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Abstract

Nowadays, many optimization problems in real applications share a separable struc-

ture in the objective and it becomes more and more common to solve these problems

by decomposition methods such as fast iterative shrinkage-thresholding algorithm

(FISTA), generalized alternating direction method of multipliers (GADMM), and

first-order primal-dual algorithm (PD), to name just a few.

In this thesis, we focus on two optimization algorithms for solving convex pro-

grams: θ-scheme and a preconditioned primal-dual algorithm. For the θ-scheme, we

first present an elaborative convergence analysis in a Hilbert space and propose a

general convergent inexact θ-scheme. Second, for unconstrained problems, we prove

the convergence of the θ-scheme and show a sublinear convergence rate in terms

of the objective function. Furthermore, a practical inexact θ-scheme is derived to

solve l2-loss based problems and its convergence is proved. Third, for constrained

problems, even though the convergence of the θ-scheme is available in the literature,

yet its sublinear convergence rate is unknown until we provide one via a variational

reformulation of the solution set. Besides, in order to relax the condition imposed

on the θ-scheme, we propose a new variant and show its convergence. Finally, some

preliminary numerical experiments demonstrate the efficiency of the θ-scheme and

our proposed methods. For the preconditioned primal-dual algorithm, noticing that

a practical step size cannot lie in the theoretical region, we show that the range of

dual step size can be enlarged by 1/3 at most and at the same time, the convergence

and a sublinear convergence rate can be ensured. Therefore, this practical step size

can indeed guarantee the convergence. Furthermore, if more regularity conditions

are imposed on objective functions, we can obtain a linear convergence rate. Finally,

some connection with other methods is revealed.

In future work, we focus on the acceleration of the θ-scheme. Some preliminary

numerical experiments demonstrate the potential efficiency of our proposed acceler-

ated θ-scheme. Therefore, it would be our priority of further study.

Keywords: Linear inverse problem, Optimization algorithm, Splitting method,

θ-scheme, Primal-dual algorithm, Convergence rate, Dual problem
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Chapter 1

Introduction

In this chapter, we focus on linear inverse problems and introduce some useful opti-

mization methods. First we introduce some popular models for solving linear inverse

problems, including some regularized models which are often used in image recovery

and l1-norm models in statistical learning. Then some related optimization methods

are introduced. Last, the outline of this thesis is presented.

1.1 Linear Inverse Problems

Linear inverse problems appear in a broad spectrum of applications, for example,

electronics, compressed sensing, signal and image recovery, and statistical learning,

to name just a few. In particular, extensive researches target on the application

in imaging science and statistics learning, leading to a massive mathematical and

algorithmic developments, see [11, 15, 36] and the references therein.

Here we consider recovering an unknown vector z ∈ Rn from an observation

q ∈ Rm, which can be reformulated as

Qz = q + w, (1.1)

where Q ∈ Rm×n is a known observation operator, w is a vector standing for unknown

noise. The vectors z and q are obtained by stacking the columns of their matrix form

in lexicographical order. Basically, the setting and meaning of Q and q are varying

for different problems.
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In image denoising, q stands for a noised image and Q is an identity matrix. In

image deblurring, q represents a blurred image andQ is a two-dimensional convolution

operator which describes the blur operator. In image inpainting, q is an image with

some missing pixels and Q is a very sparse matrix with ones and zeros in the diagonal

where the zeros are relevant to the missing pixels.

In statistical learning, the matrix Q stands for the design matrix, m is the number

of samples, n is the number of features, and q is the response vector. The purpose of

recovering z from q is to find a weight vector solution for all features. In addition, if

there is another sample, then it is possible to predict its response by the recovered z.

In general, the matrix Q is not square or even it is a square matrix, the inverse

of Q does not exist. Therefore, it is difficult to recover z by directly solving linear

equation (1.1) which is always ill-conditioned or ill-posed, for example, the condition

number of Q is very huge or m� n. The normal approach is first to reformulate the

problem as a proper optimization problem and then use corresponding optimization

methods to solve it iteratively. In the following, we will introduce some common

models in imaging science and statistical learning.

1.1.1 Regularized Models in Imaging Science

A common approach solving (1.1) is the Least Squares (LS)

(LS) min
z∈Rn

‖Qz − q‖2, (1.2)

see [14] for more details. It is noted that the matrix Q is often ill-conditioned such

that the solution of LS has a large norm, useless and not practical. To get rid of this

solution, regularized models are proposed to stabilize the solution. We will introduce

several models involved in different regularizers as listed below.

The first regularized model was proposed by Rudin, Osher and Fatemi (ROF) in

[93]

(ROF) min
z∈Rn

1

2
‖z − q‖2 + ηTV(z), (1.3)

where isotropic TV(·) represents the discrete total variation semi-norm and is formu-

2



lated as

TV(z) =
M−1∑
i=1

N−1∑
j=1

√
(zi,j − zi+1,j)2 + (zi,j − zi,j+1)2

+
M−1∑
i=1

|zi,N − zi+1,N |+
N−1∑
j=1

|zM,j − zM,j+1|,

(1.4)

where n = M × N . The parameter η ∈ (0,+∞) provides a trade-off between regu-

larization and data fitting. It is known that the ROF model is very effective to keep

sharp edges which is very essential for many imaging problems.

The second model is a variant of the ROF model where l2 norm in the data term

is replaced by l1 norm. We denote it by TV-l1 and it reads as

(TV-l1) min
z∈Rn

‖z − q‖1 + ηTV(z), (1.5)

see [22, 79] for more details. The l1 norm is known to effectively remove noise con-

taining strong outliers, such as salt and pepper noise.

The next model is called the Huber-ROF model where the l1 norm in total vari-

ation term is replaced by Huber norm. It reads as

(Huber-ROF) min
z∈Rn

1

2
‖z − q‖2 + η|z|β, (1.6)

where

|z|β =


|z|2

2β
if |z| ≤ β,

|z| − β

2
if |z| > β,

(1.7)

and β ∈ (0,+∞) is a constant controlling the trade-off between quadratic regular-

ization and total variation regularization. It is known that the Huber-ROF model is

more effective than ROF to avoid artificial flat part in the recovered image [21].

The above three models are designed for image denoising. Now we consider the

following image deblurring model

min
z∈Rn

1

2
‖Qz − q‖2 + ηTV(z), (1.8)

where Q is the convolution with the Point Spread Function (PSF), standing for the

3



blurring effect.

If total variation semi-norm is replaced by a quadratic term, then we obtain the

Tikhonov regularized model [98]

min
z∈Rn

1

2
‖Qz − q‖2 + η‖Dz‖2, (1.9)

where D is an identity matrix or the first or second order derivative operator [52, 66].

All above models are called the analysis approach. If the unknown image can be

expressed as a linear combination of the elements of some frame, i.e., z = Wx, where

x ∈ Rd, and the columns of the n× d matrix W are the elements of a wavelet frame

(an orthogonal basis or an over complete dictionary), then a popular model is

min
x∈Rd

‖QWx− q‖2 + η‖x‖1, (1.10)

which is called the synthesis approach [29].

1.1.2 l1-Norm Models in Statistical Learning

In this part, we present some l1-norm models in statistical learning.

A natural variant of LS approach is the Least Absolute (LA) approach [87], in

which we minimize ‖Qz − q‖1 instead of ‖Qz − q‖2, which reads as

(LA) min
z∈Rn

‖Qz − q‖1. (1.11)

Similar to TV-l1 (1.5), LA provides a better fit than LS when data contains large

outliers, and has been intensively used in statistics, see [99, §10.6].

The second model is called the Basis Pursuit (BP) which is essentially an equality-

constrained l1 minimization problem

(BP)
minz∈Rn ‖z‖1,

s.t. Qz = q.
(1.12)

It is often used to find a sparse solution for underdetermined system of linear equa-

tions. Besides, BP is very important in the compressed sensing, see [17] for a survey.

4



The next model is basically a general l1 regularized minimization problem

min
z∈Rn

f(z) + η‖z‖1, (1.13)

where f is any convex loss function. The model (1.13) includes a wide models from

linear regression, logistic regression, softmax regression and Possion regression. Here

we introduce two examples: One is called the Least Absolute Shrinkage and Selec-

tion Operator (LASSO) [82, 97, 109], the other is called the l1 regularized logistic

regression [68, 81].

The LASSO is

min
z∈Rn

1

2
‖Qz − q‖2 + η‖z‖1, (1.14)

where η ∈ (0,+∞) is a constant which is often chosen by cross-validation. Further-

more, the LASSO can be generalized to

min
z∈Rn

1

2
‖Qz − q‖2 + η‖Dz‖1, (1.15)

where D is an arbitrary linear transformation. In particular, if Q = I and D is the

second difference matrix, then model (1.15) is called the Trend Filtering [66]. Besides,

another variant is that if ‖z‖1 is replaced by
∑N

i=1 ‖zi‖2 where z = (z1, z2, . . . , zN)

and zi ∈ Rni , then we have

min
z∈Rn

1

2
‖Qz − q‖2 + η

N∑
i=1

‖zi‖2, (1.16)

which is known as the group LASSO [76, 105].

The l1 regularized logistic regression [67] is

min
z∈Rn,v∈R

M∑
i=1

log(1 + exp(−bi(aT
i z + v))) + η‖z‖1, (1.17)

where the training set consists of M pairs (ai, bi), and ai ∈ Rn is a feature vector,

bi ∈ {−1, 1} is the corresponding label.

5



1.2 Some Optimization Methods

Optimization methods have been studied for decades. In this section, we will in-

tensively introduce four most popular optimization methods: the Proximal point

algorithm, the forward-backward splitting method, the Douglas/Peaceman-Rachford

splitting method, the first-order primal-dual algorithm which are relevant to our con-

cerned methods.

Let us first introduce notations used in this thesis.

1.2.1 Notations

Throughout this thesis, N means the set of nonnegative integers and H stands for a

real Hilbert space with inner product 〈·, ·〉, induced norm ‖ ·‖. For brevity, we denote

‖ · ‖2 as ‖ · ‖ if not specified. The expression zk ⇀ z and zk → z denote weak and

strong convergence of a sequence {zk}k∈N to z in H, respectively.

We first introduce notations in operator theory. Let T : H → 2H be a set-valued

operator. The set dom T = {z ∈ H|Tz 6= ∅} means the domain of T . And the sets

ran T = {u ∈ H | ∃z ∈ H, u ∈ Tz}, gra T = {(z, u) ∈ H2 | u ∈ Tz} are the range,

and the graph of T , respectively. The inverse T−1 is the set-valued operator with

graph {(u, z) ∈ H2 | u ∈ Tz} and the resolvent of T is defined by JT = (I + T )−1.

An operator T : H → 2H is said to be monotone, if

〈z − y, u− v〉 ≥ 0, ∀ (z, u) ∈ gra T, ∀(y, v) ∈ gra T,

and maximal monotone if gra T is not properly contained in the graph of any mono-

tone operator S : H → 2H. In addition, a set-valued operator T : H → 2H is strongly

monotone with parameter σ ∈ (0,+∞), if

〈z − y, u− v〉 ≥ σ‖z − y‖2, ∀ (z, u) ∈ gra T, ∀(y, v) ∈ gra T.

Second, some notations in convex programming are presented. The domain of

function f : H → [−∞,+∞] is dom f = {z ∈ H | f(z) < +∞} and the epigraph

of f is defined as epi f = {(z, ξ) ∈ H × R | f(z) ≤ ξ)}. The function f is proper if

6



−∞ /∈ f(H) and dom f 6= ∅; f is closed if epi f is closed. The function f is said to

be lower semicontinuous at z0, if f(z0) ≤ limk→∞ f(zk) for any sequence {zk}k∈N in

H with zk → z0. The function f is said to be convex if

f(αz + (1− α)y) ≤ αf(z) + (1− α)f(y), ∀z, y ∈ dom f,

where α ∈ [0, 1] and σ-strongly convex if

f(αz + (1− α)y) ≤ αf(z) + (1− α)f(y)− σα(1− α)

2
‖z − y‖2, ∀z, y ∈ dom f,

where σ ∈ (0,+∞). The differential of a proper function f is a set-valued operator

∂f : H → 2H : z 7→ {u ∈ H | ∀y ∈ H, 〈y − z, u〉+ f(z) ≤ f(y)}.

In addition, the proximal operator of f is defined as

proxf : H → H : z 7→ argminy∈Hf(y) +
1

2
‖y − z‖2,

and the conjugate function of f is defined as

f ∗ : H → [−∞,+∞] : z 7→ sup
y∈H

(〈y, z〉 − f(y)).

1.2.2 Proximal Point Algorithm

We consider the following zero point problem

0 ∈ T (z), (1.18)

where T is a maximal monotone operator defined on H. Throughout this thesis, we

assume that the solution set G of (1.18) is nonempty. A classical method for solving

(1.18) is the Proximal Point Algorithm (PPA) which was proposed in [74, 75] and

generalized in [90, 91]

(PPA) zk+1 = (I + βT )−1(zk), (1.19)

7



where β ∈ (0,+∞) is a constant. In general, the sequence {zk}k∈N generated by PPA

is weakly convergent to a solution of (1.18).

An important property of PPA is that it can lead to the method of multipliers

which was originally proposed in [65, 88] for solving the equality-constrained nonlinear

programs

min
z∈Rn

f(z),

s.t. Qz = q,

(1.20)

where f is a closed proper convex function and Q ∈ Rm×n, q ∈ Rm. It is known that

the Lagrange dual problem of (1.20) is

min
λ∈Rm

f ∗(−QTλ) + 〈q, λ〉. (1.21)

Therefore, if PPA (1.19) is applied to (1.21), then we can obtain the method of

multipliers 
zk+1 = arg min

z∈Rn
f(z)− 〈λk, Qz − q〉+

β

2
‖Qz − q‖2,

λk+1 = λk − β(Qzk+1 − q),
(1.22)

which was intensively studied in [90]. Furthermore, a generalized PPA is proposed in

[32, 53] and reads as

zk+1 = (1− ρk)zk + ρk(I + βT )−1zk, (1.23)

where {ρk}k∈N ⊂ [0,+∞) is a sequence such that infk≥0 ρk > 0 and supk≥0 ρk < 2.

Similarly, if the generalized PPA (1.23) is applied to (1.21), then we can have an

iterate 
zk+1 = arg min

z∈Rn
f(z)− 〈λk, Qz − q〉+

β

2
‖Qz − q‖2,

λk+1 = λk − ρkβ(Qzk+1 − q),
(1.24)

which is a generalization of the iterate (1.22). It is noted that the step size of the

dual update in (1.24) can be enlarged when 1 < ρk < 2.

PPA (1.19) is not available for problems with two operators (functions) in the

objective as it does not fully utilize the separable structure, mostly leading to no

closed-form solution in the iteration. In the following, we will focus on splitting

8



methods for problems with a separable structure in the objective.

1.2.3 Forward-Backward Splitting Method

Suppose that T has a separable structure, i.e., T = A + B where both A and B

are maximal monotone operators defined on H. Then, the zero point problem (1.18)

becomes

0 ∈ A(z) +B(z). (1.25)

Many problems are special cases of (1.25), for example, some models introduced in

§1.1.

It is not wise to directly use PPA (1.19) to solve (1.25) as PPA does not consider

the separable structure of operator T . Splitting methods means that we do not

compute the resolvent operator (I + β(A+B))−1 which is always impractical in real

applications. Instead, a splitting method computes (I + βA)−1, (I + βB)−1, or both

of them where in most of cases, they have closed-form solutions. In addition, splitting

methods can derive iterative schemes for convex optimization problems.

Operator splitting methods have a wide literature, see [31] and the references

therein. In general, all splitting methods essentially belong to three classes: the

forward backward class, the Douglas/Peaceman-Rachford class and the double back-

ward class where last one is less known as its convergence condition is much more

strict and it is often not used in practice [33]. Thus, we only focus on the first two

splitting methods.

In this part, we focus on the forward backward splitting method (FBSM) [56, 71,

83]

(FBSM) zk+1 = (I + βA)−1(I − βB)(zk), (1.26)

where β ∈ (0,+∞) is a constant. In particular, if A = NC where C is a nonempty

closed convex set in H, then FBSM is just a projection method [95] for solving

monotone variational inequalities, and if B is the gradient of a differentiable convex

function, then FBSM reduces to a gradient projection method [13].

The convergence theory of FBSM is extensive in the literature and we just present

two fundamental convergence results here. First, [41, 77] show that if B−1 is strongly

9



monotone with parameter σ ∈ (0,+∞) and β ≤ 2σ, then the sequence {zk}k∈N
generated by FBSM converges weakly to a solution of (1.25). Second, if B is Lipschitz

continuous with modulus L ∈ (0,+∞), A+ B is strongly monotone with parameter

σ ∈ (0,+∞), and positive constant β is less than some parameter related to L and

σ, then the sequence {zk}k∈N generated by FBSM converges strongly and linearly to

a solution of (1.25) [24]. As for other convergence results, one can refer to [101] and

the references therein.

In convex programming, FBSM is a benchmark algorithm for solving

min
z∈Rn

f(z) + g(z), (1.27)

where f : Rn → R and g : Rn → R are two closed proper convex functions such that

∇g is Lipschitz continuous with constant L ∈ (0,+∞). If A = ∂f and B = ∇g, then

FBSM (1.26) applied to (1.27) reads as

zk+1 = proxβf (z
k − β∇g(zk)), (1.28)

where 0 < β < 2/L. An important case of (1.27) in signal processing is

min
z∈Rn

η‖z‖1 +
1

2
‖Qz − q‖2, (1.29)

where η ∈ (0,+∞) is a constant. Then, the algorithm (1.28) applied to (1.29) reduces

to the class of Iterative Shrinkage-Thresholding Algorithms (ISTA) [18]

zk+1 = Sβη(z
k − βQT(Qzk − q)), (1.30)

where Sa : Rn → Rn is the shrinkage operator (see [97]), i.e.,

Sa(x)i = (|x|i − a)+sgn(xi). (1.31)

The iterate of ISTA is simple. However, it is known that ISTA is a slow method

[16, 54] which has a rate of convergence that is at least O(1/n) [9]. However, a

wonderful property of ISTA is that its rate can be raised to O(1/n2) by applying
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Nestorov’s technique [78] without any additional computational complexity [9] and

numerical efficiency is verified in many applications [8]. The accelerated scheme is

called the Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

(FISTA)



zk = proxβf (y
k − β∇g(yk)),

tk+1 =
1 +

√
1 + 4t2k
2

,

yk+1 = zk +
tk − 1

tk+1

(zk − zk−1),

(1.32)

where t0 = 1. Moreover, [19] shows that with a small modification in the iterate, the

sequence generated by FISTA converges to a solution of (1.27). Lately, it is proved

that the convergence rate of FISTA is actually o(1/n2) [3].

Another application of FBSM is for solving the following constrained problem

min
x∈Rn,y∈Rm

f(x) + g(y),

s.t. Cx+Dy = b,

(1.33)

where C ∈ Rd×n, D ∈ Rd×m, b ∈ Rd and f, g are two closed proper convex functions.

It is known that the Lagrange dual problem of (1.33) is

min
λ∈Rd

f ∗(−CTλ) + g∗(−DTλ) + 〈b, λ〉. (1.34)

If FBSM is applied to (1.34), then the resulting scheme is called the Alternating

Minimization Algorithm (AMA) [100]


xk+1 = arg min

x∈Rn
f(x)− 〈λk, Cx+Dyk − b〉,

yk+1 = arg min
y∈Rm

g(y)− 〈λk, Cxk+1 +Dy − b〉+
β

2
‖Cxk+1 +Dy − b‖2,

λk+1 = λk − β(Cxk+1 +Dyk+1 − b),

(1.35)

where f is required to be strongly convex and β ∈ (0,+∞) is a constant. Similar to
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ISTA, AMA can be accelerated by the iterate below

xk+1 = arg min
x∈Rn

f(x)− 〈λ̃k, Cx+Dyk − b〉,

yk+1 = arg min
y∈Rm

g(y)− 〈λ̃k, Cxk+1 +Dy − b〉+
β

2
‖Cxk+1 +Dy − b‖2,

λk = λ̃k − β(Cxk+1 +Dyk+1 − b),

tk+1 =
1 +

√
1 + 4t2k
2

,

λ̃k+1 = λk +
tk − 1

tk+1

(λk − λk−1).

(1.36)

which is proved to have an O(1/n2) convergence rate in terms of dual objective [51].

1.2.4 Douglas/Peaceman-Rachford Splitting Method

In this part, we focus on another splitting method called the Douglas/Peaceman-

Rachford splitting method (DRSM/PRSM) both of which are designed to solve (1.25).

DRSM was firstly proposed in [30]

zk+1 = JβA(2JβB − I)zk + (I − JβB)zk, (1.37)

where β ∈ (0,+∞) is a constant. The convergence condition of DRSM is mild

[25, 32, 71] such that this method is very popular in many fields, such as signal

recovery [26], feasibility problems [6, 7] and computer vision [94, 96]. If we let

Gβ,A,B = JβA(2JβB − I) + (I − JβB),

Sβ,A,B = G−1
β,A,B − I,

then DRSM can be reformulated as zk+1 = (I + Sβ,A,B)−1(zk). Surprisingly, it is

proved that Sβ,A,B is maximal monotone, implying that DRSM is a PPA [32].

Besides, if DRSM is applied to (1.34), then we can obtain another well-known
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algorithm called the Alternating Direction Method of Multipliers (ADMM)


xk+1 = arg min

x∈Rn
f(x)− 〈λk, Cx+Dyk − b〉+

β

2
‖Cx+Dyk − b‖2,

yk+1 = arg min
y∈Rm

g(y)− 〈λk, Cxk+1 +Dy − b〉+
β

2
‖Cxk+1 +Dy − b‖2,

λk+1 = λk − β(Cxk+1 +Dyk+1 − b),

(1.38)

which was originally proposed in [48] for solving the differential equation. Its con-

vergence is well-known in the literature [15, 35], but the convergence rate confuses

researchers for years. Recently, [62, 63] prove an O(1/n) ergodic convergence rate by a

variational reformulation of the solution set. Besides, an O(1/n) ergodic convergence

rate of DRSM is proved in [64] .

According to (1.23), a generalized DRSM can be derived and if it is applied to

(1.34), then we can obtain a generalized ADMM (GADMM)


xk+1 = arg min

x∈Rn
f(x)− 〈λk, Cx〉+

β

2
‖Cx+Dyk − b‖2,

yk+1 = arg min
y∈Rm

g(y)− 〈λk, Dy〉+
β

2
‖ρkCxk+1 + (1− ρk)(b−Dyk) +Dy − b‖2,

λk+1 = λk − β(ρkCx
k+1 + (1− ρk)(b−Dyk) +Dyk+1 − b),

(1.39)

which was firstly proposed in [32]. The convergence rate of GADMM was thoroughly

analyzed in [39]. In practice, ρk ∈ (1.5, 2) can improve performance [15].

In addition, many researchers focus on the iterate of ADMM where there is no

closed-form solution. The point is how to ensure the outer convergence if the iterate

is changed to possess a closed-form solution. [103, 104] think up a variant where

a proximal term is added to the objective of subproblem, leading to a closed-form

solution. At the same time, the convergence can also be guaranteed. The resulting

scheme is so called Linearized ADMM (LADMM)


xk+1 = arg min

x∈Rn
f(x)− 〈λk, Cx+Dyk − b〉+

β

2
‖Cx+Dyk − b‖2 +

1

2
‖x− xk‖2

M ,

yk+1 = arg min
y∈Rm

g(y)− 〈λk, Cxk+1 +Dy − b〉+
β

2
‖Cxk+1 +Dy − b‖2,

λk+1 = λk − β(Cxk+1 +Dyk+1 − b),
(1.40)
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where M is a positive symmetric matrix. A particular choice of M is

M = σI − βCTC,

where σ ∈ (β‖CTC‖,+∞). The idea of LADMM inspires researchers to construct

new variants for other methods, see [23, 58, 69, 70] and the references therein.

Another less known (in the optimization field) splitting method is the Peaceman-

Rachford Splitting Method (PRSM) which was firstly proposed in [84]

zk+1 = (2JβA − I)(2JβB − I)zk. (1.41)

Unfortunately, the convergence theory of PRSM is problematic and restricted, see

[71] for more details. In general, PRSM can be divergent [28].

Similarly, if PRSM is applied to (1.34), then we have

xk+1 = arg min
x∈Rn

f(x)− 〈λk, Cx+Dyk − b〉+
β

2
‖Cx+Dyk − b‖2,

λk+ 1
2 = λk − β(Cxk+1 +Dyk − b),

yk+1 = arg min
y∈Rm

g(y)− 〈λk+ 1
2 , Cxk+1 +Dy − b〉+

β

2
‖Cxk+1 +Dy − b‖2,

λk+1 = λk+ 1
2 − β(Cxk+1 +Dyk+1 − b),

(1.42)

where the dual variable is updated after every minimization problem. The conver-

gence theory of the iterate (1.42) can be found in [55] and some variants are studied

in [59, 70].

1.2.5 First-Order Primal-Dual Algorithms

In this part, we focus on the following saddle-point problem

min
x∈X

max
y∈Y
〈Kx, y〉+G(x)− F ∗(y), (1.43)

where X and Y are finite-dimensional vector spaces with inner product 〈·, ·〉, functions

G : X → R∪ {∞} and F ∗ : Y → R∪ {∞} are both proper, closed, and convex. The
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mapping K : X → Y is a continuous linear operator with induced norm

L = ‖K‖ = max{‖Kx‖ : x ∈ X with ‖x‖ ≤ 1}.

It is noted that problem (1.43) is a primal-dual reformulation of (1.33) where

C = −I,D = K, b = 0. Therefore, all mentioned methods for solving (1.33) can also

be applied to solve (1.43). Except these methods, a Primal-Dual (PD) algorithm

(PD)


xn+1 = (I + τ∂G)−1(xn − τKTyn),

ȳn+1 = xn + θ(xn+1 − xn),

yn+1 = (I + σ∂F ∗)−1(yn + σKȳn+1),

(1.44)

was proposed in [86] and intensively studied in [37, 38]. In particular, [21] shows that

algorithm PD converges with an O(1/n) ergodic convergence rate if θ = 1 and the

primal and dual step sizes τ and σ are chosen such that τσL2 < 1. Besides, if G or F ∗

is strongly convex, then the convergence rate can be raised to O(1/n2) by iteratively

choosing θ, τ, and σ. Moreover, if G and F ∗ are both strongly convex, then a linear

convergence rate can be established by choosing specific θ, τ , and σ. In addition, [21]

reveals that PD is equivalent to a proximal (linearized) ADMM if θ = 1. Actually,

[61] shows that PD is a PPA if θ = 1.

The norm of K is essential to determine the step size τ and σ. It is noted that

all involved linear operators K in [21] have a simple structure making it very easy to

estimate L. However, if the operator K has a complicated structure, then L cannot

be computed easily or it could be very huge such that PD is very slow. To overcome

this difficulty, [85] proposes a Preconditioned Primal-Dual (P-PD) algorithm

(P-PD)


xn+1 = (I + T∂G)−1(xn − TKTyn),

ȳn+1 = xn+1 + θ(xn+1 − xn),

yn+1 = (I + Σ∂F ∗)−1(yn + ΣKȳn+1),

(1.45)

where T, Σ are two symmetric and positive definite matrices and θ ∈ [0, 1]. They

prove that if θ = 1 and ‖Σ 1
2KT

1
2‖2 < 1, then the sequence {(xn, yn)} generated by
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P-PD converges to a solution of (1.43). In particular, two practical diagonal matrices

T and Σ are provided in [85].

Recently, [72] states that there is no strong evidence that P-PD improves the speed

of PD. Instead, they add a linear search to PD and prove its convergence and ergodic

convergence rate. Some typical examples are provided to demonstrate its efficiency.

In addition, a stochastic PD is proposed in [20] where a careful convergence analysis is

carried out. It is noted that several variants of this stochastic method can outperform

PD significantly in image recovery problems.

1.3 Organization of the Thesis

The remaining part of this thesis is organized as follows.

In Chapter 2, a splitting method called the θ-scheme is considered. First, we

prove its convergence and propose a general convergent inexact θ-scheme in a Hilbert

space. Second, we focus on its applications in convex programming where we show

three sublinear convergence rates for three types of optimization problems. Further-

more, we propose a practical θ-scheme for solving l2 loss-based convex optimization

problems and prove its convergence. Besides, a variant is proposed to relax the condi-

tion on the θ-scheme. Finally, some preliminary numerical experiments demonstrate

the efficiency of the θ-scheme and our proposed methods.

In Chapter 3, we focus on a preconditioned primal-dual algorithm [85] where the

given step size cannot lie in the required region. We prove that the dual step size

can be enlarged by at most 1/3 with guaranteed convergence and O(1/n) ergodic

convergence rate. Therefore, the step size proposed in [85] can indeed guarantee the

convergence. Furthermore, if both two objective functions are strongly convex, then

a linear convergence rate is guaranteed without tuning any parameter involved in the

iterate. Finally, some connection with ADMM is revealed.

In Chapter 4, some conclusions and future work are discussed.
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Chapter 2

An Operator Splitting Method:

θ-Scheme

This chapter is organized as follows. Some preliminaries are presented in §2.1. In

§2.2, we give a novel convergence analysis of the θ-scheme in a Hilbert space. In

§2.3, a general inexact θ-scheme is proposed and its convergence is proved. In §2.4,

we focus on the θ-scheme for solving three types of convex programs where three

sublinear convergence rates are shown. In addition, we propose a practical inexact θ-

scheme for solving a class of problems, such as LASSO. In order to relax the condition

on the θ-scheme, a variant is proposed with guaranteed convergence and sublinear

convergence rate. In §2.5, some preliminary numerical experiments demonstrate the

efficiency of θ-scheme and our proposed methods.

2.1 Preliminaries

To solve problem (1.25), we first associate it with an initial value problem

dz

dt
+ A(z) +B(z) 3 0, (2.1)

for some initial condition z(0) = z0 with z0 ∈ H and we look for a steady state

solution. Throughout this chapter we assume that the solution set G of problem

(1.25) is nonempty. Many operator splitting methods are designed to capture the

steady state solution of problem (2.1). In [49, 73], a thorough discussion and many
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applications of operator splitting methods are presented. In general, these schemes

can be classified into two categories.

The first one is the multiplicative operator splitting scheme, such as Lie’s scheme,

Strang’s symmetrized operator splitting scheme and some variants. Let us consider

a time step ∆t > 0, and denote (k + α)∆t by tk+α. Then, given zk = z(tk), we can

update zk+1 by the following two schemes

(Lie’s scheme)



dz1

dt
+ A(z1) 3 0, on (tk, tk+1),

z1(tk) = zk,

zk+1/2 = z1(tk+1),

dz2

dt
+B(z2) 3 0, on (tk, tk+1),

z2(tk) = zk+1/2,

zk+1 = z2(tk+1).

(2.2)

and

(Strang’s symmetrized scheme)



dz1

dt
+ A(z1) 3 0, on (tk, tk+1/2),

z1(tk) = zk,

zk+1/2 = z1(tk+1/2),

dz2

dt
+B(z2) 3 0, on (tk, tk+1),

z2(tk) = zk+1/2,

ẑk+1/2 = z2(tk+1),

dz1

dt
+ A(z1) 3 0, on (tk+1/2, tk+1),

z1(tk+1/2) = ẑk+1/2,

zk+1 = z2(tk+1).

(2.3)

In particular, for the Lie’s scheme, if we implement the time discretization by

forward Euler and backward Euler formula successively, then FBSM (introduced in

Chapter 1) can be obtained. If both of problems in Lie’s scheme are discretized by

backward Euler formula, then we can obtain the Marchuk-Yanenko’s algorithm. We
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refer to [45] and [46] for more details and applications of this algorithm.

This kind of schemes are robust and easy to be implemented. However, the

splitting errors of Lie’s scheme and Strang’s symmetrized scheme are O(∆t) and

O(∆t2). Due to the splitting errors, these methods are asymptotically inconsistent

which means that the iterative solutions only converge to some approximation of the

steady state solution, not the exact one.

The second one is the additive operator splitting scheme such as the Alternat-

ing Direction Implicit (ADI) type methods including the Douglas-Rachford Splitting

Method (DRSM) and the Peaceman-Rachford Splitting Method (PRSM) which were

first introduced for solving the elliptic and parabolic equations in [30, 84]. Given zk,

DRSM and PRSM read as follows:

(DRSM)


zk+1/2 − zk

∆t
+ A(zk+1/2) +B(zk) 3 0,

zk+1 − zk

∆t
+ A(zk+1/2) +B(zk+1) 3 0

(2.4)

and

(PRSM)


zk+1/2 − zk

∆t/2
+ A(zk+1/2) +B(zk) 3 0,

zk+1 − zk+1/2

∆t/2
+ A(zk+1/2) +B(zk+1) 3 0.

(2.5)

Although both DRSM and PRSM are splitting error free, they are not well suited

to simulate fast transient phenomena and capture the steady state solution of problem

(2.1) efficiently if T is stiff, see [45, 49] for more details. To tackle the issues mentioned

above, one may consider a variant of PRSM, called the θ-scheme, which was firstly

proposed by Glowinski and Le Tallec in [44, 50]. To apply the θ-scheme, we introduce

a constant θ ∈ (0, 1/2) and ∆t as the step size for the time discretization, then the

θ-scheme applied to the initial value problem (2.1) reads as follows: Given zk, solve

(θ-scheme)



zk+θ − zk

θ∆t
+ A(zk+θ) +B(zk) 3 0,

zk+1−θ − zk+θ

(1− 2θ)∆t
+ A(zk+θ) +B(zk+1−θ) 3 0,

zk+1 − zk+1−θ

θ∆t
+ A(zk+1) +B(zk+1−θ) 3 0.

(2.6)
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Among operator splitting methods, the θ-scheme is the best suited to capture the

steady state solution since it has better asymptotic properties as k → +∞, see [44] for

more details. Besides, the efficiency of the θ-scheme has been verified in many areas

such as equilibrium problems [102], linear eigenvalue problem, liquid crystal theory,

viscoplasticity, elasto-viscoplasticity, and anisotropic Eikonal equation, see [49, 50]

and the references therein. In particular, the θ-scheme outperforms both DRSM and

PRSM for the anisotropic Eikonal equation [47]. All these facts motivate us to study

the θ-scheme further.

The stability and convergence of the θ-scheme has been discussed in [45, 46] for a

special problem: A = α1M and B = α2M where M is a symmetric positive definite

matrix and α1, α2 are two positive constants satisfying α1 + α2 = 1. Besides, if θ is

properly chosen, then the θ-scheme is stiff A-stable not only for this particular case

but for other more complex problems such as the unsteady incompressible viscous

flow modeled by Navier-Stokes equations. As for a general quadratic optimization

problem, the convergence of the θ-scheme was proved in [50]. Moreover, [57] proved

the convergence for problem (1.25) where the proof depends on Fejér inequality pro-

posed in [100]. Recently, [102] improved the linear convergence rate obtained from

[57]. It is noted that there is no more research focused on θ-scheme’s general conver-

gence and convergence rate. The purpose of this chapter is to complement the study

on the θ-scheme in these aspects and show some useful variants.

The rest of this chapter is organized as follows. First, some preliminaries are

presented in §2.1. In §2.2, we show our main convergence result of the θ-scheme

in the Hilbert space. A general inexact θ-scheme is proposed in §2.3. In §2.4, we

analyze the convergence and convergence rate of the θ-scheme for both unconstrained

and constrained optimization problems. In addition, a practical inexact θ-scheme is

derived to solve a class of optimization problems and a new variant is proposed to

relax the condition on the θ-scheme. Finally, two numerical experiments are provided

to demonstrate the efficiency of all concerned algorithms in §2.5.
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2.1.1 Averaged Nonexpansive Operators

Definition 2.1. Let α ∈ (0, 1). Then, an operator T : dom T = H → H is nonex-

pansive if

‖Tx− Ty‖ ≤ ‖x− y‖, ∀(x, y) ∈ H2,

and T is α-average if

T = (1− α)I + αS,

for some nonexpansive operator S : dom S = H → H. The class of α-averaged

operators is denoted by A(α). In particular, A(1/2) is called the firmly nonexpansive

operators.

In the case of α-averaged operators in Definition 2.1, the following characteriza-

tions are due to [108].

Lemma 2.1. Let T : H → H and α ∈ (0, 1). Then, the following two characteriza-

tions are equivalent.

(i) T ∈ A(α);

(ii) ‖Tx− Ty‖2 ≤ ‖x− y‖2 − ((1− α)/α)‖(I − T )x− (I − T )y‖2, ∀(x, y) ∈ H2.

The following two lemmas show that under some conditions, operators I − βB

and JB are α-averaged.

Lemma 2.2. Let B : H → H and σ ∈ (0,+∞) such that σB ∈ A(1/2), and let

β ∈ (0, 2σ). Then, I − βB ∈ A(β/2σ).

Lemma 2.3. Let T : H → H. Then, T ∈ A(1/2) if and only if T = JB for some

maximal monotone operator B : H → 2H.

2.1.2 A Reformulation of the θ-Scheme

To analyze the convergence, we first reformulate the θ-scheme (2.6) in the operator

form as

zk+1 = (I + β1A)−1(I − β1B)(I + β2B)−1(I − β2A)(I + β1A)−1(I − β1B)zk, (2.7)
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where β1 = θ∆t and β2 = (1− 2θ)∆t. Then, by the definition of resolvent operator,

(2.7) reduces to

zk+1 = Jβ1A(I − β1B)Jβ2B(I − β2A)Jβ1A(I − β1B)zk. (2.8)

We can rewrite the above iterate in another form. Noticing the following identity

I − νT = (ν/µ)(γJµT − I)(I + µT ), (2.9)

where T is maximal monotone, γ = 1 + µ/ν and µ, ν > 0. Let µ = β1, ν = β2, T = A

in (2.9). Then, we obtain

I − β2A = (β2/β1)(γJβ1A − I)(I + β1A),

which implies that the θ-scheme (2.8) reduces to

zk+1 = Jβ1A(I − β1B)Jβ2B(β2/β1)(γJβ1A − I)(I − β1B)zk, (2.10)

where γ = 1 + β1/β2.

For the operator γJβ1A − I in (2.10), an essential property was proved in [57].

Lemma 2.4. Let T be a maximal monotone operator defined on H, and let µ and ν

be two positive constants. Set γ = 1 + µ/ν. Then, the operator γJµT − I is Lipschitz

continuous with constant L = max{1, µ/ν}.

From above lemma, we only consider the case 0 < β2 ≤ β1 where the oper-

ator β2/β1(γJβ1A − I) is nonexpansive. Otherwise, if β1 < β2, then the operator

β2/β1(γJβ1A − I) is Lipschitz continuous with β2/β1 (larger than 1) such that the

iterate (2.10) cannot be guaranteed to be nonexpansive.
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2.2 Convergence Analysis of the θ-Scheme

Now we are ready to prove the convergence of the θ-scheme. In order to make our

proof concise, we set

T1 = Jβ1A, T2 = I − β1B,

T3 = Jβ2B, T4 = (β2/β1)(γJβ1A − I),
(2.11)

then the iterate (2.10) can be rewritten as

(θ-scheme)

v
k+1 = T3T4T2z

k,

zk+1 = T1T2v
k+1.

(2.12)

Besides, it is known that the solution set G is contained in the set of fixed points of

the operators T1T2 or T3T4T2, see [57, Theorem 2.1].

Now we show our main convergence result.

Theorem 2.1. Suppose that B−1 is strongly monotone with modulus σ ∈ (0,+∞)

and 0 < β2 ≤ β1 < 2σ. Let {(zk, vk)}k∈N be generated by the iterate (2.12). Then,

there exists an z∗ ∈ G such that

(i)
∑∞

k=0 ‖zk+1 − vk+1‖2 < +∞;

(ii) the sequence {zk}k∈N converges weakly to z∗.

Proof. First, we know that T1 and T3 belong to A(1/2) by Lemma 2.3. Besides, as

B−1 is strongly monotone, we have

〈x− y,Bx−By〉 ≥ σ‖Bx−By‖2, ∀x, y ∈ dom B,

which implies σB ∈ A(1/2). According to Lemma 2.2 and 0 < β1 < 2σ, we have

T2 ∈ A(β1/2σ). From Lemma 2.4 and 0 < β2 ≤ β1, we know that T4 is nonexpansive.

Second, for any solution z∞ in G, from Lemma 2.1 and the nonexpansivity of T4,
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the following inequalities hold

‖zk+1 − z∞‖2 = ‖T1T2v
k+1 − T1T2z

∞‖2

≤ ‖T2v
k+1 − T2z

∞‖2 − d(k)
1

≤ ‖vk+1 − z∞‖2 − c(k)
1 − d

(k)
1

= ‖T3T4T2z
k − T3T4T2z

∞‖2 − c(k)
1 − d

(k)
1

≤ ‖T4T2z
k − T4T2z

∞‖2 − d(k)
2 − c

(k)
1 − d

(k)
1

≤ ‖T2z
k − T2z

∞‖2 − d(k)
2 − c

(k)
1 − d

(k)
1

≤ ‖zk − z∞‖2 − c(k)
2 − d

(k)
2 − c

(k)
1 − d

(k)
1 , (2.13)

where 

d
(k)
1 = ‖(I − T1)T2v

k+1 − (I − T1)T2z
∞‖2,

c
(k)
1 =

1− β1/2σ

β1/2σ
‖β1Bv

k+1 − β1Bz
∞‖2,

d
(k)
2 = ‖(I − T3)T4T2z

k − (I − T3)T4T2z
∞‖2,

c
(k)
2 =

1− β1/2σ

β1/2σ
‖β1Bz

k − β1Bz
∞‖2.

(2.14)

It follows from (2.13) and (2.14) that the sequence {zk}k∈N is bounded. Summing

up (2.13) for all k′s, we have

∞∑
k=0

c
(k)
i < +∞,

∞∑
k=0

d
(k)
i < +∞, for i = 1, 2. (2.15)

which implies Bvk → Bz∞. In addition, we have

‖zk+1 − vk+1‖2 = ‖T1T2v
k+1 − vk+1‖2

= ‖(I − T1)T2v
k+1 + (I − T2)vk+1 − (I − T1)T2z

∞ − (I − T2)z∞‖2

≤ 2‖(I − T1)T2v
k+1 − (I − T1)T2z

∞‖2 + 2‖β1Bv
k+1 − β1Bz

∞‖2.

Combining this with (2.15), (i) is proved.

Finally, if uk = (vk − zk)/β1 − Bvk, then we have uk ∈ Azk. By (i) and (2.15),

we know uk → −Bz∞. From the boundedness of the sequence {zk}k∈N, we know

that there exists an z∗ ∈ H such that zkj ⇀ z∗. By (i), we have vkj ⇀ z∗. Since
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B is maximal monotone, we know that gra B is sequentially weakly-strongly closed

in H ×H, see [25, Lemma 2.5]. Therefore, with Bvkj → Bz∞, we get Bz∞ = Bz∗.

This yields ukj → −Bz∗. Similarly, using the weak-strong closeness of gra A, we have

−Bz∗ ∈ Az∗ which implies that z∗ is a solution in G. From (2.13) and [25, Lemma

2.8], the sequence {zk}k∈N converges weakly to z∗.

Remark 2.1. Theorem 2.1 provides a novel convergence analysis for the θ-scheme

without assuming the finite dimension of H which is necessary in [46, 50, 57, 102].

Besides, the proof fully utilizes the properties of all involved operators which is differ-

ent from the proof in [57, Theorem 2.1] where the Fejér inequality proposed in [100]

must be used. Furthermore, (i) is novel for the θ-scheme as far as we know.

2.3 A General Inexact θ-Scheme

As for every operator in (2.10), it is possible that the output cannot be computed

exactly. In the following, we consider a general inexact θ-scheme

(A general inexact θ-scheme)



vk+ 1
3 = zk − β1,k(Bz

k + e1,k),

vk+ 2
3 = β2,k/β1,k(γkJβ1,kA − I)vk+ 1

3 + e2,k,

vk+1 = Jβ2,kBv
k+ 2

3 + e3,k,

zk+ 1
2 = vk+1 − β1,k(Bv

k+1 + e4,k),

zk+1 = zk + αk(Jβ1,kAz
k+ 1

2 − zk + e5,k),

(2.16)

where γk = 1 + β1,k/β2,k and the last step can be regarded as a convex combination

between the output of one step θ-scheme and the previous point zk. As far as we

know, the above inexact scheme is novel for the θ-scheme. A similar design for other

splitting methods can refer to [25].

The assumption below is crucial to prove the convergence of the iterate (2.16).
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Assumption 2.1.

B−1 is strongly monotone with σ ∈ (0,+∞),

∞∑
k=0

αk‖ei,k‖ < +∞, ∀i = 1, . . . , 5,

0 < inf
k≥0

αk ≤ αk ≤ 1,

0 < inf
k≥0

β2,k ≤ β2,k ≤ β1,k ≤ sup
k≥0

β1,k < 2σ.

If we let T1,k = Jβ1,kA, T2,k = I − β1,kB,

T3,k = Jβ2,kB, T4,k = (β2,k/β1,k)(γkJβ1,kA − I),

and set v
k = T3,kT4,kT2,kz

k,

yk = T1,kT2,kv
k,

(2.17)

then the convergence of the iterate (2.16) can be established as follows.

Theorem 2.2. Suppose that Assumption 2.1 is satisfied. Let {zk}k∈N be generated

by the iterate (2.16) and {(yk, vk)}k∈N be generated by the iterate (2.17). Then, there

exists an z∗ ∈ G such that

(i)
∑∞

k=0 αk(1− αk)‖yk − zk‖2 < +∞;

(ii) the sequence {zk}k∈N converges weakly to z∗.

Proof. First, setting zk+1 = xk + ek where xk = zk + αk(y
k − zk) and considering the

iterate (2.16), we obtain

ek = αk(T1,k(T2,k(T3,k(T4,k(T2,kz
k − β1,ke1,k) + e2,k) + e3,k)− β1,ke4,k) + e5,k − yk).

Recall the nonexpansivity of (Ti,k)1≤i≤4, we can get

‖ek‖ ≤ αk(β1,k‖e1,k‖+ ‖e2,k‖+ ‖e3,k‖+ β1,k‖e4,k‖+ ‖e5,k‖).
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Combining this with Assumption 2.1, we have

∞∑
k=0

‖ek‖ < +∞. (2.18)

Second, for any solution z∞ inG, by the nonexpansivity of the operators (Ti,k)1≤i≤4,

we know

‖zk+1 − z∞‖ ≤ ‖xk − z∞‖+ ‖ek‖

≤ (1− αk)‖zk − z∞‖+ αk‖yk − z∞‖+ ‖ek‖

≤ ‖zk − z∞‖+ ‖ek‖, (2.19)

which implies that the sequence {zk}k∈N is bounded. From (2.19), we can obtain

‖zk+1 − z∞‖2

≤ ‖(1− αk)(zk − z∞) + αk(y
k − z∞)‖2 + (2‖xk − z∞‖+ ‖ek‖)‖ek‖

≤ (1− αk)‖zk − z∞‖2 + αk‖yk − z∞‖2 − αk(1− αk)‖yk − zk‖2 + ξ‖ek‖

≤ ‖zk − z∞‖2 − αk(c(k)
1 + d

(k)
1 + c

(k)
2 + d

(k)
2 )− αk(1− αk)‖yk − zk‖2 + ξ‖ek‖,

(2.20)

where ξ = supk≥0{2‖xk − z∞‖+ ‖ek‖} < +∞ and



d
(k)
1 = ‖(I − T1,k)T2,kv

k − (I − T1,k)T2,kz
∞‖2,

c
(k)
1 =

1− β1,k/2σ

β1,k/2σ
‖β1,kBv

k − β1,kBz
∞‖2,

d
(k)
2 = ‖(I − T3,k)T4,kT2,kz

k − (I − T3,k)T4,kT2,kz
∞‖2,

c
(k)
2 =

1− β1,k/2σ

β1,k/2σ
‖β1,kBz

k − β1,kBz
∞‖2.

Then, summing up (2.20) for all k′s, (i) is obtained immediately.

Finally, by Theorem 2.1, we have ‖vk − yk‖ → 0. Besides, from (i), we know

αk(1− αk)‖yk − zk‖ → 0. If supk≥0 αk < 1, then by Assumption 2.1 and (i), we get

‖zk−yk‖ → 0. If supk≥0 αk = 1, then by zk+1 = αky
k+(1−αk)zk+ek and (2.18), we

get ‖zk+1 − yk‖ → 0. From the boundedness of the sequence {zk}k∈N, we know that

there exists an z∗ ∈ H such that zkj ⇀ z∗. Setting uk = (vk−yk)/β1,k−Bvk, we have

uk ∈ Ayk and uk → −Bz∞. If ‖zk−yk‖ → 0, then we get ykj ⇀ z∗ and vkj ⇀ z∗. By

Bvk → Bz∞ and the weak-strong closeness of gra B, we can have Bz∞ = Bz∗ which
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implies uk → −Bz∗. Furthermore, due to the weak-strong closeness of gra A and

ukj ∈ Aykj , we can obtain −Bz∗ ∈ Az∗; if ‖zk+1 − yk‖ → 0, then we get ykj−1 ⇀ z∗

and vkj−1 ⇀ z∗. Similarly, we can have Bz∞ = Bz∗. In addition, by ukj−1 ∈ Aykj−1,

we can obtain −Bz∗ ∈ Az∗. In summary, both cases indicate that z∗ is a solution

in G. From (2.20) and [25, Lemma 2.8], the sequence {zk}k∈N converges weakly to

z∗.

Remark 2.2. The summable condition in Assumption 2.1 is not practical as it does

not specify what precision is at every iterate. In the next section, we will propose a

practical inexact θ-scheme for l2-loss based convex optimization problems.

2.4 Applications of the θ-Scheme

In this section, we will focus on the convergence and convergence rate of the θ-scheme

for convex optimization problems. Obviously, some previous results can be easily

extended to convex optimization problems while other results, such as convergence

rate in terms of objective value, need careful scrutiny.

Let us first focus on the θ-scheme for unconstrained convex optimization problems.

2.4.1 Unconstrained Convex Optimization Problems

The following convex optimization problem is considered

min
z∈H

f(z) + g(z), (2.21)

where f : H → R ∪ {+∞} and g : H → R ∪ {+∞} are two closed proper convex

functions such that g is smooth with a 1/σ-Lipschitz continuous gradient for some

σ ∈ (0,+∞). It follows from the definition of G that

G = {z ∈ H|0 ∈ ∂f(z) +∇g(z)}.

According to Theorem 2.1, we can immediately obtain the following convergence

result.
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Theorem 2.3. Suppose 0 < β2 ≤ β1 < 2σ. Let {(zk, vk)}k∈N be generated by

v
k+1 = proxβ2g(β2/β1)(γproxβ1f − I)(zk − β1∇g(zk)),

zk+1 = proxβ1f (v
k+1 − β1∇g(vk+1)),

(2.22)

where γ = 1 + β1/β2. Then, there exists an z∗ ∈ G such that

(i)
∑∞

k=0 ‖zk+1 − vk+1‖2 < +∞;

(ii) the sequence {zk}k∈N converges weakly to z∗.

Proof. Since f and g are two closed proper convex functions, [4, Theorem 3.1.11]

asserts that both ∂f and ∇g are maximal monotone. Besides, as g is smooth with

1/σ, it follows from [107, Corollaire 10] that (∇g)−1 is strongly monotone with σ.

Then, the iterate (2.22) is a special case of the θ-scheme (2.12) where A = ∂f and

B = ∇g. Therefore, (i) and (ii) can be obtained by Theorem 2.1.

Remark 2.3. One can also consider an inexact form of the iterate (2.22) similar to

the iterate (2.16) and obtain related convergence results. However, as the form is not

practical, we omit it here for the sake of succinctness.

Remark 2.4. If some condition is imposed on the solution set G or function f or g,

for example, int G 6= ∅, then one can get strong convergence of the sequence {zk}k∈N
generated by the iterate (2.22), see [27] for more details.

Theorem 2.3 only provides the convergence of the iterate (2.22). Next we show a

sublinear convergence rate which is firstly proposed as far as we know.

Theorem 2.4. Suppose 0 < β2 ≤ β1 < σ. Let {(zk, vk)}k∈N be generated by the

iterate (2.22). Then, we have

F (z̃n)− F (z∗) ≤ ‖z
0 − z∗‖2

2nβ1

, ∀z∗ ∈ G, (2.23)

where F (z) = f(z) + g(z), z̃n = (
∑n−1

k=0 z
k)/n.
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Proof. From [9, Lemma 2.3] and the iterate (2.22), we have

2β1(F (z∗)− F (zk+1)) ≥ ‖zk+1 − vk+1‖2 + 2〈vk+1 − z∗, zk+1 − vk+1〉

= ‖zk+1 − z∗‖2 − ‖vk+1 − z∗‖2

≥ ‖zk+1 − z∗‖2 − ‖zk − z∗‖2, (2.24)

where the last inequality is derived from the proof of Theorem 2.3. Summing up

(2.24) from k = 0 to k = n− 1, we have

2β1(nF (z∗)−
n−1∑
k=0

F (zk+1)) ≥ ‖zn − z∗‖2 − ‖z0 − z∗‖2,

and by the convexity of function F , we can obtain inequality (2.23) immediately.

A Practical Inexact θ-Scheme

Now we are going to propose a practical inexact θ-scheme for the following convex

optimization problem

min
z∈Rn

f(z) +
1

2
‖Qz − q‖2, (2.25)

where f : Rn → R ∪ {+∞} is a closed proper convex function and Q ∈ Rm×n is a

matrix. In general, f(z) could be a penalty function, for example, if f(z) = λ‖z‖1,

then problem (2.25) reduces to the Least Absolute Shrinkage and Selection Operator

(LASSO) [97].

Applying the θ-scheme (2.22) to solve problem (2.25), we obtain

vk = (β2/β1)(γproxβ1f − I)(zk − β1Q
T(Qzk − q)), (2.26)

wk+1 = arg min
z∈Rn

β2

2
‖Qz − q‖2 +

1

2
‖z − vk‖2, (2.27)

zk+1 = proxβ1f (w
k+1 − β1Q

T(Qwk+1 − q)), (2.28)

where γ = 1 + β1/β2. For the updates (2.26) and (2.28), let us assume that they can

be solved exactly and fast. However, the update (2.27) can be expressed as

wk+1 = (β2Q
TQ+ I)−1(β2Q

T q + vk), (2.29)
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and this linear equation usually cannot be solved exactly because of large dimension

of QTQ. Thus, we must consider solving (2.29) inexactly which raises a question:

under what scale should we solve (2.29) at every iterate? On the one hand, if (2.29)

is solved not very accurately, then it could severely affect the sequent iterate such

that the generated sequence could even be divergent. On the other hand, if (2.29) is

solved too accurately, then it can make the total computing time very long and it is

also unnecessary to solve (2.29) too accurately at first a few iterates.

In the following, we consider an inexact θ-scheme similar to the iterate (2.16) but

with a practical criterion to control the residual of linear equation (2.29) dynamically.

The inexact θ-scheme we propose is
vk = (β2/β1)(γproxβ1f − I)(zk − β1Q

T(Qzk − q)),

wk+1 = Lvk,

zk+1 = proxβ1f (w
k+1 − β1Q

T(Qwk+1 − q))),

(2.30)

where L is a linear mapping from Rn to Rn and we will specify it later.

For linear equation (2.29), as referred in [15, Section 4.2.4], if m � n, then we

can compute wk+1 via the following procedures

(β2QQ
T + I)ηk = Qβ2(QTq + vk/β2) := Qβ2h

k,

wk+1 = β2(hk −QTηk),
(2.31)

where hk = QTq+ vk/β2. It is noted that the dimension of the above linear equation

is m×m, much smaller than the dimension of linear equation (2.29). However, if m

is still large, then we should also consider solving linear equation in (2.31) inexactly.

Similar to the inexactness criterion proposed in [106], we derive the following process

to formulate the linear mapping L

Choose ηk such that ‖ek(ηk)‖ ≤ α‖ek−1(ηk−1)‖,

wk+1 = β2(hk −QTηk),
(2.32)

where ek(η) = Qβ2h
k − (β2QQ

T + I)η and α ∈ (0, 1). As matrix β2QQ
T + I is sym-

metric positive definite, we can apply numerical linear algebra solvers, for example,
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Successive Over-Relaxation (SOR), Conjugate Gradient (CG) methods to achieve the

inexactness criterion in (2.32).

In the following, we will prove the convergence of the iterate (2.30). In order to

make our proof concise, we let

T1 = proxβ1f , T2 = I − β1Q
T(Q · −q),

T3 = proxβ2‖Q·−q‖2/2, T4 = (β2/β1)(γproxβ1f − I),

and set

yk = T1T2T3T4T2z
k. (2.33)

Theorem 2.5. Suppose 0 < β2 ≤ β1 < 2/‖QTQ‖. Let {(zk, vk, wk)}k∈N be generated

by the iterate (2.30) where L is defined in (2.32) and {yk}k∈N be generated by the

iterate (2.33). Then, there exists an z∗ ∈ G such that

(i)
∑∞

k=0 ‖zk+1 − wk+1‖2 < +∞;

(ii) the sequence {zk}k∈N converges to z∗.

Proof. First, we show that the sequence {zk}k∈N is bounded. It is noted that the

only difference between the iterate (2.33) and the inexact θ-scheme (2.30) is that T3

is replaced by the linear mapping L. Setting ŵk+1 = T3v
k, we have

‖wk+1 − ŵk+1‖ = ‖Lvk − T3v
k‖ = ‖β2(hk −QTηk)− (β2Q

TQ+ I)−1β2h
k‖

≤ ‖(β2Q
TQ+ I)−1‖‖(β2Q

TQ+ I)β2(hk −QTηk)− β2h
k‖

≤ ‖(β2Q
TQ+ I)−1‖‖β2Q

T‖‖Qβ2h
k − (β2QQ

T + I)ηk‖

≤ αk‖(β2Q
TQ+ I)−1‖‖β2Q

T‖‖e0(η0)‖

= αkM‖e0(η0)‖, (2.34)

where M = ‖(β2Q
TQ + I)−1‖‖β2Q

T‖ and the last inequality is obtained by the

inexactness criterion in (2.32).
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For any solution z∞ in G, from (2.34) and 0 < β2 ≤ β1 < 2/‖QTQ‖, we obtain

‖zk+1 − z∞‖ = ‖T1T2w
k+1 − T1T2z

∞‖ ≤ ‖wk+1 − z∞‖

≤ ‖wk+1 − T3v
k‖+ ‖T3v

k − z∞‖

= ‖Lvk − T3v
k‖+ ‖T3T4T2z

k − T3T4T2z
∞‖

≤M‖e0(η0)‖αk + ‖zk − z∞‖

≤
k∑

n=0

M‖e0(η0)‖αn + ‖z0 − z∞‖

= M‖e0(η0)‖(1− αk+1)/(1− α) + ‖z0 − z∞‖. (2.35)

By (2.35) and α ∈ (0, 1), we conclude that the sequence {zk}k∈N is bounded.

Second, setting sk := T1T2LT4T2z
k − yk, we formulate the inexact θ-scheme

(2.30) as zk+1 = yk + sk. Note ‖sk‖ ≤ ‖Lvk − T3v
k‖ ≤ M‖e0(η0)‖αk which means∑∞

k=0 ‖sk‖ < +∞. Then, we have

‖zk+1 − z∞‖2 = ‖yk − z∞ + sk‖2

≤ ‖yk − z∞‖2 + (2‖yk − z∞‖+ ‖sk‖)‖sk‖

≤ ‖zk − z∞‖2 − ĉ(k)
2 − d̂

(k)
2 − ĉ

(k)
1 − d̂

(k)
1 + ζ‖sk‖, (2.36)

where the last inequality is obtained by Lemma 2.1 and

ζ = sup
k≥0
{2‖yk − z∞‖+ ‖sk‖} < +∞,

d̂
(k)
1 = ‖(I − T1)T2ŵ

k+1 − (I − T1)T2z
∞‖2,

ĉ
(k)
1 =

1− β1/2σ

β1/2σ
‖β1Q

TQ(ŵk+1 − z∞)‖2,

d̂
(k)
2 = ‖(I − T3)T4T2z

k − (I − T3)T4T2z
∞‖2,

ĉ
(k)
2 =

1− β1/2σ

β1/2σ
‖β1Bz

k − β1Bz
∞‖2,

where σ = 1/‖QTQ‖. Summing up (2.36) for all k′s, we obtain

+∞∑
k=0

d̂
(k)
1 < +∞,

+∞∑
k=0

ĉ
(k)
1 < +∞. (2.37)
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By (2.34), we know
+∞∑
k=0

‖wk+1 − ŵk+1‖2 < +∞.

This and (2.37) yield



+∞∑
k=0

‖(I − T1)T2w
k+1 − (I − T1)T2z

∞‖2 < +∞,

+∞∑
k=0

‖QTQ(wk+1 − z∞)‖2 < +∞.
(2.38)

Then, we can bound ‖zk+1 − wk+1‖2 as follows

‖zk+1 − wk+1‖2

= ‖T1T2w
k+1 − wk+1‖2

= ‖(I − T1)T2w
k+1 + (I − T2)wk+1 − (I − T1)T2z

∞ − (I − T2)z∞‖2

≤ 2‖(I − T1)T2w
k+1 − (I − T1)T2z

∞‖2 + 2β2
1‖QTQ(wk+1 − z∞)‖2.

Combining this with (2.38), (i) is proved.

Finally, setting uk = (wk − zk)/β1 − QT(Qwk − q), we obtain uk ∈ ∂f(zk).

By (i) and (2.38), we have uk → −QT(Qz∞ − q). Since the sequence {zk}k∈N is

bounded, there exists an z∗ ∈ Rn such that zkj → z∗. By (i) and (2.38), we have

wkj → z∗ and QT(Qwk − q) → QT(Qz∞ − q), respectively. Since gra QT(Q · −q) is

sequentially strongly-strongly closed in Rn×Rn, we get QT(Qz∗− q) = QT(Qz∞− q)

and uk → −QT(Qz∗ − q). Similarly, by the strong-strong closeness of gra ∂f in

Rn × Rn, we get −QT(Qz∗ − q) ∈ ∂f(z∗) which means that z∗ is a solution in G.

From (2.35) and [25, Lemma 2.8], the sequence {zk}k∈N converges to z∗.

2.4.2 Constrained Convex Optimization Problems

Now let us apply the θ-scheme to solve the following constrained convex optimization

problem

min
x∈Rn,y∈Rm

f(x) + g(y),

s.t. Cx+Dy = b,

(2.39)
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where f : Rn → R ∪ {+∞} and g : Rm → R ∪ {+∞} are two closed proper convex

functions, C is a d× n matrix, D is a d×m matrix, and b is a vector of Rd.

If the corresponding augmented Lagrange function is defined as

Lβ(x, y, λ) = f(x) + g(y)− λT(Cx+Dy − b) +
β

2
‖Cx+Dy − b‖2,

where λ ∈ Rd and β ∈ (0,+∞), then the θ-scheme (2.8) applied to (2.39) becomes

(θ-scheme)



Step 1. yk = arg min
y
L0(xk, y, λk),

xk+θ = arg min
x
Lβ1(x, y

k, λk),

λk+θ = λk − β1(Cxk+θ +Dyk − b),

Step 2. yk+1−θ = arg min
y
Lβ2(x

k+θ, y, λk+θ),

λk+1−θ = λk+θ − β2(Cxk+θ +Dyk+1−θ − b),

Step 3. xk+1 = arg min
x
Lβ1(x, y

k+1−θ, λk+1−θ),

λk+1 = λk+1−θ − β1(Cxk+1 +Dyk+1−θ − b),

(2.40)

where β1, β2 ∈ (0,+∞) and L0(·, ·, ·) is a Lagrange function while Lβ(·, ·, ·) is an

augmented Lagrange function. To prove the convergence, [57] proposed the following

assumption.

Assumption 2.2.

(i) There exist x ∈ ri(dom f) and y ∈ ri(dom g) such that Cx+Dy = b;

(ii) the function f(x) + ‖Cx‖2 attains its minimum;

(iii) the function g is strongly convex with modulus σ > 0, that is,

g(y)− g(y′) ≥ sT(y − y′) +
σ

2
‖y − y′‖2, ∀y, y′ ∈ Rm,

where s ∈ ∂g(y′).

The following results are proved in [57].
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Lemma 2.5. Suppose that Assumption 2.2 is satisfied. Then, all the sequences gen-

erated by the iterate (2.40) are well-defined. Assume in addition that

0 < β2 ≤ β1 < 2σ/‖D‖2. (2.41)

Then, we have

(i) λk converges to λ∗;

(ii) yk converges to y∗;

(iii) Cxk+θ converges to b−Dy∗,

where (x∗, y∗) are the exact solution to problem (2.39) and λ∗ is the corresponding

Lagrange multiplier.

However, it is noted in the literature that the convergence rate of the iterate (2.40)

is not available under Assumption 2.2. In the following, we will show a sublinear

convergence rate under two scenarios: only g is strongly convex or both g and f are

strongly convex (a stronger result will be obtained).

One Strongly Convex Objective Function

First, we introduce an equivalent variational inequalities (VI) reformulation to char-

acterize the solution set of problem (2.39), which reads as

Find a w∗ = (x∗, y∗, λ∗) ∈ Ω := Rn × Rm × Rd such that

VI(Ω,F , r) : r(u)− r(u∗) + (w − w∗)TF(w∗) ≥ 0, ∀w ∈ Ω, (2.42)

where

u =

x
y

 , w =


x

y

λ

 , F(w) =


−CTλ

−DTλ

Cx+Dy − b

 , and r(u) = f(x) + g(y).

Now we show an O(1/n) convergence rate for the iterate (2.40).
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Theorem 2.6. Suppose that Assumption 2.2 is satisfied and

0 < β2 ≤ β1 ≤ σ/‖D‖2. (2.43)

Let {(xk, yk, λk)}k∈N be generated by the iterate (2.40). Then, we have

r(ūn)− r(u) + (w̄n − w)TF(w) ≤ ‖λ− λ
0‖2

2n∆t
, ∀w ∈ Ω, (2.44)

where ∆t = 2β1 + β2, w̄n = 1
n

∑n−1
k=0 w̃

k+1,

w̃k+1 =
1

∆t
(β1w

k+θ,k + β2w
k+θ,k+1−θ + β1w

k+1,k+1−θ),

and

wk+θ,k =


xk+θ

yk

λk+θ

 , wk+θ,k+1−θ =


xk+θ

yk+1−θ

λk+θ

 , wk+1,k+1−θ =


xk+1

yk+1−θ

λk+1

 . (2.45)

Proof. First, the optimality conditions of Step 1 of the iterate (2.40) are
g(y)− g(yk) + (y − yk)T(−DTλk+θ +DT(λk+θ − λk)) ≥ σ

2
‖y − yk‖2,

f(x)− f(xk+θ) + (x− xk+θ)T(−CTλk+θ) ≥ 0,

(2.46)

and the dual update λk+θ = λk − β1(Cxk+θ +Dyk − b) is reformulated as

(λ− λk+θ)T(Cxk+θ +Dyk − b+
1

β1

(λk+θ − λk)) ≥ 0, ∀λ ∈ Rd. (2.47)

Combining (2.46) and (2.47), we have a compact reformulation

r(u)− r(uk+θ,k) + (w − wk+θ,k)TF(wk+θ,k)

≥ σ

2
‖y − yk‖2 + (Dy −Dyk)T(λk − λk+θ) +

1

β1

(λ− λk+θ)T(λk − λk+θ). (2.48)

37



Furthermore, the right-hand side of (2.48) reduces to

σ

2
‖y − yk‖2 + β1(Dy −Dyk)T(Cxk+θ +Dyk − b) +

1

β1

(λ− λk+θ)T(λk − λk+θ)

=
σ

2
‖y − yk‖2 − β1

2
‖Dy −Dyk‖2 +

β1

2
‖Cxk+θ +Dy − b‖2

+
1

2β1

‖λ− λk+θ‖2 − 1

2β1

‖λ− λk‖2. (2.49)

Substituting (2.49) into (2.48) and using the monotonicity of F , we get

β1(r(u)− r(uk+θ,k) + (w − wk+θ,k)TF(w))

≥ σβ1

2
‖y − yk‖2 − β2

1

2
‖Dy −Dyk‖2 +

β2
1

2
‖Cxk+θ +Dy − b‖2

+
1

2
‖λ− λk+θ‖2 − 1

2
‖λ− λk‖2. (2.50)

Second, we consider the following iterate steps



xk+θ = arg min
x
Lβ1(x, y

k, λk),

λk+θ = λk − β1(Cxk+θ +Dyk − b),

yk+1−θ = arg min
y
Lβ2(x

k+θ, y, λk+θ),

λk+1−θ = λk+θ − β2(Cxk+θ +Dyk+1−θ − b).

The optimality conditions are

f(x)− f(xk+θ) + (x− xk+θ)T(−CTλk+θ) ≥ 0, (2.51)

and

g(y)−g(yk+1−θ)+(y−yk+1−θ)T(−DTλk+θ+β2D
T(Cxk+θ+Dyk+1−θ−b)) ≥ 0, (2.52)

and the dual update λk+1−θ = λk+θ − β2(Cxk+θ +Dyk+1−θ − b) is reformulated as

(λ− λk+θ)T(Cxk+θ +Dyk+1−θ − b+
1

β2

(λk+1−θ − λk+θ)) ≥ 0, ∀λ ∈ Rd. (2.53)
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Combining (2.51), (2.52), and (2.53), we obtain

r(u)− r(uk+θ,k+1−θ) + (w − wk+θ,k+1−θ)TF(wk+θ,k+1−θ)

≥ β2(Dyk+1−θ −Dy)T(Cxk+θ +Dyk+1−θ − b) +
1

β2

(λ− λk+θ)T(λk+θ − λk+1−θ),

(2.54)

and the right-hand side of (2.54) reduces to

1

2β2

‖λ− λk+1−θ‖2 − 1

2β2

‖λ− λk+θ‖2 +
β2

2
‖Dy −Dyk+1−θ‖2 − β2

2
‖Cxk+θ +Dy − b‖2.

(2.55)

Substituting (2.55) into (2.54) and using the monotonicity of F , we get

β2(r(u)− r(uk+θ,k+1−θ) + (w − wk+θ,k+1−θ)TF(w))

≥ β2
2

2
‖Dy −Dyk+1−θ‖2 − β2

2

2
‖Cxk+θ +Dy − b‖2

+
1

2
‖λ− λk+1−θ‖2 − 1

2
‖λ− λk+θ‖2. (2.56)

Third, the optimality condition of Step 2 is

g(y)− g(yk+1−θ) + (y − yk+1−θ)T(−DTλk+1 +DT(λk+1 − λk+1−θ))

≥ σ

2
‖y − yk+1−θ‖2,

(2.57)

and the optimality condition of Step 3 is

f(x)− f(xk+1) + (x− xk+1)T(−CTλk+1) ≥ 0, (2.58)

and the dual update λk+1 = λk+1−θ − β1(Cxk+1 +Dyk+1−θ − b) is reformulated as

(λ− λk+1)T(Cxk+1 +Dyk+1−θ − b+
1

β1

(λk+1 − λk+1−θ)) ≥ 0, ∀λ ∈ Rd. (2.59)
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Combining (2.57), (2.58), and (2.59), we obtain

r(u)− r(uk+1,k+1−θ) + (w − wk+1,k+1−θ)TF(wk+1,k+1−θ)

≥ σ

2
‖y − yk+1−θ‖2 + (Dy −Dyk+1−θ)T(λk+1−θ − λk+1)

+
1

β1

(λ− λk+1)T(λk+1−θ − λk+1), (2.60)

and the right-hand side of (2.60) reduces to

σ

2
‖y − yk+1−θ‖2 − β1

2
‖Dy −Dyk+1−θ‖2 +

β1

2
‖Cxk+1 +Dy − b‖2

+
1

2β1

‖λ− λk+1‖2 − 1

2β1

‖λ− λk+1−θ‖2. (2.61)

Substituting (2.61) into (2.60) and using the monotonicity of F , we obtain

β1(r(u)− r(uk+1,k+1−θ) + (w − wk+1,k+1−θ)TF(w))

≥ σβ1

2
‖y − yk+1−θ‖2 − β2

1

2
‖Dy −Dyk+1−θ‖2 +

β2
1

2
‖Cxk+1 +Dy − b‖2

+
1

2
‖λ− λk+1‖2 − 1

2
‖λ− λk+1−θ‖2. (2.62)

Finally, adding (2.50), (2.56), and (2.62) together, setting 2β1 + β2 = ∆t and

using the condition (2.43), we have

r(u)− 1

∆t
(β1r(u

k+θ,k) + β2r(u
k+θ,k+1−θ) + β1r(u

k+1,k+1−θ))

+ (w − 1

∆t
(β1w

k+θ,k + β2w
k+θ,k+1−θ + β1w

k+1,k+1−θ))TF(w)

≥ 1

2∆t
‖λ− λk+1‖2 − 1

2∆t
‖λ− λk‖2,

and by the convexity of r(u) and the definition of w̃k+1, the above inequality reduces

to

r(ũk+1)− r(u) + (w̃k+1 − w)TF(w) ≤ 1

2∆t
‖λ− λk‖2 − 1

2∆t
‖λ− λk+1‖2. (2.63)
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Summing up (2.63) for k = 0, . . . , n− 1, we get

n−1∑
k=0

r(ũk+1)− nr(u) + (
n−1∑
k=0

w̃k+1 − nw)TF(w) ≤ 1

2∆t
‖λ− λ0‖2.

Furthermore, by the convexity of r(u) and the definition of w̄n, we have

r(ūn)− r(u) + (w̄n − w)TF(w) ≤ 1

2n∆t
‖λ− λ0‖2.

Remark 2.5. The upper bound of β1 in Theorem 2.6 is a half of the bound in Lemma

2.5, i.e., the convergence of the iterate (2.40) is established if β1 < 2σ/‖D‖2 while

the O(1/n) ergodic convergence rate can be ensured if β1 < σ/‖D‖2.

Two Strongly Convex Objective Functions

If functions g and f are both strongly convex, then we can show an O(1/n) ergodic

convergence rate of the iterate (2.40) in terms of dual objective value. For the sake of

simplicity, we consider the case b = 0 and it is known that the Lagrange dual problem

of (2.39) is

min
λ∈Rd

f1(λ) + g1(λ), (2.64)

where f1(λ) = f ∗(CTλ), g1(λ) = g∗(DTλ), and f ∗ and g∗ are conjugate functions

of f and g, respectively. In order to make our proof clear, we state two well-known

results in the literature. First, if f is a closed proper convex function, then we have

λ ∈ ∂f(x) ⇐⇒ x ∈ ∂f ∗(λ), (2.65)

see [92, Chapter 23]. Second, if f is Lipschitz smooth with modulus L ∈ (0,+∞),

then the so-called “Descent Lemma” is

f(x) ≤ f(y) + (∇f(y))T(x− y) +
L

2
‖x− y‖2, ∀x, y ∈ dom f, (2.66)
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see [12, Appendix A]. Now we are ready to show the following convergence rate result.

Theorem 2.7. Suppose that Assumption 2.2 is satisfied and f is strongly convex with

modulus δ ∈ (0,+∞) and

0 < β1 ≤ 1/σ1, 0 < β2 ≤ 1/δ1, (2.67)

where σ1 = ‖D‖2/σ, δ1 = ‖C‖2/δ. Let {(xk, yk, λk)}k∈N be generated by the iterate

(2.40). Then, we have

F (λ̄n)− F (λ) ≤ ‖λ− λ
0‖2

2n∆t
, ∀λ ∈ Rd,

where F (λ) = f1(λ) + g1(λ), ∆t = 2β1 + β2, λ̄n = (
∑n−1

k=0 λ̃
k+1)/n, and

λ̃k+1 =
1

∆t
(β1λ

k+θ + β2λ
k+1−θ + β1λ

k+1).

Proof. First, since f and g are both strongly convex, we have that f1(λ) and g1(λ) are

Lipschitz smooth with modulus δ1 and σ1, respectively, see [5, Chapter 18]. Besides,

Step 1 in (2.40) can be regarded as the “Proximal Gradient Method” applied to the

dual problem (2.64), see [10]. Therefore, by [9, Theorem 3.1], we have

2β1(F (λ)− F (λk+θ)) ≥ ‖λ− λk+θ‖2 − ‖λ− λk‖2, (2.68)

where β1 ≤ 1/σ1.

Second, by the optimality conditions in Steps 1, 2, 3 and the dual updates in

(2.40), we obtain 
CTλk+θ ∈ ∂f(xk+θ),

DTλk+1−θ ∈ ∂g(yk+1−θ),

CTλk+1 ∈ ∂f(xk+1),
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and with (2.65), we can reformulate above relations as
Cxk+θ = ∇f1(λk+θ),

Dyk+1−θ = ∇g1(λk+1−θ),

Cxk+1 = ∇f1(λk+1).

(2.69)

From (2.69), the convexity of f1 and the descent lemma (2.66) for f1, it is clear that

f1(λ)− f1(λk+1−θ) = f1(λ)− f1(λk+θ) + f1(λk+θ)− f1(λk+1−θ)

≥ (Cxk+θ)T(λ− λk+θ + λk+θ − λk+1−θ)− δ1

2
‖λk+θ − λk+1−θ‖2

= (Cxk+θ)T(λ− λk+1−θ)− δ1

2
‖λk+θ − λk+1−θ‖2, (2.70)

and with the convexity of g1, we have

g1(λ)− g1(λk+1−θ) ≥ (Dyk+1−θ)T(λ− λk+1−θ). (2.71)

Adding (2.70) and (2.71) together, we get

F (λ)− F (λk+1−θ)

≥ (Cxk+θ +Dyk+1−θ)T(λ− λk+1−θ)− δ1

2
‖λk+θ − λk+1−θ‖2

=
1

β2

(λk+θ − λk+1−θ)T(λ− λk+1−θ)− δ1

2
‖λk+θ − λk+1−θ‖2

=
1

2β2

(‖λ− λk+1−θ‖2 − ‖λ− λk+θ‖2) + (
1

2β2

− δ1

2
)‖λk+θ − λk+1−θ‖2. (2.72)

Third, by (2.69), the convexity of g1, and the descent lemma (2.66) for g1, we

obtain

g1(λ)− g1(λk+1) = g1(λ)− g1(λk+1−θ) + g1(λk+1−θ)− g1(λk+1)

≥ (Dyk+1−θ)T(λ− λk+1−θ + λk+1−θ − λk+1)− σ1

2
‖λk+1 − λk+1−θ‖2

= (Dyk+1−θ)T(λ− λk+1)− σ1

2
‖λk+1 − λk+1−θ‖2, (2.73)
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and by the convexity of f1, we have

f1(λ)− f1(λk+1) ≥ (Cxk+1)T(λ− λk+1). (2.74)

Adding (2.73) and (2.74) together, we have

F (λ)− F (λk+1)

≥ (Cxk+1 +Dyk+1−θ)T(λ− λk+1)− σ1

2
‖λk+1 − λk+1−θ‖2

=
1

β1

(λk+1−θ − λk+1)T(λ− λk+1)− σ1

2
‖λk+1 − λk+1−θ‖2

=
1

2β1

(‖λ− λk+1‖2 − ‖λ− λk+1−θ‖2) + (
1

2β1

− σ1

2
)‖λk+1 − λk+1−θ‖2. (2.75)

Finally, combining (2.68), (2.72), and (2.75), and noticing the condition (2.67),

we obtain

F (λ)− 1

∆t
(β1F (λk+θ) + β2F (λk+1−θ) + β1F (λk+1))

≥ 1

2∆t
(‖λ− λk+1‖2 − ‖λ− λk‖2),

and by the convexity of F (λ) and the definition of λ̃k+1, we have

F (λ̃k+1)− F (λ) ≤ 1

2∆t
(‖λ− λk‖2 − ‖λ− λk+1‖2),

which is followed by

n−1∑
k=0

F (λ̃k+1)− nF (λ) ≤ 1

2∆t
‖λ− λ0‖2.

Furthermore, by the convexity of F (λ) and the definition of λ̄n, we can obtain

F (λ̄n)− F (λ) ≤ ‖λ− λ
0‖2

2n∆t
.

Remark 2.6. The assumptions on functions f and g imply that (∇f1)−1 and (∇g1)−1

are both strongly monotone. Therefore, it is easy to prove the convergence of the

iterate (2.40) under the condition (2.67).
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Remark 2.7. Compared to the condition (2.43) in Theorem 2.6, the relation between

β1 and β2 is relaxed under the condition (2.67).

A New Variant

The θ-scheme (2.40) is naturally connected to other well-known algorithms, such as

the Alternating Minimization Algorithm (AMA) [51, 100], PRSM [71, 84] and the

Alternating Direction Method of Multipliers (ADMM) [15, 32, 48, 62]. Basically,

Step 1 in (2.40) is AMA followed by Step 2 and Step 3 which can be regarded as

a generalized PRSM (GPRSM) if β1 6= β2. Therefore, the θ-scheme (2.40) is a

combination of AMA and GPRSM.

It is interesting to explore how we can remove the condition on the θ-scheme that

one objective function is strongly convex. The possible reason for this condition is

that in the first minimization of Step 1 in (2.40), the objective consists of a Lagrange

function, not an augmented Lagrange function. Thus, we consider adding an aug-

mented Lagrange term in the first minimization of Step 1 and obtain a new algorithm

which can be regarded as ADMM+GPRSM

(ADMM+GPRSM)



Step 1. yk = arg min
y
Lβ1(x

k, y, λk),

xk+θ = arg min
x
Lβ1(x, y

k, λk),

λk+θ = λk − β1(Cxk+θ +Dyk − b).

Step 2. yk+1−θ = arg min
y
Lβ2(x

k+θ, y, λk+θ),

λk+1−θ = λk+θ − β2(Cxk+θ +Dyk+1−θ − b).

Step 3. xk+1 = arg min
x
Lβ1(x, y

k+1−θ, λk+1−θ),

λk+1 = λk+1−θ − β1(Cxk+1 +Dyk+1−θ − b).

(2.76)

In the following, we show its convergence and convergence rate.

Theorem 2.8. Suppose β1 = β2 > 0. Let {(xk, yk, λk)}k∈N be generated by the iterate

(2.76). Then, we have

(i) λk converges to λ∗;

(ii) Dyk converges to Dy∗;
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(iii) Cxk+θ converges to b−Dy∗,

where (x∗, y∗, λ∗) is a solution of the variational inequality (2.42).

Proof. Since β1 = β2, the iterate (2.76) can be regarded as ADMM+PRSM and can

be obtained by applying a combination of DRSM [30] and PRSM [84] to problem

(2.39). Therefore, we can prove its convergence by the fixed point theory as in [34].

For brevity, we omit the proof here, see [34] for more details.

Next, we adopt notations in Theorem 2.6 and show an O(1/n) ergodic convergence

rate for the iterate (2.76).

Theorem 2.9. Suppose β1 = β2 > 0. Let {(xk, yk, λk)}k∈N be generated by the iterate

(2.76). Then, we have

r(ūn)− r(u) + (w̄n − w)TF(w) ≤ 1

6nβ1

‖λ− λ0‖2 +
β1

6n
‖Cx0 +Dy − b‖2, ∀w ∈ Ω.

Proof. First, the optimality conditions of Step 1 of the iterate (2.76) are

g(y)− g(yk) + (y − yk)T(−DT(λk+θ + λk − λk+θ) + β1D
T(Cxk +Dyk − b)) ≥ 0,

and

f(x)− f(xk+θ) + (x− xk+θ)T(−CTλk+θ) ≥ 0.

Combining these with

(λ− λk+θ)T(Cxk+θ +Dyk − b+
1

β1

(λk+θ − λk)) ≥ 0, ∀λ ∈ Rd,

we have

β1(r(u)− r(uk+θ,k) + (w − wk+θ,k)TF(w))

≥ β1(Dy −Dyk)T(λk − λk+θ − β1(Cxk +Dyk − b)) + (λ− λk+θ)T(λk − λk+θ)

= β2
1(Dy −Dyk)T(−Cxk + b− (−Cxk+θ + b)) + (λ− λk+θ)T(λk − λk+θ)

=
β2

1

2
(‖Cxk+θ +Dy − b‖2 − ‖Cxk +Dy − b‖2 + ‖Cxk +Dyk − b‖2)

+
1

2
(‖λ− λk+θ‖2 − ‖λ− λk‖2). (2.77)
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Second, without the strong convexity of function g, (2.62) reduces to

β1(r(u)− r(uk+1,k+1−θ) + (w − wk+1,k+1−θ)TF(w))

≥ −β
2
1

2
‖Dy −Dyk+1−θ‖2 +

β2
1

2
‖Cxk+1 +Dy − b‖2

+
1

2
(‖λ− λk+1‖2 − ‖λ− λk+1−θ‖2). (2.78)

Finally, adding (2.77), (2.56) and (2.78) together, using the convexity of function r

and β1 = β2, we get

r(ũk+1)− r(u) + (w̃k+1 − w)TF(w)

≤ 1

6β1

(‖λ− λk‖2 − ‖λ− λk+1‖2)

+
β1

6
(‖Cxk +Dy − b‖2 − ‖Cxk+1 +Dy − b‖2 − ‖Cxk +Dyk − b‖2). (2.79)

Summing up (2.79) for k = 0, . . . , n− 1, we have

n−1∑
k=0

r(ũk+1)− nr(u) + (
n−1∑
k=0

w̃k+1 − nw)TF(w)

≤ 1

6β1

‖λ− λ0‖2 +
β1

6
(‖Cx0 +Dy − b‖2 −

n−1∑
k=0

‖Cxk +Dyk − b‖2).

Furthermore, by the convexity of r(u) and the definition of w̄n, we have

r(ūn)− r(u) + (w̄n − w)TF(w) ≤ 1

6nβ1

‖λ− λ0‖2 +
β1

6n
‖Cx0 +Dy − b‖2.

Remark 2.8. It is noted that Theorem 2.8 and Theorem 2.9 are only established

under the condition that β1 = β2. It is still unknown whether the iterate (2.76) is

theoretically convergent without this condition, or with a more relaxed condition.

2.5 Numerical Experiments

In this section, we first compare the θ-scheme, our proposed ADMM+GPRSM (2.76),

the general ADMM (GADMM) [1, 32, 48], and the Fast Iterative Shrinkage-Thresholding
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Algorithm (FISTA) [8, 9] for an image deblurring problem. Second, we verify the ef-

ficiency of our proposed inexact θ-scheme (2.30) for the Least Absolute Shrinkage

and Selection Operator (LASSO). In particular, we compare the inexact θ-scheme

(2.30) and inexact θ-schemes using other three different criterions in the subproblem

(details will be described precisely later). Our code was written on MATLAB 2017b.

For image deblurring, our code was based on sources in Amir Beck’s homepage which

are publicly available. All experiments were conducted in a laptop computer with a

2.9GHz i7 processor and an 8GB memory.

2.5.1 Total Variation Based Image Deblurring

Here we consider recovering an unknown image z ∈ Rn from an observation q ∈ Rm.

We focus on a linear inverse problem of the form

Qz = q + w, (2.80)

where Q ∈ Rm×n is a known blurring operator, w is a vector standing for unknown

noise. The vectors z and q are obtained by stacking the columns of their matrix form

in lexicographical order.

Normally, it is not possible to recover z from q by solving equation (2.80) directly.

Instead, various models are proposed to approach the true z. Here we consider solving

the following convex non-smooth minimization problem

min
z
‖Qz − q‖2 + 2ηTV(z) (η > 0), (2.81)

where isotropic TV(·) represents a discrete total variation semi-norm

TV(z) =
M−1∑
i=1

N−1∑
j=1

√
(zi,j − zi+1,j)2 + (zi,j − zi,j+1)2

+
M−1∑
i=1

|zi,N − zi+1,N |+
N−1∑
j=1

|zM,j − zM,j+1|,

where n = M ×N .

If f(z) = 2ηTV(z), g(z) = ‖Qz − q‖2, then the θ-scheme (2.22) applied to solve
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(2.81) becomes 

vk+ 1
3 = zk − 2β1Q

T(Qzk − q),

vk+ 2
3 = arg min

z
2β1ηTV(z) +

1

2
‖z − vk+ 1

3‖2,

vk+1 = β2/β1(γvk+ 2
3 − vk+ 1

3 ),

v̄k+ 1
2 = arg min

v
β2‖Qv − q‖2 +

1

2
‖v − vk+1‖2,

v̄k+1 = v̄k+ 1
2 − 2β1Q

T(Qv̄k+ 1
2 − q),

zk+1 = arg min
z

2β1ηTV(z) +
1

2
‖z − v̄k+1‖2,

where γ = 1 + β1/β2 and β1, β2 ∈ (0,+∞) are two positive constants. The first and

last minimization problem above are TV-based image denoising which can be solved

by the Fast Gradient-Based Projection (FGP) [8]. The second minimization problem

above reduces to a linear equation

(2β2Q
TQ+ I)v̄k+ 1

2 = 2β2Q
Tq + vk+1,

which can be solved exactly by the Cosine Discrete Transform [2, 89].

For ADMM+GPRSM (2.76), we have



zk+ 1
2 = arg min

z
‖Qz − q‖2 − (λk)T(z − yk) +

β1

2
‖z − yk‖2,

yk+ 1
2 = arg min

y
2ηTV(y)− (λk)T(zk+ 1

2 − y) +
β1

2
‖zk+ 1

2 − y‖2,

λk+ 1
3 = λk − β1(zk+ 1

2 − yk+ 1
2 ),

zk+1 = arg min
z
‖Qz − q‖2 − (λk+ 1

3 )T(z − yk+ 1
2 ) +

β2

2
‖z − yk+ 1

2‖2,

λk+ 2
3 = λk+ 1

3 − β2(zk+1 − yk+ 1
2 ),

yk+1 = arg min
y

2ηTV(y)− (λk+ 2
3 )T(zk+1 − y) +

β1

2
‖zk+1 − y‖2,

λk+1 = λk+ 2
3 − β1(zk+1 − yk+1),

where β1, β2 ∈ (0,+∞) are two positive constants. Similar to the θ-scheme, all

minimization problems above can be solved efficiently.
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For GADMM, we first reformulate unconstrained problem (2.81) as

min
z,y
‖Qz − q‖2 + 2ηTV(y),

s.t. z = y,

then the related iterate is
zk+1 = arg min

z
‖Qz − q‖2 − (λk)T(z − yk) +

β

2
‖z − yk‖2,

yk+1 = arg min
y

2ηTV(y)− (λk)T(zk+1 − y) +
β

2
‖ρzk+1 + (1− ρ)yk − y‖2,

λk+1 = λk − β(ρzk+1 + (1− ρ)yk − yk+1),

where β ∈ (0,+∞) is a constant, ρ ∈ (0, 2) is a relaxation factor, and λk is Lagrange

multiplier. Similarly, the above two minimization problems can be solved efficiently.

For FISTA, the specific iterate is

zk = arg min
z

2ηTV(z) +
L

2
‖z − (yk − 2

L
QT(Qyk − q))‖2,

tk+1 =
1 +

√
1 + 4t2k
2

,

yk+1 = zk +
tk − 1

tk+1

(zk − zk−1),

where t0 = 1 and L is the Lipschitz constant of function 2QT(Qz− q). Similarly, the

above minimization problem can be solved by FGP.

For fair comparison, we first run GADMM with ρ = 1.5 and β = 1 and the related

stopping criterion is

|Objectivek −Objectivek−1|
|Objectivek−1|

< 10−10.

Then, for other three algorithms, we use the objective value obtained by GADMM

to formulate the stopping criterion as

‖Qzk − q‖2 + 2ηTV(zk) ≤ ObjectiveGADMM,

where zk is obtained in the iteration.
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We also apply two quantities to judge the quality of recovered image. The error

of recovery is measured by the mean squared error (MSE)

MSE: = ‖zori − zrec‖2/(m× n),

where zori is the original image and zrec is the recovered image. The improved signal-

to-noise ratio (ISNR) is defined as

ISNR: = 10 log10(‖zori − zdis‖2/‖zori − zrec‖2),

where zdis is the distorted image.

Now we consider a 256 × 256 “cameraman” test image (whose pixels are scaled

to be between 0 and 1) and set Q as a uniform 3 × 3 blur with an additive zero-

mean white Gaussian noise with standard deviation 10−4. Note that we use reflexive

boundary conditions in the blurring operation. The regularization parameter η is

chosen to be 10−4. It is computed that the Lipschitz constant L(2QT(Qz − q)) = 2.

The maximum outer iterations are uniformly set as 3000. For all TV-based image

denoising subproblems, we use FGP with a warm-start strategy and the stopping

criterion of FGP is to judge whether the relative error of dual variable is less than a

fixed value.

Since L(2QT(Qz− q)) = 2, we have 0 < β2 ≤ β1 < 1 for the θ-scheme. Therefore,

it is necessary to do a sensitivity test on β1 and β2. Setting precision of FGP as 10−4,

we record iterations and times obtained by the θ-scheme on six pairs of β1 and β2.

Table 2.1 shows that as both β1 and β2 get closer to 1, the θ-schemes converge faster.

So, we choose aggressively β1 = β2 = 1 for the θ-scheme. As for ADMM+GPRSM,

according to Theorem 2.8, we set β1 = β2 = 1.

Second, as the image denoising subproblem is not exactly solved by FGP, we

must test influence of different precisions of FGP (inner precisions) for the entire

algorithm. We use five inner precisions, which are 1e-02, 1e-04, 1e-06, 1e-8, and 1e-

10, for all four algorithms. The results are reported in Table 2.2 where the θ-scheme,

ADMM+GPRSM, and GPRSM converge under all inner precisions while FISTA is

not feasible for 1e-02, 1e-04, and 1e-6. Furthermore, the θ-scheme is the fastest
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Table 2.1: A sensitivity test of the θ-scheme on TV-based deblurring

β1 β2 Iteration Time (s) Objective MSE ISNR

0.1 0.1 3000 106.41 0.6259 1.6135e-04 11.9101

0.3 0.2 2852 101.04 0.6259 1.5999e-04 11.9470

0.7 0.5 1202 42.45 0.6259 1.5999e-04 11.9470

0.8 0.5 1088 38.57 0.6259 1.5999e-04 11.9470

0.9 0.8 879 31.01 0.6259 1.5999e-04 11.9470

0.9 0.9 847 29.82 0.6259 1.5999e-04 11.9470

Table 2.2: Comparison of θ-scheme, ADMM+GPRSM, GADMM, and FISTA on
TV-based deblurring under same inner precision

Inner Algorithm Iteration Mean/Max Time (s) Objective MSE ISNR
precision FGP

1e-02

θ-scheme 763 4.00/4 29.00 0.6259 1.5999e-04 11.9470
ADMM+GPRSM 763 4.00/4 30.00 0.6259 1.5999e-04 11.9470

GADMM 1526 2.00/2 33.43 0.6259 1.5999e-04 11.9470
FISTA 3000 2.00/2 53.92 0.6261 1.5992e-04 11.9489

1e-04

θ-scheme 763 4.00/6 28.84 0.6259 1.5999e-04 11.9470
ADMM+GPRSM 763 4.00/6 29.99 0.6259 1.5999e-04 11.9470

GADMM 1526 2.00/3 33.13 0.6259 1.5999e-04 11.9470
FISTA 3000 2.00/3 53.70 0.6261 1.5992e-04 11.9487

1e-06

θ-scheme 763 4.60/20 28.31 0.6259 1.5999e-04 11.9470
ADMM+GPRSM 763 4.61/20 29.25 0.6259 1.5999e-04 11.9470

GADMM 1526 2.27/10 32.42 0.6259 1.5999e-04 11.9470
FISTA 3000 5.45/10 82.36 0.6259 1.5996e-04 11.9476

1e-08

θ-scheme 763 8.65/20 38.37 0.6259 1.5999e-04 11.9470
ADMM+GPRSM 763 8.65/20 39.50 0.6259 1.5999e-04 11.9470

GADMM 1526 4.32/10 42.45 0.6259 1.5999e-04 11.9470
FISTA 1277 7.62/10 44.71 0.6259 1.5997e-04 11.9476

1e-10

θ-scheme 762 16.61/20 58.43 0.6259 1.5999e-04 11.9470
ADMM+GPRSM 763 16.72/20 59.79 0.6259 1.5999e-04 11.9470

GADMM 1525 8.44/10 63.16 0.6259 1.5999e-04 11.9470
FISTA 1214 9.87/10 51.49 0.6259 1.5996e-04 11.9476

among all four algorithms under near all inner precisions (except 1e-10). In addition,

ADMM+GPRSM is comparable to the θ-scheme with similar objective value, MSE

and ISNR.

Next, we compare all four algorithms under different inner precisions. According

to Table 2.2, we choose 1e-02 for the θ-scheme and ADMM+GPRSM, 1e-04 for

GADMM, and 1e-08 for FISTA. The results are reported in Table 2.3 where the

θ-scheme is again the fastest among all algorithms. The mean/Max FGP of the θ-

scheme and ADMM+GPRSM are the same (4.00/4) while the θ-scheme is near 8%

faster than the second fastest ADMM+GPRSM which is faster than GADMM by

around 10%. FISTA is apparently the slowest among all algorithms.

Finally, we present the original image, blurred image and recovered image obtained

by the θ-scheme in Fig. 2.1 which demonstrate the efficiency of the θ-scheme for image
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Table 2.3: Comparison of θ-scheme, ADMM+GPRSM, GADMM, and FISTA on
TV-based deblurring under different inner precisions

Inner Algorithm Iteration Mean/Max Time (s) Objective MSE ISNR
precision FGP

1e-02 θ-scheme 763 4.00/4 27.87 0.6259 1.5999e-04 11.9470
1e-02 ADMM+GPRSM 763 4.00/4 30.51 0.6259 1.5999e-04 11.9470
1e-04 GADMM 1526 2.00/3 33.01 0.6259 1.5999e-04 11.9470
1e-08 FISTA 1277 7.62/10 47.88 0.6259 1.5997e-04 11.9476

Figure 2.1: Left to right: original image, blurring image, and recovered image by
θ-scheme on TV-based deblurring

deblurring. Besides, we plot objective value, MSE and ISNR for all four algorithms

in the first 30 iterations in Fig. 2.2. It can be seen that the θ-scheme has a lower

objective value and MSE, a higher ISNR than FISTA and GADMM. As for the

θ-scheme and ADMM+GPRSM, these quantities are nearly the same.

5 10 15 20 25 30

k

0

1

2

3

4

5

6

7

8

9

f(
z

k )+
g

(z
k )

-scheme
GADMM
ADMM+GPRSM
FISTA

5 10 15 20 25 30

k

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

M
S

E

10-3

-scheme
GADMM
ADMM+GPRSM
FISTA

5 10 15 20 25 30

k

0

1

2

3

4

5

6

7

8

9

10

IS
N

R

-scheme
GADMM
ADMM+GPRSM
FISTA

Figure 2.2: Visualization of function values, MSE, and ISNR on TV-based deblurring
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2.5.2 Least Absolute Shrinkage and Selection Operator

In this example, we verify the efficiency of our proposed inexact θ-scheme (2.30) for

LASSO [97]

min
z∈Rn

1

2
‖Qz − q‖2 + η‖z‖1 (η > 0),

where Q ∈ Rm×n is a feature matrix. The corresponding θ-scheme is

vk = (β2/β1)(γproxβ1η‖·‖1 − I)(zk − β1Q
T(Qzk − q)), (2.82)

wk+1 = (β2Q
TQ+ I)−1(β2Q

T q + vk), (2.83)

zk+1 = proxβ1η‖·‖1(w
k+1 − β1Q

T(Qwk+1 − q)), (2.84)

and it is known that

proxβ1η‖·‖1(v) = (v − β1η)+ − (−v − β1η)+,

which means that both (2.82) and (2.84) can be solved efficiently. The point here is

how to solve linear system (2.83) effectively, we show four techniques below.

First, we use LSQR [80] (with a fixed relative precision 1e-06) which is referred

as lsqr in MATLAB to solve linear system (2.83) and denote the related algorithm

by IN-θLSQR

(IN-θLSQR)


vk = (β2/β1)(γproxβ1η‖·‖1 − I)(zk − β1Q

T(Qzk − q)),

Minimize
β2

2
‖Qz − q‖2 +

1

2
‖z − vk‖2 by lsqr,

zk+1 = proxβ1η‖·‖1(w
k+1 − β1Q

T(Qwk+1 − q)).

Second, according to (2.31), we use Cholesky decomposition to solve linear system

(2.83) and the related algorithm is denoted by IN-θCholesky

(IN-θCholesky)



vk = (β2/β1)(γproxβ1η‖·‖1 − I)(zk − β1Q
T(Qzk − q)),

(β2QQ
T + I) = LLT, ηk = (LT)−1L−1Qβ2h

k,

wk+1 = β2(hk −QTηk),

zk+1 = proxβ1η‖·‖1(w
k+1 − β1Q

T(Qwk+1 − q)),
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where hk = QTq + vk/β2 and the Cholesky decomposition is denoted by chol in

MATLAB.

Third, we adopt our proposed inexactness criterion (2.32) to solve linear system

(2.83) and the related algorithm is denoted by IN-θ

(IN-θ)



vk = (β2/β1)(γproxβ1η‖·‖1 − I)(zk − β1Q
T(Qzk − q)),

Choose ηk such that ‖ek(ηk)‖ ≤ α‖ek−1(ηk−1)‖,

wk+1 = β2(hk −QTηk),

zk+1 = proxβ1η‖·‖1(w
k+1 − β1Q

T(Qwk+1 − q)),

where ek(η) := Qβ2h
k − (β2QQ

T + I)η. Throughout this subsection α is fixed at 0.9.

Finally, we solve linear system (2.83) with a fixed relative precision and the related

algorithm is denoted by IN-θ1e−t

(IN-θ1e−t)



vk = (β2/β1)(γproxβ1η‖·‖1 − I)(zk − β1Q
T(Qzk − q)),

Choose ηk such that ‖ek(ηk)‖/‖Qβ2h
k‖ ≤ 10−t,

wk+1 = β2(hk −QTηk),

zk+1 = proxβ1η‖·‖1(w
k+1 − β1Q

T(Qwk+1 − q)),

where t takes 2, 4, 6, 8 and 10. The inexactness criterions in IN-θ and IN-θ1e−t can

be achieved by different linear solvers, we use Conjugate Gradient Method [40, 42]

here and it is denoted by cgs in MATLAB.

Outer stopping criterion for IN-θLSQR and IN-θCholesky is

‖zk+1 − wk+1‖+ ‖wk+1 − zk‖ < ε,

where ε = 10−5, while for all other algorithms, the stopping criterion is

1

2
‖Qzk − q‖2 + η‖zk‖1 ≤ min{ObejectiveIN-θLSQR

,ObejectiveIN-θCholesky
},

where zk is obtained in the iteration. In the following, we compare all algorithms on

synthetic and real dataset, respectively.
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Synthetic dataset

Here we generate six pairs of synthetic LASSO models and the difference mainly lies

in the dimensionality and sparsity of Q and q. The Q is given by MATLAB function

sprand(m,n,s) where (m,n) and s are the dimension and sparsity of Q, respectively.

If a vector x0 ∈ Rn is defined as sprand(n,1,p) where p = 100/n, then the vector q

is set as Qx0 + 0.1ε where ε ∈ Rm is a standard normally distributed random noise

vector. Same as [15], the parameter η is set to be 0.1 max(QTq) for controlling the

sparsity of solution.

The Lipschitz constant L = ‖QTQ‖ and we use script normest to give its value.

Because of memory restriction in MATLAB, if the dimension of Q is equal to or larger

than 105× 105 scale, then L is set to be ‖Q‖2. In addition, the parameters β1 and β2

are set to be equal and β1 = 2/L. Table 2.4 lists all referred parameters where the

synthetic dataset is generated with gradually increasing dimensionality and sparsity.

Table 2.4: Values of η, L, and β1(β2) for synthetic dataset

(m,n,s) η L β1(β2)

(1× 104, 1.5× 104, 50%) 878.32 1.8416e+04 1.0860e-04

(1× 104, 1.5× 104, 10%) 293.15 4.4668e+03 4.4775e-04

(1.5× 104, 2× 104, 5%) 174.12 3.2264e+03 6.1989e-04

(2× 104, 3× 104, 1%) 67.90 9.4158e+02 2.1241e-03

(2× 105, 3× 105, 0.1%) 58.27 9.0143e+02 2.2187e-03

(3× 105, 2× 106, 0.01%) 9.59 3.6101e+02 5.5400e-03

We set maximum outer iterations to be 500 and inner maximum iterations for

LSQR and cgs to be 200 where the initial points in the inner loop are points obtained

from the last step. The results are reported in Table 2.5.

First, it shows that our proposed IN-θ is the fastest among all algorithms and is

11% ∼ 44% faster than the second fastest IN-θ1e−6. Besides, the performance of IN-θ

indicates that the mean CG in [0.89, 0.90] is enough to ensure the convergence for

the entire algorithm.

Second, it can be seen that IN-θ1e−2 and IN-θ1e−4 do not stop in 500 iterations

which implies that the mean CG (less than 0.1) is too small to ensure the convergence

for the entire algorithm.
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Third, all IN-θ1e−6, IN-θ1e−8 and IN-θ1e−10 are convergent. As the precision be-

comes more tight, the computing times become longer.

Finally, the results in Table 2.5 show that IN-θLSQR is slower than IN-θ1e−8 but

faster than IN-θ1e−10 except the fifth example where IN-θLSQR is even faster than IN-

θ1e−8 but slower than IN-θ1e−6. Because Cholesky decomposition is time consuming,

IN-θCholesky is the slowest among all algorithms. In addition, we did not implement

IN-θCholesky for the last two examples due to the large dimension.

Real dataset

In this case, we verify the efficiency of our proposed IN-θ on two real dataset which

can be found in https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/.

It is seen that without any change, residual ‖ek(ηk)‖ obtained by IN-θ decreases so

fast such that after a few iterations it is nearly zero which severely increases the

computing time of sequent iterations of IN-θ. Therefore, we apply a “RESTART”

technique to IN-θ (denoted by IN-θR) where we restart IN-θ after every fixed steps

and this can get rid of rapid decreasing of ‖ek(ηk)‖. In the following, IN-θ is restarted

after every 3 steps .

The first dataset is called “news20.scale” where the dimension of the feature

matrix Q is 15935 × 62061. Then, we have that the Lipschitz constant L = 520.83,

the parameters β1 = β2 = 2/L = 0.0038, and the parameter η = 1.1989e+03.

The results are reported in Table 2.6. Similarly, IN-θR is the fastest and faster

than the second fastest IN-θ1e−6 by around 23%; IN-θ1e−8 and IN-θ1e−10 are slower

than IN-θ1e−6 by near 29% and 53%, respectively; IN-θLSQR, IN-θ1e−2, and IN-θ1e−4

did not stop in 500 iterations. In Fig. 2.3, we plot the objective value with respect

to the computing time and residual of linear system (2.83) with respect to the outer

loop iteration for all four convergent algorithms. It can be seen that the objective

value from IN-θR decreases fastest among all four algorithms. In addition, the residual

from IN-θR gradually decreases while the residuals from other three algorithms almost

remain unchanged after some iterations.

Second, we focus on another real dataset called “url combined” where the di-

mension of Q is 2, 396, 130 × 3, 231, 961. Because of this large dimension, we set
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Table 2.5: Comparison of IN-θLSQR, IN-θCholesky, IN-θ1e−t, and IN-θ on synthetic
dataset

(m,n,s) Algorithm Iteration Mean/Max CG Time (s) Objective

(1× 104, 1.5× 104, 50%)

IN-θLSQR 9 ∼ / ∼ 24.72 5.8157e+04
IN-θCholesky 9 ∼ / ∼ 710.26 5.8157e+04
IN-θ1e−10 10 7.00/10 27.00 5.8157e+04
IN-θ1e−8 9 5.44/8 20.46 5.8157e+04
IN-θ1e−6 9 3.44/6 15.51 5.8157e+04
IN-θ1e−4 500 0.03/4 319.16 5.8157e+04
IN-θ1e−2 500 0.01/2 314.86 5.8157e+04
IN-θ 10 0.90/1 11.27 5.8157e+04

(1× 104, 1.5× 104, 10%)

IN-θLSQR 9 ∼ / ∼ 6.36 1.6892e+04
IN-θCholesky 9 ∼ / ∼ 61.89 1.6892e+04
IN-θ1e−10 9 7.11/10 6.17 1.6892e+04
IN-θ1e−8 9 5.44/8 5.11 1.6892e+04
IN-θ1e−6 9 3.44/6 3.87 1.6892e+04
IN-θ1e−4 500 0.03/4 77.57 1.6892e+04
IN-θ1e−2 500 0.01/2 79.92 1.6892e+04
IN-θ 9 0.89/1 2.68 1.6892e+04

(1.5× 104, 2× 104, 5%)

IN-θLSQR 8 ∼ / ∼ 5.98 1.0405e+04
IN-θCholesky 8 ∼ / ∼ 96.69 1.0405e+04
IN-θ1e−10 9 7.11/10 6.57 1.0405e+04
IN-θ1e−8 8 5.63/8 4.97 1.0405e+04
IN-θ1e−6 8 3.63/6 3.85 1.0405e+04
IN-θ1e−4 500 0.03/4 84.29 1.0405e+04
IN-θ1e−2 500 0.01/2 83.01 1.0405e+04
IN-θ 9 0.89/1 2.81 1.0405e+04

(2× 104, 3× 104, 1%)

IN-θLSQR 10 ∼ / ∼ 2.94 4.7993e+03
IN-θCholesky 10 ∼ / ∼ 232.74 4.7993e+03
IN-θ1e−10 10 7.10/10 3.24 4.7993e+03
IN-θ1e−8 11 4.82/8 2.73 4.7993e+03
IN-θ1e−6 10 3.30/6 1.96 4.7993e+03
IN-θ1e−4 500 0.03/4 36.20 4.7993e+03
IN-θ1e−2 500 0.01/2 35.20 4.7993e+03
IN-θ 10 0.90/1 1.74 4.7993e+03

(2× 105, 3× 105, 0.1%)

IN-θLSQR 9 ∼ / ∼ 38.52 4.9942e+03
IN-θ1e−10 9 7.22/10 50.94 4.9942e+03
IN-θ1e−8 9 5.44/8 41.94 4.9942e+03
IN-θ1e−6 9 3.44/6 31.82 4.9942e+03
IN-θ1e−4 500 0.03/4 644.25 4.9942e+03
IN-θ1e−2 500 0.01/2 641.81 4.9942e+03
IN-θ 9 0.89/1 20.72 4.9942e+03

(3× 105, 2× 106, 0.01%)

IN-θLSQR 38 ∼ / ∼ 159.14 2.1247e+03
IN-θ1e−10 37 5.49/8 180.66 2.1247e+03
IN-θ1e−8 37 3.95/7 146.45 2.1247e+03
IN-θ1e−6 37 2.43/5 113.97 2.1247e+03
IN-θ1e−4 500 0.08/4 707.33 2.1247e+03
IN-θ1e−2 500 0.02/2 693.12 2.1247e+03
IN-θ 37 0.97/1 91.95 2.1247e+03
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Table 2.6: Comparison of IN-θLSQR, IN-θ1e−t, and IN-θR on “news20.scale”

Algorithm Iteration Mean/Max CG Time (s) Objective

IN-θLSQR 500 ∼ / ∼ 26.31 6.5859e+05

IN-θ1e−10 44 4.11/6 2.68 6.5859e+05

IN-θ1e−8 44 3.07/5 2.28 6.5859e+05

IN-θ1e−6 43 1.91/4 1.76 6.5859e+05

IN-θ1e−4 500 0.08/3 10.92 6.5859e+05

IN-θ1e−2 500 0.02/2 10.39 6.5860e+05

IN-θR 46 0.61/2 1.36 6.5859e+05
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Figure 2.3: Objective value with respect to the computing time and residual of the
linear equation (2.31) with respect to the outer loop iteration on “news20.scale”

precision ε = 10−2 for IN-θLSQR. The Lipschitz constant L = ‖Q‖2 = 1.6425e+08,

the parameters β1 = β2 = 2/L = 1.2177e-08, and the parameter η = 1.4123e+05.

The results are presented in Table 2.7. It is seen that IN-θR is again the fastest

among all algorithms while IN-θ1e−02 and INθ1e−04 converge unlike previous examples

and IN-θ1e−02 is the second fastest slower than IN-θR by about 4%. All other algo-

rithms converge but apparently slower than IN-θR and IN-θ1e−2. For relatively fast

four algorithms, we also plot the objective value with respect to the computing time

and residual of the linear equation (2.83) with respect to the outer loop iteration in

Fig. 2.4. Similarly, the objective value from IN-θR decreases fastest among all four

algorithms while the residual keeps in the range of 10−4 ∼ 10−2.
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Table 2.7: Comparison of IN-θLSQR, IN-θ1e−t, and IN-θR on “url combined” dataset

Algorithm Iteration Mean/Max CG Time (s) Objective

IN-θLSQR 29 ∼ / ∼ 1794.95 6.1097e+05

IN-θ1e−10 30 4.00/4 869.09 6.0859e+05

IN-θ1e−8 30 3.13/4 757.60 6.0859e+05

IN-θ1e−6 30 3.00/3 740.08 6.0859e+05

IN-θ1e−4 29 2.00/2 592.07 6.1097e+05

IN-θ1e−2 29 1.10/2 474.73 6.1074e+05

IN-θR 29 0.90/2 454.99 6.1045e+05
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Figure 2.4: Objective value with respect to the computing time and residual of the
linear equation (2.31) with respect to the outer loop iteration on “url combined”
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Chapter 3

A Preconditioned Primal-Dual

Algorithm

In this chapter, we focus on a preconditioned primal-dual algorithm [85] for solving

the saddle-point problem introduced in Chapter 1. Some preliminaries are presented

in §3.1. In §3.2, we show that the dual step size can be at most enlarged by 1/3 and

at the same time, the convergence can be ensured. In §3.3, a sublinear convergence

rate is proved. Besides, with more regularity conditions, a linear convergence rate

can be obtained. Finally, we show its connection with other methods in §3.4.

3.1 Preliminaries

In this chapter, we focus on the following saddle-point problem (introduced in §1.2.5)

min
x∈X

max
y∈Y
〈Kx, y〉+G(x)− F ∗(y). (3.1)

Here we use a dual preconditioned primal-dual algorithm (DP-PD) [85]

(DP-PD)


xk+1 = (I + T∂G)−1(xk − TKT ȳk),

yk+1 = (I + Σ∂F ∗)−1(yk + ΣKxk+1),

ȳk+1 = yk+1 + θ(yk+1 − yk),

(3.2)
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where the extrapolation is on dual variable y and T, Σ are two symmetric positive

definite matrices.

Let us first show that under mild conditions DP-PD is essentially a PPA. From

the optimality conditions and the convexity of both G and F ∗, we have that for any

(x, y) ∈ X × Y , the variables xk+1 and yk generated by DP-PD satisfy

r(u)− r(uk+1) + (u− uk+1)T (F(uk+1) + S(uk+1 − uk)) ≥ 0, (3.3)

where

u =

x
y

 , uk+1 =

xk+1

yk

 , r(u) = G(x) + F ∗(y), (3.4)

and

F =

 0 KT

−K 0

 , S =

T−1 θKT

K Σ−1

 , (3.5)

where abusing mathematical notation, uk+1 is defined by xk+1 and yk such that we

can have a “symmetric” structure of matrix S.

It is shown in [85] that if θ = 1 and T , Σ are two symmetric positive definite

matrices satisfying

‖Σ
1
2KT

1
2‖2 < 1, (3.6)

then matrix S defined in (3.5) is symmetric and positive definite. Therefore, due

to (3.3), we know that DP-PD is a PPA which means that its convergence can be

guaranteed. However, two practical matrices T and Σ given in [85] can only ensure

‖Σ 1
2KT

1
2‖2 ≤ 1 which cannot guarantee the convergence of DP-PD by their theory.

In the following, we show that although ‖Σ 1
2KT

1
2‖2 ≤ 1 cannot ensure the positivity

of matrix S, the convergence of DP-PD can still be established via another tricking

technique. Precisely, the condition (3.6) can be improved as ‖Σ 1
2KT

1
2‖2 < 4/3 and

an example is given to show that 4/3 is a tight upper bound.

Throughout this chapter, we need four lemmas to establish our proof procedure.

First, we show the Moreau’s identity.
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Lemma 3.1. A general Moreau’s identity is

x = (I + T∂F )−1(x) + T (I + T−1∂F ∗)−1(T−1x), (3.7)

where T is a symmetric positive definite matrix and F is a proper closed convex

function.

See [5, Chapter 14] for details. Second, we present a lemma in [85].

Lemma 3.2. Let θ = 1, T and Σ be symmetric positive definite matrices satisfying

‖Σ
1
2KT

1
2‖2 < 1.

Then, the matrix S defined in (3.5) is symmetric and positive definite.

Next, we show Schur complement theory.

Lemma 3.3. For any symmetric matrix U of the form

U =

 A B

BT C

 ,
if C is invertible, then U � 0 iff C � 0 and A−BC−1BT � 0.

Finally, two simple Cauchy inequalities are supplemented.

Lemma 3.4. Let a and b be vectors, and T be a symmetric, positive definite matrix.

Then, we have

aT b ≥ −1

4
‖a‖2

T − ‖b‖2
T−1 , aTTb ≥ −1

2
‖a‖2

T −
1

2
‖b‖2

T .

3.2 Convergence Analysis

Hereafter, the vector uk+1 is back to normal definition

uk+1 = [(xk+1)T , (yk+1)T ]T .
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Considering the technique for enlarging step size of a linearized ADMM in [58], we

propose an extension of DP-PD (eDP-PD)

(eDP-PD)


xk+1 = (I + T∂G)−1(xk − TKT ȳk),

yk+1 = (I +
Σ

rk+1

∂F ∗)−1(yk +
Σ

rk+1

Kxk+1),

ȳk+1 = yk+1 + θ(yk+1 − yk),

(3.8)

where {rk} is a positive sequence and θ is a positive constant.

The assumption below is crucial to our convergence analysis.

Assumption 3.1.

θ = 1, {rk} ⊆ (3/4, 1] is a non-increasing sequence, ‖Σ
1
2KT

1
2‖2 < 1.

In addition, it is known that a point (x∗, y∗) is a solution of problem (3.1) if and

only if

−KTy∗ ∈ ∂G(x∗), Kx∗ ∈ ∂F ∗(y∗).

Moreover, the above optimality condition is equivalent to

r(u)− r(u∗) + (u− u∗)TF(u∗) ≥ 0, ∀u ∈ X × Y, (3.9)

where F is defined in (3.5).

Now we are ready to carry out our proof.

Lemma 3.5. Suppose that Assumption 3.1 is satisfied. Let {uk} be the sequence

generated by eDP-PD. Then, for any (x, y) ∈ X × Y , we have

r(u)− r(uk+1) + (u− uk+1)TF(u)

≥ 1

2
(‖u− ũk+1‖2

Hk+1
− ‖u− ũk‖2

Hk
) +

1

2
(ũk − uk+1)TGk+1(ũk − uk+1), (3.10)

where

x̃k = xk − TKT (yk − yk−1), ỹk = yk, ũk = [(x̃k)T , (ỹk)T ]T , (3.11)
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and 
Hk+1 =

T−1 0

0 rk+1Σ−1

 , Gk+1 =

T−1 0

0 rk+1Σ−1 −KTKT

 ,
M =

I −TKT

0 I

 , Qk+1 =

T−1 −KT

0 rk+1Σ−1

 .
(3.12)

Proof. From the optimality conditions of (3.8), we have that for any (x, y) ∈ X × Y ,

the variables xk+1 and yk+1 satisfy

G(x)−G(xk+1) + (x− xk+1)T (KTyk + T−1(xk+1 − xk) +KT (yk − yk−1)) ≥ 0,

F ∗(y)− F ∗(yk+1) + (y − yk+1)T (−Kxk+1 + rk+1Σ−1(yk+1 − yk)) ≥ 0.

(3.13)

Using (3.11), the above optimality conditions can be reformulated as

G(x)−G(xk+1) + (x− xk+1)T (KTyk+1 + T−1(xk+1 − x̃k)−KT (yk+1 − ỹk)) ≥ 0,

F ∗(y)− F ∗(yk+1) + (y − yk+1)T (−Kxk+1 + rk+1Σ−1(yk+1 − ỹk)) ≥ 0,

which are equivalent to

r(u)− r(uk+1) + (u− uk+1)T (F(uk+1) +Qk+1(uk+1 − ũk)) ≥ 0. (3.14)

From (3.11) and (3.12), we have

Qk+1 = Hk+1M, ũk+1 = ũk −M(ũk − uk+1), (3.15)

which implies that (3.14) can be reformulated as

r(u)− r(uk+1) + (u− uk+1)TF(uk+1) ≥ (u− uk+1)THk+1(ũk − ũk+1). (3.16)

Furthermore, by (3.16), the asymmetric property of F , and Assumption 3.1, the
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following inequalities hold

r(u)− r(uk+1) + (u− uk+1)TF(u) ≥ r(u)− r(uk+1) + (u− uk+1)TF(uk+1)

≥ 1

2
(‖u− ũk+1‖2

Hk+1
− ‖u− ũk‖2

Hk+1
) +

1

2
(‖ũk − uk+1‖2

Hk+1
− ‖ũk+1 − uk+1‖2

Hk+1
)

≥ 1

2
(‖u− ũk+1‖2

Hk+1
− ‖u− ũk‖2

Hk
) +

1

2
(‖ũk − uk+1‖2

Hk+1
− ‖ũk+1 − uk+1‖2

Hk+1
).

For the last two terms at the right-hand side of the above last inequality, we have

‖ũk − uk+1‖2
Hk+1

− ‖ũk+1 − uk+1‖2
Hk+1

= ‖ũk − uk+1‖2
Hk+1

− ‖ũk − uk+1 −M(ũk − uk+1)‖2
Hk+1

= (ũk − uk+1)T (Qk+1 +QT
k+1 −MTHk+1M)(ũk − uk+1),

where it is obvious that Gk+1 = Qk+1 +QT
k+1 −MTHk+1M .

From the structure of the matrix Gk+1, we know that the matrix Gk+1 is not

necessarily positive definite. However, the matrix D = Σ−1 − KTKT is symmetric

and positive definite due to Lemma 3.2 and Lemma 3.3. Next, we focus on the term

(ũk − uk+1)TGk+1(ũk − uk+1) in (3.10).

Lemma 3.6. Suppose that Assumption 3.1 is satisfied. Let {uk} be the sequence

generated by eDP-PD. Then, we have

(ũk − uk+1)TGk+1(ũk − uk+1)

= ‖x̃k − x̃k+1‖2
T−1 + ‖yk − yk+1‖2

rk+1D

+ ‖KT (yk − yk+1)‖2
rk+1T

+ 2(yk − yk+1)TK(x̃k − x̃k+1). (3.17)

Proof. From the definition of Gk+1 in (3.12), we have

(ũk−uk+1)TGk+1(ũk−uk+1) = ‖x̃k−xk+1‖2
T−1+‖yk−yk+1‖2

rk+1Σ−1−‖KT (yk−yk+1)‖2
T .

(3.18)

Using (3.11), the first term at the right-hand side of (3.18) becomes

‖x̃k − xk+1‖2
T−1 = ‖x̃k − x̃k+1 + TKT (yk − yk+1)‖2

T−1

= ‖x̃k − x̃k+1‖2
T−1 + ‖KT (yk − yk+1)‖2

T + 2(yk − yk+1)TK(x̃k − x̃k+1). (3.19)
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By the definition of the matrix D, the second term at the right-hand side of (3.18)

becomes

‖yk − yk+1‖2
rk+1Σ−1 = ‖yk − yk+1‖2

rk+1D
+ ‖KT (yk − yk+1)‖2

rk+1T
. (3.20)

Substituting both (3.19) and (3.20) into (3.18), we obtain (3.17) immediately.

Next we deal with 2(yk − yk+1)TK(x̃k − x̃k+1) at the right-hand side of (3.17).

Lemma 3.7. Suppose that Assumption 3.1 is satisfied. Let {uk} be the sequence

generated by eDP-PD. Then, we have

2(yk − yk+1)TK(x̃k − x̃k+1)

≥ 1

2
‖yk − yk+1‖2

rk+1D
+

1

2
‖KT (yk − yk+1)‖2

(1−rk+1)T + ‖KT (yk − yk+1)‖2
(rk− 3

2
)T

− (
1

2
‖yk−1 − yk‖2

rkD
+

1

2
‖KT (yk−1 − yk)‖2

(1−rk)T )− ‖x̃k − x̃k+1‖2
(1−2(rk− 3

4
))T−1 .

(3.21)

Proof. Taking y = yk in the second optimality condition of (3.13) and using (3.11),

we obtain

F ∗(yk)− F ∗(yk+1) + (yk − yk+1)T (−Kx̃k+1 + (rk+1Σ−1 −KTKT )(yk+1 − yk)) ≥ 0.

(3.22)

Similarly, taking y = yk+1 for n-iteration, we get

F ∗(yk+1)−F ∗(yk) + (yk+1− yk)T (−Kx̃k + (rkΣ
−1−KTKT )(yk− yk−1)) ≥ 0. (3.23)
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Combining (3.22) and (3.23), the following inequalities hold

(yk − yk+1)TK(x̃k − x̃k+1)

≥ (yk − yk+1)T ((rk+1Σ−1 −KTKT )(yk − yk+1)− (rkΣ
−1 −KTKT )(yk−1 − yk))

= (yk − yk+1)T (rk+1D − (1− rk+1)KTKT )(yk − yk+1)

− (yk − yk+1)T (rkD − (1− rk)KTKT )(yk−1 − yk)

= ‖yk − yk+1‖2
rk+1D

− ‖KT (yk − yk+1)‖2
(1−rk+1)T − (yk − yk+1)T rkD(yk−1 − yk)

+ (KT (yk − yk+1))T (1− rk)TKT (yk−1 − yk)

≥ 1

2
‖yk − yk+1‖2

rk+1D
+

1

2
‖KT (yk − yk+1)‖2

(1−rk+1)T

− (
1

2
‖yk−1 − yk‖2

rkD
+

1

2
‖KT (yk−1 − yk)‖2

(1−rk)T )− 2‖KT (yk − yk+1)‖2
(1−rk)T ,

(3.24)

where the last inequality is obtained by Lemma 3.4 and Assumption 3.1. Besides, by

Lemma 3.4, we can have

(yk − yk+1)TK(x̃k − x̃k+1) ≥ −1

4
‖KT (yk − yk+1)‖2

(1−c)−1T − ‖x̃k − x̃k+1‖2
(1−c)T−1 ,

where c ∈ (0, 1) is a constant. In addition, it is easy that

0 < c ≤ 1

2
⇒ 1

4
(1− c)−1 ≤ 1

4
+

1

2
c.

which implies that setting c = 2(rk − 3
4
), we can obtain

(yk − yk+1)TK(x̃k − x̃k+1) ≥ −‖KT (yk − yk+1)‖2
(rk− 1

2
)T
− ‖x̃k − x̃k+1‖2

(1−2(rk− 3
4

))T−1 .

(3.25)

Combining (3.24) and (3.25), we obtain (3.21) immediately.

The lemma below is a simple manipulation of previous results.

Lemma 3.8. Suppose that Assumption 3.1 is satisfied. Let {uk} be the sequence
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generated by eDP-PD. Then, we have

r(u)− r(uk+1) + (u− uk+1)TF(u)

≥ 1

2
‖u− ũk+1‖2

Hk+1
+

1

4
‖yk − yk+1‖2

rk+1D
+

1

4
‖KT (yk − yk+1)‖2

(1−rk+1)T

− (
1

2
‖u− ũk‖2

Hk
+

1

4
‖yk−1 − yk‖2

rkD
+

1

4
‖KT (yk−1 − yk)‖2

(1−rk)T )

+
1

2
‖yk − yk+1‖2

rk+1D
+ ‖KT (yk − yk+1)‖2

(rk− 3
4

)T
+ ‖x̃k − x̃k+1‖2

(rk− 3
4

)T−1 . (3.26)

Proof. Combining (3.10), (3.17) and (3.21), we can obtain (3.26) immediately.

Now we are ready to prove the convergence of eDP-PD.

Theorem 3.1. Suppose that Assumption 3.1 is satisfied. Let {uk} be the sequence

generated by eDP-PD.Then, {ũk} converges to a solution of problem (2.26).

Proof. First, setting u = u∗ in (3.26), we get

‖ũk+1 − u∗‖2
Hk+1

+
1

2
‖yk − yk+1‖2

rk+1D
+

1

2
‖KT (yk − yk+1)‖2

(1−rk+1)T

≤ ‖ũk − u∗‖2
Hk

+
1

2
‖yk−1 − yk‖2

rkD
+

1

2
‖KT (yk−1 − yk)‖2

(1−rk)T

− ‖yk − yk+1‖2
rk+1D

− ‖KT (yk − yk+1)‖2
2(rk− 3

4
)T
− ‖x̃k − x̃k+1‖2

2(rk− 3
4

)T−1 . (3.27)

Summing up (3.27) for all k′s, we have

∞∑
k=1

‖yk − yk+1‖2
rk+1D

< +∞,
∞∑
k=1

‖x̃k − x̃k+1‖2
2(rk− 3

4
)T−1 < +∞.

Since matrices D and T are both symmetric positive definite and {rk} ⊆ (3/4, 1], we

can obtain

yk − yk+1 → 0, x̃k − x̃k+1 → 0,

which implies xk − xk+1 → 0.

Second, by (3.27), we know that the sequence {ũk} is bounded. By the definition

of ũk in (3.11), we have uk+1 − ũk → 0. Therefore, there exists a subsequence ũkl

converging to u∞ and ukl+1 → u∞. It follows from (3.14) that

r(u)− r(u∞) + (u− u∞)TF(u∞) ≥ 0, ∀u ∈ X × Y,
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which implies that all limiting points of the sequence {ũk} are solutions of problem

(2.26). Suppose that {ũkj} is a subsequence converging to a solution u∗. Using (3.27),

we know that

ak := ‖ũk − u∗‖2
Hk

+
1

2
‖yk−1 − yk‖2

rkD
+

1

2
‖KT (yk−1 − yk)‖2

(1−rk)T

is monotone and lim
k→+∞

ak = lim
j→∞

akj = 0 which means that the sequence {ũk} con-

verges to a solution of problem (2.26).

Remark 3.1. Setting Σ̃ = Σ/r where rk+1 ≡ r, we have ‖Σ̃ 1
2KT

1
2‖2 < 1/r < 4/3

by Assumption 3.1. Thus, for DP-PD, if Σ is denoted by Σ̃ and ‖Σ 1
2KT

1
2‖2 < 1 is

replaced by ‖Σ̃ 1
2KT

1
2‖2 < 4/3, then due to Theorem 3.1, DP-PD is still convergent.

It means that bound 1 in the condition (3.6) for DP-PD can be enlarged to 4/3.

In addition, we show that two practical matrices T and Σ given in [85] can theo-

retically ensure the convergence of DP-PD.

Theorem 3.2. If X = Rn, Y = Rm and let T=diag( τ), where τ = (τ1, τ2, . . . , τn)

and Σ = diag(σ), where σ = (σ1, σ2, . . . , σm). In particular,

τj =
1∑m

i=1 |Ki,j|2−α
, σi =

1∑n
j=1 |Ki,j|α

. (3.28)

Then, for any α ∈ [0, 2], algorithm DP-PD converges.

Proof. According to [85, Lemma 2], we know that ‖Σ 1
2KT

1
2‖2 ≤ 1 with T and Σ

defined in (3.28). Next, we consider two cases.

First, if ‖Σ 1
2KT

1
2‖2 < 1 which means that matrix S defined in (3.5) is symmetric

positive definite, then DP-PD is a PPA.

Second, if ‖Σ 1
2KT

1
2‖2 = 1, then there exist a symmetric positive definite matrix

Σ̃ and a constant r ∈ (3/4, 1) such that Σ = Σ̃/r satisfying

‖Σ̃
1
2KT

1
2‖2 = r‖Σ

1
2KT

1
2‖2 = r < 1,

which means that DP-PD reduces to eDP-PD.
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Remark 3.2. Some numerical experiments in fields, such as linear programming,

image denoising, can demonstrate the efficiency of eDP-PD [85].

Surprisingly, the lower bound 3/4 in Assumption 3.1 cannot be further improved.

We consider the following problem

min
x∈R

max
y∈R
〈−x, y〉,

where K = −I, G(x) = 0 and F ∗(y) = 0. Then, eDP-PD with constant sequence

{rk} reduces to 
xk+1 = xk + T ȳk,

yk+1 = yk − Σ

r
xk+1,

ȳk+1 = yk+1 + (yk+1 − yk).

(3.29)

By a simple manipulation, we have that (3.29) reduces to


xk+2 = (I − 2TΣ

r
)xk+1 + Tyk,

yk+1 = −Σ

r
xk+1 + yk.

It is noted that ‖Σ 1
2KT

1
2‖2 < 1 is equivalent to that D = Σ−1 −KTKT is positive

definite. Therefore, we have TΣ < 1.

In particular, setting T = 1, we can have Σ < 1 and the following iterate matrix

P (α) =

1− 2α 1

−α 1


where α = Σ/r. Since 0 < r < 3/4, there exists Σ < 1 such that α > 4/3. One

eigenvalue of P (α) is λ1(α) = 1 − α −
√
α2 − α. If α = 4/3, then λ1(4/3) = −1

and λ′1(α) < 0 when α > 4
3
. It means that for any α > 4/3, the matrix P (α) has

an eigenvalue less than −1. Hence, the iterative scheme (3.29) is not necessarily

convergent for any 0 < r < 3/4.
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3.3 Convergence Rate Analysis

In this part, we prove the convergence rate of eDP-PD.

3.3.1 Sublinear Convergence Rate

We show an O(1/n) ergodic convergence rate for eDP-PD.

Theorem 3.3. Suppose that Assumption 3.1 is satisfied. Let {uk} be the sequence

generated by eDP-PD. Then, we have

r(ūn)− r(u) + (ūn − u)TF(u) ≤ 1

2n
‖u− ũ0‖2

H0
, (3.30)

where ūn =
1

n
(
n−1∑
k=0

uk).

Proof. Summing up (3.26) from k = 0 to k = n − 1, denoting y−1 = y0, and using

the convexity of function r(u), we obtain (3.30) immediately.

3.3.2 Linear Convergence Rate

We prove a linear convergence rate for eDP-PD.

Theorem 3.4. Suppose that Assumption 3.1 is satisfied and G(x), F ∗(y) are both

strongly convex with σ1 > 0 and σ2 > 0, respectively. Let {uk} be the sequence

generated by eDP-PD. Then, {ũk} converges linearly to a solution of problem (2.26).

Proof. First, since G(x), F ∗(y) are both strongly convex, we have
G(x)−G(x̂) ≥ 〈p, x− x̂〉+

σ1

2
‖x− x̂‖2, ∀x, x̂ ∈ X,

F ∗(y)− F ∗(ŷ) ≥ 〈q, y − ŷ〉+
σ2

2
‖y − ŷ‖2, ∀y, ŷ ∈ Y,

(3.31)

where p ∈ ∂G(x̂) and q ∈ ∂F ∗(ŷ). By Lemma 3.5 and (3.31), inequality (3.10) can
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be reformulated as

r(u)− r(uk+1) + (u− uk+1)TF(u)

≥ 1

2
(ũk − uk+1)TGk+1(ũk − uk+1) +

1

2
(‖u− ũk+1‖2

Hk+1
− ‖u− ũk‖2

Hk
)

+
σ1

2
‖x− xk+1‖2 +

σ2

2
‖y − yk+1‖2. (3.32)

Second, by Lemma 3.7 and (3.31), inequality (3.21) can be reformulated as

2(yk − yk+1)TK(x̃k − x̃k+1)

≥ 1

2
‖yk − yk+1‖2

rk+1D
+

1

2
‖KT (yk − yk+1)‖2

(1−rk+1)T + ‖KT (yk − yk+1)‖2
(rk− 3

2
)T

− (
1

2
‖yk−1 − yk‖2

rkD
+

1

2
‖KT (yk−1 − yk)‖2

(1−rk)T )− ‖x̃k − x̃k+1‖2
(1−2(rk− 3

4
))T−1

+ σ2‖yk − yk+1‖2. (3.33)

Finally, adding (3.32), (3.17) and (3.33) together and setting u = u∗ as a solution,

we obtain

‖ũk+1 − u∗‖2
Hk+1

+
1

2
‖yk − yk+1‖2

rk+1D
+

1

2
‖KT (yk − yk+1)‖2

(1−rk+1)T

≤ ‖ũk − u∗‖2
Hk

+
1

2
‖yk−1 − yk‖2

rkD
+

1

2
‖KT (yk−1 − yk)‖2

(1−rk)T

− ‖yk − yk+1‖2
rk+1D

− ‖KT (yk − yk+1)‖2
2(rk− 3

4
)T
− ‖x̃k − x̃k+1‖2

2(rk− 3
4

)T−1

− σ1‖xk+1 − x∗‖2 − σ2‖yk+1 − y∗‖2 − σ2‖yk − yk+1‖2. (3.34)

Using (3.11), we estimate −σ1‖xk+1 − x∗‖2 at the right-hand side of (3.34) as

−σ1‖xk+1 − x∗‖2 = −σ1‖x̃k+1 − x∗ + TKT(yk+1 − yk)‖2

≤ σ1(s− 1)‖x̃k+1 − x∗‖2 + σ1(
1

s
− 1)‖TKT(yk+1 − yk)‖2,

where s is a positive constant and set to be less than 1. Substituting the above
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inequality into (3.34) and using (3.12), we obtain

‖x̃k+1 − x∗‖2
T−1+(1−s)σ1I + ‖ỹk+1 − y∗‖2

rk+1Σ−1+σ2I
+

3

2
‖yk+1 − yk‖2

rk+1D

+
1

2
‖KT(yk − yk+1)‖2

(1−rk+1)T+4(rk− 3
4

)T
+ ‖yk+1 − yk‖2

σ1(1− 1
s

)KT 2KT+σ2I

≤ ‖x̃k − x∗‖2
T−1 + ‖ỹk − y∗‖2

rkΣ−1 +
1

2
‖yk−1 − yk‖2

rkD
+

1

2
‖KT (yk−1 − yk)‖2

(1−rk)T .

(3.35)

Looking up (3.35), we need to ensure σ1(1− 1
s
)KT 2KT +σ2I � 0 which is equivalent

to

σ2 ≥ σ1(
1

s
− 1)λmax(KT 2KT)⇔ s ≥ s0 :=

1

1 + σ2
σ1λmax

where λmax := λmax(KT 2KT). Therefore, if artificial parameter s satisfies s ∈ [s0, 1)

and the sequence {rk} are, for example, constant numbers, then it follows from (3.35)

that {ũk} converges linearly to u∗.

Remark 3.3. There is no need to tune primal or dual step size for obtaining a linear

convergence rate. This result is more relaxed than that in [21, Theorem 3].

3.4 Connection with Other Methods

It is noted that the saddle-point problem (2.26) is a primal-dual formulation of the

nonlinear dual problem

min
y∈Y

F ∗(y) +G∗(−KTy), (3.36)

which can be solved by various splitting methods, for example, ADMM introduced

in Chapter 1. The iterates of ADMM read as

(ADMM)


x̄k+1 = arg min

x
{G∗(x)− 〈x, λk〉+

τ

2
‖KTyk + x‖2},

yk+1 = arg min
y
{F ∗(y)− 〈KTy, λk〉+

τ

2
‖KTy + x̄k+1‖2},

λk+1 = λk − τ(KTyk+1 + x̄k+1).
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In addition, a linearized ADMM (l-ADMM) is

(l-ADMM)


x̄k+1 = arg min

x
{G∗(x)− 〈x, λk〉+

τ

2
‖KTyk + x‖2},

yk+1 = arg min
y
{F ∗(y)− 〈KTy, λk〉+

τ

2
‖KTy + x̄k+1‖2 +

1

2
‖y − yk‖2

M},

λk+1 = λk − τ(KTyk+1 + x̄k+1),

where M is a matrix defined as

M =
1

σ
I − τKKT , 0 < τσ < 1/L2,

see [21] for details. Furthermore, a so called “optimal” linearized ADMM (ol-ADMM)

[58, 60] reads as

(ol-ADMM)



x̄k+1 = arg min
x
{G∗(x)− 〈x, λk〉+

τ

2
‖KTyk + x‖2},

yk+1 = arg min
y
{F ∗(y)− 〈KTy, λk〉+

τ

2
‖KTy + x̄k+1‖2

+
1

2
‖y − yk‖2

M},

λk+1 = λk − τ(KTyk+1 + x̄k+1),

where M is a matrix defined as

M =
r

σ
I − τKKT , 0 < τσ < 1/L2,

and r ∈ (3/4, 1]. Here we propose a preconditioned ADMM, denoted by p-ADMM

and show it is equivalent to eDP-PD. The p-ADMM is defined as

(p-ADMM)



x̄k+1 = arg min
x
{G∗(x)− 〈x, λk〉+

1

2
‖KTyk + x‖2

T},

yk+1 = arg min
y
{F ∗(y)− 〈KTy, λk〉+

1

2
‖KTy + x̄k+1‖2

T

+
1

2
‖y − yk‖2

M̃k+1
},

λk+1 = λk − T (KTyk+1 + x̄k+1),

(3.37)
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where M̃k+1 is a matrix defined as

M̃k+1 = rk+1Σ−1 −KTKT ,

and T , Σ are two symmetric positive definite matrices and {rk} is a positive sequence.

Theorem 3.5. Let θ = 1. Then, eDP-PD is equivalent to p-ADMM.

Proof. First, by Lemma 3.1, the dual of first minimization problem of (3.37) can be

written as

xk+1 = arg min
x∈X
{G(x) +

1

2
‖x− (λk − TKTyk)‖2

T−1}, (3.38)

where the primal and dual solutions are related via

T x̄k+1 + xk+1 = λk − TKTyk. (3.39)

By the dual update in (3.37) and (3.39), we obtain

λk − TKTyk = λk−1 − T (KTyk + x̄k)− TKTyk

= λk−1 − 2TKTyk − (λk−1 − TKTyk−1 − xk)

= xk − TKT (2yk − yk−1).

Thus, we have

xk+1 = (I + T∂G)−1(xk − TKT ȳk), (3.40)

where ȳk = 2yk − yk−1. Besides, the dual update in (3.37) and (3.39) also imply

xk+1 = λk+1 + TKTyk+1 − TKTyk. (3.41)
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Second, the update of the second step in (3.37) can be reformulated as

yk+1 = arg min
y∈Y

F ∗(y)− 〈KTy, λk〉+
1

2
‖KTy + x̄k+1‖2

T

+
1

2
〈(rk+1Σ−1 −KTKT )(y − yk), y − yk〉

= arg min
y∈Y

F ∗(y)− 〈y,Kλk〉+
1

2
〈y,KTKTy〉+ 〈y,KT x̄k+1〉

+
rk+1

2
〈Σ−1y, y〉 − 1

2
〈y,KTKTy〉 − 〈y, (rk+1Σ−1 −KTKT )yk〉

= arg min
y∈Y

F ∗(y) +
rk+1

2
‖y − (yk +

Σ

rk+1

K(λk − T (KTyk + x̄k+1)))‖2
Σ−1 . (3.42)

By the dual update in (3.37), we have x̄k+1 = T−1(λk − λk+1)−KTyk+1 such that

λk − T (KTyk + x̄k+1) = λk − T (KTyk + T−1(λk − λk+1)−KTyk+1)

= λk+1 + TKTyk+1 − TKTyk. (3.43)

Combining (3.41), (3.42) and (3.43), we can obtain

yk+1 = (I +
Σ

rk+1

∂F ∗)−1(yk +
Σ

rk+1

Kxk+1).

This and (3.40) imply that
xk+1 = (I + τ∂G)−1(xk − τKT ȳk),

yk+1 = (I +
Σ

rk+1

∂F ∗)−1(yk +
Σ

rk+1

Kxk+1),

ȳk+1 = yk+1 + yk+1 − yk,

which is equivalent to eDP-PD (θ = 1).

Remark 3.4. In general, oL-ADMM is not a special case of p-ADMM as T and Σ

cannot reduce to two constants simultaneously (their dimension is different). There-

fore, it is necessary to provide the convergence results for p-ADMM. Here using the

equivalence between p-ADMM and eDP-PD, the convergence results for p-ADMM can

be directly obtained.

77



It is noted that a dual primal-dual algorithm (D-PD) [21] is

(D-PD)


xk+1 = (I + τ∂G)−1(xk − τKT ȳk),

yk+1 = (I + σ∂F ∗)−1(yk + σKxk+1),

ȳk+1 = yk+1 + θ(yk+1 − yk),

where 0 < τσ < 1/L2. Here, a similar extension of D-PD (eD-PD) reads as

(eD-PD)


xk+1 = (I + τ∂G)−1(xk − τKT ȳk),

yk+1 = (I +
σ

rk+1

∂F ∗)−1(yk +
σ

rk+1

Kxk+1),

ȳk+1 = yk+1 + θ(yk+1 − yk),

Actually, one can also show that oL-ADMM is equivalent to eD-PD (θ = 1). Thus,

eD-PD has same convergence results as ol-ADMM.
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Chapter 4

Conclusions and Future Work

4.1 Conclusions

For the θ-scheme, we first provide a comprehensive convergence result in the Hilbert

space and propose a general convergent inexact θ-scheme. Second, we apply the θ-

scheme to unconstrained convex optimization problems and show an O(1/n) ergodic

convergence rate. Besides, we propose a practical inexact θ-scheme for l2-loss based

convex optimization problems and its convergence is proved. Third, an O(1/n) er-

godic convergence rate of the θ-scheme for constrained convex optimization problems

is proved. Basically, this scheme is a combination of other two well-known algorithms:

AMA and GPRSM. In order to relax the condition on the θ-scheme, we propose a vari-

ant called ADMM+GPRSM and prove its convergence and convergence rate. Finally,

some preliminary numerical experiments demonstrate the efficiency of the θ-scheme

and our proposed methods.

For the preconditioned primal-dual algorithm, noticing that a practical step size

cannot lie in the theoretical region, we show that the range of dual step size can

be enlarged by 1/3 at most and at the same time, the convergence and a sublin-

ear convergence rate can be ensured. Therefore, this practical step size can indeed

guarantee the convergence. Besides, if more regularity conditions are imposed on ob-

jective functions, we can obtain a linear convergence rate. Finally, some connection

with ADMM is revealed.
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4.2 Future Work

There are two aspects in our future work. First, we can derive a general θ-scheme for

solving both unconstrained and constrained convex programs. Second, we consider

using additional iterates to accelerate the θ-scheme.

4.2.1 A General θ-Scheme for Solving Convex Programs

Here we consider two general θ-schemes. For unconstrained convex programs (2.21),

we have 
vk+1 = proxβ2g(β2/β1)(γproxβ1f − I)(z

k − β1∇g(zk)),

yk+1 = proxβ1f (v
k+1 − β1∇g(vk+1)),

zk+1 = αky
k+1 + (1− αk)zk (0 < αk ≤ 1).

(4.1)

For constrained convex programs (2.39), we have

yk = argmin
y
L0(x

k, y, λk),

xk+θ = argmin
x
Lβ1(x, y

k, λk),

λk+θ = λk − β1(Cx
k+θ +Dyk − b),

yk+1−θ = argmin
y
Lβ2(x

k+θ, y, λk+θ),

λk+1−θ = λk+θ − β2(Cx
k+θ +Dyk+1−θ − b),

xk+1 = argmin
x
Lβ1(x, y

k+1−θ, λk+1−θ),

λ̃k+1 = λk+1−θ − β1(Cx
k+1 +Dyk+1−θ − b),

λk+1 = αkλ̃
k+1 + (1− αk)λk (0 < αk ≤ 1).

(4.2)

Remark 4.1. The convergence and convergence rate for algorithms (4.1) and (4.2)

can be obtained by slightly editing the proofs of Theorem 2.3, Theorem 2.4 and Lemma

2.5, Theorem 2.6, respectively. We do not offer these proofs for the sake of brevity.

In a near future, we will verify their efficiency by some numerical experiments.

4.2.2 Acceleration of the θ-Scheme

Now we consider applying Nesterov’s acceleration technique [78] to the θ-scheme

(2.22) for solving unconstrained problem (2.21). We obtain the following result.
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Theorem 4.1. Suppose 0 < β2 ≤ β1 < σ and set



ṽk = proxβ2g(β2/β1)(γproxβ1f − I)(zk − β1∇g(zk)),

Criterion: if ‖ṽk − wk−1‖ ≤ ‖zk − wk−1‖, then vk = ṽk; else vk = zk,

wk = proxβ1f (v
k − β1∇g(vk)),

tk+1 =
1 +

√
1 + 4t2k
2

,

zk+1 = wk +
tk − 1

tk+1

(wk − wk−1),

(4.3)

where γ = 1 + β1/β2. Then, we have

F (wn)− F (z∗) ≤ C

(n+ 2)2
, ∀z∗ ∈ G, (4.4)

where F (z) = f(z) + g(z) and C is a positive constant.

Proof. Setting ak = F (wk)− F (z∗) and using [9, Lemma 2.3], we have

− 2β1a
k+1 ≥ ‖wk+1 − vk+1‖2 + 2〈vk+1 − z∗, wk+1 − vk+1〉, (4.5)

and

− 2β1(ak+1 − ak) ≥ ‖wk+1 − vk+1‖2 + 2〈vk+1 − wk, wk+1 − vk+1〉. (4.6)

Multiplying tk+1 − 1 to (4.6) and adding it to (4.5), we obtain

− 2β1(tk+1a
k+1 − (tk+1 − 1)ak)

≥ tk+1‖wk+1 − vk+1‖2 + 2〈tk+1v
k+1 − (tk+1 − 1)wk − z∗, wk+1 − vk+1〉,
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and multiplying tk+1 to it and using t2k = tk+1(tk+1 − 1), we get

− 2β1(t2k+1a
k+1 − t2kak)

≥ ‖tk+1(wk+1 − vk+1)‖2 + 2〈tk+1v
k+1 − (tk+1 − 1)wk − z∗, tk+1w

k+1 − tk+1v
k+1〉

= ‖tk+1w
k+1 − (tk+1 − 1)wk − z∗‖2 − ‖tk+1v

k+1 − (tk+1 − 1)wk − z∗‖2

= ‖tk+1w
k+1 − (tk+1 − 1)wk − z∗‖2 − ‖tk+1z

k+1 − (tk+1 − 1)wk − z∗‖2

+ ‖tk+1z
k+1 − (tk+1 − 1)wk − z∗‖2 − ‖tk+1v

k+1 − (tk+1 − 1)wk − z∗‖2

= ‖tk+1w
k+1 − (tk+1 − 1)wk − z∗‖2 − ‖tkwk − (tk − 1)wk−1 − z∗‖2

+ ‖tk+1(zk+1 − z∗) + (1− tk+1)(wk − z∗)‖2

− ‖tk+1(vk+1 − z∗) + (1− tk+1)(wk − z∗)‖2

= ‖tk+1w
k+1 − (tk+1 − 1)wk − z∗‖2 − ‖tkwk − (tk − 1)wk−1 − z∗‖2

+ tk+1(‖zk+1 − z∗‖2 − ‖vk+1 − z∗‖2)

+ tk+1(1− tk+1)(‖vk+1 − wk‖2 − ‖zk+1 − wk‖2)

≥ ‖tk+1w
k+1 − (tk+1 − 1)wk − z∗‖2 − ‖tkwk − (tk − 1)wk−1 − z∗‖2,

(4.7)

where the third equation is obtained from the definition of zk+1 in (4.3) and the last

inequality comes from Theorem 2.3 and the criterion in (4.3).

Summing up (4.7) from k = 0 to k = n− 1, we obtain

2β1t
2
na

n + ‖tnwn − (tn − 1)wn − z∗‖2 ≤ 2β1t
2
0a

0 + ‖t0w0 − (t0 − 1)w−1 − z∗‖2, (4.8)

where t0 = 1 and w−1 = w0. Furthermore, (4.8) can reduce to

F (wn)− F (z∗) ≤ 2β1(F (w0)− F (z∗)) + ‖w0 − z∗‖2

2β1t2n

≤ 2(2β1(F (w0)− F (z∗)) + ‖w0 − z∗‖2)

β1(n+ 2)2
,

where the last inequality is obtained by [9, Lemma 4.3].

Remark 4.2. Although algorithm (4.3) has more computational complexity than orig-

inal θ-scheme, it is much faster than the θ-scheme (2.22) for the wavelet based image

deblurring problem (1.10) where every subproblem is exactly solved. It is seen that
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the criterion in algorithm (4.3) can be satisfied about 50% for the entire iterates.

Furthermore, it is seen that algorithm (4.3) is even comparable to FISTA for problem

(1.10).

Remark 4.3. The criterion ‖ṽk −wk−1‖ ≤ ‖zk −wk−1‖ is for theoretically ensuring

the establish of inequality (4.7). If there is no any criterion, then algorithm (2.22)

can be much faster while there is no convergence result yet. We are trying to give a

theoretical explanation in a near future.
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