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Abstract

This thesis introduces three new model-free tests for isotropy, equal distribution
and random superposition in non-rectangular windows respectively. For isotropy,
a bootstrap-type test is proposed. The corresponding test statistic assesses the dis-
crepancy between the uniform distribution and the empirical normalised reduced
second-order moment measure of a sector of fixed radius with increasing central
angle. The null distribution of the discrepancy is then estimated by stochastic
reconstruction, which generates bootstrap-type samples of point patterns that re-
semble the spatial structure of the given pattern. The new test is applicable for
small sample sizes and is shown to have more robust powers to different choices of
user-chosen parameter when compared with the asymptotic χ2-test by Guan et al.
(2006) in our simulation. For equal distribution, a model-free asymptotic test is
introduced. The proposed test statistic compares the discrepancy between the
empirical second-order product densities of the observed point patterns at some
pre-chosen lag vectors. Under certain mild moment conditions and a weak de-
pendence assumption, the limiting null distribution of the test statistic is the χ2-
distribution. Simulation results show that the new test is more powerful than
the permutation test by Hahn (2012) for comparing point patterns with similar
structures but different distributions. The new test for random superposition is a
modification of the toroidal shift test by Lotwick and Silverman (1982). The idea
is to extrapolate the pattern observed in a non-rectangular window to a larger
rectangular region by the stochastic reconstruction so that the toroidal shift test
can be applied. Simulation results show that the powers of the test applied to
patterns with extrapolated points are remarkably higher than those of the test
applied to the largest inscribed rectangular windows, with only slightly increased
type I error rates. Real data sets are used to illustrate the advantages of the tests
developed in this thesis over the existing tests in the literature.
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Chapter 1

Introduction

Spatial point process is a useful tool to describe a set of objects randomly located

in the plane or in space. Mathematically, it is defined as a locally finite random

counting measure on a locally compact second countable Hausdorff space. Fields

of applications of spatial point pattern analysis include astronomy (Neyman and

Scott, 1958; Stein et al., 2000; Martinez and Saar, 2001), biology (Diggle, 1986;

Diggle et al., 1991), ecology (Harkness and Isham, 1983; Dale, 1999; Wiegand and

Moloney, 2014), economics (Engle and Lunde, 2003; Bowsher, 2007), epidemi-

ology (Gatrell et al., 1996), material science (Ohser and Mücklich, 2000; Ohser

and Schladitz, 2009), and seismology (Veen and Schoenberg, 2006; Vasudevan

et al., 2007). Detailed introductions to the theory and statistics of spatial point

process are provided by Cressie (1993), Stoyan and Stoyan (1994), Møller and

Waagepetersen (2004), Daley and Vere-Jones (2003, 2008), Illian et al. (2008),

Chiu et al. (2013), and Diggle (2013). Some particular models are studied more

thoroughly in specialised monographs, such as Kingman (1993) and Van Lieshout

(2000).

An often made assumption in spatial point pattern analysis is that an ob-

served pattern is a realisation of a motion-invariant spatial point process, i.e.

it is stationary and isotropic. To test the stationarity of point patterns, Guan

(2008) developed a model-free asymptotic test by generalising the Kwiatkowshi-

Phillips-Schmidt-Shin (KPSS) test, proposed by Kwiatkowski et al. (1992), for
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time series data to spatial point processes. The test statistic is constructed based

on the discrepancies between observed and expected number of points in expand-

ing rectangular regions within a rectangular sampling window. A fixed origin

of the sampling window has to be explicitly identified when applying the test.

He proposed using the four corners of the sampling window as the origin and

then get a combined test statistic by taking the sum of four statistics. Chiu and

Liu (2013) extended his method to a wider class of stationarity tests. The tests

proposed by Guan (2008) and Chiu and Liu (2013) are restricted to rectangular

window. Zhang and Zhou (2014) introduced another test of stationarity which

is applicable to arbitrary regions. They considered the absolute maximum of the

discrepancies between the observed and expected number of points and proposed

a Kolmogorov-Smirnov type statistic. For isotropy, Guan et al. (2006) developed

a model-free asymptotic test based on comparing the sample second-order prod-

uct density at some pre-chosen lag vectors in some prescribed directions. Their

test statistic involves the inverse of an empirical covariance matrix, which may be

ill-conditioned in real practice.

Over the last few decades, various nonparametric summary functions have

been proposed for analysing spatial point patterns. Some of the widely used func-

tions are Ripley’s K-function (Ripley, 1976, 1977), L-function (Besag and Diggle,

1977), J-function (Van Lieshout and Baddeley, 1996), pair correlation function,

nearest-neighbour distance distribution function and spherical contact distribu-

tion function. These summary statistics are often used for investigating properties

of certain observations or assessing the goodness of fit of certain classes of model.

Focussing on comparing more than one point patterns by nonparametric sum-

mary characteristics is rare. Diggle et al. (1991, 2000) developed a Monte Carlo

bootstrap test for comparing K-functions of two or more groups of point pat-

terns with independent replicates. Following their idea, Hahn (2012) introduced

a studentized permutation test for comparing the K-functions of more than one

point patterns with multiple replicates or single observation. For the latter, the

sole observation is split into realisations in disjoint quadrats and treated as if

2



they were independent to obtain “replicates”, but this is only expediential be-

cause the empirical residuals of the K-functions in disjoint quadrats are in fact

not exchangeable, unless the process is Poisson.

When one does not solely record the locations of observations but also addi-

tional features relative to each observation, marked point process would be a very

helpful tool to analyse such data. A marked point process may be considered

as a resultant process of several sub-point processes with interesting correlations

and structures when the marks are qualitative. If the qualitative marks contain

two levels only, the marked point process can be reduced to a bi-type point pro-

cess. Examples of bi-type point processes include the amacrine cells in a rabbit’s

retina (Wieniawa-Narkiewicz, 1983), the beta-type ganglion cells in the cat retina

(Wässle et al., 1981) and the locations of nests of two species of ants, Messor was-

manni and Cataglyphis bicolor, in a study of predator-prey relationship (Harkness

and Isham, 1983). An important part of analysing these kinds of data is the detec-

tion of associations or correlations between the two types of observations. Before

having a correlation analysis, a commonly asked question is whether the two types

of observations are independent, the so-called random superposition hypothesis.

Lotwick and Silverman (1982) introduced a toroidal shift test for this hypothesis.

The testing procedure is as follows. New bi-type point patterns are generated

by holding points one type fixed and shifting the points of the other type by the

same random shift-vector to destroy the possible correlations between points with

different marks. Points that are shifted outside the sampling window are wrapped

back onto the opposite edge. Hence, the test is applicable only to point patterns

observed in a torus or a rectangular window.

The aim of this thesis is introducing three new model-free tests for isotropy,

equal distribution and random superposition respectively. For isotropy, a bootstrap-

type test is proposed. The corresponding test statistic assesses the discrepancy

between the uniform distribution and the empirical normalised reduced second-

order moment measure of a sector of fixed radius with increasing central angle.

The null distribution of the discrepancy is estimated by stochastic reconstruction

3



(Tscheschel and Stoyan, 2006). The new test is applicable for small sample sizes

and is shown to have more robust powers to different choices of user-chosen param-

eter when compared with the asymptotic χ2-test by Guan et al. (2006) in our sim-

ulation. For equal distribution, a model-free asymptotic test that, unlike Hahn’s

(2012) permutation test, does not require exchangeability is introduced. The pro-

posed test statistic compares the discrepancy between the empirical second-order

product densities of the observed point patterns at some pre-chosen lag vectors.

Under certain mild moment conditions and a weak dependence assumption, the

limiting null distribution of the test statistic is the χ2-distribution with degrees of

freedom equal to the number of pre-chosen lag vectors. Simulation results show

that the new test is more powerful than Hahn’s (2012) test for comparing point

patterns with similar structures but different distributions. The new test for ran-

dom superposition of bi-type point patterns is a modification of the toroidal shift

test. The idea is to extrapolate the pattern observed in a non-rectangular window

to a larger rectangular region by the stochastic reconstruction. The advantages

of the new test over the existing test are illustrated by real data.

The thesis is organized as follows. Chapter 2 gives a brief review of the theory

of spatial point processes and spatial bi-type point processes that will be used in

this thesis. The new isotropy test is proposed in Chapter 3. Extensive simulation

study of the new test and the asymptotic test by Guan et al. (2006) are presented.

The chapter is concluded by applying the tests to the amacrine cells and the

redwood data. Chapter 4 introduces the new asymptotic test for equal distribution

and compares the new test with Hahn’s (2012) permutation test by simulation.

The chapter is then concluded by applying the tests to the beta-type ganglion

cells. Chapter 5 explains the new test of random superposition and studies its

powers under different sizes and shapes of sampling windows by simulation. The

test is then applied on the ants data. Concluding remarks of the thesis are given

in the last chapter.
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Chapter 2

Overview of Spatial Point

Processes

2.1 Definition of Point Processes

Denote by N the set of all locally finite counting measures on the d-dimensional

Euclidean space Rd. Define N as the smallest σ-algebra generated by all the sets

of the form {N ∈ N : N(A) = k}, where k = 0, 1, 2, . . ., and A is compact subset

of Rd. A point process in Rd is defined as a measurable mapping Φ : Ω 7→ N from

a probability space (Ω,F ,P) to the space (N,N ). The distribution of Φ is the

probability measure P on (N,N ) defined by

P(A) = P(Φ ∈ A) , A ∈ N .

A point process Φ can be interpreted as a random counting measure that for any

Borel A ⊆ Rd, Φ(A) is a random number of the points of the process in A. It can

also be considered as a random set of all points in the process, i.e. with a slight

abuse of notation, Φ = {x1,x2, . . .}, xi ∈ Rd.

A point process Φ is called simple if

P
(
Φ({x}) > 2 for some x

)
= 0 .

Throughout this thesis, Φ is assumed to be simple.
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Stationarity and Isotropy

A point process Φ is said to be stationary if

P(Φ ∈ A) = P(Φ−x ∈ A) ,

for all x ∈ Rd and A ∈ N , where Φ−x = {y − x : y ∈ Φ}. Characteristics of a

stationary point process are invariant under translation.

A point process Φ is said to be isotropic if

P(Φ ∈ A) = P(RΦ ∈ A) ,

for all A ∈ N and R ∈ SO(d), where SO(d) is the rotation group over Rd

and RΦ = {Rx : x ∈ Φ}. Characteristics of an isotropic point process are

invariant under rotation.

A stationary and isotropic point process is called motion-invariant.

2.2 Characteristics of Point Processes

Moment Measures

The kth-order moment measure µ(k)(·) of Φ is defined by∫
Rkd

f(x1, . . . ,xk)µ
(k)
(
d(x1, . . . ,xk)

)
=

∫
N

∑
x1,...,xk∈ϕ

f(x1, . . . ,xk) P(dϕ) ,

where f is any non-negative measurable function on Rkd. Particularly, the first

order moment measure

µ(1)(A) = E
(
Φ(A)

)
, for A ⊆ Rd,

is the intensity measure of Φ. If µ(1)(·) is locally finite and absolutely continu-

ous with respect to Lebesgue measure, then µ(1)(·) has a density λ(·) called the

intensity function and defined by

µ(1)(A) =

∫
A

λ(x) dx .

If Φ is stationary, the intensity function λ(·) ≡ λ and is called the intensity of Φ.

The intensity λ is interpreted as the average number of points in Φ per unit area.
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Factorial Moment Measures

The kth-order factorial moment measure α(k)(·) of a point process Φ is defined by∫
Rkd

f(x1, . . . ,xk)α
(k)
(
d(x1, . . . ,xk)

)
=

∫
N

∑ 6=

x1,...,xk∈ϕ

f(x1, . . . ,xk) P(dϕ) .

The summation
∑6= is over all k-tuples with pairwise distinct components. Thus

for pairwise disjoint Borel sets A1, . . . , Ak of Rd,

α(k)(A1 × · · · × Ak) = µ(k)(A1 × · · · × Ak) .

If α(2)(·) is locally finite and absolutely continuous with respect to Lebesgue mea-

sure, α(2)(·) has a density %(2)(·) called the second-order product density defined

by

α(2)(A1 × A2) =

∫
A1

∫
A2

%(2)(x1,x2) dx1dx2 .

If Φ is stationary, the second-order product density depends on the difference of its

arguments, i.e. with a slight abuse of notation, %(2)(x1,x2) = %(2)(x1−x2). If Φ is

motion-invariant, the second-order product density depends solely on ‖x1−x2‖.

Reduced Second-order Moment Measures

Suppose that Φ is stationary. The Palm distribution (at o) Po of P on (N,N ) is

defined by

Po(A) =
1

λνd(A)

∫ ∑
x∈ϕ∩A

1A(ϕ−x) P(dϕ) , for A ∈ N ,

where A is any Borel set of Rd with positive volume, νd(A) is the d-dimensional

Lebesgue measure of the set A and 1A(·) is the indicator function of the set A.

The probability Po(A) is the conditional probability that Φ has property A given

that a point of Φ is in o.

The reduced second-order moment measure K(·) is defined by the Palm dis-

tribution and is given by

λK(A) =

∫
N
ϕ(A \ {o}) Po(dϕ) , for any Borel A ⊆ Rd.
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The quantity λK(A) is the mean number of points of Φ in A conditional on a point

of Φ at o. Numerous second-order summary characteristics are closely related to

the reduced second-order moment measures.

Ripley’s K-function

Ripley’s K-function K(·), proposed by Ripley (1976, 1977), is one of the most

widely used second-order summary characteristic for stationary point processes.

It is defined as

K(r) = K(Bd(o, r)) , for r > 0,

where Bd(o, r) is a closed ball in Rd with radius r centred at the origin o. It is

the ratio of mean number of further points within distance r of the typical point

of Φ to the intensity of Φ.

The K-function, just like other second-order summary characteristics, does

not provide all the distributional information of a point process. Baddeley and

Silverman (1984) gave an example of a planar non-Poisson point process which

has the same K-function as the Poisson point process.

Besag’s L-function

The fluctuations of estimated K-functions increase as the distance r increases. To

stabilise the standard error of the estimator, Besag and Diggle (1977) proposed

the L-function by taking root transformation of the K-function. The L-function

of Φ is defined by

L(r) = d

√
K(r)

bd
, for r > 0,

where bd is the volume of a unit ball in Rd. The visualisation and interpretation of

the second-order behaviour of a point process are easier based on the L-function

than on the K-function, because the L-function is proportional to r while the K-

function varies as rd.
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Nearest Neighbour Distance Distribution function

The kth nearest neighbour distance distribution function Dk(·) is the distribution

function of the random distance from the typical point of the stationary Φ to

its kth nearest neighbour. It can be expressed via the Palm distribution Po by

Dk(r) = Po

(
Φ
(
Bd(o, r) \ {o}

)
> k

)
, for r > 0.

The relationship between K(r) and Dk(r) is

λK(r) =
∞∑
k=1

Dk(r) , for r > 0.

2.3 Definition of Bi-type Point Processes

Denote by ΦM = {[xk,mk]} a bi-type point process with points xk ∈ Rd and

marks mk ∈ {1, 2}. Denote by ΦM
i the sub-point process of the points of ΦM with

mark i, for i = 1, 2. The bi-type point process can be considered as a point process

defined on the product space of points and marks. It can also be interpreted as

a bivariate point process (ΦM
1 ,Φ

M
2 ). The notation ΦM and ΦM

i denote also the

corresponding random counting measures such that for any Borel A ⊆ Rd and

any Borel B ⊆ {1, 2}, ΦM(A×B) and ΦM
i (A) are the random numbers of points

of the processes lying in A with marks in B and with mark i, respectively.

Stationarity and Isotropy

A bi-type point process ΦM is said to be stationary if

P(ΦM ∈ A) = P(ΦM
−x ∈ A) ,

for all x ∈ Rd and A ∈ N , where ΦM
−x = {[yk − x,mk] : [yk,mk] ∈ ΦM}.

A bi-type point process ΦM is said to be isotropic if ,

P(ΦM ∈ A) = P(RΦM ∈ A) .

for all A ∈ N and R ∈ SO(d), where RΦM = {[Rxk,mk] : [xk,mk] ∈ ΦM}.
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2.4 Characteristics of Bi-type Point Processes

Moment Measures

The first-order moment measure µ
(1)
M (·) of a bi-type point process ΦM is defined

by

µ
(1)
M (A×B) =

∫
N

∑
[xk,mk]∈ϕ

1B(mk)1A(xk) P(dϕ) , for A ⊆ Rd and B ⊆ {1, 2},

where mk is the mark of xk. If µ
(1)
M (·) is locally finite and absolutely continuous

with respect to Lebesgue measure, it has a density function. In particular, if ΦM

is stationary, the intensity λMi of ΦM
i is defined by

E
(
ΦM
i (A× {i})

)
= λMi νd(A) , for A ⊆ Rd.

The intensity λM of ΦM is simply λM1 + λM2 .

Cross K-function

The cross K-function Kij(·) of ΦM is defined analogous to Ripley’s K-function of

an unmarked point process. It is given by

λMi Kij(r) = Eoi

(
ΦM
j

(
Bd(o, r)

))
, for r > 0,

where Eoi is the expectation with respect to the Palm distribution of ΦM
i . The

quantity λMi Kij(r) is the average number of points of ΦM
j within distance r to the

typical point of ΦM
i . The cross K-function takes the simple form K12(r) = bdr

d

when ΦM
1 and ΦM

2 are independent.

Cross L-function

The cross L-function Lij(·) of ΦM is defined by

Lij(r) = d

√
Kij(r)

bd
.

Clearly if ΦM
1 and ΦM

2 are independent, then L12(r) = r.
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Marked Nearest Neighbour Distance Distribution Function

The marked kth nearest neighbour distance distribution function Dk
ij(·) is the

distribution function of the random distance from the typical point of ΦM
i to

the kth nearest point of ΦM
j and is defined as

Dk
ij(r) =


Poi

(
Φi

(
Bd(o, r) \ {o}

)
> k

)
, if i = j,

Poi

(
Φj

(
Bd(o, r)

)
> k

)
, otherwise,

where Poi is the Palm distribution of ΦM
i .
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Chapter 3

Isotropy Test using Stochastic

Reconstruction

3.1 Introduction

An often made assumption in spatial point pattern analysis is that an observed

pattern is a realisation of a motion-invariant spatial point process. A spatial

process is motion-invariant if it is stationary and isotropic. The distribution of a

stationary process is invariant under translations while that of an isotropic process

is invariant under rotations. A stationary process is not necessarily isotropic and

a non-stationary process can be isotropic with respect to rotations about a fixed

location (e.g. Byth, 1981).

Typically, stationarity and isotropy are either justified by non-statistical ar-

guments or checked by assessing the goodness of fit of certain classes of models.

However, non-statistical justification is not always unarguable and goodness-of-fit

tests are often not powerful in detecting lack of fit caused by non-stationarity or

anisotropy. Moreover, any lack of fit of a stationary isotropic model cannot be

regarded as evidence against stationarity or isotropy. Thus, in many applications

model-free tests for stationarity and isotropy would be valuable.

For stationarity, Guan (2008) and Chiu and Liu (2013) developed model-free

asymptotic tests, based on the discrepancies between observed and expected num-
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bers of points in expanding rectangular regions within the rectangular sampling

window. When applied the tests to the longleaf pine data of Platt et al. (1988),

which showed no strong evidence of lack of fit if the pattern is modelled by some

stationary cluster processes (Stoyan and Stoyan, 1996; Ghorbani, 2013), Chiu

and Liu (2013) obtained small p-values that led to a clear rejection of station-

arity. Zhang and Zhou (2014) introduced another test which can be applied to

non-rectangular sampling windows.

For isotropy, Guan et al. (2006) introduced a model-free statistic comparing the

sample second-order product density at pre-chosen lag vectors in some prescribed

directions. Using the asymptotic normality of the density estimator, they showed

that the limiting null distribution of their statistic is χ2 with ν degrees of freedom,

where ν+1 is the number of a priori chosen directions for comparison . However,

in real applications of their test, there are several practical issues. First, their

simulation results reveal that the power of the test depends heavily on the choice

of the bandwidth for the kernel estimator of the second-order product density

and the magnitudes of the lag vectors. Second, if one wants to compare more

directions, the price to pay is a larger value for the degrees of freedom, which may

lead to lower powers. Third, their statistic involves the inverse of an empirical

covariance matrix, which may be ill-conditioned. Nevertheless, they offered some

helpful suggestions from their experience on these issues.

Figure 3.1 shows the point pattern formed by the locations of 195 California

redwood seedlings in a square sampling window; see Diggle (2013), Ripley (1977),

and Strauss (1975). The pattern in Figure 3.2 is a bivariate point pattern of two

different types of displaced amacrine cells in the retina of a rabbit; the “on” and

“off” cells represent the types that transmit information when a light is “on” and

“off”, respectively; see Diggle (2013) and Illian et al. (2008). In the literature

these two patterns are modelled and analysed as realisations of motion-invariant

processes. For the stationarity hypothesis, applying Guan’s (2008) test to each

pattern does not suggest rejection. For isotropy, however, visual inspection of the

empirical densities θ̂(t) of the nearest neighbour orientation distribution (Illian
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Figure 3.1: Point pattern formed by the locations of 195 California redwood

seedlings in a unit square. Source of data: R package spatstat.

et al., 2008, Section 4.5.2) in Figure 3.3 clearly suggests a bimodal distribution for

each pattern, instead of a constant density expected under the isotropy hypothesis,

and the isotropy test by Guan et al. (2006) gives small p-values when applied to

the redwood data. Nevertheless, when applied to the amacrine data, their test is

inconclusive because the p-values, depending on the magnitude of the lag vector

and the bandwidth, range from 0.0003 to 0.9544. This problem shows that in

practice, an alternative test that requires fewer user-chosen parameters is needed

and is less sensitive to the choice of the values for these parameters. As we can

see in Section 3.5, the new approach described below (which is not based on θ̂(t)),

when applied to these two patterns, is able to offer robust and strong evidence to

reject the isotropy hypothesis.

This thesis proposes a test statistic assessing the discrepancy between the

uniform distribution and the empirical normalised reduced second-order moment
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Figure 3.2: Point pattern formed by the locations of 152 “on” amacrine cells

(represented by bullets •) and 142 “off” amacrine cells (represented by circles ◦)

in a 1060 × 662µm2 window. Source of data: R package spatstat.

measure of a sector of fixed radius with increasing central angle. Anisotropy would

result in a large discrepancy. The null distribution of the discrepancy is, however,

unknown and is not possible to be estimated by parametric bootstrap because the

isotropy null hypothesis is not specific enough to allow simulation of realisations.

Stochastic reconstruction (Chiu et al., 2013, pp. 276–278) is used to estimate

the p-values. Such an approach has been shown to be able to yield more accurate

estimates for point process summary characteristics (Tscheschel and Chiu, 2008).

The simulation study in Section 3.4 shows that the new test can achieve empirical

sizes that are close to the nominal level, while the powers are as high as, if not

higher than, those of Guan et al. (2006) and are much less sensitive to the choice

of the sole user-chosen parameter in the test statistic, namely the radius of the

sector.

This chapter, following Guan et al. (2006), presents the planar case only and

is organised as follows. Section 3.2 introduces the test statistic and Section 3.3

explains how to generate motion-invariant point patterns that closely resemble

the spatial structure of the given data without specifying any underlying model.
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(a) (b)

(c) (d)

Figure 3.3: Kernel smoothed empirical density θ̂(t) of the nearest neighbour

orientation distribution of (a) the redwood seedlings, (b) the amacrine cells, (c)

the “on” amacrine cells, and (d) the “off” amacrine cells.

The new proposed test is compared with the test proposed in Guan et al. (2006)

by extensive simulation in Section 3.4. The last section concludes the chapter by

applying the tests to the above two examples to demonstrate the advantages of

the new approach over Guan et al. (2006).
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3.2 Asymptotic χ2-test

Given a stationary planar point process Φ defined in Section 2.1. Consider a

vector G of the second-order product densities at some pre-chosen lag vectors of

equal length. The vector G is estimated by Ĝ, which is the vector of the estimated

second-order product density %̂(2)(·) at the same lags as G, where

%̂(2)(t) =

∫
x∈W

∫
y∈W

w{(t− x + y)/h}
h2ν2(W ∩ (W − x + y))

1{z :z 6=y}(x)Φ(dx)Φ(dy) ,

in which W is the sampling window, W − x + y = {z − x + y : z ∈ W}, w(·) a

symmetric kernel function of finite support, and h the bandwidth. Denote by Σ

the covariance matrix of Ĝ and by Σ̂ a consistent estimator of Σ. For any point

process satisfying certain moment conditions and a weak dependence assumption

stated in Guan et al. (2006), the test statistic

TS = h2ν2(W )(AĜ)>(AΣ̂A>)−1(AĜ)

is asymptotically χ2 distributed with rank(A) degrees of freedom as Φ(W ) = n

tends to infinity, under the null hypothesis that E(AĜ) = 0. The matrix A is

some fixed full row rank matrix chosen to compare %̂(2)(·) at different directions,

and this null hypothesis is a consequence of the isotropy assumption.

The power of the test strongly depends on the choice of the bandwidth h and

the pre-chosen lag vectors ti. Simulation studies by Guan et al. (2006) led to the

following guidelines. The recommended choice of ‖ti‖ is some value about one

third to a half of the dependence range of the point process. The value of the

bandwidth h should be selected to meet two criteria: sufficiently many point pairs

would be included in the calculation of each %̂(2)(ti) and no overlapping point pairs

would be used to calculate %̂(2)(·) in different directions. They also introduced a

data-driven method to estimate the optimal bandwidth by minimising the mean

squared error of %̂(2)(ti), but the computation would be so intensive that even

they themselves did not implement it in their simulation.

The consistent estimator Σ̂ used is computed by a sub-sampling approach,

instead of by a plug-in estimator. The observation window W is divided into k
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subblocks, W(`), ` = 1, . . . , k, such that approximately cn1/4 points are included

in each subblock, n is the number of points observed in W . Guan et al. (2006)

suggested that c ≈ 0.8 would often be a good choice. The shape and orientation

of each subblock are the same as those of W . In each subblock W(`), the estimated

second-order product density %̃
(2)
` (t) is defined by

%̃
(2)
` (t) =

∫
x∈W(`)

∫
y∈W(`)

w{(t− x + y)/h(`)}
h(`)

√
ν2(W(`) ∩ (W(`) − x + y))

1{z :z 6=y}(x)Φ(dx)Φ(dy) ,

where h(`) is the bandwidth. The (i, j)th element of Σ̂ is then given by

1

kf

k∑
`=1

{
%̃

(2)
` (ti)− %̄(2)(ti)

}{
%̃

(2)
` (tj)− %̄(2)(tj)

}
,

with f as a finite sample bias correction and %̄(2)(t) the mean of all %̃
(2)
` (t), ` =

1, . . . , k.

The computation of %̃
(2)
` (t) involves another bandwidth to be used for the esti-

mation in each subblock, and it may be difficult to select a value that would satisfy

the two selection criteria mentioned above because a subblock often contains only

a few points. Simulation study shows that in practice, the condition number

of Σ̂ is very sensitive to the value of this bandwidth, and hence one may have a

unstable inverse Σ̂
−1

for computing TS. In the simulation and the case studies

below, following Guan et al. (2006), the uniform kernel is employed and the same

bandwidth is used for both %̂(2)(·) and %̃
(2)
` (·) ; the matrix A would be chosen to

compare the direction of the x-axis to the directions of π/4, π/2 and 3π/4 with

respect to the x-axis. To further correct the edge effects, following Guan et al.

(2004), we considered the following test statistic

T̃ S = h2(AĜ)>(ACΣ̂CA>)−1(AĜ) ,

where C is a diagonal matrix with diagonal elements ν2(W ∩ (W − ti))
−1/2.
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3.3 Bootstrap-type Test

3.3.1 Test Statistic

In the planar case, consider S(r, θ, ψ) a sector of radius r centred at the origin

whose two radii make angles θ and ψ with respect to the x-axis, where 0 6 θ−ψ 6

π, and let Kr(θ, ψ) = K(S(r, θ, ψ)). Generalisation to higher dimensional cases

is, though straightforward, clumsy and so would not be explicitly spelt out here.

At fixed r and ψ, the ratio Fr, ψ(θ) = Kr(θ, ψ)/Kr(π, 0) is the distribution

function of uniform on [ψ, ψ + π] if Φ is isotropic; see Illian et al. (2008, Section

4.5). A test statistic is introduced by comparing Fr, ψ(θ) and F̂r, ψ(θ) at fixed r

under all θ and ψ. Define

dr, ψ = sup
θ∈[0,π)

∣∣∣∣θ − ψ + π1{z :z<ψ}(θ)

π
− F̂r, ψ(θ)

∣∣∣∣
to measure, in L∞-norm, the difference between the uniform distribution and the

empirical function F̂r, ψ(·) at fixed r and ψ, and let

Tr = sup
ψ∈[0,π)

dr, ψ.

For a fixed r, denote by {θ(i)
r }mi=1 a sequence of angles, sorted in ascending or-

der and measured with respect to the x-axis, between pairs of points in the ob-

served point pattern with pairwise distance smaller than or equal to r. Let f
(i)
r =

F̂r, 0(θ
(i)
r ), i = 1, . . . ,m, and define f

(0)
r = f

(m)
r . The empirical function F̂r, ψ(θ)

is a step function with jumps at θ = θ
(i)
r − ψ + π1{z :z<ψ}(θ

(i)
r ), i = 1, . . . ,m.

The supremum of dr, ψ for all ψ ∈ [θ
(j−1)
r , θ

(j)
r ] occurs at either ψ = θ

(j−1)
r

or ψ = θ
(j)
r , j = 2, . . . ,m− 1, and for all ψ ∈ [0, θ

(1)
r ] ∪ [θ

(m)
r , π], at either ψ = θ

(1)
r

or ψ = θ
(m)
r . Thus, the test statistic Tr can be expressed as

Tr = max
16i6m

max
16j6m

{∣∣∣∣∣θ(i)r − θ(j)rπ
+ 1{

z : z<θ
(j)
r

}(θ(i)r )− f
(i)
r − f (j−1)

r

f
(m)
r

− 1{
z : z6f(j−1)

r

}(f (i)r )

∣∣∣∣∣ ,∣∣∣∣∣θ(i)r − θ(j)rπ
+ 1{

z : z6θ(j)r

}(θ(i)r )− f
(i−1)
r − f (j−1)

r

f
(m)
r

− 1{
z : z6f(j−1)

r

}(f (i−1)
r )

∣∣∣∣∣ ,∣∣∣∣∣θ(i)r − θ(j)rπ
+ 1{

z : z<θ
(j)
r

}(θ(i)r )− f
(i)
r − f (j)r

f
(m)
r

− 1{
z : z<f

(j)
r

}(f (i)r )

∣∣∣∣∣ ,∣∣∣∣∣θ(i)r − θ(j)rπ
+ 1{

z : z6θ(j)r

}(θ(i)r )− f
(i−1)
r − f (j)r

f
(m)
r

− 1{
z : z<f

(j)
r

}(f (i−1)
r )

∣∣∣∣∣
}
.
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Based on the simulation results, choosing r as a half to two thirds of the

dependence range of the point process is recommended.

3.3.2 Generating Bootstrap Samples by Reconstruction

Motion-invariant point patterns that resemble the spatial structure of a given

sample could be generated using stochastic reconstruction, which is developed by

Tscheschel and Stoyan (2006). Without specifying any theoretical model with

finitely many parameters for the observed pattern, the reconstruction procedure

generates point patterns with empirical summary characteristics close to the pre-

scribed summary characteristics of the observed pattern.

The algorithm starts with an arbitrary finite point pattern Ψ0 of exactly n

points in W . A sequence of point patterns Ψ1,Ψ2, . . . is generated in W as follows.

A point in Ψi is randomly chosen and replaced by a new point that is independent

and uniformly distributed in W . Denote the new pattern by Ψ′i.

Define the energy function of Ψi as

U(Ψi) =
I∑

k=1

∫ r0

0

{
D̂k(r; Φ)− D̂k(r; Ψi)

}2

dr+

∫ r0

0

{
N̂+(r; Φ)− N̂+(r; Ψi)

}2

dr

for some positive I and r0, where D̂k(r; Φ) is an estimate of the kth nearest neigh-

bour distance distribution function defined in Section 2.2 and N̂+(r; Φ) is an

estimate of the specific planar convexity number of the random set formed by

the union of closed balls of radius r centred at the points of Φ. The inclusion of

the specific planar convexity number in the energy function improves the powers

of the test in the simulation study. Because Φ and Ψi are observed only in the

sampling window W , correction for edge-effects is necessary. If W is rectangu-

lar, periodic boundary conditions may simply be used for the estimation. If W

is non-rectangular, other edge-effects correction methods may be used; see Chiu

et al. (2013, Section 4.7.6). An estimate of N̂+ can be the count of lower tangent

points (Chiu et al., 2013, p. 294).
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The pattern Ψi+1 is defined as

Ψi+1 =

 Ψ′i, if U(Ψ′i) < U(Ψi),

Ψi, otherwise.

The iteration process stops when either the number of iterations i has reached

the maximum number of iterations M or U(Ψi−s)− U(Ψi) < ε for some small ε

and large s. The resultant pattern is called a reconstructed pattern from the

observed Φ.

Simulation experience suggests that I is about 5% of the total number n of

points in W but should not be smaller than 5, the upper limit r0 of the integral

is chosen as the reciprocal of the intensity but should not be smaller than 5% and

not greater than 25% of the shortest side of W . The parameters for termination

are M = 106, ε = 10−8, and s = 1000.

3.3.3 Bootstrap p-value

Each reconstructed pattern from the observed Φ can be regarded as a (pseudo)

bootstrap sample under the isotropy hypothesis, and consequently the boot-

strap p-value can be obtained as usual: for a given observed pattern, in total R

reconstructed patterns are generated independently, and for a fixed r and i =

1, . . . , R, denote by T
(i)
r the test statistic value obtained in the ith pattern; the

bootstrap p-value is defined by

pbootstrap =
#{i : T

(i)
r > Tr}+ 1

R + 1
,

where Tr is the test statistic value obtained in the given pattern. Using R = 99

is generally adequate for practical purpose (Davison and Hinkley, 1997, p. 156).

3.4 Simulation

For each model described below, 500 realisations were generated in the sampling

window W = [0, 20]2 as observed patterns. The parameters of the asymptotic χ2-

test were determined according to the recommendation in Guan et al. (2006). For
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the bootstrap-type test, the p-values were calculated based on R = 99 independent

reconstructed patterns. All integrals in the energy function were approximated by

the corresponding right Riemann sums, where the interval [0, r0] was partitioned

into J equal parts, and J need not be very large because the integrands may

remain unchanged for a small increment in r. For the results reported in this

section, the value of J and the parameters used in the energy function for the

reconstruction were (i) for patterns with on the average 400 points, J = 50, I = 20

and r0 = 1, and (ii) for patterns with on the average 30 points, J = 20, I = 5

and r0 = 5.

3.4.1 Models

Poisson cluster processes and Gibbs hard-core processes were simulated to inves-

tigate the empirical rejection rates of the tests.

Following Guan et al. (2006), we consider Poisson cluster processes. A station-

ary Poisson process with intensity ρ/ν2(W ) was first generated as parent locations.

The numbers of offsprings of each parent were independent Poisson random vari-

ables with mean µ. The vector to an offspring from its parent was independently

distributed with density

f(t) =
1

2πσ2 det(B)−1
exp(−‖Bt‖/2σ2) ,

where

B =

[
1 0
0 p

][
cos θ sin θ
− sin θ cos θ

]
, for some p > 1.

The parent locations were not included in the resulting point process. The pa-

rameters (ρ, µ) were chosen to be (100, 4), (50, 8), (15, 2) and (5, 6). The spread

of each cluster was controlled by the parameter σ = 0.4 and 0.6. The strength

of anisotropy p was set as 1 (isotropy),
√

2, and 2, while the major direction of

anisotropy θ was fixed at π/3 with respect to the x-axis. The same as in Guan

et al. (2006), the dependence range was taken as 4σ for the determination of the

magnitude of the lag vectors ti and the radius r of the sector in the test statistics.
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In addition to cluster processes, Gibbs hard-core process were considered with

exactly ξ points, whose locations were simulated according to the density

fξ(x1, . . . ,xξ) = exp

(
−

ξ−1∑
i=1

ξ∑
j=i+1

φ(‖B(xi − xj)‖)

)/
Zξ ,

with normalising factor Zξ and the same matrix B as above, and

φ(‖B(x− y)‖) =


∞ , if ‖B(x− y)‖ 6 δ,

0 , otherwise.

In the simulation, ξ was set as 400 and 30. The values of p and θ were the same

as those of the Poisson cluster process above. The fixed hard-core distance was

chosen to be δ = 0.2, 0.3 for ξ = 400, and δ = 2, 3 for ξ = 30. Visual inspection

of %̂(2)(r) suggested that the dependence range would be about 2δ to 3δ.

3.4.2 Empirical Results

Tables 3.1 to 3.4 show the empirical rejection rates of the bootstrap-type test and

the asymptotic χ2-test applied to Poisson cluster patterns and Gibbs hard-core

patterns at the 5% nominal level.

For the asymptotic χ2-test statistic, Guan et al. (2006) recommended that the

values of ‖t‖ should be about one third to a half of the dependence range and

the bandwidth h should be chosen to include more than 200 point pairs for the

calculation of each %̂(2)(r); in this simulation study, ‖t‖ ranged from a quarter

to two thirds of the dependence range and for patterns with on the average 400

points, choosing h > 0.2 for the clustered patterns and h > 0.3 for the hard-core

patterns could meet the 200 point pairs requirement. A wider range for ‖t‖ was

considered because Guan et al. (2006) simulated only Poisson cluster processes,

but this chapter reports also simulation results of Gibbs hard-core process and so

it may be fairer to the χ2-test when we compare the powers of the two tests for

hard-core processes. For a pattern that contains only 30 points or so, the number

of point pairs used to calculate %̃
(2)
l (t) in each subblock was not large enough
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Table 3.1: Empirical rejection probabilities of the bootstrap-type test applied to

Poisson cluster patterns at the 5% nominal level

r

p σ (ρ, µ) 2.0σ 2.1σ 2.2σ 2.3σ 2.4σ 2.5σ 2.6σ 2.7σ 2.8σ 2.9σ

1 0.6 (50, 8) 0.058 0.054 0.050 0.052 0.050 0.050 0.046 0.044 0.044 0.050

(5, 6) 0.024 0.020 0.018 0.022 0.012 0.012 0.020 0.018 0.014 0.012
√

2 0.4 (100, 4) 0.298 0.324 0.344 0.360 0.362 0.378 0.370 0.372 0.384 0.376

(50, 8) 0.522 0.550 0.576 0.602 0.604 0.598 0.612 0.622 0.604 0.596

(15, 2) 0.038 0.038 0.040 0.042 0.040 0.042 0.046 0.038 0.038 0.044

(5, 6) 0.042 0.042 0.054 0.050 0.054 0.058 0.054 0.050 0.052 0.048

0.6 (100, 4) 0.186 0.204 0.210 0.234 0.228 0.222 0.226 0.220 0.220 0.204

(50, 8) 0.324 0.328 0.348 0.352 0.342 0.340 0.344 0.342 0.332 0.324

(15, 2) 0.034 0.038 0.034 0.036 0.038 0.042 0.046 0.046 0.042 0.052

(5, 6) 0.050 0.048 0.054 0.052 0.056 0.070 0.068 0.068 0.066 0.070

2 0.4 (100, 4) 0.970 0.976 0.982 0.982 0.982 0.982 0.972 0.968 0.960 0.946

(50, 8) 0.992 0.994 0.994 0.994 0.996 0.994 0.994 0.992 0.992 0.988

(15, 2) 0.112 0.126 0.144 0.150 0.166 0.182 0.188 0.188 0.192 0.210

(5, 6) 0.220 0.248 0.258 0.262 0.310 0.294 0.310 0.316 0.314 0.302

0.6 (100, 4) 0.804 0.808 0.818 0.792 0.788 0.760 0.734 0.688 0.658 0.632

(50, 8) 0.966 0.962 0.950 0.954 0.942 0.928 0.916 0.906 0.890 0.856

(15, 2) 0.098 0.108 0.124 0.120 0.128 0.132 0.148 0.142 0.144 0.140

(5, 6) 0.202 0.212 0.212 0.236 0.246 0.256 0.260 0.262 0.268 0.252

to guarantee the existence of Σ̂
−1

, and consequently, the χ2-test of Guan et al.

(2006) could not always be applied successfully and so no rejection rate of it for

patterns of small number of points was reported here.

For the bootstrap-type test, the results would be good for some r about a

half to two thirds of the dependence range; values of r less than a half of the

dependence range should not be recommended by simulation experience. For

example, as we can see from Table 3.3, taking r = 1.1δ in the Gibbs hard-core

process would result in a high type I error rate; however, the rate would drop

quickly to the nominal level for r > 1.2δ.

For isotropic (i.e. p = 1) patterns with large number of points, a comparison

of the empirical type I error rates of the two tests in the cases considered suggests
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Table 3.2: Empirical rejection probabilities of the asymptotic χ2-test applied to

Poisson cluster patterns at the 5% nominal level

‖t‖

p σ (ρ, µ) h 1.0σ 1.5σ 2.0σ 2.5σ

1 0.6 (50, 8) 0.2 0.052 0.054 0.044 0.040

0.4 0.078 0.060 0.048 0.050

0.6 0.052 0.072 0.086 0.072
√

2 0.4 (100, 4) 0.2 0.138 0.260 0.290 0.216

0.4 0.306 0.378 0.406 0.258

0.6 0.364 0.388 0.352 0.286

(50, 8) 0.2 0.242 0.458 0.542 0.356

0.4 0.540 0.624 0.620 0.440

0.6 0.538 0.584 0.538 0.434

0.6 (100, 4) 0.2 0.108 0.130 0.108 0.106

0.4 0.134 0.214 0.190 0.130

0.6 0.204 0.246 0.226 0.144

(50, 8) 0.2 0.120 0.212 0.222 0.148

0.4 0.200 0.330 0.346 0.218

0.6 0.304 0.388 0.338 0.226

2 0.4 (100, 4) 0.2 0.768 0.922 0.770 0.350

0.4 0.954 0.982 0.934 0.580

0.6 0.804 0.936 0.882 0.678

(50, 8) 0.2 0.958 0.982 0.946 0.604

0.4 0.992 0.988 0.976 0.756

0.6 0.934 0.974 0.954 0.826

0.6 (100, 4) 0.2 0.402 0.498 0.312 0.142

0.4 0.656 0.772 0.534 0.196

0.6 0.796 0.808 0.582 0.272

(50, 8) 0.2 0.688 0.822 0.602 0.236

0.4 0.916 0.944 0.778 0.356

0.6 0.952 0.944 0.838 0.424
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Table 3.3: Empirical rejection probabilities of the bootstrap-type test applied to

Gibbs hard-core patterns at the 5% nominal level

r

p ξ δ 1.1δ 1.2δ 1.3δ 1.4δ 1.5δ 1.6δ 1.7δ 1.8δ 1.9δ 2.0δ

1 400 0.2 0.129 0.042 0.052 0.032 0.036 0.050 0.052 0.036 0.036 0.032

30 2 0.040 0.038 0.038 0.040 0.046 0.062 0.060 0.066 0.064 0.056
√

2 400 0.2 0.112 0.102 0.088 0.084 0.066 0.054 0.042 0.050 0.036 0.040

0.3 0.298 0.184 0.166 0.138 0.096 0.082 0.088 0.072 0.086 0.070

30 2 0.056 0.044 0.056 0.060 0.042 0.060 0.056 0.044 0.058 0.060

3 0.134 0.096 0.098 0.088 0.092 0.102 0.074 0.082 0.092 0.096

2 400 0.2 0.188 0.132 0.110 0.106 0.098 0.090 0.076 0.070 0.074 0.058

0.3 0.324 0.244 0.190 0.154 0.114 0.100 0.098 0.088 0.078 0.078

30 2 0.080 0.078 0.062 0.040 0.052 0.056 0.044 0.040 0.040 0.038

3 0.114 0.110 0.112 0.094 0.098 0.076 0.088 0.078 0.070 0.068

that both tests could reasonably control the size of the tests at the nominal level,

but the asymptotic χ2-test could sometimes be liberal, while the bootstrap-type

test sometimes conservative. For clustered patterns with small number of points,

the bootstrap-type test could be quite conservative (and the asymptotic χ2-test

may be inapplicable). The influence of each point on the energy function increases

as the number of points decreases. That means the reconstruction iterations may

stop too early so that the variation in the spatial structure of the reconstructed

patterns is larger than it should be. Thus, the bootstrap-type test becomes con-

servative.

For anisotropic clustered patterns considered, as expected, when p increases, σ

decreases or µ increases, the anisotropy of the clusters would be easier to be de-

tected. For anisotropic hard-core patterns considered, the powers of the bootstrap-

type test increase as p or δ increases, but the powers are not much higher than the

type I error rates. Nevertheless, a general impression is that the bootstrap-type

test would have lower type I error rates but higher powers than the χ2-test.
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Table 3.4: Empirical rejection probabilities of the asymptotic χ2-test applied to

Gibbs hard-core patterns at the 5% nominal level

‖t‖

p ξ δ h 0.5δ 1.0δ 1.5δ 2.0δ

1 400 0.2 0.3 0.044 0.066 0.064 0.064

0.5 0.050 0.068 0.060 0.066

0.7 0.060 0.064 0.068 0.056
√

2 400 0.2 0.3 0.064 0.048 0.072 0.058

0.5 0.048 0.070 0.062 0.064

0.7 0.078 0.074 0.070 0.076

0.3 0.3 0.070 0.078 0.088 0.050

0.5 0.048 0.080 0.064 0.058

0.7 0.046 0.042 0.082 0.048

2 400 0.2 0.3 0.084 0.064 0.054 0.086

0.5 0.068 0.080 0.076 0.114

0.7 0.064 0.086 0.082 0.078

0.3 0.3 0.112 0.094 0.080 0.070

0.5 0.058 0.088 0.052 0.102

0.7 0.092 0.078 0.080 0.074

Both Table 1 in Guan et al. (2006) and Tables 3.1 to 3.4 on the previous pages

reveal a practical problem of the asymptotic χ2-test, namely, the power of the test

depends strongly on the choice of the magnitude ‖t‖ and the bandwidth h. In

most of the simulated clustered patterns, the highest powers would be achieved

at ‖t‖ = 1.5σ or 2σ. This observation agrees with the choice of ‖t‖ recommended

by Guan et al. (2006). In all simulated clustered patterns, h = 0.2 would yield the

lowest powers as the numbers of point pairs used to calculate %̃
(2)
l (t) are, though

larger than 200, still small. For the cases with σ = 0.4 and σ = 0.6, the highest

powers occur at h = 0.4 and h = 0.6 respectively. These empirical results are

consistent with those reported in Guan et al. (2006). For the simulated hard-core
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patterns, none of the four chosen values for ‖t‖ is clearly better or worse than

the others, and increasing to 2.5δ (not tabulated here) would only result in lower

powers than those shown in Table 3.4.

On the other hand, the variation of powers of the bootstrap-type test under

different choices of r seems small. In almost all simulated clustered patterns,

the test using r = 2σ or r = 2.9σ would be the least powerful, and most of the

time, the test would be the most powerful for r between 2.3σ and 2.7σ (i.e. 57.5%

to 67.5% of the dependence range 4σ). For the simulated clustered patterns

with 30 points, because of the conservativeness, the test was not successful in

detecting the anisotropy when p =
√

2 but was able to do so when p = 2. For most

simulated hard-core patterns, the lowest powers occur at 1.9δ 6 r 6 2δ, while the

highest powers could be achieved when 1.2δ 6 r 6 1.4δ (the case r = 1.1δ should

not be counted here as the high powers were “achieved” at the price of high type I

error rates).

The highest powers of the asymptotic χ2-test and the bootstrap-type test are

close in all simulated clustered patterns with large numbers of points. However,

the χ2-test could have much lower powers if bad values are chosen for its two pa-

rameters ‖t‖ and h. Nevertheless, simulation results show that the bootstrap-type

test would not be very sensitive to its sole parameter r. Moreover, compare the

two tests in terms of their sizes and powers in Table 3.3 and 3.4, we could con-

clude that the bootstrap-type test would be more capable of detecting anisotropy

in Gibbs hare-core patterns than the asymptotic χ2-test, which seems liberal but

less powerful.

3.5 Applications to Real Data

The asymptotic χ2-test and the bootstrap-type test were applied to the redwood

seedlings and amacrine cells shown in Figure 3.1 and 3.2, and the sampling win-

dow for the amacrine data has been re-scaled to [0, 1.6012085] × [0, 1] (so that 1

unit = 662 microns). We followed Guan et al. (2006) and estimated the de-
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pendence range of a point pattern as the distance where the empirical isotropic

second-order product density starts flattening out. Figure 3.4 shows the empiri-

cal isotropic second-order product densities of theese data divided by the squared

sample intensities. Coincidentally, the estimated dependence ranges of the two

point patterns are about 0.15.

Table 3.5 and 3.6 shows the p-values of the tests applied to the two data sets.

For the amacrine cells, the pattern of the cells marked as “on” and that of the

cells marked as “off” are considered separately and the pattern of all (unmarked)

cells is also considered. For the asymptotic χ2-test, the values of ‖t‖ and h were

selected based on the recommendation in Guan et al. (2006). Four values of the

bandwidth h were used; the first three values were chosen roughly to include

about 200, 400 and 600 point pairs in the calculation of the empirical second-

order product density, while the last one was determined by minimising the mean

squared error as suggested in Guan et al. (2006). For the bootstrap-type test the p-

values were obtained by R = 999 reconstructed patterns, where the parameters in

the reconstruction procedure were determined according to the recommendation

given in the previous section and the interval [0, r0] was partitioned into J = 30

equal parts for the approximation of the integrals in the energy function.

For the redwood seedlings, either the asymptotic χ2-test or the bootstrap-

type test reveals strong evidence against the isotropy hypothesis and the p-values

obtained from the bootstrap-type test, ranged from 0.001 to 0.005, are about one

tenth of those from the asymptotic χ2-test, which ranged from 0.01 to 0.10.

For each of the three patterns of the unmarked, “on” and “off’ amacrine cells

respectively, one can see that the four chosen values for the bandwidth h in the

asymptotic χ2-test led to four rows of very different p-values; no row is in rea-

sonable agreement with any other one. The same comment can be given to the

four columns corresponding to the four chosen magnitudes ‖t‖ of the lag vectors.

The lowest p-values for the three patterns are 0.0003, 0.0029 and 0.0054, but the

highest values are 0.79, 0.95 and 0.92, respectively. There is no sensible way to

draw any conclusions from the asymptotic χ2-test.
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(a)

(b)

(c)

(d)

Figure 3.4: Empirical isotropic second-order product density of (a) the redwood

seedlings, (b) the amacrine cells, (c) the “on” amacrine cells, and (d) the “off”

amacrine cells. The product densities are divided by the squared sample intensi-

ties.

30



Table 3.5: p-values of the bootstrap-type test applied to the pattern of redwood

seedlings and the patterns of amacrine cells

Redwood seedlings

r 0.086 0.088 0.090 0.091 0.093 0.095 0.096 0.098 0.100 0.101

p-value 0.005 0.003 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.001

Unmarked amacrine cells

r 0.086 0.088 0.090 0.091 0.093 0.095 0.096 0.098 0.100 0.101

p-value 0.042 0.002 0.001 0.001 0.001 0.001 0.001 0.003 0.003 0.001

“On” amacrine cells

r 0.086 0.088 0.090 0.091 0.093 0.095 0.096 0.098 0.100 0.101

p-value 0.104 0.064 0.009 0.005 0.010 0.002 0.002 0.013 0.005 0.002

“Off” amacrine cells

r 0.086 0.088 0.090 0.091 0.093 0.095 0.096 0.098 0.100 0.101

p-value 0.004 0.006 0.004 0.005 0.002 0.001 0.001 0.001 0.001 0.003

In contrast, the bootstrap-type test produced a row of rather robust small p-

values, giving a convincing justification for the rejection of the isotropy hypothesis.

The rejection of isotropy suggests that modelling these two patterns by isotropic

processes may be inadequate, even if the fitted models could pass some goodness-

of-fit tests. Modelling them by anisotropic processes, such as geometric anisotropic

Cox processes (Møller and Toftaker, 2014), may be more desirable.
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Table 3.6: p-values of the asymptotic χ2-test applied to the pattern of redwood

seedlings and the patterns of amacrine cells

Redwood seedlings

h\‖t‖ 0.0500 0.0583 0.0667 0.0750

0.0400 0.0988 0.0470 0.0193 0.0290

0.0550 0.0166 0.0503 0.0209 0.0251

0.0650 0.0113 0.0463 0.0344 0.0344

0.0650 0.0113 0.0463 0.0344 0.0344

Unmarked amacrine cells

h\‖t‖ 0.0500 0.0583 0.0667 0.0750

0.0950 0.0484 0.0646 0.3058 0.7667

0.1250 0.1427 0.2030 0.1068 0.1988

0.1500 0.3136 0.5668 0.0003 0.0128

0.1028 0.0053 0.1534 0.5343 0.7914

“On” amacrine cells

h\‖t‖ 0.0500 0.0583 0.0667 0.0750

0.0950 0.6756 0.7490 0.6105 0.9544

0.1250 0.2537 0.0553 0.0272 0.0029

0.1500 0.0824 0.1061 0.2595 0.8549

0.1568 0.2545 0.5549 0.2189 0.2871

“Off” amacrine cells

h\‖t‖ 0.0500 0.0583 0.0667 0.0750

0.0950 0.2128 0.2905 0.4658 0.9171

0.1250 0.0054 0.0368 0.0192 0.1583

0.1500 0.4108 0.4069 0.1722 0.4038

0.0904 0.8293 0.5711 0.1895 0.5817
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Chapter 4

Asymptotic χ2-test for

Comparing Two Patterns

4.1 Introduction

In the previous chapter we considered a one-sample problem. However, in bio-

logical and medical science we often encounter two-sample problems. When one

has two independently observed patterns representing e.g. normal and abnormal

tissues, before modeling them by any processes, it is often of interest to carry out

a model-free test to see whether the underlying distributions of the two patterns

are the same or not.

For comparing two or more groups of stationary patterns with multiple repli-

cates, Diggle et al. (1991, 2000) suggested a Monte Carlo bootstrap test. It tests

the equality of the K-functions between the groups. A bootstrap sample of the K-

functions is obtained by randomly choosing a sample from all empirical residuals

of the estimated K-function with replacement (as in their 1991 paper) or without

replacement (as in their 2000 paper) and then rescaled and combined each of them

with the grand sample mean of K-function. This method was applied to patterns

of pyramidal neuron locations in the cingulate cortex of normal, schizoaffective

and schizophrenic subjects. However, Hahn (2012) showed empirically that this

bootstrap test would be liberal, especially for small samples.
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Hahn (2012) proposed a studentized statistic also based on the estimated K-

functions, whose null distribution is approximated by permutating the empirical

residuals in the independent replicates. For the single-replicate case, she proposed

to split each sampling window into disjoint quadrats and treating the realisations

in the quadrats as if they were independent to obtain “replicates”, but this is only

expediential because the empirical residuals are in fact not exchangeable. Another

feature of this statistic is that because the empirical K-function is normalised by

the intensity, the test cannot distinguish between two point patterns with the

same K-function but different intensities. She applied this test to patterns of

midpoints of capillary profiles in healthy and cancerous tissues.

For non-stationary processes with multiple replicates, Burguet and Andrey

(2014) suggested a test for the equality of the two intensity functions, under

the assumption that the local distribution of points can be approximated by a

stationary Poisson process. They compared patterns of sacral parasympathetic

nucleus locations of two neuronal populations of rats and also patterns of locus

coeruleus locations of control and mutant individuals of mice.

We propose in this chapter, for the single-replicate stationary case, a model-

free asymptotic test that does not require exchangeability or assumptions on local

distributions. A statistic that compares the discrepancy between the empirical

second-order product densities of the observed point patterns at some pre-chosen

lag vectors is constructed. Under certain mild moment conditions and a weak

dependence assumption, the limiting null distribution of the test statistic is χ2,

which comes from the asymptotic joint normality of the empirical second-order

product densities, derived by Guan et al. (2006). Simulation studies in Section 4.4

show that the powers of the new test are significantly higher than those of the

permutation test when comparing the same kind of point processes with differ-

ent parameters. This test is in fact similar to the χ2-test for isotropy but our

simulation results show that when we test the equal distribution null hypothesis,

the asymptotic χ2-test is not so sensitive to the choice of user-chosen parameters

within the recommended range.
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The stochastic reconstruction approach suggested in the previous chapter may

be applicable, but we do not recommend it, because in this chapter we do not

have to assume isotropy. The energy function used in the reconstruction, hence,

could not be the directionless one that we used in Section 3.3.2. Reconstructing

anisotropic patterns would be very laborious.

The chapter is organised as follows. Section 4.2 introduces the studentized

permutation test. The test statistic of the newly proposed test and its asymptotic

properties are given in Section 4.3. Results of the simulation studies are presented

in Section 4.4. The last section concludes the chapter by applying the tests to the

beta ganglion cells data recorded by Wässle et al. (1981).

4.2 Studentized Permutation Test

Consider a stationary point process Φ defined in Section 2.1. For Φ observed in

the sampling window W ⊂ Rd, an edge-effects corrected estimator of Ripley’s K-

function defined in Section 2.2 is

K̂(r) =
1

λ̂2

∑6=

x,y∈Φ∩W

1{z : z6r}(‖x− y‖)
νd
(
(W − x) ∩ (W − y)

) , for 0 6 r < r0,

where r0 is some upper limit and λ̂ is the empirical intensity of Φ observed

in W . Hahn (2012) considered another estimator, which is designed for motion-

invariant Φ. However, neither her nor our test requires isotropy and so a different

estimator is used here. Nevertheless, the two different estimators would not lead

to substantial difference in the performance of the permutation test. For a sta-

tionary Φ, λ̂2K̂(r) is unbiased for λ2K(r).

Suppose Φ1 and Φ2 are two stationary point patterns observed in W1 and W2

respectively. Hahn (2012) proposed the following. The windowWi, for i = 1 and 2,

is divided into mi disjoint quadrats Wij, j = 1, . . . ,mi, of at least roughly the same

size and shape. Each estimate K̃ij is then calculated from points within Wij only.
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Denote by K̄i(r) and s2
i (r) the mean and variance of K̃ij(r), i.e.

K̄i(r) =
1

mi

mi∑
j=1

K̃ij(r) and s2
i (r) =

1

mi − 1

mi∑
j=1

{K̃ij(r)− K̄i(r)}2 .

The test statistic of the permutation test is defined by

T̄ =

∫ r0

0

(K̄1(r)− K̄2(r))2

ar2
dr , (4.1)

with

a =
1

r0

∫ r0

0

1

r2

{
1

m1

s2
1(r) +

1

m2

s2
2(r)

}
dr.

Hahn (2012) also studied another test statistic in which the denominator of the

integrand is simply the sample variance s2
1(r)/m1 + s2

2(r)/m2 of K̄1(r) − K̄2(r).

Her simulation, however, showed that the smoothed version, i.e. the one given in

(4.1), would be more robust, and hence this thesis follows her recommendation

and considers only the smoothed version.

A bootstrap samples {K̃∗ij}i=1,2, j=1,...,mi
is obtained by permutating the residual

functions Rij, defined by

Rij(r) = n
1/2
ij {K̃ij(r)− K̄i(r)} ,

where nij = Φi(Wij). That is,

K̃∗ij(r) = K̄(r) + n
−1/2
ij R∗ij(r) ,

where

K̄(r) =
m1K̄1(r) +m2K̄2(r)

m1 +m2

and {R∗ij(r)}i=1,2, j=1,...,mi
is a permutation of {Rij(r)}i=1,2, j=1,...,mi

. For small mi,

all possible permutations can be considered, while for large mi, a certain number,

e.g. 4000 as in Hahn (2012), of random permutations will be used. Denote by T̄k

the test statistic value calculated in the kth bootstrap sample. The p-value of

this permutation test is defined to be the proportion of T̄k that are greater than

or equal to the original T̄ observed from the two given patterns. When taking a

large number but not all permutations, we always include the original sample as

one of the permutations, so that the bootstrap p-value will never be zero.
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The test can be generalized to compare more than two processes by summing

up the test statistic values of all pairwise comparison.

A problem of applying the above permutation test for the single-replicate case

is that the test is not exact because Rij(r) are not exchangeable, unless Φi are

Poisson. The consequences of violating the exchangeability requirement of the

permutation test are unknown.

Based on simulation experiments, Hahn (2012) recommended to include only

quadrats Wij with at least 10 points for computing the test statistic, and for two

square sampling windows, divide each window into 3 × 3 square quadrats. The

power of the test depends on the choice of r0, but she did not make any strong

recommendation. Nevertheless, she paid particular attention to the choice r0 =

1.25/
√
λ, which is the recommended value by Ripley (1979) and Diggle (1979)

for a similar statistic for testing complete spatial randomness. In the simulation

study reported below, all these recommendations were used.

4.3 Asymptotic χ2-test

Consider the second-order product density %
(2)
i of Φi, for i = 1, 2. An edge-effects

corrected kernel smoothed estimator of %
(2)
i is

%̂
(2)
i (r) =

∑
u,v∈Φi∩Wi,

u 6=v

wh
(
(u− v)− r

)
νd
(
(Wi − u) ∩ (Wi − v)

) ,
where wh(x) = w(x/h)/hd for some symmetric kernel function w : Rd 7→ R of

finite support and some scalar bandwidth h > 0.

Following the argument for planar processes in Guan et al. (2006), one can

show that if h = O(r−β), for some 0 < β < 1, where r → ∞ is the radius of the

maximal inscribing balls of Wi, and the first four order cumulant functions of Φi

satisfy some integrability and boundedness conditions, then

νd(Wi)h
dcov

(
%̂

(2)
i (rs), %̂

(2)
i (rt)

)
→ σ2

st =


%

(2)
i (rs)

∫
Rd

w2(x) dx, if rs = rt,

0, otherwise.
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Under some mixing condition and if %̂
(2)
i satisfies a further Lyapunov’s type (2+δ)th

moment condition for some δ > 0 (see Theorem 1 in Guan et al. 2006), then the

asymptotic normality result can be established for the following column vector:

X i = νd(Wi)
1/dhi

[
%̂

(2)
i (rs)− E

{
%̂

(2)
i (rs)

}]
s=1,...,m

d→ N(0,Σi),

where the covariance matrix Σi = [σ2
st]m×m is diagonal and r1, . . . , rm are pre-

specified lag vectors.

Assume that {νd(W1)1/dh1}/{νd(W2)1/dh2} → c > 0 as the radii of the inscrib-

ing balls of W1 and W2 go to infinity. Under the null hypothesis that Φ1
d
= Φ2,

when the two realisations are independent, then the column vector

V = X1 − cX2 =
[
νd(W1)1/dh1%̂

(2)
1 (rs)− cνd(W2)1/dh2%̂

(2)
2 (rs)

]
s=1,...,m

(4.2)

will be asymptotically Gaussian with mean 0 and covariance matrix (1 + c2)Σ,

where Σ = Σ1 = Σ2, and consequently the following weak convergence holds:

T = (1 + c2)−1V >Σ−1V
d→ χ2

m.

The covariance matrix is unknown and hence has to be estimated. For the

planar case, using the Epanechnikov kernel for w in R2, we have

Σ̃i = diag
(
%̂

(2)
i (rs)

∫
R2

w2(x) dx
)

= diag
( 4

3π
%̂

(2)
i (rs)

)
,

and Σ can be estimated by the weighted mean of the two sample covariance

matrices:

Σ̃ =
νd(W1)Σ̃1 + νd(W2)Σ̃2

νd(W1) + νd(W2)
.

The consistency of Σ̃i and of Σ̃ follow directly from the consistency of %̂(2)(·). On

one hand, Guan et al. (2006) pointed out that such a plug-in estimator would not

work well when the numbers of points are small, especially for cluster processes.

On the other hand ill-conditioned matrices are often encountered in simulation

study when using their proposed subsampling estimator. In order not to introduce

too many user-chosen parameters in the test statistic, in this thesis the plug-in

estimator is simply taken.
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The above discussion leads to the following asymptotic χ2-statistic for the

planar case:

T̂ = (1 + c2)−1V >Σ̃
−1
V

=
m∑
s=1

3π{νd(W1) + νd(W2)}
{
νd(W1)1/2h1%̂

(2)
1 (rs)− cνd(W2)1/2h2%̂

(2)
2 (rs)

}2

4(1 + c2){νd(W1)%̂
(2)
1 (rs) + νd(W2)%̂

(2)
2 (rs)}

.

(4.3)

Unlike the null distribution of statistic in the permutation test, which has to

split the sampling window arbitrarily into quadrats and then form a statistic

expedientially as if the patterns in the quadrats were independent replicates, the

asymptotic null distribution of the new statistic based on only one replicate from

each Φi.

Guan et al. (2006) recommended to choose ‖rs‖ in (4.2) as one third to a

half of the dependence range of the point process. We may use different lengths

in different directions but the empirical powers under equal or different lengths

in different directions are similar. For the bandwidth selection, the criteria used

in Guan et al. (2006) are that sufficiently many point pairs are included in the

calculation of %̂
(2)
i (rs) and no overlapping pairs are used in the different directions.

However, experience from our simulation studies suggests a simpler selection cri-

terion for the planar case in this context, namely, hi should be inversely propor-

tional to the dependence range and to the intensity, but of course there must be

a minimum value for hi so that at least one point pair is included to make %̂i(rs)

well-defined. For practical applications, using the same bandwidth for the two

patterns is not recommended; instead, the bandwidth is determined individually

from the empirical dependence range in each pattern. Using the same bandwidth

for two different patterns, by taking the average of two empirical dependence

range, may lead to a serious loss of power.

Generalising the above test statistic to compare g > 2 independent patterns

(without replicates) is straightforward. Denote by

X = [X1, . . . ,Xg].
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and let C = [c1, . . . , cg]
> for some constants ci. Define the contrast

L = XC,

which, because of the independence between X i, has an asymptotic Gaussian null

distribution. By choosing ci and hi so that
∑

i ciνd(Wi)
1/dhi = 0, a χ2-statistic

can be constructed from the contrast L.

4.4 Simulations

4.4.1 Models

To study and compare the performance of the tests, realisations of binomial pro-

cess, Poisson cluster process, hard-core cluster process and Gibbs hard-core pro-

cess in the plane were simulated. The binomial process, i.e. a process of a fixed

number of i.i.d. uniform points in the sampling window, was considered, instead

of the Poisson process, to create dependence between patterns in sub-windows,

which are nevertheless exchangeable. The definition of Gibbs hard-core process

and Poisson cluster process are given in Section 3.4.1. The definition of hard-core

cluster process is the same as that of the Poisson cluster process except the par-

ents’ locations were generated according to a stationary Gibbs hard-core process

with λν2(W )/µ points. Apart from the normal density stated in Section 3.4.1,

offsprings that were uniformly distributed in a disk of radius γ centred at their

corresponding parents were also considered here.

Simulation of each model was repeated 100 times to estimate the empirical

type I error rates and powers. Visual inspection of the empirical isotropic second-

order product density suggested that the empirical dependence ranges of the sim-

ulated binomial processes and Gibbs processes were 1 and 2.5δ respectively. For

the cluster processes, the dependence ranges were 4σ and 2σ respectively for the

normally and uniformly distributed offsprings relative to the parents. For the

permutation test, r0 was chosen to be 1.25/
√

min(λ1, λ2) and the integral in (4.1)

was approximated by the corresponding right Riemann sums, where the inter-
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val [0, r0] was partitioned into 100 equal parts. For the asymptotic test, four lag

vectors with equal length but different directions were used for comparing the

second-order intensity functions. The directions of the lag vectors were equally

spaced between 0 to π radians. The length of the lag vectors was set as a con-

stant ` times the minimum dependence ranges of the two point processes being

compared. The bandwidths hi were set as a constant b times the inverse of the

product of the corresponding intensity and dependence range. Different choices

of ` and b were examined below. The ‘best’ choice of ` and b were recommended

based on the empirical levels of the asymptotic test and then only the powers of

the chosen ` and b would be presented.

To select the parameters ` and b, binomial processes, isotropic Gibbs processes

and isotropic Poisson cluster processes with normal offsprings were simulated in

the windows [0, 15] × [0, 15] and [0, 10] × [0, 20]. The intensities of the processes

were 1 and 2. The hard-core distance δ of Gibbs processes was set as 0.5 and the

parameters (σ, µ), indicating the standard deviation of the normal distribution of

the daughters’ location and the mean size of a cluster, of Poisson cluster processes

were set as (0.5, 5). These simulated point patterns were then intercompared to

study the powers of the tests under different window sizes and intensities. Simu-

lation results show that the empirical type I error rates of cluster processes are far

above the nominal levels. To show that it is just because of the slow convergence

to the χ2-distribution, Poisson cluster processes with the same parameters above

but much higher intensities 10 and 12 were also simulated.

Comparison of point processes from the same class of models but with different

parameters was also done. We presented the cases in the sampling window [0, 10]×

[0, 20] and the intensities were set as 1. Isotropic Gibbs processes with hard-core

distance δ = 0.2, 0.3, 0.4 were first simulated and then intercompared. Isotropic

cluster processes with Poisson or Gibbs parents, uniform with disk radius γ =

0.4 or normal offsprings with standard deviation σ = 0.2, 0.4 and mean cluster

size µ = 5, 10 were intercompared. Finally, to study the powers under anisotropy,

Gibbs processes with δ = 0.2 and Poisson cluster processes with σ = 0.4, 0.6
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and µ = 5 were simulated with different major direction θ and different strength p

of anisotropy. The parameter θ was set as 0 and π/3 while the parameter p was

selected as 0 and
√

2/2.

In this chapter, point processes with different intensities are considered as

having different distributions. Although one may force the observed point patterns

to have the same intensities by rescaling the point patterns and the windows so

that Poisson processes with different intensities then have the same distribution, it

is unlikely that in real applications the physical unit of measurement is irrelevant.

4.4.2 Empirical Results

Table 4.1 shows the empirical type I error rates of the permutation test and

asymptotic test for isotropic binomial processes with different window sizes and

intensities. The number of permutations does not affect the empirical levels of the

permutation test. When W = [0, 15]2, the permutation test is conservative. For

the asymptotic test, when ` = 0.3, the test is usually liberal. When ` = 0.4, the

empirical sizes of the test are close to the nominal level in the cases b = 0.09, 0.11

and 0.13. When ` = 0.5, the test is conservative when W = [0, 10] × [0, 20]

and λ = 2.

Table 4.2 shows the empirical type I error rate of the tests for isotropic Gibbs

processes with δ = 0.5 and different window sizes and intensities. The permutation

test is again conservative when W = [0, 15]2 and λ = 2, and is liberal when W1 6=

W2 and λ = 1. The levels of the asymptotic test are close to 0 in most cases

when ` = 0.3. For the cases ` = 0.4, the asymptotic test is conservative whenW1 6=

W2 and λ = 1. When ` = 0.5, the asymptotic test is conservative for the case W =

[0, 10] × [0, 20]. When b = 0.15, the type I error rates of the asymptotic test are

not close to the nominal level in many cases.

Table 4.3 shows the empirical type I error rates of the tests for isotropic Poisson

cluster processes with σ = 0.4, µ = 5 and different window sizes and intensities.

The permutation test is liberal when W1 6= W2, λ = 2 and W = [0, 15]2, λ = 10.

When λ = 1, 2, the empirical sizes of the asymptotic test are far too large. As λ
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Table 4.1: Empirical levels at the α nominal level of the studentized permutation

test T̄ and asymptotic χ2-test T̂ applied to isotropic binomial point processes

with different window sizes and intensities. For the permutation test, the results

for using all permutations and 4000 random permutations are reported. For the

asymptotic χ2-test, the length of the lag vectors and the bandwidth are controlled

by the parameters ` and b, respectively.

T̄ T̂

#perms ` = 0.3 ` = 0.4 ` = 0.5

Windows λ α 4000 all b 0.09 0.11 0.13 0.15 0.09 0.11 0.13 0.15 0.09 0.11 0.13 0.15

15× 15 1 5% 0.01 0.01 0.05 0.05 0.08 0.12 0.05 0.05 0.06 0.09 0.05 0.06 0.06 0.06

10% 0.06 0.06 0.07 0.08 0.12 0.16 0.09 0.10 0.12 0.09 0.09 0.09 0.11 0.13

2 5% 0.02 0.02 0.05 0.04 0.05 0.08 0.05 0.03 0.03 0.02 0.09 0.07 0.08 0.07

10% 0.06 0.06 0.13 0.10 0.11 0.16 0.11 0.13 0.09 0.09 0.11 0.12 0.11 0.12

10× 20 1 5% 0.08 0.07 0.10 0.14 0.16 0.17 0.06 0.08 0.08 0.10 0.04 0.02 0.06 0.10

10% 0.16 0.15 0.16 0.18 0.18 0.19 0.13 0.12 0.15 0.16 0.09 0.13 0.11 0.12

2 5% 0.04 0.04 0.07 0.06 0.06 0.06 0.04 0.06 0.06 0.06 0.01 0.00 0.01 0.01

10% 0.09 0.09 0.13 0.12 0.12 0.10 0.07 0.09 0.10 0.11 0.03 0.05 0.04 0.06

W1 6= W2 1 5% 0.06 0.06 0.05 0.10 0.13 0.18 0.07 0.07 0.08 0.11 0.02 0.05 0.07 0.11

10% 0.11 0.10 0.17 0.16 0.20 0.24 0.11 0.11 0.15 0.16 0.07 0.11 0.16 0.16

2 5% 0.04 0.04 0.06 0.06 0.08 0.09 0.03 0.04 0.06 0.04 0.04 0.06 0.04 0.07

10% 0.08 0.08 0.08 0.09 0.12 0.15 0.13 0.08 0.08 0.08 0.06 0.11 0.13 0.11

increases to 10 and 12, the sizes of the asymptotic test drop and become much

closer to the nominal level. Therefore, the convergence to the χ2-distribution is

slow when the underneath model is the Poisson cluster process.

The empirical levels of the permutation test while using 4000 permutations

or all permutations does not have any meaningful difference. For the rest of this

chapter, the empirical powers of the permutation test are computed using 4000

permutations. Based on Table 4.1 to 4.3, (`, b) = (0.3, 0.15) is not a good choice

for the χ2-test. The ‘best’ choice seems to be (`, b) = (0.4, 0.13).

Table 4.4 shows the powers of the tests applied to the same type of isotropic

processes with different window sizes and intensities. Since the K-function is

normalised by the intensities, the permutation test has low powers for identify-

ing patterns with different intensities in some cases. As expected, powers of the
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Table 4.2: Empirical levels at the α nominal level of the studentized permutation

test T̄ and asymptotic χ2-test T̂ applied to isotropic Gibbs point processes with

different window sizes and intensities. For the permutation test, the results for

using all permutations and 4000 random permutations are reported. For the

asymptotic χ2-test, the length of the lag vectors and the bandwidth are controlled

by the parameters ` and b, respectively.

T̄ T̂

#perms ` = 0.3 ` = 0.4 ` = 0.5

Windows λ α 4000 all b 0.09 0.11 0.13 0.15 0.09 0.11 0.13 0.15 0.09 0.11 0.13 0.15

15× 15 1 5% 0.06 0.06 0.01 0.00 0.00 0.00 0.04 0.02 0.01 0.01 0.05 0.05 0.04 0.04

10% 0.11 0.11 0.01 0.01 0.01 0.01 0.09 0.05 0.07 0.04 0.09 0.11 0.09 0.06

2 5% 0.00 0.00 0.00 0.00 0.00 0.00 0.13 0.08 0.07 0.05 0.08 0.08 0.10 0.11

10% 0.05 0.05 0.00 0.00 0.00 0.01 0.17 0.18 0.14 0.11 0.15 0.10 0.14 0.13

10× 20 1 5% 0.07 0.07 0.01 0.01 0.00 0.00 0.04 0.05 0.04 0.02 0.03 0.03 0.03 0.01

10% 0.12 0.11 0.02 0.05 0.02 0.00 0.07 0.07 0.07 0.07 0.07 0.08 0.09 0.05

2 5% 0.06 0.06 0.00 0.00 0.01 0.01 0.08 0.07 0.04 0.04 0.02 0.01 0.02 0.00

10% 0.11 0.11 0.00 0.00 0.01 0.02 0.13 0.11 0.08 0.09 0.06 0.04 0.05 0.06

W1 6= W2 1 5% 0.09 0.09 0.00 0.00 0.00 0.00 0.02 0.00 0.00 0.00 0.05 0.03 0.03 0.03

10% 0.18 0.17 0.00 0.01 0.01 0.01 0.05 0.04 0.04 0.01 0.11 0.07 0.06 0.07

2 5% 0.05 0.06 0.00 0.00 0.00 0.00 0.07 0.04 0.05 0.04 0.05 0.04 0.04 0.04

10% 0.11 0.11 0.00 0.00 0.00 0.01 0.11 0.10 0.10 0.09 0.07 0.07 0.08 0.10

permutation test are close to α when applied to binomial processes of different

intensities. For the Gibbs processes and Poisson cluster processes with low but

very different intensities, the powers of the permutation test are medium to high.

However, when the intensities of the Poisson cluster process are high but with

only a difference of 20%, the permutation test losses its power such that the re-

jection rates are only close to the nominal level. The powers of the asymptotic

test are extremely high and close to or equal to one when the intensities are small

but different. For the cases of large intensities with 20% difference, the powers of

the asymptotic test are lower but still higher than that of the permutation test.

Thus, Table 4.4 suggests that the asymptotic χ2-test is more powerful than the

permutation test in detecting difference in the intensities. This is understand-

able because the permutation test is based on the K-function, which has been
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Table 4.3: Empirical levels at the α nominal level of the studentized permutation

test T̄ and asymptotic χ2-test T̂ applied to isotropic cluster point processes with

different window sizes and intensities. For the permutation test, the results for

using all permutations and 4000 random permutations are reported. For the

asymptotic χ2-test, the length of the lag vectors and the bandwidth are controlled

by the parameters ` and b, respectively.

T̄ T̂

#perms ` = 0.3 ` = 0.4 ` = 0.5

Windows λ α 4000 all b 0.09 0.11 0.13 0.15 0.09 0.11 0.13 0.15 0.09 0.11 0.13 0.15

15× 15 1 5% 0.06 0.06 0.37 0.48 0.55 0.62 0.32 0.38 0.45 0.52 0.21 0.27 0.37 0.40

10% 0.12 0.11 0.46 0.55 0.60 0.68 0.41 0.51 0.57 0.60 0.28 0.37 0.41 0.47

2 5% 0.09 0.08 0.30 0.32 0.40 0.45 0.16 0.20 0.28 0.35 0.08 0.16 0.24 0.31

10% 0.14 0.14 0.36 0.42 0.48 0.53 0.26 0.27 0.35 0.41 0.18 0.30 0.34 0.40

10× 20 1 5% 0.03 0.03 0.41 0.55 0.60 0.62 0.31 0.38 0.49 0.55 0.26 0.32 0.38 0.42

10% 0.12 0.13 0.46 0.62 0.67 0.69 0.39 0.48 0.57 0.65 0.36 0.45 0.45 0.50

2 5% 0.04 0.04 0.19 0.25 0.30 0.39 0.10 0.17 0.21 0.25 0.07 0.12 0.16 0.23

10% 0.08 0.07 0.28 0.34 0.42 0.47 0.21 0.25 0.30 0.32 0.14 0.19 0.23 0.29

W1 6= W2 1 5% 0.06 0.06 0.41 0.51 0.62 0.70 0.34 0.42 0.50 0.55 0.26 0.39 0.41 0.46

10% 0.11 0.11 0.50 0.59 0.69 0.73 0.42 0.52 0.58 0.66 0.42 0.44 0.49 0.53

2 5% 0.11 0.11 0.18 0.29 0.37 0.38 0.15 0.15 0.21 0.27 0.14 0.17 0.21 0.27

10% 0.16 0.17 0.29 0.36 0.41 0.49 0.21 0.24 0.31 0.36 0.23 0.31 0.33 0.35

15× 15 10 5% 0.11 0.11 0.05 0.04 0.07 0.06 0.04 0.11 0.15 0.16 0.07 0.03 0.04 0.03

10% 0.16 0.16 0.14 0.14 0.09 0.13 0.16 0.18 0.20 0.22 0.12 0.11 0.10 0.16

10× 20 10 5% 0.08 0.08 0.10 0.16 0.16 0.19 0.05 0.06 0.09 0.08 0.05 0.05 0.04 0.04

10% 0.12 0.12 0.19 0.24 0.24 0.27 0.13 0.13 0.21 0.21 0.06 0.07 0.09 0.08

W1 6= W2 10 5% 0.08 0.07 0.14 0.17 0.21 0.22 0.07 0.08 0.13 0.15 0.04 0.06 0.08 0.08

10% 0.16 0.14 0.23 0.23 0.27 0.37 0.12 0.16 0.20 0.23 0.10 0.09 0.12 0.12

15× 15 12 5% 0.07 0.06 0.09 0.13 0.16 0.20 0.06 0.06 0.06 0.06 0.04 0.04 0.02 0.05

10% 0.13 0.14 0.17 0.20 0.21 0.26 0.12 0.09 0.09 0.12 0.09 0.08 0.15 0.13

10× 20 12 5% 0.02 0.02 0.05 0.08 0.06 0.10 0.08 0.08 0.10 0.12 0.05 0.05 0.06 0.03

10% 0.07 0.07 0.12 0.14 0.15 0.18 0.14 0.16 0.18 0.18 0.14 0.12 0.12 0.12

W1 6= W2 12 5% 0.02 0.02 0.09 0.08 0.10 0.14 0.04 0.06 0.08 0.09 0.05 0.09 0.09 0.08

10% 0.11 0.11 0.21 0.22 0.22 0.24 0.12 0.13 0.14 0.15 0.10 0.15 0.17 0.18

normalised by the intensity.

Tables 4.5 and 4.6 show the powers of the tests in differentiating two patterns

from two different models, namely, binomial process vs the Poisson cluster process,

and the Gibbs hard-core process vs the Poisson cluster process. We do not tabulate

the results for the binomial process vs the Gibbs process because the powers are
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Table 4.4: Empirical powers of the studentized permutation test T̄ and asymp-

totic χ2-test T̂ applied to the same type of isotropic processes at the α nominal

level with different window sizes and intensities

Patterns Windows Intensities λ1/λ2 α T̄ T̂

binomial 15× 15 1/2 5% 0.07 1.00
10% 0.12 1.00

binomial 10× 20/15× 15 1/2 5% 0.19 1.00
10% 0.27 1.00

binomial 10× 20/15× 15 2/1 5% 0.02 1.00
10% 0.10 1.00

binomial 10× 20 1/2 5% 0.15 1.00
10% 0.17 1.00

Gibbs 15× 15 1/2 5% 0.65 1.00
10% 0.75 1.00

Gibbs 10× 20/15× 15 1/2 5% 0.84 1.00
10% 0.89 1.00

Gibbs 10× 20/15× 15 2/1 5% 0.51 1.00
10% 0.64 1.00

Gibbs 10× 20 1/2 5% 0.73 1.00
10% 0.83 1.00

cluster 15× 15 1/2 5% 0.37 0.97
10% 0.55 0.98

cluster 10× 20/15× 15 1/2 5% 0.30 0.95
10% 0.43 0.98

cluster 10× 20/15× 15 2/1 5% 0.51 0.96
10% 0.67 0.96

cluster 10× 20 1/2 5% 0.39 0.95
10% 0.53 0.99

cluster 15× 15 10/12 5% 0.07 0.41
10% 0.15 0.51

cluster 10× 20 10/12 5% 0.09 0.25
10% 0.15 0.36

cluster 10× 20/15× 15 10/12 5% 0.08 0.36
10% 0.11 0.44

cluster 10× 20/15× 15 12/10 5% 0.11 0.26
10% 0.19 0.34

all 1.00 in all cases considered. We can see that both tests are very powerful

and the permutation test almost always outperforms the asymptotic χ2-test. The

latter is a little bit more powerful in differentiating the binomial process from the
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Poisson cluster process with higher intensity.

Table 4.7 and 4.8 show the powers of the tests applied to the patterns from

the same class of models but with different parameters. For Gibbs processes,

Table 4.5: Empirical powers of the studentized permutation test T̄ and asymp-

totic χ2-test T̂ applied to the isotropic binomial and cluster processes at the α

nominal level with different window sizes and intensities

Patterns Windows Intensities λ1/λ2 α T̄ T̂

binomial/cluster 15× 15 1 5% 1.00 0.95
10% 1.00 0.95

binomial/cluster 15× 15 1/2 5% 0.99 1.00
10% 1.00 1.00

binomial/cluster 15× 15/10× 20 1 5% 1.00 0.92
10% 1.00 0.95

binomial/cluster 15× 15/10× 20 1/2 5% 0.97 1.00
10% 0.98 1.00

binomial/cluster 15× 15 2/1 5% 0.99 0.80
10% 1.00 0.86

binomial/cluster 15× 15 2 5% 1.00 0.70
10% 1.00 0.78

binomial/cluster 15× 15/10× 20 2/1 5% 1.00 0.85
10% 1.00 0.88

binomial/cluster 15× 15/10× 20 2 5% 1.00 0.73
10% 1.00 0.76

binomial/cluster 10× 20/15× 15 1 5% 1.00 0.94
10% 1.00 0.94

binomial/cluster 10× 20/15× 15 1/2 5% 0.98 1.00
10% 0.99 1.00

binomial/cluster 10× 20 1 5% 1.00 0.96
10% 1.00 0.98

binomial/cluster 10× 20 1/2 5% 0.97 1.00
10% 0.98 1.00

binomial/cluster 10× 20/15× 15 2/1 5% 1.00 0.87
10% 1.00 0.89

binomial/cluster 10× 20/15× 15 2 5% 1.00 0.71
10% 1.00 0.76

binomial/cluster 10× 20 2/1 5% 1.00 0.82
10% 1.00 0.87

binomial/cluster 10× 20 2 5% 0.99 0.71
10% 1.00 0.77
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Table 4.6: Empirical powers of the studentized permutation test T̄ and asymp-

totic χ2-test T̂ applied to the isotropic Gibbs and cluster processes at the α

nominal level with different window sizes and intensities

Patterns Windows Intensities λ1/λ2 α T̄ T̂

Gibbs/cluster 15× 15 1 5% 1.00 0.99
10% 1.00 0.99

Gibbs/cluster 15× 15 1/2 5% 1.00 1.00
10% 1.00 1.00

Gibbs/cluster 15× 15/10× 20 1 5% 1.00 1.00
10% 1.00 1.00

Gibbs/cluster 15× 15/10× 20 1/2 5% 1.00 1.00
10% 1.00 1.00

Gibbs/cluster 15× 15 2/1 5% 1.00 0.81
10% 1.00 0.85

Gibbs/cluster 15× 15 2 5% 1.00 0.73
10% 1.00 0.77

Gibbs/cluster 15× 15/10× 20 2/1 5% 1.00 0.84
10% 1.00 0.88

Gibbs/cluster 15× 15/10× 20 2 5% 1.00 0.76
10% 1.00 0.83

Gibbs/cluster 10× 20/15× 15 1 5% 1.00 0.98
10% 1.00 0.99

Gibbs/cluster 10× 20/15× 15 1/2 5% 1.00 1.00
10% 1.00 1.00

Gibbs/cluster 10× 20 1 5% 1.00 0.99
10% 1.00 1.00

Gibbs/cluster 10× 20 1/2 5% 1.00 1.00
10% 1.00 1.00

Gibbs/cluster 10× 20/15× 15 2/1 5% 1.00 0.78
10% 1.00 0.84

Gibbs/cluster 10× 20/15× 15 2 5% 1.00 0.67
10% 1.00 0.74

Gibbs/cluster 10× 20 2/1 5% 1.00 0.78
10% 1.00 0.86

Gibbs/cluster 10× 20 2 5% 1.00 0.69
10% 1.00 0.78

the permutation test always underperforms the asymptotic χ2-test, which is very

powerful. The permutation test is fine only if the difference in the two hard-core

distance is big. For cluster processes, again the permutation test always under-
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Table 4.7: Empirical powers of the studentized permutation test T̄ and asymp-

totic χ2-test T̂ applied to the isotropic Gibbs processes (W1 = W2 = [10×20], λ1 =

λ2 = 1) with different hard-core distance at the α nominal level

δ1/δ2 α T̄ T̂

0.2/0.3 5% 0.26 0.97
10% 0.41 0.97

0.2/0.4 5% 0.88 1.00
10% 0.94 1.00

0.3/0.4 5% 0.28 0.88
10% 0.44 0.94

Table 4.8: Empirical powers of the studentized permutation test T̄ and asymp-

totic χ2-test T̂ applied to the isotropic cluster processes (W1 = W2 = [10 ×

20], λ1 = λ2 = 1) with different parameters at the α nominal level

Parents Offsprings δ/γ σ1/σ2 µ1/µ2 α T̄ T̂

Poisson uniform/normal 0.4/- -/0.4 5 5% 0.76 0.86
10% 0.86 0.87

Poisson uniform/normal 0.4/- -/0.2 5 5% 0.11 0.73
10% 0.14 0.77

Poisson normal - 0.2/0.4 5 5% 0.83 0.92
10% 0.90 0.93

Poisson normal - 0.4 5/10 5% 0.53 0.86
10% 0.63 0.89

Poisson/Gibbs normal -/0.4 0.4 5 5% 0.08 0.50
10% 0.15 0.58

Poisson/Gibbs normal -/0.6 0.4 5 5% 0.06 0.44
10% 0.16 0.54

performs, especially when the clusters of offsprings have different distributions

but the same dependence range and when the clusters of offsprings have the same

distribution but the parents are different.

Table 4.9 and 4.10 report the results when the two patterns come from the

same model but with different anisotropy parameters. For Gibbs processes, both
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Table 4.9: Empirical powers of the studentized permutation test T̄ and asymp-

totic χ2-test T̂ applied to the Gibbs processes (W1 = W2 = [10 × 20], λ1 = λ2 =

1, δ1 = δ2 = 0.2) with different major directions θ or strength p of anisotropy at

the α nominal level

Isotropy θ1/θ2 p1/p2 α T̄ T̂

No 0/π
3

√
2

2
5% 0.08 0.20
10% 0.10 0.22

No 0
√

2
2

/2 5% 0.05 0.14
10% 0.12 0.15

Yes/No -/0 -/
√

2
2

5% 0.06 0.19
10% 0.11 0.23

Yes/No -/0 -/2 5% 0.10 0.29
10% 0.15 0.33

tests are not powerful in detecting the difference in the major directions or the

strength of anisotropy. The powers of the permutation test are not much higher

than the nominal level and are always lower than those of the asymptotic χ2-test.

For Poisson cluster processes, the asymptotic χ2-test is much more powerful in

detecting the difference than the permutation test is, whose powers are again not

much higher than the nominal level.

However, when we compare two anisotropic patterns from two different classes

of models, we can see from Table 4.11 that the permutation test becomes very

powerful and these high powers probably comes from its power in detecting dif-

ferent classes of models. The asymptotic test, though a bit less powerful than the

permutation test, also performs very well in the cases considered.

In conclusion, simulation results show that the permutation test is more pow-

erful when comparing point patterns of different types of processes while the

asymptotic χ2-test is more powerful when comparing patterns generated from

the same kinds of processes but with different parameters. The permutation

test is suitable for comparing point patterns with distinct characteristics while
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Table 4.10: Empirical powers of the studentized permutation test T̄ and asymp-

totic χ2-test T̂ applied to the Poisson cluster processes (W1 = W2 = [10×20], λ1 =

λ2 = 1, σ1 = σ2 = 0.4, µ1 = µ2 = 5) with normally distributed offsprings and

different major directions θ or strength p of anisotropy at the α nominal level

Isotropy θ1/θ2 p1/p2 α T̄ T̂

No 0/π
3

√
2

2
5% 0.05 0.70
10% 0.12 0.79

No 0
√

2
2

/2 5% 0.09 0.77
10% 0.17 0.85

Yes/No -/0 -/
√

2
2

5% 0.12 0.67
10% 0.20 0.72

Yes/No -/0 -/2 5% 0.24 0.86
10% 0.37 0.92

the asymptotic χ2-test is more suitable for comparing patterns with similar struc-

tures. In real applications, one may first try to get a rough idea whether two given

patterns are of similar structures by comparing some of their empirical summary

functions, such as the L-function and the J-function, before deciding whether the

permutation test or the asymptotic χ2-test would be preferable.
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Table 4.11: Empirical powers of the studentized permutation test T̄ and asymp-

totic χ2-test T̂ applied to two different point processes (W1 = W2 = [10×20], λ1 =

λ2 = 1, δ = 0.2, σ = 0.6, µ = 5) with different major directions θ or strength p of

anisotropy at the α nominal level

Patterns Isotropy θ1/θ2 p1/p2 α T̄ T̂

Gibbs/cluster Yes/No -/0 -/
√

2
2

5% 1.00 0.96
10% 1.00 0.97

Gibbs/cluster Yes/No -/0 -/2 5% 1.00 0.99
10% 1.00 0.99

Gibbs/cluster No/Yes 0/-
√

2
2

/- 5% 0.99 0.94
10% 1.00 0.95

Gibbs/cluster No/Yes 0/- 2/- 5% 0.99 0.91
10% 1.00 0.93

Gibbs/cluster No 0
√

2
2

5% 1.00 0.94
10% 1.00 0.95

Gibbs/cluster No 0
√

2
2

/2 5% 1.00 0.99
10% 1.00 0.99

Gibbs/cluster No 0 2/
√

2
2

5% 1.00 0.94
10% 1.00 0.95

Gibbs/cluster No 0/π
3

√
2

2
5% 1.00 0.97
10% 1.00 0.97

4.5 Practical Application

Figure 4.1 shows the beta-type ganglion cells in the retina of a cat recorded by

Wässle et al. (1981) and scanned in 2004 by Stephen Eglen from Wässle et al.

(1981, Figure 6a). A ganglion cell is a type of neuron located near the inner surface

of the retina of the eye. It receives visual information from the bipolar cells and

amacrine cells in retina and transfers the information to the brain. The ganglion

cells are classified as different types based upon the studies on dendritic morphol-

ogy. Different subtypes are responsible to different visual features. The beta-type

ganglion cells contribute to high resolution vision in the cat visual system and can

be further subdivided to “on” and “off” types according to the branching level
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Figure 4.1: Point pattern formed by the locations of 65 ‘on’ cells (represented by

bullets •) and 70 “off” cells (represented by circles ◦) of the beta-type ganglion

cells in a cat retina observed in a rectangle of dimensions 750 × 990µm2. Source

of data: R package spatstat.

of the dendrites tree in the inner plexiform layer. Wässle et al. (1981) studied

the “on” cells and “off” cells by nearest neighbour histograms and found that

both cells are regularly arrayed and superimposed independently of each other.

Van Lieshout and Baddeley (1999) tested the hypothesis of independence by using

toroidal shift test (see Chapter 5), proposed by Lotwick and Silverman (1982),

with the J-function as test statistic. Their results confirmed the conclusions of

Wässle et al. (1981).

The permutation test and the asymptotic χ2-test were applied to the beta-type

ganglion cells data to test whether the distributions of the “on” and “off” cells are

the same by assuming that they are two independent realisations. Following Guan

et al. (2006), the dependence ranges of the cells data were estimated by studying
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the empirical second-order product density averaged over all directions. Figure 4.2

shows the empirical isotropic second-order product densities of the “on” cells and

“off” cells divided by the squared sample intensities. The estimated dependence

ranges of the two patterns are about 150, the distance where the densities start

flattening out. The parameters of the permutation test and the asymptotic χ2-

test were selected according to the suggestion in Section 4.4, and their p-values

are 0.2489 and 0.4023 respectively. Thus, the “on” cells and the “off” cells do not

seem to have different distributions.

(a)

(b)

Figure 4.2: Empirical isotropic second-order product density of (a) the “on” beta-

type ganglion cells, and (b) the “off” beta-type ganglion cells. The product den-

sities are divided by the squared sample intensities.

54



Chapter 5

Test for Random Superposition

of a Bi-type Point Pattern in a

Non-rectangular Sampling

Window

5.1 Introduction

In many branches of science, such as ecology and epidemiology, an often asked

question is whether there is any association or correlation between several types

of events occurred in space. For example, consider the predator-prey relation-

ship between two species of ants, Cataglyphis and Messor. A natural question is

whether the Cataglyphis ants are attracted to build their nests close to Messor

nests. Such a question can be easily formulated for statistical analysis when the

nest locations are modeled by a marked point process with qualitative marks,

which is also called a multi-type point process.

A multi-type point process is said to be a random superposition model if the

process of each type is independent of the processes of other types, and con-

sequently the multi-type process is simply the result of superposition of these
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independent processes. It is called population independence in ecological context

(Goreaud and Pélissier, 2003). To test the random superposition hypothesis for

a bi-type process, Lotwick and Silverman (1982) introduced a toroidal shift test.

The testing procedure is as follows. New bi-type point patterns are generated by

holding the points of one type fixed and shifting the points of the other type by

the same random shift-vector to destroy the possible correlations between different

types of points. Points that are shifted outside the sampling window are wrapped

back onto the opposite edge. Hence, the test is applicable to bi-type point patterns

observed in a torus or a rectangular window under periodic boundary conditions

only. However, in real applications, data are often observed in non-rectangular

windows.

If the sampling window is not rectangular, a natural approach is to apply the

shift test to a rectangular sub-window. The idea proposed in this thesis is to

extrapolate the pattern observed in a non-rectangular window to a larger rectan-

gular region by the stochastic reconstruction introduced by Tscheschel and Stoyan

(2006). Points that resemble the spatial structure of the observed point pattern

are reconstructed in the region outside the sampling window but within a larger

rectangle, without specifying any theoretical model. This reconstruction is almost

the same as the one used in Chapter 3, except that in this chapter the resultant

patterns always contain the original data as a subset, while in Chapter 3 the re-

sultant patterns are independent replicates of the original pattern. Toroidal shift

test is then applied on the observed point pattern together with the reconstructed

points. Simulation studies in Section 5.5 show that this approach is more powerful

than restricting the analysis on a rectangular sub-window.

The rest of the chapter is organised as follows. Section 5.2 introduces the

second-order estimators that will be used in this chapter for testing the random

superposition hypothesis for bi-type point processes. A brief description of the

toroidal shift test is given in Section 5.3. Section 5.4 outlines the reconstruction

procedures for generating points outside the sampling window. Simulation results

are reported in Section 5.5 to see the empirical sizes and the powers of the shift test
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under stochastic reconstruction. Section 5.6 concludes the chapter by applying

the test on the ants data recorded by Harkness and Isham (1983).

5.2 Second-order Estimators of Bi-type Point Pro-

cesses

Consider a stationary and isotropic bi-type point process ΦM defined in Sec-

tion 2.3. An edge-effects corrected estimator of the cross K-function defined in

Section 2.4 is

K̂ij(r) =
1

λ̂Mi λ̂
M
j

∑
x∈ΦM

i ∩W

∑
y∈ΦM

j ∩W

1{z : 0<z6r}(‖x− y‖)ω(x,y;W )

νd(W ‖x−y‖)
, for 0 6 r < r∗,

with r∗ = sup{r : νd(W
(r)) > 0}, W (r) = {x ∈ W : ∂Bd(x, r) ∩W 6= ∅}, λ̂Mi =

ΦM
i (W )/νd(W ) the estimated intensity of ΦM

i , and ω(x,y;W ) the inverse of the

fraction of surface area in W of the sphere of radius ‖x − y‖ centred at x. For

stationary and isotropic ΦM , λ̂Mi λ̂
M
j K̂ij is unbiased for λMi λ

M
j Kij. See Illian et al.

(2008, Chapter 5) for more details.

The estimator of the cross L-function defined in Section 2.4 is then given by

L̂ij(r) =
d

√
K̂ij(r)

bd
,

If ΦM
1 and ΦM

2 are independent then L12(r) = r. As mentioned in Chapter 2,

this d-root transformation can stabilise the standard error, the cross L-function,

is used in the toroidal test for the hypothesis testing of independence.

The empirical function of the marked kth nearest neighbour distance distri-

bution function Dk
ij(r), defined in Section 2.4, without edge-effects correction is

given by

D̂k
ij(r) =



1

ΦM
i (W )

∑
x∈ΦM

i ∩W

1

(
k 6

∑
y∈ΦM

j ∩W
y 6=x

1{z:z6r}(‖x− y‖)

)
, if i = j,

1

ΦM
i (W )

∑
x∈ΦM

i ∩W

1

(
k 6

∑
y∈ΦM

j ∩W

1{z:z6r}(‖x− y‖)

)
, otherwise.

(5.1)
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Edge-effects correction methods for unmarked point process can easily be extended

for the estimation of Dk
ij(r), see Chiu et al. (2013, Section 4.7). For the recon-

struction procedure below, two edge-effects corrections would be used, namely

the periodic edge correction for rectangular windows and the minus-sampling for

non-rectangular windows. Under the periodic edge correction, inter-point dis-

tances are measured under periodic boundary conditions and hence (5.1) can be

used directly. Under the minus-sampling, at each fixed r, for type i points, only

those lying in W 	 Bd(o, r), where 	 denotes Minkowski (elementwise) subtrac-

tion, will be counted so that for each considered type i point, whether or not

its nearest type j point is within distance r can be determined from the pattern

observed in W .

5.3 Toroidal Shift Test

The toroidal shift test was first proposed by Lotwick and Silverman (1982) for

the hypothesis that the observed bi-type point pattern is a superposition of two

independent point patterns. It is an envelope test (Illian et al., 2008, p. 455) that

compares the empirical L̂12(r) of the observed bi-type point pattern with L̂k12(r),

for k = 1, . . . , R, estimated from R bi-type patterns generated independently by

the following procedure.

Given a bi-type point pattern in a rectangular or parallelepiped sampling win-

dow, the points of type 1 are all fixed while every point of type 2 is shifted by

adding a random shift-vector in the sampling window under periodic boundary

conditions. That is, the sampling window is treated as torus such that points

shifted beyond the edge of the window are wrapped back onto the opposite edge.

The same realisation of a random shift-vector is applied to all points of type 2

for the calculation of L̂k12(r) for a given k, but different realisations for different k

are generated independently from the uniform distribution on translations under

periodic boundary conditions. Shifting all type 2 points by the same shift-vector,

say u, will be equivalent to shifting all type 1 points by −u and hence which type
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is labelled as type 1 can be done arbitrarily.

The pointwise extreme values of L̂k12(r) form the envelopes of L̂12(r). The

random superposition hypothesis is rejected if L̂12(r) lies outside the envelopes at

some values of r. If we interpret this procedure as a significance test, it is rather

conservative when applied on a pre-chosen single r and liberal when applied on

a pre-chosen range of r (see Illian et al., 2008, p. 456). This thesis uses the

deviation test approach, which takes the discrepancy between L̂12(r) and r under

the L2-norm or sup-norm as the test statistic and uses the R discrepancy values

between L̂k12(r) and r to approximate the null distribution of the test statistic.

Consider the L2-norm. Let

∆ =

∫ r0

0

{L̂12(r)− r}2 dr and ∆k =

∫ r0

0

{L̂k12(r)− r}2 dr, for k = 1, . . . , R,

for the observed and generated bi-type point patterns. The p-value of the test is

defined as

p-value =
#{k : ∆k > ∆}+ 1

R + 1
.

In the following simulation, the upper limit r0 was chosen to be 1.25/
√
λM2 , as

suggested by Ripley (1979). However, note that the powers of such a test may

depend on the choice of r0 (Ho and Chiu, 2006); a possible improvement is to

multiply the integrand by a weight function (Ho and Chiu, 2009). The number R

was set at 99, which will be adequate for general purposes (Davison and Hinkley,

1997, p. 156).

5.4 Reconstructions

In order to apply the toroidal shift test on the bi-type point pattern observed

in a sampling window for which periodic boundary conditions are not applica-

ble, the observed point pattern is extrapolated to a larger rectangular region by

stochastic reconstruction, developed by Tscheschel and Stoyan (2006). The re-

construction procedure generates points with empirical summary characteristics

similar to those of the observed point pattern without making any assumptions
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on the models of the observed point pattern. This idea of extrapolating points

has been shown to be successful in providing edge-effects corrections (Tscheschel

and Chiu, 2008).

Denote by RS the smallest rectangular region containing the sampling win-

dow W . Generate an arbitrary bi-type point pattern Ψ0 in RS \W with the same

intensities of type 1 and type 2 as the observed pattern in W . Denote by Ψ`

the resultant point pattern at the `th step. At the (`+1)st step, a point in Ψ` is

randomly chosen and replaced by a new point that is independent and uniformly

distributed in RS \W with the same mark as the chosen point. Denote by Ψ′` the

new pattern. The point pattern Ψ`+1 is defined as

Ψ`+1 =


Ψ′`, if U(Ψ′`) < U(Ψ`),

Ψ`, otherwise,

where U(Ψ`) is the so-called energy function defined by

U(Ψ`) =
2∑
i=1

2∑
j=1

Iij∑
k=1

∫ t0

0

{
D̂k
ij(t; ΦM ,W )− D̂k

ij(t; Ψ` ∪ ΦM , RS)
}

dt,

in which t0 and Iij are some pre-chosen upper limits, and D̂k
ij(·; Ψ, A) is the em-

pirical Dk
ij(·) estimated from the pattern Ψ observed in A. We do not include the

specific planer convexity number because we do not have a “cross” version of it

for bi-type processes. The reconstruction process stops when either the maximum

number of iterations M has been reached or U(Ψ`−s)−U(Ψ`) < ε for some small ε

and large s.

Simulation experience suggests that Iij is about 5% of the total number of

points of ΦM
i in W, the upper limit t0 of the integral is chosen as the reciprocal

of the intensity but should not be smaller than 5% and not greater than 25% of

the shortest side of RS. The parameters for termination were M = 106, ε = 10−6,

and s = 1000. Since ΦM and Ψ` are observed in bounded regions, correction for

edge-effects is necessary. The minus-sampling was used for D̂k
ij(t; ΦM ,W ) and the

periodic edge correction method for D̂k
ij(t; Ψ` ∪ ΦM , RS).
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5.5 Simulations

Consider a given non-rectangular W and the smallest rectangle RS containing W .

To investigate the influences on the empirical levels and powers of the shift test

by reconstruction, for a realisation ϕ of a model, three different observations were

taken. First the pattern N1 = ϕ ∩ RS observed in RS, which would be treated

as the experimental control. Second, the original points in RS \W were removed

and replaced by points obtained from the reconstruction procedure described in

Section 5.4; denote by N2 the resultant point pattern in RS, which consists of the

reconstructed points in RS \W and the original points in W . Third, the point

patterns N3 = ϕ ∩ RL observed in the largest inscribed rectangle RL contained

in W .

The toroidal shift test at the 0.05 nominal level was then applied to the point

patterns N1, N2 and N3. This would be done independently 100 times for each

model specified below to get the empirical levels and powers.

Figure 5.1 shows the six non-rectangular windows considered and their corre-

sponding smallest enclosing rectangle RS and largest inscribed rectangle RL. The

smallest enclosing rectangle RS was set as [0, 10]2 for all the six windows. These

six sampling windows were used to study how the relative size and shape of the

sampling window may affect the behaviour of the test. The circular window W1

was considered here to demonstrate the possibility of applying the test on non-

polygonal window. Windows W2 to W5 were arbitrary generated polygons and W6

is the same as the sampling window of the ants data to be studied in Section 5.6.

The ratio R1 = ν2(RS \W )/ν2(W ) represents the percentage of area added

for reconstruction, i.e. the percentage of information created, when the test is

applied to N2. The ratio R2 = ν2(W \ RL)/ν2(W ) represents the percentage

of area ignored, i.e. the percentage of information lost, when the test is applied

to N3. Table 5.1 shows the areas and area ratios of these sampling windows. The

empirical levels and powers of the test were studied under different values of ratios

in simulation.
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Figure 5.1: Six non-rectangular windows (solid line) and their corresponding

smallest enclosing rectangle RS (dotted line) and largest inscribed rectangle RL

(dashed line).
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Table 5.1: Areas and areas ratios of the six sampling windows

W1 W2 W3 W4 W5 W6

area of W 78.54 93.66 87.68 91.85 85.87 81.77

area of RL 50.00 83.85 71.15 71.73 58.00 54.10

R1 0.27 0.07 0.14 0.09 0.16 0.22

R2 0.36 0.10 0.19 0.22 0.32 0.34

5.5.1 Models

The following bi-type point process models were generated in [0, 10]2. The intensi-

ties of all models were 1. The first four models are results of random superposition

while the remaining seven are not.

Model 1:

A Poisson process with independent dichotomous marks.

Model 2:

A point process resulted from the random superposition of a Poisson point

process with intensity 0.2 and an isotropic Poisson cluster process given in

Section 3.4.1. The parameter µ and σ were set as 4 and 1.

Model 3:

A point process resulted from the random superposition of a Poisson point

process with intensity 0.5 and an isotropic Gibbs hard-core process given in

Section 3.4.1 with exactly ξ = 0.5ν2(RS) points in total. The parameter δ

was set as 0.3.

Model 4:

A point process resulted from the random superposition of an isotropic Gibbs

hard-core process with ξ = 0.2ν2(RS) and δ = 0.3 and an isotropic Poisson

cluster process with µ = 4 and σ = 1.
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Model 5:

An isotropic Gibbs hard-core process with independent dichotomous marks.

The parameters ξ and δ were ν2(RS) and 0.25 respectively.

Model 6:

An isotropic Gibbs hard-core process with independent dichotomous marks.

The parameters ξ and δ were ν2(RS) and 0.3 respectively.

Model 7:

An isotropic Poisson cluster process with independent dichotomous marks.

The parameters µ and σ were 5 and 1 respectively.

Model 8:

An isotropic Poisson cluster process with independent dichotomous marks.

The parameters µ and σ were 5 and 1.5 respectively.

Model 9:

An isotropic Poisson cluster process together with parents. The intensity of

parents was 0.5. The parameters for the offsprings were µ = 5 and σ = 1.5.

Model 10:

A mixture of Poisson and isotropic Gibbs hard-core process. A Poisson point

pattern with intensity 0.5 was first placed in the rectangular region RS.

An isotropic Gibbs hard-core process of ξ = 0.5ν2(RS) and δ = 0.25 was

then placed in RS with a restriction that the minimum inter-point distance

between the Gibbs process and the Poisson process was greater than or equal

to δ.

Model 11:

An isotropic cluster process formed by Gibbs hard-core parents with param-

eters ξ = 0.5ν2(RS) and δ = 0.25 and Poisson-distributed offsprings having

i.i.d. normal locations with parameters µ = 5 and σ = 1.5.
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5.5.2 Simulation Results

Table 5.2 shows the empirical type I error of the toroidal shift test applied to the

three patterns N1, N2 and N3 in six different sampling windows. The empirical

levels of the test are close to the nominal level when applied on the control pat-

tern N1. Shape and sizes of the windows do not affect the empirical levels of the

test for the inscribed rectangle N3. The Empirical levels of N3 are close to that

of N1. The empirical levels of the reconstructed pattern N2 are closer to that

of N1 as the area ratios R1 increase. Overall, the reconstructed patterns N2 is a

bit liberal.

Table 5.3 shows the powers of the toroidal shift test applied to the three

patterns N1, N2 and N3 in different sampling windows and models. When the

test is applied on the isotropic Gibbs process, the powers of the test increase as

the hard-core distance δ increases. In contrast, the powers of the test decrease

when the parameter σ of the isotropic Poisson cluster process increases.

The reconstructed N2 has similar powers to or even higher than the control N1

in all cases. The area ratio R1 does not affect the powers of N2. The test applied

to N3 is less powerful than that to N2 in all simulated models. As the area

ratio R2 increases, the powers of N3 decrease. When R2 is about 0.3, i.e. the cases

of W1, W5 and W6, the powers of N3 are about half of the powers of N1 in most

cases.

Although the empirical levels of N2 increase as the ratio R1 increases, the

powers are not affected by it. Even when the area ratios R1 are about 0.3, the

empirical level of N2 are still close to the nominal levels. The powers of N2 are

even higher than that of N1 for some simulated models. Even though the empirical

levels of N3 are slightly closer to the nominal level than those of N2, the powers

of N3 are much lower than N2 in many cases and decrease substantially as R2

decrease. In general, applying the test to N2 is better than to N3 in the sense

that the power can be remarkably improved at the price of a slight inflation in

the empirical level.
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Table 5.2: Empirical levels of the toroidal shift test at the 5% nominal level

Model

Window Pattern 1 2 3 4

W1 control N1 0.04 0.02 0.04 0.01

reconstructed N2 0.09 0.11 0.14 0.12

inscribed rectangle N3 0.04 0.05 0.04 0.06

W2 control N1 0.01 0.07 0.08 0.03

reconstructed N2 0.03 0.07 0.13 0.07

inscribed rectangle N3 0.03 0.07 0.06 0.04

W3 control N1 0.10 0.07 0.06 0.06

reconstructed N2 0.12 0.12 0.10 0.06

inscribed rectangle N3 0.04 0.10 0.07 0.04

W4 control N1 0.05 0.04 0.08 0.03

reconstructed N2 0.08 0.06 0.08 0.09

inscribed rectangle N3 0.05 0.11 0.07 0.08

W5 control N1 0.06 0.09 0.03 0.01

reconstructed N2 0.05 0.14 0.09 0.06

inscribed rectangle N3 0.01 0.11 0.04 0.02

W6 control N1 0.03 0.06 0.04 0.04

reconstructed N2 0.07 0.09 0.07 0.07

inscribed rectangle N3 0.04 0.09 0.03 0.03
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Table 5.3: Empirical powers of the toroidal shift test at the 5% nominal level

Model

Window Pattern 5 6 7 8 9 10 11

W1 control N1 0.65 0.99 0.83 0.45 0.91 0.61 0.90

reconstructed N2 0.53 0.96 0.78 0.46 0.82 0.66 0.77

inscribed rectangle N3 0.24 0.61 0.53 0.12 0.61 0.25 0.57

W2 control N1 0.70 0.95 0.73 0.40 0.86 0.69 0.84

reconstructed N2 0.65 0.96 0.78 0.49 0.88 0.62 0.83

inscribed rectangle N3 0.50 0.89 0.70 0.28 0.83 0.48 0.83

W3 control N1 0.69 0.96 0.81 0.46 0.86 0.59 0.89

reconstructed N2 0.66 0.97 0.82 0.42 0.88 0.61 0.80

inscribed rectangle N3 0.43 0.80 0.66 0.29 0.77 0.26 0.79

W4 control N1 0.64 0.99 0.82 0.46 0.90 0.59 0.91

reconstructed N2 0.68 0.93 0.80 0.44 0.83 0.54 0.89

inscribed rectangle N3 0.43 0.81 0.69 0.29 0.75 0.32 0.78

W5 control N1 0.62 0.96 0.82 0.43 0.84 0.55 0.85

reconstructed N2 0.62 0.94 0.85 0.42 0.83 0.65 0.81

inscribed rectangle N3 0.28 0.63 0.48 0.16 0.58 0.29 0.62

W6 control N1 0.65 0.97 0.81 0.40 0.88 0.59 0.88

reconstructed N2 0.69 0.92 0.85 0.37 0.84 0.61 0.84

inscribed rectangle N3 0.31 0.49 0.46 0.10 0.60 0.29 0.54
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5.6 Practical Application

Figure 5.2 shows the spatial locations of nests of two species of ants, Messor

wasmanni and Cataglyphis bicolor, recorded by Professor R. D. Harkness at a site

in northern Greece in July 1980 and studied by Harkness and Isham (1983). The

Messor ants feed seeds while the Cataglyphis ants feed mostly on dead Messor

ants. Therefore, it is of interest to see whether there is any spatial relationship

between the nests of the two species.

N

100ft

Figure 5.2: The spatial locations of 68 Messor nests (represented by bullets •)

and 29 Cataglyphis nests (represented by circles ◦) recorded in a polygonal region

(solid line). The north-western region (dotted line) is open scrub land and the

south-western region (dashed line) is a field. The outer rectangular region (dash-

dot line) is the smallest enclosing rectangle of the polygonal region. Source of

data: R package spatstat.
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Harkness and Isham (1983) defined two rectangular regions for analysing the

data. The north-western region (dotted line in Figure 5.2) is open scrub land and

the south-western region (dashed line in Figure 5.2) is a field. They investigated

the dependence between the nests of the two species in the rectangular region

representing the field by analysing the nearest neighbour counts and second-order

properties. Measurements of nearest neighbour showed some evidences of depen-

dence but the analysis of second-order properties gave a contrary result. Applying

the toroidal shift test, they found no strong evidence for any interaction between

the nests of the two species and they said, “interactions which are weak or which

operate only over short ranges will, of course, be difficult to detect with a small

data set like ours, and this, like many sets of biological data, cannot be enlarged.”

Van Lieshout and Baddeley (1997) tested the random superposition hypothe-

sis of the ants’ nests in the field using the multivariate J-function and found no

significant positive correlation between the nests of the two species. Högmander

and Särkkä (1999) fitted a hierarchical model with Strauss-type interaction func-

tions to the nests in the scrub and suggested a weak repulsion between the species.

The first analysis of the full dataset was done by Baddeley and Turner (2006).

They plotted the cross pair correlation functions of the full data and suggested

that there is inhibition between the species’ nests up to 5 feet and no interaction

at longer distance. They also conducted tests on the hypothesis that the nests of

the two species are independent point processes of Strauss-hard core type but the

results showed no evidence for between-species interaction.

The toroidal shift test was applied to the nests in the scrub, the field and

the smallest enclosing rectangle (dash-dot line in Figure 5.2). Points inside the

smallest enclosing rectangle and outside the sampling window were reconstructed

by the procedures described in Section 5.4. The area ratio R2 of the scrub and

the field are 0.44 and 0.55 respectively. That is, about 40% of the information

is dropped when analysing the nests in the scrub while more than half of the

information is lost when considering the nests in the field only. The area ratio R1

of the smallest enclosing rectangle is 0.22.
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Figure 5.3 shows the empirical cross L12-functions and the corresponding en-

velopes of 99 simulations by toroidal shift of the nests in the scrub, the field

and the smallest enclosing rectangle. None of the estimated cross L12-functions

exceeds the envelopes, indicating that the null hypothesis is not rejected by the

envelope test. The p-values of the deviation test when applied to the scrub, the

field and the smallest enclosing rectangle are 0.81, 0.73 and 0.22, respectively.

This shows that even we include all observed points in the shift test and enlarge

the data set a bit, the evidence for interaction between the nest locations of the

two species is still weak.

70



0 20 40 60 80 100 120 140 160

−20

−15

−10

−5

0

5

10

15

(a) Scrub

0 20 40 60 80 100 120 140
−30

−25

−20

−15

−10

−5

0

5

10

15

(b) Field

0 50 100 150

−15

−10

−5

0

5

10

(c) Smallest enclosing rectangle

Figure 5.3: Empirical cross L12-function (solid line) of the bi-type process repre-

senting the nest locations and the envelopes (gray region) of 99 simulations.
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Chapter 6

Concluding Remarks

In this thesis, we have introduced three model-free tests for isotropy, equal dis-

tribution and random superposition of spatial point processes respectively. The

three proposed tests are based on two approaches: reconstruction and asymptotic.

The reconstruction approach does not require any specific model assumptions

and is suitable for all kinds of stationary and isotropic point processes. Simulation

results in Chapter 3 and 5 confirm that this approach works well empirically.

It successfully generates point patterns that preserve similar structures as the

observed pattern. This is a main reason of the high powers of the tests. However,

a drawback of this approach is a lack of theoretical justification. There is no

theoretical proof of the convergence of reconstruction even though the iteration

procedure always converges empirically. However, if one accepts using pseudo

random number, which is empirically random only, as a substitute of truly random

number, then empirically justified approaches, like reconstruction, may also be

acceptable.

The asymptotic approach requires only certain mild moment condition and

a weak dependence assumption. Simulation results in Chapter 4 shows that the

asymptotic test can achieve high powers. However, the rate of convergence of the

test statistic to its asymptotic distribution depends on the structures of processes.

Certain processes, like binomial and Gibbs hard-core processes, require less than

300 points for very good approximation in terms of the empirical levels, while some
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processes, like Poisson cluster process, need thousands of points in the sample.

Another concern of the asymptotic approach is that when the test statistic is based

on some density estimates, then certain smoothing parameters, like bandwidth,

will be needed. However, the choice of the values for these parameters will then

be important and is an art rather than exact science. As shown in Chapter 3, a

small difference in the bandwidths may lead to contradictive results.

Although both approaches are shown to be powerful empirically, one should be

aware that both approaches are approximation anyway and hence cannot control

the level exactly.
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