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Abstract

In this thesis, we study problems with heterogeneities using the zeroth order

optimized Schwarz preconditioning. There are three main parts in this thesis.

In the first part, we propose an Optimized Restricted Additive Schwarz Precondi-

tioned Exact Newton approach (ORASPEN) for nonlinear diffusion problems, where

Robin transmission conditions are used to communicate subdomain errors. We find

out that for the problems with large heterogeneities, the Robin parameter has a sig-

nificant impact to the convergence behavior when subdomain boundaries cut through

the discontinuities. Therefore, we perform an algebraic analysis for a linear diffusion

model problem with piecewise constant diffusion coefficients in the second main part.

We carefully discuss two possible choices of Robin parameters on the artificial inter-

faces and derive asymptotic expressions of both the optimal Robin parameter and the

convergence rate for each choice at the discrete level. Finally, in the third main part,

we study the time-dependent nonequilibrium Richards equation, which can be used

to model preferential flow in physics. We semi-discretize the problem in time, and

then apply ORASPEN for the resulting elliptic problems with the Robin parameter

studied in the second part.

Keywords: domain decomposition methods; optimized Schwarz preconditioning;

nonlinear problems; nonequilibrium Richards equation.
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Chapter 1

Introduction

With the advent of parallel computers, domain decomposition methods (DDM) started

to gain public interest among researchers in the 1980’s.

For steady state problems, domain decomposition methods produce the solution

of a problem by cutting the physical domain into small pieces, then solving iteratively

the subdomain problems until convergence. At each iteration, there are mainly two

ways of designing the subdomain problems. One way is to compute subdomain solu-

tions in sequential steps, in which the latest solutions are used in the remaining steps.

This is therefore also called the Gauss Seidel Schwarz (GSS) method. The other way

is to compute subdomain solutions in parallel, which is also called the Jacobi Schwarz

(JS) method. Alternatively, one may consider the algorithms in the way of iterating

global solutions. At each iteration, the new global iterate is obtained by glueing

up the subdomain solutions which are computed by GSS or JS using the old global

iterate to communicate errors between adjacent subdomains. This is related to the

additive Schwarz (ASM) methods, where the global iterate is obtained by adding the

subdomain solutions, and the restricted additive Schwarz (RAS) methods, where the

global iterate is computed by a restricted addition using a partition of unity. How-

ever, these fixed point approaches usually converge linearly. To speed up the method,

one may consider using Krylov subspace methods. For systematic literature reviews

of domain decomposition methods, we refer to the comprehensive books Quarteroni

and Valli [1999], Toselli and Widlund [2005], Dolean et al. [2015], and to the review

papers Chan and Mathew [1994] and Gander [2008].
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An outline of this thesis is given as follows.

In Chapter 2, we will review the basic concepts and properties that are impor-

tant in the numerical solutions of partial differential equations, including quadratic

minimization problems, variational formulations, Sobolev spaces and the P 1 finite el-

ement space. We will also revisit domain decomposition methods, including classical

and optimized Schwarz methods with asymptotic behaviors.

In Chapter 3, we will introduce one- and two-level optimized Schwarz-based pre-

conditioning, called Optimized Restricted Additive Schwarz Preconditioned Exact

Newton (ORASPEN) approach, for nonlinear steady state second order elliptic prob-

lems, where Robin boundary conditions are considered. This approach is an im-

provement of an existing classical Schwarz-based approach, also defined for two lev-

els, called the restricted additive Schwarz precondioned exact Newton (RASPEN)

method; see Dolean et al. [2016]. In the ORASPEN approach, we apply the opti-

mized restricted additive Schwarz method (ORAS) to obtain a fixed point equation,

and then the Newton’s method is applied to the resulting problem. Since the use of

Robin transmission conditions leads to superior convergence behavior over the use of

Dirichlet transmission conditions for linear problems, we expect that our approach

outperforms RASPEN in terms of the number of linear iterations required at each

Newton step.

Note that for nonlinear problems, since the diffusion coefficient depends on the

unknown itself, it becomes difficult for us to separate different physical properties.

As a result, no matter how we decompose the physical domain, different physical

properties are still coupled in each subdomain. In that case, the subdomain bound-

ary may cut across the discontinuities of the diffusion coefficient, and therefore the

Robin parameters need to be chosen carefully. We will study in Chapter 4 a special

linear case, where we have two pieces of constant diffusion coefficients in the physical

domain and decompose the physical domain into two nonoverlapping subdomains by

cutting perpendicularly across the discontinuity. We will prove that when the Robin

parameter is well chosen along the artificial interface, our approach has same asymp-

totic convergence rate as the Robin method for Laplacian; see for example Gander

[2006]; Qin and Xu [2006]. We will also show a few examples in the numerical ex-

2



periment section that our convergence estimates are also valid for a more general

decomposition, where the subdomain interfaces are no longer perpendicular to the

discontinuity.

In Chapter 5, we apply our method to the time-dependent nonequilibrium Richards

equation (NERE), which models preferential flow in unsaturated porous media. There

are mainly two ways of solving the problem by domain decomposition methods. One

way is to semi-discretize in time, and then solve the resulting problem by domain de-

composition methods. The other way is the so-called waveform relaxation methods,

which decompose the physical domain first, and then solve time-dependent subprob-

lems using transmission conditions. Since the governing equation is nonlinear, the

diffusion term depends on the unknown itself and therefore changes with time. In

that case, it is difficult for us to find the optimal Robin parameter if waveform relax-

ation methods are considered. Therefore, we semi-discretize the NERE in time using

fully implicit scheme, and then solve at each time step the resulting elliptic problem

by our approach.

At last, we draw some conclusions and propose future directions in Chapter 6.

3



Chapter 2

Preliminaries

2.1 Preliminaries in the Numerical Solution of Par-

tial Differential Equations

In this section, we recall some preliminaries in the numerical solution of partial dif-

ferential equations (PDEs), which serve as a basis for the rest of the chapters. We

will discuss quadratic minimization problems, variational equations, Sobolev spaces,

and the P 1 finite element space.

2.1.1 Quadratic Minimization Problems and Variational Forms

Let us recall the theory on quadratic minimization problems and variational forms;

see Ciarlet [2013] for reference. Problems in linearized elasiticity or in linearized fluid

mechanics are usually modeled by quadratic minimization problems, which are of the

form

u ∈ U and J(u) = inf
v∈U

J(v), (2.1)

where nonempty set U is a closed and convex subset of a Hilbert space V , and J is

a quadratic functional defined by

J(v) :=
1

2
a(v, v)− f(v) for any v ∈ V, (2.2)

4



where a(·, ·) : V × V → R is a symmetric bilinear form and f : V → R is a linear

form.

Lemma 2.1.1. Let (V, ‖·‖) be complete. If the bilinear form a(·, ·) introduced above

is symmetric with the property that there exist positive constants α and c such that

Continuity: a(u, v) ≤ c‖u‖‖v‖ for all u, v ∈ V,

V-ellipticity: a(v, v) ≥ α‖v‖2 for all v ∈ V,
(2.3)

and if f ∈ V ′ is a continuous linear operator, then for any nonempty, closed and

convex subset U of V , there exists a unique solution u ∈ U satisfying

J(u) = inf
v∈U

J(v).

Furthermore, if U is a closed subspace of V , then

a(u, v) = f(v) for all v ∈ U. (2.4)

The relation (2.4) is called the variational form (or the variational equation) of

(2.1). It plays an important role in the study of partial differential equations (PDEs).

Moreover, we will see in the next lemma that even if the bilinear form is not sym-

metric, (2.4) still holds, by the so-called Lax-Milgram lemma.

Lemma 2.1.2 (Lax-Milgram Lemma). Let V be a Hilbert space with the inner product

defined by a continuous and V -elliptic bilinear form a(·, ·). Let f ∈ V ′ be a continuous

linear form. Then there exists a unique solution u ∈ U , where U is a closed subspace

of V , such that

a(u, v) = f(v) for all v ∈ U.

Remark 2.1.1. Lemma 2.1.1 and Lemma 2.1.2 can be used to prove the existence

and uniqueness of the solution to the variational form of a linear PDE; see for exam-

ple the model problem discussed in Chapter 4. For nonlinear problems discussed in

Chapter 3 and 5, they are first attacked by Newton’s method, and then at each Newton

iteration, the existence and uniqueness of the solution to the corresponding linearized

problem can be guaranteed. Hence we will omit in those chapters the discussions of

5



the existence and uniqueness of the solution.

2.1.2 Sobolev Space H1(Ω)

Classical research on partial differential equations consists of the study of the exis-

tence and uniqueness of the solution and its stability. The solution itself (which is

also called the classical solution) has all the continuous derivatives (and also function

values) required by the PDE. In real-world applications, however, the solutions are

usually not smooth enough; one such example is the solution to the Forchheimer

problem discussed in Chapter 3. This motivates the study of the so-called weak so-

lutions, which “weakly” satisfy the original PDEs in the sense that they satisfy the

variational forms of those PDEs. Mathematically, it is closely related to the theory

of Sobolev spaces, see Adams and Fournier [2003]; Lions and Magenès [1972] and

references therein. In this subsection, we list (without proofs) some definitions and

key lemmas that are used in this thesis.

Sobolev Spaces H1(Ω), H1
0 (Ω) and H1

Γ0
(Ω)

The Sobolev space H1(Ω) is defined by

H1(Ω) :=
{
v ∈ L2(Ω); ∂iv ∈ L2(Ω) for all i

}
, (2.5)

with a norm

‖v‖1,Ω =

(∫
Ω

|v|2 +|∇v|2 dx
) 1

2

.

Besides, the semi-norm |·|1,Ω is defined by

|v|1,Ω =

(∫
Ω

|∇v|2 dx
) 1

2

.

Obviously, ‖v‖2
1,Ω =‖v‖2

0,Ω +|v|21,Ω, where ‖·‖0,Ω is the L2-norm.

Particularly, one can define a subspace H1
0 (Ω) of H1(Ω) which contains all func-

tions that vanish on the boundary, by

H1
0 (Ω) :=

{
v ∈ H1(Ω); tr(v) = 0 on Γ = ∂Ω

}
. (2.6)

6



H1
0 (Ω) is essential in the study of Dirichlet boundary value PDEs.

More generally, for a measurable subset Γ0 of Γ that satisfies

dΓ-meas Γ0 > 0,

one can define H1
Γ0

(Ω) by

H1
Γ0

(Ω) =
{
v ∈ H1(Ω); tr(v) = 0 on Γ0

}
. (2.7)

Lemma 2.1.3 (Poincaré-Friedrichs Inequality). Let Ω be a domain in Rn, and let Γ0

be a dΓ-measurable subset of the boundary Γ satisfying

dΓ-meas Γ0 > 0. (2.8)

Then there exists a constant C such that

|v|1,Ω ≤‖v‖1,Ω ≤ C|v|1,Ω for all v ∈ H1
Γ0

(Ω). (2.9)

By Lemma 2.1.3, the semi-norm |·|1,Ω becomes a norm in H1
0 (Ω) or H1

Γ0
(Ω).

Lemma 2.1.4. The Sobolev space H1(Ω) is a Banach space when it is equipped with

the norm ‖·‖1,Ω. H1
0 (Ω) and H1

Γ0
(Ω) are Banach spaces when they are equipped with

the norm ‖·‖1,Ω or the semi-norm |·|1,Ω.

One can also define an inner product in H1(Ω) by

a(u, v) =

∫
Ω

uv +∇u · ∇v dx, for u, v ∈ H1(Ω). (2.10)

Then the norm ‖·‖1,Ω is induced by this inner product by observing that

‖v‖1,Ω =

(∫
Ω

v2 +∇v · ∇v dx
) 1

2

=
√
a(v, v).

Obviously, H1(Ω) is now a Hilbert space. For H1
0 (Ω) and H1

Γ0
(Ω), one can also define

the corresponding inner products by (2.10). Then they also become Hilbert spaces.
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Remark 2.1.2. Since the semi-norm |·| is also a norm in H1
0 (Ω) and H1

Γ0
(Ω), these

spaces also become Hilbert spaces when they are equipped with the inner product defined

by

a(u, v) =

∫
Ω

∇u · ∇v dx. (2.11)

2.1.3 The P 1 Finite Element Method

Finite element methods are popular in the numerical study of elliptic PDEs. In the

finite element approach, one first rewrites the underlying PDE in the variational form

and then solve this variational form approximately in a subspace Vh of a Hilbert V .

In this subsection, we briefly review the piecewise linear conforming finite element

method (a.k.a. the P 1 finite element method), which will be applied in all numerical

experiments in this thesis; see Brenner and Scott [2008]; Ciarlet [2002] for reference.

Suppose the PDE has been linearized and rewritten in variational form, i.e., find

u ∈ V such that

a(u, v) = f(v), for all v ∈ V,

where the bilinear form a(·, ·) and the linear form f are assumed to satisfy all the

assumptions in Lemma 2.1.1 (when a(·, ·) is symmetric) or Lemma 2.1.2. By these

two lemmas we know that the solution u exists and is unique. Then a finite element

method consists of finding an approximation uh ∈ Vh ⊂ V of u, where Vh is a finite

dimensional subspace of V , such that

a(uh, vh) = f(vh), for all vh ∈ Vh, (2.12)

Note that Vh is a finite dimensional subspace of the Hilbert space V , so it is closed.

Therefore, the solution to (2.12) exists and is unique. Furthermore, if the bilinear

form a(·, ·) is symmetric, then we have the following lemma.

Lemma 2.1.5. Let J(v) = 1
2
a(v, v) − f(v) be a quadratic functional defined in a

Hilbert space V , where a(·, ·) is a symmetric, continuous, and V-elliptic bilinear form,

and f(v) is a continuous linear form. Let Vh be a finite dimensional subspace of V .
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Then the solution to (2.12) minimizes J in Vh, namely

J(uh) = inf
vh∈Vh

J(vh). (2.13)

A finite element space is a finite dimensional space constructed by two compo-

nents: mesh and basis functions. A possible mesh of the domain Ω can be obtained

from its triangulation, which is as follows.

Definition 1. Let Ω be a domain in Rn, a triangulation Th of Ω is a set of so-called

finite elements K such that

1. Ω̄ = ∪K∈ThK with K being closed.

2. Each finite element has a nonempty interior, i.e., K̊ 6= ∅.

3. For any two finite elements K1, K2 ∈ Th, K̊1 ∩ K̊2 = ∅.

4. Each finite element has a Lipschitz-continuous boundary.

After a triangulation of the domain is constructed, one can design basis functions

based on the triangulation. Suppose the basis functions are ϕ1, ϕ2, . . . ϕN , where N

is the number of basis functions. Then any finite element function uh in this finite

element space can be expressed as uh =
∑N

i=1 αiϕi, where αi, i = 1, 2, . . . , N , are the

coefficients corresponding to ϕi and are called degrees of freedom. Note that a degree

of freedom can be a function value or a Frechét derivative.

As for the P 1 finite element space, the n-simplex is used for triangulation. The

basis functions are hat functions, satisfying

ϕi(aj) =

 1, j = i,

0, j 6= i,
for i, j = 1, 2, . . . , N, (2.14)

where {aj}Nj=1 is a collection of vertices of all finite elements in Th. For any u ∈ V

be given, an approximation uh to u in the P 1 finite element space is expressed by

uh =
N∑
i=1

u(ai)ϕi, (2.15)
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where u(ai) now is the function value of u at the node ai.

Plugging uh =
∑N

i=1 u(ai)ϕi and vh = ϕj into (2.12), we obtain a linear system

Auh = b discretized by the P 1 finite element method. Here, A = (aij) is the stiffness

matrix with aij = a(ϕj, ϕi), uh = (u(ai)) is the unknown, and b = (bi) is the right-

hand side with bi = f(ϕi). Since the bilinear form a(·, ·) is V -elliptic, the stiffness

matrix is positive definite, so that the linear system Auh = b has one and only one

solution uh, which is none other than the solution of (2.12). Moreover, if the bilinear

form a(·, ·) is symmetric, then by Lemma 2.1.5 we know that the stiffness matrix A

is symmetric positive definite, and uh minimizes J(v) = 1
2
a(v, v)− f(v) = vTAv − b

in the P 1 finite element space.

2.2 Preliminaries in Domain Decomposition Meth-

ods

In this section, we recall domain decomposition methods. The model problem we

consider is of the form:  ηu−∆u = f in Ω,

u = 0 on ∂Ω,
(2.16)

where η > 0. This model usually arises from the implicit discretization of a linear

parabolic equation or from a steady state computation.

2.2.1 Classical Schwarz Methods

The alternating Schwarz method was first proposed in Schwarz [1870], where a Poisson

problem (2.16) with η = 0 was solved on a domain formed by the union of a rectangle

and a circle; see Figure 2.1. Denote the circle by Ω1 and the rectangle by Ω2. the

alternating Schwarz method solves the problem iteratively by
−∆un+1

1 = f in Ω1,

un+1
1 = 0 on ∂Ω1 ∩ ∂Ω,

un+1
1 = un2 on ∂Ω1 ∩ Ω̄2;


−∆un+1

2 = f in Ω2,

un+1
2 = 0 on ∂Ω2 ∩ ∂Ω,

un+1
2 = un+1

1 on ∂Ω2 ∩ Ω̄1,

(2.17)
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with given initial guesses u0
1 and u0

2. The convergence was then proved by maximum

principle.

Figure 2.1: The domain considered in Schwarz [1870].

With the advent of parallel computing, domain decomposition methods first

gained interest among researchers in the 1980’s. Lions proved the convergence of

the alternating Schwarz method in Lions [1988] using projections, and also discussed

the convergence when many subdomains are used. Meanwhile in the same paper,

the author introduced a parallel version of the classical Schwarz method, in which

subdomain solutions un+1
1 and un+1

2 are generated by
−∆un+1

1 = f in Ω1,

un+1
1 = 0 on ∂Ω1 ∩ ∂Ω,

un+1
1 = un2 on ∂Ω1 ∩ Ω̄2;


−∆un+1

2 = f in Ω2,

un+1
2 = 0 on ∂Ω2 ∩ ∂Ω,

un+1
2 = un1 on ∂Ω2 ∩ Ω̄1.

(2.18)

To see the convergence of the parallel Schwarz method, we recall the convergence

analysis presented in Dolean et al. [2015]; Gander [2006]. Suppose (2.16) is considered

in Ω = Ω1 ∪ Ω2, where Ω1 = (−∞, L)× (−∞,∞) and Ω1 = (0,∞)× (−∞,∞), and

suppose the solution u vanishes at infinity. Since the problem is linear, one can

consider the problem when f = 0. Based on the Fourier transform

f̂(k) = F(f) :=

∫ ∞
−∞

e−ikxf(x) dx, f(x) = F−1(f̂) :=
1

2π

∫ ∞
−∞

eikxf̂(k) dk,
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one can simplify (2.18) to (η + k2 − ∂xx)ûn1 = 0, ûn1 (L, k) = ûn−1
2 (L, k), x < L,

(η + k2 − ∂xx)ûn2 = 0, ûn2 (0, k) = ûn−1
1 (0, k), x > 0.

(2.19)

From (2.19), one can derive

ûn1 (0, k) = e−2
√
k2+ηL ûn−2

1 (0, k), ûn2 (L, k) = e−2
√
k2+ηL ûn−2

2 (L, k),

which gives the convergence factor ρ2
D = e−2

√
k2+ηL between every two iterates. From

the above relations, we have the following properties of the parallel Schwarz method:

• Since e−2
√
k2+ηL < 1 provided L > 0, the overlapping parallel Schwarz method

generates convergent sequences {un1} and {un1}; When L = 0, we have e−2
√
k2+ηL ≡

1, which implies that the parallel Schwarz method does not converge without

overlap.

• High-frequency errors decay faster than low-frequency errors. We can observe

that e−2
√
k2+ηL approaches 1 as the Fourier mode k tends to 0. Therefore, small

Fourier modes will essentially affect the overall convergence behavior.

In the following lemma, we recall the asymptotic results of the parallel classical

Schwarz method.

Lemma 2.2.1 (Gander [2006]). The convergence rate of the parallel classical Schwarz

method with overlap L = h has asymptotic expression of

max
|k|≤kmax

∣∣ρD(k, h, η)
∣∣ = 1− 2

√
ηh+O

(
h2
)
, h→ 0, (2.20)

where kmax ≈ π
h

is the largest discrete frequency.

2.2.2 Optimized Schwarz Methods

In the previous subsection, we introduce the classical Schwarz methods, where Dirichet

information is communicated between neighbouring subdomains. However, classical

Schwarz methods have two limitations: 1) they do not converge without overlap;
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2) even for an overlapping domain decomposition, the convergence rates of classical

Schwarz methods are not fast enough due to for very low Fourier modes. In Lions

[1990], the author introduced Robin transmission conditions. The new parallel algo-

rithm is called the zeroth order optimized Schwarz method (or Robin method) and

reads as follows:
−∆un+1

i = f in Ωi,

un+1
i = 0 on ∂Ωi ∩ ∂Ω,

( ∂
∂ni

+ p)un+1
i = ( ∂

∂ni
+ p)unj on ∂Ωi ∩ Ω̄j,

i, j = 1, 2, i 6= j, (2.21)

where ni is the outer normal vector of Ωi on the artificial interfaces.

To understand its convergence, we recall the analysis presented in Dolean et al.

[2015]; Gander [2006]. The subdomain solutions in Fourier space satisfy (η + k2 − ∂xx)ûn1 = 0, (p+ ∂x)û
n
1 (L, k) = (p+ ∂x)û

n−1
2 (L, k), x < L,

(η + k2 − ∂xx)ûn2 = 0, (p− ∂x)ûn1 (0, k) = (p− ∂x)ûn−1
2 (0, k), x > 0,

(2.22)

from which one can obtain

ûn1 (0, k) = ρ2
Rû

n−2
1 (0, k), ûn2 (L, k) = ρ2

Rû
n−2
2 (L, k), (2.23)

where ρ2
R =

(√
k2+η−p√
k2+η+p

e−
√
k2+ηL

)2

. The properties of the parallel optimized Schwarz

method are concluded as follows:

• With the same width of the overlap (L > 0), the parallel optimized Schwarz

method improves the convergence (compared with the parallel classical Schwarz

method) by a factor of

(√
k2+η−p√
k2+η+p

)2

between every two iterations.

• Without overlap (L = 0), the parallel optimized Schwarz method still generates

convergent subdomain solutions since∣∣∣∣∣
√
k2 + η − p√
k2 + η + p

e−
√
k2+ηL

∣∣∣∣∣ =

∣∣∣∣∣
√
k2 + η − p√
k2 + η + p

∣∣∣∣∣ < 1.

Concretely, we recall the asymptotic results of the parallel optimized Schwarz
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method in the following lemma.

Lemma 2.2.2 (Gander [2006]). The convergence rate of the zeroth order parallel

optimized Schwarz method with overlap L = h has asymptotic expression of

max
kmin≤|k|≤kmax

∣∣ρR (k, h, η, p∗)
∣∣ = 1− 4 · 2

1
6

(
k2

min + η
) 1

6 h
1
3 +O

(
h

2
3

)
, h→ 0, (2.24)

where kmin and kmax are smallest and largest discrete frequencies, respectively. The

corresponding optimal Robin parameter is asymptotically expressed by

p∗ =

(
4
(
k2

min + η
)) 1

3

2
h−

1
3 . (2.25)

Without overlap, the convergence rate is asymptotically given by

max
kmin≤|k|≤kmax

∣∣ρR (k, 0, η, p∗)
∣∣ = 1− 4

(
k2

min + η
) 1

4

√
π

√
h+O(h), (2.26)

and the corresponding optimal Robin parameter is

p∗ =
((
k2

min + η
) (
k2

max + η
)) 1

4
. (2.27)

Note that in the above estimates, the smallest discrete frequency depends on the

actual problem. In particular, when the problem is solved with homogeneous Dirichlet

boundary conditions, then kmin ≈ π
H

, where H is the diameter of the subdomain.

2.2.3 Two-level Optimized Schwarz Method

The analysis of optimized Schwarz methods with a coarse grid correction was first

proposed in Dubois et al. [2012]. The authors studied the Poisson problem

∆u = f in Ω,

u(x, 0) = u(x, a) = 0 for all x ∈ R/JHR,

u(0, y) = u(JH, y) for all y ∈ (0, a),

ux(0, y) = ux(JH, y) for all y ∈ (0, a),

(2.28)
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on a cylinder with a decomposition of the physical domain

Ωj =

((
j − 1

2

)
H − L

2
,

(
j +

1

2

)
H +

L

2

)
× (0, a), j ∈ Z/JZ, (2.29)

where J is the number of the overlapping subdomains, L is the width of the overlap.

In that case, (H + L) is the width of each subdomain. The two-level optimized

Schwarz method consists of solving subdomain problems

∆vn+1
j = f in Ωj,

vn+1
j (x, 0) = vn+1

j (x, a) = 0 for all x ∈ R/JHR,(
p+

∂

∂x

)
vn+1
j

∣∣∣
x=(j+1/2)H+L/2

=

(
p+

∂

∂x

) (
vnj+1 − zn

)∣∣∣∣
x=(j+1/2)H+L/2

,(
p− ∂

∂x

)
vn+1
j

∣∣∣
x=(j−1/2)H−L/2

=

(
p− ∂

∂x

) (
vnj−1 − zn

)∣∣∣∣
x=(j−1/2)H−L/2

,

(2.30)

with initial guesses vnj and a coarse grid problem


∆Hz

n+1 =
(
∆vn+1 − f

)
H

in Ω,

zn+1 = 0 on ∂Ω,
(2.31)

with an initial coarse grid correction z0. In (2.31), ∆H is some approximate Laplacian,

and (·)H maps the residual to the coarse space.

The authors proved that when there is an overlap, the optimal Robin parameter

behave asymptotically like

p∗c = O(H−2/3L−1/3), (2.32)

which leads to a convergence rate of

ρ = 1−O((L/H)1/3). (2.33)

Without overlap, the optimal Robin parameter is asymptotically given by

p∗c = O((hH)−1/2), (2.34)
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where h is the mesh parameter. This optimal Robin parameter leads to a convergence

rate of

ρ = 1−O((h/H)1/2). (2.35)
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Chapter 3

RASPEN Approaches for

Nonlinear Elliptic Problems

3.1 Introduction

In this chapter, we consider the following nonlinear elliptic equation, ηu−∇ · (a(x, u,∇u)∇u) = f in Ω,

Bu = h on ∂Ω,
(3.1)

where η ≥ 0, a(x, u,∇u) is a positive scalar function uniformly bounded away from

zero, and Bu represents boundary conditions (e.g. Dirichlet or Neumann) such that

the problem is well posed. This type of equation often arises from the implicit dis-

cretization of a time-dependent problem or from a steady state calculation, for ex-

ample the Forchheimer equation (see Forchheimer [1901]) in porous media flow.

Once the problem (3.1) is discretized, there are many ways to solve the large non-

linear algebraic problem by domain decomposition methods. A classical approach is

to use the Newton-Krylov-Schwarz method proposed in Cai et al. [1994]: the problem

is first attacked by Newton’s method, and within each Newton iteration, the linearized

problem is solved using a Krylov method with a Schwarz domain decomposition

preconditioner. Alternative approaches consist of applying these components in a

different order. One such possibility, known as the Nested Iteration approach, was
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formulated in Haeberlein [2011]; Haeberlein et al. [2013] for nonlinear parabolic PDEs:

the solution (in space and time) is first rewritten as the fixed point of a parallel

Schwarz waveform relaxation iteration. Next, using the interface values as primary

unknowns, one derives the fixed point equation, which is then solved using Newton’s

method. Within each Newton iteraiton, the Jacobian systems are solved by a Krylov

method, where each matrix-vector multiplication corresponds to the solution of a

linear parabolic problem.

For elliptic problems, Dolean et al. [2016] introduced a (one-level) Restricted

Additive Schwarz Preconditioned Exact Newton (RASPEN) method, which can be

regarded as the Newton-accelerated version of the Restricted Additive Schwarz (RAS)

method (Cai and Sarkis [1999]) with classical (Dirichlet) transmission conditions.

Similar to Nested Iteration, the RAS method un+1 = f(un) is first written in the

fixed point form u = f(u), and the resulting (nonlinear) fixed point equation is

solved by Newton’s method, where a Krylov method is used as a linear solver for

calculating the Newton step. Additionally, the authors of Dolean et al. [2016] also

connected RASPEN with a coarse grid correction method, i.e., two-level RASPEN.

In this chapter, in order to differentiate it with the one-level RASPEN approach, we

may also use the name RASPEN2. The idea comes from the fact that the classical

Schwarz method is not weakly scalable: if the global problem is solved in a fixed

bounded domain, the convergence factor deteriorates as one increases the number N

of subdomains; see Dolean et al. [2015]; Toselli and Widlund [2005] and references

therein. In that case, the left most subdomain has to wait before receiving the

error information from the right most subdomain, so that the communication of the

error information becomes inefficient, and a plateau will appear. In the theory, the

plateau corresponds to low-frequency errors (or small eigenvalues in an algebraic

point of view), which vanish super slowly. It can get bypassed using coarse grid

correction; see Briggs et al. [2000]; Dolean et al. [2015]; Toselli and Widlund [2005];

Xu [1989] for reference. In the RASPEN2 approach, the fixed point equation is

obtained from the iterative method un+1 = f(unnew), where unnew is a correction of

un, i.e. unnew = un + correction term. The resulting fixed point equation is then

solved by Newton’s method with Krylov subspace acceleration. Unlike the (one- and
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two-level) ASPIN methods proposed in Cai and Keyes [2002], which use approximate

Jacobians, the RASPEN and RASPEN2 use exact Jacobians: it was shown in Dolean

et al. [2016] that the product of the exact Jacobian matrix with an arbitrary vector

can be obtained using components already computed during the subdomain solves, so

the Newton corrections can be calculated cheaply. Thus, (one- or two-level) RASPEN

is a true Newton method and converges quadratically close to the solution.

Nonetheless, the Krylov solver within each Newton iteration converges relatively

slowly, which is typical of classical RAS methods with Dirichlet transmission condi-

tions. In this chapter, we propose one- and two-level optimized RASPEN (ORASPEN

and ORASPEN2) methods, where zeroth order optimized (i.e. Robin) transmission

conditions are used to communicate information across subdomain interfaces. It al-

lows us to take advantage of the extra Robin parameter to obtain faster convergence

in the Krylov solver, just like in optimized Schwarz methods for linear problems

Gander [2006], and two-level optimized Schwarz methods for linear problems Dubois

et al. [2012]. In the ORASPEN and ORASPEN2 approaches, we use the same fixed

point equations as those for RASPEN and RASPEN2 methods, respectively, but with

the subdomain solution operator defined by parallel optimized Schwarz methods. In

RASPEN approaches, one can easily solve subdomain problems by freezing degrees

of freedom outside the subdomains. Whereas in ORASPEN approaches, since the

normal derivatives are not easy to compute on the artificial interfaces, we must com-

pute them in the weak sense. Therefore, we mimic the approach presented in Dolean

et al. [2015] and derive inner fixed point iterations as subdomain solves. To select

the optimal Robin parameter, we refer to Gander [2006] and Dubois et al. [2012] for

one- and two-level optimized Schwarz methods, respectively.

The rest of this chapter is organized as follows. We first review RASPEN and

RASPEN2 approaches in Section 3.2. The derivation of ORASPEN and ORASPEN2

approaches are then given in Section 3.3. Numerical tests are presented in Section

3.4, where we compare two types of approaches.
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3.2 RASPEN

In this section, we review the one- and two-level RASPEN methods proposed in

Dolean et al. [2016].

Assume that the physical domain Ω is decomposed into overlapping subdomains

Ω =
⋃K
i=1 Ωi. For each i, let Ii be the collection of all indices of subdomains that

have overlap with Ωi. Then given the initial guess u0, the classical Schwarz method

generates a sequence (uni )Ki=1, n = 0, 1, . . . , that approximate (ui)
K
i=1 by

ηun+1
i −∇ · (a(x, un+1

i ,∇un+1
i )∇un+1

i ) = f in Ωi,

Bun+1
i = h on ∂Ωi ∩ ∂Ω,

un+1
i = unj on ∂Ωi ∩ Ωj, j ∈ I.

(3.2)

Define the local solution operator Gi(u
n) := un+1

i . Once the Gi(u
n) are calculated

for each i, the (n + 1)-st global iterate un+1 is formed by gluing all pieces together

by RAS ’:

un+1 =
K∑
i=1

P̃iGi(u
n). (3.3)

Here, P̃i : Vi → V is the restricted prolongation operator in the context of RAS

method Cai and Sarkis [1999].

Note that (3.3) is a fixed point iteration. When the iteration (3.3) converges, it

does so linearly in general. To accelerate the convergence, the RASPEN idea consists

of forming the fixed point equation

F̃1(u) =
K∑
i=1

P̃iGi(u)− u = 0 (3.4)

and solving (3.4) by Newton’s method. This requires calculating the Jacobian F̃ ′1(u),

which is expressed by

F̃ ′1(u) =
K∑
i=1

P̃iG
′
i(u)− I. (3.5)

In turn, it requires the derivative of Gi(u), which is computed as follows. Note that
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solving (3.2) is equivalent to solving

RiF (PiGi(u
n) + (I − PiRi)u

n) = 0, (3.6)

where we define Ri : V → Vi to be the restriction operator from the P1 finite element

space V to the subspace Vi, and Pi = RT
i is the extension operator s.t. RiPi = I;

F (u) = (F1(u), F2(u), . . .)T is the global residual with

F`(u) =

∫
Ω

(ηuϕ` + a(x, u,∇u)∇u · ∇ϕ`) dx−
∫

Ω

fϕ` dx. (3.7)

Let us briefly explain (3.6) by using a simple example. Suppose we solve the

harmonic equation 
−∆u = 0 in Ω = (0, 1),

u = 0 on x = 0,

u = 1 on x = 1,

(3.8)

with two overlapping subdomains, i.e. Ω = Ω1 ∪ Ω2, where Ω1 = (0, 0.6) and Ω2 =

(0.4, 1). Given an initial guess u0, we know that the sequence (un)∞n=1 generated by

the RAS converges to the exact solution u = x. At the (n + 1)-st iteration, suppose

un is given in red in the left panel of Figure 3.1, then we obtain G1(un) by solving

(3.2) in Ω1; see the solution in blue in the left panel of Figure 3.1. If we glue un+1
1

in Ω1 and un2 in Ω2 − Ω1 together, then we obtain PiGi(u
n) + (I − PiRi)u

n; see the

plot in the right panel of Figure 3.1. Note that the residuals are zero at the interior

nodes of Ω1 (the nodes in blue), which means that RiF (PiGi(u
n)+(I−PiRi)u

n) = 0.

Therefore, solving (3.7) is equivalent to solving (3.2).

Differentiating (3.6) gives

G′i(u) = −(RiJ(u(i))Pi)
−1RiJ(u(i)) +Ri,

where

u(i) := PiGi(u) + (I − PiRi)u and J(u) := F ′(u).
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Figure 3.1: One-step classical Schwarz iteration in Ω1 for harmonic equation with
boundary condition u(0) = 0 and u(1) = 1. Left: Red: the n-th iterate un; Blue: the
(n+ 1)-st iterate Gi(u

n) = un+1
i . Right: P1G1(un) + (I − PiRi)u

n.

The Jacobian is then computed by

F̃ ′1(u) = −
K∑
i=1

P̃i(RiJ(u(i))Pi)
−1RiJ(u(i)), (3.9)

where we have used the property
∑

i P̃iRi = I.

To invert the Jacobian matrix F̃ ′1(u) at outer Newton step, one can apply Krylov

methods. For an arbitrary vector v, the multiplication of F̃ ′1(u) by v can be computed

by

F̃ ′1(u)v = −
K∑
i=1

P̃i(RiJ(u(i))Pi)
−1RiJ(u(i))v. (3.10)

Note that the main components u(i) in the Jacobian have been already obtained dur-

ing subdomain solves. Therefore, the matrix-vector multiplication can be computed

cheaply.

In particular, when the problem is linear, J(u(i)) is independent of u, so that

(3.10) becomes

F̃ ′1(u)v = −
K∑
i=1

P̃iJiRiJv, (3.11)

where J = J(u(i)) is the global matrix, and Ji = (RiJ(u(i))Pi)
−1 is the subdomain

matrix. Now F̃ ′1(u) is identical to the preconditioned matrix for RAS; see Cai and

Sarkis [1999]. This helps us to understand the convergence of Krylov methods at

each Newton step. The algorithm of RASPEN approach is summarized in Algorithm
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1.

Algorithm 1 The RASPEN Algorithm

INPUT: An initial guess u0 and a tolerance TOL.
OUTPUT: The solution u of (3.4).
1: Set n = 0.
2: Compute F̃1(u0).
3: while ‖F̃1(un)‖ > TOL do
4: For 1 ≤ i ≤ K, solve subdomain problems (3.2) or (3.6) by Newton’s method

for Gi(u
n) := un+1

i .
5: Solve

un+1 = un − (F̃ ′1(un))−1F̃1(un)

by GMRES, where the matrix-vector multiplication is computed by (3.10).
6: Compute F̃1(un+1).
7: Increment n: n = n+ 1.
8: end while
9: Return u = un+1.

The authors also introduced two-level RASPEN in the same paper. In RASPEN2

approach, a coarse space correction term C0(u) is defined by solving

F0(C0(u) +R0u) = F0(R0u)− R̃0F (u), (3.12)

where F0 is the residual function in coarse space corresponding to F ; R0 is the

restriction operator from V to the coarse space V0; R̃0 : V ′ → V ′0 is a projection

operator that plays the same role as R0. Once the correction term C0(u) is obtained,

it is then added to the iterate un:

unnew := un + P0C0(un), (3.13)

where P0 = RT
0 is an extension operator from the coarse space V0 to V . Substitution

of (3.13) into (3.3) gives

un+1 =
K∑
i=1

P̃iGi(u
n + P0C0(un)),
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from which we can obtain the fixed point equation

F̃2(u) = P0C0(u) +
K∑
i=1

P̃iCi(u+ P0C0(u)) = 0, (3.14)

where Ci(u) := Gi(u)−Riu.

The RASPEN2 approach then consists of solving (3.14) by Newton’s method,

with the coarse space correction term C0(u) defined in (3.12) and the subdomain

problems defined in (3.2) or (3.6). The Jacobian matrix of F̃2 is computed by

F̃ ′2(u) = P0C
′
0(u) +

K∑
i=1

P̃iC
′
i(u)

(
I + P0C

′
0(u)

)
, (3.15)

where

C ′i(u) = G′i(u)−Ri = −RiJ(v(i))Pi)
−1RiJ(v(i)),

where v(i) = u+ P0C0(u) + PiCi
(
u+ P0C0(u)

)
, and

C ′0(u) = −R0 + Ĵ−1
0

(
J0R0 − R̃0J(u)

)
. (3.16)

Here J0 := F ′0(R0u), and Ĵ0 := F ′0(R0u+ C0(u)).

To invert the Jacobian matrix F̃ ′2(u) at outer Newton step, one can apply Krylov

methods. For an arbitrary vector v, the multiplication of F̃ ′2(u) by v can be computed

by

F̃2
′
(u)v = P0C

′
0(u)v +

K∑
i=1

P̃iC
′
i(u)

(
I + P0C

′
0(u)

)
v. (3.17)

The algorithm of RASPEN2 approach is summarized in Algorithm 2.

3.3 ORASPEN

In this section, we propose one- and two-level optimized RASPEN methods, where

zeroth order optimized (i.e. Robin) transmission conditions are consider on the arti-

ficial interfaces.

Given a set of initial guesses (u0
i )
K
i=1, the parallel optimized Schwarz method gen-
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Algorithm 2 The RASPEN2 Algorithm

INPUT: An initial guess u0 and a tolerance TOL.
OUTPUT: The solution u of (3.14).
1: Set n = 0.
2: Compute F̃2(u0).
3: while ‖F̃2(un)‖ > TOL do
4: Solve (3.12) for C0(u) and compute unnew = un + P0C0(un).
5: For 1 ≤ i ≤ K, solve subdomain problems (3.2) by Newton’s method for

Gi(u
n
new) := un+1

i .
6: Solve

un+1 = un − (F̃2
′
(un))−1F̃2(un)

by GMRES, where the matrix-vector multiplication is computed by (3.17).
7: Compute F̃2(un+1).
8: Increment n: n = n+ 1.
9: end while
10: Return u = un+1.

erates a sequence (uni )Ki=1, n = 0, 1, . . . , that approximate (ui)
K
i=1 by

ηun+1
i −∇ · (a(x, un+1

i ,∇un+1
i )∇un+1

i ) = f in Ωi,

Bun+1
i = h on ∂Ωi ∩ ∂Ω,

a(x, un+1
i ,∇un+1

i )
∂un+1

i

∂ni
+ pun+1

i = a(x, unj , ∇unj )
∂unj
∂ni

+ punj on ∂Ωi ∩ Ω̄j, j ∈ Ii,
(3.18)

where p is the Robin parameter and ni is the unit outward-pointing normal vector.

If finite elements are used to discretize (3.18), then for each basis function φi` with

support in Ωi, the corresponding residual function becomes

F i
` (u

n+1
i ) = Ai`(u

n+1
i )−

∫
Ωi

fϕi` dx−
∫

Γi

gϕi` ds, (3.19)

where

g =

(
a(x, unj ,∇unj )

∂

∂ni
+ p

)
unj ,

Γi = ∂Ωi \ ∂Ω, and

Ai`(ui) =

∫
Ωi

(
ηuiϕ

i
` + a(x, ui,∇ui)∇ui · ∇ϕi`

)
dx+

∫
Γi

puiϕ
i
` ds. (3.20)

The evaluation of g, which involves Robin traces and must be taken in the weak
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sense, is non-trivial. Therefore, we design an algorithm as follows. If we define

Li`(u) :=

∫
Ωi

fϕi` dx+

∫
Γi

gϕi` ds(x),

then the residual for each basis function becomes

F i
` (u

n+1
i ) = Ai`(u

n+1
i )− Li`(un).

Grouping all the `, we have

F i(un+1
i ) = Ai(un+1

i )− Li(un),

which is the residual for the subdomain problem (3.18).

At convergence, i.e. un+1
i = uni = u∗|Ωi and un = u∗, the residual F i needs to be

equal to zero; in other words, we have

Ai(u∗|Ωi) = Li(u∗).

Now we mimic the approach in Dolean et al. [2015] for the linear case and exploit

the equivalence between optimized parallel Schwarz and optimized RAS: we update

the local solution via the full approximation scheme

Ai(un+1
i ) = Ai(Riu

n) + L̃i(un), (3.21)

where L̃i(un) = Li(u∗) − Ai(Riu
n). At convergence, L̃i(u∗) must vanish. One way

suggested in Dolean et al. [2015] is to replace L̃i by the residual; in other words, the

following subdomain problem is solved:

Ai(un+1
i )− Ai(Riu

n) = −RiF (un), (3.22)

Under the usual coercivity assumptions, (3.22) defines a mapping Gi : un 7→ un+1
i .
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The fixed point iteration is completed by the update formula

un+1 =
K∑
i=1

P̃iGi(u
n),

as in (3.3). It is clear from (3.22) that if un = u∗ is the exact solution of F (u) = 0,

then un+1
i = Riu

n = Riu
∗; in other words, u∗ is a fixed point of the iteration. Then

the ORASPEN approach consists of solving (3.4) by Newton’s method, but with the

Gi defined by (3.22) instead of (3.6).

To compute the Jacobian, we first let un+1
i = Gi(u

n) in (3.22) and differentiate

on both sides implicitly to obtain

dAi

du
(un+1

i )G′i(u
n)− dAi

du
(Riu

n)Ri = −RiF
′(un),

from which we get

G′i(u) =

(
dAi

du
(Gi(u))

)−1(
dAi

du
(Riu)Ri −RiF

′(u)

)
. (3.23)

Denoting Ji(ui) := dAi

du
(ui) and J(u) := F ′(u), we can rewrite the above expression

as

G′i(u) = Ji(Gi(u))−1
(
Ji(Riu)(Riu)Ri −RiJ(u)

)
. (3.24)

Substitution of G′i(u) into (3.5) yields

F̃ ′1(u) =
K∑
i=1

P̃iJi(Gi(u))−1
(
Ji(Riu)Ri −RiJ(u)

)
− I.

To invert the Jacobian matrix F̃ ′1(u) at outer Newton step, one can apply Krylov

methods. For an arbitrary vector v, the multiplication of F̃ ′1(u) by v can be computed

by

F̃ ′1(u)v =
K∑
i=1

P̃iJi(Gi(u))−1
(
Ji(Riu)Riv −RiJ(u)v

)
− v. (3.25)

Note that Ji(Gi(u)) is none other than the Jacobian matrix for the subdomain prob-

lem (3.22). If Newton’s method was used to solve these subdomain problems, this
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Jacobian would have already been formed and factored during the calculation of un+1
i ,

so that the multiplication by Ji(Gi(u))−1 in (3.25) requires only a forward-backward

substitution involving the precomputed LU factors. Thus, the Krylov iterations have

relatively low computational cost.

To understand the convergence of the Krylov method, it is instructive to consider

the linear case, when a(x, u,∇u) ≡ a(x) is independent of u, and Ji is independent

of un+1
i . In that case, (3.25) simplifies to

F̃ ′1(un)v = −
K∑
i=1

P̃iJ
−1
i RiJ(un)v,

which is identical to the preconditioned matrix for optimized RAS St-Cyr et al. [2007].

Therefore, for well-chosen Robin parameters, we expect ORASPEN to exhibit much

faster convergence than classical RASPEN in terms of inner Krylov iterations, even

when the number of outer Newton iterations remains similar. This will be verified

experimentally in the next section. The ORASPEN algorithm is summarized in

Algorithm 3 below.

Algorithm 3 The ORASPEN Algorithm

INPUT: An initial guess u0 and a tolerance TOL.
OUTPUT: The solution u of (3.4).
1: Set n = 0.
2: Compute F̃1(u0).
3: while ‖F̃1(un)‖ > TOL do
4: For 1 ≤ i ≤ K, solve subdomain problems (3.22) by Newton’s method for

Gi(u
n) := un+1

i .
5: Solve

un+1 = un − (F̃ ′1(un))−1F̃1(un)

by GMRES, where the matrix-vector multiplication is computed by (3.3).
6: Compute F̃1(un+1).
7: Increment n: n = n+ 1.
8: end while
9: Return u = un+1.

For two-level ORASPEN, we compute the coarse space correction term in the same

way as that in RASPEN2. Thus, we still solve (3.12) for coarse space correction term,

and define unnew by (3.13). The ORASPEN2 approach then consists of solving (3.14)

by Newton’s method, but with Ci defined by Ci(u) := Gi(u)− Riu, where Gi is the
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subdomain solution operator defined for ORASPEN in (3.22). By (3.24), we have

C ′i(u) = G′i(u)−Ri = Ji(Gi(u))−1
(
Ji(Riu)Ri −RiJ(u)

)
−Ri. (3.26)

Denote u(i) = u+ P0C0(u). We compute the Jacobian by

F̃ ′2(u) = P0C
′
0(u) +

K∑
i=1

P̃iC
′
i(u

(i))(I + P0C
′
0(u)), (3.27)

with C ′0(u) computed by (3.16) and with C ′i(u) computed by (3.26).

To invert the Jacobian matrix F̃ ′2(u) at outer Newton step, one can apply Krylov

methods. For an arbitrary vector v, the multiplication of F̃ ′2(u) by v can be computed

by

F̃ ′2(u)v = P0C
′
0(u)v +

K∑
i=1

P̃iC
′
i(u

(i))
(
I + P0C

′
0(u)

)
v. (3.28)

Similar to ORASPEN, the product of the Jacobian matrix F̃ ′2(u) with an arbitrary

vector v in ORASPEN2 can also be obtained using components already computed

during the subdomain solves, so that the Newton corrections can be calculated

cheaply.

To understand the convergence of the Krylov method, it is instructive to consider

the linear case, when a(x, u,∇u) ≡ a(x) is independent of u, Ji is independent of

un+1
i , and J0 = F ′0 is independent of un+1

i , where F0(u0) = J0u0 − b0. In that case,

(3.28) simplifies to

F̃ ′2(un)v = −

P0J
−1
0 R̃0 +

K∑
i=1

P̃iJ
−1
i Ri

(
I − JP0J

−1
0 R̃0

) Jv,

which is similar to the preconditioned matrix for two-level optimized RAS introduced

in Dubois et al. [2012], only with the order of the subdomain step and the coarse space

step swapped. The ORASPEN2 algorithm is summarized in Algorithm 4.
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Algorithm 4 The ORASPEN2 Algorithm

INPUT: An initial guess u0 and a tolerance TOL.
OUTPUT: The solution u of (3.4).
1: Set n = 0.
2: Compute F̃2(u0).
3: while ‖F̃(un)‖ > TOL do
4: Solve (3.12) for correction term and compute nnnew by (3.13).
5: For 1 ≤ i ≤ K, solve subdomain problems (3.22) by Newton’s method for

Gi(u
n
new) := un+1

i .
6: Solve

un+1 = un − (F̃ ′2(un))−1F̃2(un)

by GMRES, where the matrix-vector multiplication is computed by (3.27).
7: Compute F̃2(un+1).
8: Increment n: n = n+ 1.
9: end while
10: Return u = un+1.

3.4 Numerical Experiments

In this section, we illustrate the behavior of the (one- and two-level) ORASPEN ap-

proaches by comparing them with (one- and two-level) classical RASPEN approaches,

as defined in Dolean et al. [2016], for two model problems. All tests in this section

are discretized using P1 (conforming piecewise linear) finite element method.

3.4.1 Overlapping Domain Decomposition and Partition of

Unity

In this subsection, we introduce how to generate overlapping subdomains and how to

design a good partition of unity function for (one- and two-level) ORASPEN.

Overlapping Domain Decomposition

To generate an overlapping domain decomposition, we start from a non-overlapping

one Ω = ∪Ki=1Ω̂i, and then extend each subdomain to a larger one, yielding Ω =

∪Ki=1Ωi. For example, we plot a 2× 2 non-overlapping domain decomposition in the

left panel of Figure 3.2, and show how the left bottom subdomain is extended in the

right panel of Figure. 3.2.
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Figure 3.2: Nonoverlapping and overlapping decompositions.

Partition of Unity

A good partition of unity is essential to the convergence of ORAS, and hence the

ORASPEN and ORASPEN2 approaches. Theoretically for linear problems, the par-

tition of unity should satisfy

•
∑K

i=1 P̃iRi = I,

• P̃iRiu = 0 in Ω \ Ωi.

In that case, the ORAS is equivalent to parallel Robin method; see the proof in

Dolean et al. [2015] at continuous level. We emphasize the second item that P̃iRiu

must vanish outside the subdomain, even on the artificial boundary. In fact, this

assumption is used to guarantee that for each subdomain Ωi,(
∂

∂ni
+ p

)
(un) =

(
∂

∂ni
+ p

)(
unj

)
on ∂Ωi ∩ Ω̄j,

for any j such that Ωi ∩ Ωj 6= ∅. Here, un is the global solution produced by ORAS,

and unj is the subdomain solution generated by the parallel Robin method.

At discrete level, we usually deal with the normal derivative in the weak sense. In

that case, a residual problem is usually solved instead; see for example (3.22). When

the subdomain solutions are glued together, they are not expected to be polluted on

the artificial interfaces.
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We present an example of a suitable partition of unity in Figure 3.3 for the bottom

left subdomain. To implement this, we also start from the non-overlapping domain

decomposition Ω = ∪Ki=1Ω̂i introduced at the beginning of this subsection, and then

generate an overlapping domain decomposition Ω = ∪Ki=1Ω̃ such that Ω̂i ⊂ Ω̃i $ Ωi

for each i. Denote for Ω̃i the corresponding restriction and restricted prolongation

operators by R0 and P̃0, respectively. Then a suitable partition of unity can be given

by

(P̃iRi)new = RT
i RiP̃0R0R

T
i Ri = P̃0R0. (3.29)

In this way,
∑K

i=1(P̃iRi)new =
∑K

i=1 P̃0R0 = I and (P̃iRi)newu = 0 outside Ωi, even on

the subdomain boundary.

Figure 3.3: An example of partition of unity in 2D and 3D plots. The value is 0 in
the yellow region and is 1 in the red region.

3.4.2 One-level Results

In this subsection, we compare the the behavior of one-level ORASPEN with that of

one-level classical RASPEN.
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In the first test, we show results for the nonlinear diffusion problem
−∇ · ((1 + u2)∇u) = x sin(y) in Ω = [0, 1]× [0, 1],

u = 1 on x = 1,

∂u
∂n

= 0 elsewhere,

(3.30)

with the initial guess u0 = 1.

We compare the linear and nonlinear iteration counts needed by ORASPEN with

those needed by RASPEN for the 2 × 2, 4 × 4 and 8 × 8 subdomain test cases in

Table 3.1, respectively, using different Robin parameters p and mesh ratios H/h. We

report the following numbers:

• Nits, the number of outer Newton iterations required for convergence to within

a tolerance of 10−8;

• Lits, the number of linearized subdomain problems that must be solved. This

number includes

(i) In each outer Newton loop for F̃(u) = 0, subdomain problems need to

be solved, which is done by Newton as inner iteation in parallel, and it

requires a linear subdomain solve at each inner Newton iteration. We

count the largest number of all linear subdomain solves at inner iteration

needed by the subdomains.

(ii) The Jacobian matrix is inverted by GMRES with a relative error of 10−6,

and each GMRES iteration requires a linear subdomain solve. We count

the number of GMRES iterations.

• Avg Lits, the average number of linear iterations per Neweton step; and

• p, the Robin parameter that leads to the lowest iteration counts for each mesh

ratio H/h.

We also include the number of unpreconditioned classical Newton iterations re-

quired for convergence. Although one cannot use these numbers to directly compare

classical Newton with RASPEN or ORASPEN (we must also consider which precon-

ditioner to use, and how many preconditioned GMRES iterations are required by the
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Jacobian solves within each Newton step), such numbers are useful for determining

the difficulty of the unpreconditioned problem. Here, we observe that ORASPEN

requires the fewest nonlinear iterations, compared to classical Newton and RASPEN.

We show the linear and nonlinear iteration counts as a function of the Robin

parameter p for different mesh ratios H/h for 2× 2, 4× 4 and 8× 8 subdomain test

cases in Figure 3.4. We also present in Table 3.1 a comparison of ORASPEN with

RASPEN in terms of the number of linear iterations. We can see that for each domain

decomposition test, the Robin parameter p has a large impact on the linear and

nonlinear iteration counts. Observe that when ORASPEN is used with the optimal

Robin parameter, the average number of linear iterations per Newton becomes much

lower for ORASPEN than for RASPEN, and this number does not grow as quickly

as for RASPEN when we refine the mesh. Moreover, we see from these figures that

with the optimal Robin parameter p, ORASPEN converges in two Newton iterations,

which is slightly better than the three iterations required by RASPEN. Note that the

data are tolerance dependent: if we change TOL in the stopping criterion from 10−8 to

10−10, then it will take at least three Newton iterations for ORASPEN to converge.

Nevertheless, since ORASPEN needs fewer linear iterations per Newton step than

RASPEN, ORASPEN will still outperform RASPEN, even when both methods take

three Newton iterations to converge.

Next, we regroup the data in Table 3.1, fixing the mesh ratio H/h and vary the

number of subdomains; see results for H/h = 10, H/h = 20 and H/h = 40 in Table

3.2. We observe that ORASPEN again requires fewer linear iteration to converge

than RASPEN, which is consistent with the linear case Gander [2006]. However, the

iteration counts for both methods grow with the number of subdomains, as the inner

subdomains move farther and farther away from the physical Dirichlet boundary;

see Chaouqui et al. [2018]; Dolean et al. [2015] for reference. This slow convergence

can be improved by two-level algorithm, where the (global) coarse space correction

method is applied multiplicatively with subdomain solves. In that case, the global

error information will be communicated at each Newton iteration to help correct

subdomain solutions so that the two-level algorithms converge much faster than one-

level ones and the number of linear iterations will not grow as quickly as that of
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Figure 3.4: Numerical results computed by one-level ORASPEN for the nonlinear
diffusion problem. Figures on the left: Newton iteration counts for 2× 2, 4× 4 and
8× 8 subdomain test cases with different ratios of H/h, H being the diameter of the
subdomain. Figures on the right: Total linear iteration counts for 2 × 2, 4 × 4 and
8× 8 subdomain test cases with different Robin parameters and mesh sizes.

one-level methods even when the inner subdomains move farther and farther away

from the physical Dirichlet boundary. Corresponding numerical experiments will be

verified in the next subsection.

For the second set of tests, we consider the same Forchheimer problem as in Dolean
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Table 3.1: Linear and nonlinear iteration counts needed by one-level RASPEN and
one-level ORASPEN for 2×2, 4×4 and 8×8 subdomain test cases for the nonlinear
diffusion problem with different mesh sizes. Size of overlap is 4-cell width and stopping
criterion is 10−8 for all tests.

N ×N H/h
Newton RASPEN ORASPEN

Nits Nits Lits Avg Lits p Nits Lits Avg Lits

2× 2

10 4 3 60 20.00 13 2 27 13.50

20 4 3 78 26.00 13 2 29 14.50

40 4 3 102 34.00 13 2 33 16.50

4× 4

10 4 3 113 37.67 19 2 42 21.00

20 4 3 152 50.67 20 2 45 22.50

40 4 3 208 69.33 21 2 50 25.00

8× 8

10 4 3 211 70.33 31 3 109 36.33

20 4 3 296 98.67 36 2 79 39.50

40 4 3 364 121.33 39 2 88 44.00

Table 3.2: Linear and nonlinear iteration counts for different numbers of subdomains
for the nonlinear diffusion problem with fixed ratio H/h = 10, H/h = 20, H/h = 40,
H being the diameter of the subdomain. Size of overlap is 4-cell width and stopping
criterion is 10−8 for all tests.

H/h N ×N
Newton RASPEN ORASPEN

Nits Nits Lits Avg Lits p Nits Lits Avg Lits

10

2× 2 4 3 60 20.00 13 2 27 13.50

4× 4 4 3 113 37.67 19 2 42 21.00

8× 8 4 3 211 70.33 31 3 109 36.33

20

2× 2 4 3 78 26.00 13 2 29 14.50

4× 4 4 3 152 50.67 20 2 45 22.50

8× 8 4 3 296 98.67 36 2 79 39.50

40

2× 2 4 3 102 34.00 13 2 33 16.50

4× 4 4 3 208 69.33 21 2 50 25.00

8× 8 4 3 364 121.33 39 2 88 44.00
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et al. [2016]: 
−∇ · q = 0 in Ω = [0, 1]× [0, 1],

q · n = 0 on ∂Ω \ (Γd0 ∪ Γd1),

u = 0 on Γd0, u = 1 on Γd1,

(3.31)

where

q =
2Λ(x, y)∇u

1 +
√

1 + 4β|Λ(x, y)∇u|
,

Γd0 = {(x, y) ∈ ∂Ω;x + y < 0.2} and Γd1 = {(x, y) ∈ ∂Ω;x + y > 1.8}. The

permeability Λ(x, y) is equal to 1000 except in the two inclusions [0, 0.5] × [0.2, 0.4]

and [0.5, 1]× [0.6, 0.8], where it equals 1.

The nonlinearity of the Forchheimer equation is much stronger than in the first

test problem, due to the appearance of ∇u in the denominator of q and the large

contrast in Λ(x, y). Therefore, we adopt the continuation approach, where we solve

(3.31) first for β = 0 (which is a linear problem), then for β = 0.1 and β = 1, using

the solution for the previous β as the initial guess for the next one. For the fixed fine

mesh shown in Figure 3.5, we vary the number of subdomains and show the iteration

counts for ORASPEN and RASPEN in Table 3.3. We again observe significant lower

linear iteration counts in ORASPEN than in classical RASPEN. Finally, we remark

that the performance of ORASPEN is sensitive to the Robin parameter p, as can be

seen from Figure 3.6. A poor choice of the Robin parameter may lead to a higher

number of nonlinear iterations compared to classical RASPEN, negating the benefits

of faster linear convergence.

3.4.3 Two-level Results

In this subsection, we compare the behavior of ORASPEN2 with that of RASPEN2

for the nonlinear diffusion problem (3.30) and the Forchheimer problem (3.31).

In the first set of test, we show results for the nonlinear diffusion problem (3.30).

The coarse mesh is generated by fixing approximately the number of degrees of free-

dom in each subdomain, which is 4. We solve at each outer Newton iteration a coarse

problem with relative tolerance TOL < 10−6. For other settings, we apply the same

ones as in one-level tests. We compare the linear nonlinear iteration counts needed by
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Figure 3.5: Fixed grid for the 2 × 2, 4 × 4 and 8 × 8 subdomain test cases, and the
solution profile for the Forchheimer problem.

ORASPEN2 with those needed by RASPEN2 for the 2×2, 4×4 and 8×8 subdomain

test cases in Table 3.4, using different Robin parameters p and mesh ratios H/h. We

list in these tables all possible p such that the number of linear iterations reaches its

minimum. We can observe that the average number of linear iterations per Newton

is greatly reduced for both two-level approaches, and ORASPEN2 still outperforms

RASPEN2 when ORASPEN2 is used with the optimal Robin parameter.

We also plot the linear and nonlinear iteration counts for ORASPEN2 as a function

38



0 1000 2000 3000 4000

p

3

4

5

6

N
e
w

to
n
 I
te

r

4x4 subdomains, H/h=20

0 1000 2000 3000 4000

p

100

150

200

250

T
o
ta

l 
lin

. 
s
u
b
d
o
m

a
in

 s
o
lv

e
s

4x4 subdomains, H/h=20

Figure 3.6: Newton and linear iteration counts for the Forchheimer problem for 4× 4
test case with β = 0.1 as a function of p.

Table 3.3: Linear and nonlinear iteration counts needed by one-level RASPEN and
one-level ORASPEN for the Forchheimer problem. Size of overlap is 4-cell width and
stopping criterion is 10−8 for all tests.

β N ×N
Newton RASPEN ORASPEN

Nits Nits Lits Avg Lits p Nits Lits Avg Lits

0.1

2× 2 5 3 112 37.33 1000 3 63 21.00

4× 4 5 3 158 52.67 2000 3 100 33.33

8× 8 5 3 236 78.67 2800 4 218 54.50

1.0

2× 2 4 3 109 36.33 200 2 41 20.50

4× 4 4 2 101 50.50 900 2 67 33.50

8× 8 4 3 232 77.33 800 3 159 53.00

of the Robin parameter p for different mesh ratios H/h for 2× 2, 4× 4 and fo 8× 8

subdomain test cases in Figure 3.7. Note that the nonlinear iteration counts is 2 for

all test cases; see also Figure 3.7. We can also observe that the Robin parameter p

has a large impact on the linear iteration counts. Thus a good choice of the Robin

parameter p is essential to the simulation.

Next, we regroup the data: we fix the mesh ratio H/h and vary the number of

subdomains; see Table 3.5 for H/h = 10, H/h = 20 and H/h = 40 test cases. We

can observe that the average number of linear iterations does not grow as quickly as

that for one-level approaches when we increase the number of subdomains. This is

essentially the weak scalability of the two-level Schwarz methods, whereas for one-
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Table 3.4: Linear and nonlinear iteration counts needed by two-level RASPEN and
two-level ORASPEN for 2×2 subdomain test case for the nonlinear diffusion problem
with different mesh sizes. Size of overlap is 4-cell width and stopping criterion is 10−8

for all tests.

N ×N H/h
Two-level RASPEN Two-level ORASPEN

Nits Lits Avg Lits p Nits Lits Avg Lits

2× 2

10 2 22 11.00 15-35 2 19 9.50

20 2 24 12.00 18-43 2 22 11.00

40 2 28 14.00 18-41 2 24 12.00

4× 4

10 2 22 11.00 22-128 2 19 9.50

20 2 24 12.00 68-69 2 21 10.50

40 2 27 13.50 54-95 2 23 11.50

8× 8

10 2 21 10.50 63-94 2 17 8.50

20 2 22 11.00 69-150 2 20 10.00

40 2 27 13.50 83-150 2 22 11.00

level approaches the low-frequency error hampers the overall convergence rate.

Table 3.5: Linear and nonlinear iteration counts needed by two-level RASPEN and
two-level ORASPEN for different numbers of subdomains for the nonlinear diffusion
problem with fixed ratio H/h = 10, H/h = 20 and H/h = 40, respectively. Size of
overlap is 4-cell width and stopping criterion is 10−8 for all tests.

H/h N ×N
Two-level RASPEN Two-level ORASPEN

Nits Lits Avg Lits p Nits Lits Avg Lits

10

2× 2 2 22 11.00 15-35 2 19 9.50

4× 4 2 22 11.00 22-128 2 19 9.50

8× 8 2 21 10.5 63-94 2 17 8.50

20

2× 2 2 24 12.00 18-43 2 22 11.00

4× 4 2 24 12.00 68-69 2 21 10.50

8× 8 2 22 11.00 69-150 2 20 10.00

40

2× 2 2 28 14.00 18-41 2 24 12.00

4× 4 2 27 13.50 54-95 2 23 11.50

8× 8 2 27 13.50 83-150 2 22 11.00
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Figure 3.7: Numerical results computed by two-level ORASPEN for the nonlinear
diffusion problem. Top left: Newton iteration counts for all test cases. Top right:
Total linear iteration counts for 2×2 subdomain test case with different Robin param-
eters and mesh sizes. Bottom left: Total linear iteration counts for 4× 4 subdomain
test case with different Robin parameters and mesh sizes. Bottom right: Total linear
iteration counts for 8 × 8 subdomain test case with different Robin parameters and
mesh sizes.

In the second set of test, we show the results for the Forchheimer problem (3.31).

The coarse mesh we use in the test is shown in the left panel of Figure 3.8. We test

the problem using 16× 16 subdomains, and we set the number of degrees of freedom

in each direction per subdomain approximately fixed, which is 20. In this way, the

inner subdomains are far away from the physical boundary.

We show in Table 3.6 the linear and nonlinear iteration counts needed by RASPEN2.

We also show the result for ORASPEN2 with p = 19000, which might not be op-

timal (but is the best one among our tests). We can observe that even though the

Robin parameter is not the optimal one, the average number of linear iterations per

Newton for ORASPEN2 is still slightly better than that of RASPEN2. However, it
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Table 3.6: Linear and nonlinear iteration counts needed by two-level RASPEN and
two-level ORASPEN for the Forchheimer problem. Size of overlap is 4-cell width and
stopping criterion for Newton is 10−8 for all tests.

β N ×N
Two-level RASPEN Two-level ORASPEN

Nits Lits Avg Lits p Nits Lits Avg Lits

0.1 16× 16 3 102 34.00 19000 4 134 33.5

takes 4 outer Newton itearations for ORASPEN2 to converge, which deteriorates the

overall convergence behavior. Recall that similar phenomena can also be observed in

one-level test case for the Forchheimer problem with 8 × 8 domain decomposition;

see Table 3.3.

This slow convergence is caused mainly by two factors. One is the Robin pa-

rameter, and the other one is the coarse mesh. For the Robin parameter, there are

mainly two problems. One is that the fixed Robin parameter is not good enough for

all Newton steps since the solution gets updated with Newton iteration, and thus

the optimal Robin parameter per Newton gets changed. However, to preserve the

consistency of our algorithm, we are only allowed to use a fixed Robin parameter

throughout the whole computation. Therefore we have to carefully choose a Robin

parameter which balances all Newton steps so that with this fixed Robin parame-

ter the overall behavior is optimal. Another problem is that the fixed single Robin

parameter used everywhere along the artificial interfaces is not a good choice any

more since the diffusion coefficient is not constant over the whole domain. We can

observe in the right panel of Figure 3.8 that for 16× 16 decomposition, there will be

some subdomains (in the figure we only present one such subdomain) such that their

boundaries cut through the discontinuity rather than being aligned with it. For linear

Poisson problems with constant diffusion coefficient, we know from Gander [2006];

Gander and Dubois [2015] that the optimal Robin parameter is proportional to the

diffusion coefficient. Thus we can guess that if the Robin parameter is proportional

to the diffusion coefficient, the behavior will be improved. For the coarse mesh, there

are only 126 degrees of freedom in coarse space, which does not match the number

of subdomains, which is 256. Thus we can expect, as we refine the coarse grid, the

convergence behavior will get improved.
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Figure 3.8: Left: The coarse mesh used for test of the Forchheimer problem. Right: A
possibility that the subdomain boundary cut across the discontinuity of the diffusion
coefficient.

3.4.4 Results with Scaled Robin Parameter

We in this subsection present results for the Forchheimer problem when ORASPEN

is equipped with scaled Robin parameter.

We show in Table 3.7 the linear and nonlinear iteration counts needed by one-level

ORASPEN with different choices of Robin parameters. The results for ORASPEN

with uniform p are same as those presented in Table 3.3. For ORASPEN with scaled

Robin parameter, we construct the Robin parameter as follows. Recall that in the

Forchheimer problem test, we use the solution for the previous β as the initial guess

for the next one. In the simulation of the test case when β = 0, we use the initial

guess u0 shown in the Figure 3.9. The scaled Robin parameter p is then designed as

p = ps ·
2Λ(x, y)

1 +
√

1 + 4τβΛ(x, y)
, (3.32)

where the Robin parameter p depends on one variable ps, and τ = 5
√

2
8

is an approxi-

mation of
∣∣∇u0

∣∣. We use this function since it is smoother than the solution for β = 1

so that we can obtain better convergence behavior. We can observe that with the

optimal scaled Robin parameter, ORASPEN outperform the ORASPEN with same

p. Moreover, we can see in the 8 × 8 test case for β = 0, 1, outer Newton iteration

only takes 3 iterations to converge. In that case, ORASPEN outperforms RASPEN

43



in terms of both linear and nonlinear iteration counts.

Figure 3.9: 2D and 3D plots for the function u0.

In Table 3.8, we report the results for ORASPEN2 with scaled Robin parameter

for the Forchheimer problem. We also report the results for ORASPEN2 with same

Robin parameter in the bracket. We can observe that when the Robin parameter is
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Table 3.7: Linear and nonlinear iteration counts needed by one-level ORASPEN with
different choices of Robin parameters for the Forchheimer problem. Size of overlap is
4-cell width and stopping criterion for Newton is 10−8 for all tests.

β N ×N
ORASPEN with uniform p ORASPEN with scaled p

p Nits Lits Avg Lits ps Nits Lits Avg Lits

0.1

2× 2 1000 3 63 21.00 5 3 64 21.33

4× 4 2000 3 100 33.33 9 3 91 30.33

8× 8 2800 4 218 54.50 17 3 146 48.67

1.0

2× 2 200 2 41 20.50 5 2 41 20.50

4× 4 900 2 67 33.50 15 2 65 32.50

8× 8 800 3 159 53.00 17 3 145 48.33

scaled along the artificial interfaces, ORASPEN2 is significantly improved. Besides,

it allows us to easily find the optimal parameter ps, which is approximately consistent

with the linear case Dubois et al. [2012]. However, if the Robin parameter is same

everywhere along the artificial interfaces, the optimal one is on an extremely large

scale, which causes great difficulty in searching the optimal Robin parameter.

To make the test complete, we present in Table 3.9 the results for β = 1.

Now the overall convergence behavior of ORASPEN2 is slightly worse than that

of RASPEN2, but ORASPEN2 needs only about 70% linear iterations per Newton

against RASPEN2. We can imagine that with the mesh getting finer and finer, the

overall convergence behavior of ORASPEN2 will outperform that of RASPEN2.

Table 3.8: Linear and nonlinear iteration counts needed by two-level RASPEN and
two-level ORASPEN for the Forchheimer problem. The data in bracket are results
for ORASPEN with same p. Size of overlap is 4-cell width and stopping criterion for
Newton is 10−8 for all tests.

β N ×N
Two-level RASPEN Two-level ORASPEN with Scaled p

Nits Lits Avg Lits ps Nits Lits Avg Lits

0.1 16× 16 3 102 34.00 55(19000) 4(4) 96(134) 24.00(33.5)

From the above numerical results, we can conclude that with the scaled Robin

parameter, the ORASPEN and the ORASPEN2 are improved in terms of the linear
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Table 3.9: Linear and nonlinear iteration counts needed by two-level RASPEN and
two-level ORASPEN for the Forchheimer problem. Size of overlap is 4-cell width and
stopping criterion for Newton is 10−8 for all tests.

β N ×N
Two-level RASPEN Two-level ORASPEN with Scaled p

Nits Lits Avg Lits ps Nits Lits Avg Lits

1.0 16× 16 2 68 34.00 51 3 69 23.00

iteration counts. Besides, we observe that the Robin parameter for ORASPEN with

scaled Robin parameter is much easier to find, whereas the optimal Robin parameter

for ORASPEN with same p is extremely large when there is a large jump in diffusivity.

The convenience of choosing the optimal Robin parameter is essential in the numerical

study, especially in the simulation of the physical problems which have no explicit

expressions of the solutions.

At last, we improve the quality of the coarse mesh by refining once; see Figure

3.10. In that case, there are 461 degrees of freedom in the coarse space. We can see

improvement in the Table 3.10 of ORASPEN2 in outer Newton iteration for β = 0.1.

Besides, the overall convergence behavior of ORASPEN2 now outperforms RASPEN2

in terms of both linear and nonlinear iteration counts for the test case when β = 0.1.

However, since ORASPEN2 still needs one more Newton step than RASPEN2, the

overall convergence behavior of ORASPEN2 is still worse than RASPEN2. We will

study this test case in our future work.

Figure 3.10: The refined coarse mesh used for test of the Forchheimer problem. Right.
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Table 3.10: Linear and nonlinear iteration counts needed by two-level RASPEN and
two-level ORASPEN for the Forchheimer problem with the refined coarse mesh. Size
of overlap is 4-cell width and stopping criterion for Newton is 10−8 for all tests.

β N ×N
Two-level RASPEN Two-level ORASPEN with Scaled p

Nits Lits Avg Lits ps Nits Lits Avg Lits

0.1 16× 16 3 67 22.33 60 3 61 20.33

1.0 16× 16 2 42 21.00 50 3 54 18.00
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Chapter 4

Optimized Schwarz Method for

Nonoverlapping Domain

Decomposition with

Non-Conforming Heterogeneities

4.1 Introduction

Optimized Schwarz methods came to our sight about thirty years ago when Lions first

overcame the difficulty that the classical Schwarz methods do not converge without

overlap, by introducing Robin transmission conditions on the artificial interfaces in

Lions [1990]. The Robin method was then extended into a class of Schwarz methods

called optimized Schwarz methods, where more general transmission conditions are

considered on the interfaces. Optimized Schwarz methods have been analyzed for

the diffusion equations, Helmholtz equations, convection-diusion equations, etc.; see

pioneer work, e.g. Nataf [1996], Nataf and Nier [1997], Japhet et al. [2001], Gander

et al. [2002], Gander [2006] and references therein.

In the previous chapter, we have considered the steady-state Forchheimer prob-

lem where the diffusion coefficient has huge jumps inside the computational region.

For problems with piecewise continuous diffusion coefficients, a natural idea is to

decompose the computational domain into several nonoverlapping subdomains so
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that different physical properties are separated and a homogeneous problem will be

solved in each subdomain. In that case, the subdomain interfaces are aligned with

the discontinuities. There are many discussions in the literature for linear problems.

In Gerardo-Giorda et al. [2002], Robin transmission conditions are considered for

advection-diffusion equations. In Gander and Dubois [2015]; Maday and Magoulès

[2005, 2007], optimized Schwarz methods are considered for diffusion problems. In

Gander et al. [2007], parabolic problems are considered using optimized Schwarz

waveform relaxation approach.

We point out, however, that for problems where different media have significantly

different sizes of the region, or for problems where the physical property varies glob-

ally, it is not convenient for us to separate the heterogeneities. In domain decompo-

sition methods, since each subdomain is expected to contain approximately the same

number of degrees of freedom, it is natural to cut the whole domain into strips, or

into N × N pieces as in the previous chapter. In those cases, there is a possibility

that the subdomain boundaries cut across the discontinuities, so that the diffusion

coefficient still varies within each subdomain. For problems with non-conforming

heterogeneities, we refer to the study of weighted Poincaré inequality in Pechstein

and Scheichl [2013], and the study of the optimized Schwarz method with coarse grid

correction for the diffusion problems with channels in Gander et al. [2017].

In this chapter, we consider a diffusion problem with piecewise constant coeffi-

cients ν1 and ν2. We cut the domain perpendicularly into two nonoverlapping subdo-

mains so that in each subdomain, different physical properties are still coupled, and

we apply Robin transmission conditions to communicate subdomain errors. Note

that the convergence of optimized Schwarz methods, even with more general positive

definite transmission conditions, has been proved in the sense of H1 norm, see Collino

et al. [2000]; Dolean et al. [2015] and references therein. However, the convergence

rate analysis, to our knowledge, is still vacant. In this chapter, we present an alge-

braic study of the discrete Robin method and derive the convergence rate for different

choices of Robin parameters. Concretely, we will discuss two possible choices of the

Robin parameter: 1) a constant Robin parameter along with the artificial interface,

2) a spatially varying Robin parameter, scaled so that it is proportional to the dif-
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fusivity along the artificial interface. As we know for the Poisson equation with unit

diffusion coefficient, the optimal Robin parameter has the asymptotic expression of

O((Hh)−1/2) and the resulting method has a convergence factor of 1−O((H/h)−1/2),

where h is the mesh parameter and H is the diameter of the subdomain; see Qin and

Xu [2006]; Toselli and Widlund [2005] for references. When there is a jump in the

diffusion coefficient, we will show that for the first choice of Robin parameter, i.e.,

the uniform one, the optimal Robin parameter is asymptotically O((ν1ν2/Hh)1/2),

and the convergence factor deteriorates as we increase the heterogeneity ratio ν2/ν1

where we assume ν1 < ν2, behaving asymptotically like 1−O((ν2/ν1)−1/2(H/h)−1/2).

For the scaled Robin parameter, which is of the form p = pνν(x), where ν(x) is the

diffusion coefficient, we will prove that the optimal parameter pν and the convergence

factor of the optimized Schwarz method with this scaled Robin parameter have the

same asymptotic expressions as those for the Poisson problem with unit diffusion

coefficient, which is the highlight of this chapter.

The rest of this chapter is organized as follows. We introduce the problem in

Section 4.2, and derive the discrete formulation in Section 4.3. We then introduce

the model problem in matrix form in Section 4.4 and prove the convergence of the

discrete Robin method in Section 4.5. Note that these four sections are mainly based

on Gander and Kwok [2012]. In Section 4.6, we derive the convergence rate of two

versions of zeroth order (Robin) methods as well as the asymptotic expressions of

the uniform and scaled Robin parameters, respectively, In Section 4.7, we extend our

analysis to three dimensions, obtaining the same asymptotic expressions as in two

dimensions. Finally, we test different problems in Section 4.8 to verify the robustness

of our approach.

4.2 Problem to Study

Let Ω = (−1, 1)× (−1, 1) be a domain in R2. We study the model problem:
−∇ · (ν∇u) = f in Ω,

u = g on Γ̄ = ∂Ω,
(4.1)
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where

ν =


ν1 in (−1, 1)× (0, 1),

ν2 in (−1, 1)× (−1, 0),

and we assume without loss of generality that ν2 > ν1 > 0.

We consider a decomposition of the domain into two non-overlapping subdomains

Ω1 = (−1, 0)× (−1, 1), Ω2 = (0, 1)× (−1, 1),

In this way, the artificial interface is across the discontinuity of the diffusion coefficient

rather than being aligned with it.

Given a set of initial guesses u0
1 and u0

2 on Ω1 and Ω2, respectively, we solve (4.1)

by the Robin method:

−∇ · (ν∇un+1
i ) = f in Ωi,(

−ν ∂

∂ni
+ pi(x)

)
un+1
i =

(
−ν ∂

∂ni
+ pi(x)

)
un3−i on Γ = Ω̄1 ∩ Ω̄2,

un+1
i = g on Γ̄,

where ni is the unit normal vector on the artificial interface of Ωi, and pi(x) is the

Robin parameter for Ωi.

By linearity of the underlying problem, to analyze how fast un1 and un2 converge

to u∗1 and u∗2, where u∗1 and u∗2 are the restrictions of u∗ to Ω1 and Ω2, respectively,

we can study instead how fast the errors eni = uni − u∗i , i = 1, 2, converge to 0. Thus

it allows us to consider the following boundary value problem:
−∇ · (ν1∇u) = 0 in Ω,

u = 0 on ∂Ω.
(4.2)
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Then the Robin method reads:

−∇ · (ν∇un+1
i ) = 0 in Ωi,(

−ν ∂

∂ni
+ pi(x)

)
un+1
i =

(
−ν ∂

∂ni
+ pi(x)

)
un3−i on Γ,

un+1
i = 0 on Γ̄.

(4.3)

4.3 Discrete Formulation

In this section, we derive the formulation of the zeroth order optimized Schwarz (i.e.,

Robin) method for (4.3) at the discrete level.

Let Ri be the restriction operator from the set of degrees of freedom in Ω onto that

in Ω̄i, and let RT
i be the corresponding prolongation operator. In a finite element

setting, let H1
i,Γ̄

(Ωi) = {u ∈ H1(Ωi); u = 0 on Γ̄}, i = 1, 2, be the local solution

spaces, and let ϕi,` ∈ H1
i,Γ̄

(Ωi) be the corresponding P 1 finite element basis functions.

Then the discretization of (4.3) reads:

Ai,`(un+1
i ) =

∫
Γ

gϕi,` ds, (4.4)

where

Ai,`(un+1
i ) =

∫
Ωi

νi∇un+1
i · ∇φi,` dx+

∫
Γ

pi(x)un+1
i φi,` ds, (4.5)

with un+1
i =

∑
` u

n+1
i,` ϕi,` and g =

(
−νi ∂

∂ni
+ p(x)

)
(un3−i). Note that the Robin

parameter pi(x) may not be uniform; in other words, it may vary along with the

artificial interface Γ.

The right-hand side of (4.4) extracts the information from the neighbouring sub-

domain. However, it is not easy to compute since it must be evaluated in the weak

sense. Thus we derive its operator form in a weak sense as follows. We assume that

subdomain boundaries do not cut through any element. Globally in Ω, we need to

compute the linear system Au = 0, where A = RT
1Aν,1R1 + RT

2Aν,2R2 is the global

stiffness matrix extracted from (4.2). In this expression, Aν,i =
∑

e⊂Ωi
RT
e Aν,eRe is

the partially assembled stiffness matrix for Ωi, where Aν,e is the element stiffness

matrix and Re is the restriction operator onto the element e. Note that the matrix
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Aν,i is none other than the subdomain stiffness matrix assembled by calculating the

first integral in (4.5) and by grouping all `. For the second integral in (4.5), we intro-

duce Li, which contains Robin contributions along with Γ. Then the discrete Robin

method reads:

Ãν,iu
n+1
i = Biu

n
3−i, i = 1, 2, (4.6)

where Ãν,i = Aν,i + hLi with h being the mesh size. The operator Bi extracts the

Robin trace from the neighbouring subdomain by computing the right-hand side of

(4.4); see Gander and Kwok [2012] in general situation. At convergence, the solution

u∗ to the global linear system Au = 0 must satisfy

0 = Ri(R
T
1Aν,1R1 +RT

2Aν,2R2)u∗

= RiR
T
i Aν,iRiu

∗ +R3−iR
T
3−iAν,3−iR3−iu

∗

= Aν,iRiu
∗ +R3−iR

T
3−iAν,3−iR3−iu

∗

= (Aν,i + hLi)Riu
∗ − hLiRiu

∗ +R3−iR
T
3−iAν,3−iR3−iu

∗

= Ãν,iu
∗
i + (RiR

T
3−iAν,3−i − hLiRiR

T
3−i)u

∗
3−i,

where in the last step we have used LiRi = LiRiR
T
3−iR3−i. The above expressions

motivate us to define

Bi := −(RiR
T
3−iAν,3−i − hLiRiR

T
3−i).

We further assume that the matrix Li is diagonal with support only on Γ. This

assumption makes sense if the second integral in (4.5) is computed numerically by

a lumped integration. In Gander and Santugini [2016], the authors showed that

with this lumped integration rather than the consistent one (the one with accurate

integration), the optimized Schwarz methods achieve faster convergence.

4.4 Model Problem in Two Dimensions

For analysis purposes, we solve the problem using a centrosymmetric triangular mesh;

see possible choices in Figure 4.1.

Since the mesh and the underlying problem are symmetric w.r.t. y-axis, we can
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Figure 4.1: Centrosymmetric triangular mesh.

assume that the local nodes are ordered in a symmetric way so that we can denote

Aν = Aν,1 = Aν,2, L = L1 = L2.

Hence, Ãν := Aν +hL. In particular, we use the ordering below for sub-blocks of Aν :

1. interior nodes in the top half of Ω1,

2. interior nodes on x-axis,

3. interior nodes in the bottom half of Ω1,

4. boundary nodes at the top half of Γ,

5. boundary node at (0, 0),

6. boundary nodes at the bottom half of Γ.

This gives the block structure of Aν :

Aν =

Aν,II Aν,IΓ

Aν,ΓI Aν,ΓΓ

 =



Aν,I1I1 Aν,I1I∗ Aν,I1I2 Aν,I1Γ1 Aν,I1Γ∗ Aν,I1Γ2

Aν,I∗I1 Aν,I∗I∗ Aν,I∗I2 Aν,I∗Γ1 Aν,I∗Γ∗ Aν,I∗Γ2

Aν,I2I1 Aν,I2I∗ Aν,I2I2 Aν,I2Γ1 Aν,I2Γ∗ Aν,I2Γ2

Aν,Γ1I1 Aν,Γ1I∗ Aν,Γ1I2 Aν,Γ1Γ1 Aν,Γ1Γ∗ Aν,Γ1Γ2

Aν,Γ∗I1 Aν,Γ∗I∗ Aν,Γ∗I2 Aν,Γ∗Γ1 Aν,Γ∗Γ∗ Aν,Γ∗Γ2

Aν,Γ2I1 Aν,Γ2I∗ Aν,Γ2I2 Aν,Γ2Γ1 Aν,Γ2Γ∗ Aν,Γ2Γ2


.
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where the subscripts I and Γ correspond to the interior and boundary nodes, re-

spectively; 1, ∗ and 2 correspond to the nodes above, on and below the x-axis,

respectively. Note that Aν is symmetric positive definite (SPD) since the under-

lying problem is symmetric positive definite and ∂Ωi has a non-empty intersection

with Dirichlet boundary of Ω. Hence its leading principal minor is invertible. If we

eliminate the interior nodes, we obtain the Schur complement matrix Sν :

Sν = Aν,ΓΓ − Aν,ΓIA
−1
ν,IIAν,IΓ =


S11 S1∗ S12

S∗1 S∗∗ S∗2

S21 S2∗ S22

 ,

where without any confusion we omit the subscript Γ. Note that the Schur comple-

ment matrix Sν is also symmetric positive definite.

Now the discrete Robin method can be written in (augmented) matrix form as

follows: Ãν 0

0 Ãν


un+1

1

un+1
2

 =

 0 B

B 0


un1
un2

 , (4.7)

where Ãν = Aν + hL, with

L =



0

0

0

D1

D∗

D2


,
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and B := B1 = B2 = hLΛ− ΛAν , where

Λ = RiR
T
2 = R2R

T
1 =



0

0

0

I

1

I


.

4.5 Convergence Analysis

In the previous sections, we have treated the Robin method as an iterative method

and have derived the corresponding augmented linear system (4.7). The iterative

matrix is given by

M =

Ãν 0

0 Ãν


−1  0 B

B 0

 .
Since

ρ


Ãν 0

0 Ãν


−1  0 B

B 0


 = ρ


 0 B

B 0


Ãν 0

0 Ãν


−1
 ,

we can study instead the spectrum of

N =

 0 B

B 0


Ãν 0

0 Ãν


−1

=

 0 BÃ−1
ν

BÃ−1
ν 0

 .
From Gander and Kwok [2012], we know that the spectrum of N is the union of

the spectrum of BÃ−1
ν and the spectrum of −BÃ−1

ν . Thus the spectral radius of N

equals the spectral radius of BÃ−1
ν , i.e., ρ(N) = ρ(BÃ−1

ν ). Now we compute BÃ−1
ν

56



as follows:

BÃ−1
ν = (hLΛ− ΛAν)Ã

−1
ν

= (hLΛ + hΛL− ΛÃν)Ã
−1
ν

= h(LΛ + ΛL)Ã−1
ν − Λ

= 2h



0

0

0

D1

D∗

D2


Ã−1
ν −



0

0

0

I

1

I


.

(4.8)

Let S̃ν denote the Schur complement of Ãν after the interior nodes are eliminated,

i.e., S̃ν is obtained byÃν,II
S̃ν

 =

 I

−Ãν,ΓIÃ
−1
ν,II I

 Ãν
I −Ã−1

ν,IIÃν,IΓ

I

 .
Then Ã−1

ν can be expressed by

Ã−1
ν =

I −Ã−1
ν,IIÃν,IΓ

I


Ã−1

ν,II

S̃−1
ν


 I

−Ãν,ΓIÃ
−1
ν,II I

 .
Plugging above expression into (4.8), we obtain

ρ(BÃ−1
ν ) = ρ



I

1

I

− 2h


D1

D∗

D2

 S̃−1
ν


= ρ

(
I − 2h diag(D1, D∗, D2)S̃−1

ν

)
.

Note that the Schur complement matrix S̃ν is none other than the matrix Sν +
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h diag(D1, D∗, D2) since L vanishes at all interior nodes. Thus we have

ρ(BÃ−1
ν ) = ρ

(
I − 2h diag(D1, D∗, D2)S̃−1

ν

)
= ρ

(
S̃νS̃

−1
ν − 2h diag(D1, D∗, D2)S̃−1

ν

)
= ρ

(
(S̃ν − 2h diag(D1, D∗, D2)S̃−1

ν

)
= ρ

((
Sν − h diag(D1, D∗, D2)

) (
Sν + h diag(D1, D∗, D2)

)−1
)

= ρ
((
I − h diag(D1, D∗, D2)S−1

ν

) (
I + h diag(D1, D∗, D2)S−1

ν

)−1
)

If we define G := h diag(D1, D∗, D2)S−1
ν , then

ρ(BÃ−1
ν ) = ρ

(
(I −G)(I +G)−1

)
. (4.9)

We are ready to present our first result.

Theorem 4.5.1. Let the initial guesses u0
1 and u0

2 be given in Ω1 and Ω2, respectively.

Note that u0
1 and u0

2 may not be continuous along Γ. The subdomain solutions uni

generated by the discrete Robin method (4.7) converge to 0 provided all the entries in

diag(D1, D∗, D2) are positive.

Proof. It is equivalent to show that the spectral radius of the iterative matrix

BÃ−1
ν is less than 1. Note that Sν is symmetric positive definite, so is its inverse S−1

ν

as well. Note also that

ρ
(
diag(D1, D∗, D2)S−1

ν

)
= ρ

(
diag(D1, D∗, D2)1/2S−1

ν diag(D1, D∗, D2)1/2
)
.

G is therefore positive definite, and all the eigenvalues of G are positive as well. Let

λi be the i-th largest eigenvalue of G, i = 1, 2, . . . , n. Since y = 1−x
1+x

is a strictly

decreasing function of x over R+, the i-th eigenvalue of BÃ−1
ν , denoted by µi, is given

by

µi =
1− λn+1−i

1 + λn+1−i
.

Therefore, we finish the proof by observing that |µi| < 1 for all i.
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4.6 Optimal Robin Parameters

4.6.1 Two Choices of diag(D1, D∗, D2)

We have proved the convergence of the discrete Robin method. In this section, we will

discuss two choices of diag(D1, D∗, D2). Note that different choices lead to different

convergence behaviors.

One possible choice is that we use uniform Robin parameter everywhere on Γ, i.e.,

diag(D1, D∗, D2) = p1


I

1

I

 .

In that case, we define Z1 := S−1
ν and G = G1(p1) := p1hZ1 = p1hS

−1
ν .

We then introduce another choice for diag(D1, D∗, D2). In Gander and Dubois

[2015], authors have proved that for homogeneous problems, the optimal Robin pa-

rameter should be proportional to the diffusion coefficient. For our case, we can

observe that in each half of Ω, i.e., in the top or the bottom of Ω, the problem is

homogeneous. This observation gives us an idea of choosing the Robin parameter as

follows. We select the Robin parameter to be proportional to the diffusion coefficient:

diag(D1, D∗, D2) = pν


ν1I

ν∗

ν2I

 ,

where ν∗ is the Robin parameter for the node in the middle. The condition for ν∗ will

be given later. In that case, we defineD := diag(ν1I, ν∗, ν2I), Zν := diag(ν1I, ν∗, ν2I)S−1
ν =

DS−1
ν . Then G = Gν(pν) := pνhZν = pνhDS

−1
ν .

4.6.2 Optimality Conditions

Observe that both G1 and Gν depend only on one parameter. Our aim is to choose the

optimal parameter for each to minimize ρ
(
(I −Gα)(I +Gα)−1

)
, α ∈ {1, ν}, which
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means that we need to solve for each α ∈ {1, ν} the min-max problem of the form:

min
pα

max
i

∣∣∣∣1− λi(Gα(pα))

1 + λi(Gα(pα))

∣∣∣∣ . (4.10)

Lemma 4.6.1. Let λmin and λmax denote the smallest and largest eigenvalues of a

matrix W (p) whose eigenvalues λi are all positive and increase strictly monotonically

with the variable p. If p∗ is the solution to the problem

min
p

max
i

∣∣∣∣1− λi(W (p))

1 + λi(W (p))

∣∣∣∣ , (4.11)

then λ∗min := λmin(p∗), λ∗max := λmax(p∗) must satisfy the following two properties:

1. Equioscillation: λ∗minλ
∗
max = 1,

2. Condition number minimization: p∗ is a minimizer of κ(W (p)) := λmax(p)
λmin(p)

.

Finally if p∗ solves (4.11), then

ρ
(
(I −W (p∗))(I +W (p∗))−1

)
= 1−O(κ(W (p∗))−1/2).

Proof. To prove this lemma, we mimic the Lemma 4.1 in Gander and Kwok [2012];

see also Wilkinson [1965].

For the equioscillation property, since the eigenvalues of W , i.e., λi(p), depend

only on one parameter p, they are continuous and strictly increasing functions of p.

Then λ∗min and λ∗max can not simultaneously locate at the one side of 1. Otherwise, if

λ∗min > 1 and λ∗max > 1, then the convergence rate can be improved by choosing a p

slightly smaller; if λ∗min < 1 and λ∗max < 1, then the convergence rate can be improved

by choosing a p slightly larger. Therefore, λ∗min ≤ 1 and λ∗max ≥ 1.

There obviously exist p̃ and p̂ such that

λmin(p̂) · λmax(p̂) > 1. (4.12)

λmin(p̃) · λmax(p̃) < 1, (4.13)
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Then for a p̂ that satisfies the first inequality (4.12), we have

1− λmin(p̂)

1 + λmin(p̂)
< −1− λmax(p̂)

1 + λmax(p̂)
.

Since λi(p) are strictly increasing functions of p, by choosing a p̄ slightly smaller than

p̂, we have λmin(p̄) < λmin(p̂) and λmax(p̄) < λmax(p̂) so that

1− λmin(p̄)

1 + λmin(p̄)
< −1− λmax(p̄)

1 + λmax(p̄)
< −1− λmax(p̂)

1 + λmax(p̂)
.

In this way, the convergence rate is improved. This proves that p̂ is not optimal.

Similar for inequality (4.13), we can prove that p̃ is not optimal neither. Therefore,

a necessary condition for the optimal p∗ is that p̃ < p∗ < p̂, and

1− λmin(p∗)

1 + λmin(p∗)
= −1− λmax(p∗)

1 + λmax(p∗)
,

which, after simplification, becomes

λ∗minλ
∗
max = 1.

For the rest of this lemma, we find

ρ
(
(I −W )(I +W )−1

)
=

1− λ∗min

1 + λ∗min

=
λ∗minλ

∗
max − λ∗min

1/2λ∗min
1/2

λ∗minλ
∗
max + λ∗min

1/2λ∗min
1/2

=
κ(W (p∗))−1/2 − 1

κ(W (p∗))−1/2 + 1
= 1−O(κ(W (p∗))−1/2).

So the convergence rate is minimized when p = p∗, and at the same time, κ(W (p)) is

minimized.

Corollary 4.6.1. Let λ1,min(p1) and λ1,max(p1) denote the smallest and largest eigen-

values of G1(p1), respectively. Let λν,min(pν) and λν,max(pν) be the smallest and largest

eigenvalues of Gν(pν), respectively. If p∗1 is the solution to (4.10) when α = 1, and if

p∗ν is the solution to (4.10) when α = ν, then λ∗1,min := λ1,min(p∗1), λ∗1,max := λ1,max(p∗1)

and λ∗ν,min := λν,min(p∗ν), λ∗ν,max := λν,max(p∗ν) must satisfy the following two properties:

1. Equioscillation:
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(a) λ∗1,minλ
∗
1,max = 1,

(b) λ∗ν,minλ
∗
ν,max = 1.

2. Condition number minimization:

(a) p∗1 is a minimizer of κ(G1(p1)) := λ1,max(p1)

λ1,min(p1)
.

(b) p∗ν is a minimizer of κ(Gν(pν)) := λν,max(pν)

λν,min(pν)
.

Finally if p∗1 and p∗ν solve (4.10) when α = 1 and α = ν, respectively, then

1. ρ
(
(I −G1)(I +G1)−1

)
= 1−O(κ(G1(p∗1))−1/2).

2. ρ
(
(I −Gν)(I +Gν)

−1
)

= 1−O(κ(Gν(p
∗
ν))
−1/2).

Theorem 4.6.1. Let β1,min and β1,max be the smallest and largest eigenvalues of Z−1
1 .

Let βν,min and βν,max be the smallest and largest eigenvalues of Z−1
ν . Then the optimal

parameters p∗1 and p∗ν are given by

p∗1 =

√
β1,minβ1,max

h
, p∗ν =

√
βν,minβν,max

h
, (4.14)

respectively. Thus the convergence rate is

ρ
(
(I −Gα)(I +Gα)−1

)
= 1−O

(βα,max

βα,min

)−1/2
 . (4.15)

Proof. We prove this lemma for α = 1. The case when α = ν can be proved by

replacing the subscript 1 by ν.

Let β1,min and β,max be the smallest and largest eigenvalues of Z−1
α , respectively.

Since Z1 is positive definite, 1
β1,min

and 1
β1,max

are the largest and smallest eigenvalues

of Z1, respectively. Thus
p∗1h

β1,min
and

p∗1h

β1,max
are the largest and smallest eigenvalues of

G1, respectively. By Corollary 4.6.1, we have

p∗1h

β1,min

· p∗1h

β1,max

= 1,

from which we can obtain

p∗1 =

√
β1,minβ1,max

h
,
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and

ρ
(
(I −G1)(I +G1)−1

)
= 1−O

(β1,max

β1,min

)−1/2
 .

4.6.3 Discrete Harmonic Extension

To analyze the spectra of G1 and Gν , we have to study the spectra of Z−1
1 and

Z−1
ν , respectively. It is closely related to the theory on the spectrum of the Schur

complement matrix, which requires the study of the discrete harmonic extension. We

will recall the discrete harmonic extension theory in this subsection.

Let Ω̂ ⊂ R2 be a domain. Let Lu = −
∑N

i,j=1 ∂j(aij(x)∂iu) be a second order

elliptic operator defined over Ω̂ with 0 ≤ aij(x) ∈ L∞(Ω̂). Then given a Dirichlet

boundary condition uΓ̂, we can extend it harmonically into Ω̂ by solving


−

N∑
i,j=1

∂j(aij(x)∂iu) = 0 in Ω̂,

u = uΓ̂ on Γ̂ = ∂Ω̂.

(4.16)

In the variational setting, we solve for u ∈ H1(Ω̂) such that u|Γ̂ = uΓ̂, and

a(u, v) = 0, ∀v ∈ H1
0 (Ω̂), (4.17)

where

a(u, v) =

∫
Ω̂

N∑
i,j=1

aij(x)∂iu∂jv dx.

The bilinear form a(·, ·) defines an inner product

a(u, u) =

∫
Ω̂

N∑
i,j=1

aij(x)∂iu∂ju dx. (4.18)

At the discrete level, when the problem is discretized by the P 1 finite element
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method, the stiffness matrix is of the form

Â =

ÂII ÂIΓ̂

ÂΓ̂I ÂΓ̂Γ̂

 ,
where we have distinguished the finite element nodes belonging to the interior of Ω̂

and to Γ̂ by subscripts I and Γ̂, respectively. In that case, the inner product at the

discrete level is defined by

a(u, u) = uT Âu, (4.19)

where u is any piecewise linear finite element function, and u is a vector corresponding

to u. Let uΓ̂ be a vector containing discrete function values of uΓ̂ at the nodes on Γ̂,

then u = (ûTI , û
T
Γ̂

)T is said to be the discrete harmonic extension of uΓ̂ into Ω̂ if

ÂIIûI + ÂIΓ̂ûΓ̂ = 0. (4.20)

Note that u solves (4.17).

For the convenience of the reader, in the rest of this chapter, we will use the

letter in normal type, e.g., u, to denote a finite element function or its trace on the

boundary, and use the bold letter, e.g., u, to denote the vector corresponding to u.

Denote the discrete harmonic extension of uΓ̂ associated with the inner product

defined in (4.19) by H(uΓ̂). Then we have the following properties.

Lemma 4.6.2 (Toselli and Widlund [2005], Lemma 4.9). Let u = H(uΓ̂) be the

discrete harmonic extension of uΓ̂ associated with the inner product defined in (4.19).

Then

u = arg min a(u, u) = vT Âv,

s.t. v ∈ P 1, v|Γ = uΓ̂,
(4.21)

where P1 is the P 1 finite element space.

Lemma 4.6.3 (Toselli and Widlund [2005], Lemma 4.9). Let Ŝ be the Schur com-

plement of Â after eliminating the interior nodes. Let u = H(uΓ̂) be the discrete
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harmonic extension of uΓ̂ associated with the inner product defined in (4.19). Then

uT
Γ̂
ŜuΓ̂ = uT Âu. (4.22)

4.6.4 Spectral Analysis

At the beginning, let us introduce some notations that are directly related to our

analysis; See Figure 4.2.

• The top half and the bottom half of Ω1 are denoted by Ω̃1 and Ω̃2, respectively.

The corresponding artificial interfaces are denoted by Γ1 = ∂Ω̃1 ∩ Γ and Γ2 =

∂Ω̃2 ∩ Γ, respectively.

• Denote by Ω̃′1 the subregion of Ω̃1 without the bottom mesh layer. Similarly

denote by Ω̃′2 the subregion of Ω̃2 without the top mesh layer. The corresponding

artificial interfaces are denoted by Γ′1 = ∂Ω̃′1∩Γ and Γ′2 = ∂Ω̃′2∩Γ, respectively.

The node in the middle (i.e., the node (0, 0)) is denoted by Γ∗.

• Denote γ1 = ∂Ω̃′1\∂Ω̃1, γ∗ = ∂Ω̃1 ∩ ∂Ω̃2 and γ2 = ∂Ω̃′2\∂Ω̃2.

Figure 4.2: Notations.

Note that in our problem, the iterates are always zero on the physical boundary.

Given a piece of trace information uΓ on Γ, we omit the nodes on Γ̄ and still use

H(uΓ) to denote the discrete harmonic extension.
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Spectrum of Z−1
1 = Sν

Consider

aij(x, y) =

 1, i = j,

0, i 6= j.

The inner product becomes

a1(u, u) :=

∫
Ω1

∇u · ∇u dx. (4.23)

Denote the stiffness matrix to (4.23) by A1. Denote the Schur complement matrix by

S1. Given any uΓ, we define u1 = H1(uΓ) as the discrete harmonic extension of uΓ

associated with the inner product defined in (4.23). Then by Lemma 4.6.2 we know

that

u1 = argmin a1(u, u) = uTA1u,

s.t. u ∈ P 1, u|Γ = uΓ.
(4.24)

Lemma 4.6.4 (Toselli and Widlund [2005], Lemma B.5). Let ϕ be a basis func-

tion associated to a node of an element K ⊂ Ω ⊂ Rn, Then there exist constants

independent of hK such that

chnK ≤ ‖φ‖2
L2(K) ≤ ChnK . (4.25)

Therefore, given uΓ, the trace of a finite element function on Γ, we have the following

estimation.

chn−1uTΓuΓ ≤ ‖uΓ‖2
L2(Γ) ≤ Chn−1uTΓuΓ. (4.26)

Lemma 4.6.5. Let uΓ be the trace of a finite element function on Γ, and let uΓ be the

vector corresponding to uΓ. Let S1 be the Schur complement of A1 after eliminating

the interior nodes. Then there exist constants c and C independent of h and H such

that the following sharp estimation holds:

cH−1‖uΓ‖2
L2(Γ) ≤ uTΓS1uΓ ≤ Ch−1‖uΓ‖2

L2(Γ) , (4.27)

where h is the diameter of the element, and H is the diameter of Ωi. Thus there
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exists a constant C ′ independent of h and H such that

κ(S1) <
C ′H

h
. (4.28)

Proof. The proof is based on Lemma 4.11 in Toselli and Widlund [2005]. In

that lemma, H is assumed to be less than 1. The authors have proved the following

relation:

H‖u‖2
L2(Γ) ≤ H2‖u‖2

H1/2(Γ) ≤ C2
t

(
H2|u|2H1(Ωi)

+‖u‖2
L2(Ωi)

)
,

where Ct is a constant independent of h and H. In general, for an arbitrary H,

simplification of the above relation reads

H‖u‖2
L2(Γ) ≤ C2

tH
2

(
|u|2H1(Ωi)

+
1

H2
‖u‖2

L2(Ωi)

)
.

If we introduce the scaled H1-norm (see also (4.4) in Toselli and Widlund [2005]):

‖u‖2
H1(Ωi)

= |u|2H1(Ωi)
+

1

H2
‖u‖2

L2(Ωi)
,

we will obtain

H‖u‖2
L2(Γ) ≤ C2

tH
2‖u‖2

H1(Ωi)
,

which implies

H−1‖u‖2
L2(Γ) ≤ C2

t ‖u‖
2
H1(Ωi)

. (4.29)

For the rest of the proof, we can follow the Lemma 4.11 in Toselli and Widlund [2005]

to get the lower and the upper bounds.

In our model,

aij(x, y) =


ν1, i = j, y > 0,

ν2, i = j, y < 0,

0, i 6= j.

(4.30)

It allows us to define an inner product

aν(u, u) :=

∫
Ω1

ν∇u · ∇u dx.
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The discrete harmonic extension operator Hν associated with this inner product can

then be defined by uν = Hν(uΓ), where the vector uν satisfies

uν = argmin aν(u, u) = uTAνu,

s.t. u ∈ P 1, u|Γ = uΓ.
(4.31)

We are ready to show our first main result.

Theorem 4.6.2. Let uΓ be the trace of a finite element function on Γ, and let uΓ be

the vector corresponding to uΓ. Let S1 and Sν be the Schur complement of A1 and Aν

after eliminating the interior nodes, respectively. Then their exist constants c and C

independent of h and H such that

cν1hH
−1uTΓuΓ ≤ uTΓSνuΓ ≤ Cν2u

T
ΓuΓ, (4.32)

where h is the diameter of the element, and H is the diameter of Ωi. Thus, there

exists a constant C ′ independent of h, H, ν1 and ν2 such that

κ(Sν) <
C ′ν2H

ν1h
. (4.33)

Proof. Note that for any vector uΓ, we have

uTΓSνuΓ = uTνAνuν = aν(uν , uν) ≤ aν(u1, u1) ≤ ν2|u1|H1(Ω1) = ν2u
T
1A1u1 = ν2u

T
ΓS1uΓ,

and

uTΓSνuΓ = uTνAνuν = aν(uν , uν) ≥ ν1|uν |H1(Ω1) = ν1u
T
νA1uν ≥ ν1u

T
1A1u1 = ν1u

T
ΓS1uΓ,

Combining both, we have ν1u
T
ΓS1uΓ ≤ uTΓSνuΓ ≤ ν2u

T
ΓS1uΓ. By Lemma 4.6.5, we

have

c1H
−1ν1‖u‖2

Γ ≤ uTΓSνuΓ ≤ C1ν2h
−1‖u‖2

Γ , (4.34)

for some c1 and C1 independent of h, H, ν1 and ν2. Then by Lemma 4.6.4, we have

cν1hH
−1uTΓuΓ ≤ uTΓSνuΓ ≤ Cν2u

T
ΓuΓ,
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where we have used that n = 2. Therefore, there exists C ′ = C/c independent of h,

H, ν1 and ν2 such that

κ(Sν) <
C ′ν2H

ν1h
.

Theorem 4.6.3. The optimal parameter p∗1 has the asymptotic expression of

p∗1 = O

(√
ν1ν2

Hh

)
, (4.35)

which leads to the convergence factor

ρ
(
(I −G1)(I +G1)−1

)
= 1−O

(√
ν1h

ν2H

)
. (4.36)

Proof. By Theorem 4.6.2, the smallest and largest eigenvalues of Z−1
1 are given

by

β1,min = O(ν1hH
−1), β1,max = O(ν2).

Hence by Theorem 4.6.1, the optimal parameter p∗1 is given by

p∗1 = O

(√
ν1ν2

Hh

)
.

Besides, the condition number of Z−1
1 is given by κ(Sν) ≤ C′ν2H

ν1h
, from which we can

obtain the expression of the convergence factor

ρ
(
(I −G1)(I +G1)−1

)
= 1−O

(√
ν1h

ν2H

)
.

Spectrum of Z−1
ν = SνD

−1

Note that ρ
(
SνD

−1
)

= ρ
(
D−1/2SνD

−1/2
)

. Therefore, we analyze the spectrum

of D−1/2SνD
−1/2 instead since it is symmetric positive definite. In this way, good

properties of such a SPD matrix may help us to derive some estimations.
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Given any trace uΓ, we have to estimate the following expression in terms of uTΓuΓ:

uTΓD
−1/2SνD

−1/2uΓ = wΓSνwΓ = aν(wν , wν) = wνAνwν ,

where wΓ = D−1/2uΓ, and wν = Hν(wΓ) is the discrete harmonic extension of wΓ

associated with the inner product aν(·, ·), satisfying

wν = argmin aν(w,w) = wTAνw,

s.t. w ∈ P 1, w|Γ = wΓ,
(4.37)

where wΓ is the trace of the finite element function corresponding to wΓ.

Before we show our second main result, we should first understand the structures

of A1 and Aν . We rewrite A1 by reordering the nodes as:

A1 =


A11 A1γ 0

Aγ1 Aγγ Aγ2

0 A2γ A22

 , (4.38)

where the subscripts 1, γ and 2 correspond to the nodes above, on and below the

x-axis. For Aν with the same ordering, we have the following lemma.

Lemma 4.6.6. The block structure representation of the stiffness matrix Aν is

Aν =


Aν,11 Aν,1γ 0

Aν,γ1 Aν,γγ Aν,γ2

0 Aν,2γ Aν,22

 =


ν1A11 ν1A1γ 0

ν1Aγ1
ν1+ν2

2
Aγγ ν2Aγ2

0 ν2A2γ ν2A22

 . (4.39)

Proof. Since the diffusion coefficient is ν1 in Ω̃1 and is ν2 in Ω̃2, the expressions

for all sub-blocks except Aν,γγ are obvious. For the sub-block Aν,γγ, we can split it

as Aν,γγ = Aν,γγ1 + Aν,γγ2, where Aν,γγ1 and Aν,γγ2 are partially assembled stiffness

matrices in Ω̃1 and Ω̃2, respectively. In that case, Aν,γγ1 = ν1Aγγ1 and Aν,γγ2 =

ν2Aγγ2, where we have used the analogous splitting for Aγγ. Therefore, if the mesh

is centrosymmetric (see Figure 4.1), we have Aν,γγ = ν1+ν2
2
Aγγ.

Lemma 4.6.7 (Toselli and Widlund [2005], Lemma 4.10). Let the trace uΓ be given
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on the interface Γ. Let u be the discrete harmonic extension of uΓ. Let S1 be the

Schur complement of stiffness matrix A1 after eliminating the interior nodes. Then

there exist constants c and C, independent of h and H such that

c |uΓ|2H1/2(Γ) ≤ |u|
2
H1(Ωi)

≤ C |uΓ|2H1/2(Γ) . (4.40)

Lemma 4.6.8 (Toselli and Widlund [2005], Lemma A.17). Let Ω by a bounded Lip-

schitz continuous polygon. Then for any u ∈ H1/2(∂Ω) such that the measure of the

set {x ∈ ∂Ω;u(x) = 0.} is nonzero, there exists a constant c independent of h such

that

‖u‖L2(∂Ω) ≤ cH1/2|u|H1/2(∂Ω) , (4.41)

where H is the diameter of Ω.

Lemma 4.6.9 (Gander and Kwok [2012], Lemma 4.5). Let Ω be a domain. Let uΓ be

a finite element trace along the interface Γ. Then there exist a constant c independent

of h and H such that

|uΓ|2H1/2(Γ) ≤
c

h
‖uΓ‖2

L2(Γ) . (4.42)

Now we are ready to present our second main result.

Theorem 4.6.4. Let ν∗ satisfy that ν1 +ν2 < C∗ν∗ for some constant C∗ independent

of ν1 and ν2. Then there exist constants c and C independent of h, H, ν1 and ν2 such

that

chH−1uTΓuΓ ≤ uTΓD
−1/2SνD

−1/2uΓ ≤ CuTΓuΓ. (4.43)

Therefore, there exists a constant C ′ independent of h, H, ν1 and ν2 such that

κ(SνD
−1) = κ(D−1/2SνD

−1/2) <
C ′H

h
. (4.44)
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Proof. We first derive the lower bound. A splitting of the trace gives

uTΓuΓ = uTΓ′1uΓ′1
+ uTΓ2

uΓ2 ≤
c1

h
‖uΓ‖2

L2(Γ′1) +
c′1
h
‖uΓ‖2

L2(Γ2)

≤ c1

h

(
‖uΓ‖2

L2(Γ′1) + ν1‖wν‖2
L2(γ1)

)
+
c′1
h

(
‖uΓ‖2

L2(Γ2) + ν2‖wν‖2
L2(γ∗)

)
≤ c1

h

(
ν1‖wν‖2

L2(Γ′1) + ν1‖wν‖2
L2(γ1)

)
+
c′1
h

(
ν2‖wν‖2

L2(Γ2) + ν2‖wν‖2
L2(γ∗)

)
≤ H

h

(
c1c2ν1|wν |2H1/2(∂Ω̃′1)) + c′1c

′
2ν2|wν |2H1/2(∂Ω̃2))

)
≤ H

h

(
c1c2c3ν1|wν |2H1(Ω̃′1) + c′1c

′
2c
′
3ν2|wν |2H1(Ω̃2)

)
≤ H

h

(
c1c2c3ν1|wν |2H1(Ω̃1) + c′1c

′
2c
′
3ν2|wν |2H1(Ω̃2)

)
≤ max{c1c2c3, c

′
1c
′
2c
′
3}
H

h
wT
νAνwν ,

(4.45)

for some constants c1, c2, c3 and c′1, c′2, c′3. Here we have used Lemma 4.6.4 at the first

inequality. and have used Lemma 4.6.7 and Lemma 4.6.8 at the fourth inequality.

THerefore, there exists a constant c independent of h, H, ν1 and ν2 such that

chH−1uTΓuΓ ≤ uTΓD
−1/2SνD

−1/2uΓ. (4.46)

Then we derive the upper bound. We have

uTΓD
−1/2SνD

−1/2uΓ = wT
νAνwν ≤ uT D̃−1/2AνD̃

−1/2u, for all u|Γ = uΓ, (4.47)

where

D̃ =


ν1I

ν∗I

ν2I


is a diagonal matrix having the same block structures of A1 and Aν , but with zero
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off-diagonal blocks. Then we compute:

D̃−1/2AνD̃
−1/2 =


1√
ν1
I

1√
ν∗
I

1√
ν2
I

Aν


1√
ν1
I

1√
ν∗
I

1√
ν2
I



=


A11

√
ν1
ν∗
A1γ√

ν1
ν∗
Aγ1

ν1+ν2
2ν∗

Aγγ
√

ν2
ν∗
Aγ2√

ν2
ν∗
A2γ A22



=


A11

√
ν1
ν∗
A1γ 0√

ν1
ν∗
Aγ1

ν1
ν∗
Aγγ1 0

0 0 0

+


0 0 0

0 ν2
ν∗
Aγγ2

√
ν2
ν∗
Aγ2

0
√

ν2
ν∗
A2γ A22

 .

Now we construct a vector u as follows. Let u′1 be the discrete harmonic extension

of RT
Γ′1
RΓ′1

uΓ into Ω1, i.e., u′1 = H1

(
RT

Γ′1
RΓ′1

uΓ

)
, where RΓ′1

is the boolean matrix

from Γ to Γ′1, and RT
Γ′1

is the corresponding extension matrix. Similarly let u′2 be the

discrete harmonic extension of RT
Γ′2
RΓ′2

uΓ into Ω1, i.e., u′2 = H1

(
RT

Γ′2
RΓ′2

uΓ

)
, where

RΓ′2
is the boolean matrix from Γ to Γ′2, and RT

Γ′2
is the corresponding extension

matrix. Note that u′1 = uΓ on Γ′1 and u′2 = uΓ on Γ′2. Let u′∗ be zero extension of

u∗ϕ∗ into Ω1, where u∗ = uΓ|Γ∗ is the function value of uΓ at the node Γ∗, and ϕ∗ is

the basis function at the node Γ∗. The vector u is now constructed to be the sum

of these three vectors, i.e., u = u′1 + u′∗ + u′2. Note that u′1|γ∗ = 0, u′2|γ∗ = 0 and

u′∗|γ1∪γ2 = 0. Then (4.47) becomes
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uTΓD
−1/2SνD

−1/2uΓ ≤ uT D̃−1/2AνD̃
−1/2u

=
∣∣u′1∣∣2H1(Ω̃1)

+
∣∣u′2∣∣2H1(Ω̃2)

+
ν1 + ν2

ν∗
u2
∗

≤ C1

∣∣u′1∣∣2H1/2(∂Ω̃1)
+ C ′1

∣∣u′2∣∣2H1/2(∂Ω̃2)
+ C∗u

2
∗

≤ C1C2

h

∥∥u′1∥∥2

L2(Γ1)
+
C ′1C

′
2

h

∥∥u′2∥∥2

L2(Γ2)
+ C∗u

2
∗

≤ C1C2C3

∥∥u′1∥∥2

`2(Γ1)
+ C ′1C

′
2C
′
3

∥∥u′2∥∥2

`2(Γ2)
+ C∗u

2
∗

≤ max{C1C2C3, C
′
1C
′
2C
′
3, C∗}uTΓuΓ,

(4.48)

for some constants C1, C2, C3 and C ′1, C ′2, C ′3. Here we have used Lemma 4.6.7 at

the third line, Lemma 4.6.9 at the fourth line and Lemma 4.6.4 at the fifth line.

Therefore, there exists a constant C independent of h, H, ν1 and ν2 such that

uTΓD
−1/2SνD

−1/2uΓ ≤ CuTΓuΓ. (4.49)

Combining (4.46) and (4.49), we have finished the proof for (4.43). Besides, we have

the condition number estimate

κ(SνD
−1) = κ(D−1/2SνD

−1/2) <
C ′H

h
.

Theorem 4.6.5. The optimal parameter p∗ν has the asymptotic expression of

p∗ν = O
(

1√
Hh

)
, (4.50)

which leads to the convergence factor

ρ
(
(I −Gν)(I +Gν)

−1
)

= 1−O

(√
h

H

)
. (4.51)

Proof. By Theorem 4.6.2, the smallest and largest eigenvalues of Z−1
ν are given

by

βν,min = O(hH−1), βν,max = O(1).
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By Theorem 4.6.1, we obtain the asymptotic expression of the optimal parameter p∗1:

p∗ν = O
(

1√
Hh

)
.

Besides, the condition number of Z−1
ν is given by κ(SνD

−1) ≤ C′

Hh
, from which we

can obtain the expression of the convergence factor

ρ
(
(I −Gν)(I +Gν)

−1
)

= 1−O

(√
h

H

)
.

Remark 4.6.1. Theorem 4.6.4 indicates that if the Robin parameters are scaled along

with the artificial interfaces, provided ν1 + ν2 < C∗ν∗ for some constant C∗, then

the convergence rate of the discrete Robin method is independent of the diffusivity.

Therefore, we can expect that the algorithm has the same convergence behavior as that

for homogeneous problems. Without this preconditioning, i.e., if the Robin parameters

are same everywhere, the convergence rate will depend on the ratio ν1
ν2

, which implies

that the larger the contrast of ν1 and ν2 is, the worse the convergence behavior will

be.

Moreover, Theorem 4.6.4 also indicates that the optimal parameter p∗ν is indepen-

dent of the contrast, which is of importance in the numerical study. In practice, it is

easier for us to find the best parameter p∗ν on the scale of 1√
Hh

. However, if we use

same Robin parameter everywhere, we have to select the optimal Robin parameter on

a extremely small or large scale since p∗1 = O(
√
ν1ν2) p∗ν.

4.7 Extension to Three Dimensional Problems

In this section, we present our analysis in three dimensions.
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4.7.1 Model Problem and Convergence

Consider the problem 
−∇ · (ν∇u) = 0 in Ω,

u = g on Γ̄ = ∂Ω,
(4.52)

where Ω = (−1, 1) × (−1, 1) × (−1, 1) is decomposed into two non-overlapping sub-

domains

Ω1 = (−1, 0)× (−1, 1)× (−1, 1), Ω2 = (0, 1)× (−1, 1)× (−1, 1),

and

ν =


ν1 in (−1, 1)× (−1, 1)× (0, 1),

ν2 in (−1, 1)× (−1, 1)× (−1, 0).

Without loss of generality, we assume that ν2 > ν1 > 0.

The analysis for three dimensional problems is similar to that for two dimensional

problems, thus we still use A1 and Aν to denote the stiffness matrices, use L to denote

the diagonal matrix containing the Robin parameters, use B to denote the matrix

which extracts the contribution of the Robin trace from the neighboring subdomain,

and use S1 and Sν to denote Schur complement matrices after eliminating the interior

nodes. The difference is that the matrix Ãν is now defined by Ãν = Aν + h2L, since

the artificial interface is now a face.

If we mimic the derivation in two dimensions, then we can obtain

ρ(BÃ−1
ν ) = ρ

(
(I −G)(I +G)−1

)
,

whereG = h2diag(D1, D∗, D2)S−1
ν . The convergence of the discrete optimized Schwarz

method is still guaranteed.

4.7.2 Optimality Conditions

In this subsection, we still focus on the two possible choices of diag(D1, D∗, D2): 1)

diag(D1, D∗, D2) = p1I and 2) diag(D1, D∗, D2) = pνdiag(ν1I, ν∗I, ν2I). Here we have
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used the same notations as those introduced in Section 4.6.1. The difference is that

in three dimensions, Γ∗ is a line segment from (0,−1, 0) to (0, 1, 0).

Note that in three dimensions, Lemma 4.6.1 still holds. However, since G depends

on h2 rather than h, we have the following theorem:

Theorem 4.7.1. Let β1,min and β1,max be the smallest and largest eigenvalues of Z−1
1 .

Let βν,min and βν,max be the smallest and largest eigenvalues of Z−1
ν . Then the optimal

parameters p∗1 and p∗ν are given by

p∗1 =

√
β1,minβ1,max

h2
, p∗ν =

√
βν,minβν,max

h2
, (4.53)

respectively. Therefore, the corresponding convergence rates are given by

ρ
(
(I −Gα)(I +Gα)−1

)
= 1−O

(βα,max

βα,min

)−1/2
 , α ∈ {1, ν}. (4.54)

4.7.3 Spectrum of Sν

We now show the first main result in three dimensions.

Theorem 4.7.2. Let uΓ be the trace of a finite element function on Γ, and let uΓ be

the vector corresponding to uΓ. Let S1 and Sν be the Schur complement of A1 and Aν

after eliminating the interior nodes, respectively. Then there exist constants c and C

independent of h, H, ν1 and ν2 such that

cν1h
2H−1uTΓuΓ ≤ uTΓSνuΓ ≤ Chν2u

T
ΓuΓ, (4.55)

Therefore, there exists a constant C ′ independent of h, H, ν1 and ν2 such that

κ(Sν) <
C ′ν2H

ν1h
. (4.56)

Proof. Note that (4.34) still holds in three dimensions. Then by Lemma 4.6.4, we

will finish the proof for (4.55). Consequently, we can obtain the condition number

estimate (4.56).
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Theorem 4.7.3. The optimal parameter p∗1 has the asymptotic expression of

p∗1 = O

(√
ν1ν2

Hh

)
, (4.57)

which leads to the convergence factor

ρ
(
(I −G1)(I +G1)−1

)
= 1−O

(√
ν1h

ν2H

)
. (4.58)

Proof. By Theorem 4.7.2, the smallest and largest eigenvalues of Sν are given by

β1,min = O(ν1h
2H−1), β1,max = O(ν2h). (4.59)

Hence by Theorem 4.7.1, we have

p∗1 =

√
β1,minβ1,max

h2
= O

(√
ν1ν2

Hh

)
.

The estimate for the convergence rate follows from (4.56).

4.7.4 Spectrum of SνD
−1

Let us use the same notations below as those introduced in two dimensions, but with

a node or a line segment in two dimensions being changed to a line segment or a face

in three dimensions, respectively.

• The top half and the bottom half of Ω1 are denoted by Ω̃1 and Ω̃2, respectively.

The corresponding artificial interfaces are denoted by Γ1 = ∂Ω̃1 ∩ Γ and Γ2 =

∂Ω̃2 ∩ Γ, respectively.

• Denote by Ω̃′1 the subregion of Ω̃1 without the bottom mesh layer. Similarly

denote by Ω̃′2 the subregion of Ω̃2 without the top mesh layer. The corresponding

artificial interfaces are denoted by Γ′1 = ∂Ω̃′1∩Γ and Γ′2 = ∂Ω̃′2∩Γ, respectively.

The line segment in the middle of Γ (i.e., the line segment from (0,−1, 0) to

(0, 1, 0)) is denoted by Γ∗.

• Denote γ1 = ∂Ω̃′1\∂Ω̃1, γ∗ = ∂Ω̃1 ∩ ∂Ω̃2 and γ2 = ∂Ω̃′2\∂Ω̃2.
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Now we show our second main result in three dimensions.

Theorem 4.7.4. Let ν∗ satisfy ν1 + ν2 < C∗ν∗ for some constant C∗ independent of

ν1 and ν2. Then there exist constants c and C independent of h, H, ν1 and ν2 such

that

ch2H−1uTΓuΓ ≤ uTΓD
−1/2SνD

−1/2uΓ ≤ ChuTΓuΓ. (4.60)

Consequently, there exists a constant C ′ independent of h, H, ν1 and ν2 such that

κ(SνD
−1) = κ(D−1/2SνD

−1/2) <
C ′H

h
. (4.61)

Proof. For the lower bound, since ch2uTΓuΓ ≤ ‖uΓ‖2
L2(Γ) ≤ Ch2uTΓuΓ, the conclu-

sions follow by replacing h by h2 in (4.45) and (4.46).

For the upper bound, we construct u = u′1 +u′∗+u′2, where u′1 = H1

(
RT

Γ′1
RΓ′1

uΓ

)
is the discrete harmonic extension of RT

Γ′1
RΓ′1

uΓ into Ω1, u′2 = H1

(
RT

Γ′2
RΓ′2

uΓ

)
is

the discrete harmonic extension of RT
Γ′2
RΓ′2

uΓ into Ω1 and u′∗ is zero extension of∑
x∗∈Γ∗

u∗(x∗)ϕ∗(x∗) into Ω1, where x∗ is a discrete node on Γ∗, u∗(x∗) = uΓ|x∗ and

ϕ∗(x∗) is the basis function at x∗. Note that Γ′1 and Γ′2 are faces, and Γ′∗ is a line

segment. Then we can derive the upper bound as follows.

uTΓD
−1/2SνD

−1/2uΓ ≤ uT D̃−1/2AνD̃
−1/2u

≤
∣∣u′1∣∣2H1(Ω̃1)

+
∣∣u′2∣∣2H1(Ω̃2)

+ C∗u
′T
∗ Aγγu

′
∗

≤ C1

∣∣u′1∣∣2H1/2(∂Ω̃1)
+ C ′1

∣∣u′2∣∣2H1/2(∂Ω̃2)
+ C∗u

′T
∗ Aγγu

′
∗

≤ C1C2

h

∥∥u′1∥∥2

L2(Γ1)
+
C ′1C

′
2

h

∥∥u′2∥∥2

L2(Γ2)
+ C∗u

′T
∗ Aγγu

′
∗

≤ C1C2C3h
∥∥u′1∥∥2

`2(Γ1)
+ C ′1C

′
2C
′
3h
∥∥u′2∥∥2

`2(Γ2)
+ C∗u

′T
∗ Aγγu

′
∗.

(4.62)

We estimate the term u′T∗ Aγγu
′
∗ as follows. Suppose there are N nodes on Γ∗, then

we have for some constant C ′′1 such that

∣∣a(ϕi, ϕj)
∣∣ < C ′′1h, 1 ≤ i, j ≤ N.
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Note that a(ϕi, ϕj) = 0 for any |i− j| ≥ 2. Defining two ghost points u∗(x0) = 0 and

u∗(xN+1) = 0, we have

u′T∗ Aγγu
′
∗ =

N∑
i=1

N∑
j=1

a(ϕi, ϕj)u∗(xi)u∗(xj)

≤ C ′′1h
N∑
i=1

(∣∣u∗(xi−1)
∣∣∣∣u∗(xi)∣∣+

∣∣u∗(xi)∣∣2 +
∣∣u∗(xi)∣∣∣∣u∗(xi+1)

∣∣)
≤ 3C ′′1h

N∑
i=1

∣∣u∗(xi)∣∣2
= 3C ′′1hu′T∗ u′∗.

(4.63)

Combining (4.62) and (4.63), we have for some constant C independent of h, H, ν1

and ν2 such that

uTΓD
−1/2SνD

−1/2uΓ ≤ ChuTΓuΓ.

Now we have proved (4.60), from which we also obtain (4.61).

Theorem 4.7.5. The optimal parameter p∗ν for three dimensional problems has the

asymptotic expression of

p∗ν = O
(

1√
Hh

)
, (4.64)

which leads to the convergence factor

ρ
(
(I −Gν)(I +Gν)

−1
)

= 1−O

(√
h

H

)
. (4.65)

Proof. By Theorem 4.7.2, the smallest and largest eigenvalues of Sν are given by

βν,min = O(h2H−1), βν,max = O(h).

Hence by Theorem 4.7.1, we have

p∗ν =

√
βν,minβν,max

h2
= O

(
1√
Hh

)
.

The estimate for the convergence rate follows from (4.61).
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4.8 Numerical Experiments

4.8.1 Krylov Acceleration

In this chapter, We have treated the discrete optimized Schwarz method as an itera-

tive method. In practice, the convergence of the iterative method is relatively slow,

compared with that of the Krylov accelerated algorithm using discrete optimized

Schwarz method as a preconditioner. In this subsection, we show how to implement

the discrete optimized Schwarz method using Krylov acceleration.

Since the underlying problem is linear, we can write the iterative method as

follows.

un+1 = F(un) =Mun + b, (4.66)

where un is an augmented vector, i.e., un = (un1 ,u
n
2 , . . .u

n
N)T . The fixed point equa-

tion of (4.66) is

(I −M)u = b.

In Krylov solver, for any vector v, we compute the matrix-vector multiplication by

(I −M)v = v −F(v) + b,

where the vector b can be computed by letting un = 0 in (4.66).

4.8.2 Numerical Results

To differentiate the optimized Schwarz method with two different Robin parameters,

we call OSM v.1 for the optimized Schwarz method with same Robin parameter

everywhere along with the artificial interfaces and call OSM v.2 for the optimized

Schwarz method with scaled Robin parameter. For each test below, we generate

a random initial guess between -1 and 1 so that the initial error contains as many

frequencies as possible. We discretize the problem using the P 1 finite element method

and solve the problem with tolerance TOL < 10−6.
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Test 1

In the first set of tests, we report the eigenvalues of the matrices Sν and D−1/2SνD
−1/2

studied in the previous section. The problem considered is
−∇ · (ν∇u) = 0 in Ω = (0, 1)× (−1, 1),

u = 0 on ∂Ω\
(
{1} × (−1, 1)

)
,

∂u

∂n
= 0 on {1} × (−1, 1),

(4.67)

where

ν =


ν1 in (0, 1)× (0, 1),

ν2 in (0, 1)× (−1, 0),

Note that H = 2. We discretize the problem by the P 1 finite element method to

obtain the matrices Sν and D−1/2SνD
−1/2. We report the minimum and maximum

eigenvalues in Table 4.1. We can observe that the numerical results match the theory,

especially in the following aspects:

1) For the smallest and largest eigenvalues of Sν , i.e., β1,min and β1,max, we have

theoretically that β1,min = O(ν1h) and β1,max = O(ν2). Numerical results match

both estimates well since we can see that for a fixed heterogeneity ratio, the

smallest eigenvalue β1,min decreases linearly as we refine the mesh, while the

largest eigenvalue β1,max is independent of the mesh size; for a fixed mesh size,

both the smallest and the largest eigenvalues increase linearly as we enlarge the

heterogeneity ratio.

2) For the smallest and largest eigenvalues of D−1/2SνD
−1/2, i.e., βν,min and βν,max,

we have theoretically that βν,min = O(h) and βν,max = O(1), provided ν1 +

ν2 < C∗ν∗ for some constant C∗ independent of ν1 and ν2. To choose such ν∗,

intuitively we have two choices: ν∗ = ν1+ν2
2

and ν∗ = ν2. We report the results

for both two choices. We can observe from the table that the preconditioners

are very robust as long as ν∗ is chosen to be one of these two numbers, and the

corresponding numerical results perfectly match the theory. We also list the

results when ν∗ = ν1. In that case, there does not exist a constant C∗ such that
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ν1 + ν2 < C∗ν∗. As a result, the robustness of the precontioner is deteriorated.

Test 2

In the second set of tests, we study the numerical behavior of the discrete Robin

method for the problem
−∇ · (ν∇u) = 0 in Ω = (−π

2
,
π

2
)× (−π

2
,
π

2
),

u = 0 on ∂Ω,

(4.68)

where

ν =


ν1 in (−π

2
,
π

2
)× (0,

π

2
),

ν2 in (−π
2
,
π

2
)× (−π

2
, 0),

The domain is decomposed into two nonoverlapping subdomains Ω1 = (−π
2
, 0) ×

(−π
2
,
π

2
) and Ω2 = (0,

π

2
)× (−π

2
,
π

2
).

We refer to (4.35) to find the best Robin parameter when it is uniform along with

the artificial interfaces and use (4.50) to find the scaled one.

Recall that we have two ways to compute the second integration in (4.5). One way

is to use the lumped numerical integration, from which we can obtain the diagonal

matrix discussed in this chapter. The other way is to use consistent integration

(i.e., exact integration), which yields a tri-diagonal matrix. We present in Table 4.2

comparison of the optimized Schwarz method with and without lumped integration

for (4.68) with different mesh sizes h and different heterogeneity ratios. We can

observe that the optimized Schwarz method with the lumped integration converges

faster than that without lumped integration. This is consistent with the discussion

in Gander and Santugini [2016]. In the rest of this section, we will use the lumped

integration.

In Table 4.3, we report the linear counts needed by optimized Schwrz method

with and without Krylov acceleration for (4.68) with different mesh sizes and different

heterogeneity ratios. For each mesh size, we also compare the results of the optimized

Schwarz method with the scaled Robin parameter and the uniform one. We can see

that the results for the scaled Robin parameter are better than those for the uniform
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Table 4.1: The minimum and maximum eigenvalues of Sν and D−1/2SνD
−1/2 with

different mesh sizes, ν∗ and heterogeneity ratios.

h ν1/ν2 ν∗ βν,min βν,max β1,min β1,max

1

10

1/10

ν1 0.1671 9.5691

0.2735 2.7881e+01(ν1+ν2)/2 0.1560 2.8176

ν2 0.1441 2.7885

1/100

ν1 0.1691 8.3267e+01

0.2872 2.7879e+02(ν1+ν2)/2 0.1560 2.8176

ν2 0.1416 2.7879

1/1000

ν1 0.1693 8.2076e+02

0.2885 2.7879e+03(ν1+ν2)/2 0.1560 2.8176

ν2 0.1414 2.7879

1

20

1/10

ν1 0.0847 9.5633

0.1425 2.8170e+01(ν1+ν2)/2 0.0816 2.8255

ν2 0.0783 2.8170

1/100

ν1 0.0852 8.3187e+01

0.1497 2.8169e+02(ν1+ν2)/2 0.0816 2.8255

ν2 0.0776 2.8169

1/1000

ν1 0.0853 8.1994e+02

0.1504 2.8169e+03(ν1+ν2)/2 0.0816 2.8255

ν2 0.0776 2.8169

1

40

1/10

ν1 0.0426 9.5617

0.0729 2.8254e+01(ν1+ν2)/2 0.0418 2.8276

ν2 0.0409 2.8254

1/100

ν1 0.0427 8.3165e+01

0.0766 2.8254e+02(ν1+ν2)/2 0.0418 2.8276

ν2 0.0407 2.8254

1/1000

ν1 0.0428 8.1971e+02

0.0769 2.8254e+03(ν1+ν2)/2 0.0418 2.8276

ν2 0.0407 2.8254

10/1000 (ν1+ν2)/2 0.0418 2.8276 0.7656 2.8254e+03

100/1000 (ν1+ν2)/2 0.0418 2.8276 7.2887 2.8254e+03
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Table 4.2: Linear counts needed by OSM v.2 for Test 2 with different mesh size and
heterogeneity ratio. For each mesh size, we also compare OSM v.2 with and without
lumped integration. The tolerance is set to be 10−6

Optimized Schwarz method as an iterative method

h
With Lumping

ν1/ν2
1/10 1/100 1/1000 1/10000

π

20

No 39 69 73 74

Yes 31 31 31 31

π

40

No 51 52 63 64

Yes 44 44 44 44

π

80

No 65 81 82 82

Yes 63 63 63 63

Robin parameter. Besides, the number of linear iterations remains unchanged as we

increase the heterogeneity ratio when we use the scaled Robin parameter, whereas the

number grows with the heterogeneity ratio when we use the uniform Robin parameter,

which deteriorates the convergence factor. When a Krylov method is applied, we can

observe great improvements in terms of the number of linear iterations needed by two

versions. We can still see that OSM v.2 outperforms OSM v.1 in terms of the number

of linear iterations for different mesh sizes and different heterogeneity ratios. Besides,

we observe that the linear iteration counts needed by Krylov accelerated OSM v.2

stays approximately unchanged when the heterogeneity ratio increases, whereas the

number needed by Krylov accelerated OSM v.1 grows with the heterogeneity ratio.

Test 3

In the third set of tests, we consider the problem
−∇ · (ν∇u) = 0 in Ω = (−π

2
,
π

2
)× (−π

2
,
π

2
),

u = 0 on ∂Ω,

(4.69)
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Table 4.3: Linear counts needed by OSM v.1 and OSM v.2 for Test 2 with different
mesh sizes and heterogeneity ratios. The tolerance is set to be 10−6.

Optimized Schwarz method as an iterative method

h
OSM Version

ν1/ν2
1/10 1/100 1/1000 1/10000

π

20

OSM v.1 – uniform p 71 225 713 2256

OSM v.2 – scaled p 31 31 31 31

π

40

OSM v.1 – uniform p 105 334 1059 3348

OSM v.2 – scaled p 44 44 44 44

π

80

OSM v.1 – uniform p 147 464 1470 4648

OSM v.2 – scaled p 63 63 63 63

Optimized Schwarz method with Krylov acceleration

π

20

OSM v.1 – uniform p 22 30 31 31

OSM v.2 – scaled p 14 15 15 15

π

40

OSM v.1 – uniform p 28 40 47 48

OSM v.2 – scaled p 18 18 18 18

π

80

OSM v.1 – uniform p 34 52 65 66

OSM v.2 – scaled p 22 22 22 22

with the same nonoverlapping domain decomposition Ω1 = (−π
2
, 0) × (−π

2
,
π

2
) and

Ω2 = (0,
π

2
)× (−π

2
,
π

2
). But now we increase the number of discontinuities:

ν =



ν1 in (−π
2
,
π

2
)× (

π

4
,
π

2
),

ν2 in (−π
2
,
π

2
)× (0,

π

4
),

ν3 in (−π
2
,
π

2
)× (−π

4
, 0),

ν4 in (−π
2
,
π

2
)× (−π

2
,−π

4
).

In this set of tests, we let ν1 = 1, ν2 = 10, ν3 = 1000, ν4 = 50. For comparison,

we change the order of the diffusion coefficients, letting ν1 = 1, ν2 = 1000, ν3 = 500,

ν4 = 10. We can see in Table 4.4 that OSM v.2 always outperforms OSM v.1,

requiring much fewer linear iterations to converge. Besides, we can observe that

the convergence of OSM v.2 is independent of the heterogeneity ratio, whereas the
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convergence of OSM v.1 depends on the smallest and largest coefficients, no matter

how these coefficients are ordered.

Table 4.4: Linear counts needed by OSM v.1 and OSM v.2 for Test 3 with different
mesh sizes and heterogeneity ratios. The tolerance is set to be 10−6.

Optimized Schwarz method as an iterative method

h
OSM Version

ν1/ν2/ν3/ν4
1/10/1000/50 1/1000/50/10

π

20

OSM v.1 – uniform p 488 493

OSM v.2 – scaled p 38 38

π

40

OSM v.1 – uniform p 739 739

OSM v.2 – scaled p 51 52

π

80

OSM v.1 – uniform p 1042 1053

OSM v.2 – scaled p 73 75

Optimized Schwarz method with Krylov acceleration

π

20

OSM v.1 – uniform p 38 38

OSM v.2 – scaled p 18 18

π

40

OSM v.1 – uniform p 63 61

OSM v.2 – scaled p 22 21

π

80

OSM v.1 – uniform p 78 79

OSM v.2 – scaled p 25 25

Test 4

In the fourth set of tests, we study the numerical behavior of the optimized Schwarz

method for the following three dimensional problem
−∇ · (ν∇u) = 0 in Ω = (−π

2
,
π

2
)× (−π

2
,
π

2
)× (−π

2
,
π

2
),

u = 0 on ∂Ω,

(4.70)

where

ν =


ν1 in (−π

2
,
π

2
)× (−π

2
,
π

2
)× (0,

π

2
),

ν2 in (−π
2
,
π

2
)× (−π

2
,
π

2
)× (−π

2
, 0),
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The domain is decomposed into two nonoverlapping subdomains Ω1 = (−π
2
, 0) ×

(−π
2
,
π

2
)× (−π

2
,
π

2
) and Ω2 = (0,

π

2
)× (−π

2
,
π

2
)× (−π

2
,
π

2
).

The numerical results are shown in Table 4.5. We observe that the convergence

of OSM v.2 only depends on the mesh size h, requiring for each mesh size much fewer

linear iterations than OSM v.1.

Table 4.5: Linear counts needed by OSM v.1 and OSM v.2 for Test 4 with different
mesh sizes and heterogeneity ratios. The tolerance is set to be 10−6.

Optimized Schwarz method as an iterative method

h
OSM Version

ν1/ν2
1/10 1/100 1/1000 1/10000

π

10

OSM v.1 – uniform p 59 189 600 1897

OSM v.2 – scaled p 20 20 20 20

π

20

OSM v.1 – uniform p 86 274 868 2745

OSM v.2 – scaled p 27 27 27 27

π

40

OSM v.1 – uniform p 124 393 124 3932

OSM v.2 – scaled p 41 41 41 41

Optimized Schwarz method with Krylov acceleration

π

10

OSM v.1 – uniform p 23 33 37 36

OSM v.2 – scaled p 13 13 13 13

π

20

OSM v.1 – uniform p 29 46 55 56

OSM v.2 – scaled p 17 18 18 18

π

40

OSM v.1 – uniform p 36 58 74 78

OSM v.2 – scaled p 22 22 22 22

Test 5

In the fifth set of tests, we will show the results when the mesh is unstructured so

that the subdomain boundary does not cut perpendicular to the discontinuity.

The problem considered is
−∇ · (ν∇u) = 0 in Ω = (−π

2
,
π

2
)× (−π

2
,
π

2
),

u = 0 on ∂Ω,

(4.71)
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with the heterogeneity defined by

ν =


ν1, x < 0,

ν2, x > 0,

We construct an unstructured mesh with approximately 20 degrees of freedom in each

direction. We cut the domain into two nonoverlapping subdomains approximately

along with y = 0.8x+ 0.1. We show in Figure 4.3 the heterogeneity and the domain

decomposition.

Figure 4.3: Heterogeneity and domain decomposition for Test 5.

In Table 4.6, we show a comparison of OSM v.2 with OSM v.1. Again we see the

perfect convergence behavior of OSM v.2, whereas OSM v.1 still gets worse as we

increase the heterogeneity ratio.

Test 6

In the last set of tests, we consider the problem


−∇ · (a(x, y)∇u) = 0 in Ω = (−π

2
,
π

2
)× (−π

2
,
π

2
),

u = 0 on ∂Ω,

(4.72)
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Table 4.6: Linear counts needed by OSM v.1 and OSM v.2 for Test 5 with different
mesh sizes and heterogeneity ratios. The tolerance is set to be 10−6.

Optimized Schwarz method as an iterative method

h
OSM Version

ν1/ν2
1/10 1/100 1/1000 1/10000

π

20

OSM v.1 – uniform p 99 312 989 3134

OSM v.2 – scaled p 36 37 37 40

π

40

OSM v.1 – uniform p 116 377 1205 3822

OSM v.2 – scaled p 55 57 59 59

π

80

OSM v.1 – uniform p 183 563 1782 5642

OSM v.2 – scaled p 76 77 78 76

Optimized Schwarz method with Krylov acceleration

π

20

OSM v.1 – uniform p 27 38 41 41

OSM v.2 – scaled p 21 21 21 21

π

40

OSM v.1 – uniform p 33 47 54 54

OSM v.2 – scaled p 24 24 24 24

π

80

OSM v.1 – uniform p 40 61 75 78

OSM v.2 – scaled p 28 29 29 29

with a(x, y) being defined by

a(x, y) = (ν2 − ν1) cos2(5(x+ y − 1)) + ν1,

where ν1 and ν2 are two positive constants. Note that the diffusion coefficient oscil-

lates over the whole domain. We cut the domain into two nonoverlapping subdomains

Ω1 = (−π
2
, 0)× (−π

2
,
π

2
) and Ω2 = (0,

π

2
)× (−π

2
,
π

2
). In that case, at each grid point

on the artificial interfaces, the Robin parameter needs to be chosen carefully in order

to satisfy the conditions in Theorem 4.6.4. To implement this, at each point on the

interface, we choose the largest among the function value at this node and those at

the neighboring nodes. We also plot in figure 4.4 an example of the diffusion coef-

ficient, the domain decomposition and the mesh. The number of linear iterations is

reported in Table 4.7. We observe that the convergence of OSM v.2 is much faster

than that of OSM v.1. However, when the optimized Schwarz method is treated as
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an iterative method, the number of linear iterations also grows slightly as we increase

the heterogeneity ratio. The reason is that the scaled Robin parameter only depends

on the diffusivity. In general, the maximum of the diffusion coefficient is not located

at any of these nodes, so that there is a possibility that the average of the diffu-

sion coefficient on a finite element boundary on the artificial interface is larger than

the Robin parameter we use for Table 4.7. As a result, such nodally scaled Robin

parameter may not satisfy Theorem 4.6.4.

To fix the problem, we introduce a smoothly scaled Robin parameter for the

current test. On each finite element edge Γe on the artificial interface, we compute

the average by

āΓe =
1

|Γe|

∫
Γe

a(x, y) dx. (4.73)

The resulting piecewise constant (i.e., P 0) finite element function on the artificial

interface is then interpolated linearly to a P 1 finite element function. Note that this

function can be regarded as a smoothed expression of the diffusion coefficient. The

smoothly scaled Robin parameter is then chosen to be proportional to this smoothed

diffusion coefficient. We report the data in Table 4.8 where we compare the results for

the smoothly scaled Robin parameter with those for the nodally scaled Robin param-

eter (in bracket). We can see that the results for the smoothly scaled Robin parameter

are improved, and the number of linear iterations remains almost unchanged when

the optimized Schwarz method is treated as an iterative solver.
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Table 4.7: Linear counts needed by OSM v.1 and OSM v.2 for Test 6 with different
mesh sizes and heterogeneity ratios. The tolerance is set to be 10−6.

Optimized Schwarz method as an iterative method

h
OSM Version

ν1/ν2
1/10 1/100 1/1000 1/10000

π

20

OSM v.1 – uniform p 36 71 225 731

OSM v.2 – scaled p 31 36 37 37

π

40

OSM v.1 – uniform p 60 187 593 1873

OSM v.2 – scaled p 46 51 52 52

π

80

OSM v.1 – uniform p 97 306 970 3066

OSM v.2 – scaled p 72 77 83 84

Optimized Schwarz method with Krylov acceleration

π

20

OSM v.1 – uniform p 16 23 26 27

OSM v.2 – scaled p 15 16 16 16

π

40

OSM v.1 – uniform p 23 31 41 45

OSM v.2 – scaled p 21 22 23 23

π

80

OSM v.1 – uniform p 29 51 73 80

OSM v.2 – scaled p 27 28 28 28

Table 4.8: Linear counts needed by OSM v.2 with smoothly scaled and nodally scaled
(in bracket) Robin parameters for Test 6 with different mesh sizes and heterogeneity
ratios. The tolerance is set to be 10−6.

Optimized Schwarz method as an iterative method

h

ν1/ν2
1/10 1/100 1/1000 1/10000

π
20 28(31) 29(36) 29(37) 29(37)
π
40 43(46) 45(51) 46(52) 46(52)
π
80 71(72) 71(77) 73(83) 73(84)

Optimized Schwarz method with Krylov acceleration
π
20 15(15) 15(16) 15(16) 15(16)
π
40 20(21) 20(22) 21(23) 21(23)
π
80 25(27) 26(28) 27(28) 27(28)

92



Figure 4.4: Top: diffusion coefficient in test 6 with ν1 = 1 and ν2 = 10. Bottom:
2D plot of the coefficient, the left subdomain and the mesh with h = 1

20
on the left,

glued with the right subdomain and the mesh on the right.
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Chapter 5

Application – Nonequilibrium

Richards Equation

5.1 Introduction

In this chapter, we simulate the time-dependent nonequilibrium Richards equation

(NERE) proposed in Egorov et al. [2003]; see also the subsequent paper by Nieber

et al. [2005]. The NERE is one of several models that describe a gravity-driven

infiltration into initially dry, homogeneous soil. The resulting pattern often takes the

form of preferential flow paths (fingers). Many efforts had been made to study the

finger phenomena before the above papers, for example Glass et al. [1989]; Hill and

Parlange [1972]; Richards [1931]; Yao and Hendrickx [2001]. It was proved in Otto

[1997] that the conventional Richards equation (RE) is unconditionally stable, so that

the RE model cannot produce the instability of a wetting front in a homogeneous

porous media. Therefore, the RE model is not suitable for describing preferential flow.

In Egorov et al. [2003], the authors presented a general stability analysis of the RE

model, and then proposed the NERE model by modifying the equilibrium pressure-

saturation relationship in the RE model. Different from the RE model, which leads

to a monotonic saturation profile, the NERE model may produce a nonmonotonic

saturation profile based on a low-frequency instability criterion.

In Hu and Zegeling [2011], the authors pointed out that “For configurations such

as small initial saturation in the dry region, the wetting front could be very sharp,
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which means that the mesh size should be sufficiently small to resolve such sharp

profile successfully”. Once the mesh size is small, a large-scale linear system needs

to be solved. In that case, domain decomposition methods are necessary for precon-

ditioning. Besides, the CPU time can be reduced.

There are mainly two ways of using domain decomposition methods for time-

dependent problems. One way is to use waveform relaxation approaches. In a wave-

form relaxation approach, the physical domain is decomposed into several subdo-

mains, and then time-dependent subdomain problems are solved iteratively. We refer

to Gander and Stuart [1998]; Gander and Zhao [2002]; Giladi and Keller [2002] where

Dirichlet transmission conditions are considered, to Bennequin et al. [2009]; Halpern

et al. [2012] where optimized Schwarz transmission conditions are considered, and to

Gander et al. [2016]; Kwok [2014] where Dirichlet-Neumann and Neumann-Neumann

transmission conditions are considered In these approaches, the time steps used in the

computation do not need to be equal for all subproblems; in other words, it may de-

pend on the physical property in each subdomain. The other way is to semi-discretize

in time first and then apply domain decomposition methods to the resulting elliptic

problems. In this way, it allows us to use various efficient domain decomposition

methods; see references in the previous chapters.

In this chapter, we adopt the second approach. We semi-discretize the NERE

in time first and then apply the ORASPEN approach to the resulting problem. For

nonlinear problems, since the diffusivity depends on the unknown itself, the physical

property changes with time. Therefore, it will become difficult for us to choose the

optimal Robin parameter if waveform relaxation approaches are used. However, if

we semi-discretize the NERE in time and then solve the resulting problem, we will

know how to choose the optimal Robin parameter at each time step, based on the

discussions in the previous chapters.

The rest of this chapter is organized as follows. In Section 5.2, we will intro-

duce the NERE model. We then introduce a temporal discretization in Section 5.3.

RASPEN and ORASPEN approaches for the resulting steady-state equation are in-

troduced in Section 5.4. Finally we present numerical results in 5.5.
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5.2 Nonequilibrium Richards Equation

The flow of water in unsaturated porous media is governed by the Richards equation

(RE), which is of the form
∂s

∂t
+∇ · v = 0,

where s is the effective saturation between 0 and 1, and the flux v has expression of

v = −K(s)∇h.

Here

h =
pr
ρg
− z

is the piezometric head, and K(s) is the relative hydraulic conductivity. In this

expression, pr = pwater − pair is the relative pressure between water and air, ρ is the

density of the water, g is the gravitational constant and z is the vertical coordinate

taken positive upward. Assuming that the pressure of the air is constant and denoting

p = pwater

ρg
, we have

∂s

∂t
−∇ ·

(
K(s)∇p

)
− ∂

∂z
K(s) = 0, (5.1)

In fact, p is a function of the saturation s:

p = P(s), (5.2)

where P(s) is the equilibrium pressure; see Figure 1 in Egorov et al. [2003],

In Egorov et al. [2003], the stability analysis was presented. The authors proved

that the Richards equation is unconditionally stable, so that small perturbations

cannot grow with time. As a result, the Richards equation cannot be used to describe

preferential flows. We know that if the local pressure is larger than it is supposed to

be at an equilibrium state, then it will take a time scale τ for the system to recover.

Since the equilibrium pressure is a monotonically increasing function of the saturation

for unsaturated flows, the authors modified the Richards equation by replacing the
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equilibrium relation (5.2) by a kinetic equation

τ
∂s

∂t
= p− P(s), (5.3)

where time scale parameter τ is positive. It was pointed out in Egorov et al. [2003]

that the travelling wave solution for the NERE model is nonmonotonic when τ is

large enough, so that small perturbations will grow with time to generate instability,

and fingers will be produced.

By introducing the diffusivity function

D(s) = K(s)P ′(s),

one can combine (5.1) and (5.3) into one equation with the saturation being the

primary variable:

∂s

∂t
−∇ · (D(s)∇s)− ∂

∂z
K(s)− τ∇ ·

(
K(s)∇∂s

∂t

)
= 0. (5.4)

The equation (5.4) above is called the nonequilibrium Richards equation (NERE).

Note that when τ = 0, the nonequilibrium Richards equation degenerates to the

conventional Richards equation.

5.3 Temporal Discretization

In Hu and Zegeling [2011], the following two-step Runge-Kutta method was applied:

sk+ 1
2 − sk

δt/2
−∇ · (D(sk)∇sk+ 1

2 )− ∂

∂z
K(sk)− τ∇ ·

(
K(sk)∇s

k+ 1
2 − sk

δt/2

)
= 0,

sk+1 − sk

δt
−∇ · (D(sk+ 1

2 )∇sk+1)− ∂

∂z
K(sk+ 1

2 )− τ∇ ·

(
K(sk+ 1

2 )∇s
k+1 − sk

δt/2

)
= 0,

(5.5)

where the super script k represents the time step, and δt is the step size. However,

to guarantee the stability, a sufficiently small δt should be used.

To overcome this difficulty, we discretize the NERE using fully implicit scheme,
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i.e. backward Euler method:

sk+1 − sk

δt
−∇ ·

(
D(sk+1)∇sk+1

)
− ∂

∂z
K(sk+1)− τ∇ ·

(
K(sk+1)∇s

k+1 − sk

δt

)
= 0,

(5.6)

We know that fully implicit methods are unconditionally stable for linear problems;

see Li et al. [2017] and references therein. For nonlinear problems, however, it is

hard to prove. But fully implicit methods are still common choices to guarantee the

stability; see for example Aziz and Settari [1979]; Kwok and Tchelepi [2007].

Denote

Lu = −∇ ·
(
(δtD(u) + τK(u))∇u

)
+ τ∇ ·

(
K(u)∇sk

)
− δt ∂

∂z
K(u) + u,

F(sk) = sk.

Solving Lu = F(sk) is then equivalent to solving (5.6).

5.4 Domain Decomposition Methods

In order to see the finger phenomenon, δt should be small enough so that the solution

does not have too much dissipation. Meanwhile, to capture small instabilities of the

flow, we need sufficiently small h for the simulation, which means that we need

to solve (5.6) on a dense mesh. In that case, a large-scale linear system needs to be

solved. Therefore, a good preconditioner is necessary. We have introduced in Chapter

3 an ORASPEN method for nonlinear problems, and have proposed a scaled Robin

parameter in the linear case. We find it convenient to apply the ORASPEN method

to solve (5.6). In this section, we introduce subdomain problems for the ORASPEN

approach. As a comparison, we also introduce subdomain problems for the RASPEN

approach. Then ORASPEN and RASPEN consist of solving the target nonlinear

function (3.4) with the corresponding subdomain problems.
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RASPEN

To solve (5.6) using Dirichlet transmission condition, we start from the initial guess

u0 = sk, and iterate subdomain solutions by
Lun+1

i = F(sk) in Ωi,

Bun+1
i = g on ∂Ωi ∩ ∂Ω,

un+1
i = unj on ∂Ωi ∩ Ω̄j,

(5.7)

where super script n represents the iteration step in subdomain solves, and B is the

trace operator on the physical boundary.

ORASPEN

Denote T (u) = δtD(u) + τK(u). To solve (5.6) using Robin transmission condition,

we start from the initial guess u0 = sk, and iterate subdomain solutions by
Lun+1

i = F(sk) in Ωi,

Bun+1
i = g on ∂Ωi ∩ ∂Ω,(

T (un+1) ∂
∂ni

+ p(sk)
)
un+1
i =

(
T (un) ∂

∂ni
+ p(sk)

)
unj on ∂Ωi ∩ Ω̄j,

(5.8)

where ni is the unit outward normal vector on ∂Ωi, and the scaled Robin parameter

is defined by p(sk) = pνT (uk).

5.5 Numerical Experiments

In this section, we solve the nonequilibrium Richards equation (5.4) in two di-

mensions. The physical domain Ω is [5, 15] × [10, 20], with Dirichlet boundary on

[9, 11] × {20} and Neumann boundary elsewhere. The final time is T = 8. Other

parameters, suggested in Egorov et al. [2003]; Hu and Zegeling [2011], are chosen as

follows.

D(s) = s2, K(s) = s2, τ = 0.5.
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For a concrete test, we list below the problem with initial and boundary conditions.

∂s

∂t
−∇ · (s2∇s)− ∂

∂z
(s2)− 1

2
∇ ·
(
s2∇∂s

∂t

)
= 0 in [5, 15]× [10, 20],

s(x, z, t) = s0 on [9, 11]× {20},
∂
∂n
s(x, z, t) = 0 elsewhere on ∂Ω,

s(x, z, 0) = s0,

(5.9)

where

s0 = 0.17(tanh(2(z−19)) tanh(2(22−z))+1)(tanh(2(x−9)) tanh(2(11−x))+1)+0.02,

which is illustrated in Figure 5.1.

We generate a mesh using 12180 degrees of freedom, i.e. the mesh parameter h is

approximately 0.1. We decompose the physical domain into 2× 2 (i.e. four in total)

overlapping subdomains. The width of the overlap is set to be 6h. The solution

profile is shown in Figure 5.2. We can clearly observe the overshoot at the tip of the

finger.

We list in Table 5.1 the linear and nonlinear iteration counts needed by RASPEN

and ORASPEN over the course of entire simulation, i.e., over NT time steps. The

following numbers are reported.

• NT : total number of time steps,

• Nlits: total number of global Newton iterations,

• Avg Nlits: average number of global Newton steps per time step,

• Lits: total number of linear iterations, including the subdomain solves and

GMRES solves,

• Avg Lits: average number of linear iterations per global Newton step.

We can see that the ORASPEN converges much faster than the RASPEN, requiring

fewer linear iterations.

We also test the ORASPEN with different mesh parameters and domain decom-

positions. With the optimal scaled Robin parameter, the ORASPEN converges very
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Figure 5.1: 2D and 3D plots of the initial condition for the NERE.

fast. We can also observe that the results are less sensitive to the mesh parameters

and the domain decompositions, compared with the results shown in chapter 3. The

reason is that the saturation outside the finger is nearly constant, so that when a

subdomain is fully covered by such region, the solution to the subdomain problem is
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Figure 5.2: 2D and 3D plots of the solution of the NERE.

trivial.
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Table 5.1: Linear and nonlinear iteration counts needed by RASPEN and ORASPEN
for the NERE with 2 × 2 subdomains over the course of the simulation. The mesh
parameters h are 0.1, 0.05, 0.025. Size of overlap is 6-cell width and stopping criterion
for Newton is 10−6 for all tests.

h NT

RASPEN ORASPEN

Nlits Avg Nlits Lits Avg Lits Nlits Avg Nlits Lits Avg Lits

1
10

160 485 3.03 5039 10.39 480 3.00 4203 8.76

1
20

160 500 3.13 6862 13.72 480 3.00 5298 11.04

1
40

160 640 4.00 12030 18.80 480 3.00 6335 13.20

Table 5.2: Linear and nonlinear iteration counts needed by ORASPEN for the NERE
with 2 × 2 and 4 × 4 subdomain test cases and with different mesh parameters:
h = 0.1, 0.05, 0.025, over the course of the simulation. Size of overlap is 6-cell width
and the stopping criterion for Newton iteration is 10−6.

N ×N h
ORASPEN

pν NT Nits Avg Nlits Lits Avg Lits

2× 2

1
10

7 160 480 3.00 4203 8.76

1
20

10 160 480 3.00 5298 11.04

1
40

14 160 480 3.00 6335 13.20

4× 4

1
10

10 160 480 3.00 4591 9.56

1
20

14 160 480 3.00 5836 12.16

1
40

20 160 480 3.00 7414 15.45
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Chapter 6

Conclusions and Future work

In this thesis, we have proposed an optimized Schwarz-based preconditioning for non-

linear elliptic problems. In this approach, it allows us to take advantage of the extra

Robin parameter to obtain faster convergence, compared with the RASPEN where

Dirichlet transmission condition is considered. Numerical tests illustrate that our

approach works very well, except for the two-level ORASPEN for the Forchheimer

problem where an extra outer Newton iteration is required; see Table 3.10. We

have also performed an analysis of the zeroth order optimized Schwarz method for

nonoverlapping domain decomposition with non-conforming heterogeneities in linear

case. We have designed a scaled Robin parameter at the discrete level such that

the convergence rate is independent of the diffusivity and has the same asymptotic

expression as that of the Robin method for the Laplacian, even when heterogeneities

are still coupled in each subdomain. Numerical results match the theory very well.

We point out, however, that in our analysis, the mesh must be centrosymmetric.

Otherwise, we cannot benefit from the symmetry of the augmented iterative matrix

in our proof. However, we have also shown a few numerical examples that the con-

vergence estimates are also valid for a more general decomposition. Finally, we have

studied a time-dependent problem. We semi-discretize in time and then apply the

ORASPEN approach to the resulting elliptic problem. Numerical tests illustrate that

our approach works very well.

To close this thesis, we propose three possible future studies.

In the first possible work, we will study the two-level ORASPEN for the Forch-
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heimer problem with β = 1. As is shown in Chapter 3 that the two-level ORASPEN

needs one more outer Newton step than the two-level RASPEN, so that ORASPEN

needs more linear iterations in total to converge. This is caused mainly by two fac-

tors: the Robin parameter and the coarse space. In our future work, on the one hand,

we will study how to select a good Robin parameter for this problem, including the

implementation; on the other hand, we will seek a high-quality coarse space that can

handle the discontinuous coarse grid errors. If the correction computed by the coarse

grid problem can be improved, then fewer outer Newton steps will be required by the

two-level ORASPEN.

In the second possible work, we may exploit an analysis of the overlapping opti-

mized Schwarz method for non-conforming heterogeneities. Note that the overlapping

OSM rather than the nonoverlapping one presented in Chapter 4 is directly moti-

vated by the study of the ORASPEN method. For an overlapping decomposition,

since there are multiple layers of degrees of freedom in the overlap, we cannot simply

follow the proofs in Chapter 4. However, we can still guess that the optimal Robin

parameter is proportional to the diffusion coefficient. We will discuss the convergence

behaviors of the overlapping OSM with the uniform and the scaled Robin parameters,

respectively, at the continuous or the discrete level in our future work.

In the third possible work, we may consider when the Robin parameter is a func-

tion of the unknown, i.e., p = p(u). In that case, we can rewrite the target problem

as

F̃(u) =
K∑
i=1

P̃iGi(u, p(u))− u = 0. (6.1)

Since the problem is nonlinear, then in each outer Newton step, we also solve a cheap

problem for p by Newton’s method before subdomain solves. We expect to observe a

further reduction in both linear and nonlinear iterations when the adaptive p is used.
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