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ABSTRACT

Image recovery and segmentation are always the fundamental tasks in image pro-
cessing field, because of their so many contributions in practical applications. As
in the past ten years, variational methods have achieved a great success on these
two issues, in this thesis, we continue to work on proposing several new variational
approaches for restoring and segmenting an image.

This thesis contains two parts. The first part addresses recovering an image
and the second part emphasizes on segmenting. Along with the wide utilization
of magnetic resonance imaging (MRI) technique, we particularly deal with blurry
images corrupted by Rician noise. In chapter 1, two new convex variational models
for recovering an image corrupted by Rician noise with blur are presented. These
two models are motivated by the non-convex maximum-a-posteriori (MAP) model
proposed in the prior papers. In the first method, we use an approximation item to
the zero order of the modified Bessel function in the MAP model and add an entropy-
like item to obtain a convex model. Through studying on the statistical properties of
Rician noise, we bring up a strictly convex model by adding an additional data-fidelity
term in the MAP model in the second method. Primal-dual methods are applied to
solve the models. The simulation outcomes show that our models outperform some
existed effective models in both recovery image quality and computational time.

Cone beam CT (CBCT) is routinely applied in image guided radiation therapy
(IGRT) to help patient setup. Its imaging dose, however, is still a concern, limiting its
wide applications. It has been an active research topic to develop novel technologies
for radiation dose reduction. In chapter 2, we propose an improvement of practical
CBCT dose control scheme - temporal non-local means (TNLM) scheme for IGRT.
We denoise the scanned image with low dose by using the previous images as prior
knowledge. We combine deformation image registration and TNLM. Different from
the TNLM, in the new method, for each pixel, the search range is not fixed, but based
on the motion vector between the prior image and the obtained image. By doing this,
it is easy to find the similar pixels in the previous images, but also can reduce the
computational time since it does not need large search windows. The phantom and
patient studies illuminate that the new method outperforms the original one in both
image quality and computational time.

In the second part, we present a two-stage method for segmenting an image cor-
rupted by blur and Rician noise. The method is motivated by the two-stage segmen-
tation method developed by the authors in 2013 and restoration method for images
with Rician noise. First, based on the statistical properties of Rician noise, we present
a new convex variant of the modified Mumford-Shah model to get the smooth cartoon
part u of the image. Then, we cluster the cartoon u into different parts to obtain
the final contour of different phases of the image. Moreover, u from the first stage
is unique because of the convexity of the new model, and it needs to be computed
only once whenever the thresholds and the number of the phases K in the second
stage change. We implement the simulation on the synthetic and real images to show
that our model outperforms some existed segmentation models in both precision and
computational time.
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Part I

Image Recovery
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In digital image processing, images are unavoidably corrupted by various kinds of

noise and blur. Hence, the image restoration under various noises and blurs is always

one of the fundamental tasks. At present, there are a lots of methods to recover an

image in the literature, like filter theory, spectral analysis and stochastic modeling. In

this thesis, we will focus on one of the latest approaches in image restoration: using

variational models for denoising and deblurring an image. One of the benefits for

using variational methods in image restoration is that the theory is well established.

The method is summarized as follows: an energy functional is constructed, which is

then minimized. The recovered image is the obtained minimum.

In this part, we emphasize two issues: chapter 1, restoration of blurred images

with Rician noise and chapter 2, improvement of progressive dose control scheme

for cone beam CT (CBCT) in image guided radiation therapy (IGRT). Along with

the wide utilization of magnetic resonance imaging (MRI) technique, we propose

variational approaches for restoring blurry images with Rician noise. In chapter 1,

two new convex models for recovering images corrupted by blur with Rician noise are

presented. These two models are motivated by the non-convex maximum-a-posteriori

(MAP) model presented in the prior papers. In the first new method, we use an

approximation item to the zero order of the modified Bessel function in the MAP

model and add an entropy-like item to obtain a convex model. Through studying

on the statistical properties of Rician noise, we bring up a strictly convex model by

adding an additional data-fidelity term in the MAP model in the second method.

Primal-dual methods are applied to solve the models. The simulation outcomes show

that our models outperform some existed effective models in both image recovery

capability and computational time.

Cone beam CT (CBCT) is routinely used in image guided radiation therapy

(IGRT) to help patient setup [81]. Its imaging dose, however, is still a concern,

limiting its wide applications. It has been an active research topic to develop novel

technologies for radiation dose reduction. In chapter 2, we propose an improvement

of practical CBCT dose control scheme - temporal non-local means (TNLM) scheme

for IGRT. We denoise the scanned image with low dose by using the previous im-

ages as prior knowledge. We combine deformation image registration and TNLM.

2



Different from TNLM, in the new method, for each pixel, the search range is not

fixed, but based on the motion vector between the prior image and the obtained

image. By doing this, it is easy to find the similar pixels in the previous images, but

also can reduce the computational time since it does not need large search window.

The phantom and patient studies illuminate that the new method outperforms the

original one in both image quality and computational time.
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Chapter 1

Restoration of Blurred Images

with Rician Noise

1.1 Introduction and Background

1.1.1 Motivation and Background

In recent years, magnetic resonance imaging (MRI) technique has been widely utilized

for medical diagnosis due to the harmless to human beings. However, what by fol-

lowed is a new kind of noise – Rician noise, which frequently occurs in the magnitude

MR images. MR images, which are reconstructed from data that has been measured

through a quadrature detector, are essentially two- or three-dimensional arrays of

complex numbers [44]. Generally, these images can be considered as a pair of images

representing the real and imaginary parts of the complex array. To facilitate clinical

analysis, the magnitude MR image is produced to reduce these two images. In addi-

tion, by doing this, the phase artifacts brought by giving up some phase information

can be evaded [42]. Complex fourier transform is used to restore MR images from

the obtained data and this will add Gaussian noise in the MR images [42]. Without

loss of generality, we suppose that Gaussian noise in the real and imaginary images

is independent, with mean zero and standard deviation σ. Mathematically, let S be
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an acquired MR image in its complex representation,

S = SR + iSI

= u+ η1 + iη2,

where u is the true amplitude of the image and η1, η2 ∼ N (0, σ2). Here, u is selected

to be real by adjusting angle of the quadrature detector. In this case, the magnitude

image f can be written as:

f =
√

(u+ η1)2 + η2
2. (1.1)

Based on the statistical lemma in [61,69], the probability density function (PDF) of

f is

p(f |u) =
f

σ2
e−

u2+f2

2σ2 I0(
uf

σ2
), (1.2)

which is known as the Rician distribution. Here, I0 is the modified Bessel function

of the first kind with order zero [9]. At present, there are a lot of methods to restore

images with blur and noise. For instance, many approaches have been proposed to

remove Gaussian noise [11,14,18,23,33,66,72]. In addition, in the literature, depend-

ing on the imaging systems, various other kinds of noises have also been considered,

such as Impulse noise [12,21,31], Poisson noise [49,86] and Multiplicative noise [3,32].

From Figure 1.1, we know that Rician noise is signal-dependent, quite different from

additive Gaussian noise and thus separating image from this noise is a challenging

task. In [58], the author stated that Rician noise becomes a serious problem particu-

larly when its standard variation is relatively large to the image. It leads to random

undulations and gives rise to a signal-dependent bias to the image which will truly

effect the contrast of the image. In [1, 7], it has been verified that Rician noise can

be approximated rather well by homogenous Gaussian noise when the signal-to-noise

ratio (SNR) is high. But it cannot be readily approximated when SNR is low [1, 7].

Since Rician noise degrades images and then hinders image analysis, interpretation

and feature detection, it is desirable to develop techniques that remove this noise,

especially for low SNR case.

Nowadays, various methods have been proposed for deblurring and denoising on

the blurry magnitude images with Rician noise as well. In [36,63], anisotropic diffu-

sion filter (ADF) was proposed to solve the denoising problem with edge preservation.
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(a) (b) (c)

(d) Residual of (b) (e) Residual of (c)

Figure 1.1: Rician noise is signal-dependent. (a) Original “Cameraman” image; (b)

Degraded image by Gaussian noise with standard variation σ = 30; (c) Degraded

image by Rician noise with standard variation σ = 30; (d) The residual image of (b);

(e) The residual image of (c).

However, this method usually wipes small features. In [58], Nowak studied wavelet-

domain filtering approaches to eliminate Rician noise. In [79], Wood and Johnson

came up with using wavelet packet denoising method to remove Rician noise. Al-

though the wavelet approaches are effective to preserve image details and features

without compromising edge sharpness, they are apt to introduce characteristic arti-

facts (small dots) which can hamper the image analysis process [55]. In [8], Basu et al.

proposed a model to recover diffusion tensor images. It was the first time to explic-

itly construct a model to eliminate the bias effects of Rician noise in diffusion tensor

MR image. In [78], inspired by [29, 77], Daesslé et al. developed a non-local means

(NLMeans) filter for Rician noise removal which can better respect small details and

structures in images. However, it also can cause the edge oscillations among sharp

edges. In 2011, based on the maximum a posteriori (MAP) estimation, Getreuer et
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al. built the following model to recover an image with Rician noise,

inf
u

1

2σ2

∫
Ω

u2dx−
∫

Ω

log I0(
fu

σ2
)dx+ γ

∫
Ω

|Du|dx, (1.3)

which applies the classical total variational (TV) regularization term. Here, I0 is the

modified Bessel functions of the first kind with order zero. Below we refer to (1.3) as

the MAP model. Since the MAP model is non-convex, the L2 gradient descent method

and Sobolev gradient descent method implemented in [37] may stick at some local

minimizers, and what the initialization to be chosen may effect the solution largely.

To avoid these drawbacks, Getreuer et al. further proposed a convex variational

model in [37]. Below we call it the Getreuer’s model.

Getreuer’s model is a convex approximation form of the non-convex MAP model

and it can be solved by various numerical methods due to its convexity. The restored

results provided by Getreuer’s model do not depend on the initializations and the

computational time is usually much less than what is needed by the non-convex

MAP model. Although the outcome of the Getreuer’s model is often promising,

much improvement is required because its expression is somehow complex and its

mathematical property (like monotonicity property) is difficult to derive. Hence, in

this chapter, we will present a novel convex model to recover a blurry image with

Rician noise, which is easy to discover its property, like the existence and uniqueness

property, monotonicity property of the solution.

First, let us introduce the Rician noise in the magnitude magnetic resonance (MR)

image.

1.1.2 Modified Bessel Function of the First Kind

The probability density (1.2) involves the modified Bessel function of the first kind

with order zero I0, so we briefly review the modified Bessel function here. Consider

the classical Bessel’s modified differential equations:

x2y′′ + xy′ − (x2 + n2)y = 0, n ≥ 0, (1.4)

with the solution to be modified Bessel functions of the first kind with order n [9].

Integral forms of modified Bessel functions of the first kind with integer orders n are
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as follows [9]:

In(x) =
1

π

∫ π

0

cos(nθ) exp(x cos θ)dθ. (1.5)

Furthermore, based on the recurrence formulas of the derivative of the modified bessel

functions for all real values of ν given in [9], we obtain the following equations,

I ′0(x) = I1(x),

I ′1(x) =
1

2
(I0(x) + I2(x)).

Thanks to

I2(x) = I0(x)− 2

x
I1(x)

from [9], it is possible to write I ′1(x) as:

I ′1(x) = I0(x)− 1

x
I1(x),

which will be used in some proof of this thesis.

1.1.3 Prior Works

1.1.3.1 The ROF model

Suppose that the noised image f that we observe is generated by:

f = u+ n,

where u is the desired clean image and n denotes additive Gaussian noise. The classic

ROF model [66] to handle Gaussian noise removal is based on the following approach:

min
u∈BV (Ω)

λ

∫
Ω

|Du|+ 1

2
‖u− f‖2

2. (1.6)

Here, u ∈ BV (Ω) indicates that the variation of u should be constrained to be

bounded. The parameter λ in (1.6) balances the contribution between the TV regu-

larization and the data fitting term ‖u− f‖2
2 in the model. This model is capable of

preserving sharp edges while smoothing the processed image.
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1.1.3.2 The MAP Model

For any image f , the MAP estimation of the original image u is computed as û =

arg maxu P(u|f). Applying Bayes’s rule, it becomes

û(f)=arg max
u

P(u|f)

=arg max
u

P(f |u)P(u)

P(f)

=arg min
u
− log(P(f |u))− log(P(u)).

Based on (1.2), suppose that the observed image f is corrupted by Rician noise, then

we get

− log(P(f |u))=−
∫

Ω

log(P(f(x)|u(x)))dx

=
1

2σ2

∫
Ω

(u(x)2 + f(x)2)dx

−
∫

Ω

log I0

(f(x)u(x)

σ2

)
−
∫

Ω

log(
f

σ2
)dx.

The main assumption we make here is that u follows a Gibbs prior [3],

P(u) = exp (−γ
∫

Ω

φ(u(x))dx),

where φ is a nonnegative given function. If φ(u(x)) = |Du(x)|, we get − log(P(u)) =

γ
∫

Ω
|Du(x)|dx which represents TV of u. Thus, the TV model obtained by MAP

estimation is

û(f) = arg inf
u

1

2σ2

∫
Ω

u2dx−
∫

Ω

log I0(
fu

σ2
)dx

+ γ

∫
Ω

|Du|dx.

1.1.3.3 Getreuer’s Model

In [37], Getreuer et al. introduced a convex approximation of the MAP model and

obtained a new convex variation model as follows,

inf
u
λ

∫
Ω

Gσ(u, f) +

∫
Ω

|Du|dx, (1.7)
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where function Gσ is defined as

Gσ(u, f) =

Hσ(u) if u ≥ cσ,

Hσ(cσ) +H ′σ(cσ)(u− cσ) if u ≤ cσ,

H ′σ(u)=
u

σ2
− f

σ2
B(

fu

σ2
),

B(t) ≡ I1(t)

I0(t)
≈ t3 + 0.950037t2 + 2.38944t

t3 + 1.48937t2 + 2.57541t+ 4.65314
,

with c = 0.8426. Here, Hσ(u) is the primitive function of H ′σ(u), I1 is the modified

Bessel functions of the first kind with order one. Because they only approximated

the derivative of the item log(I0(uf
σ2 )) by the ratio of the two polynomials, it is quite

difficult for the calculators to write down the final explicit restoration model. Due

to the convexity of the Getreuer’s model, , Getreuer et al. applied Split-Bregman

method to solve it.

1.2 Variational Model I (TV-log Model) in Restor-

ing Blurred Images with Rician noise

According to the properties of the modified Bessel function and the original MAP

model, we simplify the MAP model and add an entropy-like term to obtain a new

convex model.

1.2.1 Proposed TV-log Model for Rician Noise

From equation (1.5) and its corresponding asymptotic approximation [85], we have:

for large values of x,

In(x) =
ex√
2πx

{
1 +

∞∑
m=1

(−1)m
(4n2 − 1)(4n2 − 32)...[4n2 − (2m− 1)2]

m!(8x)m

}
.

Then, we obtain I0(x) by setting n = 0:

I0(x) =
ex√
2πx

{
1 +

1

8x

(
1 +

9

2(8x)

(
1 +

25

3(8x)
(1 + . . .)

))}
.

That is, when x is large enough, we have:

I0(x) =
ex√
2πx

(
1 + o

(
1

x

))
. (1.8)
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Inspired by (1.8),we approximate the modified Bessel function of first kind with order

zero I0(x) in the MAP model by ex√
2πx

, after simplifying we obtain the following model:

min
u∈S̄(Ω)

1

2σ2

∫
Ω

|u− f |2 dx+
1

2

∫
Ω

log u dx+ γ

∫
Ω

|Du|, (1.9)

where S̄(Ω) = {u ∈ BV (Ω) : u(x) ≥ 1 for any x ∈ Ω}. Here we restrict u ≥ 1 to

get rid of the trivial solution of u = 0, which is due to the fact that I0(0) equals to

1 instead of +∞, in the approximation. In practice, we assume that the intensity of

the image is in [1, 255], and thus the condition of the model can be written as u ≥ 1.

This change would not affect the restoration quality significantly.

It is very interesting to notice that the model (1.9) is similar to the ROF model [66]

except that we have an extra non-convex term log u. Indeed, when σ is small, the

Rician noise mechanism is nearly the same as Gaussian noise. When σ is big, then

the signal-dependant propriety from Rician noise is clear and we need the log-term,

1
2

∫
Ω

log udx, in order to better approximate the MAP estimator from the Rician noise.

Due to the non-convexity of the model (1.9), some local solutions instead of global

ones might be found by the numerical algorithms. Moreover, what initializations and

numerical algorithms to be selected by the authors could effect the restored results

largely. To overcome the difficulties from the non-convexity, we add a similar term

to the entropy proposed in [43, 76] into the model (1.9). It turns out that the new

model

min
u∈S̄(Ω)

1

2σ2

∫
Ω

|u−f |2 dx+
1

2

∫
Ω

log u dx+α

∫
Ω

u(log u− log f) dx+γ

∫
Ω

|Du|. (1.10)

is convex under certain condition on α. In the followings, we call (1.10) as TV-log

model.

1.2.2 Basic Properties of the TV-log Model

The main contribution of this section is to study the existence and uniqueness to a

solution of the TV-log model as well as minimum-maximum principle and compari-

son principles. To obtain the theoretical results of existence and uniqueness for the

solution of the TV-log model, firstly we study the convexity of the proposed model

as preparation. We can prove that the objective function for TV-log model should

be convex if the parameter α satisfies certain condition.
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Theorem 1. The TV-log model (1.10) is strictly convex, when α ≥ 1
2
− 1

σ2 .

Proof. With a fixed α and x ∈ Ω, we define a function h on t ∈ R+ with t ≥ 1 as:

h(t) =
1

2σ2
(t− f(x))2 +

1

2
log t+ αt(log t− log f(x)).

As a consequence, the second order derivative of h satisfies:

h′′(t) =
1

σ2
− 1

2t2
+
α

t
.

Then we have:

α ≥ 1

2t
− t

σ2
, (1.11)

if h′′(t) ≥ 0. According to the assumption t ≥ 1, if α ≥ 1
2
− 1

σ2 , we have h′′(t) ≥ 0

with a unique root, i.e., h is strictly convex.

Set t = u(x) for each x ∈ Ω, and we get that the first three terms in (1.10)

is strictly convex. Moreover, as the TV regularization term is convex, the strict

convexity of the objective function in (1.10) with the constraint α ≥ 1
2
− 1

σ2 can be

easily deduced.

Now, we provide the theorem for existence as well as uniqueness of model (1.10).

Theorem 2. Let f be in L∞(Ω) with infΩ f ≥ 1, then the model (1.10) has a solution

u∗ satisfying:

1 ≤ u∗(x) ≤ sup
Ω
f, ∀x ∈ Ω.

Moreover, if α ≥ 1
2
− 1

σ2 , the solution of (1.10) is unique.

Proof. Define the objective function in (1.10) as E(u), i.e.,

E(u) =
1

2σ2

∫
Ω

|u− f |2 dx+
1

2

∫
Ω

log u dx

+α

∫
Ω

u(log u− log f) dx+ γ

∫
Ω

|Du|. (1.12)

As u ∈ S̄(Ω) and infΩ f ≥ 1, we can get 1
2

log t+αt(log t−log f(x)) ≥ −αf(x) log f(x)

for any x ∈ Ω. Then,

E(u) ≥ 1

2

∫
Ω

log u dx+ α

∫
Ω

u(log u− log f) dx ≥ −α
∫

Ω

f log f dx,
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which means that E(u) should be bounded from below, such that a sequence, {un ∈

S̄(Ω) : n = 1, 2, . . .}, that monotone decreases the TV-log model (1.10) can be chosen.

In order to give a brief expression, we define a real function g : [1,+∞) → R as

follows:

g(t) =
1

2σ2
(t− f(x))2 +

1

2
log t+ αt(log t− log f(x)).

Then, we have

g′(t) =
1

σ2
(t− f) +

1

2t
+ α(log t− log f + 1).

Obviously, g(t) is increasing, if t ∈ (f(x),+∞). Further, with M1 ≥ f(x) we always

have g(min(t,M1)) ≤ g(t). Based on
∫

Ω
|D inf(u, supΩ f)| ≤

∫
Ω
|Du| deduced from

Lemma 1 in [48], we get

E(inf(u, sup
Ω
f)) ≤ E(u).

Therefore, we can assume that 1 ≤ un ≤ supΩ f . In addition, {un} as a minimizing

sequence indicates that E(un) is bounded. What is more, according to the fact that∫
Ω
|Dun| is bounded, it is obvious that {un} is bounded in BV (Ω) [32]. Therefore a

subsequence {unk} must exist, such that converges in L1(Ω) to a certain u∗ ∈ BV (Ω)

with its derivative {Dunk} converging to Du∗. Based on the results in the Fatou’s

lemma and lower semi-continuity of the total variation, we may conclude that u∗

should be a solution of the model (1.10). Meanwhile, it is necessary that 1 ≤ u∗ ≤

supΩ f .

Moreover, if α ≥ 1
2
− 1

σ2 , then the model (1.10) is guaranteed to be strictly convex

with unique solution.

In the next theorem, we prove that a comparison principle is satisfied by the

TV-log model.

Theorem 3. Let f1 and f2 be in L∞(Ω), and f1 ≤ f2. Suppose that u∗1 and u∗2 are

the solutions of the model (1.10) with f = f1 and f = f2, respectively. Then, we have

1 ≤ u∗1 ≤ u∗2 a.e. in Ω.

Proof. Referring to [32], we denote u∨v = sup(u, v) and u∧v = inf(u, v). In addition,

Ei(u) denotes E(u) with f = fi, i = 1, 2, defined in (1.12).

Since u∗i is the minimizer of the model (1.10) with fi, we obtain:

E1(u∗1 ∧ u∗2) ≥ E1(u∗1),
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E2(u∗1 ∨ u∗2) ≥ E2(u∗2).

We remark here the fact that
∫

Ω
|D(u∗1 ∨ u∗2)|+

∫
Ω
|D(u∗1 ∧ u∗2)| ≤

∫
Ω
|Du∗1|+

∫
Ω
|Du∗2|

in [18, 38]. By integrating the both inequalities that we mentioned, it is possible to

draw the conclusion that

1

2σ2

∫
Ω

[
|u∗1 ∧ u∗2 − f1|2 − |u∗1 − f1|2 + |u∗1 ∨ u∗2 − f2|2 − |u∗2 − f2|2

]
dx

+
1

2

∫
Ω

[log(u∗1 ∧ u∗2)− log(u∗1) + log(u∗1 ∨ u∗2)− log(u∗2)] dx,

+α

∫
Ω

(u∗1 ∧ u∗2)(log(u∗1 ∧ u∗2)− log(f1)) + (u∗1 ∨ u∗2)(log(u∗1 ∨ u∗2)− log(f2))

−u∗1(log(u∗1)− log(f))− u∗2(log(u∗2)− log(f2))dx ≥ 0.

Writing Ω = {u∗1 > u∗2} ∪ {u∗1 ≤ u∗2}, then the following inequality is easily deduced:

1

σ2

∫
u∗1>u

∗
2

(u∗1 − u∗2)(f1 − f2) + α

∫
u∗1>u

∗
2

(u∗1 − u∗2)(log(f1)− log(f2)) ≥ 0.

Taking account of f1 ≤ f2, we get that u∗1 > u∗2 must have a zero Lebesgue measure,

which means 1 ≤ u∗1 ≤ u∗2 a.e. in Ω.

1.2.3 The Extension to Blur and Noise Case

In this section, we extend the TV-log model (1.10) to a new model which restores an

image u from a blurry image with Rician noise as follows:

min
u∈S̄(Ω)

EA(u) :=
1

2σ2

∫
Ω

|Au−f |2 dx+
1

2

∫
Ω

logAu dx+α

∫
Ω

Au(logAu−log f) dx+γ

∫
Ω

|Du|,

(1.13)

where {A ≥ 0|A ∈ £(L2(Ω))} is a nonnegative blurring operator. Then we have

Au ≥ 1 with u ≥ 1. Since A is linear, we can readily establish similar properties with

the denoising model.

Theorem 4. If α ≥ 1
2
− 1

σ2 , then the model (1.13) is convex.

1.2.3.1 Existence and uniqueness to a solution of (1.13)

Consider the properties of both TV and the space of bounded variation functions, we

can get the following theorem.
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Theorem 5. Let Ω ⊂ R2 be a connected bounded set with compact Lipschitz boundary

and A ∈ £(L2(Ω)) be a nonnegative function without annihilating constant, i. e.,

A1 6= 0. If f is in L∞(Ω) with infΩ f ≥ 1, then u∗ must be the solution of model

(1.13). Furthermore, if α ≥ 1
2
− 1

σ2 and A is supposed to be injective, we may conclude

that the solution is unique.

Proof. We can similarly prove that EA is bounded from below as in the proof of

Theorem 2. A minimizing sequence {un ∈ S̄(Ω) : n = 1, 2, . . .} for (1.13) can be

chosen, with bounded {
∫

Ω
|Dun|}. Applying the Poincaré inequality in [62], we get:

‖un −mΩ(un)‖2 ≤ C

∫
Ω

|D(un −mΩ(un))| = C

∫
Ω

|Dun|, (1.14)

where mΩ(un) = 1
|Ω|

∫
Ω
un dx, |Ω| represents the measure of Ω, and C is a constant.

Since Ω is bounded, ‖un−mΩ(un)‖2 is bounded for each n. That {A(un−mΩ(un))} is

bounded in L2(Ω) and in L1(Ω) can be obtained because of continuous A ∈ L(L2(Ω)).

In addition, based on the boundedness of EA(un), ‖Aun − f‖2 is bounded, which

deduces Aun is bounded in L1(Ω). Meanwhile, we have:

|mΩ(un)| · ‖A1‖1 = ‖A(un −mΩ(un))− Aun‖1 ≤ ‖A(un −mΩ(un))‖1 + ‖Aun‖1,

which turns out that mΩ(un) is uniformly bounded, because of A1 6= 0. As we know

{un −mΩ(un)} is bounded, the boundedness of {un} in L2(Ω) and L1(Ω) is obvious.

Hence, there is a subsequence {unk} can be found to converge weakly in L2(Ω)

to a certain u∗ ∈ L2(Ω) with {Dunk} converging weakly to Du∗. Since the linear

operator A is continuous, {Aunk} also converges weakly to Au∗ in L2(Ω). Based on

the results in the Fatou’s lemma and lower semi-continuity of the total variation, we

may conclude that u∗ should be a solution of the model (1.13).

From Theorem 5, we know when α ≥ 1
2
− 1

σ2 , the model (1.13) is convex. In

addition, if we further require A to be injective, (1.13) can be strictly convex with a

minimizer of which is guaranteed to be unique.

1.2.4 Bias Correction

Since we add an entropy-like term in the proposed model (1.10) and (1.13) to get

the convexity, we find that the mean value of the restored image obtained by the
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proposed model (1.10) or (1.13) is not equal to the mean of the original image. Thus,

we make a bias correction in the end of the proposed method.

In [44], Heckelmann proposed that it is possible to approximate the mean of the

observed image f by utilizing the mean of
√
u2 + σ2 to an accuracy of better than

2% of its value when u > 2σ. Thus, we can further estimate the mean of the desired

clean image u aby

E(u) ≈ E(
√
f 2 − σ2), when u > 2σ.

On the other hand, when u ≤ 2σ, according to the degradation formula (1.1), we

know

f 2 = (u+ η1)2 + (η2)2.

Based on E(η1) = 0, we deduce the following equation

E(f 2)=E(u+ η1)2 + (η2)2)

=E(u2 + 2uη1 + η2
1 + η2

2)

=E(u2) + 2σ2.

Therefore, the mean of the clean image u can be estimated as follows

E(u) ≈ E(
√

max (f 2 − 2σ2, 0)) when u ≤ 2σ.

This is consistent with the condition u ≤ 2σ which means the SNR is low.

Overall, we estimate the mean of the clean image u in the following way:

E(u) ≈ E(
√

max(f 2 − cσ2, 0)), (1.15)

where the constant c should be nearly 1 and no larger than 2.

Assuming that un is the restored image obtained by model (1.10) or (1.13), the

above analysis suggests that we could revise it as

ûn = un + a,

where a is the mean of the difference between
√

max(f 2 − cσ2, 0) and un . In our

simulation, we choose c = 1.2. The Table 1.1 lists relative errors of three different

images by our estimation method (1.15) with c = 1.2. From Table 1.1, we can see

that the estimated results are quite good.
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Table 1.1: The values of |Aesti−Atrue|
Atrue

for different Rician noise standard variation σ

with different image u, where Aesti denotes the estimated mean value of u, while Atrue

denotes the true mean value of u.

Relative Estimation Error for different σ

Image σ = 15 σ = 20 σ = 25 σ = 30

Cameraman 0.0009 0.0044 0.0071 0.0105

Skull 0.0107 0.0054 0.0154 0.0265

Leg joint 0.0043 0.0108 0.0081 0.0027

1.2.5 Numerical Algorithms

Since the proposed model (1.10) is convex α ≥ 1
2
− 1

σ2 , there are many methods can be

implemented. For instance, split-Bregman method is one algorithm which is widely

used with its advantages like small memory footprint, easy to code, easily parallelized

for large problems; gradient method is one kind of classical methods to solve the

optimization problems; etc.. Here, we introduce the primal-dual method [19], due to

the reason that the primal-dual method is easy to implement while can be effectively

accelerated on the parallel hardware such as graphics processing units (GPUs) [19].

Moreover, it is built with the convergent theories.

Writing the model (1.10) in the discrete version, we have:

min
u∈X

1

2σ2
‖u− f‖2

2 +
1

2
〈log u, 1〉+ α〈u(log u− log f), 1〉+ γ‖∇u‖1, (1.16)

where X = {v ∈ Rn : vi ≥ 1 for i = 1, · · · , n}, f ∈ X is columnwise stacked into a

vector from a 2D pixel-array, 〈, 〉 is the vector inner product, and n is employed to

denote the number of pixels in the image. Furthermore, ‖∇u‖1 represents the discrete

version of the isotropic total variation, given as ‖∇u‖1 =
∑n

i=1

√
(∇xu)2

i + (∇yu)2
i

with ∇u = (∇xu,∇yu)> ∈ R2n, and symmetric boundary conditions are utilized for

∇ which is known as the discrete gradient operator.

Define the sum of the first three terms in (1.16) as the function G : X → R, i. e.,

G(u) =
1

2σ2
‖u− f‖2

2 +
1

2
〈log u, 1〉+ α〈u(log u− log f), 1〉.
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Using Legendre-Fenchel’s duality to represent the TV, the minimization problem in

(1.16) is written as a max-min problem:

max
p∈Y

min
u∈X

G(u)− γ〈u, div p〉, (1.17)

where p ∈ Y = {q ∈ R2n : ‖q‖∞ ≤ 1} is the dual variable, ‖ · ‖∞ denotes l∞ norm,

and div = −∇> indicates the divergence operator.

To search for the saddle point for the max-min problem in (1.17), referring to the

primal-dual algorithm in [19], we summarize the resulting algorithm in the following.

Algorithm for solving the model (1.10)

1: Fixed α, γ, σ, β, and τ . Initialize u0 = f , ū0 = f , and p0 = (0, · · · , 0)> ∈ R2n.

2: Calculate pk+1 and uk+1 from:

pk+1 = arg max
p∈Y

γ〈∇ūk, p〉 − 1

2β
‖p− pk‖2

2,

= π1(βγ∇ūk + pk) (1.18)

uk+1 = arg min
u∈X

G(u)− γ〈u, div pk+1〉+
1

2τ
‖u− uk‖2

2, (1.19)

ūk+1 = 2uk+1 − uk, (1.20)

where π1 is the projector onto the l2-normed unit ball, i. e.,

π1(qi) =
qi

max{1, |qi|}
and π1(qn+i) =

qn+i

max{1, |qi|}
, for i = 1, · · · , n,

with |qi| =
√
q2
i + q2

n+i.

3: Stop; or set k := k + 1 and go to step 2.

In the algorithm, Newton method is employed to solve the subproblem stated

in (1.19), since the strict convexity under certain condition on α has been given in

Theorem 1. In addition, based on Theorem 1 reported in [18], it is possible for us to

generate the following convergence result.

Theorem 6. The iterates (uk, pk) of the proposed algorithm must converge to a saddle

point for the model (1.10), if βτγ2‖∇‖2 < 1.
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Since ‖∇‖2 ≤ 8 has been proved in [18], we only need βτγ2 < 1
8
. In our simulation,

γ is tuned empirically, and we set β = τ =
√

8/γ, which guarantees that the proposed

algorithm is converged.

In order to extend the primal-dual algorithm to solve deblurring model (1.13), we

introduce another two variables. Based on the definition of TV, (1.13) can be written

as:

max
p∈Y,q∈Z

min
u∈X,w∈X

G(w)− γ〈u, div p〉+ 〈Au− w, q〉,

where w is the approximation of Au, and q ∈ Z = {v ∈ Rn : vi ≥ 0, i = 1, ..., n} is

the Lagrangian multiplier of the constraint Au = w. Then, we are ready to introduce

the following algorithm.

Algorithm for solving the model (1.13)

1: Fixed α, γ, σ, τ , and β. Initialize u0 = f , ū0 = f , w0 = f , w̄0 = f , p0 =

(0, · · · , 0)> ∈ R2n, and q0 = (0, · · · , 0) ∈ Rn.

2: Calculate pk+1, qk+1, wk+1 and uk+1 from:

pk+1 = arg max
p∈Y
〈γ∇ūk, p〉 − 1

2β
‖p− pk‖2

2, (1.21)

qk+1 = arg max
q∈Z
〈Aūk − w̄k, q〉 − 1

2β
‖q − qk‖2

2, (1.22)

uk+1 = arg min
u∈X
〈u,A>qk+1 − γ div pk+1〉+

1

2τ
‖u− uk‖2

2, (1.23)

wk+1 = arg min
w∈X

G(w)− 〈w, qk+1〉+
1

2τ
‖w − wk‖2

2, (1.24)

uk+1 = 2uk+1 − uk, (1.25)

wk+1 = 2wk+1 − wk, (1.26)

3: Stop; or set k := k + 1 and go to step 2.

Based on the Proposition 4.2 and Proposition 4.3 in [22], we may derive the

convergence analysis for the proposed algorithm as follows.

Theorem 7. Let x = (u,w)> and y = (p, q)>. If we choose τ and β such that

τβ ≤ 1/(1 + γ2‖∇‖2
2 + ‖A‖2

2), then the iterates (xk, yk) converge to a saddle point

19



(x∗, y∗) of (1.13).

Proof. Using Legendre-Fenchel’s duality to represent TV, model (1.13) can be read

as:

max
p∈Y,q∈Z

min
u∈X,w∈X

G(w)− γ〈u, div p〉+ 〈Au− w, q〉,

Let x = (u,w)> and y = (p, q)>, then the above optimization problem can be written

as:

max
y

min
x
G(x) + 〈Kx, y〉

where

K =

 γ∇ 0

A − I


According to the Proposition 4.2 in [22], we know, suppose that τ and β are chosen,

such that τβ < 1/‖K‖2
2, it is guaranteed that (xk, yk) converge to a saddle point

(x∗, y∗) of (1.13). In addition, we have:

‖Kx‖2 = ‖

 γ∇u

Au− w

 ‖2

≤ ‖

γ∇u
Au

 ‖2 + ‖

 0

−w

 ‖2

=
√
γ2‖∇u‖2

2 + ‖Au‖2
2 + ‖w‖2

≤
√
γ2‖∇‖2

2 + ‖A‖2
2‖u‖2 + ‖w‖2 (1.27)

When ‖x‖2 = 1, that is ‖u‖2
2 + ‖w‖2

2 = 1, we obtain

‖Kx‖2 ≤
√
γ2‖∇‖2

2 + ‖A‖2
2‖u‖2 + ‖w‖2

≤
√
γ2‖∇‖2

2 + ‖A‖2
2 + 1 ·

√
‖u‖2

2 + ‖w‖2
2 (1.28)

≤
√
γ2‖∇‖2

2 + ‖A‖2
2 + 1

Therefore, ‖K‖2 ≤
√
γ2‖∇‖2

2 + ‖A‖2
2 + 1. Nevertheless, the equality cannot be

reached. Denote α =
√
γ2‖∇‖2

2 + ‖A‖2
2, we can find that (1.28) is an equality if

and only if ‖u‖2 = α
α2+1

and ‖w‖2 = 1
α2+1

. Under this situation, ‖u‖2 < 1, and (1.27)

becomes a strict inequality. That is, ‖K‖2 <
√
γ2‖∇‖2

2 + ‖A‖2
2 + 1.

In aggregate, if we choose τ and β such that τβ ≤ 1/(1 + γ2‖∇‖2
2 + ‖A‖2

2), the

convergent condition is satisfied.
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(a) (b) (c)

Figure 1.2: Test images. (a) “Cameraman”, (b) “Phantom”, (c) “Brain”.

Since ‖∇‖2 ≤ 8 (see [18]) and ‖A‖2 ≤ 1 (see [54]), we conclude that if τβ ≤

1/(2 + 8γ2), the algorithm is convergent. In the simulation, we set τ = β = 0.7.

1.2.6 Numerical Results

Now, we report the numerical results as illustration of both effectiveness and efficiency

of our models and numerical methods in image restoration capabilities. The ROF

model and the Getreuer’s model are presented to compare with our TV-log model.

The primal-dual algorithm in [19] and the split-Bregman method in [39] are utilized

to solve the ROF model and the Getreuer’s model respectively. Meanwhile, these

three models are all able to be extended to denoise and deblur simultaneously.

The test images in our numerical experiments are presented in Figure 1.2, which

are the gray-level images “Cameraman”, “Phantom”, and “Brain”. We evaluate the

restoration image quality by the peak signal-to-noise ratio (PSNR) [45], which is a

widely used image quality assessment measure. All the simulations presented in this

section are run in Matlab R2011a.

1.2.6.1 Image denoising

In this part, the test images are corrupted by Rician noise with σ = 20 and σ = 30,

respectively. The restoration results by three different models of degraded images

“Phantom”and “Cameraman”with σ = 20, σ = 30 are respectively presented in

Figure 1.3 and Figure 1.4. Furthermore, Figure 1.5 shows the restoration results by
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these three models of degraded images “Brain ”with σ = 20 and σ = 30. The PSNR

values can be found in Table 1.2 as well as the CPU time. In addition, we have

tuned the λ values and γ value for the ROF model, Getreuer’s model as well as the

proposed model and present the ones that provide the best PSNRs. Meanwhile, the

stop criterion is designed as:
‖uk − uk+1‖2

‖uk+1‖2

< ε. (1.29)

For the denoising task, we fix ε = 10−5.

To discuss the selection of α in our model (1.10), we define

gα(u) =
1

2

∫
Ω

log u dx+ α

∫
Ω

u(log u− log f) dx.

Note that g0(u) = 1
2

∫
Ω

log u dx which is non-convex, and g 1
2
(u) = 1

2

∫
Ω

log u dx +

1
2

∫
Ω
u(log u − log f) dx which is convex. Thus, the parameter α ∈ (0, 1

2
) controls a

trade-off between the non-convexity and convexity. Roughly speaking, with a small

α our model is close to the original model obtained from the MAP estimation based

on the statistical properties of Rician noise. With a large α the model is close to

a strictly convex model which guarantees the the optimal solution to be unique.

Through many experiments, we find that a value of α ∈ (0, 1
2
) provides better results

than α ≥ 1
2
. In the numerical experiments, we set α = 0.01.

In order to compare different methods clearly, we zoom into certain regions of

the test images. From Figure 1.3 and 1.4, we can see that the algorithms for solving

all three models are monotonically decreasing. In addition, it is easy to find that

our method performs best with highest PSNR values, see Table 1.2. Meanwhile,

we find that the results from our model and the Getreuer’s model give apparently

better restoration results compared with those from the ROF model, since there is

much more noise in the restored image by ROF when the highest PSNR value by this

model is obtained. However, we must admit the fact that the time needed by ROF

to reconstruct the images is much less than another two models.

Comparing our method with the one based on solving the Getreuer’s model in

both visual and quantitative aspects, we can see that not only our method needs less

time to finish the iteration to get larger PSNR value than Getreuer’s model from

Table 1.2, but also the recovered images by our method contain more details and
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Figure 1.3: Restored results of ROF model, Getreuer’s model and our model. Row

1: Images with Rician noise σ = 20 (a) “Phantom”, (b) “Cameraman”. (c)-(e)

columns list the restored images and objective function energies of ROF model (row

2: λ = 0.06; row 4:λ = 0.085), Getreuer’s model (row 2: λ = 21; row 4:λ = 21)

and our model (row 2: γ = 0.063 and α = 0.015; row 4:γ = 0.04 and α = 0.015),

respectively.
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Figure 1.4: Restored results of ROF model, Getreuer’s model and our model. Row

1: Images with Rician noise σ = 30 (a) “Phantom”, (b) “Cameraman”. (c)-(e)

columns list the restored images and objective function energies of ROF model (row

2: λ = 0.05; row 4:λ = 0.05), Getreuer’s model (row 2: λ = 35; row 4:λ = 43) and our

model (row 2: γ = 0.046 and α = 0.01; row 4:γ = 0.026 and α = 0.01), respectively.
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Table 1.2: The comparisons of PSNR values and computational time by ROF model,

Getreuer’s model and our model for denoising case.

σ = 20 σ = 30

Images Models PSNR(dB) Time(s) PSNR(dB) Time(s)

ROF 22.13 2.33 18.52 1.61

Phantom Getreuer’s 34.66 32.39 31.44 41.31

Ours 35.86 30.51 31.96 39.99

ROF 26.86 1.94 23.34 1.66

Cameraman Getreuer’s 27.30 52.55 25.55 33.18

Ours 27.90 40.47 25.92 28.70

ROF 23.56 1.28 20.44 0.91

Brain Getreuer’s 28.32 34.76 26.87 31.11

Ours 29.48 24.31 27.34 19.25

have better contrast which is easily observed in Figure 1.3 and 1.4. For example, in

Figure 1.3, we use a red rectangle to mark the difference between the reconstructed

images by our model and Getreuer’s model. The boundary of the left ellipse in figure

“Phantom ”restored by our model is more clear than the Getreuer’s one. In addition,

information about grass background in “Cameraman ”processed by our model is more

than Getreuer’s model. Meanwhile, we find that larger the variance σ, the effects are

more significant.

For testing the capability of recovering details of all the three models, we exhibit

the results for denoising the image “Brain”in which more details exist. From the

regions marked by red rectangle in figures, we can easily find that our model removes

noise successfully with reserving more details simultaneously.
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(a) (b)

(c) (d) (e)

Figure 1.5: Restored images by different methods for restoring the image “Brain”

with different noise levels (row 2: results for σ = 20; row 3: results for σ = 30).

(a) Noisy image with σ = 20, (b) noisy image with σ = 30, (c) ROF model (row 2:

λ = 0.05; row 3: λ = 0.05), (d) Getreuer’s model (row 2: λ = 18; row 3: λ = 44), (e)

our model (row 2: γ = 0.04 and α = 0.01; row 3: γ = 0.029 and α = 0.01).
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1.2.6.2 Image deblurring and denoising

In this section, we implement experiments of restoring an image from a blurred image

with Rician noise. In our simulation, we test two kinds of blurring operators: one

is Gaussian blur with a window size 9 × 9 and a standard deviation of 1, the other

one is Motion blur with length 5 and angle 30. In addition, the blurred images are

degraded by Rician noise with σ = 20. The stopping criteria is set as ε = 10−5 in

(1.29) for this blurring part.

In Figure 1.6 and Figure1.7, we give the degraded images as well as the restoration

results accordingly generated by the three models that we considered in this thesis:

ROF, Getreuer’s and ours. Table 1.3 list the PSNR values (PSNR), and the CPU-

time (Time), similar to Table 1.2. We can easily get the conclusion that our model

is best in both visual and quantitative aspects, compared with ROF and Getreuer’s

models. For example: In visual part, in Figure 1.6 and Figure 1.7, the background

of the restored “Cameraman”image by our model is much clearer than recovered by

ROF and Getreuer’s model. Meanwhile, it is same as the outline of the covered image

“Brain”; in quantitative part, the PSNR values also show quite well with a little fault

that the time used to solve the model is much longer than the time used in the ROF

model.

Table 1.3: The comparisons of PSNR values and computational time by ROF model,

Getreuer’s model and our model for deblurring with denoising.

Gaussian Blur Motion Blur

Images Models PSNR(dB) Time(s) PSNR(dB) Time(s)

ROF 24.41 6.31 23.97 6.49

Cameraman Getreuer’s 24.58 107.20 24.06 105.25

Ours 24.98 44.68 24.48 55.40

ROF 23.47 8.02 23.27 7.65

Brain Getreuer’s 27.81 110.23 26.97 150.23

Ours 28.10 107.75 27.28 138.24
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Figure 1.6: Restored results of ROF model, Getreuer’s model and our model. Row 1:

Images with Gaussian blur and Rician noise σ = 20 (a) “Cameraman”, (b) “Brain”.

(c)-(e) columns list the restored images and objective function energies of ROF model

(row 2: λ = 0.15; row 4:λ = 0.16), Getreuer’s model (row 2: λ = 37; row 4:λ = 48)

and our model (row 2: γ = 0.03 and α = 0.01; row 4:γ = 0.02 and α = 0.01),

respectively.
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Figure 1.7: Restored results of ROF model, Getreuer’s model and our model. Row

1: Images with Motion blur and Rician noise σ = 20 (a) “Cameraman”, (b) “Brain”.

(c)-(e) columns list the restored images and objective function energies of ROF model

(row 2: λ = 0.16; row 4:λ = 0.16), Getreuer’s model (row 2: λ = 57; row 4:λ = 52)

and our model (row 2: γ = 0.03 and α = 0.01; row 4:γ = 0.02 and α = 0.01),

respectively.
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1.2.7 Discussion

In this section, we have proposed and developed a novel variational model targeting

the image restoration task for images which are corrupted by the Rician noise. By

adding an entropy-like term and approximating the modified Bessel function of the

first kind with order zero I0 based on the statistical property of the Rician noise,

the new model becomes convex under certain condition. To tackle the optimization

problem given by the proposed model, the primal-dual algorithm is considered and

applied. Finally, we have reported the simulation study results which demonstrate

the superiority of the proposed method visually and quantitatively compared with

both ROF model and the Getreuer’s model.
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1.3 Variational Model II in Restoring Blurred Im-

ages with Rician noise

1.3.1 The Proposed Convex Models for Image Deblurring

with Rician Noise

Before introducing the proposed models for denoising and deblurring, let us give one

property of the observed image f corrupted by Rician noise. In order to show this

property, the following lemma is required to be presented.

Lemma 8. Assume that a, b ∈ R. Then

|(u2 + 2au+ b2)
1
4 − u

1
2 | ≤

√
|a|+

√
|b|

is true whenever u ≥ 0 and |a| ≤ |b|.

Proof. It suffices to prove

√
u−

√
|a| −

√
|b| ≤ (u2 + 2au+ b2)

1
4 ≤
√
u+

√
|a|+

√
|b|.

The right “≤” is evident since

(
√
u+

√
|a|+

√
|b|)2 ≥ u+ |a|+ |b| ≥

√
u2 + 2au+ b2.

For the left “≤”, one may assume that
√
u ≥

√
|a|+

√
|b| because if

√
u <

√
|a|+

√
|b|,

then the left “≤” holds true all the time. Immediately, we have,

(
√
u−

√
|a| −

√
|b|)2

=u+ |a|+ |b| − 2(
√
|a|+

√
|b|)
√
u+ 2

√
|a|
√
|b|

≤u+ |a|+ |b| − 2(
√
|a|+

√
|b|)2 + 2

√
|a|
√
|b|

≤u− |a|.

Moreover, as |b| ≥ |a|, it is true that

u− |a| = (u2 − 2|a|u+ a2)
1
2 ≤ (u2 + 2au+ b2)

1
2 .

Thus,
√
u−

√
|a| −

√
|b| ≤ (u2 + 2au+ b2)

1
4 .

This completes the proof.
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Based on Lemma 8, we give the following property of f .

Proposition 9. Suppose that the variables η1 and η2 independently follow the Normal

distribution N (0, σ2). Set f =
√

(u+ η1)2 + η2
2 where u is fixed and u ≥ 0. Then we

can get the following inequality,

e =
E((
√
f −
√
u)2)

σ
≤
√

2

π
(π + 2). (1.30)

Proof. Since f =
√

(u+ η1)2 + η2
2,
√
f −
√
u can be written as√

f −
√
u = (u2 + 2η1u+ η2

1 + η2
2)

1
4 − u

1
2 .

From Lemma 8, we obtain

(
√
f −
√
u)2≤

(√
|η1|+

√
(η2

1 + η2
2)

1
2

)2

≤2
(
|η1|+ (η2

1 + η2
2)

1
2

)
.

Hence,

E((
√
f −
√
u)2) ≤ 2E(|η1|) + 2E((η2

1 + η2
2)

1
2 ).

Since η1, η2 ∼ N (0, σ2), we have

Y :=
η2

1 + η2
2

σ2
∼ χ2(2),

where χ2(2) represents s Chi-square distribution with 2 degrees of freedom [67]. Based

on the PDF of normal variables as well as Chi-square variables with 2 degrees of

freedom, we can calculate

E((η2
1 + η2

2)
1
2 )

σ
=E(
√
Y )

=

∫ +∞

0

y
1
2

1

2
e−

y
2 dy =

√
2π

2
,

E(|η1|)=
∫ +∞

−∞
|y| 1√

2πσ
e−

y2

2σ2 dy

=

√
2

π
σ.

Combining the above two equalities together, we obtain

E((
√
f −
√
u)2) ≤ (

√
2π +

2
√

2√
π

)σ.
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The Proposition 9 ensures that the value of e is always bounded. Numerically,

we can verify that for natural images and typical medical images, the real value of

e is usually very small. Indeed, in Table 1.4, we report the values of e with various

values of σ for different original images u (dynamic range is [0,255]).

Table 1.4: The values of e with various values of σ for different original images u.

Image σ = 5 σ = 10 σ = 15 σ = 20 σ = 25

Cameraman 0.0261 0.0418 0.0571 0.0738 0.0882

Bird 0.0131 0.0255 0.0371 0.0486 0.0590

Skull 0.0453 0.0754 0.1009 0.1234 0.1425

Leg joint 0.0356 0.0654 0.0906 0.1105 0.1263

1.3.1.1 Proposed Convex Variational Rician Denoising Model

Inspired by Proposition 9, we introduce one more data fitting term into the original

MAP model (1.3) to obtain the new model as following

inf
u∈S(Ω)

1

2σ2

∫
Ω

u2dx−
∫

Ω

log I0(
fu

σ2
)dx

+
1

σ

∫
Ω

(
√
u−

√
f)2dx+ γTV(u), (1.31)

where TV(u) =
∫

Ω
|Du|dx and S(Ω) := {v ∈ BV (Ω) : 0 ≤ v ≤ 255}. Here,

BV (Ω) [3] indicates the subspace of functions u ∈ L1(Ω) such that the following

quantity is finite:

J(u) = {
∫

Ω

u(x) div(ξ(x))dx/ξ ∈ C∞0 (Ω,R2),

‖ξ‖L∞(Ω,R2) ≤ 1}.

The box constraint 0 ≤ u ≤ 255 is widely used in image processing [50, 52]. In

the coming section, we will show that the above model is strictly convex under mild

condition.

In medical image processing, we are often required to deal with a certain kind of

image which can be easily segmented into two parts: foreground part and background
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part. In the background part, the pixel values are all zero. For such kind of image,

we segment the image and perform denoising and deblurring only on the foreground

image since there is no information in the background. In this case, we replace Ω

with Ω/ΩB in model (1.31) where ΩB represents the background set. In the numerical

experiments, we take MR image “Brain” as illustration.

1.3.1.2 Existence and Uniqueness Results

To prove the existence and uniqueness of the solution to model (1.31), we study on

the convexity of the model firstly. As a prerequisite, we give the following lemma.

Lemma 10. Let h(t) = t
3
2

(I0(t)+I2(t))I0(t)−2I2
1 (t)

I2
0 (t)

. Then 0 ≤ h(t) < 1 on [0, 3902].

Proof. When t = 0, we have I0(0) = 1, I1(0) = I2(0) = 0, so h(t) = 0. When t > 0,

by the recurrence formulas of the solutions of the modified Bessel function in [85], we

have

I2(x) = I0(x)− 2

x
I1(x).

By denoting y(t) = I1(t)
I0(t)

, we have h(t) can be expressed as follows:

h(t) = 2t
3
2 [1− 1

t
y(t)− y(t)2].

It’s sufficient to prove

y(t) > − 1

2t
+

√
1− 1

2t
3
2

+
1

4t2
(1.32)

for any 0 < t ≤ 3902 if we want to prove 0 ≤ h(t) < 1.

Based on the continued fractions expression of Iν(t)
Iν−1(t)

in [85] with the assumption

Iν−1(t) 6= 0, it is easy to see that when ν = 1, I0(t) > 0,

I1(t)

I0(t)
=

1
2
t

1+

1
4
t2/2

1+

1
4
t2/6

1+

1
4
t2/12

1+

1
4
t2/20

1+
. . .

>
1
2
t

1+

1
4
t2/2

1+

1
4
t2/6

1+

1
4
t2/12

1+

=
4t(48 + 3t2)

8(48 + 3t2) + t2(48 + t2)
.

So it suffices to prove

4t(48 + 3t2)

8(48 + 3t2) + t2(48 + t2)
≥ − 1

2t
+

√
1− 1

2t
3
2

+
1

4t2
. (1.33)
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Let z =
√
t, we have that (1.33) can be written as

Z(z)=(2z16 + 48z15 + 288z12 + 11904z8

+110592z4 + 294912)− (4z19 + 1152z11 + 294912z3)

≡A(z)−B(z) ≥ 0.

Select zi = 0.01 ∗ (i − 1), using MATLAB, we may calculate the above function

Z(z) where Z(zi) = A(zi) − B(zi) > 0,∀i = 1, ..., 201. Meanwhile, we know for any

z ∈ [zi−1, zi], i = 2, ..., 201, |zi − zi−1| = 0.01,

Z(z) > A(zi−1)−B(zi).

Calculating A(zi−1)−B(zi) using MATLAB, we get for for i = 2, ..., 201,

A(zi−1)−B(zi) > 0.

Thus, we conclude that (1.33) holds for 0 < z ≤ 2, i.e., 0 < t ≤ 4.

In [36], Formulas (9.8.2) and (9.8.4) give the polynomial approximations of t
1
2 e−tI0(t)

and t
1
2 e−tI1(t) respectively for t ≥ 3.75 as follows

t
1
2 e−tI0(t)

= 0.39894228 + 0.01328592w−1 + 0.00225319w−2

− 0.00157565w−3 + 0.00916281w−4 − 0.02057706w−5

+ 0.02635537w−6 − 0.01647633w−7 + 0.00392377w−8

+ ε0, |ε0| < 1.9× 10−7

t
1
2 e−tI1(t)

= 0.39894228− 0.03988024w−1 − 0.00362018w−2

+ 0.00163801w−3 − 0.01031555w−4 + 0.02282967w−5

− 0.02895312w−6 + 0.01787654w−7 − 0.00420059w−8

+ ε1, |ε1| < 2.2× 10−7,
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where w = t
3.75

. So we denote v = w−1, and give the following definitions:

C0(v)=0.39894228 + 0.01328592v + 0.00225319v2

+0.00916281v4 + 0.02635537v6

+0.00392377v8 + |ε0|,

D0(v)=0.00157565v3 + 0.02057706v5 + 0.01647633v7,

C1(v)=0.39894228 + 0.00163801v3 + 0.02282967v5

+ 0.01787654v7,

D1(v)=0.03988024v + 0.00362018v2 + 0.01031555v4

+ 0.02895312v6 + 0.00420059v8 + |ε1|.

Thus,
I1(t)

I0(t)
>
C1(v)−D1(v)

C0(v)−D0(v)
.

What we want to prove is transferred into

C1(v)−D1(v)

C0(v)−D0(v)
≥ − v

3.75
+

√
1− 1

2
(
v

3.75
)

3
2 +

1

4
(
v

3.75
)2. (1.34)

Let us denote α = v
1
2 , we simplify (1.34) as the following inequality,

E(α)− F (α) ≥ 0, (1.35)

where

E(α) ≡0.028172379280α11 + 0.079495137490α15

+ 0.011465887700α19 + 0.0037800230360α23

+ 0.0055948339250α27 + 0.0018524257440α31

+ 0.010820557840α18 + 0.018990475470α20

+ 0.039847515640α24 + 0.021617041410α28

+ 0.0022168115010α32 + .6164050299α3

+ 0.000059628339330α35 + 0.041056084680α5

+ 0.0076464389140α7 + .1409786028α6

+ 1.974703980α10 + 1.628367766α14

+ 0.0011738925590α2,
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and

F (α) ≡0.0016658780970α21 + 0.0054180558250α25

+ 0.0039890134660α29 + 0.00050077155190α33

+ .8804467730α8 + 2.545996803α12

+ .4240716899α16 + 0.033477345850α22

+ 0.034871745910α26 + 0.0089576010460α30

+ 0.00024723223530α34 + 1.924496377 · 10−15α36

+ 0.0046371849340α9 + 0.062671663900α13

+ 0.048673748070α17 + 0.000018401211970

+ .3432139728α4.

Similarly, select αi = 0.03+0.001i, for i = 1, ..., 970. Then, we calculate E(αi)−F (αi)

using MATLAB, and get

E(αi)− F (αi) > 0, for i = 1, ..., 970.

Easily, we know for any α ∈ [αi−1, αi], i = 2, ..., 970,

E(α)− F (α) > E(αi−1)− F (αi).

Again, we calculate that E(αi−1) − F (αi) > 0 for i = 2, ..., 970 using MATLAB.

Thus, we know (1.35) holds for 0.031 ≤ α ≤ 1 which deduces that (1.34) holds for

0.000961 ≤ v ≤ 1, i.e., when 3.75 ≤ t ≤ 3902, we have (1.32) holds.

Overall, we have proved that 0 ≤ h(t) < 1 on [0, 3902].

Based on the above lemma, the following proposition holds.

Proposition 11. The model (1.31) is strictly convex with the constraint σ ≥ σ0 :=√
255
3902

supΩ f .

Proof. With t ∈ R+, a function g can be defined as

g(t) = − log I0(t)− 2
√
t.

As a consequence, the second order derivative of g is expressed as follows:

g′′(t) = −(I0(t) + I2(t))I0(t)− 2I2
1 (t)

2I2
0 (t)

+
1

2
t−

3
2 .

37



Since 1 > t
3
2

(I0(t)+I2(t))I0(t)−2I2
1 (t)

I2
0 (t)

when 0 ≤ t ≤ 3902, we have

g′′(t) > 0,

when 0 ≤ t ≤ 3902, which means that g is convex. Moreover, as g is strictly

decreasing, g is strictly convex on 0 ≤ t ≤ 3902.

Set t = f(x)u(x)
σ2 for each x ∈ Ω, and we get that the first three terms in (1.31) is

strictly convex with the constraint σ ≥ σ0 :=
√

255
3902

supΩ f . In addition, as TV is

convex, the model (1.31) is strictly convex if σ ≥ σ0.

Remark 12. The proposed model (1.31) is convex with the constraint σ ≥ σ0 =√
255
3902

supΩ f . From (1.1), numerically we always have supΩ f ≤ 255 + 12σ. Thus,

more concisely, we can say that the model (1.31) is convex if σ ≥ 4.5. At the same

time, this constraint is consistent with our purpose of removing the Rician noise in

the low SNR case because when σ < 4.5, i.e., the SNR value is high, such that the

Rician noise might be approximated quite well by well-known Gaussian noise, referred

from [1,7], then we can use the models in [11,14,18,23,33,66,72] to solve the problem.

Based on Proposition 11, the following existence and uniqueness results hold.

Theorem 13. Let f be in L∞(Ω) with infΩ f > 0, then the model (1.31) with the

constraint σ ≥
√

255
3902

supΩ f has a unique solution u∗ in BV (Ω) satisfying

0 <
σ2

(2 supΩ f + σ)2
inf
Ω
f ≤ u∗ ≤ sup

Ω
f.

Proof. Set c1 = σ2

(2 supΩ f+σ)2 infΩ f , c2 = supΩ f , and define two functions as follows,

E0(u)=
1

2σ2

∫
Ω

u2dx−
∫

Ω

log I0(
fu

σ2
)dx

+
1

σ

∫
Ω

(
√
u−

√
f)2dx,

E1(u)=E0(u) + γ

∫
Ω

|Du|dx, (1.36)

where E1(u) is the objective function in model (1.31).

According to the integral forms of the modified Bessel functions of the first kind

with integral orders n in (1.5), we have

I0(x) =
1

π

∫ π

0

ex cos θdθ ≤ ex, ∀x ≥ 0, (1.37)
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from which we can easily get: for each fixed x ∈ Ω, − log I0(f(x)t
σ2 ) ≥ −f(x)t

σ2 with

t ≥ 0. Based on the definition of E0(u) and E1(u), we have

E1(u) ≥ E0(u)≥ 1

2σ2

∫
Ω

u2dx−
∫

Ω

log I0(
fu

σ2
)dx

≥
∫

Ω

(
1

2σ2
u2 − fu

σ2
)dx

≥− 1

2σ2

∫
Ω

f 2dx.

This leads to that E1(u) in (1.36) is bounded below.

For the rest part of the proof which derives the existence and uniqueness of the

optimal solution u∗ of model (1.31), please see the proof of the nether Theorem 18,

since it is a special case that A is an identical operator of the Theorem 18.

Furthermore, for an arbitrary x ∈ Ω, let us define a real function g on R+
⋃
{0}

as

g(t) =
1

2σ2
t2 − log I0

(f(x)t

σ2

)
+

1

σ
(
√
t−
√
f(x))2.

Then,

g′(t) =
1

σ2
t− f(x)

σ2

I1

(
f(x)t
σ2

)
I0

(
f(x)t
σ2

) +
1

σ
(1−

√
f(x)

t
).

Also from (1.5), we can easily deduce that −1 ≤ I1(x)
I0(x)
≤ 1 with x ≥ 0.

Therefore, if t > f(x), we get

g′(t)>
1

σ2
f(x)− f(x)

σ2
+

1

σ
(1−

√
f(x)

t
)

=
1

σ
(1−

√
f(x)

t
) > 0,

else if 0 ≤ t < σ2

(2f(x)+σ)2f(x) ≤ f(x),

g′(t)<
2f(x)

σ2
+

1

σ
(1−

√
f(x)

t
)

≤2f(x)

σ2
+

1

σ
(1− 2f(x) + σ

σ
) = 0.

In other words, from the above two inequalities, we know g(t) is increasing if t ∈

(f(x),+∞) and decreasing if 0 ≤ t < σ2

(2f(x)+σ)2f(x). This implies that g(min (t, V )) ≤
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g(t) if V ≥ f(x). Furthermore, with
∫

Ω
|D inf(u, c2)| ≤

∫
Ω
|Du| obtained from Lemma

1 in [48], we have

E1(inf(u, c2)) ≤ E1(u).

Similarly, we can get E1(sup(u, c1)) ≤ E1(u). Hence, the unique solution u∗ to the

model (1.31) should be restricted in [c1, c2].

1.3.1.3 Minimum-Maximum Principle

We now illuminate the minimum-maximum principle. The following two lemmas are

needed for the proof of the principle.

Lemma 14. The function I0(x) is strictly log-convex for all x > 0.

Proof. To show that the function I0(x) is strictly log-convex in (0,+∞), it suffices

to prove that its logarithmic second-order derivative is positive in (0,+∞) by the

following reasons:

(log I0(x))′′ =
1
2
(I0(x) + I2(x))I0(x)− I1(x)2

I2
0 (x)

.

From (1.5), we get:

I1(x) =
1

π

∫ π

0

cos θex cos θdθ,

I2(x) =
1

π

∫ π

0

cos 2θex cos θdθ.

Then, using Cauchy-Schwarz inequality, we obtain

1

2
(I0(x) + I2(x))I0(x)

=
1

π

∫ π

0

1 + cos 2θ

2
ex cos θdθ · 1

π

∫ π

0

ex cos θdθ

=
1

π

∫ π

0

cos2 θex cos θdθ · 1

π

∫ π

0

ex cos θdθ

≥(
1

π

∫ π

0

cos θex cos θdθ)2 = (I1(x))2.

Since cos θe
1
2
x cos θ and e

1
2
x cos θ are not linear dependent when θ changes, the strict

inequality in above holds. Thus, the lemma is finished.
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Lemma 15. Let g(x) be a strictly convex and strictly increasing function in (0,+∞).

Meanwhile, let g(x) be differentiable. Assume that 0 < a < b, 0 < c < d, then we

have: g(ac) + g(bd) > g(ad) + g(bc).

Proof. Since g(x) is strictly convex on (0,+∞), g′(x) is increasing on (0,+∞).

By symmetry, let us assume that bc ≥ ad. Then we have

g(bd)− g(bc)≥g′(bc)b(d− c)

≥g′(ad)b(d− c)

>g′(ad)a(d− c)

≥g(ad)− g(ac).

This completes the proof.

Based on Theorem 13, Lemma 14 and Lemma 15, we can further establish the

following comparison principle (minimum-maximum principle).

Proposition 16. Let f1 and f2 be in L∞(Ω) with infΩ f1 > 0 and infΩ f2 > 0.

Suppose u∗1 (resp. u∗2) is a solution of model (1.31) with f = f1 (resp. f = f2).

Assume that f1 < f2, then we have u∗1 ≤ u∗2 a.e. in Ω.

Proof. Note that u∗1 ∧ u∗2 := inf(u∗1, u
∗
2), u∗1 ∨ u∗2 := sup(u∗1, u

∗
2). In addition, Ei

1(u)

denotes E1(u) defined in (1.36) with f = fi. Due to the reason that u∗1 (resp. u∗2)

should be an optimal solution of model (1.31) with f = f1 (resp. f = f2), we can

easily get

E1
1(u∗1 ∧ u∗2) ≥ E1

1(u∗1),

E2
1(u∗1 ∨ u∗2) ≥ E2

1(u∗2).

Adding both of above two inequalities together, and using the fact that
∫

Ω
|D(u∗1 ∧
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u∗2)|+
∫

Ω
|D(u∗1 ∨ u∗2)| ≤

∫
Ω
|Du∗1|+

∫
Ω
|Du∗2|, we obtain∫

Ω

1

2σ2
(u∗1 ∧ u∗2)2 − log I0(

f1(u∗1 ∧ u∗2)

σ2
)

+
1

σ
(
√
u∗1 ∧ u∗2 −

√
f1)2dx+

∫
Ω

1

2σ2
(u∗1 ∨ u∗2)2

− log I0(
f2(u∗1 ∨ u∗2)

σ2
) +

1

σ
(
√
u∗1 ∨ u∗2 −

√
f2)2dx

≥
∫

Ω

1

2σ2
(u∗1)2 − log I0(

f1u
∗
1

σ2
) +

1

σ
(
√
u∗1 −

√
f1)2dx

+

∫
Ω

1

2σ2
(u∗2)2 − log I0(

f2u
∗
2

σ2
) +

1

σ
(
√
u∗2 −

√
f2)2dx.

As Ω can be expressed by Ω = {u∗1 > u∗2} ∪ {u∗1 ≤ u∗2}, it is clear that∫
Ω

((u∗1 ∧ u∗2)2 + (u∗1 ∨ u∗2)2)dx =

∫
Ω

((u∗1)2 + (u∗2)2)dx.

Based on Ω = {u∗1 > u∗2} ∪ {u∗1 ≤ u∗2}, the above inequality can be simplified as

follows ∫
{u∗1>u∗2}

[log
I0(

f1u∗1
σ2 )I0(

f2u∗2
σ2 )

I0(
f1u∗2
σ2 )I0(

f2u∗1
σ2 )

+
1

σ
(
√
u∗1 −

√
u∗2)(

√
f1 −

√
f2)]dx ≥ 0.

Since I0(t) is exponentially increasing function from [5], we get log I0 is strictly in-

creasing. Based on Lemma 14 and Lemma 15, we can easily get that if f1 < f2 and

u∗1 > u∗2,

log I0(
f1u

∗
1

σ2
) + log I0(

f2u
∗
2

σ2
) < log I0(

f1u
∗
2

σ2
) + log I0(

f2u
∗
1

σ2
),

which is equivalent to

log
I0(

f1u∗1
σ2 )I0(

f2u∗2
σ2 )

I0(
f1u∗2
σ2 )I0(

f2u∗1
σ2 )

< 0.

Hence, from the assumption f1 < f2, we conclude that u∗1 > u∗2 has zero Lebesgue

measure ,which means u∗1 ≤ u∗2 a.e. in Ω.

1.3.1.4 Proposed Extensional Convex Variational Model for Simultane-

ous Deblurring and Rician Denoising

Our model (1.31) that has been introduced is mainly motivated by MAP estimation,

and particularly adapt to the Rician denoising. In this stage, we are ready to extend
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it to the case in which we need to deblur and denoise simultaneously. The format of

the magnitude degraded image f under Rician noise and blur is given by,

f =
√

(Au+ η1)2 + η2
2, (1.38)

where A ∈ L(L2(Ω)) denotes a nonnegative and linear blurring operator which is

known. In this thesis, we focus on the situations that blur occurring in image is

the identical operator (for denoising only), Gaussian blur or Motion blur. Hence,

the restoration is conducted by seeking for the optimal solution to the following

optimization problem

inf
u∈S(Ω)

1

2σ2

∫
Ω

(Au)2dx−
∫

Ω

log I0(
Auf

σ2
)dx

+
1

σ

∫
Ω

(
√
Au−

√
f)2dx+ γTV(u). (1.39)

Here, A is nonnegative and A1 = 1. Readily we have: 0 ≤ Au ≤ 255.

Since A is linear, incorporating with Proposition 11 and Theorem 13, we can

easily obtain the following results.

Proposition 17. The model (1.39) is convex with the constraint σ ≥ σ0 =
√

255
3902

supΩ f .

Theorem 18. Assume that A ∈ L(L2(Ω)) is nonnegative, and it does not annihilate

constant functions, i.e., A1 6= 0. Let f be in L∞(Ω) with infΩ f > 0, then the model

(1.39) has a solution u∗. Moreover, if A is injective and the model (1.39) has the

constraint σ ≥ σ0 =
√

255
3902

supΩ f , then the solution is unique.

Proof. Let us first define EA(u) to be

EA(u)=
1

2σ2

∫
Ω

(Au)2dx−
∫

Ω

log I0(
Auf

σ2
)dx

+
1

σ

∫
Ω

(
√
Au−

√
f)2dx+ γ

∫
Ω

|Du|dx.

We can similarly prove that EA is bounded from below as in the proof of Theorem

13. Thus, we choose a minimizing sequence {un ∈ S(Ω) : n = 1, 2, . . .} for (1.39),

and have that {
∫

Ω
|Dun|} is bounded. Applying the Poincaré inequality in [62], we

get

‖un −mΩ(un)‖2 ≤ C

∫
Ω

|D(un −mΩ(un))| = C

∫
Ω

|Dun|, (1.40)
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where mΩ(un) = 1
|Ω|

∫
Ω
un dx, |Ω| represents the measure of Ω, and C is a constant.

As Ω is bounded, ‖un −mΩ(un)‖2 is bounded for each n. That {A(un −mΩ(un))} is

bounded in L2(Ω) and in L1(Ω) can be obtained because of continuous A ∈ L(L2(Ω)).

In addition, based on the boundedness of EA(un), ‖
√
Aun −

√
f‖2 is bounded,

which guarantees that Aun must be also bounded in L1(Ω). Meanwhile, we have:

|mΩ(un)| · ‖A1‖1=‖A(un −mΩ(un))− Aun‖1

≤‖A(un −mΩ(un))‖1 + ‖Aun‖1,

which turns out that mΩ(un) is uniformly bounded, because of A1 6= 0. As we know

that {un − mΩ(un)} is bounded, the boundness of {un} in L2(Ω) and in L1(Ω) is

obvious.

Hence, there is a subsequence {unk} can be found to converge weakly in L2(Ω)

to certain u∗ ∈ L2(Ω) with {Dunk} weakly-∗ converging to Du∗. Since the linear

operator A is continuous, we have that {Aunk} also converges weakly to Au∗ in

L2(Ω). By employing both Fatou’s lemma and lower semi-continuity of the TV, it is

possible to draw the conclusion that u∗ is a solution of the model (1.39).

Furthermore, if A is injective, then its minimizer has to be unique since (1.39) is

strictly convex with the constraint σ ≥ σ0.

1.3.2 Bias Correction

In order to propose the convex model (1.31) or (1.39), we add another data fitting term

into the original MAP model (1.3) whose fidelity term involves the Rician probability

distribution. But, as a result, the mean of the restored image obtained by model

(1.31) or (1.39) is not equal to the mean of the clean image. To overcome this

drawback, our method ends up with a bias correction, which is same with the bias

correction introduced in above subsection 1.2.4.

1.3.3 Numerical Algorithms

As model (1.31) is convex when σ ≥ σ0, there are many methods available in the

literature that are capable of solving the optimization problem in (1.31) efficiently.

For instance, the well-known Split-Bregman method [39] has been widely applied
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because it requires small memory footprint, and is easy to implement; besides, the

gradient method [70] is also a possible candidate for tackling such kind of optimiza-

tion problem. In particular, we propose to employ the primal-dual method [19] based

on the fact that the primal-dial algorithm is easy to implement and it might be effec-

tively accelerated by performing on a parallel hardware such as graphics processing

units (GPUs). Moreover, the primal-dual method is equipped with the convergence

theories, see [19].

In order to give a brief expression, we denote the sum of the first three terms in

(1.31) as the function G : X → R, that is,

G(u) =
1

2σ2
‖u‖2

2 − 〈log I0(
fu

σ2
), 1〉+

1

σ
‖
√
u−

√
f‖2

2.

Then, the proposed model (1.31) can be written into the following discrete formula

min
u∈X

0≤u≤255

G(u) + γ‖∇u‖1, (1.41)

where X = {v ∈ Rn : vi ≥ 0 for i = 1, · · · , n}, f ∈ X is columnwise stacked into a

vector from a 2D pixel-array and 〈u, v〉 =
∑n

i=1 uivi is the vector inner product with

that n indicates the number of pixels in the image. Furthermore, the discrete version

of the isotropic TV is denoted by ‖∇u‖1. More precisely, ‖∇u‖1 is defined as

‖∇u‖1 =
n∑
i=1

√
(∇xu)2

i + (∇yu)2
i ,

with ∇u = (∇xu,∇yu)> ∈ R2n. In addition, symmetric boundary conditions are

employed here for ∇.

According to the duality of the TV, the primal-dual formulation of the optimiza-

tion problem in (1.41) can be derived as

max
p∈Y

min
u∈X

0≤u≤255

G(u)− γ〈u, div p〉, (1.42)

where Y = {q ∈ R2n : ‖q‖∞ ≤ 1}, ‖·‖∞ indicates the l∞-vector-norm and p represents

the dual variable while div denotes the divergence operator with div = −∇>. Then

the proposed algorithm based on primal-dual method can be summarized as follows.
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Algorithm for solving the model (1.31)

1: Fixed τ and β. Initialize u0 = f , ū0 = f , and p0 = (0, · · · , 0)> ∈ R2n.

2: Calculate pk+1 and uk+1 from

pk+1=arg max
p∈Y

γ〈∇ūk, p〉 − 1

2β
‖p− pk‖2

2

=π1(βγ∇ūk + pk), (1.43)

uk+1=arg min
u∈X

0≤u≤255

G(u)− γ〈u, div pk+1〉

+
1

2τ
‖u− uk‖2

2, (1.44)

ūk+1=2uk+1 − uk, (1.45)

where π1 is the projector onto the l2-normed unit ball, i. e.,

π1(qi) =
qi

max{1, |qi|}
and π1(qn+i) =

qn+i

max{1, |qi|}
,

for i = 1, · · · , n, with |qi| =
√
q2
i + q2

n+i.

3: Stop; or set k := k + 1 and go to step 2.

By considering the results introduced in Theorem 1 of [18], we may give the

following convergence result.

Proposition 19. The iterates (uk, pk) of our algorithm converge to a saddle point of

(1.31), if βτγ2‖∇‖2 < 1.

Based on the result ‖∇‖2 ≤ 8 proposed in [18], we only need βτγ2 < 1
8
. While,

in our simulation, γ is tuned empirically, and we set β = 8/γ, τ = 0.015/γ, which

already can ensure the convergence of the algorithm.

As the original objective function in (1.44) is strictly convex, the corresponding

nonlinear equation G′(u) − γ div(pk+1) + 1
τ
(u − uk) = 0 has a unique solution and

the solution can be solved very efficiently by utilizing the Newton’s method (See

[32,37,46]). Since in [37], Getreuer et al. used one iteration of Newton’s method for

the subproblem z(x) of the Getreuer’s model, to be fair, in our simulation, we also

utilize one iteration of Newton’s method to find the solution of (1.44). In practice,
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convergence occurs. While, there exists a theoretical gap between the Proposition

19 and our algorithm with the inexact sub-solution. But this gap can be almost

annihilated by applying more iterations of Newton’s method [32, 46]. We will study

and handle this problem in our future works.

Next, we introduce two new variables v ∈ R2n and w ∈ Rn and reformulate the

deblurring model (1.39) into the following optimization problem:

min
u,v,w

0≤u,w≤255

G(w) + γ‖v‖1 subject to v = ∇u,w = Au.

Again we use primal-dual algorithm to solve the proposed model. First, let us consider

the following the primal-dual optimization problem:

min
u,v,w

0≤u,w≤255

max
p,q

G(w) + γ‖v‖1 + 〈v −∇u, p〉+ 〈w − Au, q〉,

where q ∈ Rn. The resulting algorithm is summarized as follows.
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Algorithm for solving the model (1.39)

1: Fixed τ and β. Initialize u0 = ū0 = w0 = w̄0 = f , v0 = ∇(u0),

p0 = (0, · · · , 0)> ∈ R2n, and q0 = (0, · · · , 0) ∈ Rn.

2: Calculate pk+1, qk+1, wk+1 and uk+1 from

pk+1=arg max
p
〈v̄k −∇ūk, p〉 − 1

2β
‖p− pk‖2

2

=pk + β(v̄k −∇ūk), (1.46)

qk+1=arg max
q
〈w̄k − Aūk, q〉 − 1

2β
‖q − qk‖2

2

=qk + β(w̄k − Aūk), (1.47)

uk+1=arg min
0≤u≤255

〈u, γ div pk+1 − A>qk+1〉

+
1

2τ
‖u− uk‖2

2

=uk + τ(A>qk+1 − div pk+1), (1.48)

vk+1=arg min
v
γ‖v‖1 + 〈v, pk+1〉+

1

2τ
‖v − vk‖2

2, (1.49)

wk+1=arg min
0≤w≤255

G(w) + 〈w, qk+1〉

+
1

2τ
‖w − wk‖2

2, (1.50)

uk+1=2uk+1 − uk, (1.51)

vk+1=2vk+1 − vk, (1.52)

wk+1=2wk+1 − wk, (1.53)

3: Stop; or set k := k + 1 and go to step 2.

The solution of (1.49) is solved explicitly by applying the soft-threshold operator.

Let us denote tk = vk − τpk+1, then we have

vk+1 =
tk

|tk|
max {|tk| − τγ, 0}. (1.54)

Based on the Proposition 4.2 and Proposition 4.3 in [22], the following convergence

property of the Algorithm for solving (1.39) holds.

Proposition 20. Let x = (u,w)> and y = (p, q)>. If we choose τ and β such that

τβ < 1/(2+‖∇‖2
2+‖A‖2

2), then the iterates (xk, yk) converge to a saddle point (x∗, y∗)
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of (1.39).

In our simulation, we solve wk+1 in (1.50) by one iteration of Newton’s method as

what we have done for (1.44) because of the strict convexity of the objective function

in (1.50) (See [32, 37, 46]). In this particular case, there also exists a theoretical gap

between Proposition 6 and our algorithm, which can be almost annihilated by more

iteration.

(a) (b) (c)

(d)

Figure 1.8: Original images. (a) “Cameraman”, (b) “Lumbar spine ”, (c) “Brain”,

(d) “Liver”.

1.3.4 Numerical Results

In this section, we introduce the experimental results to demonstrate the effectiveness

and efficiency of the proposed method in image restoration. In total, we use four

images for testing: one natural image “Cameraman” (256 × 256), and three MR

images “Lumbar spine” (200× 200), “Brain” (217× 181) and ‘Liver” (214× 304), see

Figure 1.8. The comparison is made between the proposed model with the non-convex

MAP model and the convex Getreuer’s model proposed in [37]. These two models are
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both efficient for recovering the blurred images with Rician noise. Besides regarding

to the quality of the restored images, we also measure the results quantitatively by

two different evaluation metrics: the peak-signal-to-noise ratio (PSNR) value [45] and

structural similarity (SSIM) value [75] which are commonly used in image processing.

All the experiments are executed on a ACPI×64-based PC with 3.3GHz CPU and

Matlab 7.12.0 (R2011a).

For the MAP model (1.3), we use the L2 gradient method to solve it which has

been implemented in [37]. We fix the step size dt = 0.1 as mentioned in [37]. The

maximum iteration number we set for the proposed algorithm is 1,000. For the

Getreuer’s model (1.7), the Split Bregman method is employed as recommended

in [37] with 40 Bregman iterations. For our proposed approach, the primal-dual

algorithm is implemented. The primal-dual gap [19] as our stopping criterion are

selected for the convergence assessment. In the simulation, we observe that running

25 iterations is enough for the convergence (see Figure 1.9). Meanwhile, we have

compared the results obtained by 25 iterations and 5000 iterations from PSNR, SSIM

values, and l1-, l2-norm of the difference between u25 and u5000, see Table 1.5. Here,

l1(x) =
∑

i |xi|/n and l2(x) =
√∑

i x
2
i /n where x ∈ Rn. From Table 1.5, we can see

that the results obtained by 25 iterations and 5000 iterations are almost same which

means that 25 iterations are enough. In addition, we have tuned the λ-values and

µ-values for MAP model, the Getreuer’s model as well as the proposed model and

present the ones that provide the best PSNRs.
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Figure 1.9: (a) The convergence curve (i.e., the sequence of the primal-dual gap) of

Figure 1.10. (b) The sequence of the relative difference εk = ‖uk+1−uk‖F
‖uk‖F

of Figure

1.10. Here, ε24 = 3.02× 10−4.
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1.3.4.1 Image denoising

In the denoising case, the test images are degraded by Rician noise with standard

deviation σ = 20 and σ = 30, respectively. In these two cases, our model (1.31) is

strictly convex.

(a) Original (b) MAP: 27.47 (c) Getreuer’s:

27.28

(d) Ours: 27.82

(e) Noisy: 22.09 (f) Residual of

MAP

(g) Residual of

Getreuer

(h) Residual of

Ours

Figure 1.10: Results and PSNR values of different methods for removing the Rician

noise with σ = 20 in natural image “Cameraman”. Row 1: the recovered images with

different methods. Row 2: the residual images with different methods. (a) Zoomed

original “Cameraman”, (b) MAP model (γ = 0.05), (c) Getreuer’s model (λ = 20),

(d) Our proposed model (γ = 0.05), (e) Noisy “Cameraman” with σ = 20, (f)-(h)

are residual images of MAP model, Getreuer’s model and ours, respectively.

In Figure 1.10, 1.11, 1.12, 1.13, we show the results of the three methods. As

can be seen, all the three methods can enhance the noisy images. Our method

visually outperforms the MAP and the Getreuer’s model. Note that in the restoration

image of Getreuer’s method, the color contrast of the recovered image seems much

worse than the other two methods; see, in particular, the color of the trousers of
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(a) Original (b) MAP: 27.52 (c) Getreuer’s:

27.57

(d) Ours: 28.18

(e) Noisy: 21.94 (f) Residual of

MAP

(g) Residual of

Getreuer

(h) Residual of Ours

Figure 1.11: Results and PSNR values of different methods for removing the Rician

noise with σ = 20 in MR image “Lumbar Spine”. Row 1: the recovered images with

different methods. Row 2: the residual images with different methods. (a) Original

“Lumbar Spine”, (b) MAP model (γ = 0.05), (c) Getreuer’s model (λ = 25), (d)

Our proposed model (γ = 0.045), (e) Noisy “Lumbar Spine” with σ = 20, (f)-(h) are

residual images of MAP model, Getreuer’s model and ours, respectively.

the Cameraman and the gray matter of the Brain and Liver. In order to compare

the color contrast and details of the restoration, we also provide the residual images

of the three methods, see Figure 1.10, 1.11, 1.12, 1.13, which are quite intuitive.

Furthermore, the restoration results of the method preserve more details compared

with the MAP and Getreuer’s method, see the lawn in Figure 1.10. In addition, it can

be observed that in visual aspect, the image quality of the recovered images for the

proposed method and the MAP method in Figure 1.10 are quite similar. However,

two most obvious drawbacks of the MAP method are time-consumption (see Table

1.6) and instability of its results. Therefore, compared with the MAP method, the

proposed approach is more favorable regarding time and stability issues.
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(a) Original (b) MAP: 22.70 (c) Getreuer’s:

25.84

(d) Ours: 26.56

(e) Noisy: 17.60 (f) Residual of

MAP

(g) Residual of

Getreuer

(h) Residual of Ours

Figure 1.12: Results and PSNR values of different methods for removing the Rician

noise with σ = 30 in MR image “Brain”. Row 1: the recovered images with different

methods. Row 2: the residual images with different methods. (a) Original “Brain”,

(b) MAP model (γ = 0.033), (c) Getreuer’s model (λ = 25), (d) Our proposed model

(γ = 0.035), (e) Noisy “Brain” with σ = 30, (f)-(h) are residual images of MAP

model, Getreuer’s model and ours, respectively.
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Table 1.5: The comparisons of PSNR values, SSIM values by 25 iterations and by 5000

iterations, l1-, l2-norm of the difference between u25 and u5000. Here, the dynamic

range of the image is [0, 255].

iter=25 iter=5000 u25 − u5000

Image PSNR SSIM PSNR SSIM l1-norm l2-norm

Figure 1.10 27.82 0.8221 27.84 0.8232 0.6058 0.8215

Figure 1.11 28.18 0.7743 28.14 0.7723 0.5279 0.7200

Figure 1.12 26.56 0.8067 26.57 0.8088 0.4037 0.6738

Figure 1.13 26.78 0.7326 26.76 0.7327 0.7362 0.9692

Average 27.34 0.7839 27.33 0.7843 0.5684 0.7961

(a) Original (b) MAP: 26.01 (c) Getreuer’s:

26.29

(d) Ours: 26.78

(e) Noisy: 18.82 (f) Residual of

MAP

(g) Residual of

Getreuer

(h) Residual of Ours

Figure 1.13: Results and PSNR values of different methods for removing the Rician

noise with σ = 30 in MR image “Liver”. Row 1: the recovered images with different

methods. Row 2: the residual images with different methods. (a) Original “Liver”,

(b) MAP model (γ = 0.033), (c) Getreuer’s model (λ = 30), (d) Our proposed model

(γ = 0.035), (e) Noisy “Cameraman” with σ = 30, (f)-(h) are residual images of

MAP model, Getreuer’s model and ours, respectively.
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Moreover, in order to quantitatively compare the performance, in Table 1.6, we

report the PSNR, SSIM values of the recovered image respect to ground truth as well

as the CPU-time. It’s easy to find that the PSNR values of the proposed method

obtains more than 0.5 dB higher compared to the MAP method and Getreuer’s

method averagely. At the same time, our method spends less than one over twenty

of the time needed by the MAP model. From Table 1.6, it is also clear to see that

that the SSIM values of the proposed method are better and comparable.

Table 1.6: The comparisons of PSNR values, SSIM values and computational time

by three methods to eliminate noise.

σ = 20 σ = 30

Images Methods PSNR SSIM Time(s) PSNR SSIM Time(s)

Noisy 22.09 0.4069 18.46 0.2874

Camera- MAP 27.47 0.8153 106.85 24.25 0.7342 137.20

man Getreuer’s 27.28 0.7512 1.96 25.12 0.6567 1.93

Ours 27.82 0.8221 1.79 25.84 0.7637 2.23

Noisy 21.94 0.4113 18.20 0.2680

Lumbar- MAP 27.52 0.7485 71.87 24.26 0.6259 65.06

Spine Getreuer’s 27.57 0.6746 1.27 24.31 0.4886 1.23

Ours 28.18 0.7743 1.26 24.87 0.6444 1.14

Noisy 21.13 0.4666 17.60 0.3384

MAP 26.52 0.7191 72.42 22.70 0.6484 81.77

Brain Getreuer’s 28.84 0.8893 1.50 25.84 0.8194 1.37

Ours 29.21 0.8860 1.11 26.56 0.8067 1.30

Noisy 22.28 0.4395 18.82 0.3016

MAP 28.62 0.7870 72.42 26.01 0.7129 87.97

Liver Getreuer’s 28.46 0.7726 2.23 26.29 0.6800 2.19

Ours 28.96 0.7986 2.38 26.78 0.7326 2.23

Noisy 21.81 0.4311 18.27 0.2989

MAP 27.53 0.7675 98.38 24.31 0.6804 104.03

Average Getreuer’s 28.04 0.7719 1.74 25.39 0.6612 1.68

Ours 28.52 0.8203 1.64 26.01 0.7369 1.73
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Since our aim is also to obtain a better approximation to a global optimal solution

of the original non-convex model, we have plugged the solutions obtained by the MAP

model, Getreuer’s convex model and our model into the same original non-convex

model (1.3) (where γ is fixed with what has been chosen in our method), and then

compared the corresponding energy values for these three solutions, see Table 1.7.

From Table 1.7, we can see that the energy values of these three solutions are quite

close which means that Getreuer’s and our approximation approaches are both quite

good!

Table 1.7: The comparisons of the energy values E(uMAP ), E(uGetreuer′s), and

E(uOurs). Here, E(u) = 1
MN

( 1
2σ2

∫
Ω
u2dx −

∫
Ω

log I0(fu
σ2 )dx + γ

∫
Ω
|Du|dx), where

γ is fixed and [M,N ] is the size of the image u.

σ = 20 σ = 30

Method MAP Getreuer’s Ours MAP Getreuer’s Ours

Cameraman -404.15 -404.04 -404.05 -247.06 -247.09 -247.17

Skull -84.34 -83.86 -84.21 -35.65 -35.09 -35.59

Liver -150.70 -150.67 -150.55 -82.47 -82.51 -82.37

Brain -218.03 -220.11 -217.91 -110.30 -110.44 -110.31

Average -214.30 -214.67 -214.18 -118.87 -118.78 -118.86

Overall, we conclude that in the denoising case, our method is comparable to the

MAP and Getreuer’s methods.

1.3.4.2 Image deblurring and denoising

In this part, we mainly focus on restoring the noisy and blurry images. For the

simulation study, we have considered two different kinds of blurring operators. One

is a Gaussian blur with a window size 9∗9 and standard deviation 1, while the other is

a Motion blur with length 5 and angle 30. Moreover, the blurred images are degraded

by Rician noise with σ = 15.
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(a) Original (b) MAP: 24.87 (c) Getreuer’s:

24.64

(d) Ours: 25.11

(e) Blurry & Noisy:

21.70

(f) Residual of

MAP

(g) Residual of

Getreuer

(h) Residual of Ours

Figure 1.14: Restored results and PSNR values obtained by three methods to elimi-

nate the Rician noise with σ = 15 and Motion blur in natural image “Cameraman”.

Row 1: the recovered images with different methods. Row 2: the residual images

with different methods. (a) Original “Cameraman”, (b) MAP model (γ = 0.04), (c)

Getreuer’s model (λ = 20), (d) Our proposed model (γ = 0.025), (e) Blurry “Cam-

eraman” image with Rician noise σ = 15, (f)-(h) are residual images of MAP model,

Getreuer’s model and ours, respectively.
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(a) Original (b) MAP: 26.73 (c) Getreuer’s:

25.76

(d) Ours: 27.30

(e) Blurry & Noisy:

23.15

(f) Residual of

MAP

(g) Residual of

Getreuer

(h) Residual of Ours

Figure 1.15: Restored results and PSNR values obtained by three methods to elim-

inate the Rician noise with σ = 15 and Motion blur in MR image “Lumbar Spine”.

Row 1: the recovered images with different methods. Row 2: the residual images

with different methods. (a) Original “Cameraman”, (b) MAP model (γ = 0.05), (c)

Getreuer’s model (λ = 20), (d) Our proposed model (γ = 0.04), (e) Blurry “Lumbar

Spine” image with Rician noise σ = 10, (f)-(h) are residual images of MAP model,

Getreuer’s model and ours, respectively.
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(a) Original (b) MAP: 28.84 (c) Getreuer’s:

28.96

(d) Ours: 29.44

(e) Blurry & Noisy:

22.96

(f) Residual of

MAP

(g) Residual of

Getreuer

(h) Residual of Ours

Figure 1.16: Restored results and PSNR values obtained by three methods to elim-

inate the Rician noise with σ = 15 and Gaussian Blur in MR image “Brain”. Row

1: the recovered images with different methods. Row 2: the residual images with

different methods. (c) Zoomed original “Brain”, (b) MAP model (γ = 0.022), (c)

Getreuer’s model (λ = 45), (d) Our proposed model (γ = 0.03), (e) Blurry “Brain”

image with Rician noise σ = 15, (f)-(h) are residual images of MAP model, Getreuer’s

model and ours, respectively.
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Table 1.8: The comparisons of PSNR values, SSIM values and computational time

by three methods to deblur and denoise.

Motion Blur Gaussian Blur

Images Methods PSNR SSIM Time(s) PSNR SSIM Time(s)

Degraded 21.70 0.3680 22.26 0.3834

Camera- MAP 24.87 0.7811 81.49 25.35 0.7877 81.81

man Getreuer’s 24.64 0.7697 2.87 25.29 0.7816 3.12

Ours 25.11 0.7797 2.24 25.74 0.7866 2.27

Degraded 23.15 0.4290 23.66 0.4543

Lumbar- MAP 26.73 0.7492 60.60 27.56 0.7810 60.68

Spine Getreuer’s 25.76 0.6760 1.68 26.86 0.6953 1.40

Ours 27.30 0.7645 1.19 28.10 0.7816 1.47

Degraded 22.72 0.4912 22.96 0.5039

MAP 27.61 0.7572 68.09 28.84 0.7728 69.05

Brain Getreuer’s 27.91 0.8728 2.09 28.96 0.8915 2.09

Ours 28.49 0.8737 1.87 29.44 0.8905 1.87

Degraded 23.41 0.4452 23.76 0.4639

MAP 28.02 0.7741 125.51 28.51 0.7826 126.78

Liver Getreuer’s 27.87 0.7717 3.05 28.30 0.7798 3.03

Ours 28.19 0.7820 2.22 28.79 0.7935 2.71

Degraded 22.75 0.4334 23.16 0.4513

MAP 26.81 0.7654 83.92 27,57 0.7810 84.58

Average Getreuer’s 26.55 0.7722 2.42 27.35 0.7871 2.41

Ours 27.27 0.8000 1.88 28.02 0.8130 2.08
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(a) Original (b) MAP: 28.51 (c) Getreuer’s:

28.30

(d) Ours: 28.79

(e) Blurry & Noisy:

23.76

(f) Residual of

MAP

(g) Residual of

Getreuer

(h) Residual of Ours

Figure 1.17: Restored results and PSNR values obtained by three methods to elim-

inate the Rician noise with σ = 15 and Gaussian Blur in MR image “Liver”. Row 1:

the recovered images with different methods. Row 2: the residual images with differ-

ent methods. (a) Zoomed original “Liver”, (b) MAP model (γ = 0.04), (c) Getreuer’s

model (λ = 25), (d) Our proposed model (γ = 0.035), (e) Blurry “Liver” image with

Rician noise σ = 15, (f)-(h) are residual images of MAP model, Getreuer’s model

and ours, respectively.

In Figure 1.14, 1.15, 1.16, 1.17, we provide the degraded images and the restora-

tion images of all the three methods respectively. Meanwhile, Table 1.8 shows the

PSNR, SSIM values as well as the CPU-time. By making comparison of the recovered

images of all the three methods, we observe that our method is comparable to the

MAP and Getreuer’s methods in both visual and quantitative aspects. Further, it

preserves more details. This point can be drawn according to the residual images

of Cameraman, Lumbar Spine, Brain and Liver in Figures 1.14, 1.15, 1.16, 1.17. In

addition, our method has advantages in the color contrast of the image; see, e.g., the

left part in the Lumbar Spine in Figure 1.15. From Table 1.8, we see that our method

provides better PSNR and SSIM values with less computational time for the most

cases. Our proposed method only needs less than one over thirty of the time used by
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the MAP method. In conclusion, our method is comparable to the two state-of-art

methods we considered for deblurring and removing Rician noise simultaneously.

1.3.5 Discussion

In this section, we put forward a novel convex variational model as well as numerical

algorithm for image restoration of blurred images which are corrupted by Rician

noise. Taking account of the statistical property of Rician noise, we eventually come

up with introducing an additional data fitting term into the original non-convex

MAP model (1.3) to establish a new convex model (1.31). Based on the convexity

of the proposed model, the optimal solution is unique and independent of the initial

guesses of the algorithm. Further, our new model has a very concise and explicit

expression, different from the Getreuer’s model. Due to this advantage, the minimum-

maximum principle can be well studied. One step further, model (1.31) for removing

Rician noise can also be extended to a new model (1.39) for denoising and deblurring

simultaneously. The uniqueness and independence of the initialization of the solution

are also guaranteed. Moreover, based on the convexity of the new models (1.31) and

(1.39), we design numerical schemes based on the primal-dual algorithm [19] to seek

for the optimal results respectively with the convergence ensured. Experimental

results strongly support the conclusion that the proposed method outperforms the

others in restoring the image which is degraded by Rician noise with relatively higher

computational efficiency.
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Chapter 2

Improvement of Progressive Dose

Control scheme for Cone Beam CT

in Image Guided Radiation

Therapy

2.1 Introduction

Cone beam CT (CBCT) is routinely utilized in image guided radiation therapy

(IGRT) to help patient setup. Its imaging dose, however, is still a concern, lim-

iting its wide applications. It has been an active research topic to develop novel

technologies for radiation dose reduction. For instance, compressive sensing type re-

construction algorithms, adaptive statistical iterative reconstruction algorithms and

so on. Although the outcome of these algorithms is quite promising, they treat each

scan of the patient independently and use the same technique for all fractions. In [81],

an imaging dose reduction scheme, called progressive dose control (PDC) has been

proposed, which is based on the fact that one patient is imaged for several times

during a treatment course. Hence, the increasingly available prior information per-

mits gradual reduction of imaging dose by using the prior information to compensate

image artifacts caused by dose reductions. A temporal non-local means (TNLM)

scheme was employed to incorporate previously available images as prior knowledge
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with the new obtained images. GPU implementation was used to overcome the high

computational burden associated with the TNLM calculations. Preliminary studies

have demonstrated satisfactory performance through phantom studies.

In TNLM, each pixel searches a designed range for similar pixels in previous

images. The success of TNLM critically depends on whether the algorithm can effec-

tively find the similar pixels. In IGRT applications where CBCT is routinely used for

patient setup, there is a misalignment of the order of cm between CBCTs acquired at

different fractions. Hence, a searching window should be large enough. Yet not only

this large searching window increases computational efficiency, but also the inclusion

of many voxels effectively reduced the sharpness of images which will hinder image

quality.

To solve this problem, we propose in this thesis an improved version of TNLM,

deformaion-assisted TNLM (DA-TNLM). The key idea is that the search range could

be different for each pixel, based on the motion vector between the prior image and

the obtained image. In fact, if deformable image registration can be done accurately,

then we might not need to search a window and we can fix the pixel location in

the prior images. However this probably cannot happen. Thus, the combination

of deformation image registration (DIR) and TNLM algorithm is proposed in this

thesis.

2.2 Method

Since in this thesis, we present an improved TNLM method. First, let us review the

original TNLM idea.

2.2.1 Progressive dose control via Temporal non-local means

Let us denote the CBCT image scanned at the day k+ 1 in a treatment course under

a low-dose protocol as fOrik+1. According to the idea that the inter-fraction variation of

CBCT image contents is expected to be small for a patient, we incorporate previously

available images (denoted as fl(l = 1, ..., k)) as prior knowledge via non-local means

method, to enhance the original CBCT image. The detailed mathematical expression
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is as follows:

fk+1(x) =
1

Z
[
k∑
l=1

∑
y

(wl,y · fl(y)) + wOri · fOrik+1(x)], (2.1)

Z =
k∑
l=1

∑
y

wl,y + wOri,

where fk+1 is the enhanced image, wOri and wl,y are weighting factors of fOri and

fl(y), y is the similar voxel position in the previous image, and Z is a normalization

factor.

Particularly, wOri is a constant and wl,y is estimated by wl,y = exp{− 1
h2 ·‖V Ori(x)−

Vl(y)‖2
2}. Here, h is a parameter which represents the rigor level of the similarity

criteria. In [81], the authors set wOri as 0.5. V Ori(x) and Vl,y are cubic volumes

centering at x in fOrik+1 and y in fl. For each voxel, in [81], they limited the search

range for similar voxels in the previous images to a cubic volume of 11 voxels in each

side. The cube size around each voxel is 3× 3× 3 voxels.

The TNLM method can dramatically reduce the dose induced by frequent CBCT

scans, along with very good image qualities. However, if the couch shifts or the

patient moves when scanning CBCT, a large search range is required which results

in low computational efficiency and blurry enhanced images. For this situation, we

propose to firstly use deformable image registration method to get the motion vectors

v between the prior images and need-enhanced image. Then, when we apply the

TNLM method, we could narrow the search window which is centered at x+ v(x) for

searching similar voxels to voxel x in the need-enhanced image. By doing this, not

only the computational efficiency increases, but also the image qualities become well.

In next part, we will introduce the deformable image registration method that we

used in this thesis.

2.2.2 Deformation assisted TNLM

The deformable image registration method that we used in this thesis is the multi-

scale adjusted double force method presented in [41]. The multi-scale adjusted double
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force method is based on the following equation:

dr(n+1) =
(I

(n)
m − I(0)

s )∇I(0)
s

α2(I
(n)
m − I(0)

s ) + |∇I(0)
s |2

+
(I

(n)
m − I(0)

s )∇I(n)
m

α2(I
(n)
m − I(0)

s ) + |∇I(n)
m |2

. (2.2)

Using this equation, people can deform the moving image by utilizing the above

motion vector dr = (dx, dy, dz) iteratively for each pixel in the image. Here, I
(n)
m

denotes the moving image of the n− th step, I
(0)
s represents the static image and α is

a parameter which tunes the step size of the algorithm. Based on our experimental

results, we fix α at empirically selected value 0.5. Since this idea can be valid only

when the motion vector is relatively small, we adopt a multi-scale method to reduce

the magnitude of motions in view of pixel size.

In the thesis, we use two-scale method. Firstly, we down-sample the static and

moving images to low-resolution images; then, we use formulation (2.2) to get the

displacement vectors of low-resolution, which is then up-sampled and served as initial

motion vectors at Original Scale.

The detailed GPU code of this algorithm, please refer to Demons. implemented

by Gu et al in [41]. Through this multi-scale adjusted force method, we can obtain

the motion vector v = (vx, vy, vz) between the prior images and need-enhanced image.

2.2.3 Implementation

Combining TNLM and deformable image registration, we propose an improvement

method for CBCT in image guided radiation therapy. Firstly, we get the motion

vectors v between the prior image and need-enhanced image via deformable image

registration. Then, we use the motion vectors and temporal non-local means to

enhance the image quality by given expression:

fk+1(x) =
1

Z
[
k∑
l=1

∑
i

(wl,i · fl(x+ vl(x) + i)) + wOri · fOrik+1(x)], (2.3)

Z =
k∑
l=1

∑
i

wl,i + wOri,

where i is used to indict the voxels in the cubic volumes centering at x+vl(x), vl(x) is

the motion vector between the prior image l and original image of k+1 day at voxel x,
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and wl,i is the weighting factor of fl(x+vl(x)+i). From formula (2.3), you can see that

we try to find the similar voxels to the voxel x of fOrik+1, in the cubic region centering

at x+vl(x) of the prior images. Then, we need a relative small search window to find

the similar voxels, compared to the original TNLM method. Doing this, can both

reduce the computational time, and enhance the processed image quality.

In our thesis, for each voxel, we limited the search range for similar voxels in

previous images to a cubic volume of 7 voxels in each side. The cube size around

each voxel is 3 × 3 × 3 voxels. With regards to the original TNLM method, the

search range should include the motion vector field. We implement the DA-TNLM

and TNLM modules in CUDA and run them on an NVIDIA Tesla C1060 Graphics

Processing Unit (GPU) to utilize tis enormous parallel processing capability.

2.3 Numerical Results

To illuminate efficiency and effectiveness of proposed method, we compare it with

original TNLM method in both image quality and computational time. We have two

kinds of test cases: 1. CIRS phantom study with coach shift. 2. Real patient study.

The data that we used here is provided by the Department of Radiation Oncology,

Division of Medical Physics and Engineering of University of Texas Southwestern

Medical Center.

Case One: CIRS phantom study with coach shift This case is conducted using real

experimental data of a CIRS phantom scanned with a Varian onboard imaging CBCT

system (Varian Medical system). The phantom is placed at the fixed location of the

coach (with prostate around iso). For each scan, the coach shifts. The summarized

step is as follows:

1. We set couch at a reference location 9.44, 94.67, 999.65 and scan the phantom with

the standard dose protocol.

2. Shift the couch to another location 10.44, 95.67, 0.65, scan it with the standard

protocol.

3. Shift the couch to a new location 8.44, 94.67, 998.65, scan it with the standard

protocol and 50% dose protocol, respectively.
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Table 2.1: Case one: Comparison in computational time of TNLM and DA-TNLM.

Time (s) TNLM DA-TNLM

step 3 2896 128

step 4 8633 381

step 5 17791 795

Table 2.2: Case two: Comparison in computational time of TNLM and DA-TNLM.

Time (s) TNLM DA-TNLM

Day 2 1151 16

Day 3 4093 48

4. Repeat step 3 for two more times: couch location 8.44, 95.67, 999.65 with the stan-

dard dose and 25% dose and couch location 8.44, 95.67, 0.65 with the standard dose

and 12.5% dose.

As shown in Figure 2.1, TNLM and DA-TNLM both well improve the image qual-

ity. Also, from Table 2.1, we find that the improved method takes much less time

than the original TNLM method to achieve the similar results. Here, we should men-

tion that the scanned CBCT data includes 88 images with size 256×256. Meanwhile,

when we restore the images in step n (n = 3, 4, 5), we use the previous images from

step n− 1 to step 2 as prior knowledge.

Case Two: Real patient study In this case, we evaluate the proposed method with

real patient data. We use the scanned image with regular dose in day 1 as the prior

knowledge to enhance the obtained image with 25% dose in day 2. Then, we denoise

the scanned image with 12.5% in day 3 by using the images in day 1 and 2. As

shown in Figure 2.2, we can see that both TNLM and DA-TNLM could enhance the

original images with low dose. But, the results of TNLM algorithm seem blurry and

lose much information of the original image. In addition, from Table 2.2, we obtain

that the new DA-TNLM method is much faster than the original one.

From these two experiments, we find that the proposed method outperforms the

original one in image quality and computational time.
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Figure 2.1: Row 1: The results of 40th fraction image of step 3. Row 2: The results

of 40th fraction image of step 4. Row 3: The results of 40th fraction image of step 5.

(a) The original scanned images. (b) The denoising results by using original TNLM

method. (c) The denoising results by using new DA-TNLM method.
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Figure 2.2: Row 1: The results of 30th fraction image of Day 2. Row 2: The results

of 30th fraction image of Day 3. (a) The original scanned images with regular dose.

(b) The original scanned images with low dose. (c) The denoising results by using

original TNLM method. (d) The denoising results by using new DA-TNLM method.
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2.4 Discussion

In this work, we propose an improvement of practical CBCT dose control TNLM

scheme for IGRT. We denoise the scanned image with low dose by using the previous

images as prior knowledge. Different from the original method, in the new one, for

each pixel, the search range is not fixed, but based on the motion vector between the

prior image and the obtained image. By doing this, it is easy to find the similar pixels

in the previous images, but also can reduce the computational time since it does not

need large search window. Meanwhile, the proposed method does not depend on

any specific reconstruction algorithm and has high compatibility with current clinical

systems. It does not require any raw projection data or any hardware modification.

The phantom and patient studies illuminate that the proposed method outperforms

the original one in image quality and computational time.
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Part II

Image Segmentation
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Image segmentation is a very important section of research for image processing

because it is so widely utilized in medical imaging, image search and object recogni-

tion tasks. In the literature, there exist many methods for image segmentation includ-

ing thresholding method, clustering method, compression-based method, histogram-

based method, edge detection method, dual clustering method, region-growing meth-

ods, partial differential equation (PDE)-based method, parametric method, level set

method, fast marching method, graph partitioning method, watershed transformation

method, and variational methods.

In the past ten years, variational methods have achieved a great success from

that Geman [35] introduced (in a probabilistic setting) a segmentation energy. In

this thesis, we present a two-stage method for segmenting an image corrupted by

blur and Rician noise. The method is motivated by the two-stage segmentation

method developed by the authors in 2013 and restoration method for images with

Rician noise. First, based on the statistical qualities of Rician noise, we present a

new convex variant of the modified Mumford-Shah model to get the smooth cartoon

part u of the image. Then, we cluster the cartoon u into different parts to obtain

the final contour of different phases of the image. Moreover, u from the first stage

is unique because of the convexity of the new model, and it needs to be computed

only once whenever the thresholds and the number of the phases K in the second

stage change. We implement the simulation on the synthetic and real images to show

that our model outperforms some existed segmentation models in both precision and

computational time.
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Chapter 3

Image Segmentation Method for

Blurry Images with Rican noise

3.1 Introduction

With the purpose of actualizing medical applications including surgery simulations

and image registration, etc [71], segmenting blurry images accompanied by Rician

noise is a novel and important task for the researchers.

At present, many methods have been presented for segmenting an image. The

essence of segmenting is partitioning an image into multiple regions which represents

different targets [24]. Mathematically, the process is expressed as: supposed an

observed image f , find a disjoint connected decomposition Ωi of Ω and a union of

corresponding boundaries C, where f is a real function defined on Ω and Ω is a

connected bounded open subset of R2 with compact Lipschitz boundary.

In [56, 57], Mumford and Shah approximated the observed image as a piecewise-

smooth function u and proposed a model as follows:

arg min
u,C

λ

2

∫
Ω

(f − u)2dx+
µ

2

∫
Ω\C
|∇u|2dx+ Length(C). (3.1)

Model (3.1) is non-convex and the algorithm for solving it is complicated and compu-

tationally expensive. In [25], Chan and Vese restricted the piecewise-smooth function
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u to piecewise constant function u which has only two values

u(x) =

c1 where x is inside C,

c2 where x is outside C.

and added a term penalizing the enclosed area of the region inside C.

To solve this model, level set method is applied [60]. But, it can only separate

the image into two phases. Later, in [73], Vese and Chan generalized the binary into

the multiple and put forward a multiphase level set framework to deal with the new

model. Inspired by the Chan-Vese model, various kinds of models are presented, such

as: substituting the regularization term in the Chan-Vese model by the geometric

active contour functions in [17, 47], alternating the total variation based model into

frame-based model in [30]. The disadvantage of these methods is that the solutions

might stick at local minimas. Also, the initializations set in the algorithms would

effect the final results largely [24]. To overcome this problem, convex relaxation

methods [10,24,65], graph cut method [40] and fuzzy membership functions [51] were

proposed. In the same period, papers [82–84] introduced some approaches using the

fast continuous max-flow theory. In 2013, the authors tendered a novel two-stage

image segmentation in [15]. In the first stage, they obtain a smooth solution u by

minimizing a convex modified Mumford-Shah model. What follows is segmenting u

by thresholds. There are two advantages of this method. The first one is that the

model in the first stage is convex which can guarantee that the optimized solution u is

unique and the numerical algorithm applied to solve it is stable and fast computing.

The second one is that there is no need to recompute the first stage if the phase

number is changed. However, the model in the first stage is only suitable for an

image corrupted by additive Gaussian noise from the statistical standpoint.

Inspired by the two-stage segmentation method in [15], we intend to establish

a novel two-stage method for segmenting an image with Rician noise and blur. In

the first stage, based on the Bayes principle, we can obtain the data-fitting term

suitable for Rician noise by using MAP estimation. Then replace the first term in

the convex variant of Mumford-Shah model in [15] by this, and we get a novel model

to obtain the cartoon part u of the observed image. Since it is non-convex, we add a

reasonable additional data-fidelity term and derive a convex model by analyzing the
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property of Rician noise. Details on why choose this additional term are discussed

in later sections. The minimization problem in the first stage is new and of interest

on its own: by construction, it automatically removes the Rician noise and blur; it is

convex which can guarantee that the solution is unique and the algorithm is stable; it

also can segment an image with complex topologies like triple junctions. Primal-dual

algorithm can be used to solve it [6,19,26,31,80,87]. In the second image, we cluster

the cartoon part u into different phases and get the final contour. Meanwhile, the

thresholds used in the second stage can be not only selected by the users, but also

chosen by some clustering methods. The solution u of the first stage needs to be

computed only once whenever the thresholds and the number of the phases K in the

second stage change. In contrast, multi-phase methods such as those in [51, 83, 84]

need to know the phase number K first. If the phase number K changes, the whole

algorithm needs to be run again.

3.2 Prior Works

In this thesis, we would introduce several variational segmenting methods whose

outcome is often very promising and compare our new method with them in both

accuracy and computational time. These all methods are based the Mumford-Shah

model, which was proposed in 1989 by approximating an image by a piecewise smooth

function with regular boundaries.

3.2.1 Chan-Vese Model

In [25], Chan and Vese restricted the piecewise-smooth function u in Mumford-Shah

model to piecewise constant function u which has only two values

u(x) =

c1 where x is inside C,

c2 where x is outside C.
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Meanwhile, they added a term penalizing the enclosed area of the region inside C to

form the following model:

arg min
c1,c2,C

λ1

2

∫
inside(C)

|f−c1|2dx+
λ2

2

∫
outside(C)

|f−c2|2dx+νArea(inside(C))+Length(C).

(3.2)

Level set method is applied to solve this minimization problem [60].

3.2.2 Fuzzy Region Competition Based Model

The fuzzy region competition based method was studied by Li et al by solving the

following optimization problem

E(U, α) =
N∑
i=1

{
∫
|Ω|
∇ui|dx+

λ

p

∫
Ω

γi(I, αi)u
P
i dx, } (3.3)

with the constraint that

N∑
i=1

ui = 1, 0 ≤ ui ≤ 1fori = 1, ..., N,

where U = (u1, ..., uN), α = (α1, ..., αN), λ, p are positive parameters, and γi(I, αi)

are error functions in region Ωi. Here, P decides the fuzziness of segmentation.

In [51], an alternative minimization method is utilized to solve the above problem.

3.2.3 Frame Based Model

In [30], Dong et al proposed a frame-based segmentation model, which is inspired by

the TV based piecewise constant Mumford-Shah model [25].

For a given image f , the frame-based optimization problem is presented as follows:

min
0≤u≤1,c1,c2

‖gW ·Wu‖1 + µγ(c1, c2)Tu, (3.4)

where γ(c1, c2) = (c1 − f)2 − (c2 − f)2 and matrix multiplication Wu denotes the

framelet decomposition. Here, c1 and c2 are real constants.

In model (3.4), gW represents a diagonal matrix which is given as

gW = diag{0T , vT1,1, vT1,2, ..., vT1,(r+1)s−1, ..., v
T
L,(r+1)s−1}.

In [30], the authors apply the Split-Bregman algorithm to solve the above model.
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3.2.4 Two-stage Method

In [15], the authors present a two-stage segmentation method to segment an image.

The first stage is to obtain a minimizer of the following problem

arg min
u

λ

2

∫
Ω

(f −Au)2dx+
µ

2

∫
Ω

|∇u|2dx+

∫
Ω

|∇u|dx. (3.5)

where f is the given image, A is the given blurring operator, λ and µ are weighting

parameters. The first term in (3.5) is the data fitting term. The second term in (3.5)

is the smoothing term which satisfies the image u is a smooth function in Ω. The

third term in (3.5) contains the boundary information of C.

After getting u, the process is finished by clustering u into different parts by

applying any clustering method.

3.3 A Two-stage Segmentation Method for Rician

Noise

Suppose the noised image f is with Rician noise. Based on the classical MAP esti-

mation, we need to maximize the probability P(u|f) to restore the image u. That

is,

ûMAP (f) = arg max
u

P(u|f)

= arg max
u

P(f |u)P(u)

P(f)

= arg min
u
− log(Pf |u)P(u))

= arg min
u
− log(P(f |u))− log(P(u)).

We suppose that the distribution of u is as follows:

P(u) ∝ exp{−γ
∫

Ω

φ(u)dx}.

Thus, using the equation (1.2), we eventually need to minimize:

1

2σ2

∫
Ω

u2dx−
∫

Ω

log I0(
fu

σ2
)dx+ γ

∫
Ω

φ(u)dx,
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Hence, it is natural to apply the
∫

Ω
1

2σ2u
2− log I0(fu

σ2 )dx term into model (3.5) instead

of
∫

Ω
(f −Au)2dx if we want to segment images degraded by Rician noise. Changing

the notation of parameters, we get the minimization problem as follows:

inf
u

1

2σ2

∫
Ω

u2dx−
∫

Ω

log I0(
uf

σ2
)dx+ γ1

∫
Ω

|∇u|dx+ γ2

∫
Ω

|∇u|2dx. (3.6)

Here, γ1 and γ2 are positive parameters. Unfortunately, the model (3.6) is non-

convex. Inspired by the Proposition 9, we know the value of E((
√
f−
√
u)2)

σ
is always

bounded and relatively small to the whole energy function in model (3.6).

Thus, we add another data fitting term into the model (3.6) to get the following

minimization problem:

inf
u∈S̄(Ω)

1

2σ2

∫
Ω

u2dx−
∫

Ω

log I0(
uf

σ2
)dx+

1

σ

∫
Ω

(
√
u−

√
f)2dx

+γ1

∫
Ω

|∇u|dx+ γ2

∫
Ω

|∇u|2dx, (3.7)

where S(Ω) := {v ∈ BV (Ω) : 0 ≤ v ≤ 255} is closed and convex. The box constraint

u ∈ S(Ω) here is widely used in image processing [50,52] without loss of any generality.

The model (3.7) is the proposed model for the first stage and we will study the

convexity of it in the next section. Once obtained u from the model (3.7), we apply

the similar thresholding methods as in [15] to get the final segmentation result in the

second stage.

3.3.1 Convexity of the model (3.7) in the first stage

Let us defiine a function g as

g(t) = − log I0(t)− 2
√
t.

If g(t) is strictly convex on [0,+∞), then we can easily obtain that the first three

terms in model (3.7) as a whole is strictly convex by letting t = f(x)u(x)
σ2 for each x ∈ Ω

in g(t). In addition, due to the convexity of
∫

Ω
|∇u| and

∫
Ω
|∇u|2, the model (3.7) is

strictly convex. Based on the following lemma, we can prove the srtict convexity of

g(t) on [0,+∞).

Lemma 21. Let h(t) = t
3
2

(I0(t)+I2(t))I0(t)−2I2
1 (t)

I2
0 (t)

. Then 0 ≤ h(t) < 1 on [0,+∞). Here,

I1(t) and I2(t) are modified Bessel functions of the first kind with order one and two,

respectively.
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Proof. Thanks to the recurrence relation equation (10.29.1) in [59]

I2(t) = I0(t)− 2

t
I1(t),

h(t) can be written as

h(t) = 2t
3
2{1− I1(t)

I0(t)
[
1

t
+
I1(t)

I0(t)
]}. (3.8)

Combing equation (10.34.3) (taking m = 0) and equation (10.40.10) in [59], we can

get

Iν(t) =
et

(2πt)1/2
{
n−1∑
s=0

(−)s
as(ν)

ts
+ δn(ν, t)} − ie−νπi e−t

(2πt)1/2
{
n−1∑
s=0

as(ν)

ts
+ γn(ν, t)},

where |γn(ν, t)| is bounded by

2 exp{|(ν2 − 1

4
)t−1|}|an(ν)t−n| (|pht| ≤ 1

2
π),

2χ(n) exp{1

2
π|(ν2 − 1

4
)t−1|}|an(ν)t−n| (

1

2
π ≤ |pht| ≤ π),

4χ(n) exp{π|(ν2 − 1

4
)(Ret)−1|}|an(ν)(Ret)−n| (π ≤ |pht| < 3

2
π),

|δn(ν, t)| is subject to the same bounds, except that the applicable sectors are re-

spectively changed to −3
2
π ≤ pht ≤ −1

2
π, −1

2
π ≤ pht ≤ 0, 0 ≤ pht < 1

2
π,

and

χ(n) = π
1
2

Γ(1
2
l + 1)

Γ(1
2
l + 1

2
)
, an(ν) =

(4ν2 − 1)(4ν2 − 32)...(4ν2 − (2n− 1)2)

n!8n
.

Hence,

I1(t) =
et

(2πt)1/2
P1(t) :=

et

(2πt)1/2
{1− 3

8t
− 15

128t2
+ δ3(1, t) + ie−2t[1 + γ1(1, t)]},

I0(t) =
et

(2πt)1/2
P0(t) :=

et

(2πt)1/2
{1 +

1

8t
+

9

128t2
+ δ3(0, t)− ie−2t[1 + γ1(0, t)]}.

with χ(1) = π/2, χ(3) = 3π/4 and

|δ3(ν, t)| ≤ 3π|a3(ν)|
2t3

exp{|ν2 − 1

4
| π
2t
}, |γ1(ν, t)| ≤ 2|a1(ν)|

t
exp{|ν2 − 1

4
|1
t
},

when ν = 0, 1. Therefore,

I1(t)

I0(t)
=

1− 3
8t
− 15

128t2
+ δ3(1, t) + ie−2t[1 + γ1(1, t)]

1 + 1
8t

+ 9
128t2

+ δ3(0, t)− ie−2t[1 + γ1(0, t)]

= 1− 1

2t
− 1

8t2
+

1

t2
R,
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where

R := t2(
I1(t)

I0(t)
− 1 +

1

2t
+

1

8t2
) =

t2P1(t)− (t2 − t
2
− 1

8
)P0(t)

P0(t)
.

When t > 4.3, we can easily get

|δ3(1, t)| < 0.1478

t2
, |δ3(0, t)| < 0.0879

t2
, γ1(1, t)| > 0.2077, and |γ1(0, t)| > 0.0616.

Hence, we have

|P0(t)| = |1 +
1

8t
+

9

128t2
+ δ3(0, t)− ie−2t[1 + γ1(0, t)]|

> 1 +
1

8t
+

9

128t2
− |δ3(0, t)| − e−2t(1 + |γ1(0, t)|)

> 1 for t > 4.3,

and

|R| < |t2P1(t)− (t2 − t

2
− 1

8
)P0(t)|

< t2|δ3(1, t)|+ t2(1− 1

2t
− 1

8t2
)|δ3(0, t)|+ 52t+ 9

1024t2

+t2e−2t{1 + |γ(1, t)|+ (1− 1

2t
− 1

8t2
)(1 + |γ(0, t)|)}

< 0.2558 for t > 4.3.

From (3.8), we obtain when t > 4.3,

h(t) = 2t
3
2{1− I1(t)

I0(t)
[
1

t
+
I1(t)

I0(t)
]}

= t−
1
2 (1− 4R− 1− 16R + 64R2

32t2
),

< t−
1
2 (1 + 4|R|+ 1 + 16|R|+ 64R2

32t2
< 2.0389t−

1
2 < 0.9832.

When 0 ≤ t ≤ 4.3, based on the inequality (31) of Lemma 10 and let z =
√
t, it’s

sufficient to prove that

Z(z) = (2z16 + 48z15 + 288z12 + 11904z8

+ 110592z4 + 294912)− (4z19 + 1152z11 + 294912z3)

≡ A(z)−B(z) ≥ 0. (3.9)

for 0 ≤ z ≤ 2.08 to get h(t) < 1.
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By selecting zi = 0.01∗(i−1), we calculate and find that Z(zi) > 0, ∀i = 1, ..., 208.

Meanwhile, we know for any z ∈ [zi−1, zi], i = 2, ..., 208, |zi − zi−1| = 0.01,

Z(z) > A(zi−1)−B(zi).

This means that Z(z) > 0 for 0 < z ≤ 2.08 if A(zi−1) − B(zi) > 0 for i = 2, ..., 208.

It’s easy to prove that A(zi−1)−B(zi) > 0 holds for i = 2, ..., 208 by MATLAB. Thus,

we conclude that (3.9) holds for 0 < z ≤ 2.08.

In addition, according to Lemma 14, we know

(I0(t) + I2(t))I0(t)− 2I2
1 (t) ≥ 0,

for any t ≥ 0, i.e, h(t) ≥ 0.

Overall, 0 ≤ h(t) < 1 on [0,+∞).

Since g′′(t) = − (I0(t)+I1(t))I0(t)−2I2
1 (t)

2I2
0 (t)

+ 1
2
t−

3
2 , based on the Lemma 21, we have

g′′(t) > 0, i.e. g(t) is convex when t ≥ 0. In addition, g(t) is a strictly decreasing

function which means that g(t) is strictly convex.

3.3.2 Existence and uniqueness of a smooth solution in the

first stage

Based on Theorem 13, it is easy to obtain the following theorem.

Theorem 22. Let f be in L∞(Ω) with infΩ f > 0, then the model (3.7) has a unique

solution u∗ in BV (Ω) satisfying

0 <
σ2

(2 supΩ f + σ)2
inf
Ω
f ≤ u∗ ≤ sup

Ω
f.

3.3.3 The Exetension to Blur with Noise Case

The model (3.7) is obtained by MAP estimation, and particularly adapt to the Rician

noise case. It’s natural to extend it to the case in which the image is degraded by

blur and Rician noise simultaneously. The minimization problem in the first stage
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should be as follows:

inf
u∈S̄(Ω)

1

2σ2

∫
Ω

(Au)2dx−
∫

Ω

log I0(
Auf
σ2

)dx+
1

σ

∫
Ω

(
√
Au−

√
f)2dx+γ1

∫
Ω

|∇u|dx+γ2

∫
Ω

|∇u|2dx,

(3.10)

where A ∈ L(L2(Ω)) and A ≥ 0. Then we have Au ≥ 0 with u ∈ S̄(Ω). Since A is

linear, based on Theorem 22, we can easily obtain the following results.

Proposition 23. The model (3.10) is convex.

Theorem 24. Assume that A ∈ £(L2(Ω)) is nonnegative, and it does not annihilate

constant functions, i.e., A1 6= 0. Let f be in L∞(Ω) with infΩ f > 0, then the model

(3.10) has a unique solution u∗.

3.4 Primal-Dual Algorithm for solving (3.7) and

(3.10) in the first stage

Since model (3.7) and (3.10) are both convex, there exist many methods to solve

them. For example, gradient descent method [68] is a suitable classical algorithm to

solve this kind of optimization problem; Split-Bregman method [39] is also widely

used because of its many advantages, such as fast convergence and small memory

footprint. In particular, we propose to employ the primal-dual method [19] based on

the fact that the primal-dial algorithm is easy to implement and it might be effectively

accelerated by performing on a parallel hardware such as graphics processing units

(GPUs). Moreover, it is built with the convergence theories.

We now derive the discrete formula of model (3.7) as follows

min
u∈X

G(u) + γ1‖∇u‖1 + γ2‖∇u‖2
2, (3.11)

where

G(u) =
1

2σ2
‖u‖2

2 − 〈log I0(
fu

σ2
), 1〉+

1

σ
‖
√
u−

√
f‖2

2.

Here, X = {v ∈ Rmn : vi ≥ 0 for i = 1, · · · ,mn}, f ∈ X is columnwise stacked into

a vector from a 2D pixel-array (m × n) and 〈u, v〉 =
∑mn

i=1 uivi is the vector inner

product with mn the number of pixels in the image.
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According to the duality of the TV, the primal-dual formulation of the optimiza-

tion problem in (3.11) is given by

max
p∈Y

min
u∈X

G(u) + γ2‖∇u‖2
2 − γ1〈u, div p〉. (3.12)

Here, Y = {q ∈ R2mn : ‖q‖∞ ≤ 1}, p is the dual variable, and div denotes the

divergence operator. We summarize the algorithm in the following.

Algorithm for solving the model (3.7)

1: Fixed γ1, γ2, τ and β. Initialize u0 = f , ū0 = f , and p0 = (0, · · · , 0)> ∈ R2mn.

2: Calculate pk+1 and uk+1 from

pk+1 = arg max
p∈Y

γ1〈∇ūk, p〉 −
1

2β
‖p− pk‖2

2

= π1(βγ1∇ūk + pk), (3.13)

uk+1 = arg min
u∈X

G(u)− γ1〈u, div pk+1〉+ γ2‖∇u‖2
2 +

1

2τ
‖u− uk‖2

2,(3.14)

ūk+1 = 2uk+1 − uk, (3.15)

where π1 is the projector onto the l2-normed unit ball, i. e.,

π1(qi) =
qi

max{1, |qi|}
and π1(qn+i) =

qn+i

max{1, |qi|}
, for i = 1, · · · , n,

with |qi| =
√
q2
i + q2

n+i.

3: Stop; or set k := k + 1 and go to step 2.

In the (3.14), we must solve

G′(u)− γ1 div pk+1 − 2γ24u+
1

τ
(u− uk) = 0. (3.16)

We approximate u(x) by Newton’s method, using the value of u(x) from the previous

iteration as the initialization. In addition, based on Theorem 1 in [18], we have the

following convergence result.

Proposition 25. The iterates (uk, pk) of the proposed algorithm converge to a saddle

point of (3.7) with the constraint that βτγ2‖∇‖2 < 1.
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Furthermore, for solving model (3.10), we introduce a new variable w ∈ Rmn×1

and reformulate the discrete formula of model (3.10) as the following constrained

minimization problem

min
u,w∈X

G(w) + γ1‖∇u‖1 + γ2‖∇u‖2
2 subject to w = Au, (3.17)

where A ∈ Rmn×mn denotes the discretization form of A. Based on the definition of

TV , we can write (3.17) as the following primal-dual optimization problem

max
p∈Y,q∈X

min
u∈X,w∈X

G(w)− γ1〈u, div p〉+ γ2‖∇u‖2
2 + 〈Au− w, q〉.

We summarize the resulting algorithm in the following.

Algorithm for solving the model (3.10)

1: Fixed γ1, γ2, τ and β. Initialize u0 = f , ū0 = f , w0 = f , w̄0 = f , p0 =

(0, · · · , 0)> ∈ R2mn, and q0 = (0, · · · , 0) ∈ Rmn.

2: Calculate pk+1, qk+1, wk+1 and uk+1 from

pk+1 = arg max
p∈Y
〈γ∇ūk, p〉 − 1

2β
‖p− pk‖2

2

= π1(βγ1∇ūk + pk), (3.18)

qk+1 = arg max
q∈Z
〈Aūk − w̄k, q〉 − 1

2β
‖q − qk‖2

2

= qk + β(Aūk − w̄k), (3.19)

uk+1 = arg min
u∈X
〈u,A>qk+1 − γ div pk+1〉+

1

2τ
‖u− uk‖2

2, (3.20)

wk+1 = arg min
w∈X

G(w)− 〈w, qk+1〉+
1

2τ
‖w − wk‖2

2, (3.21)

uk+1 = 2uk+1 − uk, (3.22)

wk+1 = 2wk+1 − wk, (3.23)

3: Stop; or set k := k + 1 and go to step 2.

With regards to u subproblem (3.20), the optimal uk+1 is obtained in the Fourier

domain as

ûk+1 = (−2γ24+
1

τ
)−1 · (1

τ
ûk − ÂT q̂k+1 + γ1

ˆ(div pk+1)), (3.24)
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where multiplications and divisions are pointwise. The essence of (3.21) is to solve

the following equation

G′(w)− qk+1 +
1

τ
(w − wk) = 0.

The method of solving this equation is similar to the one used to solve (3.14).

According to the Proposition 4.2 and Proposition 4.3 in [22], it is ready to present

the convergence property of the algorithm for solving model (3.10).

Proposition 26. Let x = (u,w)> and y = (p, q)>. If we choose τ and β such that

τβ ≤ 1/(1 + γ2‖∇‖2
2 + ‖A‖2

2), then the iterates (xk, yk) converge to a saddle point

(x∗, y∗) of (3.10).

3.5 Numerical Results

In this section, we want to test accuracy and computational time of the proposed

method by comparing our method with other methods. As far as we know, no

papers have introduced methods on segmenting blurry images with Rician noise. Most

methods are proposed for segmenting 2-phase or multi-phase images with Gaussian

noise, Poisson noise and multiplicative noise. We will compare these methods with

ours. For the two-phase segmentation, we compare ours with the methods proposed

in [25, 30, 51, 82]; and for the multi-phase segmentation, we compare ours with the

methods proposed in [51, 83, 84]. We tuned the parameters in the simulation for all

the methods and list their best visual results in the thesis.

In our method, we firstly get the smooth solution u from (3.7) or (3.10). Then,

we segment u by using thresholds. The thresholds are chosen by MATLAB K-means

function “KMEANS”, especially, when dealing with the two-phase segmentation, the

threshold can be also chosen by the mean value. We could use different numbers of

phases and thresholds in the stage 2, as u has been solved out in the stage 1. All the

experiments are executed on a ACPI×64-based PC with 3.3GHz CPU and Matlab

7.12.0 (R2011a).
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3.5.1 Two-phase segmentation

The proposed method is compared with the ones presented in [25, 30, 51, 82] by fol-

lowing examples.

Example 3.5.1 Tubular image with Rician noise: Figure 3.1(a) is a Magnetic

Resonance Angiography kidney image. We corrupted it by Rician noise with standard

variation σ = 30, see Figure 3.1(b). Figure 3.1(c)-(f) give the results of methods

[25, 30, 51, 82] on the noisy image respectively. Figure 3.1(g) is the solution u of

(3.7) using γ1 = 0.06 and γ2 = 0.0001, and (h) is our segmentation result. By

comparing all the segmentation results listed in Figure 3.1, it can be easily seen that

our method segmented the noisy image most successfully since other methods did not

give complete boundaries of the blood vessels.

(a) Original image (b) Noisy image (c) Yuan et al. [82] (d) Chan-Vese [25]

(e) Li et al. [51] (f) Dong et al. [30] (g) our smooth

solution u

(h) Ours

Figure 3.1: (a) Original “Tubular” image, (b) Noisy image with Rician noise σ = 30,

(c) Yuan et al. [82], (d) Chan-Vese [25], (e) Li et al. [51], (f) Dong et al. [30], (f) our

smooth solution u, (h) Ours.

Example 3.5.2 Natural image with Rician noise: Figure 3.2(a) is the original

“Airplane” image and we corrupt it by the same way mentioned in Example 2.5.1 to
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get Figure 5.2(b). Figure 3.2(c)-(f) give the results of methods [25, 30, 51, 82] on the

noisy image respectively. Figure 3.2(g) is the solution u from (3.7) using γ = 0.035

and µ = 0.005. We can see that no noise exists in u and we did not damage the

outline of the airplane. Figure 3.2(h) is our segmentation result. We can see that all

the methods can almost draw out the profiles. But through comparison with other

methods by which mistakes may occur around the head or the tail of the plane, our

method gives the best segmentation result.

(a) Original image (b) Noisy image (c) Yuan et al. [82] (d) Chan-Vese [25]

(e) Li et al. [51] (f) Dong et al. [30] (g) our smooth

solution u

(h) Ours

Figure 3.2: (a) Original “Airplane” image, (b) Noisy image with Rician noise σ = 30,

(c) Yuan et al. [82], (d) Chan-Vese [25], (e) Li et al. [51], (f) Dong et al. [30], (f) our

smooth solution u, (h) Ours.

Example 3.5.3 Blurry Shape image with Rician noise: Figure 3.3(a) is the original

image “Shape”. For the blur operation, we choose motion blur. The motion is 30

degree and the filter size is 15. After blur, we corrupted the image by Rician noise with

standard variation σ = 20, see Figure 3.3(b). Figure 3.3(g) is the smooth solution

u from (3.10). In the smooth image u, blur and Rician noise are both reduced and

this will facilitate detecting different targets. Figure 3.3 (c)-(f) and (h) show the

segmentation results obtained by methods in [25, 30, 51, 82] and ours. We can find

that images obtained by [25, 82] have some deficiencies in the upper-right triangle;

and images got by [30,51] exist faults in the left point of the bottom object.
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(a) Original image (b) Blurred and noisy

image

(c) Yuan et al. [82] (d) Chan-Vese [25]

(e) Li et al. [51] (f) Dong et al. [30] (g) our smooth

solution u

(h) Ours

Figure 3.3: (a) Original “Shape” image, (b) Noisy image with Rician noise σ = 20

and Motion blur, (c) Yuan et al. [82], (d) Chan-Vese [25], (e) Li et al. [51], (f) Dong

et al. [30], (f) our smooth solution u, (h) Ours.

Example 3.5.4 Blurry Tubular image with Rician noise: Figure 3.4(a) is a given

MR kidney image. We add motion blur and Rician noise as the same way used in

Example 2.5.3 to get the blurred and noisy image, Figure 3.4(b). Figure 3.4(c)-(f)

are images segmented by methods [25, 30, 51, 82] respectively. In these four images,

we can see that they did not give the complete structure of the blood vessels. Figure

3.4 (g) is the smooth solution u from (3.10). Figure 3.4(h) is our segmentation result

from which we can find the complete outline of the vessels.
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(a) Original image (b) Blurred and noisy

image

(c) Yuan et al. [82] (d) Chan-Vese [25]

(e) Li et al. [51] (f) Dong et al. [30] (g) our smooth

solution u

(h) Ours

Figure 3.4: (a) Original “Tubular” image, (b)image corrupted by Rician noise with

σ = 20 and Motion blur, (c) Yuan et al. [82], (d) Chan-Vese [25], (e) Li et al. [51],

(f) Dong et al. [30], (f) our smooth solution u, (h) Ours.

Table 3.1: The comparisons of iteration numbers and computational time (s) for

two-phase segmentation.

Chan-Vese [25] Li [51] Dong [30] Yuan [82] Our

Example iter. time iter. time iter. time iter. time iter. time

Figure 3.1 1234 18.94 400 5.07 244 15.49 36 0.23 31 3.23

Figure 3.2 2000 37.72 400 4.51 376 20.86 33 0.92 26 4.20

Figure 3.3 677 10.15 400 5.24 166 10.80 19 0.13 39 4.56

Figure 3.4 1053 15.73 400 4.96 313 20.12 25 0.13 61 7.74

Table 3.1 gives the iteration numbers and computational time comparison of differ-

ent methods. It is obvious that the proposed method always needs less seconds than

chan-vese’ method [25], dong’s method [30] and li’s method [51]. Yuan’s method [82]
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is the fastest method among these five methods. But from Examples 2.5.1-2.5.4, we

see that our method gives much better segmentation results than Yuan’s method [82].

3.5.2 Multi-phase segmentation

The proposed method is compared with the ones presented in [51,83,84] by following

examples.

Example 3.5.5 Noisy three-phase image Figure 3.5(a) is an original “Three-phase”

image. In Figure 3.5(b), we give the noisy image which is generated by adding Rician

noise with standard variation σ = 30 into (a). Figure 3.5(c) is the three-phase

segmentation result by method [83]. We can see that the result is good except that

it divides the cloud in the lower right corner into two parts. However, Figure 5.5(d)

did not show the right three phase which is obtained by method [51]. Figure 3.5(e)

is the solution from (3.7) obtained with γ1 = 0.057 and γ2 = 0.0001. It is obvious

that u is almost identical to (a) with boundaries well preserved. Figure 3.5(f) is

our segmentation result with thresholds ρ1 = 65.5793 and ρ2 = 144.1410. Here,

K-means method is used to generate the thresholding values. Figure 3.5(h)-(i) are

three different phases of the image. It’s easy to get that our segmentation result is

competitive when compared with other methods.
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(a) Original image (b) Noisy image (c) Yuan et al. [83] (d) Li et al. [51]

(e) our smooth

solution u

(f)three phases of u (h) first phase (h) second phase

(i) third phase

Figure 3.5: (a) Original “Three-phase” image, (b) Noisy “Three-phase” image cor-

rupted by Rician noise with σ = 30, (c) Yuan et al. [83], (d) Li et al. [51], (e) our

smooth solution u, (f) three phases using K-means thresholds, (g)-(i) boundary of

each phase of u.
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Example 3.5.6 Noisy four-phase image Figure 3.6(a) is a noisy “Four-phase” image

corrupted by Rician noise with standard variation σ = 30. Figure 3.6(b) and (c) are

segmentation results obtained by methods [51, 83]. From (b) and (c), we find that

these two methods failed to segment the noisy image into four phases. Figure 3.6(d)

is the solution from (3.7) using γ1 = 0.05 and γ2 = 0.001. Figure 3.6(e) is the four-

phase segmentation result of u in which four phases are quite clear. Figure 3.6(f)-(i)

are the boundaries of the four phases respectively.
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(a) Noisy image (b) Yuan et al. [83] (c) Li et al. [51] (d) our smooth

solution u

(e) four phases of u (f) first phase (g) second phase (h) third phase

(i) fourth phase

Figure 3.6: (a) Noisy “Four-phase” image corrupted by Rician noise with σ = 30, (b)

Yuan et al. [83], (c) Li et al. [51], (d) our smooth solution u, (e) four phases using

K-means thresholds, (f)-(i) boundary of each phase of u.
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Example 3.5.7 Noisy MR “Brain” image Figure 3.7(a) is a noisy MR “Brain” im-

age degraded by Rician noise with σ = 30. The gray and white matter segmentation

is widely needed in medical analysis. Figure 3.7(b) is the segmentation result acquired

by method [83] which gives a good result. However, in Figure 3.7(c), we can see some

unexpected points which may effect the judgement of the medical researcher. Figure

3.7(d) is the solution u from (3.7) using γ1 = 0.03 and γ2 = 0.001. Figure 3.7(e) is

the four phases segmentation result from u. It is clear that all the four phases are

segmented out. Figure 3.7(f)-(i) are the boundaries of the four phases in the image.
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(a) Noisy image (b) Yuan et al. [83] (c) Li et al. [51] (d) our smooth

solution u

(e) four phases of u (f) first phase (g) second phase (h) third phase

(i) fourth phase

Figure 3.7: (a) Noisy “Brain” image corrupted by Rician noise with σ = 30, (b) Yuan

et al. [83], (c) Li et al. [51], (d) our smooth solution u, (e) four phases using K-means

thresholds, (f)-(i) boundary of each phase of u.
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Example 3.5.8 Blurry and noisy four-phase image Figure 3.8(a) is a Motion blurry

“Four-phase” image with Rician noise, where the motion is 30 degree with the filter

size 15 and the noise level is mean zero and standard variation σ = 20. Figure 3.8 (b)

and (c) are segmentation results obtained by methods [51,83] while method [51] can

not separate the image into four parts. Figure 3.8 (d) is the solution u from (3.10)

obtained by γ1 = 0.01 and γ2 = 0.001. Figure 3.8(e) is the four-phase segmentation

result from u. Figure 3.8(f)-(i) are the boundaries of the four phases in the image.

Through comparison, we can see our segmentation result is better than the others in

the aspect of the smooth of the boundaries.
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(a) Blurry image with

Rician noise

(b) Yuan et al. [83] (c) Li et al. [51] (d) our smooth

solution u

(e) four phases of u (f) first phase (g) second phase (h) third phase

(i) fourth phase

Figure 3.8: (a) Degraded “Four-phase” image with Rician noise σ = 20 and Motion

blur, (b) Yuan et al. [83], (c) Li et al. [51], (d) our smooth solution u, (e) four phases

using K-means thresholds, (f)-(i) boundary of each phase of u.
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Example 3.5.9 Blurry and noisy MR “Brain” image Figure 3.9(a) is the blurry

MR “Brain” image with Rician noise. The degradation way is the same as Example

2.5.8. Figure 3.9 (b) and (c) are respectively segmentation results by methods [51,83]

which both failed to segment out the boundaries of the gray and white matters. While,

Figure 3.9(f) and (i) give the boundaries of the four phases in the MR “Brain” image

clearly.
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(a) Blurry image with

Rician noise

(b) Yuan et al. [83] (c) Li et al. [51] (d) our smooth

solution u

(e) four phases of u (f) first phase (g) second phase (h) third phase

(i) fourth phase

Figure 3.9: (a) Degraded “Brain” image with Rician noise σ = 20 and motion blur,

(b) Yuan et al. [83], (c) Li et al. [51], (d) our smooth solution u, (e) four phases using

K-means thresholds, (f)-(i) boundary of each phase of u.
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Table 3.2: The comparisons of iteration numbers and computational time (s) for

multi-phase segmentation.

Figure 3.5 Figure 3.6 Figure 3.7 Figure 3.8 Figure 3.9

Method iter. time iter. time iter. time iter. time iter. time

Li 401 3.63 160 5.39 535 8.76 190 6.23 705 11.26

Yuan 55 0.35 143 4.33 69 0.94 48 1.46 56 0.75

Our 24 1.10 30 3.89 40 2.14 25 3.42 67 3.58

Table 3.2 gives the iteration numbers and computational time comparison of dif-

ferent methods. Though the proposed method is second to the multi-phase continuous

max-flow method in [83], from Example 2.5.5-2.5.9, it can be seen that the proposed

method shows better segmentation results. In addition, the proposed method has

anther huge advantage that u needs to be calculated only once whenever the the

phase number k and thresholding values change.

3.6 Discussion

In this chapter, we present a two-stage method to segment Rician noisy image and

blurry image with Rician noise, which makes use of convex models (3.7) and (3.10)

respectively. Our method has a data-fitting term related to blurring and Rician

noise. In the first stage, our method applies Primal-dual algorithm to find the unique

smooth solution. What follows is segmenting the smooth image by using clustering

method, like K-means method. The advantage of our method is that we use only

one algorithm to deal with both two-phase and multi-phase segmentation problem.

Here, we should point that we don’t need to recalculate the solution in (3.7) or (3.10)

when the phase number or the thresholding value changes. It is very convenient for

users to find the best segmentation results. The simulation results illuminate that

the proposed method is effective and robust for both real and synthetic images.
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Part III

Summary
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In this thesis, we put forward several new variational approaches for recovering

and segmenting an image.

In the first part, we address the image recovery methods. In chapter 1, two

new convex models for recovering images corrupted by blur with Rician noise are

presented. These two models are motivated by the non-convex maximum-a-posteriori

(MAP) model presented in the prior papers. In the first new method, we use an

approximation item to the zero order of the modified Bessel function in the MAP

model and add an entropy-like item to obtain a convex model. Through studying on

the statistical qualities of Rician noise, we bring up a strictly convex model under mild

condition by adding an additional data-fidelity term in the MAP model in the second

method. Primal-dual methods are applied to solve the models. Experimental results

illustrate that the proposed method appears to be very competitive in restoring the

image degraded by Rician noise with relatively higher computational efficiency. In

chapter 2, we propose an improvement of practical CBCT dose control TNLM scheme

for IGRT. We denoise the scanned image with low dose by using the previous images

as prior knowledge. Different from the original method, in the new one, for each pixel,

the search range is not fixed, but based on the motion vector between the prior image

and the obtained image. By doing this, it is easy to find the similar pixels in the

previous images, but also can reduce the computational time since it does not need

large search window. The phantom and patient studies illuminate that the proposed

method outperforms the original one in image quality and computational time.

In the second part, we emphasize on the image segmentation method. We propose

a two-stage method for segmenting Rician noisy image and blurry image with Rician

noise which makes use of convex models (3.7) and (3.10) respectively. Our method

has a data-fitting term related to blurring and Rician noise. In the first stage, our

method applies Primal-dual algorithm to find the unique smooth solution. What

follows is segmenting the smooth image by using clustering method, like K-means

method. The advantage of our method is that we use only one algorithm to deal with

both two-phase and multi-phase segmentation problem. Here, we should point that

we don’t need to recalculate the solution in (3.7) or (3.10) when the phase number

or the thresholding value changes. It is very convenient for users to find the best
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segmentation results. The simulation results illuminate that the proposed method is

effective and robust for both real and synthetic images.
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