompted students to manipulate tools in order to 

generate something to support their claims. Additionally, they developed a way of 

explanation which involved manipulation of the tools in the process of 

accomplishing the tasks. This could also be viewed as a process of developing 

students’ mathematical reasoning so that they could search for evidence to defend 

their stands with the actions. 

7.2.5.7  Legitimation 

In cases A and C, the students compared ways of methods and experiments during 

manipulation processes, collaborative productions and collective production 

activities. They illustrated the characteristics of the methods and experiments they 

had planned and implemented by justifying the accuracy of the measuring skills 

(i.e. tool-oriented) and correctness of the mathematics operations (i.e. task-
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oriented). The ways of doing methods and conducting experiments were justified 

by all other students and the teachers in the learning environments through public 

sharing in the presentations. In case B, alternatively, justification was prominently 

given in the measurements made by different tools and from different locations. 

During the analysis of the measured values, students could legitimate the 

effectiveness of the given tools by calculating the figures. In short, there were two 

types of legitimation observed in the research lessons. One was that students (and 

teachers) negotiated for the effectiveness of the methods/experiments adopted by 

them. It involved discussion aimed at justifying pragmatic usage of the tools. The 

other was that students (and teachers) negotiated for the mathematical contents of 

the tasks. The discussion might or might not include the tools and, more 

importantly, the prominent purposes of the contents of the discussion should be 

direct to the tasks. 

Therefore, legitimation was not just viewed as a way of explanation made by 

students and the teachers. It could be made between the negotiations of various 

methods and the uses of the tools which students and teachers could justify. In 

short, it was critical to distinguish explanation from legitimation. Explanation 

focuses on the mathematical reasoning that students can provide in a direct way, 

while legitimation constitutes the justification which looks for consent from all 

stakeholders in the tool-based learning environment. 

7.3 Summary  

As mentioned at the beginning of this chapter, I concluded the findings and put 

the interactive processes of the research lessons into Figure 7.1. The idea of 

didactical interactions is theoretically grounded in the theory of didactical cycle. 
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Complementary with the Tool-Task dialectic, didactical interactions can 

contribute to pedagogical implications from teaching perspectives. It also 

enhances the theory of didactical cycle, optimising the activity phases and 

modifying their transitional directions. Furthermore, this Tool-Task dialectic plays 

an important role in describing how the actual interactions emerged and transited 

in the activity phases. In addition, it also contributes to the design of tool-based 

tasks. Apart from the interactive structure of the framework of didactical 

interactions, the prominent subjects of Tool-Task dialectic and didactical 

interactions are interchangeable, which will be further discussed in the last chapter. 

I should also emphasize that, in between the interferences of the tools and the 

tasks, manipulators (mainly the students) and teachers played important roles in 

the development of the Tool-Task dialectic. This means that the tools and the 

tasks cannot interact with each other without the endeavour of students and the 

teachers. The ‘interference’ of the teachers serves as professional guidance for the 

students to focus on the tool-oriented, task-oriented dialectics, or both, which 

frames the activities in the tool-based lessons. In addition, teachers can orchestrate 

the students by monitoring the transitions of the activity phases of didactical 

interactions. Essentially, the settings of the learning environments also affect 

some of the characteristics of the Tool-Task dialectic.  
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CHAPTER EIGHT: DISCUSSION 

The findings of this research have some pedagogical implications for tool-based 

mathematics teaching and learning. Mathematics teachers can recognise the 

learning features of the students in the cases. Furthermore, theoretical knowledge 

is added to enrich didactical cycle, thus strengthening philosophical frameworks 

for tool-based pedagogical considerations. 

Apart from these contributions, I have made the following remarks regarding the 

study. 

8.1 Transitions of activity phases in didactical interactions 

Three activity phases in didactical interactions were found to be transited in 

different constitutions in the three cases. The study found that the transitions of 

the activity phases were influenced by the themes of the activities, among which 

one possible description was Tool-Task dialectic. The thematic activities with 

tools and/or the tasks conducted by the students facilitate the teachers to 

orchestrate in certain ways for guiding them to generate meaningful productions. 

Tool-based lessons are presumed to undertake the phases which transit among 

three of them.  

8.2 Tool-Task dialectic and didactical interactions 

At the beginning of the analysis by Tool-Task dialectic, I observed a general 

interaction of the tools and the tasks from the three cases, which are represented 

by the following figure. It acts like a Venn diagram in the sense that the tools and 

the tasks have their own roles as they work together to catalyse the development 

of mathematics knowledge. In short, taking everything into consideration, I 
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propose a fundamental Tool-Task dialectic from students’ perspectives in practice, 

which is shown in Figure 8.1, that provides a general picture of how tool and task 

are interacting in the cases. From the perspective of task, it shows that students are 

planning, implementing and reviewing measuring methods under the guidance of 

the task. From the perspective of tool, students are developing specific usages of 

the tool through manipulation of it. These tool- and task- oriented activities are 

intertwining for solving the problem, and ultimately developing mathematics 

knowledge. In advance, the overlapping region could be viewed as the 

consideration of the united stage of the tool and the task as one thing (see section 

7.2.5). 

 

 

Figure 8.1 Fundamental Tool-Task dialectic 

8.2.1  The activity phases in Tool-Task dialectic: An alternative view 

Tool-Task dialectic categorizes the narrative interactions in the research lessons; 

at the same time, the activity phases in didactical interactions are adopted in the 
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analysis. Therefore, I use the codes in different schemes to collaboratively analyse 

the interactions in the lessons. The presence of a specific code in both Tool-Task 

dialectic and didactical interactions yielded the analysis in which I discovered the 

commonality to harmonize the two frameworks by switching the perspectives. 

 

Figure 8.2 Tool-Task dialectic from the lens of the activity phases in didactical interactions 

Figure 8.2 simplifies the Tool-Task dialectic with the activity phases in didactical 

interactions. The cyclical flow is eliminated in the figure. Instead, one can easily 

understand the actual interactions between the tool and the task by the theory of 

didactical interactions. Thus, it proposes a very general idea of implementation of 

a tool-based mathematics lesson, where the activity phases in the theory of 

didactical interactions can simultaneously emerge in the tool- and task- 

orientations. 

Didactical interactions suggest that the transitions of the activity phases of 

didactical cycle have dual directions. It frames a network of the activity phases 

closely influencing each other. From the lens of didactical interactions, it is 
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obvious to see that each activity phase consists of a specific Tool-Task dialectic 

(see Figure 7.1). When I change the lens to Tool-Task dialectic, the activity 

phases can be viewed as catalysts promoting interactions between the tool and the 

task. I further illustrate these interactions in Figure 8.2. 

Activity phase 1 (A’1) proposes that students manipulate tools according to the 

requirements of the task. It then continues to produce signs in the next phase. The 

manipulations with the tools are not isolated to the task so the tools can be 

manipulated in service of the accomplishment of the task. Therefore, the task 

should include clear goals to elicit students to act on certain actions, some of 

which are the manipulations of the tools. The teacher should lead the students to 

focus on the critical issues in the task in order to manipulate the tools properly. 

Students should refer the manipulations of the tools to the requirements of the task 

and guidance of the teacher. 

Activity phase 2 (A’2) in the theory reveals collaborative production of signs. I 

propose collaborative production since the students are expected to work in 

groups (or pairs) in order to generate signs (including data) for the manipulation 

process. The generated data, in addition, should be well organized in the task for 

further elaboration and revision. Teachers should remind the students to 

concentrate on certain productions which are critical for the development of 

mathematics knowledge. Students should, on the one hand, manipulate the tools in 

order to produce useful information, and on the other, refer to the task that 

stimulated them to generate data. Throughout this phase, the groups of students 

should legitimate in order to produce consented ideas which represent the group. 

The legitimation in the discussion associated with the manipulations of the tools is 

comprised of individual productions.   
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Activity phase 3 (A’3) proposes to be the discussion in the tool-based lessons 

which, in principle, refers to the presentations in the cases. Teachers and students 

discuss the processes and the ideas generated from the manipulation processes. 

They should also discuss based on the goals of the task and connect the 

productions from the manipulations of the tools. They should move back and 

forward in tool- and task- oriented activities in order to construct mathematics 

knowledge through the processes of explanation and legitimation. 

This view of the activity phases in Tool-Task dialectic emphasizes the interplay of 

tool and task associated with the didactic activities captured in didactical 

interactions. It flips the subjects to the interrelation of tool and task that different 

parties could concentrate on their own concerns. Teachers would focus on the 

specific design of the task in order to provoke students to manipulate the tools. 

Students can systemically record the procedures of manipulations as well as 

important information in the task with the interactions with the tools. Teachers 

and students can also mathematically discuss according to both of the tools and 

the tasks. 

8.3 The research questions 

Section 1.4 reveals that the study aims to address three research questions which 

are 1) how do teachers orchestrate students to manipulate tools in tool-based 

mathematics classrooms?; 2) in multi-tool-based mathematics classrooms, how 

and why do students and teachers generate interplay of tools and tasks?; and 3) 

how do the findings in Q1 and Q2 contribute to the development of a pedagogical 

framework guided by tool-based related theories in mathematics education?. Tool-

Task dialectic could be one of the major findings, answering the first two research 
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questions. The teachers’ interventions (e.g. questioning, follow-up questioning, 

commenting, referring to tool/task/textbook and wrapping-up) in the research 

lessons were framed by a Tool-Task dialectic in which the teachers directed the 

students to think and act according to the requirements of the tasks and 

manipulations of the tools. In addition, students’ manipulations of the tools were 

analysed so that the collaborative productions generated by them were influenced 

by the design of the tasks, selections of the tools and interventions of the teachers. 

Specifically, in the analysis of the implementation of the lessons with didactical 

cycle, the modified frame (i.e. didactical interactions) was purposed with the 

support of the data analysis, with the transitions of the activity phases intertwined. 

Moreover, the Tool-Task dialectic was supplementary to didactical interactions 

through portraying the interactions theoretically and practically. 

8.4 Tool-based mathematics learning and problem-based learning  

The cases in the study were selected based on the contents of the research lessons, 

which examined similar topics in the domain of mathematics curricula. The 

content in the selected cases was coincidently found to consist of problem-based 

issues. It was common to make a causal assumption that a tool-based task came 

with a main problem. Under these circumstances, the findings of this study can be 

contextualized in regard to the implementation of tool-based tasks which are also 

problem-based tasks. 

Gallagher et al. (1995) summarize three important parameters of problem-based 

learning: 1) “initiating learning with a problem”; 2) “exclusive use of the 

problems” and 3) using “the instructor as a metacognitive coach” (p. 137). They 

mention that the initiation of learning is launched after students are confronted 
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with a realistic problem, which is different from problems contained in most 

school textbooks. Specifically, Gallagher et al. reveal the importance of ill-

structured problems which have four characteristics. Firstly, a lack of information 

is necessary in order to solve the problem. Secondly, there is no single best means 

of approaching the task. Thirdly, new information is required to be gathered. 

Finally, students are required to make decisions to select correct solutions among 

themselves. In addition, there is no model answer for the problem. If the four 

characteristics of ill-structured problems are borrowed to define the problems in a 

problem-based learning environment, the problems in cases A and C belong to it. 

In contrast, case B provoked a problem which relates to designated ways of using 

given tools for measurements which does not satisfy the criteria of ill-structured 

problems. 

For instance, cases A and C create tool- and problem- based learning 

environments for the students to solve the ill-structured problems. Case B 

provides a tool-based learning environment for students in which to use the tools 

to make measurements. The transitional analysis of the activity phases found that 

in cases A and C there emerges all dual-directional transitions. However, it was 

not the same in case B (see section 5.10.6.3). These different settings of learning 

environments according to the design of the problems could be one possible cause 

for yielding the different flows of the activity phases in didactical interactions. 

Apart from the types of problems, tool-based tasks require the problems to 

involve tools which prominently dominate teaching and learning issues in the 

environment. Therefore, the design of the tasks and pedagogical considerations 

should be discussed. 
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8.5 Tool-based task design 

The design of the tool-based tasks in the three cases was analysed in-depth from 

the teachers’ perspectives. With the idea of Tool-Task dialectic, I tried to 

specifically embed some findings of this study into the definition of tool-based 

task from Leung and Bolite-Frant (2015). They propose that task design aims to 

have things “to do or act on in order for students to activate an interactive tool-

based environment” (Leung & Bolite-Frant, 2015, p.192). The themes of the 

actions are encountered so that task design should conceive things to do according 

to clear goals. At the same time, students can take actions with tools so that they 

come to understand what to do and how to act in the task and with the tools. In 

addition, the task design should have the function of recording students’ work in 

two senses. One purpose is to prompt the students to review the implementation of 

the manipulation of the tools, while the other is to allow teachers to collect 

students’ productions. 

Moreover, in section 7.1.7, the three modes in a nested pedagogical frame were 

discussed between the cases. There was a research gap to connect those modes 

with the activity phases in the didactical interactions. Further questions will be 

raised in section 8.12.3. 

8.6 Diversity of method 

One of the characteristics of tool-based tasks is to facilitate students to think and 

act with the tools. Tool manipulations lead to the emergence of diverse methods 

which stimulate students to develop rich mathematics knowledge through 

discernment of the methods. In the three cases, the students compared methods in 

different ways. The differences between planned methods and implemented 
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methods allowed them to reflect on the methods they had created (see cases A & 

C). The differences between the measurements made by different groups (see case 

B) led students to construct specific mathematics knowledge (e.g. percentage 

error). The differences in methods within the whole class (see cases A & C) 

stimulated the students to seek improvements so that errors and the ways for 

reducing them could be critically examined through comparisons. Therefore, from 

the aspect of tool-based task design, freedom should be reserved for students to 

plan methods with clear guidance but fewer boundaries. Teachers can also prompt 

students to become familiar with various methods for reflection and to make 

improvements in order to create mathematics knowledge. 

8.7 Tool of semiotic mediation 

The tool is at the heart of the theory of tool of semiotic mediation (TSM), which 

interrelates students, teachers and specific mathematics knowledge. It also leads 

students to actively think and act through tool manipulations. For instance, Tool-

Task dialectic is proposed to frame the endeavours of tools and task in cases 

where the tool has played the important role of mediating the mathematics 

knowledge with the learners. Moreover, the role of the tasks designed by the 

teachers is also prominent in guiding students to think and act with the tools in 

order to construct the intended mathematics to be taught in the tool-based 

environment. In the analysis, I found that the students develop mathematics 

knowledge based on their experience of hands-on activities with the tools; 

however, they were no longer manipulating the tools (e.g. see section 5.6). 

During the mediation process, TSM emphasizes the production and interpretation 

of signs. In section 2.7, I defined the signs focused on in the study, which are 
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captured in verbal and written forms. From the task-oriented aspect in Tool-Task 

dialectic, the roles of the tasks played the important role of simulating and 

gathering the signs in written forms. That means the tasks not only record the data 

for further calculations but also provoke the students to cultivate specific 

knowledge. Additionally, types of signs are further considered in advance 

according to Tool-Task dialectic that frames bisection of signs into tool-oriented 

or task-oriented. 

In short, the semiotic potential of the tools illustrates the mediation function of the 

tools, connecting personal meaning to mathematical meaning for the students. The 

other way around, I recommend that the significance in the tasks can be gained 

from the way the tasks influence the processes of this connection. That means, 

design of the task formulates the actual practices of semiotic potential of the tools. 

8.8 Mode of students’ learning  

In cases A and C, the students were formed into groups consisting of around four 

students. The students in case B were paired-up to make measurements, and then 

formed into larger groups for the presentations. The grouping and pairing settings 

in the cases supported one of the findings, which was the reformation of activity 

phases in didactical interactions named collaborative production of signs. 

Collaboration obviously emerged in the cases since the students worked in groups 

or pairs. The productions of individuals were instantly influenced by and merged 

with others’ work. 

From the perspective of didactical interactions, the other two activity phases in 

didactical cycle/interactions have no conflict with the collaborative production of 

signs that teamwork encourages from the lens of social constructivism. However, 
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from the perspective of instrumental genesis, which frames the internal 

relationship between the tool and individual user, it is appropriate to examine the 

production processes from the view of instrumental orchestration. 

The learning modes of students in terms of individual and collaborative 

constitutions are essential for the construction of mathematics knowledge. 

Especially in tool-based learning environment, students not only negotiate 

practical procedures of manipulations with tools among themselves, but also 

legitimate accuracies and the correctness of the methods. Regarding the 

consideration of this tool-based learning environment, furthermore, one should 

simultaneously consider teachers’ orchestrations. 

8.9 Facilitating the role of the teacher in a tool-based mathematics 

classroom 

Teachers play the important role of orchestrating interactional processes and 

learning opportunities in classrooms. Kuntze and Rudolph-Albert (2009) 

conducted a study to investigate individual criteria for instructional quality that 

mathematics teachers, in reference to ‘good’ lessons in classroom practice. The 

finding of their study shows that two central characteristics of ‘good’ mathematics 

lessons are related to “the domains of motivation and interest of students” (Kuntze 

& Rudolph-Albert, 2009, p. 86). Therefore, to integrate the motivation and 

interest of students into the findings of this tool-based research study, the 

mathematics teachers successfully encouraged the students to actively participate 

in the tool-based learning environments embodying student-centred classroom 

practices. 
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Specifically, the research lessons suggest prominently outlining the role of 

teachers in the following ways. Firstly, Tool-Task dialectic proposes that tool and 

task should be independently initiated. Teachers should introduce clearly the goals 

of the task including the requirements and restrictions of the problem. Secondly, 

as the task requires students to have certain aspects of prior mathematics 

knowledge, teachers should recap some important domains of mathematics 

knowledge in order to guide students to think about certain aspects. Thirdly, for 

the tool-orientation, the skill of using certain tools should also be introduced to 

students so that they can know their basic operations. However, teachers should 

not restrict the students from developing their own ways of using the tools. As the 

tasks have a function of facilitating the students to work with the tools in certain 

ways, the role of teachers is to supplement the tasks when students misunderstand 

the requirements of the tasks. In addition, the teachers can direct students to 

properly manipulate the tools in order to generate meaningful production for 

creating mathematics knowledge. 

This study also contributes to the field of teacher education that critically 

evaluates claimed benefits and disadvantages of teachers being reflective 

practitioners. Kolb (1984) introduces experiential learning, illustrating a cyclical 

learning process that conceives critical thinking. The cycle, consisting of four 

stages which are learning experience, observation and reflection, generalisation 

and conceptualisation, and integration, spirally develops conceptual constitutions 

through active participating in actions of reflective practices. The participants (i.e. 

the teachers) in the study, in some senses, underwent this kind of process, in 

which they collaboratively implemented and evaluated the tool-based teaching 

and learning processes with researchers. The participants in the study not only had 
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opportunities to observe and reflect on their own designed tasks associated with 

its implementations, but also assisted the researchers to develop certain concepts 

in tool-based teaching and learning contexts. Further research is suggested to 

continue the experimental learning cycle. 

8.10 Tool-based mathematics discourse 

In traditional mathematics lessons, teachers and students use textbooks for 

discussions. Students typically use “mathematical discourse to make conjecture, 

talk, to question, agree or disagree about problems in order to construct 

mathematical concepts” (Stein, 2007, p. 285). In the tool-based lessons, 

manipulations of tools and accompanying methods serve important roles for 

generating discussable productions for mathematical discourse. Teachers and 

students discuss the features of the tools, reasons for selection of the tools, ways 

of manipulating them, the pros and cons of using them, and so on. Tools-related 

conversations containing such potential elements contributes to the development 

of mathematics knowledge with the guidance of teachers. Therefore, teachers 

should, on the one hand, engage students to participate in the tool manipulations, 

and on the other, be aware of conversations among students during the 

manipulation processes in order to scaffold students’ actions and cognitive 

thinking. 

O’Connor and Michaels (1996) have emphasized that a teachers’ role in 

classroom discourse is to get students to see themselves and each other as 

legitimate contributors to solving the problem in hand. In addition, Skovsmose 

(2012) summarizes five mathematics-based discursive acts, one of which is 

legitimation. This is defined as making an action appear as if it is justified. In the 
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cases, legitimation acts as a common constitution for the students to justify some 

critical issues grounded in several dimensions. It not only allows the students to 

mathematically explain to others based on the manipulations of the tools as a form 

of evidence in the processes of problem-solving, but also argues about the planned 

and implemented methods, manipulations of the tools used by different users, 

different tools used and so on, which develop students’ abilities to give reasons in 

order to support their arguments. 

8.11 Limitations 

In spite of the findings contributing to the development of the theories, there are 

limitations in the design of the study that need to be acknowledged. 

This research adopts a case study approach which investigates specific in-depth 

factors bounded in the field. Thus, the findings in the study should not necessarily 

be generalized to all other situations. However, educators, mathematics teachers 

and researchers can get gain insights from a critical analysis of the study, with 

these three cases providing rich examples for planning and implementing, and 

analysing, tool-based teaching and learning environments. 

The participants (i.e. the teachers in the cases) were purposively selected, with 

students encountering similar topics (i.e. estimations and errors). In addition, the 

students in the cases were in similar grades (i.e. junior secondary levels from 

grade seven to grade nine). Therefore, a comparison of the topics is easily made, 

being in the same mathematics domain. However, there are differences in the 

academic backgrounds of the teachers, with the implementations of the tool-based 

lessons influenced by the perceptions of these teachers. Moreover, the learning 
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diversity among the students from the three schools also influenced the 

interactions emerging in the cases. 

For capturing the interactions of the teachers, students and the tools in the 

research lessons, video-taping and note-taking were the two main sources of data 

for analysis. There is an objective limitation in that some interactions were 

possibly neglected during the data collection process. Although one case in the 

study employed two cameras to holistically record the lessons, more cameras are 

recommended to record each group/pair of students in order to analyse 

interactions among students at various levels (i.e. interactions within group/pair 

and in the whole classes). 

8.12  Implications and suggestions 

The study develops a modified pedagogical framework with detailed analysis of 

interactions analysed from specific views of tool- and task- orientations 

contextualized in the cases. The findings are able to contribute to mathematics 

education in several aspects, e.g. policymaking, classroom teaching and learning. 

8.12.1   Implication for policymaking 

In mathematics curriculum documents, there are several aspects concerning “the 

use of tools to carry out measurements” (Education Department, 2002, p. 21) and 

“handle information” (Education Department, 2002, p. 22) in order to develop 

students’ high-order thinking abilities. The findings of the study provide a 

consolidation of tool-based theoretical frameworks which are grounded on 

practical implementation of classroom teaching and learning. Education 

policymakers might want to consider embedding some of the findings, especially 

the characteristics in Tool-Task dialectic yielding insights into teaching and 
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learning mathematics through tool-based tasks. The Tool-Task dialectic themes 

prompt some critical constitutions (e.g. hands-on manipulations with tools; and 

flows of activities with tools) for curriculum developers to consider for fostering 

teachers’ teaching as well as students’ learning in tool-based context. Moreover, 

the findings not only frame theoretically interactions between tools and their 

corresponding tasks but also provide guidelines for teachers to design tool-based 

tasks and select appropriate tools in practice. 

8.12.2  Implication for mathematics classroom teaching and learning 

The findings of the study bring to light some important pedagogical 

considerations in the design of tool-based tasks in order to facilitate students’ 

learning through interactions in class. For mathematics teaching, teachers might 

design tool-based tasks embedding critical elements captured in the study, which 

provide an opportunity for students to manipulate with tools and think related to 

the tasks. Importantly, teachers can conceive of teaching and learning 

environments concerning the generation and evolution of productions mediated by 

tools through the activity phases captured by didactical interactions. The 

frameworks of the findings propose that teachers are responsible for providing 

guidance to orchestrate situations, giving concrete suggestions for the teachers to 

conduct tool-based lessons. Moreover, although the study focuses on the 

interactions among crucial parties in the lessons in didactic aspects, students’ 

learning is essential for the support of the findings. For mathematics learning, 

ways of students’ learning through manipulation with tools are analysed by an 

instrumental approach in collaborative learning ways. Students can reflect on their 

hands-on learning experiences during manipulation processes and have the tasks 

record necessary information. Furthermore, analysis of students’ learning is 
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recommended to be done in an extensive way which will be proposed in next 

section. 

8.12.3 Further study 

A remark should be made to elaborate on possible directions for further research, 

with several questions regarding the findings as well as the limitations of the 

study. 

The research prominently examines the interactions that emerge in research 

lessons associated with the perceptions of teachers towards tool-based task 

designs. One of the findings revealed was that the design of tasks cultivates the 

purposes of the actions taken by the students with the tools. Further research could 

be conducted to investigate relationships between the specific design of the 

questions and interactions of the manipulations with tools in tool-based lessons. Is 

there any interrelationship between the sequences of questions and the activity 

phases in didactical interactions? 

Second, as mentioned in section 8.9, the idea of teachers as reflective practitioners 

emphasizes that the teachers in the study might be invited to further conduct 

another tool-based lesson in which the findings of the study are adopted as the 

prominent analytical framework. 

Third, the topics addressed in the three cases were related to estimation. Further 

research could be conducted to study tool-based mathematics lessons 

encountering other mathematical domains, with the analysis of didactical 

interactions and Tool-Task dialectic. Is there any additional activity phase 

emerging in the analysis of the tool-based mathematics lessons in other topics? 
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Fourth, the study employed a number of theories to analyse interactions in the 

research lessons. Is there any interplay of harmonizing the modes in nested 

pedagogical frames and the activity phases in didactical interactions? 

Fifth, the views from the students were regarded as useful data for triangulation of 

the findings. Further study could strengthen the representativeness of the data by 

interviewing more students after the implementation of the research lessons. Is 

there any relationship between students’ perspectives and the flow of activity 

phases in didactical interactions? 

Sixth, the development of the signs in the study is grounded in a Vygotskian 

approach. Further research is suggested to study in-depth the developmental 

processes of the signs through students’ manipulations with the tools and 

interventions from teachers. Is there any specific transitional form in the 

development of the signs from artefact signs to mathematics signs? 

Seventh, in addition to the fourth and fifth questions above, is there any 

relationship between the theory of instrumental genesis/orchestration and the 

collaborative production of signs? 

Eighth, regarding the types of signs, further research is recommended to analyse 

students’ productions of signs based on the themes in Tool-Task dialectic. 

Ninth, further research is recommended to investigate tool-based discourse from 

discourse analysis specifically conceiving mathematics language in tool-based 

contexts. 

Tenth, one of the cases in the study involves an experienced science teacher who 

designed and conducted the lessons using a science approach. Another case 
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addresses the prospective design of the lesson involving mathematical modelling 

and planning of methods. Two cases in the study employ technological tools in 

design and implementations. This shows that the study consisted of some 

important elements of mathematics, science, technology and engineering. Is there 

any insight for the contribution of STEM (i.e. Science, Technology, Engineering 

and Mathematics) pedagogy in theory and practice? Further research is suggested 

to investigate the harmonization of theories to contribute to STEM. 

8.13 Concluding remark 

The research reports on the investigation of designs and implementations of three 

tool-based teaching and learning cases, particularly concerning interactions 

between tools, students and teachers in these situations. Based on the bottom-up 

(narrative coding scheme) and top-down (analysis of didactical cycle) analysis, 

two main findings (didactical interactions and Tool-Task dialectic) are developed 

and simultaneously considered for describing how the tool-based lessons 

performed and conceptualizing critical characteristics in the situations, which are 

insightful for the participants themselves as well as mathematics teachers 

considering tool-based teaching. The idea of didactical interactions illustrates 

activities that teachers and students might undertake in any direction among the 

phases. It frames the intertwined relationships between the phases in which 

teachers should, on the one hand, allow students to freely manipulate tools in 

order to generate certain productions, and on the other, orchestrate students to 

focus on particular mathematics contents which are intentionally taught. The 

characteristics of Tool-Task dialectic, in addition, depict concrete interactions in 

terms of tool- and task- orientations. Moreover, interchange of subjects of 

didactical interactions and Tool-Task dialectic switches the prominence of 
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considerations during tool-based task design, pedagogical implementation, 

students’ learning through hands-on manipulations with tools, evaluations of 

lesson and so on. These approaches taken in the study have crucial implications 

for enriching theories of tool-related teaching and learning.  Further research is 

proposed to further the insights and findings of the study. 
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APPENDICES 

Appendix 1: Interview questions for post-lesson interview with teachers 
 

Semi-structured Post-lesson Interview Questions (Teacher) 
 

 
1. What was(were) the learning objective(s) of the lesson(s)? 

 
2. How did the tool(s) relate to the objective(s)? 

 
3. How did the tool(s) relate to the mathematics content? 

 
4. How did the students manipulate the tool(s)? 

 
5. How would you describe individual students’ work? 

 
6. How would you describe students’ work in groups/pairs? 

 
7. What did the students produce? 

 
8. Could the students work without your guidance? 

 
9. Could the students complete the task/worksheet? 

 
10. How was the flow of teaching (i.e. teaching sequence)? 

 
11. What are the constraints influencing your teaching? 

 
12. How do you assess what the student learned? 

 
13. Will you teach in the same way when you are asked to teach the lesson 

again? 
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Appendix 2: 
Interview questions for post-lesson focus group interview with students 
 
 

Semi-structured Post-lesson Interview Questions (Students) 
 
 
1. Do you understand the purpose of the task? 
 
2. How did you use the tool(s) to complete the questions in the worksheet? 
 
3. Did you have any difficulty when you use the tool(s)? 
 
4. What factors contribute to your selection of the tool(s)? 

(Not applicable in case B) 
 
5. How would you relate the action(s) with the tool(s) to mathematics? 

Please specify with one example. 
 
6. What did you learn from other groups? 
 
7. How do you feel the teacher facilitate your learning in the class(es)? 
 
8. What are the differences between the lessons and traditional lessons? 
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Appendix 3: Worksheets in case A 
 
Team members: ____________________________________________________ 
 
1. With the aid of diagram(s), plan and describe the method you use to find the 

volume of the given container. Identify the quantities which are relevant to 
solve the problem. 

 
 

2. Record the values you have measured and calculate the volume: 
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3. Write down all the possible error(s) (if any) in finding the volume of the 
container by using your method. Explain your reason(s) why there is an error. 
Try to find the least possible volume and greatest possible volume of the 
container and hence find the range of the volume. 
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4. Form Wikipedia, we can find the volume of a circular frustum using the 
following formula. 

 2
221

2
13

RRRR
h

V 
 ……..(*) 

where R1, R2 are the radii of the two bases and h is the height of the frustum. 
Could you suggest a method to find the volume of the container by using (*)? 
Estimate the possible error(s). Compare the method using (*) and your own 
method. Which one is better (in terms of accuracy, easiness,..etc)? 

 
 
5. [Optional] 

Could you prove the formula (*) ? 
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Appendix 4.0: Lesson plan in case B 
 

XXX School 
Secondary 2   Mathematics  

Proposal of Tool-based teaching programme 
 

Topics Book 2A  Chapter 5  Approximation and errors 
Section 5.2 Errors  
Section C Relative Error

No. of periods for 
the programme 

4 
 

Objectives 1. To explores the measuring procedures of using 
different tools in various measurements 

2. To understand the weakness and constraints of different 
tools 

3. To understand the concept of relative error and 
percentage error

Tools required 1. IOS devices (1 for every 2 students, prepared by the 
school ) with “Angle meter” and “EasyMeasure” 

2. Measuring tape 
3. Theodolite

Apperception 
basis 

1. Knowledge of nature of measurements 
2. Knowledge of error and absolute error 
3. Technique of using the relevant tools (including IOS 

device and theodolite) [can be introduced in previous 
chapters such as Trigonometry] 
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Lesson arrangement 
First double lesson 

Time 70 min 
Venue Classroom and covered playground 

Approach 
adopted 

1. Lecturing 
2. Learning through activities 
3. Peer learning (group activity)

Plan of the lesson 1. Explain the procedures of measurement to the students 
in classroom 

2. Students go to the covered playground and divided 
into groups. 

3. Students use measuring tape to measure the distance 
from a specific point to the base of the school badge 
and to the edge of the stage. 

4. Students use theodolite to measure the angle of 
elevation of the base of the school badge and the edge 
of the stage from the specific point  

5. Students use various measure apps in the IOS device 
to measure the distance from the specific point to the 
base of the school badge and to the edge of the stage 
and the angle of elevation of the base of the school 
badge and the edge of the stage from the specific point 

6. Students complete the worksheet by recording the 
findings and figuring out the possible error sources 
and the values of maximum absolute errors of the 
measurements. 

7. Ask students to do the questions in the “think further” 
part about the comparison of the accuracy of various 
measurements 

8. Summary of the lesson
Teaching 

aids/tools needed 
Blackboard, chalk, computer and projector, IOS devices, 
measuring tapes and theodolite
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Second double lesson 
Time 70 min
Venue Classroom

Approach 
adopted 

1. Lecturing 
2. Discussion 
3. Peer learning (group activity, peer evaluation) 

Plan of the lesson 1. Students are required to finish the worksheet with the 
calculations of the height of the school badge and the 
edge of the stage by using the data obtained before the 
lesson. 

2. Selected groups are invited to present their findings to 
the whole class. 

3. Various peer assessments are conducted by using 
appropriate apps (Class Text Vote and Socrative) 

4. Students are required to discuss with classmates about 
the reason for introducing the concepts of relative 
error/percentage error. Students may use web-browser 
to seek answers from the internet. 

5. Teacher observes students’ performance and their 
works will be recorded and shared by suitable apps 
(Explain Everything and CamScanner) during the 
lesson for immediate responses from classmates and 
teachers 

6. Peer assessments are conducted again. 
7. Summary of the lesson

Teaching 
aids/tools needed 

Blackboard, chalk, computer and projector and IOS devices 
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Appendix 4.1: 
Worksheets in case B (for Group A: White line, Chinese version) 
 

 
XXX學校 

中二乙    數學   估算與誤差 

工作紙 

學習目標 

1. 使用不同的工具來量度和物件的距離及仰角 

2. 使用適當的三角比來計算物件的高度 

3. 運用不同的方法分析和計算誤差 

 

已有知識 

誤差，絕對誤差，最大絕對誤差，相對誤差和百分誤差的定義及相關的公式 

 

在這個活動中，我們將運用不同工具去量度有蓋操場校徽的高度，並嘗試分

析量度的誤差。 

 

學生分成兩人一組。 

 

學生 1: 

姓名: ____________________________ F.2B  (      ) 

 

 

學生 2: 

姓名: ____________________________ F.2B  (      ) 

A 組 (白線) 

第 A ___ 組 
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首先，參看下圖： 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

活動 1：量度視線高度（m） 

使用拉尺量度 m 的值： 

 學生 1 學生 2 

m 的值 (單位：

cm) 

 

 

 

 

 

 

 

 

 

d = 水平距離 

m = 視線高度 

θ = 仰角 

校徽

h = 校徽的高

度 

校徽的垂足 
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活動 2：量度水平距離（d） 

量度從固定點到校徽垂足的距離。（即是 d） 

 

步驟： 

1. 使用拉尺量度第一條白線至校徽垂足的距離。 

2. 運用 iOS 裝置上應用程式“Easymeasure”量度第一條白線至校徽垂足

的距離。 

 

完成下表： 

 

從第一條白線至校徽垂足的量度距離 (d) 

量度方法 學生 1 (單位：cm) 學生 2 (單位：cm) 

拉尺 

 

 

 

 

 

應用程式

“Easymeasure” 
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活動 3：量度仰角 (θ) 

量度由固定點測得校徽底部的仰角。（即是 θ） 

 

步驟： 

1. 使用經緯儀量度第一條白線至校徽底部的仰角。 

2. 運用 iOS 裝置上應用程式“Angle Meter”量度第一條白線至校徽底部的

仰角。 

 

完成下表： 

 

從第一條白線至校徽底部的量度仰角(θ) 

量度方法 學生 1 (單位：o) 學生 2 (單位：o) 

經緯儀 

 

 

 

 

 

應用程式 

“Angle Meter” 
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活動 4：計算校徽的高度 (h) 

運用合適的三角比，試列出計算 h 的公式（以 d、m 及 θ表示） 
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學生 1:  m = ____________________ 

 d (單位：cm) θ (單位：o) h (單位：cm) 

第一條白

線 

拉尺 經緯儀  

 

 

 

 

應用程式

“Easymeasure” 

應用程式 

“Angle 

Meter” 

 

 

 

 

 

 

學生 2:  m = ____________________ 

 d (單位：cm) θ (單位：o) h (單位：cm) 

第一條白

線 

拉尺 經緯儀  

 

 

 

 

應用程式

“Easymeasure” 

應用程式 

“Angle 

Meter” 

 

 

 

 

 

 



364 

活動 5：計算誤差 (h) 

完成下列各表。 

學生 1： 

量度方法 
從第一條白線至校徽

垂足的量度距離 (d) 
最大絕對誤差 百分誤差 

拉尺 

  

 

 

 

 

應用程式

“Easymeasure” 

  

 

 

 

 

 

量度方法 
從第一條白線至校徽

底部的量度仰角 (θ) 
最大絕對誤差 百分誤差 

經緯儀 

  

 

 

 

 

應用程式 

“Angle 

Meter” 
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學生 2： 

量度方法 
從第一條白線至校徽

垂足的量度距離 (d) 
最大絕對誤差 百分誤差 

拉尺 

  

 

 

 

 

應用程式

“Easymeasure” 

  

 

 

 

 

 

量度方法 
從第一條白線至校徽

底部的量度仰角 (θ) 
最大絕對誤差 百分誤差 

經緯儀 

  

 

 

 

 

應用程式 

“Angle 

Meter” 
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活動 6：計算校徽高度的可能範圍 

完成下列各表。 

學生 1   

(使用「實體工具」：拉尺及經緯儀) 

 量度值 最大絕對誤差 下限 上限 

d 拉尺 
 

 

  

θ 經緯儀 
 

 

  

 
校徽高度 (h) 的下限 (使用「實體工具」) = ________________________ 

 

校徽高度 (h) 的上限 (使用「實體工具」) = ________________________ 

 

(使用「虛擬工具」：應用程式“Easymeasure＂及“Angle Meter＂) 

 量度值 最大絕對誤差 下限 上限 

d 
應用程式

“Easymeasure” 

 

 

  

θ 
應用程式 

“Angle Meter” 

 

 

  

 
校徽高度 (h) 的下限 (使用「虛擬工具」) = ________________________ 

 

校徽高度 (h) 的上限 (使用「虛擬工具」) = ________________________ 
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學生 2   

(使用「實體工具」：拉尺及經緯儀) 

 量度值 最大絕對誤差 下限 上限 

d 拉尺 
 

 

  

θ 經緯儀 
 

 

  

 
校徽高度 (h) 的下限 (使用「實體工具」) = ________________________ 

 

校徽高度 (h) 的上限 (使用「實體工具」) = ________________________ 

 

(使用「虛擬工具」：應用程式“Easymeasure＂及“Angle Meter＂) 

 量度值 最大絕對誤差 下限 上限 

d 
應用程式

“Easymeasure” 

 

 

  

θ 
應用程式 

“Angle Meter” 

 

 

  

 
校徽高度 (h) 的下限 (使用「虛擬工具」) = ________________________ 

 

校徽高度 (h) 的上限 (使用「虛擬工具」) = ________________________ 
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Appendix 4.2: 
Worksheets in case B (for Group B: Yellow line, Chinese version) 
 

 
XXX學校 

中二乙    數學   估算與誤差 

工作紙 

學習目標 

1. 使用不同的工具來量度和物件的距離及仰角 

2. 使用適當的三角比來計算物件的高度 

3. 運用不同的方法分析和計算誤差 

 

已有知識 

誤差，絕對誤差，最大絕對誤差，相對誤差和百分誤差的定義及相關的公式 

 

在這個活動中，我們將運用不同工具去量度有蓋操場校徽的高度，並嘗試分

析量度的誤差。 

 

學生分成兩人一組。 

 

學生 1: 

姓名: ____________________________ F.2B  (      ) 

 

 

學生 2: 

姓名: ____________________________ F.2B  (      ) 

B 組 (黃線) 

第 B ___ 組 
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首先，參看下圖： 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

活動 1：量度視線高度（m） 

使用拉尺量度 m 的值： 

 學生 1 學生 2 

m 的值 (單位：

cm) 

 

 

 

 

 

 

 

d = 水平距離 

m = 視線高度 

θ = 仰角 

校徽

h = 校徽的高度

校徽的垂足 
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活動 2：量度水平距離（d） 

量度從固定點到校徽垂足的距離。（即是 d） 

 

步驟： 

1. 使用拉尺量度第一條黃線至校徽垂足的距離。 

2. 運用 iOS 裝置上應用程式“Easymeasure”量度第一條黃線至校徽垂

足的距離。 

 

完成下表： 

 

從第一條黃線至校徽垂足的量度距離 (d) 

量度方法 學生 1 (單位：cm) 學生 2 (單位：cm) 

拉尺 

 

 

 

 

 

應用程式

“Easymeasure” 
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活動 3：量度仰角 (θ) 

量度由固定點測得校徽底部的仰角。（即是 θ） 

 

步驟： 

1. 使用經緯儀量度第一條黃線至校徽底部的仰角。 

2. 運用 iOS 裝置上應用程式“Angle Meter”量度第一條黃線至校徽底部

的仰角。 

 

完成下表： 

 

從第一條黃線至校徽底部的量度仰角(θ) 

量度方法 學生 1 (單位：o) 學生 2 (單位：o) 

經緯儀 

 

 

 

 

 

應用程式 

“Angle Meter” 
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活動 4：計算校徽的高度 (h) 

運用合適的三角比，試列出計算 h 的公式（以 d、m 及 θ表示） 
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學生 1:  m = ____________________ 

 d (單位：cm) θ (單位：o) h (單位：cm) 

第一條黃

線 

拉尺 經緯儀  

 

 

 

 

應用程式

“Easymeasure” 

應用程式 

“Angle 

Meter” 

 

 

 

 

 

 

學生 2:  m = ____________________ 

 d (單位：cm) θ (單位：o) h (單位：cm) 

第一條黃

線 

拉尺 經緯儀  

 

 

 

 

應用程式

“Easymeasure” 

應用程式 

“Angle 

Meter” 

 

 

 

 

 

 



374 

活動 5：計算誤差 (h) 

完成下列各表。 

學生 1： 

量度方法 
從第一條黃線至校徽

垂足的量度距離 (d) 
最大絕對誤差 百分誤差 

拉尺 

  

 

 

 

 

應用程式

“Easymeasure” 

  

 

 

 

 

 

量度方法 
從第一條黃線至校徽

底部的量度仰角 (θ) 
最大絕對誤差 百分誤差 

經緯儀 

  

 

 

 

 

應用程式 

“Angle 

Meter” 
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學生 2： 

量度方法 
從第一條黃線至校徽

垂足的量度距離 (d) 
最大絕對誤差 百分誤差 

拉尺 

  

 

 

 

 

應用程式

“Easymeasure” 

  

 

 

 

 

 

量度方法 
從第一條黃線至校徽

底部的量度仰角 (θ) 
最大絕對誤差 百分誤差 

經緯儀 

  

 

 

 

 

應用程式 

“Angle 

Meter” 
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活動 6：計算校徽高度的可能範圍 

完成下列各表。 

學生 1   

(使用「實體工具」：拉尺及經緯儀) 

 量度值 最大絕對誤差 下限 上限 

d 拉尺 
 

 

  

θ 經緯儀 
 

 

  

 
校徽高度 (h) 的下限 (使用「實體工具」) = ________________________ 

 

校徽高度 (h) 的上限 (使用「實體工具」) = ________________________ 

 

(使用「虛擬工具」：應用程式“Easymeasure＂及“Angle Meter＂) 

 量度值 最大絕對誤差 下限 上限 

d 
應用程式

“Easymeasure” 

 

 

  

θ 
應用程式 

“Angle Meter” 

 

 

  

 
校徽高度 (h) 的下限 (使用「虛擬工具」) = ________________________ 

 

校徽高度 (h) 的上限 (使用「虛擬工具」) = ________________________ 
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學生 2   

(使用「實體工具」：拉尺及經緯儀) 

 量度值 最大絕對誤差 下限 上限 

d 拉尺 
 

 

  

θ 經緯儀 
 

 

  

 
校徽高度 (h) 的下限 (使用「實體工具」) = ________________________ 

 

校徽高度 (h) 的上限 (使用「實體工具」) = ________________________ 

 

(使用「虛擬工具」：應用程式“Easymeasure＂及“Angle Meter＂) 

 量度值 最大絕對誤差 下限 上限 

d 
應用程式

“Easymeasure” 

 

 

  

θ 
應用程式 

“Angle Meter” 

 

 

  

 
校徽高度 (h) 的下限 (使用「虛擬工具」) = ________________________ 

 

校徽高度 (h) 的上限 (使用「虛擬工具」) = ________________________ 
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Appendix 4.3: 
Worksheets in case B (for Group A: White line, English version) 
 

 
XXX School 

Secondary 2B    Mathematics   Approximation and Errors 
Worksheet 

 

Objective 

1. Use different tools to measure the distance between two points and the angle 

of evaluation of certain object 

2. Use appropriate trigonometric ratios to calculate height of object 

3. Use different method to analyze the errors of measurements and calculations 

 

Prerequisite knowledge 

The terms and relevant formulae about measurements, error, absolute errors, 

maximum absolute errors, relative errors and percentage errors 

 

In this activity, we are going to measure the height of the school badge using 

different measuring instruments and analyze the errors of the measurements.  

 

Students are divided into groups of two. 

 

Student 1: 

Name: ____________________________ F.2B  (      ) 

 

 

Student 2: 

Name: ____________________________ F.2B  (      ) 

Group A (White line)

Group A___ 
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First of all, we have the following figure: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Task 1: Measure the height of eyelevel (m) 

Use a measuring tape to obtain the value of m: 

 Student 1 Student 2 

Value of m (in 

cm) 

 

 

 

 

 

 

 

 

 

d = Horizontal Distance  

m = Height of eyelevel 

θ = Angle of elevation 

School badge

h = Height of  
   school badge 

Foot of perpendicular of 
the school badge 
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Task 2: Measure the horizontal distance of (d) 

Measure the distance from a fixed point to the foot of perpendicular of the school 

badge (that is, d) 

 

Procedure: 

1. Measure the distance from the first white line to the foot of perpendicular of 

the school badge using a measuring tape. 

2. Measure the distance from the first white line to the foot of perpendicular of 

the school badge using the Apps “Easymeasure” on the IOS device. 

 

Complete the following table: 

 

Distance measured from the foot of perpendicular of the school badge to the first 

white line (d) 

Method of measurement Student 1 (in cm) Student 2 (in cm) 

By measuring tape 

 

 

 

 

 

By “Easymeasure” 
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Task 3: Measure the angle of elevation (θ) 

Measure the angle of elevation from a fixed point to the school badge (that is, θ) 

 

Procedure: 

1. Measure the angle of elevation of the school badge from a fixed point on the 

first white line using a theodolite. 

2. Measure the angle of elevation of the school badge from a fixed point on the 

first white line using the Apps “Angle Meter” on the IOS device. 

 

Complete the following table: 

 

Angle of elevation measured from the school badge from the first white line (θ) 

Method of measurement Student 1 (in o) Student 2 (in o) 

By theodolite 

 

 

 

 

 

By “Angle Meter” 
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Task 4: Calculations of height of the badge (h) 

Using suitable trigonometric ratio, find a formula for h (in terms of d, m and θ)  
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For student 1:  m = ____________________ 

 d (in cm) θ (in o) h (in cm) 

The first 

white line 

By measuring 

tape 

 

 

 

 

By theodolite  

 

 

 

 

By 

“Easymeasure” 

 

 

 

 

By “Angle 

Meter” 

 

 

 

 

 

 

 

For student 2:  m = ____________________ 

 d (in cm) θ (in o) h (in cm) 

The first 

white line 

By measuring 

tape 

 

 

 

 

By theodolite  

By 

“Easymeasure” 

 

 

 

 

By “Angle 

Meter” 
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Task 5: Calculations of error 

Complete the following tables: 

Student 1: 

Method of  

measurement 

Distance 

measured from 

the base of the 

school badge to 

the first white 

line (d) 

Maximum 

absolute error 

Percentage error 

By measuring 

tape 

 

 

 

 

  

By 

“Easymeasure” 

 

 

 

 

  

 

Method of  

measurement 

Angle of elevation 

of the school 

badge from the 

first white line (θ) 

Maximum 

absolute error 
Percentage error 

By theodolite 

  

 

 

 

 

By “Angle 

Meter” 
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Student 2: 

Method of  

measurement 

Distance 

measured from 

the base of the 

school badge to 

the first white 

line (d) 

Maximum 

absolute error 
Percentage error 

By measuring 

tape 

  

 

 

 

 

By 

“Easymeasure” 

  

 

 

 

 

 

Method of  

measurement 

Angle of elevation 

of the school 

badge from the 

first white line (θ) 

Maximum 

absolute error 
Percentage error 

By theodolite 

  

 

 

 

 

By “Angle 

Meter” 
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Task 6: Calculations of possible height of school bedge 

Complete the following tables: 

Student 1  

(Using “Physical Tool” : measuring tape and theodolite) 

 
Measured value 

Maximum  

absolute error 
Lower limit Upper limit 

d By measuring 

tape 

 

 

 

  

θ By theodolite 

 

   

 

Lower limit of height of school badge (h) by using “Physical Tool” = 

________________________ 

 

Upper limit of height of school badge (h) by using “Physical Tool” = 

________________________ 

 

(Using “Electronic Tool” : IOS apps) 

 
Measured value 

Maximum  

absolute error 
Lower limit Upper limit 

d By 

“Easymeasure” 

 

 

 

  

θ By “Angle Meter” 

 

 

 

  

 

Lower limit of height of school badge (h) by using “Electronic Tool” = 

______________________ 

Upper limit of height of school badge (h) by using “Electronic Tool” = 

______________________ 

 

Student 2  
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(Using “Physical Tool” : measuring tape and theodolite) 

 
Measured value 

Maximum  

absolute error 
Lower limit Upper limit 

d By measuring 

tape 

 

   

θ By theodolite 

 

   

 

Lower limit of height of school badge (h) by using “Physical Tool” = 

________________________ 

 

Upper limit of height of school badge (h) by using “Physical Tool” = 

________________________ 

 

(Using “Electronic Tool” : IOS apps) 

 
Measured value 

Maximum  

absolute error 
Lower limit Upper limit 

d By 

“Easymeasure” 

 

   

θ By “Angle Meter” 

 

   

 

Lower limit of height of school badge (h) by using “Electronic Tool” = 

______________________ 

 

Upper limit of height of school badge (h) by using “Electronic Tool” = 

______________________  



388 

Appendix 4.4: 
Worksheets in case B (for Group B: Yellow line, English version) 
 

 
XXX School 

Secondary 2B    Mathematics   Approximation and Errors 
Worksheet 

 

Objective 

1. Use different tools to measure the distance between two points and the angle 

of evaluation of certain object 

2. Use appropriate trigonometric ratios to calculate height of object 

3. Use different method to analyze the errors of measurements and calculations 

 

Prerequisite knowledge 

The terms and relevant formulae about measurements, error, absolute errors, 

maximum absolute errors, relative errors and percentage errors 

 

In this activity, we are going to measure the height of the school badge using 

different measuring instruments and analyze the errors of the measurements.  

 

Students are divided into groups of two. 

 

Student 1: 

Name: ____________________________ F.2B  (      ) 

 

 

Student 2: 

Name: ____________________________ F.2B  (      ) 

Group B (Yellow line)

Group B___ 
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First of all, we have the following figure: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Task 1: Measure the height of eyelevel (m) 

Use a measuring tape to obtain the value of m: 

 Student 1 Student 2 

Value of m (in 

cm) 

 

 

 

 

 

 

 

 

 

d = Horizontal Distance  

m = Height of eyelevel 

θ = Angle of elevation 

School badge

h = Height of  
   school badge 

Foot of perpendicular of 
the school badge 
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Task 2: Measure the horizontal distance of (d) 

Measure the distance from a fixed point to the foot of perpendicular of the school 

badge (that is, d) 

 

Procedure: 

1. Measure the distance from the first yellow line to the foot of perpendicular of 

the school badge using a measuring tape. 

2. Measure the distance from the first yellow line to the foot of perpendicular of 

the school badge using the Apps “Easymeasure” on the IOS device. 

 

Complete the following table: 

 

Distance measured from the foot of perpendicular of the school badge to the first 

yellow line (d) 

Method of measurement Student 1 (in cm) Student 2 (in cm) 

By measuring tape 

 

 

 

 

 

By “Easymeasure” 
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Task 3: Measure the angle of elevation (θ) 

Measure the angle of elevation from a fixed point to the school badge (that is, θ) 

 

Procedure: 

1. Measure the angle of elevation of the school badge from a fixed point on the 

first yellow line using a theodolite. 

2. Measure the angle of elevation of the school badge from a fixed point on the 

first yellow line using the Apps “Angle Meter” on the IOS device. 

 

Complete the following table: 

 

Angle of elevation measured from the school badge from the first yellow line (θ) 

Method of measurement Student 1 (in o) Student 2 (in o) 

By theodolite 

 

 

 

 

 

By “Angle Meter” 
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Task 4: Calculations of height of the badge (h) 

Using suitable trigonometric ratio, find a formula for h (in terms of d, m and θ)  
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For student 1:  m = ____________________ 

 d (in cm) θ (in o) h (in cm) 

The first 

yellow line 

By measuring 

tape 

 

 

 

 

By theodolite  

 

 

 

 

By 

“Easymeasure” 

 

 

 

 

By “Angle 

Meter” 

 

 

 

 

 

 

 

For student 2:  m = ____________________ 

 d (in cm) θ (in o) h (in cm) 

The first 

yellow line 

By measuring 

tape 

 

 

 

 

By theodolite  

By 

“Easymeasure” 

 

 

 

 

By “Angle 

Meter” 
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Task 5: Calculations of error 

Complete the following tables: 

Student 1: 

Method of  

measurement 

Distance measured 

from the base of 

the school badge 

to the first yellow 

line (d) 

Maximum 

absolute error 
Percentage error 

By measuring 

tape 

  

 

 

 

 

By 

“Easymeasure” 

  

 

 

 

 

 

Method of  

measurement 

Angle of elevation 

of the school badge 

from the first 

yellow line (θ) 

Maximum 

absolute error 
Percentage error 

By theodolite 

  

 

 

 

 

By “Angle 

Meter” 
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Student 2: 

Method of  

measurement 

Distance measured 

from the base of 

the school badge 

to the first yellow 

line (d) 

Maximum 

absolute error 
Percentage error 

By measuring 

tape 

  

 

 

 

 

By 

“Easymeasure” 

  

 

 

 

 

 

Method of  

measurement 

Angle of elevation 

of the school badge 

from the first 

yellow line (θ) 

Maximum 

absolute error 
Percentage error 

By theodolite 

  

 

 

 

 

By “Angle 

Meter” 
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Task 6: Calculations of possible height of school bedge 

Complete the following tables: 

Student 1  

(Using “Physical Tool” : measuring tape and theodolite) 

 
Measured value 

Maximum  

absolute error 
Lower limit Upper limit 

d By measuring 

tape 

 

 

 

  

θ By theodolite 

 

   

 

Lower limit of height of school badge (h) by using “Physical Tool” = 

________________________ 

 

Upper limit of height of school badge (h) by using “Physical Tool” = 

________________________ 

 

(Using “Electronic Tool” : IOS apps) 

 
Measured value 

Maximum  

absolute error 
Lower limit Upper limit 

d By 

“Easymeasure” 

 

 

 

  

θ By “Angle Meter” 

 

 

 

  

 

Lower limit of height of school badge (h) by using “Electronic Tool” = 

______________________ 

Upper limit of height of school badge (h) by using “Electronic Tool” = 

______________________ 

 

Student 2  
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(Using “Physical Tool” : measuring tape and theodolite) 

 
Measured value 

Maximum  

absolute error 
Lower limit Upper limit 

d By measuring 

tape 

 

   

θ By theodolite 

 

   

 

Lower limit of height of school badge (h) by using “Physical Tool” = 

________________________ 

 

Upper limit of height of school badge (h) by using “Physical Tool” = 

________________________ 

 

(Using “Electronic Tool” : IOS apps) 

 
Measured value 

Maximum  

absolute error 
Lower limit Upper limit 

d By 

“Easymeasure” 

 

   

θ By “Angle Meter” 

 

   

 

Lower limit of height of school badge (h) by using “Electronic Tool” = 

______________________ 

 

Upper limit of height of school badge (h) by using “Electronic Tool” = 

______________________  
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Appendix 4.5: Follow-up worksheets in case B (Chinese version) 
 

XXX學校 

中二乙    數學   估算與誤差 

討論問題 

 

姓名: ____________________________   F.2B  (      ) 

 
考慮全班的測量數據，與組員討論以下問題。 
 
1. 在活動 2和 3中，哪個平均數比較有「代表性」？「正常平均」還是「剔

除最大和最小值的平均」？ 
 

2. 在活動 2和 3中，實體工具還是虛擬工具在量度 d及 θ時更佳？試提供數

學理據。 
 

3. 試找出以下量度誤差的來源 
(i) d 
(ii) θ 

 
4. 在活動 5 中，從白線起還是從黃線起量度 d 會更準確？為什麼？試提供

數學理據。 
 

5. 在活動 5 中，從白線起還是從黃線起量度 θ 會更準確？為什麼？試提供

數學理據。 
 
6. 在活動 6 中，運用從白線起還是從黃線起量度的數據去計算 h 時會更準

確？運用實體工具還是虛擬工具量度得出的數據去計算 h 時會更準確？ 
 
7. 我們可否比較不同的工具在測量相同的量時的準確度？（例如，比較使

用拉尺和電子工具去計算 h 的準確度）透過計算相應量度的下限及上限

去比較準確度又是否合理呢？為什麼？ 
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備註：真實尺寸 

 

 

 

 

  

第一條白線 第一條黃線 
 

4.3 cm 160 cm 5.1 cm 265.4 cm 禮台 

106.5 cm 

  校徽 
 

541.1 cm 

270.5 cm 357 cm 

76 cm 
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Appendix 4.6: Follow-up worksheets in case B (English version) 
 

XXX School 

Secondary 2B    Mathematics   Approximation and Errors 
Discussion Questions 

Name: ____________________________ Class: ___________________(       ) 
 
Consider the measurement data from your class, discuss the following question 
with your groupmates and make a PowerPoint to present the answer of your 
group. 
 
1. Consider the data in task 2 and 3. Which average is a better representation? 

The “normal average” or the “average without counting the maximum and 
minimum value”? 

 
2. Consider the data in task 2 and 3. Using physical tool or electronic tool are 

better to measure d and θ? Give any mathematical evidence. 
 

3. Figure out the possible sources of errors for the measurement of  
(i) d 
(ii) θ 

 
4. Consider the data in task 5, which one is more accurate in measuring d, 

measuring from the white line or yellow line? Why? Give any mathematical 
evidence. 

 
5. Consider the data in task 5, which one is more accurate in measuring θ, 

measuring from the white line or yellow line? Why? Give any mathematical 
evidence. 

 
6. Consider the data in task 6, which one is more accurate in calculating h, 

measuring from white line or yellow line? Measuring by “physical tools” or 
“electronic tools”? 

 
7. Can we compare the accuracy of different tools in measuring the same 

quality?  
(e.g. Compare the accuracy of measuring h by using measuring tape and 
IOS Apps) Is it reasonable to do so by comparing the corresponding lower 
limit and upper limit? Why? 
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Remark: Dimensions 
 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

  

First white 
line 

First yellow 
line 

4.3 cm 160 cm 5.1 cm 265.4 cm Stage 

106.5 cm 

School 
Badge 

541.1 cm 

270.5 cm 357 cm 

76 cm 
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Appendix 4.7: Data sheet in case B 
 

XXX學校 

中二乙    數學   估算與誤差 

數據資料 

活動 2：量度水平距離（d） 

從第一條白線至校徽垂足的量度距離 (d)   [單位= cm] 

量度方法 平均 剔除最大和最小值的平均 

拉尺 262.92 266.10 

應用程式 “Easymeasure” 390.08 333.10 

 
 

從第一條黃線至校徽垂足的量度距離 (d)   [單位= cm] 

量度方法 平均 剔除最大和最小值的平均 

拉尺 504.33 507.10 

應用程式 “Easymeasure” 527.17 522.60 

 
活動 3：量度仰角 (θ) 

從第一條白線至校徽底部的量度仰角 (θ)   [單位= o] 

量度方法 平均 剔除最大和最小值的平均 

經緯儀 45.42 45.20 

應用程式 “Angle Meter” 51.94 51.73 

 
 

從第一條黃線至校徽垂足的量度仰角 (θ)   [單位= o] 

量度方法 平均 剔除最大和最小值的平均 

經緯儀 28.75 29.00 

應用程式 “Angle Meter” 31.38 31.33 

 

活動 4：計算校徽的高度 (h) 
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從第一條白線計算校徽的高度 (h)   [單位= cm] 

 平均 剔除最大和最小值的平均 

實體工具 421.89 420.35 

虛擬工具 643.06 567.99 

 
從第一條黃線計算校徽的高度 (h)   [單位= cm] 

 平均 剔除最大和最小值的平均 

實體工具 433.77 437.94 

虛擬工具 478.07 476.81 

 
活動 5：計算誤差 (d) 

從第一條白線至校徽垂足的量度距離(d)的百分誤差 

 平均 剔除最大和最小值的平均 

實體工具 0.0454 % 0.0352 % 

虛擬工具 0.5293 % 0.5210 % 

 
 

從第一條黃線至校徽垂足的量度距離(d)的百分誤差 

 平均 剔除最大和最小值的平均 

實體工具 0.01942 % 0.009974 % 

虛擬工具 0.196681 % 0.197135 % 
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活動 5：計算誤差 (θ) 

從第一條白線至校徽底部的量度仰角(θ)的百分誤差 

 平均 剔除最大和最小值的平均 

實體工具 1.1116 % 1.1114 % 

虛擬工具 0.0158 % 0.0099 % 

 

從第一條黃線至校徽底部的量度仰角(θ)的百分誤差 

 平均 剔除最大和最小值的平均 

實體工具 1.745954 % 1.728478 % 

虛擬工具 0.016022 % 0.015967 % 

 
 
活動 6：計算校徽高度的可能範圍 

從第一條白線計算校徽的高度(h)的上限及下限   [單位= cm] 

 平均上限 剔除最大和最小

值的平均上限 

平均下限 剔除最大和最小

值的平均下限 

實體工具 418.1467 417.4318 427.7230 426.9603 

虛擬工具 642.6733 566.0186 645.4428 568.7547 

 

從第一條黃線計算校徽的高度(h)的上限及下限   [單位= cm] 

 平均上限 剔除最大和最小

值的平均上限 

平均下限 剔除最大和最小

值的平均下限 

實體工具 428.03251 433.12964 439.5693 444.8057 

虛擬工具 477.397 476.1368 478.7464 477.4931 
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Appendix 5.0: Lesson plan in case C 

 

Lesson Plan of the Marbles Estimation Activity 
 
Aim 
Understand the concept of estimation and error in measurements. 
Use appropriate formulas and strategies to reduce error in the estimation 
activity. 
 
Objective 
Estimate how many marbles there are in the large conical 
flask.  
Judge the reasonableness of results. 
 
Materials Provided 
A large conical flask filled with a lot of marbles, beaker, 
a small conical flask, measuring cylinder, dropper,  
caliper, ruler, half‐metre rule, calculator, graph paper, 
water supply, electronic balance, and other apparatus in the 
laboratory. 
 
Pre-requisite knowledge/ skills learnt in Science lessons (Unit 1.3) 
Students know 
1. the concept of estimation and error briefly; 
2. recognize the reasons for estimation; 
3. different numerical estimation strategies; 
4. how to use balance to measure mass (weight); 
5. how to use measuring cylinder to measure liquid volume; 
6. how to use ruler/ caliper to measure length and calculate the volume of a 

rectangular block. 
 
Students’s background 
1. No. of students: 24 
2. Ability: average (S1 Maths 1st Term Average Mark: 77) 
3. Well behave and attentive  
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 (Day 1) in Biology Lab. (Room xxx) 
Duration Phasing Teacher Activities Students Activities 
15 min Briefing & 

trial 
Introduce the aim 
and objectives of the 
estimation activity. 
 

Divide into 6 groups of 4. 
Observe the appearance of a small 
conical flask with some marbles 
inside. Students explain how they 
estimate the number of marbles and 
then check their answers by taking 
out the marbles to count. 

25 min Plan and 
discuss the 
approach 

Go through the 
Worksheet & 
Keynote questions. 

Observe a large conical flask with a 
lot of marbles (Students can take 
photos and touch the flask without 
taking out the marbles). 
Discuss the estimation strategy in 
groups. Complete Worksheet p.2 

 
 (Day 2) in Biology Lab. (Room xxx) 

Duration Phasing Teacher Activities Students Activities 
40 min Try out the 

strategy 
Provide the apparatus to 
the students. Observe 
how they do the 
estimation procedures. 

Carry out the estimation 
procedures (Take photos/ video) 
and collect the data. 

 
 (Day 3) in I.S. Lab. (Room xxx) 

Duration Phasing Teacher Activities Students Activities 
40 min Find the 

estimated 
number of 
marbles 

Collect students’ result 
and show them on 
board/ screen. 

Calculate and write down the 
result.   
Complete Worksheet p.3.  Make 
Keynote for group presentation. 
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 (Day 4) in I.S. Lab. (Room xxx) 
Duration Phasing Teacher Activities Students Activities
40 min Group 

presentation 
Listen and comment on 
different groups’ 
presentation 

Group presentation (5-8 minutes 
each) 
Drop down peoples’ comment.  
Compare different approaches, 
and judge which approach is 
likely more accurate than the 
others.   
Complete Worksheet p.4. 
 

 
 (Day 5) in I.S. Lab (Room xxx) 

Duration Phasing Teacher Activities Students Activities
20 min Reflection Announce the actual 

number of the marbles 
in the large flask 

Suggest ways to reduce error in 
the estimation process and 
make improvements.  Complete 
worksheet p.5. 
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Appendix 5.1: Worksheets in case C 

Secondary 1 Mathematics Project   (Marbles Estimation)     
S.1_____ Group No. ____            Marks:        / 
20 
1.^#   _____________ (     ) [Leader]    2.^#   _____________ (     ) 
3.^*    _____________ (     )         4.^ *  _____________ (     ) 
DOL:  * The persons who do this worksheet   # The persons who make the Keynote   
  ^ The persons who present 
 

Aim 
Understand the concept of estimation and error in measurements. 
Use appropriate formulas and strategies to reduce error in the estimation 
activity. 
 
Objective of the task 
Estimate how many marbles there are in the large conical flask.  
Judge the reasonableness of results. 
 
Materials Provided 
A beaker, a small conical flask, measuring cylinder, dropper,  
electronic balance, ruler, half‐metre rule, caliper, calculator, 
graph paper, water supply, and other apparatus in the 
laboratory. 
 
Measurements 

Measurement  Instrument Unit  Symbol 

Length  metre rule, half‐
metre rule, caliper, 

metre, 
centimeter, 
millimetre

m, cm, 
mm 

Volume – the 
amount of space 
that the object 
occupies 

ruler,  
half‐metre rule,  
measuring cylinder 

cubic metre, cubic 
centimeter,  
litre, millilitre 

m3, cm3, 
L, mL 

Mass (we often 
called it “weight”)  

Electronic balance gram, millgram g, mg 

Further information:  http://www.mathsisfun.com/measure/  
The basic skills in taking measurements are learnt in S1 Science lessons and can 
refer Unit 1.3. 
What is Error? How to Estimate Errors in measurements? 
https://phys.columbia.edu/~tutorial/estimation/index.html  
Part 1: Design a plan to estimate the number of marbles in the large conical 
flask  
1.   Design a plan to estimate the number of marbles in the large conical flask. 

You are not allowed to take out any marble from the flask.  You should create 
a strategy based on the height, area, volume, mass (weight) or other 
properties of the conical flask in which the marbles are put inside. 

     (Draw a diagram to explain your plan and list out the materials or tools you 
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needed on next page.) 

 
Group (___) plan:                                             Date: ____________ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

   
   

Materials, instruments, apparatus 

or tools needed 

Function 

   

   

   

   

 

   

Part 2: Carry out the plan and record the estimation process in a Keynote 
2.   Try the approach in part 1 to estimate the number of marbles in the large 
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conical flask. Describe the procedures with clear calculations and labeled 
diagrams/ photos/ video in your Keynote.   

 

 
Group (___) estimation procedures:                              Date: ____________ 

 
3.   Describe the results and calculate the estimated number of marbles in the 
large conical flask. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
After the estimation processes, the number of marbles in the flask is 
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estimated to be _________.

Part 3: Present and evaluate the estimation process 
4. Present your Keynote (group ____ ) to the other groups.  

 

 
Other groups’ comment:                                        Date: ____________ 
 
Group ___ : 
____________________________________________________________
__  
          
____________________________________________________________
__ 
 
Group ___ : 
____________________________________________________________
__ 
          
____________________________________________________________
__ 
 
Group ___ : 
____________________________________________________________
__ 
          
____________________________________________________________
__ 
 
Group ___ : 
____________________________________________________________
__ 
          
____________________________________________________________
__ 
 
Group ___ : 
____________________________________________________________
__ 
           
____________________________________________________________
__ 
 

 
5.  Compare all groups’ results, which approach can estimate likely more 

accurate than another? 

Group no.  My 
group  
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Suggested 
marbles no. 

   
 

We think my group/ Group ______ approach is likely more accurate than 
another because 
 
 
 
 
 

   
 
 
6.  The actual number of marbles in the large flask is _________.     Date: ______ 

 Which group gets the closest number?  Group ____  The difference is only 
______ more/ less. 
Our group estimated number is _____ more/ less than the actual number.  If 
we can do it again, we would do the following things to reduce the error/ 
make improvement in taking measurements. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
7.  How would you apply what you learnt in other situations relating to 

estimation or reducing error? 
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Gp. __  Accuracy and 
Reasonableness 

Approach Explanation Presentation Performance 
and Altitude 

Total

Marks      / 5    / 5    / 5    / 5     / 5      / 25

 

 

Appendix 5.2: Keynote (for presentations) in case C 

 

      
1     2 

      
3     4 
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5     6 

       

       
7     8 

 

      
9     10 
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Appendix 5.3:  

Online evaluation form (Google form for presentations) in case C 

 

Marble Estimation Peer Evaluation 
Which group are you listening? * 
Group 1 
Group 2 
Group 3 
Group 4 
Group 5 
Group 6 
Do you understand their 1st estimation method? 

Don't understand at all 
1 
2 
3 
4 
5 

Understand completely 
What is their 1st estimated number of marbles in the large flask? 

 
Your answer 

Is the 1st estimated number reasonable? 
Yes 
No 
Is there any possible error in the 1st estimation method? 
Your answer 

 

Do you understand their 2nd estimation method? 
Don't understand at all 

1 
2 
3 
4 
5 

understand complete 
 
 
 



416 

What is their 2nd estimated number of marbles in the large flask? 
 

Your answer 

Is the 2nd estimated number reasonable? 
Yes 
No 
Is there any possible error in the 2nd estimation method? 
Your answer 

 

How well did they perform in the presentation? * 
poor 

1 
2 
3 
4 
5 

excellent 
Any other comments? 
Your answer 

 

What group do you represent? * 
Group 1 
Group 2 
Group 3 
Group 4 
Group 5 
Group 6 
What class do you belong? * 
1A 
1D 
What is your class number? * 

 
Your answer 

SUBMIT 
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