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Abstract

In this thesis, we investigate the estimation problem and inference problem for the

complex models. Two major categories of complex models are emphasized by us, one

is generalized linear models, the other is time series models. For the generalized linear

models, we consider one fundamental problem about sure screening for interaction

terms in ultra-high dimensional feature space; for time series models, an important

model assumption about Markov property is considered by us.

The first part of this thesis illustrates the significant interaction pursuit problem

for ultra-high dimensional models with two-way interaction effects. We propose a

simple sure screening procedure (SSI) to detect significant interactions between the

explanatory variables and the response variable in the high or ultra-high dimensional

generalized linear regression models. Sure screening method is a simple, but powerful

tool for the first step of feature selection or variable selection for ultra-high dimen-

sional data. We investigate the sure screening properties of the proposal method

from theoretical insight. Furthermore, we indicate that our proposed method can

control the false discovery rate at a reasonable size, so the regularized variable se-

lection methods can be easily applied to get more accurate feature selection in the

following model selection procedures. Moreover, from the viewpoint of computational

efficiency, we suggest a much more efficient algorithm-discretized SSI (DSSI) to re-

alize our proposed sure screening method in practice. And we also investigate the

properties of these two algorithms SSI and DSSI in simulation studies and apply them

to some real data analyses for illustration.

For the second part, our concern is the testing of the Markov property in time

series processes. Markovian assumption plays an extremely important role in time se-

ries analysis and is also a fundamental assumption in economic and financial models.

However, few existing research mainly focused on how to test the Markov properties

for the time series processes. Therefore, for the Markovian assumption, we propose a

new test procedure to check if the time series with beta-mixing possesses the Markov

property. Our test is based on the Conditional Distance Covariance (CDCov). We

investigate the theoretical properties of the proposed method. The asymptotic dis-
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tribution of the proposed test statistic under the null hypothesis is obtained, and the

power of the test procedure under local alternative hypothesizes have been studied.

Simulation studies are conducted to demonstrate the finite sample performance of

our test.

Keywords: Variable selection; Interaction screening; Log-likelihood functions; Boolean

representation; Data discretization; Markov property; Conditional independence;

Conditional distance covariance; β-mixing; Complex models; Generalized linear mod-

els; Time series models.
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Chapter 1

Introduction

With the rapid advances in science and technology, data can be stored more massively

and cheaply. The dimension of one data set can grow with (even faster than) the

number of observations. Consequently, data scientists encounter the data with high

or ultra-high dimensional data−“Big Data” in many fields such as biology, chemistry,

economics, finance, genetics, neuroscience, and physics. It brings new opportunities

and challenges to data scientists (See Fan et al. [2014a]). For a large scale data set,

traditional methods or simple models may not work any more for data analysis. To

deal with the challenges of big data, complex models are considered to meet the

big data’s needs. Complex models can improve our statistical inference and help

us obtain useful information to estimate or predict the behaviours of some events

or activities. The statistical inference is to make the inferences about a population

based the samples that derive from it. Usually, three types of inference are estimation,

interval estimation and hypothesis testing. This thesis is concerned primarily with

the parameter estimation of complex models and hypothesis testing of one of complex

model’s assumptions.

In the era of big data, variable selection and hypothesis testing becomes more

prevalent in a wide range of fields. Variable screening or feature screening is def-

initely associated with the parameter estimation in complex models. It can boost

the prediction and estimation of our models. And one of the complex models is

generalized linear models. Thus, the first part of this thesis pays more attention to

interaction pursuit in this kind of complex models. On the other hand, the second
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part focuses on the hypothesis testing of Markov property in the times series models

such as AR models, ARCH models, and GARCH models, which are another one kind

of complex models.

1.1 Variable Selection or Feature selection in Ultra-

high Dimensional Feature Space

The word “interaction”, in Oxford English Dictionary, is illustrated as the reciprocal

action, action or influence of persons or things on each other. It is one kind of rela-

tionship among two or more objects, which have mutual influence upon one another.

There has been a long history of interaction, which is widely used in many scientific

fields. For example, in Experimental Design, the interaction of two or more factors

helps us to plan a study in order to arrive at some goals of an experiment. It is

defined as the statistical departure from the additive effects of two or more factors

in the experiment by Fisher [1918]. Later, Cox [1984] provided a broad review of the

various aspects of interactions in the experimental designs. In Physical Chemistry,

the main topics are interactions about atoms and molecules. A simple example in

real-world is that neither of carbon and steel has much effect on the strength but a

combination of them has an awfully significant effect. And, Wigner [1934] considered

the interaction of between free electrons in an electron gas. In Medicine and Pharma-

cology, the pharmacist needs to monitor the combination of medications used for the

patients. One of the interactions between medications (drug interaction) is in phar-

macodynamics [Lees et al. [2004]], which involves the actions of the two interacting

drugs. Gene-gene and gene-environment are studied by researchers in Biology and

Genetics. They play significant roles in complex diseases. Interaction between two

different genes is also called “Epistatic interaction” or “Epistasis”, which was firstly

invented by Bateson [1909], who described distortions of mendelian segregation ratios

about one hundred years ago. Epistasis has become a hot topic in complex genetic

disease in recent years. The existence of epistasis has been considered as an impor-

tant contributor to generic variation in complex diseases. For complex traits such as

diabetes and hypertension, the search for susceptibility loci has been less successful
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because of the effect of some complicating factors such as the growing number of

contributing loci and susceptibility alleles, environmental factors [Cordell [2002]]. A

most likely reason for lack of success in genetic studies of complex diseases is the

existence of interactions between locus.

From a statistical point of view, Friedman and Popescu [2008] illustrated the

statistical definition of interaction effect. Suppose that we have a population model

with some function G(·),
Y = G(x) + ε,

where x = (X1, X2, . . . , Xp)
T be the vector of input variables, Y be the response, and

ε is the noise term. Any two numerical variables Xj and Xk have two-way interaction

effect for y if

Ex

[
∂G(x)

∂Xj∂Xk

]2
> 0.

For categorical variables, the left part of the above formula is changed into finite

differences. If no interaction effect exists between these two variables, the function

G(x) can be expressed as

G(x) = G1(x−j) +G2(x−k),

where G1(·) is not associated with Xj and G2(·) is independent of Xk, x−j and x−k

represent all variables excluding Xj and Xk, respectively. Similarly, if the function

G(·) is said to have an higher-order(m > 2) interaction among the numerical random

variables x if

Ex

[
∂G(x)

∂Xi1 · · ·∂Xim

]2
> 0,

and an analogous expression involves finite differences for categorical variables, where

{i1 < i2 < · · · < im} is one subset of {1, 2, · · · , p}. If the higher-order interaction

effect does not appear among these m variables, the function G(x) can be expressed

as

G(x) = G1(x−i1) + · · ·+Gm(x−im),

where Gj(·) is not associated with Xij and x−ij represents all variables excluding Xij ,

j = 1, . . . , m. Generally speaking, two-way interaction effect is more easily understood
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and interpreted, and the higher-order interaction effect is more complex and confusing

in practice, hence, our emphasis will be put on two-way interaction effect in the

generalized linear model, that is,

E(Y |X = x) = b′(θ(x)) = g−1

(
β0 +

p∑

i=1

βiXi +
∑

i<j

βijXiXj

)
(1.1)

for some link function g(·), where XiXj is the interaction term, βi is the coefficient

of main effect and βij is the interaction’s coefficient. And here, we focus on the

canonical link function, hence b′ = g−1 and the canonical natural parameter θ(x) =

β0 +
∑p

i=1 βiXi +
∑

i<j βijXiXj . The conditional distribution of the random variable

Y given the predictor vector x belongs to an exponential family, whose probability

density function has the canonical form

fY |x(y|x) = exp{yθ(x)− b(θ(x)) + c(y)} (1.2)

where b(·) and c(·) are some known functions and θ(x) is a canonical natural param-

eter. Here we ignore the dispersion parameter φ in (1.2), since we only concentrate

on the estimation of mean regression function. It is well known that the distributions

in the exponential family include the Binomial, Gaussian, Gamma, Inverse-Gaussian,

Poisson distributions.

Because of the importance of the interaction effect, a lot of researchers have

developed various methods or algorithms to detect or to test the existence of the

interaction terms in different fields, especially in statistics and genetics. For example,

ANOVA F -test is always applied in the detection of interaction in Experimental

Design [See Cox [1984]]. With the advent of the era of “Big Data”, many other

techniques such as variable selection have been developed by researchers over the

past few decades. They are beneficial for us to filter out the awfully unimportant

interaction terms.
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1.1.1 Variable Selection and Feature Selection

For any statistical issue, statisticians are usually concerned about three important

things: statistical accuracy, algorithm’s efficiency, and model interpretability. In the

traditional studies of statistics, the sample size n of data is much larger than the

number of variables p. Subset selection is our best choice to achieve our expected

results in the conventional problems, such as stepwise regression, forward regression,

backward regression and “best” subset method. Based on some criteria, we are able

to make the variable selection according to apply these methods.

Assume that the observed data (xT
1 , y1), (xT

2 , y2), . . . , (x
T
n , yn) are independent

copies of the population (xT , Y ), and they are randomly sampled from the linear

model with dimensionality p

Y = xTβ + ε. (1.3)

Denote that the response vector y = (y1, y2, . . . , yn)
T and X = (x1,x2, . . . ,xn)

T

is a n × p data matrix. Now, we introduce some traditional criteria for predictor

selection. Theil [1961] proposed the adjusted R2. Denote that RSSd is the residual

sum of squares of the subset with d variables, where d ≤ p, and SST is the total sum

of squares. The adjusted R2 is defined by

R2

adj = 1− n− 1

n− d

RSSd

SST
.

Obviously, we will choose the subset of variables whose R2

adj is very close to 1. Later,

Allen [1971] considered the mean square error of prediction (MSEP) as a criterion

for selecting variables. Mallows [1973] provided another statistics Cp, which is given

by Cp = RSSd/s
2 + 2d − n, where s2 is the mean squared error of the full model.

If some subset model satisfies that Cp ≈ p, we may select this model as our best

model. Another credible criterion is the PRESS statistic, that is, the prediction sum

of squares. Allen [1974] gave its definition:

PRESS =

n∑

i=1

(yi − ŷi,−i)
2,

where ŷi,−i is the predicted value of E(yi|x) except the ith observation. In other
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words, the n−1 observations are used to fit the model and then predict the remaining

observation E(yi|x). Actually, it is a form of cross validation. Usually, we choose

the model with one subset of all variables that arrive at a minimum value of PRESS.

AIC was founded by Akaike [1973, 1974] in information theory. Akaike [1973, 1974]

suggested selecting one model that attains the minimum of the information loss. It

can be measured by the Kullback-Leibler (KL) divergence of the fitted model from

the true model. This results in the AIC value, which is defined as

AIC = 2 ∗ l(θ̂) + 2 ∗ d,

where l(·) is the negative log-likelihood function for the model with the parameter

θ and d variables, θ̂ is the estimated value of θ that minimize the function l(·).
The Bayesian information criterion (BIC) is similar to AIC, which was proposed by

Schwarz [1978] for model selection. In this paper, he gave a Bayesian argument about

it. The formula of BIC is

BIC = 2 ∗ l(θ̂) + log(n) ∗ d,

where l(·) is defined same as before and n is the sample size. And also, we still

choose one model with the smallest AIC or BIC. Nishii [1984] developed another

criterion-generalized information criterion (GIC) in the normal linear model, that is,

GIC = n ∗ log(σ̂2) + an ∗ d,

where σ̂2 is the maximum likelihood estimator of σ2 in the model with d variables, an is

a positive sequence such that limn→∞ n−1an = 0 and limn→∞ an = ∞. If an = log(n),

GIC is same as BIC in the normal linear model. And if an is taken as 2, GIC is

equivalent to AIC. Zhang et al. [2010c] and Fan and Tang [2013] further discussed

the properties of GIC and apply it to select tuning parameters or regularization

parameters. Other classical methods certainly exist in the literature of past years.

Here, we do not illustrate one by one.

When we take into account the large number of the covariates and the complex-
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ity of model space, especially, the number of predictors is comparable to or much

larger than the number of observations n, the traditional methods or criteria may

not perform well in the large model space. Chen and Chen [2008] extended the BIC

criterion to EBIC such that extremely beneficial for variable selection in the model

with a moderate sample size n but with large dimensionality p. Denote that S is

the whole model space and {S1, . . . ,Sp} is a partition of the whole model space, such

that, models within Sj have a same amount of predictors. Let N(Sj) is the cardinal-

ity of each set Sj and v(s) is the number of covariates in the model s ∈ Sj. For any

s ∈ Sj and 0 ≤ γ ≤ 1, the extended BIC is expressed as

EBICγ = 2 ∗ l(θ̂(s)) + log(n) ∗ v(s) + 2γ log(N(Sj)),

where θ̂(s) is the maximum likelihood estimator of θ(s) in the model s. It is obvious

that BIC is a special case of EBIC.

Besides the above mentioned methods, to deal with the challenge of big data and

obtain the more appropriate models to do some statistical inference, other variable

selection techniques have been developed by statisticians over the past few decades.

They are basically grouped into two categories: penalization or regularization meth-

ods and screening methods.

Penalization method is one important tool in the variable selection for high di-

mensional statistical modelling. It has been widely applied in statical inferences and

other aspects such as machine learning and deep learning, and is a moderate scale

learning technique. The general form of the penalization problem is

n−1ln(β) +

p∑

j=1

pλ(|βj|), (1.4)

where n−1ln(β) is the loss function, β = (β1, . . . , βp)
T is an unknown parameter vec-

tor, and pλ(·) is a penalty function with tuning parameter λ ≥ 0. By minimizing

the loss function (1.4), we hope that we can simultaneously select the important vari-

ables and estimate the associated coefficients, and other unimportant variables can be

deleted automatically. In most cases, ln(β) is denoted as the negative log-likelihood

function. Consider the linear model (1.3), if ε follows the normal distribution with
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mean 0 and variance σ2, the penalized problem (1.4) is equivalent to the penalized

least squares (PLS) problem

min
β

1

2n
‖y −Xβ‖2 +

p∑

j=1

pλ(|βj|),

where ‖ · ‖ is the L2−norm.

There are a mass of papers devoted to studying the penalized problems in the

past decades. The bridge regression is a broad class of the penalty regression, in

which, the penalty function is Lr penalty function, i.e., pλ(|θ|) = λ|θ|r with r > 0.

It was introduced by Frank and Friedman [1993] and includes two special cases:

ridge (L2 penalty) and LASSO (L1 penalty). Hoerl and Kennard [1970] proposed

the ridge regression by utilizing the L2 penalty to achieve the better prediction in

the linear regression model. Tibshirani [1996] discussed the least absolute shrinkage

and selection operator (LASSO) in the ordinary regression model. Furthermore,

if pλ(|θ|) = I(θ 6= 0), where I(·) is the indicator function, the penalized problem

becomes best subset selection (L0 penalty). It is well known that Lr penalty function

can take the variable selection when 0 ≤ r ≤ 1 and shrinkage the coefficients of

variables in the model when r > 1. Fan and Li [2001] claimed that good penalty

functions for model selection should generate the estimators with three properties:

sparsity, unbiasedness, and continuity. For the Lr penalty, if r > 1, they are convex

but do not satisfy the sparsity condition; if 0 ≤ r < 1, they are strictly non-convex

and the continuity of the estimators is not satisfied; whereas L1 penalty function

does not meet the unbiasedness condition. As a result, Fan [1997] and Fan and Li

[2001] advocated the smoothly clipped absolute deviation (SCAD) and its derivative

is defined as

p′λ(t) = λ

{
I(t ≤ λ) +

(aλ− t)+
(a− 1)λ

I(t > λ)

}
,

for some t > 0 and a > 0, where pλ(0) = 0. By a Bayesian argument, a = 3.7 is used

by default. They showed that SCAD satisfies the above three properties. Fan and

Li [2001] not only proposed the SCAD penalty function but also studied the oracle

property of nonconcave penalized likelihood estimators in the general penalization

problem with finite dimensionality. Fan and Peng [2004] extended this result to more
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general case that the model has diverging number pn of covariates with sample size

n, in other words, limn→∞ pn = ∞ and limn→∞ n−1pn = 0. Based on the same

consideration of the above three properties, the minimax concave penalty (MCP)

was developed by Zhang [2010], whose derivative is given by

p′λ(t) =
(aλ− t)+

a

for some t > 0 and a > 0. Nikolova [2000] discussed the transformed L1 penalty for

the regularization estimator i.e.,

pλ(t) =
λat

1 + at

for some t ≥ 0 and a > 0. Zou and Hastie [2005] proposed the elastic net penalty for

encouraging a grouping effect. In fact, the elastic net is a linear mixture of L1 and

L2 penalty, that is,

pλ(t) = λ[(1− α)t+ αt2],

where, 0 ≤ α ≤ 1 and t > 0. Friedman [2012] proposed the generalize elastic net

family , that is,

pλ(t) = λ((a− 1)t2/2 + (2− a)t), 1 ≤ a ≤ 2.

An extension of this family to non-convex members is

pλ(t) = λ(log((1− a)t + a), 0 < a < 1.

Later, the log-penalty was called by Mazumder et al. [2011], which is a generalization

of the elastic net family to cover the nonconvex penalties from LASSO down to the

best subset. Its definition is given by

pλ(t) =
λ

log(a + 1)
log(at+ 1), a > 0.

For model selection and sparse recovery, Lv and Fan [2009] studied the smooth inte-

9



gration of counting and absolute deviation (SICA) penalties, which is defined by

pλ(t) = λρa(t) = λ

{
(a+ 1)t

a+ t

}
= λ

{(
t

a + t

)
I(t 6= 0) +

(
a

a+ t

)
t

}
, for a, t ≥ 0.

Another one penalty called exponential-type penalty (ETP) was shown in Gao et al.

[2011], whose derivative is expressed as

p′λ(t) =
aλ

1− exp(−a) exp(−at), for a, t > 0.

So far, we have reviewed many different kinds of penalization methods with var-

ious penalty functions for variable selection or model selection in high dimensional

model space. However, penalization may not perform well in ultra-high dimensional.

For instance, in genetics, the genome-wide association studies (GWAS) focus on the

associations among the single-nucleotide polymorphisms (SNPs) in the complex dis-

eases. The number of SNPs, p is usually on the order of tens of millions while the

number of the observations n is much smaller than dimension p, that is on the or-

der of tens ([See, e.g. Klein et al., 2005; Wan et al., 2010a,b]). A natural idea is to

dwindle the dimensionality p from a huge scale p (log p = O(nξ1), for some ξ1 > 0)

to a moderate scale d (d = O(nξ2), for some ξ2 > 0) by a fast and efficient method

so that penalization method can be utilized to the reduced space. Fan and Lv [2008]

published one brilliant paper and proposed one efficient method-sure independent

screening (SIS) for variable selection in ultra-high dimensional feature space and sim-

ulated plenty of further researches. By considering the marginal correlations, SIS

ranks the features and the selected variables include all important covariates in the

reduced model with probability tending to 1.

More precisely, consider the linear regression model (1.3), and assume that the

random design matrix X is standardized column-wise with mean 0 and variance 1.

Denote that

ω = (ω1, ω2, . . . , ωp)
T = XTy

is a p-vector about Pearson correlation obtained by the marginal regression. For any

10



given d, which can be taken as n− 1 or n/ log(n),

M̂d = {1 ≤ j ≤ p : |ωj| is among the first d largest of all}.

Hence, SIS is able to reduce the original model with size p to the submodel with size

d. However, SIS may not work when some important covariate Xj is jointly corre-

lated but marginally uncorrelated with the response Y . To deal with this problem,

Fan and Lv [2008] and Fan et al. [2009] proposed another procedure-iterative sure

independent screening (ISIS) based on the conditional regression. Sometimes, the

marginal nonlinearity exists between the predictor and the response, Hall and Miller

[2009] proposed the generalized correlation between the j-th explanatory variable Xj

and the response Y to measure the marginal linear dependence, whose formula is

ρg(Xj, Y ) = sup
h∈H

cov{h(Xj), Y }√
var{h(Xj)}var(Y )

, 1 ≤ j ≤ p,

where H is a vector space of functions including all of linear functions. Li et al.

[2012a] considered an alternative robust way to measure the marginal relationship

between the predictor Xj and the response Y in the linear model and transformation

linear model, and proposed one robust rank correlation screening (RRCS) method

for ultra-high dimensional data. The sample marginal rank correlation is defined as

ωj =
1

n(n− 1)

n∑

i 6=l

I(Xij > Xlj)I(Yi > Yl)−
1

4
.

The advantage of RRCS is that it is not only robust and invariant under the mono-

tonic transformation but also save computational cost. To overcome the same prob-

lem mentioned by Fan and Lv [2008], iterative robust rank correlation screening (IR-

RCS) is also suggested by Li et al. [2012a]. For a class of generalized linear models,

Fan and Song [2010] took the maximum marginal likelihood estimator (MMLE) or the

marginal log-likelihood function’s increment as a measurement of marginal correlation

between Xj and Y . Assume that the conditional distribution of Y has the density

function (1.2), l(Y, θ) = −θY + b(θ) − c(Y ) and Pnh(X, Y ) = n−1
∑n

i=1 h(Xi, Yi) is

the empirical measure. Here, θ = β0+
∑n

j=1Xjβj. The sample MMLE and increment

11



of negative log-likelihood function respectively are

β̂
M

= (β̂M
j0 , β̂

M
j ) = argmin

β0,βj

Pnl(β0 + βj , Y ),

and

Lj,n = Pn{l(β̂M , Y )− l(β̂M
j0 + β̂M

j , Y )}.

Hence, for the given pre-specified threshold value γn and vn, the index set of selected

variables are

M̂γn = {1 ≤ j ≤ p : |βM
j | > γn},

and

M̂vn = {1 ≤ j ≤ p : Lj,n > vn}.

Besides Pearson correlation, generalized correlation and rank correlation , another

correlation-distance correlation (DC) can be used by Li et al. [2012b] to screen the

variables, whose method is called DC-SIS. The distance covariance (dCov) was firstly

introduced by Székely et al. [2007] to measure the association between two random

vectors U ∈ R
d1 and V ∈ R

d2 . By using the marginal characteristic functions φU (t)

and φV (s) and the joint characteristic function φU ,V (t, s), its expression is

dCov2(U ,V ) =

∫

Rd1+d2

|φU ,V (t, s)− φU (t)φV (s)|2ω(t, s)dtds,

where, ω(t, s) = (cd1cd2 |t|1+d1
d1

|s|1+d2
d2

)−1 with cd = π(1+d)/2/Γ((1 + d)/2) and |f |2

stands for f · f̄ with complex conjugate f̄ of f . Hence , the distance correlation (DC)

between U and V is expressed as

dcorr(U ,V ) =
dCov2(U ,V )√

dCov2(U ,U)dCov2(V ,V )
.

Fan et al. [2011] continued to discuss the variable screening issue and proposed a

nonparametric independence screening (NIS) for additive models, i.e,

Y =
n∑

j=1

m(Xj) + ε,
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where mj(Xj) is an unknown smooth function with mean 0. NIS is a special case of

SIS. The idea is to utilize E(f 2
j (Xj)) to represent the importance of the predictors,

where fj(Xj) is the projection of Y onto Xj and is one nonparametric estimator of

mj(Xj) by using a normalized B-spline basis Bj = {Bj1(x), . . . , Bjdn(x)}, that is,

fj(x) =
∑n

k=1 βjkBjk(x). And the coefficients of function fj(Xj) can be estimated by

marginal regression problem

β̂j = argmin
βj∈Rdn

Pn(Y − βT
j Bj)

2.

And then, define that the sample version of E(f 2
j (Xj)) is ‖f̂j‖2n = n−1

∑n
i=1 f̂j(Xij)

2,

where f̂j(Xij) =
∑n

k=1 β̂jkBjk(x). Fan et al. [2014b] extended NIS to the varying

coefficient models (VCM),

Y = β0(u) +

p∑

j=1

βj(u)Xj + ε,

where E(ε|X, u) = 0, β0(u) is the unknown smooth intercept function, and βj(u)

is the unknown smooth univariate function with variable u. Another sure screen-

ing procedure-conditional correlation screening (CC-SIS) was proposed by Liu et al.

[2014] for ultra-high dimensional varying coefficient model (VCM) and the conditional

correlation between Xj and Y given u is defined as

ρ(Xj , Y |u) =
cov(Xj, Y |u)√

var(Xj |u)var(Y |u)
.

In order to recover the hidden variables, that have impact on the response but cannot

be selected by simple SIS, Barut et al. [2016] provided the conditional sure indepen-

dent screening (CSIS) and applied the conditional MMLE to measure the significance

of the predictor Xj. Suppose that XC = (X1, . . . , Xp)
T be the first known important

variables, Xj is one of the remaining variables, the conditional MMLE is defined as

β̂Cj = argmin
βC ,βj

Pnl(X
T
CβC +Xjβj, Y ).

For a given predefined threshold γn, the index set of the selected variables is Mγn =
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{j : |βj| > γn}.Wang and Leng [2015] proposed a new screening technique called high

dimensional ordinary least squares projection (HOLP) for variables selection in the

linear model with large dimensionality p and small sample size n (p > n), to overcome

the problem that some important variables have weak marginal correlations with the

response. The idea of HOLP is to compute the estimator β̂ = XT (XXT )−1Y in the

linear model (1.3), rank the each element of β̂ and select the largest d of all |βj|s or
coefficients that exceed the pre-specified threshold. This procedure is very simple but

effective for variable selection in the ultra-high dimensional linear model. Only one

disadvantage is that the HOLP may not be extended to more general models such as

the generalized linear model.

1.1.2 Interaction Effect Selection

As mentioned in the last subsection, statistical accuracy and model interpretability

are awfully essential in the data analysis. With the development of the science and

technology, data scientists face to the data with tremendous dimensionality. The

simple models may not be able to meet the requirements of data research. Therefore,

in order to reinforce the models’ accuracy and interpretability, the importance is at-

tached to a little more complex models, such as the linear model with explanatory

variables including main effects and “interaction effects” or “cross-term” simultane-

ously, just like

Y = β0 +

p∑

i=1

βiXi +
∑

1≤j<k≤p

βjkXjXk + ε (1.5)

or the well-known quadratic model:

Y = β0 + β1X1 + · · ·+ βpXp + β11X
2
1 + β12X1X2 + · · ·+ βppX

2
p + ε.

In the high or ultra-high dimensional feature space, the dimensionality p is tremen-

dous and grows faster than sample size n with the speed of exponential order. If

two-way interaction terms are taken into account, the length of the predictor vector

will be p + p(p − 1)/2. The number of covariates is more immense. For the sake of

reducing the computational cost and predicting accurately the observations’ behavior

in the future, interaction selection or epistasis detection becomes a more and more
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hot issue and lots of literature about this topic has sprung up in the recent few years.

In the last century, most of the statisticians believed that one interaction term

is allowed into the model (1.5) if at least one of the corresponding main effects are

also in the model (1.5). Such condition is known as several names. Nelder [1977]

gave the name “marginality assumption ”, Peixoto [1987, 1990] called it as “well-

formulated models”, the name “heredity assumption” was proposed by Chipman

[1996]. Recently, “hierarchy assumption” was provided by Bien et al. [2013]. Here, the

name “heredity” is utilized in this thesis. Two types of this restriction are included,

which are called “strong heredity” and “weak heredity”. Strong heredity means that

an interaction between two predictors is significant only if both the corresponding

main effects are included in the model, while at least one of two main effects is

marginally significant if their interaction is present in the model under the weak

heredity assumption. For instance, in the linear model (1.5), they imply respectively

Strong heredity : βjk 6= 0 =⇒ βj 6= 0 and βk 6= 0;

Weak heredity : βjk 6= 0 =⇒ β2
j + β2

k 6= 0.

However, the pure interaction exists. The heredity assumption is natural in some

applications, but it will cause the pure interactions missing. In Genetics, Cordell

[2002] published a review paper about detecting gene-gene interactions that underlie

human diseases and indicated that pure interactions in the absence of main effects will

be missed under the many existing methods. It stimulates us to look for one method

that is available to pursue the interaction terms without the heredity assumption.

Interaction effects have played a critical role in many research areas. Genetics is

taken as an example. In Genetics, the goal is to search for genetic factors that have

impacts on common complex traits or diseases for modern geneticists. The scientific

importance of gene-gene interactions has been demonstrated by many investigators

and the existence of interactions between loci has been confirmed by them. Cox et al.

[1999] illustrated that the interaction of genes on chromosomes 2 (NIDDM1) and 15

(near CYP19) can increase susceptibility to type 2 diabetes in Mexican Americans.

Dong et al. [2003] found that extreme human obesity can be influenced by the epistatic

interactions between loci on Chromosomes 20 and 10. In the light of the significance of
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epistasis interaction in genetic studies, many approaches or algorithms were developed

and applied to identify epistatic interaction during the past few years. Ritchie et al.

[2001] proposed the multifactor dimensionality reduction (MDR) to detect two-way

or high-order interaction among two or more loci in relatively small samples, and the

pure epistatic interactions can also be identified by this method.

As the success and popularity of a powerful tool−genome-wide association study

(GWAS) grows, many efficient methods are invented in GWAS. The genome-wide

association studies (GWAS) focuses on the association among single nucleotide poly-

morphisms (SNPs) and provides the useful clues to help researchers understand the

basis of the complex diseases. All SNPs are considered as the predictors in GWAS

model and the alleles from locus A are denoted as “A” and “a”, therefore one SNP has

three genotypes: “AA”, “Aa” and “aa”. Besides a series of covariates, the remaining

predictors are categorical variables with three levels. From a test point of view, three

algorithms FastANOVA, FastChi and Convex Optimization-based Epistasis detection

algorithm (COE) were proposed by Zhang et al. [2008], Zhang et al. [2009] and Zhang

et al. [2010b], respectively. They used an upper bound to exclude a large number of

SNP pairs but each SNP has been divided into a binary variable. Purcell et al. [2007]

developed a software PLINK that can detect epistatic interactions. Zhang and Liu

[2007] introduced a method called bayesian epistasis association mapping (BEAM)

based on Markov chain Monte Carlo (MCMC). SNPHarvester (Yang et al. [2009])

and SNPRuler (Wan et al. [2010b]) are the filtering-based methods based on the χ2

test and usually their first step is to reduce the number of SNPs by using some filter-

ing methods. Two locus epistatic interactions were also considered by Zhang et al.

[2010a]. They proposed an exhaustive algorithm−Tree-based epistasis association

mapping (TEAM). Yang et al. [2010] applied the adaptive group Lasso with sparsity

constraint to GWA studies with large-scale data and select main effects and epistasis

simultaneously. Screen and Clean (SC) was proposed by Wu et al. [2010]. They first

screen the main effect by logistic regression with LASSO penalty and then detect

the interactions by controlling Type I error in the selected main effects. BOOST

(Wan et al. [2010a]) contributes to the detection of epistatic interaction by likeli-

hood ratio test. It transforms the original data to Boolean type and then uses the
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logic operations to construct the contingency table. It is very efficient. And also,

pure epistatic can be detected by BOOST. Li et al. [2014] proposed two-stage sure

independence screening (TS-SIS) procedure for detecting gene-gene interactions in

GWAS and claimed that TS-SIS is computationally efficient and has an outstanding

finite performance. However, these methods only focus on genome-wide association

studies, and cannot be applied to some other fields or more general models. And most

methods are built on the heredity assumption. Especially, some methods cannot be

applied to the quantitative traits unless the predictor and response value are properly

discretized.

In statistics, the importance is also attached to the interaction effects and the

growing literature is developed to identify them in the different models. Most of the

existing methods, however, depend on the strong or weak heredity assumption. Choi

et al. [2010] extended the LASSO method and identified the significant interaction

terms in the linear model (1.5) and generalized linear models (1.1) under the strong

heredity assumption. They proved that their method possessed the oracle property

as mentioned in Fan and Li [2001] and Fan and Peng [2004], that is, it performs well

if the true model is known in advance. The algorithm hierNet was developed by Bien

et al. [2013] to select the interactions, which added a set of convex constraints to

LASSO in the linear model (1.5) and constructed the sparsity interaction model with

the strong or weak heredity assumption. For the linear model (1.5), Hao and Zhang

[2014] also proposed two algorithms iFORT and iFORM and identified the interaction

effects in a greedy fashion under the heredity assumption. Hao et al. [2016] went on

to study the interaction selection problem for high dimensional quadratic regression

via regularization and proposed a new regularization method, called Regularization

Algorithm under Marginality Principle (RAMP), which means that RAMP still works

under the heredity assumption. To pursue the interaction without any heredity as-

sumption, Fan et al. [2016] suggested a flexible procedure, called the interaction

pursuit (IP), in ultra-high dimensional linear interaction models (1.5). The idea of

the method IP is to select the active interaction variables. A predictor Xj is called

an active interaction variable if there exists another variable Xk (k 6= j) such that

βjk 6= 0. And they utilize the Pearson correlation between X2
j and Y 2 (Corr(X2

j , Y
2))
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to identify the active interaction variables. Kong et al. [2016] extended IP to the

ultra-high dimensional linear interaction model with multiple responses:

Y = β0 + βMX + βIZ + ε,

where Y = (Y1, . . . , Yd)
T is a d × 1 vector of responses, X = (X1, . . . , Xp)

T is a

p × 1 vector of main effects, Z = (X1X2, X1X3, . . . , Xp−1Xp)
q is a q × 1 vector of

interactions with q = p(p − 1)/2, β0 = (β01, . . . , β0d)
T is a d-dimensional vector

of intercepts, βM ∈ R
d×p and βI ∈ R

d×q are coefficient matrices of main effects

and cross-terms, respectively. They replaced the Pearson correlation (Corr(X2
j , Y

2))

with distance correlation (DC) (dcorr(X2
j ,Y

2)) provided by Székely et al. [2007] and

proposed the new method IPDC to select the important active interaction variables

in the screening step. However, the power of Corr(X2
j , Y

2) in IP and the power of

dcorr(X2
j ,Y

2) in IPDC depend on the distributions of Xj. If the support set of Xj is

{−1, 1}, these two methods are not beneficial for us to identify the cross terms. A new

algorithm xyz was introduced by Thanei et al. [2016]. Suppose that X ∈ {−1, 1}n×p

be a matrix of binary predictors and Y ∈ {−1, 1}n be the response vector with binary

values in this paper. Define that Z is a n × p matrix with Zij = YiXij. This paper

uses a random projection vector R ∈ R
n such that x = XTR = (x1, . . . , xp)

T and

z = ZTR = (z1, . . . , zp)
T . That is, it projects the matrixes X and Z to two p × 1

vectors x and z, respectively, and then finds a set of all pairs (j, k) such that xj = zk.

In the final step, in this remaining set, this method selects the pairs that satisfy

|XT
j Zk|/n > γ, where γ is a specified threshold. Thanei et al. [2016] claimed that by

repeating L times this process with different random projections R, this algorithm

can find all the potential candidate sets for interaction terms with high probability.

And xyz algorithm is also extended to the continuous case by transforming X to a

binary matrix.

1.2 Hypothesis Testing of Markov Processes

The Markov property was firstly proposed by Markov [1954], which represents one

kind of memoryless property of a stochastic process. A stochastic process is actually
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a collection of random variables X = {Xt, t ∈ T}, where T is an ordered index

set. For each t ∈ T, Xt is a random variable from one measurable space−sample

space (Ω,F) to another one measurable space−state space (E,G). The state space

E will usually be R
d and G is the corresponding σ-algebra of Borel sets. A Markov

process is a stochastic process that has no memory of the information in the past

state, which indicates that given the present state, the future states and the past

states are statistically conditional independent in this process.

Without loss of generality, assume that T = [0,∞) and a stochastic process X =

{Xt, t ∈ T} is defined at a probability space (Ω,F , P ). Denote that F j
i is the sub

σ−field of the σ−field F , generated by {Xt : i ≤ t ≤ j}, i.e., F j
i = σ(Xt : i ≤ t ≤ j).

Thus, F t
0 = σ(Xs : s ≤ t) represents the history of X while F∞

t = σ(Xs : s ≥ t)

contains the future evolution of X . Suppose that there exists a filtration (Ft)t∈T

such that F t
0 ⊂ Ft, for all t ∈ T. And then, the stochastic process (Xt)t∈T is called

a Markov process if the process meets

P (A ∈ F∞
t |Ft) = P (A ∈ F∞

t |Xt), for all t ∈ T. (1.6)

If the index set T = N, the definition (1.6) can be reformulated as

P (Xn = xn|Xn = xn, Xn−1 = xn−1, . . . , X0 = x0) = P (Xn = xn|Xn−1 = xn−1).

(1.7)

In this case, the process is a discrete time Markov process. From the point of condi-

tional independence, the formula (1.6) is definitely equivalent to

P (A ∩B|Xt) = P (A|Xt)P (B|Xt), A ∈ F∞
t and B ∈ Ft. (1.8)

Furthermore, denote that the transition function F (A, t|x, s) is the conditional prob-
ability of Xt ∈ A given Xs = x for t ≥ s, x ∈ E and A ∈ B(E), that is,

F (A, t|x, s) = P (Xt ∈ A|Xs = x). Under the Markov property, this function satisfies

the famous Chapman-Kolmogorov equation, which was proposed independently by
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two mathematicians Sydney Chapman and Andrey Kolmogorov, that is,

F (A, t|x, s) =
∫

E

F (A, t|y, u)F (dy, u|x, s) (1.9)

for all x ∈ E and s, t, u ∈ T with s ≤ u ≤ t. If the Markov process X is time-

homogenous, i.e., F (A, t|x, s) = F (A, t − s|x, 0), then the Chapman-Kolmogorov

equation (1.9) is simplified to

F (A, t+ s|x, 0) =
∫

E

F (A, t|z, 0)F (dz, s|x, 0). (1.10)

1.2.1 Markov Property in Various Models

The Markov property is a fundamental characterization and widely utilized in differ-

ent kinds of models or processes of various areas such as time series, economics and

finance. One of the processes is the Markovian decision processes (MDPs), which was

early derived by Bellman [1957]. It relies on the Markov assumption, and provides a

general framework for modeling sequential decision making. Lucas Jr and Prescott

[1971] applied the MDP to the investment under uncertainty. And later, MDP was

used by Lucas [1978] to analyze the stochastic behaviour of the asset pricing from the

theoretical viewpoint. Weintraub et al. [2008] analyzed the Markov perfect industry

dynamics for industrial organization and explored profit opportunities in a market.

The Markovian assumption is also very prevalent in another one kind of models-

continuous time modeling. All diffusion processes are Markovian processes with the

continuous sample path, which are regarded as the solutions of some stochastic dif-

ferential equations (SDEs). For instance, the Onrstein-Uhlenbeck process or Vasicek

process is the unique solution to the following stochastic differential equation

dXt = r(θ −Xt)dt+ σdWt, t ≥ 0, X0 = x0,

where (Wt)t≥0 is a standard Brownian motion, σ > 0 is the diffusion or volatility

coefficient and r(θ−Xt) is called the drift coefficient of the Vasicek process. And the
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jump diffusion processes are also the Markov processes, they can be expressed as

dXt = µ(Xt−)dt+ σ(Xt−)dWt + Jt−dNt,

where Wt is a standard Wiener process, Nt is a Poisson process with the rate λ and

jump size 1, and the random variable Jt− is the jump size.

In Time Series, the Markov property is also an indispensable element. For exam-

ple, the first order autoregressive model (AR(1)) satisfies the Markov property, that

is,

Xt = φXt−1 + εt,

where φ is the unknown parameter, {εt}t≥0 are independent and identically dis-

tributed (i.i.d.) and follow the standard normal distribution. Another one is the

autoregressive conditional heteroscedastic (ARCH(p)) model, which was introduced

by Engle [1982] to describe time-varying variability of inflation rates and can be

formulated as

ht = φ0 + φ1X
2
t−1 + · · ·+ φpX

2
t−p and Xt = h

1/2
t ηt,

with φ0 > 0, φi ≥ 0 for i = 1, . . . , p− 1 and φp > 0, where {ηt}t≥0 are i.i.d. random

variables with mean 0 and variance 1. Apparently, ARCH(1) is a Markovian process.

1.2.2 Testing Markov property

Markov property plays an awfully important role in data analysis, but few existing

papers indicate the tests for the Markov property in the past few years. Aiẗı-Sahalia

[1996] firstly doubted whether the Markovian assumption is reasonable and proposed

a test for whether the interest rates really follow the continuous-time Markov Diffu-

sions. Later, Äıt-Sahalia et al. [2010] went on to illustrate several statistics to test the

Markov hypothesis for β−mixing stationary processes sampled at the regular time

points. All of these two tests are based on the Chapman-Kolmogorov equation of
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Xt+1, Xt andXt−1, namely,

f(Xt+1|Xt−1) =

∫
f(Xt+1|Xt = x)f(Xt|Xt−1)dx, for all t ≥ 1,

where f(·|·) is the transition density functions estimated by the smoothed nonpara-

metric kernel method. Although the Chapman-Kolmogorov equation (1.9) is one

important property of Markov processes, it is only a necessary condition but not

sufficient condition of the Markov property. Feller [1959] and Rosenblatt and Slepian

[1962] indicated that the first order transition probabilities of some stochastic pro-

cesses satisfy the Chapman-Kolmogorov equation (1.9) but they are not Markovian

processes. As a result, non-Markovian processes may be missed by these tests.

De Matos and Fernandes [2007] found that financial transactions data are not

evenly spaced in time and the test of Aiẗı-Sahalia [1996] is not available for this

type of data. Thus, they developed another one nonparametric test for the Markov

property with high frequency data and checked whether discrete-valued irregularly

spaced financial transactions data followed the Markovian assumption. Because the

Markov property (1.6) is equivalent to the conditional independence (1.7), the idea

of this test is built on testing the conditional independence between Xt+1 and Xt−j

given Xt, that is,

f(Xt+1|Xt) = f(Xt+1|Xt, Xt−j) for all t, j ≥ 1.

In fact, for their simulated data sets, they took the case j = 1 and detected the

following formula

f(Xt+1|Xt, Xt−1) = f(Xt+1|Xt)f(Xt, Xt−1) for all t ≥ 1. (1.11)

Obviously, the Markov property can infer the formula (1.11), but the converse is not

true. Actually, the equation (1.11) is also the necessary condition of the Markov

property (1.6). The main disadvantage of these tests is that only one lag order is

concerned and a majority of information may be lost in the process of testing.

22



Chen and Hong [2010] proposed one nonparametric regression-based goodness-of-

fit test for multifactor continuous-time Markov models using the conditional char-

acteristic function (CCF). In order to improve the existing tests, Chen and Hong

[2012] provided another one nonparametric test for Markov property in time series

by checking

φ(u|Xt) = φ(u|Ft) a.s. for all u ∈ R
d and all t ≥ 1,

where φ(u|·) is the conditional characterization function, namely,

φ(u|·) =
∫
eiu

T xf(u|·)dx

with i =
√
−1. Define that a complex-valued process Zt+1(u) = eiu

TXt+1 − φ(u|Xt).

As one characterization of Markov property for one stochastic process is that a gener-

alized residual process associated with the conditional characteristic (CCF) function

is a martingale difference sequence (MDS), the Markov property is equivalent to

E(Zt+1(u)|Ft) = 0, for all u ∈ R
d and all t ≥ 1. (1.12)

They viewed the process {Zt(u)} as a residual of the regression

eiu
TXt+1 = E(eiu

TXt+1|Xt) + Zt+1(u) = φ(u|Xt) + Zt+1(u)

and then defined the generalized covariance function

Γj(u, v) = cov[Zt(u), e
iuTXt−|j| ], u, v ∈ R

d.

The formula (1.12) implies Γj(u, v) = 0, for all u, v ∈ R
d and all j 6= 0. They used this

condition to construct the test statistics. They claimed that their test was available

to discrete and continuous time processes with discretely observed data, and both

univariate and multivariate time series processes, but there exists the drawback of

the test statistics, that is, there is a gap between E(Zt+1(u)|Ft) = 0 and the final

hypothesis Γj(u, v) = 0, which means that the final hypothesis is only one necessary

condition for the formula (1.12).
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1.3 Outline of the Thesis

In Chapter 2, we consider the interaction screening problem for ultra-high dimen-

sional generalized linear models, and two-way interaction terms are considered in the

models. The most essential thing, which is different from most of the existing ap-

proaches, is that our methods or algorithms do not depend on the strong or weak

heredity assumption. And our proposed method can do the exhausting searching

efficiently for all interactions terms in our models. We show that this method can

identify the significant interactions with high probability. Simulation studies are car-

ried out to detect the finite sample performance of this method by comparing it with

other existing methods such as RAMP, xyz and IP. And also, our method is applied

to three popular data sets: Prostate Cancer Data, Leukemia Data and Supermarket

Data for illustration.

The testing about Markov property is another one important issue in the complex

models. A few of papers focus on this important topic. In Chapter 3, we consider

this hypothesis testing in the stationary times series models. The observations are

β-mixing, and we take advantage of the equivalence between the Markov property

and the conditional independence property and construct a new test statistic by the

conditional characteristic functions. The asymptotic properties of the proposed test

are studied under the null hypothesis and local alternative hypothesis. And also,

numerical studies are implemented to assess the finite sample performance of our

provided test procedures.

In Chapter 4, we discuss these results about these two topics-variable selection

and hypothesis testing of Markovian assumption, which are present in this thesis. We

provide some extensions about our methods and propose some interesting issues for

future works.
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Chapter 2

Sure Screening for Interaction

Effect in Ultra-high Dimensional

Generalized Linear Model

2.1 Introduction

As mentioned in Section 1.1.2, there is a huge literature devoted to studying the

statistical properties and computational algorithms of screening interaction terms or

epistatic interaction selection, such as BOOST (Wan et al. [2010a]), hierNet (Bien

et al. [2013]), RAMP (Hao et al. [2016]) and xyz (Thanei et al. [2016]). In the

existing literature, however, most of the methods or algorithms are under the heredity

assumption.

Assume that given the predictor vector x, the conditional distribution of the ran-

dom variable Y belongs to an exponential family, whose probability density function

has the canonical form

fY |x(y|x) = exp{yθ(x)− b(θ(x)) + c(y)} (2.1)

where b(·) and c(·) are some known functions and θ(x) is a canonical natural param-

eter. Here we ignore the dispersion parameter φ in (2.1), since we only concentrate

on the estimation of mean regression function.

25



We consider the following generalized linear model with two-way interaction:

E(Y |X = x) = b′(θ(x)) = g−1(β0 +

p∑

i=1

βiXi +
∑

i<j

βijXiXj) (2.2)

for some link function g(·). And we focus on the canonical link function, hence

b′ = g−1 and θ(x) = β0 +
∑p

i=1 βiXi +
∑

i<j βijXiXj . And also, we assume that each

variable has been standardized with mean 0 and variance 1.

In the ultrahigh-dimensional regression model, we usually assume that the sparsity

exists for variables or features, which means that only a few of variables or features

are significantly correlated with response Y . As a result, our assumption is that only

a small number of variables and their interactions contribute to the response Y , i.e.,

the true parameter vector β⋆ = (β⋆
1 , . . . , β

⋆
p , β

⋆
12, β

⋆
13, . . . , β

⋆
(p−1)p)

T is sparse. Let

M⋆ = {1 ≤ k ≤ p : β⋆
k 6= 0}

and

N⋆ = {(i, j) : β⋆
ij 6= 0, 1 ≤ i < j ≤ p},

and denote that tn = |M⋆| and sn = |N⋆|, then the non-sparsity size tn and sn must

be very small. Our focus is to find an estimated set of N⋆ in this chapter.

In this chapter, we propose a statistical framework-simple sure screening pro-

cedure (SSI) based on the increment of log-likelihood function to detect significant

interactions for the class of models (2.2). Furthermore, we indicate that our proposed

method possesses the sure screening properties and can control the false discovery

rate at a reasonable size, hence, the regularized variable selection methods can be

easily applied to get more accurate feature selection in the following model selection

procedure. Especially, the heredity assumption is not needed in our method.

Computational efficiency is an essential concern for feature screening algorithms.

As a result, we first provide one much efficient and general algorithm to exhaustively

search the important interaction effects in terms of Rcpp. Rcpp is an R add-on

package which facilitates extending R with C++ functions. Therefore, it will make

our algorithm much more efficient and realize the exhaustive selection. Secondly, in
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order to further strengthen the efficiency of screening algorithms, we propose a new

efficient algorithm-the discretized sure screening for interaction, in short, DSSI, the

idea of which is based on the data discretization and Boolean representation of the

data. Data discretization has a long history in data analysis because discrete values

play important roles in data mining and knowledge discovery, which is frequently

used in the preprocessing of data (Liu et al. [2002]). Although the loss of informa-

tion is inevitable, the most essential element is that the success of the discretization

can significantly reinforce the interpretation of the results, awfully improve the ef-

ficiency of data analysis, and broaden the application of many learning algorithms.

A lot of algorithms and methods can only handle the data with discrete type. For

example, decision tree needs to discretize continuous variables during the process of

tree building. Another technique of DSSI is the data’s Boolean representation, which

transforms the original data to Boolean type. It will reduce the storage and faster the

computation by using the logic operation. The Boolean representation was applied

by Wan et al. [2010a] to the “BOOST” method, which is one fast and efficient tool for

an exhaustive search for epistatic interaction in genetics. It can screen all of the inter-

actions and filter out nonsignificant interaction effects in GWA studies. And also, we

extend this idea to the method SIS proposed by Fan and Lv [2008] and authenticate

the extended version-discretized sure independent screening (DSIS). From the point

of theory, we show that two pairs: SIS and DSIS, SSI and DSSI have the consistent

screening results respectively, and numerical analysis demonstrates that they have

same better performances in feature screening in the ultra-dimensional generalized

linear model.

The rest of this chapter is organized as followed. In Section 2.2, we briefly in-

troduce our methodology and main results, including sure screening procedure for

interactions, sure screening properties and the uniform convergence of the marginal

maximum likelihood estimator. The general algorithm SSI and new algorithm DSSI

are presented in Section 2.3. In Section 2.4, we consider the relationship between

SIS and DSIS, SSI and DSSI from the viewpoint of theory, and prove that they have

consistent results in variable screening. Section 2.5 and 2.6 examine the finite sample

performance of the proposed method SSI and DSSI on the simulated data compared
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with other three methods: RRAMP, xyz and IP. Three real data sets in Section 2.7

are used to demonstrate the usage of our approaches. Our findings and conclusions

are summarized in Section 2.8. The detailed proofs are relegated to Section 2.9.

2.2 Methodology and Main results

2.2.1 SSI for Two-Way Interaction in Generalized Linear

Models

Assume that the set of variables {X1, X2, X3, . . . , Xp} may be related to the response

Y and the set {X12, X13, . . . , X(p−1)p} includes all two-way interactions of the for-

mer set, in which Xij = Xi ∗ Xj, 1 ≤ i < j ≤ p. Let X = (XT
C ,X

T
I )

T , where

XC = (X0, X1, X2, X3, . . . , Xp)
T with X0 = 1 and XI = (X12, X13, . . . , X(p−1)p)

T .

Furthermore, assume that Xij is centralized, i.e., E(Xij) = 0, 1 ≤ i < j ≤ p. And

we wish to select the most important interactions from the set XI to better explain

the response Y . The corresponding sets of coefficient are

βC = (β0, β1, β2, . . . , βp)
T ∈ R

p, and βI = (β12, β13, . . . , β(p−1)p)
T ∈ R

q,

where q =
(
p
2

)
= p(p−1)

2
. And then, our model (2.2) can be rewritten as

E(Y |X = x) = g−1(XTβ). (2.3)

Fan et al. [2009] indicated that we can select the important variables by sorting

the marginal likelihood functions. Later, Fan and Song [2010] pointed out that their

technique can be considered as the marginal likelihood ratio screening, which builds

on the difference between two marginal log-likelihood functions. Here, we still use

this method-the likelihood ratio screening and its procedures are listed as follows.

Denote that a random sample {(X i, Yi)}ni=1 is from the model (2.2) with the

canonical link. Let X ij = (1, Xi, Xj, Xij)
T and X i,j = (1, Xi, Xj)

T . And their coeffi-

cients are expressed as βij = (βij0, βi, βj, βij)
T and βi,j = (βi,j0, βi,, βj,)

T , respectively.

The maximum likelihood estimator β̂
M

ij is expressed as the minimizer of the marginal
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regression

β̂
M

ij = argmin
βij

Pn{l(XT
ijβij , Y )}

where l(θ, Y ) = b(θ) − θY − c(Y ) and Pnf(X, Y ) = n−1
∑n

i=1 f(Xi, Yi) is the em-

pirical measure. Correspondingly, the population version of the minimizer of the

componentwise regression is denoted as

βM
ij = argmin

βij

E{l(XT
ijβij, Y )}.

Similarly, if the interactions are not included in our model, we define

β̂
M

i,j = argmin
βi,j

Pn{l(XT
i,jβi,j, Y )},

and its population version

βM
i,j = argmin

βi,j

E{l(XT
i,jβi,j, Y )}.

Finally, denote that

Lij,n = Pn{l(XT
i,jβ̂

M

i,j, Y )− l(XT
ijβ̂

M

ij , Y )}

and Ln = (L12,n, . . . , L(p−1)p,n)
T ∈ R

q . Here, Lij,n measures the strength of the

interactionXij in our model. The larger Lij,n, the more the interactionXij contributes

to the response Y . Correspondingly, let

L⋆
ij = E{l(XT

i,jβ
M
i,j , Y )− l(XT

ijβ
M
ij , Y )}

and L⋆ = (L⋆
12, . . . , L

⋆
(p−1)p)

T ∈ R
q. We sort the vector Ln in a descent order and

select a set of variables

N̂γn = {(i, j) : Lij,n ≥ γn, 1 ≤ i < j ≤ p},

where γn is a predefined threshold value. In the following section, we will illustrate
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that our method satisfies the sure screening property under some certain conditions.

Actually, the coefficient βM
ij is able to measure the importance of the interaction

terms. It is impossible that the joint regression parameter β⋆
ij is same as the marginal

regression coefficient βM
ij , but we expect that, in most cases, |βM

ij | is larger than some

threshold if |β⋆
ij | exceeds another certain threshold. Here, we replace |βM

ij | by the

marginal log-likelihood function’s increment L⋆
ij .

For the marginal regression coefficients βM
ij , by the fact that E(Y |X) = b′(XTβ⋆),

they satisfy the score equation

E
{
b′(XT

ijβ
M
ij )X ij

}
= E(YX ij) = E

{
b′(XTβ⋆)X ij

}
. (2.4)

If the marginal model does not include the interaction Xij , we gain the score equation

just like

E
{
b′(XT

i,jβ
M
i,j)X i,j

}
= E(YX i,j) = E

{
b′(XTβ⋆)X i,j

}
; (2.5)

that is,

E
(
Y − b′(XT

i,jβ
M
i,j)
)
X i,j = 0. (2.6)

When the marginal coefficient of the interaction term is equal to zero, i.e., βM
ij = 0,

by (2.4), the first 3 components of βM
ij , should be equal to βM

i,j by the uniqueness of

the solution of the score equation (2.6). Therefore, the score equation (2.4) on the

interaction Xij entails that

E
{
b′(XT

i,jβ
M
i,j)Xij

}
= E(Y Xij), or E

{
(Y − b′(XT

i,jβ
M
i,j})Xij

}
= 0. (2.7)

Follow that the definition of the conditional linear expectation, provided by Barut

et al. [2016], is the best linearly fitted regression within the class of linear functions,

we denote that

EL(Y |XT
ijβ

M
ij ) = b′(XT

ijβ
M
ij ) and EL(Y |XT

i,jβ
M
i,j) = b′(XT

i,jβ
M
i,j);

and then equation (2.7) becomes

E
(
Y −EL(Y |XT

i,jβ
M
i,j)
)
Xij = 0 (2.8)
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Furthermore, define that the notation EL(Xij |XT
i,jβ

M
i,j) is the best linear regression

fit of Xij by using XT
i,jβ

M
i,j. Then, equation (2.6) can be expressed as

E(Y − EL(Y |XT
i,jβ

M
i,j))X i,j = 0 (2.9)

Combing equation (2.8) and (2.9), we define that

CovL(Y,Xij|XT
i,jβ

M
i,j) ≡ E(Xij −EL(Xij|XT

i,jβ
M
i,j))(Y −EL(Y |XT

i,jβ
M
i,j)) = 0.

Consequently, we obtain that if βM
ij = 0, CovL(Y,Xij|XT

i,jβ
M
i,j) = 0.

2.2.2 Sure Screening Properties

Denote that βij = (βij0, βi, βj , βij)
T be the four-dimensional parameter, and let

X ij = (1, Xi, Xj, Xij)
T . Since the log-likelihood function is of the concavity in the

generalized linear model with the canonical link function, the function El(XT
ijβij, Y )

can arrive at its unique minimum El(XT
ijβ

M
ij , Y ) over βij ∈ B, in which βM

ij =

(βM
ij0, β

M
i , β

M
j , β

M
ij )

T is an interior point of the set B and B = {|βM
ij,0| ≤ B, |βM

i | ≤
B, |βM

j | ≤ B, |βM
ij | ≤ B} is an area with the width B where the marginal likelihood

is maximized. The following conditions are needed:

(A) The marginal Fisher information: I ij(βij) = E{b′′(XT
ijβij)X ijX

T
ij} is finite

and positive definite at βij = βM
ij , for 1 ≤ i < j ≤ pn. Moreover, ‖I ij(βij)‖B =

sup
βij∈B,‖x‖=1

‖I ij(βij)
1/2x‖ is bounded from above.

(B) (i) Let X i,j = (1, Xi, Xj)
T . For (i, j) ∈ N⋆, there exists a constant c1 > 0 such

that |CovL(Y,Xij|XT
i,jβ

M
i,j)| ≥ c1n

−κ for some 0 < κ < 1/4.

(ii) Denote mij be the random variable defined by

mij =
b′(XT

ijβ
M
ij )− b′(XT

i,jβ
M
i,j)

XT
ijβ

M
ij −XT

i,jβ
M
i,j

,

and E(mijX
2
ij) = E(mijX

2
iX

2
j ) ≤ c2 uniformly for some constant c2, in which 1 ≤

i < j ≤ p.

(C) For all βij ∈ B, E(l(XT
ijβij, Y ) − l(XT

ijβ
M
ij , Y )) ≥ V ‖βij − βM

ij ‖2, for some

constant V > 0, bounded from below uniformly for all 1 ≤ i < j ≤ p.
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(D) There exists some constants m0, m1, s0, s1 > 0 and α > 0, such that for a

sufficiently large t > 0,

P (|Xi| > t) ≤ m1 exp{−m0t
α} for 1 ≤ i ≤ p,

and that

E exp(b(XTβ⋆ + s0)− b(XTβ⋆)) + E exp(b(XTβ⋆ − s0)− b(XTβ⋆)) ≤ s1.

(E) For the function b(θ), the second derivative b′′(θ) is one continuous function and

b′′(θ) > 0. There exists ε1 > 0 such that for all 1 ≤ i < j ≤ p,

sup
β∈B,‖β−βM

ij ‖≤ε1

|E{b(XT
ijβ)I(|Xij| > Kn)}| ≤ o(n−1),

where I(·) is the indicator function and Kn is an arbitrarily large constant such

that for a given β in B, the function l(xTβ, y) satisfies the Lipschitz property with

positive constant kn for all (x, y) in the set Ωn = {(x, y) : ‖x‖∞ ≤ Kn, |y| ≤ K⋆
n}

with K⋆
n = m0K

α
n/s0, in which ‖ · ‖∞ be the supremum norm.

(F) The variance Var(XTβ⋆) = β⋆TΣβ⋆ , where Σ = diag(0,Σ1) with Σ1 = Var(X),

and b′′(·) are bounded.

(G) The minimum eigenvalue of the matrix E[mijX ijX
T
ij ] is uniformly larger than a

positive constant for any i, j, where mij is defined in Condition B(ii).

(H) Denote that βM
ij− = (βM

i,j0, 0, . . . , 0, β
M
i, , 0, . . . , 0, β

M
j, , 0, . . . , 0)

T , ∆βij = β⋆
C−βM

ij−.

Let Rij = E[XijX
T
C∆βij] and R = (R12, R13, . . . , R(p−1)p)

T , hence, it holds that

‖R‖22 = o(λmax(ΣI)), where λmax(ΣI) be the largest eigenvalue of the matrix ΣI .

All of Conditions are similar to them that proposed by Fan and Song [2010] and

Barut et al. [2016], and are satisfied by most of the generalized linear models such as

linear regression and logistic regression. By the strict convexity property of b(θ), mij

is almost surely larger than 0. If b(θ) = θ2/2, then mij = 1 and Condition B(ii) is

automatically satisfied by the uniform bounded property of E(X2
ij) since Xi and Xj

is normalized. The first part of Condition (D) builds an exponential bound on the
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tails of Xj . Actually, since the event {ω : |Xij(ω)| > t} is a subset of the union of

{ω : |Xi(ω)| >
√
t} and {ω : |Xj(ω)| >

√
t}, when P (|Xi| >

√
t) ≤ m′

1 exp{−m0t
α/2}

and P (|Xj| >
√
t) ≤ m′

1 exp{−m0t
α/2}, we have that

P (|Xij| > t) ≤ 2m′
1 exp{−m0t

α/2} for 1 ≤ i < j ≤ p.

And next, we can take m1 = 2m′
1 and by exp{−m0t

α} < exp{−m0t
α/2}, the expo-

nential bound on the tails is simultaneously available for main effect and interaction

terms. Hence, the first part of Condition (D) also implies that an exponential bound

is built on the tails of Xij. And the second part of Condition (D) points out that the

response variable Y possesses the exponentially light tail, as shown in Lemma 1 of

Fan and Song [2010]. In our proof, we need this Lemma.

Since our purpose is to preserve the important interactions in our model, one criti-

cal question would be: at what level the interactions of variables should be preserved.

For sure screening purposes, if one interaction Xij is jointly important (β⋆
ij 6= 0), will

it still be marginally important (βM
ij 6= 0) ? On the other hand, for the model selec-

tion consistency purpose, when one interaction is jointly unimportant (β⋆
ij = 0), will

it still be marginally unimportant (βM
ij = 0) ? In this section, we will provide the

answers for them.

Theorem 2.2.1 For 1 ≤ i < j ≤ p, the marginal likelihood increment L⋆
ij = 0 if and

only if βM
ij = 0.

Theorem 2.2.2 For 1 ≤ i < j ≤ p, the marginal regression parameters βM
ij = 0 if

and only if CovL(Y,Xij|XT
i,jβ

M
i,j) = 0.

Corollary 2.2.1 For 1 ≤ i < j ≤ p, the marginal likelihood increment L⋆
ij = 0 if

and only if CovL(Y,Xij|XT
i,jβ

M
i,j) = 0.

The above theorems and Corollary reveal that the increments of the log-likelihood

function is a measurement of the relationship between the interaction and the mean

response function, and also the marginal regression parameter is one kind of the

measurement. They are equivalent and here we use the former.
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To distinguish the active interactions {Xij : (i, j) ∈ N⋆} and inactive interactions

{Xij : (i, j) 6∈ N⋆}, we need to set up one appropriate threshold value γn, so that

the minimum marginal signal strength is stronger than the stochastic noise and the

sure screening property will be guaranteed. This will be shown in Theorem 2.2.3 and

Theorem 2.2.4. Their proofs are listed in the last section of this chapter.

Theorem 2.2.3 If Condition (B) holds, then there exist a positive constant c3 such

that

min
(i,j)∈N⋆

|βM
ij | ≥ c3n

−κ.

Theorem 2.2.4 Under the conditions (B) and (C), we have

min
(i,j)∈N⋆

L⋆
ij ≥ c4n

−2κ

for some positive constant c4.

Next, we are going to establish the sure screening property. The crucial point is

to build the uniform convergence of likelihood ratio screening. And then, we obtain

the uniform convergence rate and sure screening property for it. The former will be

beneficial for us to control the size of the selected set. The results are given in the

following theorem.

Theorem 2.2.5 Assume that Conditions (A), (B), (C), (D) and (E) hold. Let kn =

b′(3KnB +B) +m0K
α
n/s0, with Kn given in Condition (E).

(i) If n1−2κ/(knKn)
2 → ∞, then for any c5 > 0, there exists a constant c6 > 0

such that

P

(
max

1≤i<j≤p
|β̂M

ij − βM
ij | ≥ c5n

−κ

)

≤ q
(
exp(−c6n1−2κ/(knKn)

2) + nm2 exp(−m0K
α/2
n )

)
,

where q = p(p−1)
2

and m2 = 3m1 + s1.

(ii) If n1−2κ/(knKn)
2 → ∞, then for any c7 > 0, there exists two constants c8 > 0
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and c9 > 0 such that

P

(
max

1≤i<j≤p
|Lij,n − L⋆

ij | ≥ c7n
−2κ

)

≤ q
(
2 exp(−c8n1−2κ/(knKn)

2) + 4 exp(−c9n1−4κ) + 4nm2 exp(−m0K
α/2
n )

)
,

(iii) In addition, by taking γn = c10n
−2κ with c10 ≤ c4/2 , we obtain

P (N⋆ ⊂ N̂γn)

≥ 1− sn
(
2 exp(−c8n1−2κ/(knKn)

2) + 4 exp(−c9n1−4κ) + 4nm2 exp(−m0K
α/2
n )

)
,

where sn = |N⋆|, the size of active interactions.

Note that the sure screening property given in Theorem 2.2.5(iii) only relates to

the size sn of active interactions. The dimensionality p or q does not matter for

the purpose of sure screening. For generalized linear model (2.3), such as logistic

regression, b(θ) = ln(1 + exp(θ)) , and b′(θ) = 1
1+exp(−θ)

is bounded. By Theorem

2.2.5(ii), the optimal order of Kn is n(1−4κ)/(α+2), and

P

(
max

1≤i<j≤p
|Lij,n − L⋆

ij | ≥ c7n
−2κ

)
= O

{
p2 exp(−c9n(1−4κ)α/(α+2))

}
.

Thus, the tail probability will be exponentially small. That is, we can deal with the

NP-dimensionality

ln p = o
(
n(1−4κ)α/(α+2)

)

with α = ∞ of special case of the bounded covariates and α = 2 of normal covariates.

Similar results for unconditional screening and conditional screening are shown in Fan

and Song [2010] and Barut et al. [2016], respectively.

After illustrating the sure screening property of likelihood ratio screening for in-

teractions, we will point out that the false selection rate can be controlled absolutely

in the remaining part of this section. In other words, the size of the set N̂γn can

be controlled and the number of interactions would be actually reduced. Here, we

provide a bound on the size of selected set of interactions in the following theorem.
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Theorem 2.2.6 Under Conditions (A)-(H), we have

P
(
|N̂γn | ≤ O(n2κλmax(ΣI))

)

≥ 1− q
(
2 exp(−c8n1−2κ/(knKn)

2) + 4 exp(−c9n1−4κ) + 4nm2 exp(−m0K
α/2
n )

)
.

where q = p(p−1)
2

and m2 = 3m1 + s1.

From the proof of Theorem 2.2.6, without Condition (H), Theorem 2.2.6 still holds

with ΣI replaced by ΣI +RRT . Note that the right-hand side probability has been

explained in the last paragraph. If λmax(ΣI) = O(nτ), the size of the selected set has

order O(n2κ+τ), the same order as in the approach of Fan and Lv [2008]. Our result

is an extension of the work of Fan and Lv (2008). Similar results has been shown in

Fan and Song [2010], Fan et al. [2011], Li et al. [2012a], and Barut et al. [2016].

2.3 Algorithm

In this section, we first introduce the general algorithm SSI and the more efficient

method DSSI will be shown in the second part.

2.3.1 Description of the General Algorithm-SSI

Here, we only consider the interaction screening and the general algorithm works as

follows:

Step 1. For any 1 ≤ i < j ≤ p, compute

β̂
M

ij = argmin
βij

Pn{l(XT
ijβij , Y )}, and β̂

M

i,j = argmin
βi,j

Pn{l(XT
i,jβi,j, Y )},

and then calculate the sample statistics

Lij,n = Pn{l(XT
i,jβ̂

M

i,j, Y )− l(XT
ijβ̂

M

ij , Y )}.

Step 2. Choose the thresholding value γn = c10n
−2κ and select the following inter-

actions:

N̂γn = {(i, j) : Lij,n ≥ γn, 1 ≤ i < j ≤ p}.
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Usually, we take the d largest Lij,n, and Fan and Lv [2008] proposed that d =
⌊

n
logn

⌋

or n− 1, where the braces indicate the floor function. In our numerical examples, to

avoid the issues of choosing the thresholding parameter, we take the median mini-

mum model size (MMMS) as one measure of the effectiveness of interaction screening

methods.

Since the number of pairwise interaction increases quadratically with the dimen-

sion p of the data set, the efficiency of the algorithm must be considered as the

essential point to assess any one of the algorithms. The traditional algorithms may

be time-exhausting, so we consider Rcpp to complete our algorithm in the software

R. It makes our algorithm more efficient. In order to further improve the efficiency, we

will first transform the continuous features to discrete values, and then use Boolean

representation to express the discrete values. According to these two procedures,

another more efficient algorithm DSSI is shown in the following section.

2.3.2 Boolean Representation

Assume that the continuous data set X is one n× p matrix with n observations and

p predictors, Y be the response. After discretizing data set X and response Y , each

predictor X̃i has l levels and Ỹ has m categories. Here, we take l = 3 and m = 2

as an example and assume that Ỹ has two values (0 and 1). Instead of using one

column for each predictor X̃i, the new representation uses 3 columns since 3 values

are included in each X̃i. Each column consists of two bit strings, one for samples with

Ỹ = 0 and the other for them with Ỹ = 1, and each bit can represent one sample

in the string. The values (0 and 1) illustrate whether the sample belongs to some

category of each predictor Xi. For instance, we have one discretized data set X̃ with

2 predictors and 16 samples, where the first 8 rows represent samples with Ỹ = 0

and the other samples with Ỹ = 1:

X̃
T
=

Ỹ

X̃1

X̃2




0 0 0 0 0 0 0 0
... 1 1 1 1 1 1 1 1

1 3 2 3 1 2 3 2
... 2 2 1 1 3 2 2 1

3 2 1 1 3 2 2 1
... 2 3 2 3 1 2 3 2
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and its Boolean representation is

X̃
T

bit =

X̃1 = 1

X̃1 = 2

X̃1 = 3

X̃2 = 1

X̃2 = 2

X̃2 = 3




Ỹ = 0 Ỹ = 1

10001000 00110001

00100101 11000110

01010010 00001000

00110001 00001000

01000110 10100101

10001000 01010010




.

From the Boolean representation X̃bit, we can easily find that the first sample belongs

to the first category of X1 and the third category of X2. And also, we can quickly

obtain the number of observations that belong to any two categories by taking the

logic operation. For example, if we want to calculate the number of samples with

X̃1 = 2 and X̃2 = 2 in the category Ỹ = 0, we just conduct the logical AND

operation:

00100101 AND 01000110 = 00000100,

and then, we count the number of 1s in the final string “00000100”, that is 1. This

result is consistent to that in X̃. As a result, it is more efficient by using X̃bit to

construct the contingency table for any two discretized predictors. Since the fast logic

operation with X̃bit is utilized, we can accelerate our calculation in our algorithm.

Obviously, X̃ and X̃bit are equivalent and they store the same information. Because

one byte can store 8 bits, X̃bit occupies smaller storage space in the computer com-

paring with X̃ although the number of X̃bit’s columns is l times as large as that

of X̃’s columns. As a result, the Boolean representation can reduce dramtically the

storage space. This is another one of its advantages.

2.3.3 New Algorithm “DSSI”

In this subsection, we are going to illustrate the new algorithm “DSSI” (Discretized

SSI). Before introducing this method, we need some preliminary knowledge. The

first step of DSSI is to discretize one continuous attribute by creating one categorical

38



variable with a specified number of levels. Binning is the simplest method, which

includes equal-width and equal-frequency. To ensure the power of screening, we

choose the equal-frequency method, which means that the quantiles are used to split

the domain of variables to several intervals. The number of intervals is called “arity”

in the discretization context (See Liu et al. [2002]). Assume that the arity is denoted

by a, and then a−1 is the maximum number of cut-points of the continuous features.

Actually, there is a trade-off between the arity and accuracy of data analysis. Higher

arity may make the results difficultly understood but be of high predictive accuracy

while lower arity may have negative influence on the predictive accuracy but positively

improve the efficiency. One natural question is: which one of the values is the best

choice for the arity a. Usually, we recommend a = 2 or 3. Obviously, here we can

choose different ai for different continuous features Xi and the algorithm still works.

After discretization, all predictors and the response will be categorical variables.

The second step is to estimate the increment of log-likelihood function by using these

new predictors. Under the circumstances, we usually take the logistic model (for bi-

nary response) or baseline-category logit models (for the response with several cate-

gories) to fit the data set. Actually, the logistic regression models or baseline-category

logit models have their corresponding log-linear regression models for contingency ta-

ble when the predictor and the response are categorical (See Agresti [2002]). Based

on this equivalence, the significance of interaction effects can be measured by the in-

crement of log-likelihood function in the corresponding log-linear regression models.

Assume that we consider the following two logistic models-the logistic regression

model with main effect and the full logistic regression model:

logit(P (Y = 1|X,Z)) = β0 + βX
i + βZ

j (2.10)

and

logit(P (Y = 1|X,Z)) = β0 + βX
i + βZ

j + βXZ
ij . (2.11)

Denote that l̂M and l̂F be the sample version of the negative maximum log-likelihood

functions of the logistic regression model (2.10) with main effect and the full logistic

regression model (2.11), respectively. The increment of the log-likelihood function is
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defined as l̂M − l̂F . The corresponding log-linear regression models can be expressed

as

log(µijk) = λ+ λXi + λZj + λYk + λXZ
ij + λXY

ik + λZY
jk (2.12)

and

log(µijk) = λ+ λXi + λZj + λYk + λXZ
ij + λXY

ik + λZY
jk + λXZY

ijk . (2.13)

Let l̂H and l̂S be the sample version of the negative maximum log-likelihood functions

of the homogeneous association regression model (2.12) and the saturated model

(2.13), respectively. l̂H − l̂S is the corresponding increment of log-likelihood function.

Thus, we can take advantage of l̂H − l̂S to screen the interaction terms instead of

using l̂M − l̂F .

Now we want to obtain the difference l̂H− l̂S . Suppose that we have one three-way
(I × J ×K) table with cell counts {nijk} of random variables X , Z and Y . And the

kernel of the log-likelihood function for this contingency table is

L(µ) =
∑

ijk

log(µijk)−
∑

ijk

µijk.

Here, we need some notations. Denote that πi++ =
∑

jk πijk is the marginal probabil-

ity ofX = i and ni++ =
∑

jk nijk is the number of samples withX = i, πij+ =
∑

k πijk

is the marginal probability of X = i and Z = j and nij+ =
∑

k nijk is the cor-

responding count. Similarly, π+j+ =
∑

ik πijk, π++k =
∑

ij πijk, πi+k =
∑

j πijk,

ni+k =
∑

j nijk, π+jk =
∑

i πijk, n+j+ =
∑

ik nijk, n++k =
∑

ij nijk, n+jk =
∑

i nijk.

For the saturated model (2.13), we know that µ̂ijk = nijk and directly get the

estimation l̂S =
∑

ijk nijk −
∑

ijk log(nijk)−
∑

ijk nijk. And for the homogeneous as-

sociation regression model (2.12), the iterative proportional fitting (IPF) algorithm is

recommended by calculating the estimation of µijk, which was introduced by Deming

and Stephan [1940]. Three steps are included in the first cycle of the IPF algorithm:

µ
(1)
ijk = µ

(0)
ijk

nij+

µ
(0)
ij+

, µ
(2)
ijk = µ

(1)
ijk

ni+k

µ
(1)
i+k

, µ
(3)
ijk = µ

(2)
ijk

n+jk

µ
(2)
+jk

,

where µij+ =
∑

k µijk, , µi+k =
∑

j µijk, µ+jk =
∑

i µijk. This cycle does not stop un-

til the process converges and the convergence property has been proved by Fienberg
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[1970] and Haberman [1974]. We count the number nijk by using the Boolean repre-

sentation, thus the contingency table for X and Z given Y can be quickly constructed

in a faster manner. Finally, the estimation l̂H will be obtained.

In the second step, for our ultra-high dimensional generalized linear model (2.2),

instead of calculating the increment L̃ij,n = l̂Mij
− l̂Fij

for any pair of X̃i and X̃j, we

compute the new increment of the log-likelihood function L̃′
ij,n = l̂Hij

− l̂Sij
. In the

third step, by taking the thresholding value γn or choosing the d largest L̃′
ij,n, where

d =
⌊

n
logn

⌋
or n − 1. Here, the IPF method is needed to compute all l̂Hij

for any

pair of X̃i and X̃j. Finally, we obtain the selected set N̂γn. Our algorithm DSSI is

summarized as follows:

Step 1. For any pair of the continuous variables Xi and Xj, 1 ≤ i < j ≤ p,

transform them to the corresponding discretized variables X̃i with level li and X̃j

with level lj , and change the response Y to a categorical variable Ỹ if necessary.

Step 2. By using the IPF algorithm to estimate l̃Hij
for all pairs of Xi and Xj , we

compute L̃′
ij,n = l̂Hij

− l̂Sij
.

Step 3. Choose the threshold γn and select the following interactions:

N̂γn = {(i, j) : L̃′
ij,n ≥ γn, 1 ≤ i < j ≤ p}.

Usually, we take the d largest Lij,n, where d =
⌊

n
logn

⌋
or n− 1.

Sometimes, the dimension p is very large and may be on the order of tens of

millions. The IPF method may be time-consuming for computing all l̂Hij
. Here,

we propose to use one tool to prune some interaction terms in the second step.

For the homogeneous association regression model (2.12), Kirkwood Superposition

Approximation (KSA), which was firstly proposed by Kirkwood [1935], is utilized to

provide an estimator for µijk. That is,

µ̂KSA
ijk =

n

η

π̂ij+π̂i+kπ̂+jk

π̂i++π̂+j+π̂++k
,

where η =
∑

ijk
π̂ij+π̂i+kπ̂+jk

π̂i++π̂+j+π̂++k
is a normalization term, n =

∑
ijk nijk. And then, we

get the approximation estimation l̂KSA. Wan et al. [2010a] showed that l̂KSA − l̂S is
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an upper bound of l̂H − l̂S, i.e.,

0 ≤ l̂H − l̂S ≤ l̂KSA − l̂S.

Based on this boundary and by setting up one threshold γKSA, in the second step, we

can filter out many insignificant interaction terms quickly and then reduce the size of

a pool of all interaction effects. The value γKSA can be defined by the conservative

Bonferroni correction or specified by user. Obviously, if γKSA = 0, no one interaction

term is deleted in this step. In the final step, for the remaining interaction terms,

we compute their L̃′
ij,n by the IPF algorithm and take the thresholding value γn or

select the d largest L̃′
ij,n, where d =

⌊
n

logn

⌋
or n− 1. As a result, the selected set N̂γn

is obtained. Here, γn can be taken as the Bonferroni correction 100 ∗ (1−0.05 ∗ p(p−
1)/2)% percentile decided by the χ2 test with degree freedom (li − 1)(lj − 1) for any

one interaction between X̃i and X̃j. In summary, our algorithm DSSI with KSA is

listed as follows:

Step 1. For any pair of continuous variables Xi and Xj, 1 ≤ i < j ≤ p, transform

them to corresponding discretized variables X̃i with level li and X̃j with level lj, and

change the response Y to a categorical variable Ỹ if necessary.

Step 2. By using the KSA to approximate l̃Hij
by the IPF algorithm for all pairs

of Xi and Xj, we compute l̂KSAij
− l̂Sij

and set up the threshold γKSA to remove a

part of interaction terms.

Step 3. For the remaining interaction effects, we compute L̃′
ij,n = l̂Hij

− l̂Sij
and

further identify the important interaction effects by χ2-test with degree freedom (li−
1)(lj − 1), or directly select the d largest L̃′

ij,n.

So far, we have specified the procedures of our new algorithm “DSSI”. Apparently,

the new method “DSSI” will be much more efficient than the method “SSI”. Since

DSSI is based on the sure screening property with maximum likelihood function

shown in Section 2.2, this procedure guarantees that once the important interactions

enter the pool of important candidates, the probability of selecting the correct ones

is very high, actually which can approach to 1 as the sample size tends to infinity.

Furthermore, the theorems in the next section tell us that DSSI and SSI will have

the consistent results in the sure screening of interaction effects.
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2.4 Sure Screening Properties after Discretization

In this section, we first study some properties of the discretized sure screening method

and build a bridge between original SIS and discretized SIS (DSIS) for the linear

model. Next, we focus on the relationship between SSI and DSSI in our model.

2.4.1 Relationship between SIS and DSIS

We follow the assumption of Fan and Song [2010], and consider the variable or feature

selection of the generalized linear model without interaction effects:

Y = b′(XTβ) + ε. (2.14)

where X = (X1, X2, . . . , Xp)
T is a p × 1 random vector, β = {β1, β2, . . . , βp}

is the parameter vector, Y is the response, b′(·) is the canonical link function, and

assume that

M⋆ = {1 ≤ k ≤ p : βk 6= 0}

is the set of indexes of nonzero parameter. Define the marginal log-likelihood incre-

ment

L⋆
k = E{l(βM

0 , Y )− l(XT
kβ

M
k , Y )}, k = 1, 2, . . . , p

where βM
0 = argminβ0

El(β0, Y ), X
T
k = {1, Xk}, βM

k = {βk,0, βM
k }T and

βM
k = argmin

βk

El(XT
kβk, Y ).

Furthermore, E(Y ) = E(Xk) = 0 and E(Y 2) = E(X2
k) = 1, k = 1, 2, . . . , p. Let

ρk = Corr(Y,Xk) and (Y1, X1k), (Y2, X2k) be the independent copies of (Y,Xk).

Assume that SXk and SY are the support sets of variables Xk and Y , respectively.

Denote that {PXk
i }li=1 and {P Y

j }mj=1 are partitions of their supports, which means that

l⋃

i=1

PXk
i = SXk and PXk

i1

⋂
PXk
i2

= ∅ for i1 6= i2;
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and
m⋃

j=1

P Y
j = SY and P Y

j1

⋂
P Y
j2 = ∅ for j1 6= j2;

where l and m are two positive constants. Here, the l−quantiles and m−quantiles

are considered as the break points for the partitions of variables Xk and Y . Define

X̃k =





0, Xk ∈ PXk
1

1, Xk ∈ PXk
2

...
...

l − 1, Xk ∈ PXk
l

and Ỹ =





0, Y ∈ P Y
1

1, Y ∈ P Y
2

...
...

m− 1, Y ∈ P Y
m

,

and then variables Xk and Y are discretized to two categorical variables X̃k and

Ỹ , respectively. Furthermore, denote that X̃ki = I(Xk ∈ PXk
i ), 1 ≤ i ≤ l and

Ỹj = I(Y ∈ P Y
j ), 1 ≤ j ≤ m, where I(·) is the indicator function. After discretization,

we have the new increment of log-likelihood function

L̃⋆
k = E{l(β̃M

0 , Ỹ )− l(X̃
T

k β̃
M

k , Ỹ )}, k = 1, 2, . . . , p.

Remark 2.4.1 In this paper, we consider continuous response Y and 2-quantile (me-

dian) for the response Y , that is, m = 2 and

Ỹ =





0, Y ≤Md(Y )

1, Y > Md(Y )
,

where Md(Y ) is the median of the response Y . Actually, we will first give the proof

of the following theorem for the case m = 2 and l = 2, and then extend the case l = 2

to l ≥ 3.

Before illustrating our theorem, we need some marginally symmetric conditions,

which were provided by Li et al. [2012a].

(M1) Denote ∆εk = Y1 − Y2 − ρk(X1k − X2k) and ∆Xk = X1k − X2k, then the

conditional distribution of ∆εk given ∆Xk is a symmetric finite mixture distribution,

i.e., f∆εk|∆Xk
(t) = π0kf0(t, σ

2
0|∆Xk) + (1 − π0k)f1(t, σ

2
1|∆Xk), where f0(t, σ

2
0 |∆Xk)

is symmetric unimodal probability distribution and f1(t, σ
2
1|∆Xk) is a symmetric
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probability distribution function and σ2
0, σ

2
1 are conditional variances related to ∆Xk,

k ∈ M⋆. Furthermore, there exists a given positive constant π⋆ ∈ (0, 1] such that

π0k ≥ π⋆ for any k ∈ M⋆.

(M2) cM⋆ = mink∈M⋆ E|Xk| is a positive constant and is free of p.

(M3) The predictorsX i = (Xi1, . . . , Xip)
T and the error term εi are independent,

i = 1, 2, . . . , n.

Theorem 2.4.1 Under the marginally symmetric condition (M1)-(M3) and the con-

dition of Theorem 3 in Fan and Song (2010), i.e., for k ∈ M⋆,

|Cov(b′(XTβ⋆), Xk)| ≥ C1n
−κ

where C1 is a positive constant and κ < 1/2. After using 2-quantile and l−quantiles

to discretize the response Y and the predictor Xk, we have

(1) at least one X̃ki such that

|Cov(Ỹ , X̃ki)| ≥ C2n
−κ

for some positive constant C2.

(2) Furthermore,

min
k∈M⋆

L̃⋆
k ≥ C3n

−2κ

for some positive constant C3 and L̃⋆
k is the corresponding increments of the log-

likelihood after discretization.

Theorem 2.4.1 ensures that if the original variables are associated with the re-

sponse or other variables, they are also related to each other after discretization.

Therefore, discretization provides us another efficient way to screen the variable in

the generalized linear models. We can replace SIS by Discretized SIS (DSIS). It stim-

ulates us to apply discretization to the interaction pursuit. In next subsection, we

get the similar result between SSI and discretized SSI (DSSI).
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2.4.2 Relationship between SSI and DSSI

In this section, we consider the generalized linear model (2.2) with interaction terms

and study the relationship SSI and DSSI. We follow the above assumption of our

model and furthermore, suppose that E(Y ) = 0 and E(Y 2) = 1.

Assume that SXi , SXj and SY are the support sets of variables Xi, Xj and Y ,

respectively. Denote that {PXi
s }l1s=1, {P

Xj

t }l2t=1and {P Y
k }mk=1 are partitions of their

supports, which means that

l⋃

s=1

PXi
s = SXi and PXi

s1

⋂
PXi
s2 = ∅ for s1 6= s2;

l⋃

t=1

P
Xj

t = SXj and P
Xj

t1

⋂
P

Xj

t2 = ∅ for t1 6= t2;

and
m⋃

k=1

P Y
k = SY and P Y

k1

⋂
P Y
k2

= ∅ for k1 6= k2;

where l1, l2 and m are positive constants. Here, we still consider the l1−quantiles,

l2−quantiles and m−quantiles as the break points for the partitions of variables Xi,

Xj and Y , respectively. Define

X̃i =





0, Xi ∈ PXi
1

1, Xi ∈ PXi
2

...
...

l1 − 1, Xi ∈ PXi
l1

and X̃j =





0, Xj ∈ P
Xj

1

1, Xj ∈ P
Xj

2

...
...

l2 − 1, Xj ∈ P
Xj

l2

.

Furthermore, denote that

X̃ ij =





0, Xi ∈ PXi
1 and Xj ∈ P

Xj

1

1, Xi ∈ PXi
1 and Xj ∈ P

Xj

2

...
...

l1 ∗ l2 − 1, Xi ∈ PXi
l1

and Xj ∈ P
Xj

l2
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And also, we define that the discretized response Ỹ ,

Ỹ =





0, Y ∈ P Y
1

1, Y ∈ P Y
2

...
...

m− 1, Y ∈ P Y
m

.

Hence, we have the new categorical predictor X̃i, X̃j and response Ỹ , respectively.

And also, we get the new interaction variable X̃ ij . Furthermore, denote that

X̃ ij
st = I

({
Xi ∈ PXi

s

} ⋂ {
Xj ∈ P

Xj

t

})
, 1 ≤ s ≤ l1, 1 ≤ t ≤ l2

and Ỹj = I(Y ∈ P Y
j ), 1 ≤ j ≤ m, where I(·) is the indicator function. After

discretization, the new increment of log-likelihood function in population version is

defined as

L̃⋆
ij = E{l(X̃T

i,jβ̃
M

i,j , Ỹ )− l(X̃
T

ijβ̃
M

ij , Ỹ )}, 1 ≤ i < j ≤ p.

Remark 2.4.2 Here, we still consider continuous response Y and use 2-quantile

(median) to split the response Y , that is, m = 2 and

Ỹ =





0, Y ≤Md(Y )

1, Y > Md(Y )
,

where Md(Y ) is the median of the response Y . To prove the following theorem, we

will first give the proof for the case m = 2 and l1 = l2 = 2, and then extend the case

l1 = l2 = 2 to the case l1 ≥ 3 and l2 ≥ 3 .

Similar to the last part, we still need some marginally symmetric conditions. Let

ζij = Y −b′(XT
i,jβ

M
i,j), and denote that (Y1, X1i, X1j, X1ij , ζ1ij), (Y2, X2i, X2j , X2ij, ζ2ij)

be the independent copies of (Y,Xi, Xj, Xij, ζij). We further centralize ζij and denote

that ρij = Cov(ζij, Xij)/
√

Var(ζij)Var(Xij).

(M1′) Denote ∆εij = ζ1ij−ζ2ij−ρij(X1ij−X2ij) and ∆Xij = X1ij−X2ij , then the

conditional distribution of ∆εij given ∆Xij is a symmetric finite mixture distribution,
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i.e., f∆εij |∆Xij
(t) = π0ijf0(t, σ

2
0|∆Xij) + (1− π0ij)f1(t, σ

2
1 |∆Xij), where f0(t, σ

2
0|∆Xij)

is symmetric unimodal probability distribution and f1(t, σ
2
1|∆Xij) is a symmetric

probability distribution function and σ2
0 , σ

2
1 are conditional variances related to ∆Xij ,

i, j ∈ N⋆. Furthermore, there exists a given positive constant π⋆ ∈ (0, 1] such that

π0ij ≥ π⋆ for any i, j ∈ N⋆.

(M2′) cN⋆ = mini,j∈N⋆ E|Xij| is a positive constant and is free of p.

(M3′) The predictors X = (X1, . . . , Xp)
T and the error term ε are independent.

Remark 2.4.3 In fact, the marginally symmetric condition (M1)’ is also easily sat-

isfied. Denote that εij = ζij − ρijXij. A special case is that under the linear model,

the conditional distribution of εij given Xij does not dependent on Xij and it has K

modes, where K is finite. It implies that the conditional distribution εij|Xij is same

as the distribution of εij. Suppose that ε1ij, ε2ij follow a distribution fε(t) with K

modes, that is, fε(t) =
∑K

k=1 πkfk(t), where πk ≥ 0 and
∑K

k=1 πk = 1. Moreover, as-

sume that f ⋆
lm(t), 1 ≤ l, m ≤ K, are the distributions of the difference Zl−Zm, where

Zl and Zm are independent and follow the distributions fl(t) and fm(t), respectively.

Therefore, the distribution of ∆εij = ε1ij − ε2ij can be expressed as

f∆ε(t) =
∑

l

∑

m

πlπmf
⋆
lm(t) =

∑

l

π2
l f

⋆
ll(t) +

∑

l 6=m

πlπmf
⋆
lm(t)

=
(∑

l

π2
l

)∑

l

π2
l∑
l π

2
l

f ⋆
ll(t) + (1−

∑

l

π2
l )
∑

l 6=m

πlπm
1−∑l π

2
l

f ⋆
lm(t)

, π⋆
0f

⋆
0 (t) + (1− π⋆

0)f
⋆
1 (t).

Obviously, f ⋆
ll(t) are symmetric unimodal distributions because of the unimodal distri-

butions fl(t), and then f ⋆
0 (t) is symmetric and unimodal. And f ⋆

1 (t) is a symmetric

and multimodal density function. Moreover, π⋆
0 =

∑
l π

2
l ≥ (

∑
l π

2
l )

2/K = 1/K.

Theorem 2.4.2 Under the marginally symmetric conditions (M1′)−(M3′) and the

condition: for i, j ∈ N⋆,

|CovL(Y,Xij|XT
i,jβ

M
i,j)| ≥ c1n

−κ

where c1 is a positive constant and κ < 1/4. After using 2-quantile, l1−quantiles and
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l2−quantiles to discretize the response Y and the predictors Xi, Xj, we obtain

(1) at least one X̃ ij
st such that

|CovL(Ỹ , X̃ ij
st |X̃

T

i,jβ̃
M

i,j)| ≥ c10n
−κ

for some positive constant c10.

(2) Furthermore,

min
i,j∈N⋆

L̃⋆
ij ≥ c11n

−2κ

for some positive constant c11 and L̃⋆
ij is the corresponding increments of the log-

likelihood after discretization.

Theorem 2.4.2 claims that the important interaction terms are still significant after

discretization under some certain conditons. Consequently, we can use more efficient

algorithm Discretized SSI to detect efficiently the important interaction effects.

2.5 Numerical Studies I

In this section, we will demonstrate the performance of our method-SSI about the

interaction screening on the simulated data and verify the theoretical results. Here,

the methods-xyz (Thanei et al. [2016]), RAMP (Hao et al. [2016]) and IP (Fan et al.

[2016]) are taken into account to compare their performance on the estimation and

prediction. Furthermore, the finite sample performance of discretized SSI (DSSI) is

also examined.

2.5.1 The setup of Simulation studies

In the first part of simulation study, the data (XT
1 , Y1), (XT

2 , Y2), . . . , (X
T
n , Yn) are

independent copies of the population (XT , Y ), where the conditional distribution of

Y given X = x is a normal distribution or binomial distribution. And also we design

three types of interaction models with different heredity assumptions:

(1) strong heredity assumption: the interaction effect is significant and the corre-

sponding main effects are also included in the model;

(2) weak heredity assumption: the interaction effect is significant and at least one of
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the corresponding main effects are included in the model;

(3) anti-heredity assumption: the interaction effect is significant and the correspond-

ing main effects are not included in the model.

Following the setting of Fan and Song [2010], the predictors are generated from

Xj =
εj + ajε√
1 + a2j

,

where ε and {εj}⌊p/3⌋j=1 are independent and identically distributed standard normal

random variables; {εj}⌊2p/3⌋j=⌊p/3⌋+1 are independent and identically distributed, and fol-

low a double exponential distribution with the location parameter 0 and scale parame-

ter 1; and {εj}pj=⌊2p/3⌋+1 are independent and identically distributed and follow a mix-

ture normal distribution with two components N(−1, 1), N(1, 0.5) and equal mixture

proportion. The covariates are standardized. The constants {aj}rj=1 are identical and

taken as some values such that the correlation ρ = corr(Xi, Xj) = 0, 0.2, 0.4, 0.6, 0.8

among the first r predictors, and aj = 0 for j > r.

We fix the number of predictors with p = 400, 2000 and 5000, and consider the

size of nonzero interaction coefficients as s = 3, and present the numerical result with

r = 15. All methods are evaluated by aggregating the median minimal model size

(MMMS) of the selected model and its associated RSD, which is the interquartile

range (IQR) divided by 1.34, by considering 100 simulated results. Time (in seconds)

represents the average time of computing the test statistics of all the interaction

terms in 100 simulated data sets. Denote that Pr be the percentage of the numbers

of results that include the true model by using the method RAMP and xyz. Since

the method RAMP is considered under the strong and weak heredity assumption in

the package “RAMP”, and anti-heredity is not covered in that package, we use the

function RAMP with weak assumption (RAMP-w) to screen the interaction terms in

the model without heredity assumption. The tuning parameter is selected by AIC.

For xyz algorithms, we use the projection times L = 10 and the number of interaction

terms selected is 500, which is the largest number of the interaction terms that we

can get by this algorithm in the package “xyz”. The linear model and logistic model

are chosen to take the simulation studies.
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2.5.2 Example 1-Linear Model

The generated data are n independent and identically distributed copies of the popu-

lation (XT , Y ), in which the response Y follows a linear model with Y = XTβ⋆ + ε.

We follow the above predictors’ setting and consider the following three interaction

models linking the predictors Xj ’s to the response Y .

(M1): Y =
5∑

i=1

βiXi + β13X1X3 + β24X2X4 + β35X3X5 + ε,

(M2): Y =
5∑

i=1

βiXi + β610X6X10 + β814X8X14 + β1215X12X15 + ε,

(M3): Y =
5∑

i=1

βiXi + β16X1X6 + β310X3X10 + β515X5X15 + ε;

where the coefficients of main effect and interaction effect are 1 and 2 respectively. For

models (M1)-(M3), all of them include the five main terms X1, X2, X3, X4, X5. Three

interaction terms X1X3, X2X4 and X3X5 are included in the model (M1), which sat-

isfies the strong heredity assumption. In the model (M2), only pure interaction effects

exist (anti-heredity), i.e., X6X10, X8X14, X12X15. The weak heredity assumption is

included in the models (M3). For interaction terms X1X6, X3X10, X5X15, the cor-

responding main effect X1, X3 and X5 are in the model (M3). Here, the sample size

is taken as 100 and 200. The results of these three models by using three methods

can be found in the Table 2.1-2.3.

Based on these results in the above tables, among all of these designed scenarios,

our method SSI performs well in linear model with our setting. The xyz algorithm is

the least time consuming but not be of the best performance. By comparing SSI with

RAMP, the time of SSI is less than that of RAMP when p is not large, while RAMP

is more efficient than SSI when p is sufficiently large. However, Pr is not always 1

for RAMP, which implies that the results from RAMP cannot cover all important

interaction terms sometimes. Especially, for model (M2), Pr of RAMP is the worst

one in three methods (M1)-(M3). For MMMS, RAMP and SSI are able to reduce

the number of interaction terms to less than n. The performance of xyz is the worst

one. And also, RAMP performs a little better than SSI does about MMMS, but

the results of RAMP are not better in Model (M2) that does not have the heredity

assumption. Furthermore, sometimes RAMP cannot select any one of interaction

terms, for example, p = 400, ρ = 0 in model (M2). Moreover, these three methods
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Table 2.1: The MMMS and the associated RSD (in the parenthesis) for the linear
model with p = 400

SSI
ρ n MMMS Time MMMS Time MMMS Time

(M1) (M2) (M3)
0.0 100 12(50) 1.73 3(0) 1.87 3(0) 2.20
0.2 100 4(6) 1.73 3(0) 1.92 3(0) 1.89
0.4 100 5(5) 1.63 4(3) 1.96 4(2) 1.87
0.6 100 8(5) 1.60 10(9) 1.95 8(5) 1.88
0.8 100 12.5(10) 1.61 17(11) 1.88 13(7) 1.87
0.0 200 3(0) 4.17 3(0) 3.20 3(0) 2.46
0.2 200 3(0) 4.29 3(0) 3.67 3(0) 2.44
0.4 200 3(1) 3.27 5(3) 3.82 5(4) 2.41
0.6 200 6(5) 3.15 12(9) 3.56 8(5) 2.41
0.8 200 9(5) 3.15 17(13) 3.70 13(7) 2.41

xyz
ρ n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M1) (M2) (M3)
0.0 100 0.04 198.5(122) 0.0128 0.03 149(126) 0.0142 0.04 286(130) 0.0210
0.2 100 0.08 133(65) 0.0121 0.06 242.5(147) 0.0131 0.01 73(0) 0.0164
0.4 100 0.25 98(158) 0.0126 0.15 84(56) 0.0131 0.23 145(120) 0.0131
0.6 100 0.54 161.5(102) 0.0132 0.47 181(90) 0.0145 0.35 193(77) 0.0145
0.8 100 0.79 116(59) 0.0139 0.74 129.5(58) 0.0143 0.73 123(57) 0.0154
0 200 0.07 16(6) 0.0121 0.04 14(12) 0.0096 0.08 23(36) 0.0095
0.2 200 0.11 20(47) 0.0119 0.04 26(43) 0.0099 0.06 98(101) 0.0099
0.4 200 0.44 123(128) 0.0118 0.19 97(145) 0.0101 0.25 128(137) 0.0101
0.6 200 0.63 125(77) 0.0132 0.47 130(63) 0.0104 0.56 148.5(63) 0.0107
0.8 200 0.93 103(38) 0.0130 0.91 100(44) 0.0112 0.89 103(49) 0.0118

RAMP
ρ n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M1) (M2) (M3)
0 100 0.53 3(0) 6.086 0 0(0) 11.395 0.47 6(7) 10.866
0.2 100 0.39 3(0) 5.407 0.10 14(7) 16.018 0.84 4(1) 12.643
0.4 100 0.24 3(0) 5.886 0.21 7(3) 16.347 0.94 4(1) 12.007
0.6 100 0.03 3(0) 6.309 0.24 10(7) 25.665 0.94 5(1) 13.949
0.8 100 0 0(0) 6.490 0.32 9(9) 23.991 0.96 5(2) 20.724
0 200 0.92 3(0) 19.459 0 0(0) 41.933 0.97 3(0) 22.439
0.2 200 0.80 3(0) 14.554 0.12 3.5(8) 47.947 1 3(0) 27.983
0.4 200 0.68 3(0) 12.545 0.20 6(10) 26.479 1 3(1) 25.656
0.6 200 0.45 3(1) 14.363 0.21 6(6) 23.101 1 4(1) 26.679
0.8 200 0.08 4(0) 14.467 0.24 6.5(4) 21.594 1 4(1) 21.922
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Table 2.2: The MMMS and the associated RSD (in the parenthesis) for the linear
model with p = 2000

SSI
ρ n MMMS Time MMMS Time MMMS Time

(M1) (M2) M3)
0 100 93.5(786) 61.76 433(1651) 43.65 123.5(528) 46.76
0.2 100 21(124) 61.53 152.5(642) 52.16 96.5(463) 48.96
0.4 100 7(9) 63.43 13(24) 66.22 10(12) 61.02
0.6 100 9(6) 62.11 21.5(17) 62.41 15.5(10) 60.91
0.8 100 12.5(10) 59.76 34.5(19) 61.54 23(14) 57.12
0 200 3(0) 69.28 3(0) 64.80 3(0) 67.12
0.2 200 3(0) 57.28 3(0) 59.55 3(0) 59.63
0.4 200 4(1) 51.28 4(5) 59.92 4(2) 57.98
0.6 200 6(4) 60.33 10(8) 79.24 9(7) 79.45
0.8 200 7.5(5) 59.42 17(14) 60.86 13(7) 61.55

xyz
ρ n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M1) (M2) (M3)
0 100 0.00 0(0) 0.0624 0.00 0(0) 0.0888 0.00 0(0) 0.0762
0.2 100 0.00 0(0) 0.0639 0.00 0(0) 0.0959 0.01 309(0) 0.0743
0.4 100 0.02 154.5(34 ) 0.0654 0.02 113.5(32) 0.0983 0.03 294(38) 0.0762
0.6 100 0.15 231(162) 0.0685 0.07 369(57) 0.1015 0.12 335.5(81) 0.078
0.8 100 0.38 193.5(110) 0.0675 0.31 200(123) 0.1032 0.35 183(130) 0.0793
0.0 200 0.00 0(0) 0.0532 0.00 0(0) 0.0511 0.01 151(0) 0.0500
0.2 200 0.03 136(62) 0.0524 0.00 0(0) 0.0689 0.02 117.5(78) 0.0504
0.4 200 0.10 103.5(108) 0.0619 0.03 21(134) 0.0701 0.03 117(163) 0.0511
0.6 200 0.21 231(118) 0.0568 0.16 224.5(196) 0.0618 0.16 386(163) 0.0526
0.8 200 0.65 209(89) 0.0549 0.60 210.5(142) 0.0544 0.62 223.5(102) 0.0546

RAMP
ρ n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M1) (M2) (M3)
0 100 0.14 3(0) 6.62 0 0(0) 36.62 0.14 11.5(5) 37.63
0.2 100 0.27 3(0) 6.61 0.02 11(5) 38.86 0.66 4(3) 42.64
0.4 100 0.14 3(0) 6.53 0.11 6(5) 44.23 0.84 4(2) 59.34
0.6 100 0.03 3(0) 6.05 0.21 12(11) 60.36 0.93 5(1) 62.62
0.8 100 0 0(0) 5.57 0.20 13.5(6) 44.91 0.97 6(2) 42.74
0 200 0.81 3(0) 10.56 0 0(0) 126.08 0.88 3(1) 118.35
0.2 200 0.82 3(0) 15.91 0.05 3(1) 194.92 0.99 3(0) 225.87
0.4 200 0.52 3(0) 17.52 0.16 3.5(1) 142.36 1 3(1) 196.26
0.6 200 0.27 3(1) 16.60 0.14 13.5 (10) 141.69 1 4(1) 136.17
0.8 200 0 0(0) 14.65 0.26 8(17) 106.72 1 4(1) 106.11
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Table 2.3: The MMMS and the associated RSD (in the parenthesis) for the linear
model with p = 5000

SSI
ρ n MMMS Time MMMS Time MMMS Time

(M1) (M2) (M3)
0 100 628.5(4903) 869.8 1801.5 (13480 ) 431.7 986.5(4562) 248.1
0.2 100 87.5(708) 824.0 815(8283) 251.7 330.5(1569) 248.2
0.4 100 6(8) 388.3 29.5(141) 254.4 11(27) 248.6
0.6 100 9(7) 385.1 24(21) 255.5 14(15) 383.7
0.8 100 10(11) 386.1 27.5(18) 248.7 23(15) 444.3
0 200 3(1) 394.4 3(0) 424.1 3(0) 424.1
0.2 200 3(0) 405.4 3(1) 518.7 3(1) 518.7
0.4 200 4(1) 806.1 5(4) 1191.5 4(3) 1191.4
0.6 200 6(4) 803.9 9.5(11) 1152.5 10(8) 1146.8
0.8 200 7(5) 744.5 16(11) 819.2 14(10) 836.0

xyz
rho n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M1) (M2) (M3)
0 100 0.00 0(0) 0.2653 0.00 0(0) 0.2271 0.00 0(0) 0.1704
0.2 100 0.00 0(0) 0.2115 0.00 0(0) 0.268 0.00 0(0) 0.1741
0.4 100 0.00 0(0) 0.2847 0.00 0(0) 0.2087 0.00 0(0) 0.1789
0.6 100 0.04 175.5(156) 0.2898 0.01 251(0) 0.2084 0.01 419(0) 0.1813
0.8 100 0.07 254(141) 0.2968 0.03 389(82) 0.213 0.05 225(87) 0.1825
0 200 0.00 0(0) 0.1615 0.00 0(0) 0.1343 0.00 0(0) 0.138
0.2 200 0.00 0(0) 0.1578 0.00 0(0) 0.1331 0.01 447(0) 0.1462
0.4 200 0.05 13(4) 0.1571 0.01 227(0) 0.1354 0.01 27(0) 0.1536
0.6 200 0.09 269(235) 0.1602 0.08 17(13) 0.1388 0.02 27.5(9) 0.1569
0.8 200 0.22 252.5(169) 0.1516 0.23 289(129) 0.1417 0.17 276(123) 0.1605

RAMP
ρ n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M1) (M2) (M3)
0 100 0.07 3(0) 4.81 0 0(0) 66.47 0.03 25(16) 63.83
0.2 100 0.22 3(0) 5.44 0.01 13(0) 73.07 0.51 6(4) 79.14
0.4 100 0.08 3(0) 5.47 0.12 5(6) 92.91 0.83 5(3) 90.24
0.6 100 0 0(0) 5.59 0.17 7(8) 99.77 0.98 5(2) 94.38
0.8 100 0 0(0) 5.47 0.19 8(4) 96.52 0.87 6(2) 95.26
0 200 0.79 3(0) 14.42 0 0(0) 222.57 0.72 3(1) 315.45
0.2 200 0.71 3(0) 14.28 0.02 4.5(1) 301.78 0.95 3(0) 245.21
0.4 200 0.47 3(0) 13.45 0.18 4(8) 321.22 1 3(1) 261.86
0.6 200 0.14 3(0) 12.62 0.19 6(9) 284.26 1 4(1) 264.76
0.8 200 0.01 4(0) 12.38 0.29 7(15) 351.89 1 5(1) 308.32

54



will perform better when the sample size n becomes larger.

2.5.3 Example 2-Logistic Model

In this section, the generated data are n independent and identically distributed

copies of the population (XT , Y ), where the conditional distribution of the variable

Y given X = x is a binomial distribution with

log

(
π(x)

1− π(x)

)
= XTβ⋆.

We use the same setup of covariates and the same values β⋆ as that in the linear

model, and consider the following three interaction models.

(M4): log
(

π(x)
1−π(x)

)
=

5∑
i=1

βiXi + β13X1X3 + β24X2X4 + β35X3X5,

(M5): log
(

π(x)
1−π(x)

)
=

5∑
i=1

βiXi + β610X6X10 + β814X8X14 + β1215X12X15,

(M6): log
(

π(x)
1−π(x)

)
=

5∑
i=1

βiXi + β16X1X6 + β310X3X10 + β515X5X15;

Here, the coefficients of main effects and interaction effects are still chosen as 1

and 2 respectively. All three models have five main effects X1, X2, X3, X4 and X5.

The model (M4) has the strong heredity assumption with interaction terms X1X3,

X2X4 and X3X5 ; the anti heredity assumption is satisfied by the model (M5) with

cross terms X6X10, X8X14, X12X15; and the models (M6) is under the weak heredity

assumption, which has interaction terms X1X6, X3X10, X5X15. The sample size is

defined as 200 and 300. The results of three methods applied into (M4)-(M6) are

presented in the tables 2.4-2.6.

Tables 2.4-2.6 list all results about three methods in the logistic models. By these

results, we can draw some conclusions: (1) From the perspective of efficiency, the

xyz algorithm is still best and the time consumed by SSI is a little more than that of

RAMP; (2) By considering Pr, RAMP outperforms xyz but its Pr is still a little low;

(3) For MMMS, we choose the projection numbers L = 10, 50 and 100, the results

of xyz do not involve any one of the interaction terms. In the model (M5), RAMP

provides the same results. When the dimension p is small, SSI performs better than

other two methods. When p = 2000 or 5000, the performance of our method is

not good when the sample size is only 200 compared with RAMP. By increasing the
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Table 2.4: The MMMS and the associated RSD (in the parenthesis) for logistic model
with p = 400

SSI
ρ n MMMS Time MMMS Time MMMS Time

(M4) (M5) (M6)
0 200 9(46) 11.88 7(12) 9.31 4(6) 9.48
0.2 200 3(1) 9.96 8(24) 10.04 5(8) 10.55
0.4 200 3(1) 10.57 5(5) 10.33 3(1) 10.95
0.6 200 4(3) 10.75 10(10) 10.44 6(6) 11.14
0.8 200 11(9) 10.82 32.5(20) 10.42 21(15) 11.09
0 300 3(1) 16.10 3(0) 16.016 3(0) 15.99
0.2 300 3(0) 15.53 3(0) 17.95 3(0) 17.29
0.4 300 3(0) 16.10 3(1) 17.97 3(0) 18.03
0.6 300 3(1) 18.03 5.5(4) 18.21 4(2) 17.41
0.8 300 7(7) 18.23 22(16) 18.48 14(12) 17.97

xyz
ρ n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M4) (M5) (M6)
0 200 0 0(0) 0.0169 0 0(0) 0.0167 0 0(0) 0.0170
0.2 200 0 0(0) 0.0165 0 0(0) 0.0177 0 0(0) 0.0165
0.4 200 0.02 324.5(6) 0.0169 0.01 335(0) 0.0163 0.01 338(0) 0.0168
0.6 200 0.05 365(66) 0.0176 0.04 366.5(17) 0.0172 0.04 368.5(46) 0.0174
0.8 200 0.15 375(52) 0.0183 0.23 347(48) 0.0168 0.2 345(22) 0.0174
0 300 0 0(0) 0.0216 0 0(0) 0.0288 0 0(0) 0.0215
0.2 300 0 0(0) 0.0211 0 0(0) 0.0217 0 0(0) 0.0211
0.4 300 0 0(0) 0.0231 0.02 371(17) 0.0204 0 0(0) 0.0205
0.6 300 0.07 339(38) 0.0204 0.02 389(4) 0.0229 0.05 341(14) 0.0205
0.8 300 0.19 330(30) 0.0207 0.17 370(46) 0.0207 0.2 363(44) 0.0206

RAMP
ρ n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M4) (M5) (M6)
0 200 0.33 3(1) 24.59 0 0(0) 65.09 0.16 8.5(5) 62.39
0.2 200 0.07 3(0) 25.58 0 0(0) 59.82 0.35 6(4) 56.83
0.4 200 0.00 6(0) 20.09 0 0(0) 53.15 0.13 5(7) 55.15
0.6 200 0.00 0(0) 31.07 0 0(0) 46.31 0.04 7(7) 45.18
0.8 200 0.00 0(0) 18.76 0 0(0) 40.09 0.00 0(0) 41.46
0 300 0.82 3(0) 33.94 0 0(0) 131.91 0.56 8(7) 113.81
0.2 300 0.16 3(1) 35.16 0 0(0) 112.46 0.57 4(3) 95.82
0.4 300 0 0(0) 31.91 0 0(0) 78.00 0.41 6(6) 79.84
0.6 300 0 0(0) 30.27 0 0(0) 71.98 0.11 9(8) 76.69
0.8 300 0 0(0) 26.95 0 0(0) 107.48 0.02 17.5(9) 86.15
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Table 2.5: The MMMS and the associated RSD (in the parenthesis) for logistic model
with p = 2000

SSI
ρ n MMMS Time MMMS Time MMMS Time

(M4) (M5) (M6)
0 200 153(677) 238.80 107(383) 247.70 72.5(378) 244.78
0.2 200 9(34) 242.00 73(289) 265.83 42.5(325) 261.22
0.4 200 3(2) 262.72 8.5(25) 272.73 4.5(9) 269.12
0.6 200 4(3) 267.42 10(10) 271.16 6.5(6) 272.65
0.8 200 12(10) 273.37 28.5(24) 265.56 22(19) 271.2
0 300 5.5(24) 479.18 4(5) 821.08 3(1) 470.92
0.2 300 3(0) 465.85 3(5) 951.26 3(1) 638.17
0.4 300 3(0) 499.65 3(1) 509.85 3(0) 933.61
0.6 300 3(1) 529.42 6(4) 509.79 4(4) 976.17
0.8 300 8.5(7) 984.82 22(20) 492.48 14(13) 996.39

xyz
ρ n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M4) (M5) (M6)
0 200 0 0(0) 0.0700 0 0(0) 0.0721 0 0(0) 0.0623
0.2 200 0 0(0) 0.0687 0 0(0) 0.0838 0 0(0) 0.0621
0.4 200 0 0(0) 0.0781 0 0(0) 0.0798 0 0(0) 0.0626
0.6 200 0 0(0) 0.0680 0 0(0) 0.0699 0 0(0) 0.0626
0.8 200 0 0(0) 0.0629 0 0(0) 0.0645 0 0(0) 0.0626
0 300 0 0(0) 0.0784 0 0(0) 0.0761 0 0(0) 0.1161
0.2 300 0 0(0) 0.0811 0 0(0) 0.0762 0 0(0) 0.1190
0.4 300 0 0(0) 0.0858 0 0(0) 0.0769 0 0(0) 0.1039
0.6 300 0 0(0) 0.0879 0 0(0) 0.0770 0 0(0) 0.0900
0.8 300 0 0(0) 0.0942 0 0(0) 0.0780 0 0(0) 0.0776

RAMP
ρ n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M4) (M5) (M6)
0 200 0.06 3(0) 22.38 0 0(0) 169.32 0.05 19(4) 206.53
0.2 200 0.02 3(0) 20.22 0 0(0) 200.53 0.21 6(4) 193.03
0.4 200 0.00 0(0) 16.04 0 0(0) 175.64 0.03 4(4) 221.53
0.6 200 0.00 0(0) 11.28 0 0(0) 239.09 0.02 20.5(4) 182.39
0.8 200 0.00 0(0) 11.67 0 0(0) 187.78 0.00 0(0) 152.55
0 300 0.43 3(0) 58.5 0 0(0) 314.23 0.22 13(10) 303.25
0.2 300 0.13 3(0) 59.61 0 0(0) 228.41 0.34 5(3) 220.29
0.4 300 0 0(0) 37.53 0 0(0) 213.25 0.26 4.5(7) 208.62
0.6 300 0 0(0) 23.32 0 0(0) 199.5 0.03 8(1) 199.44
0.8 300 0 0(0) 25.11 0 0(0) 187.99 0 0(0) 195.71
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Table 2.6: The MMMS and the associated RSD (in the parenthesis) for logistic model
with p = 5000

SSI
ρ n MMMS Time MMMS Time MMMS Time

(M4) (M5) (M6)
0 200 2711.5(12891) 1551.9 964.5(2845) 1493.8 325 (2440) 1528.0
0.2 200 24.5(158) 1686.2 639.5(3758) 1759.9 252.5(1746) 1720.3
0.4 200 4(5) 1798.8 35.5(343) 1834.9 11.5(53) 1805.1
0.6 200 5(3) 1669.4 11(12) 1697.3 7(8) 1667.1
0.8 200 13(9) 1715.9 28.5(18) 1717.3 23(14) 1708.1
0 300 19(93) 3733.0 4(11) 2317.9 3(5) 2343.2
0.2 300 3(1) 2461.2 5(19) 2400.0 4(7) 2407.4
0.4 300 3(0) 2259.1 3(1) 2398.9 3(1) 2413.0
0.6 300 3(1) 2299.1 5(5) 2685.1 4(2) 2698.2
0.8 300 8(6) 2477.5 19.5(14) 2999.2 13(11) 3008.4

xyz
ρ n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M4) (M5) (M6)
0 200 0 0(0) 0.1863 0 0(0) 0.1683 0 0(0) 0.1543
0.2 200 0 0(0) 0.2007 0 0(0) 0.1707 0 0(0) 0.1533
0.4 200 0 0(0) 0.1885 0 0(0) 0.1638 0 0(0) 0.1545
0.6 200 0 0(0) 0.1781 0 0(0) 0.2014 0 0(0) 0.1561
0.8 200 0 0(0) 0.1597 0 0(0) 0.1753 0 0(0) 0.1560
0 300 0 0(0) 0.1917 0 0(0) 0.2007 0 0(0) 0.2225
0.2 300 0 0(0) 0.1885 0 0(0) 0.2027 0 0(0) 0.2160
0.4 300 0 0(0) 0.1891 0 0(0) 0.2113 0 0(0) 0.2138
0.6 300 0 0(0) 0.1919 0 0(0) 0.2126 0 0(0) 0.2066
0.8 300 0 0(0) 0.1912 0 0(0) 0.2143 0 0(0) 0.1998

RAMP
ρ n Pr MMMS Time Pr MMMS Time Pr MMMS Time

(M4) (M5) (M6)
0 200 0.02 3(0) 58.87 0 0(0) 1003.4 0.00 0(0) 766.43
0.2 200 0.00 0(0) 68.98 0 0(0) 1276.2 0.04 11.5(9) 1185.6
0.4 200 0.01 3(0) 78.11 0 0(0) 1093.9 0.02 10.5(1) 1053.2
0.6 200 0.00 0(0) 58.68 0 0(0) 1016.1 0.01 10(0) 1058.1
0.8 200 0.00 0(0) 48.21 0 0(0) 833.9 0.00 0(0) 764.7
0 300 0.31 3(0) 119.71 0 0(0) 1902.00 0.16 9(7) 1822.5
0.2 300 0.02 3(0) 221.85 0 0(0) 2545.9 0.29 6(6) 2527.1
0.4 300 0 0(0) 184.68 0 0(0) 2321.5 0.19 7(6) 2292.1
0.6 300 0 0(0) 145.84 0 0(0) 1490.3 0.03 6(8) 1413.1
0.8 300 0 0(0) 111.50 0 0(0) 1465.1 0 0(0) 1474.7
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sample size to 300, our method’s performance awfully exceeds other two methods.

In summary, among all of these designed scenarios, our method SSI performs well

although its time is a little more than other methods’.

2.5.4 Prediction Performance-SSI

In this part, we consider the performance of prediction in the linear model by compar-

ing three methods: SSI, xyz and RAMP. We apply the out of sample R2 to evaluate

the prediction performance of these three methods. The out of sample R2 is defined

by

R2 = 100%×
{
1−

∑
(Y ∗

i −X∗T
i β̂)2∑

(Y ∗
i − Ȳ ∗)2

}
,

where (X∗
i , Y

∗
i ) is the testing data and β̂ is the estimate of the coefficient based

on the training data. All methods are evaluated by summarizing the median of the

out of sample R2 of the selected model and its associated RSD, which is taken as

the interquartile range (IQR) divided by 1.34. All of these values are based on 100

simulated results.

The setup of the predictors still follows the setting of Fan and Song [2010], just

like the last section. All of the samples are generated by the linear models (M1)-(M3).

Here, the dimension and the sample size of data sets are:

{(p, n) : (400, 200), (400, 300), (2000, 300), (2000, 400), (5000, 300), (5000, 400)}.

And ρ is taken as five values: 0, 0.2, 0.4, 0.6, 0.8. For each sample data set, we choose

the n1 = 75%∗n of the data set as the training data and the remaining samples as the

testing data. For the method SSI, we first select n1−1 main effects, n1−1 quadratic

components and n1−1 interaction terms, and then apply the LASSO penalty to these

terms in the training set. As a result, by using the testing data, we calculate the out

of sample R2. For xyz algorithm, we directly apply the function “xyz regression” to

the training set and then get the out of sample R2 based on the testing data. For the

third method RAMP, we also use the function RAMP with AIC criterion to select

the interaction effects in the training set and compute R2 by the testing data. By

default, LASSO penalty is used in the RAMP. All results are shown in Table 2.7-2.9.
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Table 2.7: The Median of out-of-sample R2 and the associated RSD (in the paren-
thesis) for linear model with p = 400

SSI

(M1) (M2) (M3)
ρ n = 200 n = 300 n = 200 n = 300 n = 200 n = 300
0 0.81010(0.0917) 0.89446(0.0209) 0.83067(0.0597) 0.89941(0.0215) 0.83940(0.0581) 0.89556(0.0203)
0.2 0.91994(0.0277) 0.94314(0.0197) 0.91664(0.0273) 0.93653(0.0136) 0.91472(0.0331) 0.93876(0.0131)
0.4 0.95067(0.0233) 0.96311(0.0121) 0.95345(0.0169) 0.96104(0.0099) 0.95283(0.0207) 0.95830(0.0114)
0.6 0.97275(0.0107) 0.97536(0.0073) 0.96947(0.0129) 0.97501(0.0090) 0.97200(0.0101) 0.97359(0.0078)
0.8 0.98152(0.0099) 0.98375(0.0061) 0.98081(0.0106) 0.98348(0.0057) 0.98086(0.0111) 0.98322(0.0063)

xyz

(M1) (M2) (M3)
ρ n = 200 n = 300 n = 200 n = 300 n = 200 n = 300
0 0.54926(0.1284) 0.79347(0.0575) 0.55194(0.1122) 0.81049(0.0504) 0.55065(0.1286) 0.79504(0.0594)

0.2 0.78792(0.0903) 0.86519(0.0511) 0.79247(0.0863) 0.86407(0.0385) 0.77353(0.0768) 0.85750(0.0443)
0.4 0.77608(0.1298) 0.79045(0.0949) 0.78930(0.1070) 0.78971(0.0939) 0.76304(0.1035) 0.77736(0.0920)
0.6 0.69978(0.2149) 0.67514(0.2030) 0.69902(0.1824) 0.69524(0.1557) 0.69716(0.2174) 0.70987(0.1856)
0.8 0.56368(0.2474) 0.60657(0.2027) 0.60709(0.2400) 0.53215(0.1832) 0.57206(0.2080) 0.55701(0.2473)

RAMP

(M1) (M2) (M3)
ρ n = 200 n = 300 n = 200 n = 300 n = 200 n = 300
0 0.68868(0.5037) 0.78503(0.0758) 0.99981(0.0005) 0.99975(0.0005) 0.99994(0.0001) 0.99994(0.0001)

0.2 0.79104(0.4578) 0.87020(0.0444) 0.99976(0.0005) 0.99974(0.0004) 0.99982(0.0003) 0.99981(0.0003)
0.4 0.79195(0.5881) 0.90441(0.0678) 0.99896(0.0026) 0.99876(0.0019) 0.99857(0.0033) 0.99841(0.0018)
0.6 0.34543(0.6467) 0.73968(0.3226) 0.99354(0.0092) 0.99439(0.0077) 0.99204(0.0072) 0.99346(0.0094)
0.8 0.50299(0.4228) 0.60585(0.2526) 0.97875(0.0201) 0.97613(0.0241) 0.97801(0.0231) 0.97482(0.0254)

Table 2.8: The Median of out-of-sample R2 and the associated RSD (in the paren-
thesis) for linear model with p = 2000

SSI

(M1) (M2) (M3)
ρ n = 300 n = 400 n = 300 n = 400 n = 300 n = 400
0 0.85418(0.0620) 0.89557(0.0259) 0.85351(0.0408) 0.89846(0.0159) 0.84968(0.0477) 0.89401(0.0227)
0.2 0.92892(0.0254) 0.94463(0.0182) 0.92695(0.0176) 0.94096(0.0153) 0.92617(0.0215) 0.94189(0.0151)
0.4 0.96085(0.0143) 0.96768(0.0076) 0.95684(0.0129) 0.96434(0.0087) 0.95788(0.0169) 0.96478(0.0099)
0.6 0.97231(0.0108) 0.97518(0.0062) 0.97272(0.0113) 0.97487(0.0064) 0.97208(0.0117) 0.97422(0.0082)
0.8 0.98157(0.0073) 0.98381(0.0050) 0.98181(0.0059) 0.98377(0.0052) 0.98122(0.0062) 0.98399(0.0048)

xyz

(M1) (M2) (M3)
ρ n = 300 n = 400 n = 300 n = 400 n = 300 n = 400
0 0.58010(0.1142) 0.81290(0.0510) 0.56533(0.1357) 0.82146(0.0531) 0.59076(0.1177) 0.81772(0.0551)
0.2 0.83377(0.0643) 0.87378(0.0340) 0.82684(0.0524) 0.87017(0.0307) 0.82472(0.0463) 0.87502(0.0375)
0.4 0.78623(0.0918) 0.79693(0.0744) 0.78523(0.0829) 0.79198(0.0689) 0.78762(0.0885) 0.78743(0.0711)
0.6 0.68467(0.1739) 0.69228(0.1547) 0.68087(0.1551) 0.66030(0.1249) 0.65133(0.1464) 0.70160(0.1457)
0.8 0.58967(0.1798) 0.57715(0.2144) 0.59163(0.2129) 0.55211(0.1469) 0.53657(0.2327) 0.57465(0.1806)

RAMP

(M1) (M2) (M3)
ρ n = 300 n = 400 n = 300 n = 400 n = 300 n = 400
0 0.81433(0.0749) 0.82122(0.0696) 0.99987(0.0002) 0.99984(0.0002) 0.99997(0.0000) 0.99997(0.0000)
0.2 0.87472(0.0594) 0.87001(0.0505) 0.99989(0.0002) 0.99991(0.0001) 0.99986(0.0002) 0.99989(0.0001)
0.4 0.89756(0.2944) 0.92444(0.0509) 0.99897(0.0016) 0.99899(0.0014) 0.99895(0.0021) 0.99892(0.0013)
0.6 0.59375(0.5608) 0.90287(0.3518) 0.99373(0.0060) 0.99362(0.0057) 0.99371(0.0072) 0.99248(0.0073)
0.8 0.50794(0.3565) 0.62332(0.3557) 0.98185(0.0170) 0.97892(0.0170) 0.98190(0.0153) 0.97614(0.0196)
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Table 2.9: The Median of out-of-sample R2 and the associated RSD (in the paren-
thesis) for linear model with p = 5000

SSI

M1) (M2) (M3)
ρ n = 300 n = 400 n = 300 n = 400 n = 300 n = 400
0 0.77501(0.1168) 0.87139(0.0502) 0.79931(0.0760) 0.87859(0.0324) 0.79359(0.0915) 0.87419(0.0336)
0.2 0.91867(0.0220) 0.93855(0.0143) 0.91300(0.0250) 0.93135(0.0128) 0.91402(0.0203) 0.93694(0.0157)
0.4 0.95934(0.0143) 0.96368(0.0101) 0.95513(0.0148) 0.96153(0.0097) 0.95616(0.0151) 0.96112(0.0092)
0.6 0.97362(0.0105) 0.97497(0.0095) 0.97299(0.0082) 0.97551(0.0068) 0.97298(0.0089) 0.97596(0.0091)
0.8 0.98199(0.0073) 0.98344(0.0053) 0.98036(0.0088) 0.98298(0.0057) 0.98181(0.0065) 0.98299(0.0063)

xyz

(M1) (M2) (M3)
ρ n = 300 n = 400 n = 300 n = 400 n = 300 n = 400
0 0.42767(0.2121) 0.74193(0.0881) 0.47859(0.1429) 0.72840(0.1398) 0.50059(0.1584) 0.75243(0.1200)
0.2 0.78602(0.0876) 0.86104(0.0490) 0.76705(0.1102) 0.85495(0.0435) 0.75615(0.1921) 0.86346(0.0421)
0.4 0.78611(0.1104) 0.78351(0.0874) 0.77673(0.0898) 0.77793(0.0821) 0.75709(0.1292) 0.76752(0.0861)
0.6 0.64861(0.1748) 0.67471(0.1676) 0.63452(0.1586) 0.65403(0.1447) 0.64539(0.1684) 0.67878(0.1319)
0.8 0.52948(0.2067) 0.53357(0.1760) 0.55832(0.2328) 0.57193(0.1822) 0.55593(0.2159) 0.54611(0.2235)

RAMP

(M1) (M2) (M3)
ρ n = 300 n = 400 n = 300 n = 400 n = 300 n = 400
0 0.80433(0.1780) 0.80874(0.0776) 0.99985(0.0003) 0.99994(0.0001) 0.99998(0.0000) 0.99997(0.0000)
0.2 0.84934(0.4036) 0.88609(0.0697) 0.99978(0.0004) 0.99988(0.0002) 0.99989(0.0002) 0.99990(0.0001)
0.4 0.80287(0.4993) 0.92411(0.2935) 0.99888(0.0014) 0.99915(0.0013) 0.99885(0.0019) 0.99896(0.0017)
0.6 0.51192(0.5455) 0.91247(0.4386) 0.99399(0.0071) 0.99346(0.0067) 0.99500(0.0066) 0.99375(0.0058)
0.8 0.45297(0.2610) 0.59992(0.2817) 0.97640(0.0239) 0.98088(0.0175) 0.97225(0.0232) 0.97797(0.0191)

From Table 2.7-2.9, we can come to a conclusion that (1) as the sample size n

increases, all the performance of prediction will become better for all three methods;

(2) among these three algorithms, the xyz algorithm still performs worst; comparing

SSI with RAMP, SSI outperforms RAMP in the model (M1), and each of them has

its own advantages in the Model (M2) and (M3). Actually, the out of sample R2 are

very close in these two models by using SSI and RAMP. Therefore, from the point of

prediction, SSI still has better behaviour.

2.5.5 Comparison between SSI and IP

In this section, we will compare the performance of the two methods SSI and IP in

the screening interaction terms. The method IP was proposed by Fan et al. [2016].

Following the setting of the last section, n i.i.d. observations are generated from each

of the three models (M1)-(M3). And we consider the following different settings: p =

400, 2000, 5000, n = 100, 200 and ρ = 0, 0.2, 0.4, 0.6, 0.8 and repeat each experiment

100 times. We retain the top d =
⌊

n
logn

⌋
interactions in each experiment and compare

the recovery percentage of each important interaction and the percentage of retaining
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all significant ones, where the braces indicate the floor function.

Table 2.10: The percentages of retaining each important interaction (inter1, inter2,
inter3) and all important ones (All) by SSI and IP for linear model when p = 400

SSI

(M1) (M2) (M3)
ρ n inter1 inter2 inter3 All inter1 inter2 inter3 All inter1 inter2 inter3 All
0 100 0.85 0.83 0.88 0.59 0.86 0.75 0.82 0.51 0.83 0.84 0.87 0.58
0.2 100 0.98 0.84 0.99 0.82 0.85 0.8 0.79 0.54 0.9 0.89 0.81 0.65
0.4 100 1 0.99 0.99 0.98 0.97 0.9 0.87 0.74 0.97 0.97 0.93 0.87
0.6 100 1 1 0.99 0.99 0.93 0.91 0.89 0.73 0.94 0.97 0.94 0.85
0.8 100 1 1 0.99 0.99 0.94 0.94 0.9 0.78 0.96 0.98 0.97 0.91
0 200 1 1 1 1 1 1 1 1 1 1 1 1
0.2 200 1 1 1 1 1 1 1 1 1 1 1 1
0.4 200 1 1 1 1 1 1 1 1 1 1 1 1
0.6 200 1 1 1 1 1 1 1 1 1 1 1 1
0.8 200 1 1 1 1 1 1 1 1 1 1 1 1

IP

(M1) (M2) (M3)
ρ n inter1 inter2 inter3 ALL inter1 inter2 inter3 ALL inter1 inter2 inter3 ALL
0 100 0.55 0.61 0.64 0.17 0.3 0.17 0.18 0 0.43 0.3 0.25 0.02
0.2 100 0.9 0.95 0.87 0.79 0.52 0.57 0.47 0.12 0.63 0.68 0.65 0.25
0.4 100 0.99 0.99 0.99 0.97 0.93 0.92 0.89 0.77 0.93 0.92 0.91 0.79
0.6 100 1 1 1 1 1 0.98 0.97 0.95 0.99 0.98 1 0.97
0.8 100 1 1 1 1 1 1 1 1 1 1 1 1
0 200 0.99 0.89 0.99 0.87 0.56 0.56 0.6 0.16 0.66 0.69 0.78 0.34
0.2 200 1 0.99 1 0.99 0.91 0.93 0.9 0.78 0.92 0.92 0.92 0.8
0.4 200 1 1 1 1 1 1 1 1 1 1 1 1
0.6 200 1 1 1 1 1 1 1 1 1 1 1 1
0.8 200 1 1 1 1 1 1 1 1 1 1 1 1

From the results of Table 2.10-2.12, SSI and IP can almost recover all important

interactions when ρ increases and the top d =
⌊

n
logn

⌋
interactions are remained. Fur-

thermore, in most cases of our settings, SSI can recover more important interactions

than IP does. For example, when p = 2000, n = 100 and ρ = 0, the recovering

percentage of IP is 0 while SSI has 19% of 100 simulated results to retain all three

interactions in Model (M2). These results indicate that our method SSI can improve

the screening accuracy for interaction effects.

2.5.6 Simulation Studies-DSSI

In this part, we continue to consider the performance of DSSI in the interaction

screening by using the linear models (M1)-(M3) and logistic models (M4)-(M6). The

setting of parameters (β, r, ρ) is same as the simulation studies of SSI in the last

section. Firstly, we still evaluate DSSI by computing the median minimal model size
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Table 2.11: The percentages of retaining each important interaction (inter1, inter2,
inter3) and all important ones (All) by SSI and IP for linear model when p = 2000

SSI

(M1) (M2) (M3)
ρ n inter1 inter2 inter3 All inter1 inter2 inter3 All inter1 inter2 inter3 All
0 100 0.64 0.6 0.72 0.23 0.64 0.57 0.63 0.19 0.61 0.62 0.66 0.21
0.2 100 0.85 0.67 0.92 0.49 0.63 0.6 0.63 0.24 0.75 0.73 0.7 0.33
0.4 100 0.96 0.9 0.98 0.85 0.9 0.82 0.9 0.69 0.92 0.92 0.92 0.78
0.6 100 0.99 0.97 0.99 0.95 0.92 0.9 0.94 0.79 0.97 0.95 0.92 0.85
0.8 100 1 1 1 1 0.96 0.9 0.96 0.83 0.99 0.97 0.98 0.94
0 200 0.99 1 1 0.99 0.98 1 0.96 0.94 0.99 0.99 1 0.98
0.2 200 1 0.99 1 0.99 0.99 0.97 0.99 0.96 1 1 1 1
0.4 200 1 1 1 1 1 0.99 1 0.99 1 1 1 1
0.6 200 1 1 1 1 1 0.98 1 0.98 1 0.99 1 0.99
0.8 200 1 1 1 1 0.99 1 1 0.99 1 0.99 1 0.99

IP

(M1) (M2) (M3)
rho n inter1 inter2 inter3 ALL inter1 inter2 inter3 ALL inter1 inter2 inter3 ALL
0 100 0.31 0.3 0.39 0.04 0.04 0.08 0.05 0 0.12 0.09 0.15 0
0.2 100 0.78 0.69 0.75 0.51 0.25 0.15 0.18 0 0.33 0.31 0.34 0.02
0.4 100 0.98 0.91 0.94 0.87 0.69 0.65 0.72 0.39 0.78 0.78 0.77 0.56
0.6 100 0.99 0.98 0.97 0.95 0.95 0.96 0.95 0.87 0.98 0.95 0.96 0.9
0.8 100 1 0.99 1 0.99 1 1 1 1 1 1 1 1
0 200 0.81 0.76 0.88 0.53 0.15 0.22 0.19 0 0.41 0.41 0.34 0.03
0.2 200 0.99 0.98 0.99 0.96 0.59 0.56 0.49 0.18 0.81 0.77 0.72 0.49
0.4 200 1 1 1 1 0.97 0.96 0.98 0.91 1 1 1 1
0.6 200 1 1 1 1 1 1 1 1 1 1 1 1
0.8 200 1 1 1 1 1 1 1 1 1 1 1 1
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Table 2.12: The percentages of retaining each important interaction (inter1, inter2,
inter3) and all important ones (All) by SSI and IP for linear model when p = 5000

SSI

(M1) (M2) (M3)
ρ n inter1 inter2 inter3 All inter1 inter2 inter3 All inter1 inter2 inter3 All
0 100 0.58 0.56 0.62 0.18 0.48 0.52 0.38 0.05 0.5 0.48 0.56 0.08
0.2 100 0.77 0.53 0.86 0.37 0.51 0.4 0.46 0.07 0.48 0.54 0.61 0.13
0.4 100 1 0.87 0.99 0.86 0.81 0.75 0.82 0.51 0.85 0.85 0.91 0.66
0.6 100 1 0.97 1 0.97 0.92 0.89 0.91 0.74 0.97 0.96 0.98 0.91
0.8 100 1 0.98 1 0.98 0.95 0.94 0.97 0.86 0.99 0.98 0.99 0.96
0 200 1 0.94 0.98 0.92 0.97 0.98 1 0.95 0.98 0.97 1 0.96
0.2 200 1 0.94 0.99 0.93 0.97 0.96 0.98 0.91 0.98 1 0.99 0.97
0.4 200 1 0.99 1 0.99 1 0.99 0.99 0.98 0.99 1 1 0.99
0.6 200 1 1 1 1 1 0.99 1 0.99 1 1 1 1
0.8 200 1 1 1 1 1 0.99 1 0.99 1 1 1 1

IP

0 100 0.19 0.13 0.22 0.01 0.08 0.03 0.04 0 0.02 0.03 0.02 0
0.2 100 0.64 0.58 0.67 0.35 0.15 0.2 0.17 0.01 0.11 0.2 0.29 0.01
0.4 100 0.85 0.83 0.82 0.67 0.68 0.67 0.72 0.41 0.61 0.7 0.67 0.4
0.6 100 0.93 0.93 0.89 0.84 0.93 0.95 0.93 0.84 0.91 0.94 0.9 0.81
0.8 100 0.99 1 1 0.99 0.99 1 1 0.99 0.98 1 0.99 0.97
0 200 0.73 0.61 0.76 0.32 0.17 0.13 0.23 0 0.25 0.25 0.26 0.01
0.2 200 0.96 0.97 0.98 0.93 0.43 0.53 0.51 0.1 0.58 0.64 0.65 0.25
0.4 200 1 1 1 1 0.96 0.95 0.93 0.85 0.95 0.99 0.99 0.93
0.6 200 1 1 1 1 1 1 1 1 1 1 1 1
0.8 200 1 1 1 1 1 1 1 1 1 1 1 1

(MMMS) of the selected model and its associated RSD, which is the interquartile

range (IQR) divided by 1.34, according to 100 simulated results. Time (in seconds)

represents the average time of computing the test statistics of all the interaction terms

in 100 simulated data sets. Secondly, we also examine the prediction performance

of DSSI by computing the median of the out of sample R2 of the model with re-

maining interactions and its RSD. In the process of estimating MMMS, the following

different settings are considered: (p, n)=(400, 300), (2000, 400), (5000, 500). When

we assess the prediction performance of DSSI, we choose the different setups with

p = 400, 2000, 5000 and n = 200, 300. Here, in the first step of DSSI, we transform

all predictors to the categorical variables with the same level l = 3, and the response

Y is simply changed into a binary response. And the threshold γKSA is chosen as 0,

which means that all interactions do not be deleted in Step 2 of DSSI with KSA.

Table 2.13 and Table 2.14 list the interaction screening results of DSSI for all set-

tings in the linear models (M1)-(M3) and the logistic models (M4)-(M5), respectively.

Compared with the results of SSI in Table 2.1-2.6, the time is dramatically reduced.
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Table 2.13: The MMMS and the associated RSD (in the parenthesis) for linear model
when p = 400, 2000, 5000

p ρ n MMMS Time MMMS Time MMMS Time
(M1) (M2) (M3)

0 300 9.5(40) 0.5199 15.5(47) 0.5166 10.5(49) 0.5136
0.2 300 4(10) 0.5169 26.5(125) 0.5196 13.5(43) 0.5181

400 0.4 300 4(2) 0.5167 31.5(59) 0.5186 6(14) 0.5209
0.6 300 10(10) 0.5169 27(69) 0.5172 13.5(23) 0.5161
0.8 300 33(42) 0.5213 78(182) 0.5170 57.5(77) 0.5149
0 400 9.5(60) 9.8733 9(28) 9.8792 4(11) 9.8846
0.2 400 3(2) 9.8780 16(117) 9.8774 10.5(39) 9.8868

2000 0.4 400 3(0) 9.8736 17(65) 9.9024 7(15) 9.8780
0.6 400 5(5) 9.9009 25.5(110) 9.9449 11(30) 9.9284
0.8 400 27.5(30) 9.9413 74(165) 9.9622 44.5(55) 9.9541
0 500 3(3) 61.3658 4.5(24) 61.2465 3(3) 61.0923
0.2 500 3(0) 61.3542 8(73) 61.0974 3(12) 60.9617

5000 0.4 500 3(0) 61.2537 6(40) 61.1416 3(5) 61.0074
0.6 500 4(2) 61.4720 7(12) 61.1504 7(8) 60.9372
0.8 500 22(18) 61.4567 51.5(74) 61.4286 38.5(30) 61.1283

Table 2.14: The MMMS and the associated RSD (in the parenthesis) for logistic
model when p = 400, 2000, 5000

p ρ n MMMS Time MMMS Time MMMS Time
(M4) (M5) (M6)

0 300 50.5(271) 0.5232 35.5(277) 0.5274 23(99) 0.5213
0.2 300 9(38) 0.5159 112.5(270) 0.5163 55(262) 0.5168

400 0.4 300 5(13) 0.5144 84(409) 0.5250 40.5(193) 0.5175
0.6 300 9(23) 0.5183 109(253) 0.5193 43(149) 0.5205
0.8 300 176.5(419) 0.5244 632(1924) 0.5147 426.5(1520) 0.5232
0 400 65(378) 9.9543 46(335) 10.0584 27(83) 10.0244
0.2 400 14.5(76) 9.9846 77.5(1219) 9.9962 26(130) 10.0198

2000 0.4 400 4(11) 10.0796 93(666) 10.0289 35.5(192) 9.9967
0.6 400 7(38) 10.0638 138.5(841) 10.0641 40.5(424) 9.9704
0.8 400 202.5(1179) 9.98360 2468(9846) 10.0595 941.5(4418) 9.9626
0 500 24.5(123) 61.5150 9.5(156) 61.0798 5(30) 61.0308
0.2 500 3(5) 61.1904 25(87) 61.5622 15(71) 61.2446

5000 0.4 500 3(1) 61.3408 29.5(274) 61.1146 4(26) 61.2586
0.6 500 3(3) 61.3469 59.5(355) 61.7705 10.5(81) 61.4825
0.8 500 85(604) 61.3699 711.5(11615) 61.7749 233(2377) 61.4225
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Because of the loss of information after discretization, the accuracy is influenced by

the discretization. Despite the loss, DSSI also can reduce the large scale interaction

terms to a moderate scale. As the correlation ρ increases, the MMMS usually increase

for all DSSI, which is consistent with SSI. DSSI is more efficient in general and its

performance is also excellent.

Table 2.15: The Median of out-of-sample R2 and the associated RSD (in the paren-
thesis) for linear model when p = 400

(M1) (M2) (M3)
ρ n = 200 n = 300 n = 200 n = 300 n = 200 n = 300
0 0.39418(0.2433) 0.44239(0.2507) 0.41878(0.2594) 0.38171(0.2543) 0.48669(0.2668) 0.50839(0.2564)
0.2 0.70465(0.2308) 0.72533(0.2513) 0.59010(0.1961) 0.53819(0.2162) 0.56643(0.227) 0.54490(0.2220)
0.4 0.87971(0.1118) 0.88638(0.092) 0.77860(0.1470) 0.78056(0.1221) 0.81810(0.1256) 0.83392(0.1151)
0.6 0.94658(0.0354) 0.95455(0.0254) 0.91935(0.0525) 0.92743(0.0393) 0.92810(0.0566) 0.93893(0.0376)
0.8 0.97249(0.0128) 0.97349(0.0093) 0.96778(0.0182) 0.97081(0.0111) 0.96700(0.017) 0.97255(0.0103)

Table 2.16: The Median of out-of-sample R2 and the associated RSD (in the paren-
thesis) for linear model when p = 2000

(M1) (M2) (M3)
ρ n = 200 n = 300 n = 200 n = 300 n = 200 n = 300
0 0.55740(0.2759) 0.88789(0.2313) 0.43949(0.2155) 0.69261(0.2388) 0.58231(0.2514) 0.90176(0.2300)
0.2 0.77366(0.2393) 0.94240(0.0936) 0.54718(0.1928) 0.81883(0.1540) 0.65819(0.2001) 0.83530(0.1517)
0.4 0.94327(0.0733) 0.96435(0.0142) 0.81898(0.1064) 0.89886(0.0802) 0.84920(0.1049) 0.95153(0.0557)
0.6 0.96784(0.0220) 0.97565(0.0093) 0.94019(0.0402) 0.96446(0.0216) 0.94766(0.0380) 0.97066(0.0123)
0.8 0.97713(0.0114) 0.98119(0.0049) 0.97209(0.0123) 0.97914(0.0089) 0.97360(0.0111) 0.97840(0.0088)

Table 2.17: The Median of out-of-sample R2 and the associated RSD (in the paren-
thesis) for linear model when p = 5000

(M1) (M2) (M3)
ρ n = 200 n = 300 n = 200 n = 300 n = 200 n = 300
0 0.36979(0.2517) 0.89957(0.1710) 0.29226(0.2301) 0.91059(0.1601) 0.36990(0.2450) 0.91182(0.0698)
0.2 0.65909(0.1660) 0.94585(0.0369) 0.43198(0.1987) 0.86889(0.1895) 0.50751(0.2528) 0.92668(0.1389)
0.4 0.86543(0.1471) 0.96397(0.0221) 0.78673(0.1266) 0.94488(0.0595) 0.76558(0.1424) 0.94830(0.0422)
0.6 0.94798(0.0304) 0.97578(0.0197) 0.91401(0.0423) 0.96372(0.0215) 0.92051(0.0363) 0.96827(0.0171)
0.8 0.97376(0.0116) 0.98337(0.0143) 0.97152(0.0120) 0.97934(0.0121) 0.97202(0.0111) 0.97871(0.0171)

Table 2.15-2.17 list all results of prediction in the linear model (M1)-(M3). We

can obtain the following conclusion: (1) when n is small, the accuracy of prediction is

not good for all settings, since it is affected by the discretization, and as n increases,

the out of sample R2 becomes more close to 1; (2) the out of sample R2s are not

bad by comparing them with that of other methods in Table 2.7-2.9. Actually, they

outperform the algorithm xyz.

In summary, although the algorithm DSSI is influenced by the discretization and
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the information is a little loss, DSSI can efficiently filter out the unimportant inter-

actions and also its prediction is superior.

2.6 Numerical Studies II

In this section, we will continue to demonstrate the performance of the new algorithm

DSSI with KSA in the statistical simulation. Firstly, we take the logistic model with

the dimension p = 50 as a toy example in Section 2.6.1, and discuss which value of the

arity l is appropriate for our data analysis. Later, we will provide several results in the

different designed scenarios. We choose the threshold value γKSA = 30 through this

section. All of the designed scenarios are evaluated by summarizing Pr, which is the

percentage of retaining significant interaction effect based on 100 simulated results,

MMMS and the associated RSD based on the simulated results which include the

important interaction terms.

2.6.1 Example 3-Logistic Model

Now, following the setting of Example 1 in Fan et al. [2016], three interaction models

are considered, where the conditional distribution of the response Y given X = x is

a binomial distribution.

(M7 strong heredity): log
(

π(x)
1−π(x)

)
= 2X1 + 2X6 + 3X1X6,

(M8 anti heredity): log
(

π(x)
1−π(x)

)
= 2X10 + 2X16 + 3X1X6,

(M9 weak heredity): log
(

π(x)
1−π(x)

)
= 2X1 + 2X10 + 3X1X6;

where the predictor vector x = (X1, . . . , Xp)
T follows the multivariate normal dis-

tribution with zero mean vector and convariance matrix Σ = (ρ|i−j|)1≤i,j≤p. A sam-

ple of n i.i.d. observations are generated from the above three models respectively.

In this part, we first focus on the choice of the arity l by the setting of p = 50,

n = 200, 300, 400 and ρ = 0, 0.5. Secondly, in order to evaluate the algorithm

DSSI with KSA, we consider the dimension of the covariates as p =50, 100, 2000 and

5000, take the parameter ρ as 0 and 0.5, and vary the sample size from 200 to 400

for different scenarios.

Table 2.18 lists the comparison results for the values l = 3, 4, 5 and 6 in recovering

67



Table 2.18: The Pr, MMMS and the associated RSD (in the parenthesis) for logistic
model with p = 50

ρ = 0 l = 3 l = 4 l = 5 l = 6
n Pr DSSI Pr DSSI Pr DSSI Pr DSSI
200 0.74 1(0) 1 1(0) 0.99 1(1) 0.93 3(2)

M7 300 0.97 1(0) 1 1(0) 0.99 1(0) 0.99 1(0)
400 0.99 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.77 1(0) 0.97 1(0) 1 1(1) 0.99 3(1)

M8 300 1 1(0) 1 1(0) 1 1(0) 1 1(0)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.86 1(0) 0.98 1(0) 1 1(1) 0.95 2(1)

M9 300 0.99 1(0) 1 1(0) 1 1(0) 0.99 1(0)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)

ρ = 0.5 l = 3 l = 4 l = 5 l = 6
200 0.79 1(0) 1 1(0) 0.97 1(0.75) 0.92 4(4)

M7 300 1 1(0) 1 1(0) 1 1(0) 1 1(0)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.8 1(0) 0.98 1(0) 1 1(0.75) 0.93 3(2)

M8 300 0.98 1(0) 1 1(0) 1 1(0) 0.99 1(0)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.92 1(0) 0.97 1(0) 1 1(1) 0.98 3(3)

M9 300 1 1(0) 1 1(0) 1 1(0) 0.99 1(0)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)

the significant interaction effect and retaining the important ones when p = 50. From

visualization of the results in Table 2.18, we draw the conclusions of our experiment:

(1) no matter which models, as the sample size n increases, the Pr would be close

or equal to 100% and screening accuracy will be better ; (2) as the arity l increases,

some pattern appears, i.e, the Pr and the screening accuracy will increase a little

and then decrease a little with respect to the arity l. Consequently, DSSI performs

well in all of the situations and the arity l will be taken based on the sample size n

and we recommend that no more than 5 is enough for most cases.

Based on the results of Tables 2.18-2.19, we can find that the algorithm DSSI

with KSA is very powerful to select the interaction terms although discretization can

lose some information. Actually, we can choose different threshold values for different

dimensions. For example, for p = 50, by Bonferroni correction, at the 0.05 significance

level, the value τ = 25.45 can be used. Hence, the power will be increased.
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Table 2.19: The Pr, MMMS and the associated RSD (in the parenthesis) for logistic
model when p = 100, 2000 and 5000

ρ = 0, 1= 3 ρ = 0, l = 4 ρ = 0.5, l = 3 ρ = 0.5, l = 4
p n Pr DSSI Pr DSSI Pr DSSI Pr DSSI

200 0.75 1(0) 1 1(1) 0.83 1(0) 0.99 1(0)
M7 100 300 0.97 1(0) 1 1(0) 0.99 1(0) 1 1(0)

400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.82 1(0) 0.97 1(1) 0.87 1(0) 0.95 1(1)

M8 100 300 0.98 1(0) 1 1(0) 0.99 1(0) 1 1(0)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.92 1(0) 1 1(1) 0.87 1(0) 1 1(1)

M9 100 300 1 1(0) 1 1(0) 1 1(0) 1 1(0)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)

200 0.76 1(0) 0.99 39(117) 0.78 1(1) 1 37(89)
M7 2000 300 0.97 1(0) 1 1(1) 0.99 1(0) 1 1(1)

400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.8 1(1) 0.98 39(156) 0.77 1(1) 0.96 46.5(163)

M8 2000 300 0.98 1(0) 1 1(1) 0.99 1(0) 0.99 2(5)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.87 1(0) 1 47(161) 0.85 1(0) 0.99 51(162)

M9 2000 300 1 1(0) 1 1(4) 1 1(0) 1 1(3)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)

200 0.76 1(3) 1 283(842) 0.78 1(1) 1 275.5(959)
M7 5000 300 1 1(0) 1 2(9) 0.97 1(0) 1 2(4)

400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.81 1(4) 0.95 301(1767) 0.76 1(2.2) 0.97 607(1497)

M8 5000 300 0.98 1(0) 1 3(29) 0.99 1(0) 1 3(16)
400 1 1(0) 1 1(0) 0.99 1(0) 1 1(0)
200 0.86 1(4) 0.92 420(1123) 0.92 1(2) 1 356(991)

M9 5000 300 1 1(0) 1 2(9) 1 1(0) 1 6(23)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
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2.6.2 Example 4-Linear Model

In this subsection, We still follow the setup of Example 1 in Fan et al. [2016] and

emphasize the three interaction models, where the conditional distribution of the

response Y given X = x is a normal distribution.

(M10 strong heredity): Y = 2X1 + 2X6 + 3X1X6 + ε1,

(M11 anti heredity): Y = 2X10 + 2X16 + 3X1X6 + ε2,

(M12 weak heredity): Y = 2X1 + 2X10 + 3X1X6 + ε3;

where the predictor vector x = (X1, . . . , Xp)
T follows the multivariate normal dis-

tribution with zero mean vector and convariance matrix Σ = (ρ|i−j|)1≤i,j≤p and the

noises ε1 ∼ N(0, 2.52), ε2 ∼ N(0, 22) and ε3 ∼ N(0, 22). One set of i.i.d. observations

with sample size n are generated from the above three models respectively.

We still first discretize the continuous predictor into the categorical variables with

finite l levels. And for the response Y , we simply split it into two parts by using the

median. Next, we use the Method “DSSI” to pick up all of the significant interaction

effects. Here, we consider the following different settings: n = 200, 300, 400; p =

100, 2000, 5000; ρ = 0, 0.5 and l = 3, 4. All of the results are presented in the Table

2.20, based on the 100 repeated experiments. Surprisingly, the method “DSSI” still

performs well although we simply transform the response Y to the binary variable.

By the results of Table 2.18-2.20, we would find that in two kinds of models, (1)

when the dimension p is small, the Pr and MMMS are a little influenced by the arity

l; (2) when dimension p increases and sample size n is not large, sometimes we obtain

a bad result such as p = 500 and n = 200 in the model (M10) with l = 4, in this

case, l = 3 is more appropriate; (3) as the sample size n becomes larger, the Pr is

close to 1 and the MMMS is more accurate. All in all, DSSI with KSA has a good

performance in the linear models and logistic models only if the arity l is not large.

2.6.3 Comparison between SSI and DSSI

In this subsection, we would like to compare the performance of the method “SSI”

and “DSSI”, based on the setting of models in the section 2.6.1 and 2.6.2. Here, we

do not prune any one of interaction effects in the second step of method “DSSI”,

which means that the threshold value γKSA is 0. Here, we choose the arity l = 3.
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Table 2.20: The Pr, MMMS and the associated RSD (in the parenthesis) for linear
model when p = 100, 2000 and 5000

ρ = 0, l = 3 ρ = 0, l = 4 ρ = 0.5, l = 3 ρ = 0.5, l = 4
p n Pr DSSI Pr DSSI Pr DSSI Pr DSSI

200 0.73 1(0) 1 1(1) 0.74 1(0) 0.99 1(1)
M10 100 300 0.96 1(0) 1 1(0) 0.99 1(0) 1 1(0)

400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.76 1(0) 0.95 1(1) 0.86 1(0) 0.97 1(1)

M11 100 300 0.97 1(0) 1 1(0) 0.95 1(0) 1 1(0)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.75 1(0) 0.99 1(1) 0.78 1(0) 0.96 1(1)

M12 100 300 0.99 1(0) 1 1(0) 0.98 1(0) 1 1(0)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)

200 0.66 1(1.3) 0.99 170(294) 0.66 1(1.3) 0.96 132(456)
M10 2000 300 0.93 1(0) 1 3(8) 0.96 1(0) 1 2(10)

400 0.99 1(0) 1 1(1) 1 1(0) 1 1(0)
200 0.76 1(0.75) 0.93 89(231) 0.72 1(1) 0.92 105.5(207)

M11 2000 300 0.97 1(0) 1 1(3) 0.98 1(0) 0.99 1(4)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.77 1(0) 0.97 89(206) 0.85 1(1) 0.96 84(249)

M12 2000 300 0.96 1(0) 1 2(8) 1 1(0) 1 2.5(12)
400 1 1(0) 1 1(0) 1 1(0) 1 1(0)

200 0.7 2(7.5) 0.99 1265(3268) 0.7 1.5(5) 0.97 783(2127)
M10 5000 300 0.97 1(0) 1 16(73) 0.97 1(0) 1 10.5(88)

400 1 1(0) 1 1(0) 1 1(0) 1 1(0)
200 0.79 2(10.8) 0.95 660(1314) 0.74 2(4) 0.96 587.5(1444)

M11 5000 300 0.99 1(0) 1 5.5(39) 0.98 1(0) 1 8(50)
400 0.99 1(0) 1 1(1) 1 1(0) 1 1(0)
200 0.86 1(4) 0.97 765(1810) 0.76 1(4) 0.97 608(1805)

M12 5000 300 0.99 1(0) 1 8(49) 0.99 1(0) 1 11(49)
400 1 1(0) 1 1(0) 1 1(0) 1 1(1)
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The setting of dimension p and sample size n are (50, 100), (400, 200), (2000, 200)

and (5000, 200) with correlation ρ = 0, 0.5.

Table 2.21: The comparison between SSI and DSSI for logistic models

p Model ρ = 0, l = 3 ρ=0.5, l = 3
n SSI DSSI n SSI DSSI

M7 1(0) 2(11) 1(0) 1(6)
50 M8 100 1(0) 2(7) 100 1(0) 1(4)

M9 1(0) 1(3) 1(0) 1(2)
M7 1(0) 1(0) 1(0) 1(0)

400 M8 200 1(0) 1(0) 200 1(0) 1(0)
M9 1(0) 1(0) 1(0) 1(0)
M7 1(0) 1(6) 1(0) 1(1)

2000 M8 200 1(0) 2(11) 200 1(0) 2(12)
M9 1(0) 1(1) 1(0) 1(0)
M7 1(0) 2(39) 1(0) 2(17)

5000 M8 200 1(0) 7(33) 200 1(0) 3(26)
M9 1(0) 1(16) 1(0) 1.5(9)

Table 2.22: The comparison between SSI and DSSI for linear model

p model ρ = 0, level=3 ρ = 0.5, level=3
n SSI DSSI n SSI DSSI

M10 1(0) 4(13) 1(0) 3(8)
50 M11 100 1(0) 2(8) 100 1(0) 2(5)

M12 1(0) 2(5) 1(0) 2(7)
M10 1(0) 1(4) 1(0) 1(2)

400 M11 200 1(0) 1(0) 200 1(0) 1(0)
M12 1(0) 1(0) 1(0) 1(0)
M10 1(0) 1(16) 1(0) 3(23)

2000 M11 200 1(0) 2(5) 200 1(0) 1(7)
M12 1(0) 1(2) 1(0) 1(5)
M10 1(0) 37.5(374) 1(0) 9(221)

5000 M11 200 1(0) 7(128) 200 1(0) 3(31)
M12 1(0) 2.5(39) 1(0) 2(21)

Here, all experiments are still evaluated by calculating the median minimal model

size (MMMS) of the selected model and its corresponding RSD, which is the in-

terquartile range (IQR) divided by 1.34, in the 100 simulated results. The results are

shown in Tables 2.21 and 2.22. These two tables summarize the comparison results

for our algorithm “SSI” and “DSSI” when the dimension p varies from 50 to 5000.

We can find that although the false selection rate of “DSSI”is a little larger than that

of “SSI”, “DSSI” is still powerful for the interaction selection. These results help us

verify our theoretical results of Theorem 2.4.2. Moreover, all of the sure screening
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methods are very rough, therefore we can conclude that “DSSI” is available for the

interaction selection if we would like to improve our method’s efficiency.

2.7 Real Data Analysis

In this section, we will illustrate our method SSI and DSSI through the analysis of

three real data sets: Prostate Cancer Data, Leukemia Data and Supermarket Data.

2.7.1 Prostate Cancer Data

Here, we use the prostate cancer data studied in Singh et al. [2002]. It has been

studied in many papers to evaluate the classification methods or the screening meth-

ods for high dimensional data, such as Pochet et al. [2004], Fan and Fan [2008], Hall

et al. [2009], Hall and Xue [2014] and Fan et al. [2016] . This data set involves the

tumor group and normal group with p = 12600 genes. Their sample sizes are 77 and

59 respectively. A four-step procedure is used in the data’s preprocessing, which was

suggested by Hall and Xue [2014]. The first step is to make the intensities positive

by truncating them; the second step is to filter out the gene with little variation in

intensity; the third step is to replace intensities by base 10 logarithms; the last step

is to standardize every data vector. After this procedure, we remain p = 3239 genes

for the following data analysis.

SIS is utilized to independently select the top n−1 main effects, top n−1 quadratic

terms. For interaction terms, we use SSI and DSSI to choose the top n−1 interaction

effects, respectively. All predictors are transformed into categorical variables and their

levels are 3 in DSSI. We use the threshold γKSA = 30 to prune some interaction terms

and then n−1 interaction terms are selected in the remaining interactions. The final

step of SSI and DSSI is to refine the results by using the LASSO penalty. AIC and

BIC are used to choose the tuning parameter for the penalty function. Finally, we

get these significant main terms and interaction effects, which are presented in the

table 2.23.

From the results of Table 2.23, we can find that many same genes such as HPN,

LMO3, HSPD1 exist in the two significant sets before and after discretization, al-
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Table 2.23: Comparison of results between before and after discretization in prostate
cancer data analysis

Main effects with SSI
AIC HPN LMO3 HSPD1 PTGDS S100A4 ATP2C1 PLA2G7 MAF RGS10

RAP1GAP GUCY1A3 TP63
BIC HPN LMO3 HSPD1 S100A4 ATP2C1 PLA2G7 SLC25A6 MAF RGS10

RAP1GAP GUCY1A3
Interaction terms with SSI

AIC Gene1 MYOF SEMA6C MYOF TPTEP1
Gene2 ERCC1 RBPMS PSMD10 CALM1

BIC Gene1 MYOF
Gene2 PSMD10

Main effects with DSSI
AIC HPN LMO3 HSPD1 S100A4 ATP2C1 NELL2 PLA2G7 MAF ZMPSTE24

GUCY1A3
BIC HPN LMO3 CALM1 HSPD1 TARP

Interaction terms with DSSI
AIC Gene1 SEPT9 PSD4 MCCC2 DMTN FAM32A

Gene2 ERG ABL1 TSPYL4 ABL1 ABL1
BIC Gene1 —–

Gene2 —–

though we only did the screening procedure one time. Those genes may be essential

in diagnosing prostate cancer. For instance, many papers, such as Dhanasekaran

et al. [2001], Luo et al. [2001], Magee et al. [2001] and Luo et al. [2002], reveal that

the Hepsin (HPN) is regarded as one of the highest differences in expression ratio

between normal and prostate cancer. After using the technique “Discretization”, our

selection results are not much more affected. We still get some important main effects

and interaction terms. Especially, the gene “ERG” can be found by DSSI as a part

of interaction SEPT9×ERG. The gene “ERG” is an important one which has been

studied by a wide range of research that investigate the influence on the prostate

cancer, such as Demichelis et al. [2007], Klezovitch et al. [2008].

2.7.2 Leukemia Data

Leukemia data was firstly studied by Golub et al. [1999]. This data set is available

at http://web.stanford.edu/~hastie/CASI/data.html. It includes 3751 genes

and 72 samples, which comes from two classes: 47 in class ALL (acute lymphocytic

leukemia) and 25 in class AML (acute myelogenous leukemia). We consider the class

as the response Y (Y = 1 if ALL; Y = 0 if AML) and consider 3751 gene expression

levels as the predictors. On the one hand, we still apply SIS and SSI only once to

select the top 71 main effects, top 71 quadratic terms and top 71 interaction effects,

respectively. On the other hand, we transform the continuous gene expressions to cat-
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egorical predictors with 3 values and then use DSSI to choose the top 71 interactions.

For the remaining main effects, quadratic terms and interactions, the LASSO penalty

will be further applied to obtain more refined results, in which tuning parameter is

selected by the criteria AIC and BIC. The significant main terms and interaction

effects are presented in the table 2.24.

Table 2.24: The main effects and interaction effects of Leukemia data

Main effects with SSI
AIC 956 2481 3441 979 1182 456 1652 1219 626 672
BIC 956 2481 3441 979 1182 456 1652 1219 626 672

Interaction effects with SSI
AIC BIC

Gene 1 1136 —–
Gene 2 2619 —–

Main effects with DSSI
AIC 956 2481 3441 979 1182 456 1652 1219 626 672
BIC 956 2481 3441 979 1182 456 1652 1219 626 672

Interaction effects with DSSI
AIC BIC

Gene 1 —– —–
Gene 2 —– —–

Based on the results of Table 2.24, we can find that different methods have similar

results. Before and After discretization, we obtain the almost same main effects, and

get one significant interaction effect with SSI, but do not pick out the interaction

terms with DSSI. Therefore, we believe that the significant interaction terms may

not be present in the original data set or the sample size is not large enough, which

results in lacking information after discretization.

2.7.3 Supermarket Data

The supermarket data was collected from a major supermarket located in northern

China and has been analyzed by Wang [2009], Hao and Zhang [2014] and Hao et al.

[2016], which includes 6398 predictors and 464 observations. The response is the

number of customers on a particular day and each of predictors is the corresponding

sale volume of the product. The supermarket manager wonder which products would

be more associated with the number of customers, which means that he or she wants

to select most informative products to predict the response.
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Here, we randomly select 400 observations as the training data and the remaining

64 observations as the testing data and then use the out of sample R2 to evaluate

the prediction performance of our methods based on 100 random splits. The out of

sample R2 is defined by

R2 = 100%×
{
1−

∑
(Y ∗

i −X∗T
i β̂)2∑

(Y ∗
i − Ȳ ∗)2

}
,

where (X∗
i , Y

∗
i ) is the testing data and β̂ is the estimate of the coefficient based on

the training data. For each split, we use SIS to select the top 399 main effects, top

399 terms about the square of main effects, and apply our methods to obtain the top

399 important interaction effects simultaneously. Next, we continue to use LASSO

with cross-validation (CV) to get more refined results. The average performance

is summarized in Table 2.25, which includes the average sizes of main effects and

interaction effects, the average R2 and their standard errors over 100 random splits.

Besides the results of our methods, Table 2.25 displays the out-of-sample R2 by other

methods: FR-SCAD [Wang [2009]], iFORT & iFORM [Hao and Zhang [2014]] and

RAMP [Hao et al. [2016]]. The corresponding results are extracted directly from their

papers.

Table 2.25: Average results and the standard errors (in parentheses) on the super-
market data set

main size inter size R2(%)
SSI 107.7(0.73) 10.9(0.37) 92.73(0.14)
DSSI 98.81(0.64) 95.21(2.30) 92.29(0.14)

RAMP-AIC 229.18(1.68) 94.53 (1.06) 90.48(0.23)
RAMP-BIC 101.17(3.25) 34.36(1.65) 91.18(0.20)
RAMP-EBIC 29.27(1.01) 3.07(0.29) 89.67(0.31)
RAMP-GIC 30.71(0.92) 3.20(0.30) 90.08(0.28)

iFORT ——– ——– 88.91(0.17)
iFORM ——– ——– 88.66(0.18)

FR-SCAD 12(0.11) ——– 88.00(0.17)

Obviously, the method “SSI” and “DSSI” have better performance in the pre-

diction, and also “SSI” performs a little better than other methods do. Moreover,

compared to the results of the method RAMP, the method “DSSI” with CV outper-

forms the RAMP with the tuning parameter selection methods (AIC, BIC, EBIC,
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GIC) for the out-of-sample R2 values with associated standard error. Although the

method “SSI” with CV performs worse than RAMP with BIC, its prediction perfor-

mance is better than RAMP with AIC, EBIC, GIC , iFORT, iFORM and FR-SCAD.

Moreover, our standard errors are relatively smaller, which means that our methods

are more robust.

2.8 Conclusion

This chapter studies the method of screening important interaction effects in the

ultra-high dimensional generalized linear model. We propose a simple and new pro-

cedure SSI to detect the significant interaction effects in the high or ultra-high di-

mensional generalized linear model space. The most important thing is that our

method is independent of the heredity assumption. And also we investigate the sure

screening properties of the proposal method from theoretical insight. Furthermore,

we prove that our new method can control the false discovery rate at a reasonable

size. Moreover, we provide one efficient algorithms “DSSI” to realize our proposed

sure screening method in practice. DSSI is based on the discretization and Boolean

representation. The basic idea is to transform the continuous variables to discrete

variables and approximate the increment of log-likelihood function by Kirkwood Su-

perposition Approximation (KSA). Using the idea of discretization and KSA, “DSSI”

becomes more efficient and powerful. From the point of theory, we build a bridge

between SIS and discretized SIS, SSI and DSSI, show that all of them have the con-

sistent results. In the numerical studies, we consider several models and some real

data analyses to demonstrate our algorithm. The simulation results and real data

analysis point out that the proposed procedure not only performs well in the selection

of interaction terms, but also can improve the model’s prediction accuracy.
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2.9 Appendix-Technical Proof of the Theorems

Proof of Theorem 2.2.1: If βM
ij = 0, by the model identifiability, βM

i,j0 = βM
ij0,

βM
i, = βM

i and βM
j, = βM

j . Therefore, L⋆
ij = 0. On the other hand, if L⋆

ij = 0, based

on Condition (C), we can know βM
i,j = βM

ij , which infers that βM
i,j0 = βM

ij0, β
M
i, = βM

i ,

βM
j, = βM

j and βM
ij = 0.

Proof of Theorem 2.2.2: Note that the condition CovL(Y,Xij|XT
i,jβ

M
i,j) = 0 is

equivalent to E{(Y −b′(XT
i,jβ

M
i,j))Xij} = 0. Firstly, we prove the necessary part. The

marginal regression coefficients βM
ij satisfy the score equation

E{b′(XT
ijβ

M
ij )X ij} = E(YX ij) = E(E(Y |X)X ij) = E(b′(XTβ⋆)X ij), (2.15)

i.e.,

E{b′(XT
ijβ

M
ij )X i,j} = E(YX i,j) = E(E(Y |X)X i,j) = E(b′(XTβ⋆)X i,j), (2.16)

and the coefficients βM
i,j satisfy the score equation

E{b′(XT
i,jβ

M
i,j)X i,j} = E(YX i,j) = E(b′(XTβ⋆)X i,j). (2.17)

If βM
ij = 0, by the equation (2.16), the first 3 components of βM

ij , should be equal

to βM
i,j by the uniqueness of the solution of the score equation (2.17). Therefore, the

score equation (2.15) on the component Xij entails

E{b′(XT
i,jβ

M
i,j)Xij} = E(Y Xij), (2.18)

it follows that E{(Y − b′(XT
i,jβ

M
i,j))Xij} = 0, i.e., Cov(Y,Xij|XT

i,jβ
M
i,j) = 0.

On the other hand, similarly, if E{(Y − b′(XT
i,jβ

M
i,j))Xij} = 0, we have the equa-

tion (2.18) holds. And then, together with the equation (2.17), we can know that

((βM
i,j)

T , 0)T is a solution to the equation (2.15). By the property of solution’s unique-

ness, it indicates that βM
ij = ((βM

i,j)
T , 0)T , which implies that βM

ij = 0.

Proof of Corollary 2.2.1: By Theorem 2.2.1 and 2.2.2, we can easily obtain this
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Corollary.

Proof of Theorem 2.2.3: Denote that the matrixA = E(mijX ijX
T
ij) and partition

it as

A =


E(mijX i,jX

T
i,j) E(mijX i,jXij)

E(mijXijX
T
i,j) E(mijX

2
ij)


 =


A11 A12

A21 A22


 .

Hence, the matrixA is a positive definite matrix. As a matter of fact, by the convexity

of the function b(·), mij > 0 almost surely. Therefore, for any nonzero constant vector

a, aTAa = E(mija
TX ijX

T
ija) = E(mija

TX ijX
T
ija) = E(mij(a

TX ij)
2) > 0 and the

inverse matrix A−1
11 exists.

Based on the equation (2.16) and (2.17), we obtain that

E{b′(XT
ijβ

M
ij )X i,j} = E{b′(XT

i,jβ
M
i,j)X i,j},

i.e., E{[b′(XT
ijβ

M
ij ) − b′(XT

i,jβ
M
i,j)]X i,j} = 0. Let ∆βij

= (βM
ij0, β

M
i , β

M
j )T − βM

i,j and

by the definition of mij , we can get

E{mij(X
T
i,j∆βij

+Xijβ
M
ij )X i,j} = 0,

that is, ∆βij
= −A−1

22 A12β
M
ij . Moreover,

CovL(Y,Xij|XT
i,jβ

M
i,j) = E(Y − EL(Y |XT

i,jβ
M
i,j))Xij

= E{[b′(XT
ijβ

M
ij )− b′(XT

i,jβ
M
i,j)]Xij}

= E{mij [X
T
i,j∆βij

+Xijβ
M
ij ]Xij}

= A21∆βij
+ A22β

M
ij

= (A22 −A21A
−1
22 A12)β

M
ij .

By the positive definiteness of Matrix A, A22 −A21A
−1
22 A12 > 0, hence, by Condition

(B),

|CovL(Y,Xij|XT
i,jβ

M
i,j)| = |A22 −A21A

−1
22 A12||βM

ij | ≤ A22|βM
ij | ≤ c2|βM

ij |.
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Finally, let c3 =
c1
c2
, we can clarify that |βM

ij | ≥ c3n
−κ.The conclusion follows. �

Proof of Theorem 2.2.4: If Condition (B) holds, by Theorem 2.2.3, we have

|βM
ij | ≥ c3n

−κ for 1 ≤ i < j ≤ p. And then, by Condition (C), we have

L⋆
ij = E{l(XT

i,jβ
M
i,j, Y )− l(XT

ijβ
M
ij )}

= E{l(XT
ij((β

M
i,j)

T , 0)T , Y )− l(XT
ijβ

M
ij )}

≥ V ‖(βM
i,j)

T , 0)T − βM
ij ‖2

≥ V |βM
ij |2

≥ V c23n
−2κ.

Finally, let c4 = V c23, then we can get min(i,j)∈N ⋆ L⋆
ij ≥ c4n

−2κ. �

In order to prove Theorem 2.2.5, we need some results, which are shown in Fan

and Song (2010) and Barut et al. (2016), and they are listed as follows.

Denote β0 = argmin
β

El(XTβ, Y ) as the population parameters. Suppose that

β0 is an interior point of one sufficiently large, convex and compact set B ⊆ Rp. The

following several conditions are required in our proof.

(A1) The Fisher information

I(β) = E

{[
∂

∂β
l(XTβ, Y )

] [
∂

∂β
l(XTβ, Y )

]T}

is finite and I(β0) is a positive definite matrix. Furthermore,

‖I(β)‖B = sup
β∈B,‖x=1‖

‖I(β)1/2x‖

exists.

(B1) The function l(xTβ, Y ) satisfy the Lipschitz property with positive constant kn,

which means that for any β,β′ ∈ B and (x, y) ∈ Ωn = {(x, y) : ‖x‖∞ ≤ Kn, |y| ≤
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K⋆
n} with sufficiently large positive constant Kn and K⋆

n, we have

|l(xTβ, Y )− l(xTβ′, Y )| ≤ kn|xTβ − xTβ′|.

Furthermore, there exists a sufficiently large constant C such that

sup
β∈B, ‖β−β0‖≤bn

|E{[l(XTβ, Y )− l(XTβ0, Y )](1− In(X, Y ))}| ≤ o(p/n),

in which bn = CknV
−1
n (p/n)1/2, Vn is defined in Condition (C1) and In(x, y) =

I((x, y) ∈ Ωn).

(C1) The function l(XTβ, Y ) is convex with respect to β and

E[l(XTβ, Y )− l(XTβ0, Y )] ≥ Vn‖β − β0‖2,

for some positive constant Vn and here ‖β − β0‖ ≤ bn, bn is defined in Condition

(B1).

The proof of Theorem 2.2.5 needs an exponential bound for the tail probability

of the quasi maximum likelihood estimator β̂ = argmin
β

Pnl(X
Tβ, Y ).

Lemma 2.9.1 (Fan and Song (2010)) Under conditions (A1)-(C1), for any t > 0,

P
(√

n‖β̂ − β0‖ ≥ 16Kn(1 + t)/Vn

)
≤ exp(−2t2/K2

n) + nP (Ωc
n).

Lemma 2.9.2 (Fan and Song (2010)) Under Condition (D), for any t > 0,

P (|Y | ≥ m0t
α/s0) ≤ s1 exp(−m0t

α).

Lemma 2.9.3 Under Conditions (A1)-(C1), for some positive constants c6, c7, c9
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and κ, it holds that

P
(
|Pn{l(XT β̂, Y )} − E{l(XTβ0, Y )}| ≥ c7n

−2κ
)

≤ exp(−c6n1−2κ/(knKn)
2) + 2 exp

(
−c9n1−4κ

)
+ 2nP (Ωc

n).

Proof.

|Pn{l(XT β̂, Y )} − E{l(XTβ0, Y )}|

= |Pn{l(XT β̂, Y )} − Pn{l(XTβ0, Y )}+ Pn{l(XTβ0, Y )} −E{l(XTβ0, Y )}|

≤ |Pn{l(XT β̂, Y )} − Pn{l(XTβ0, Y )}|+ |Pn{l(XTβ0, Y )} − E{l(XTβ0, Y )}|

, S1 + S2

For the terms S1, by Taylor’s expansion and Pnl
′(XT β̂, Y ) = 0, we obtain

S1 =
1

2
(β̂ − β0)

Tg(ξn)(β̂ − β0) ≤
1

2
D0λmax(PnXXT )‖β̂ − β0‖2,

where D0 = supxb
′′(x), λmax(PnXXT ) is the maximum eigenvalue of the sample

variance matrix Pnb
′′(ξT

nX)XXT , and ξn lies between β̂ and β0. Based on Lemma

2.9.1 and taking 1 + t = c5V n
1/2−κ/(16kn),

P (‖β̂−β0‖2 ≥ c25n
−2κ) = P (‖β̂−β0‖ ≥ c5n

−κ) ≤ exp(−c6n1−2κ/(knKn)
2)+nP (Ωc

n).

Furthermore, by the Hoeffding inequality (Hoeffding(1963)), for a random variable

X and any given K > 0, we have

P
(
(Pn − E)XkI(|X| ≤ K) > ǫ

)
≤ exp

(
−2nε2/(4K2k)

)

for any k ≥ 0 and ǫ > 0. Therefore, with the expectation on a set with negligible

probability and a fixed constat p, it follows that

λmax(PnXXT ) ≤ pλmax(EXXT ) = O(1).
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Consequently, S1 ≤ D1‖β̂ − β0‖2 for some D1 > 0 and then taking c7 = D1c
2
5,

P (S1 ≥ c7n
−2κ) ≤ P (‖β̂ − β0‖2 ≥ c25n

−2κ)

≤ exp(−c6n1−2κ/(knKn)
2) + nP (Ωc

n).

For the term S2, for any ε > 0,

P
(
|Pn{l(XTβ0, Y )} − E{l(XTβ0, Y )}| > ε

)

≤ P
(
|(Pn −E){l(XTβ0, Y )}| > ε,Ωn

)
+ nP (Ωc

n).

Since l(xTβ0, y) satisfies the Lipschitz property, it can be bounded by some interval

with length C > 0 on the set Ωn for each 1 ≤ i ≤ n, using Hoeffding inequality again,

we can easily get

P
(
|(Pn −E){l(XTβ0, Y )}| > ε,Ωn

)
≤ 2 exp

(
−2nε2/C2

)
.

By taking ε = c7n
−2κ, we can obtain

P
(
|Pn{l(XTβ0, Y )} − E{l(XTβ0, Y )}| > c7n

−2κ
)

≤ P
(
|(Pn −E){l(XTβ0, Y )}| > c7n

−2κ,Ωn

)
+ nP (Ωc

n)

≤ 2 exp
(
−2c27n

1−4κ/C2
)
+ nP (Ωc

n).

Finally, taking c9 = 2c27/C
2, we get

P
(
|Pn{l(XT β̂, Y )} − E{l(XTβ0, Y )}| ≥ c7n

−2κ
)

≤ P (S1 ≥ c7n
−2κ) + P (S2 ≥ c7n

−2κ)

≤ exp(−c6n1−2κ/(knKn)
2) + 2 exp

(
−c9n1−4κ

)
+ 2nP (Ωc

n).

Proof of Theorem 2.2.5: (i) We want to use Lemma 2.9.1 to get the exponential

bound for the tail property, hence we need to check the conditions (A1)-(C1). By the

conditions (A)-(E), we can easily find that most of the conditions are satisfied expect
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for the tail part of condition (B1). Now we check this part. In our case,

|E{[l(XT
ijβij, Y )− l(XT

ijβ
M
ij , Y )](1− In(X ij , Y ))}|

= |E{[b(XT
ijβij)− YXT

ijβij)− b(XT
ijβ

M
ij ) + YXT

ijβ
M
ij ](1− In(X ij , Y ))}|

≤ |E{b(XT
ijβij)I(|Xij > Kn|)}|+ |E{b(XT

ijβ
M
ij )I(|Xij > Kn|)}|

+|E{YXT
ijβij(1− In(X ij, Y ))}|+ |E{YXT

ijβ
M
ij (1− In(X ij, Y ))}|

By condition (E), we can know that the first two terms are of order o(1/n). For the

last two terms, using the Cauchy-Schwarz inequality and Lemma 2.9.2 with K⋆
n =

m0K
α
n/s0,

|E{YXT
ijβij(1− In(X ij , Y ))}|

≤ (E|YXT
ijβij |2)1/2 ∗ (E|1− In(X ij , Y )|2)1/2

≤ C ∗ (P (1− In(X ij, Y )))
1/2 ≤ C ∗ [P (|Xij| > Kn) + P (|Y | > K⋆

n)]
1/2

≤ C ∗ [m1 exp(−m0K
α/2
n ) + s1 exp(−m0K

α
n )]

1/2

≤ C ∗ [(m1 + s1) exp(−m0K
α/2
n )]1/2

When n tends to infinity, the last two terms can be very small. In summary, the tail

part of condition (B1) can be satisfied. As a result, we obtain that

P
(√

n‖β̂M

ij − βM
ij ‖ ≥ 16Kn(1 + t)/V

)
≤ exp(−2t2/K2

n) + nP (Ωc
n).

And then, using condition (D) and Lemma 2.9.2 with m2 = 3m1 + s1, we can get

P (Ωc
n) ≤ P (‖X ij‖∞ > Kn) + P (|Y | > K⋆

n)

≤ 3m1 exp(−m0K
α/2
n ) + s1 exp(−m0K

α
n )

≤ m2 exp(−m0K
α/2
n ).

Next, by using the above inequalities and taking 1+t = c5V n
1/2−κ/(16kn), it indicates
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that

P (|β̂M
ij − βM

ij | ≥ c5n
−κ)

≤ P (‖β̂M

ij − βM
ij ‖ ≥ c5n

−κ)

≤ exp(−c6n1−2κ/(knKn)
2) + nm2 exp(−m0K

α/2
n )

for some positive constant c6. Consequently, by Bonferroni’s inequality with q =

p(p−1)
2

, we have

P

(
max

1≤i<j≤p
|β̂M

ij − βM
ij | ≥ c5n

−κ

)

≤ q
(
exp(−c6n1−2κ/(knKn)

2) + nm2 exp(−m0K
α/2
n )

)
.

(ii) By definition of Lij,n and L⋆
ij ,

Lij,n = Pn{l(β̂M
i,j0 + β̂M

i, Xi + β̂M
j, Xj , Y )

−l(β̂M
ij0 + β̂M

i Xi + β̂M
j Xj + β̂M

ij Xij, Y )}

= Pn{l(XT
i,jβ̂

M

i,j, Y )− l(XT
ijβ̂

M

ij , Y )}

and

L⋆
ij = E{l(βM

i,j0 + βM
i, Xi + βM

j, Xj , Y )

−l(βM
ij0 + βM

i Xi + βM
j Xj + βM

ij Xij , Y )}

= E{l(XT
i,jβ

M
i,j , Y )− l(XT

ijβ
M
ij , Y )}
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Hence,

|Lij,n − L⋆
ij |

= |Pn{l(XT
i,jβ̂

M

i,j, Y )} −E{l(XT
i,jβ

M
i,j, Y )}

−Pn{l(XT
ijβ̂

M

ij , Y )}+ E{l(XT
ijβ

M
ij , Y )}|

≤ |Pn{l(XT
i,jβ̂

M

i,j, Y )} −E{l(XT
i,jβ

M
i,j, Y )}|

+|Pn{l(XT
ijβ̂

M

ij , Y )} −E{l(XT
ijβ

M
ij , Y )}|

, T1 + T2

By using Lemma 2.9.3, we easily get

P (|Lij,n − L⋆
ij | ≥ c7n

−2κ)

≤ P (T1 ≥ c7n
−2κ) + P (T2 ≥ c7n

−2κ)

≤ 2 exp(−c6n1−2κ/(knKn)
2) + 4 exp

(
−c9n1−4κ

)
+ 4nP (Ωc

n)

≤ 2 exp(−c6n1−2κ/(knKn)
2) + 4 exp

(
−c9n1−4κ

)
+ 4nm2 exp(−m0K

α/2
n ).

Consequently, by Bonferroni’s inequality with q = p(p−1)
2

and c8 = c6, we have

P

(
max

1≤i<j≤p
|Lij,n − L⋆

ij| ≥ c7n
−2κ

)

≤ q
(
2 exp(−c8n1−2κ/(knKn)

2) + 4 exp
(
−c9n1−4κ

)
+ 4nm2 exp(−m0K

α/2
n )

)
.

(iii) Define that the event

An =

{
max

(i,j)∈N ⋆
|Lij,n − L⋆

ij | ≤ c4n
−2κ/2

}
.

By Theorem 2.2.4, we have min
(i,j)∈N⋆

|L⋆
ij| ≥ c4n

−2κ, and then for all (i, j) ∈ N⋆,

Lij,n = |Lij,n − L⋆
ij + L⋆

ij | ≥ L⋆
ij − |Lij,n − L⋆

ij | ≥ c4n
−2κ/2.

Taking γn = c10n
−2κ with c10 ≤ c4/2, we can know that N⋆ ⊂ N̂γn . Furthermore,
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P (An) ≤ P (N⋆ ⊂ N̂γn). And then, by Theorem 2.2.5(ii), we have

P (Ac
n) ≤ sn

(
2 exp(−c8n1−2κ/(knKn)

2) + 4 exp
(
−c9n1−4κ

)
+ 4nm2 exp(−m0K

α/2
n )

)
.

Finally,

P (N⋆ ⊂ N̂γn)

≥ 1− sn
(
2 exp(−c8n1−2κ/(knKn)

2) + 4 exp
(
−c9n1−4κ

)
+ 4nm2 exp(−m0K

α/2
n )

)
.

Proof of Theorem 2.2.6: The key idea of the proof is similar to that of Theorem

5 of Fan and Song (2010). The idea of this proof is to show that

‖βM
I ‖2 = O(λmax(ΣI)). (2.19)

If so, by definition, we have

0 ≤ L⋆
ij = E{l(XT

i,jβ
M
i,j, Y )− l(XT

ijβ
M
ij , Y )}

≤ E{l(βM
ij0 + βM

i Xi + βM
j Xj, Y )− l(XT

ijβ
M
ij , Y )}

Using Taylor’s expansion, for some D2 > 0, we have

E{l(βM
ij0 + βM

i Xi + βM
j Xj , Y )− l(XT

ijβ
M
ij , Y )} ≤ D2(β

M
ij )

2.

As a result, with vector from, we get

‖L⋆‖ ≤ O(‖βM
I ‖2) = O(λmax(ΣI)).

Therefore, we can know that for any ε > 0, the number of {(i, j) : L⋆
ij > εn−2κ, 1 ≤

i < j ≤ p} cannot exceed O(λmax(ΣI)). Thus, on the set

Bn =

{
max

1≤i<j≤p
|Lij,n − L⋆

ij | ≤ εn−2κ

}
,
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the number of {(i, j) : Lij,n > 2εn−2κ, 1 ≤ i < j ≤ p} cannot exceed the number

of {(i, j) : L⋆
ij > εn−2κ, 1 ≤ i < j ≤ p}, which is bounded by O(n2κλmax(ΣI)). By

taking ε = c7/2, we have

P
(
|N̂γn | ≤ O(n2κλmax)

)
≥ P (Bn).

Consequently, the conclusion can follow from Theorem 2.2.5(ii).

Now we want to prove the equation (2.19). By condition (B) and the proof of

Theorem 2.2.3, A22 −A21A
−1
22 A12 is uniformly bounded from blew, we have

|βM
ij | ≤ D3|CovL(Y,Xij |XT

i,jβ
M
i,j)|

for a positive constant D3. Using the Lipschitz continuity of b′(·), we obtain

|βM
ij | ≤ D3|CovL(Y,Xij|XT

i,jβ
M
i,j)|

= D3|E(b′(XTβ⋆)− b′(XT
i,jβ

M
i,j))Xij|

≤ D4|EXij(X
Tβ⋆ −XT

i,jβ
M
i,j)|

= D4|[EXij(X
T
Iβ

⋆
I +XT

C∆βij)]|

for some constant D4 > 0, where βM
ij− = (βM

i,j0, 0, . . . , 0, β
M
i, , 0, . . . , 0, β

M
j, , 0, . . . , 0)

T ,

∆βij = β⋆
C − βM

ij−. Let Rij = E[XijX
T
C∆βij ] and R = (R12, R13, . . . , R(p−1)p)

T ,

hence,

|βM
ij |2 ≤ D2

4|E[XijX
T
Iβ

⋆
I ] +Rij |2

and

‖βM
I ‖2 ≤ D2

4D
2
5‖E[XIX

T
Iβ

⋆
I ] +R‖2
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Therefore,

‖E[XIX
T
Iβ

⋆
I ] +R‖2 = ‖ΣIβ

⋆
I +R‖2

= β⋆
I
TΣ2

Iβ
⋆
I + 2RTΣIβ

⋆
I +RTR

≤ λmax(ΣI)β
⋆
I
TΣIβ

⋆
I + 2RTΣIβ

⋆
I +RTR

≤ λmax(ΣI)V ar(X
Tβ⋆) + 2RTΣIβ

⋆
I +RTR.

Since Var(XTβ⋆) = O(1), and by Condition (H), we can get that

‖βM
I ‖2 = O(λmax(ΣI)).

Proof of Theorem 2.4.1: (1)Here, the idea of proof is similar to the proof of The-

orem 1 of Li et al. [2012a]. Denote that X⋆
k = Φ−1[FX

k (Xk)] and Y
⋆ = Φ−1[F Y (Y )],

where FX
k and F Y are the cumulative distribution functions of Xk and Y , respec-

tively; Φ−1 is the standard normal distribution function.

For the condition of Fan and Song (2010), it is equivalent to

|Cov(Y, Xk)| ≥ C1n
−κ.

Indeed, Cov(b′(XTβ⋆), Xk) = E(b′(XTβ⋆)Xk) = E(E(Y |X)Xk) = E(Y Xk) =

Cov(Y,Xk). Since Y and Xk are standardized, we obtain that |ρk| ≥ C1n
−κ.

Firstly, we consider the special case l = m = 2 and then Ỹ = I(Y > Md(Y )) and

X̃k = X̃k2 = I(Xk > Md(Xk)). We only need to prove that |Cov(Ỹ , X̃k)| ≥ C2n
−κ

for some positive constant C2.

Furthermore, assume that ρk ≥ C1n
−κ and let

X⋆
1k = Φ−1[FX

k (X1k)] and X⋆
2k = Φ−1[FX

k (X2k)]

and Y ⋆
1 = Φ−1[F Y (Y1)], Y

⋆
2 = Φ−1[F Y (Y2)], thus,

1√
2
(X⋆

2k − X⋆
1k) and 1√

2
(Y ⋆

2 − Y ⋆
1 )
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follow the standard normal distribution. Consequently,

Cov(Ỹ , X̃k) = Cov(I(Y > Md(Y ), I(Xk > Md(Xk)))

= Cov(I(Y ⋆ > 0), I(X⋆
k > 0))

= E(I(Y ⋆ > 0)I(X⋆
k > 0))− 1

4

= E

{
I

(
1√
2
(Y ⋆

2 − Y ⋆
1 ) > 0

)
I

(
1√
2
(X⋆

2k −X⋆
1k) > 0

)}
− 1

4

= E {I(X⋆
2k > X⋆

1k)I(Y
⋆
2 > Y ⋆

1 )} −
1

4

Since the function Φ−1 · FX
k and Φ−1 · F Y are two increasing functions, their inverse

functions are also increasing, therefore, we have

Cov(Ỹ , X̃k) = E {I(X2k > X1k)I(Y2 > Y1)} −
1

4

= E {I(X2k −X1k > 0)I(Y1 − Y2 < 0)} − 1

4

= E {I(X2k −X1k > 0)I(∆εk < ρk(X1k −X2k))} −
1

4

Taking into account the symmetry of f∆εk|∆Xk
(t), we know that

1− F∆εk|∆Xk
(−t) = F∆εk|∆Xk

(t)

and

F∆εk|∆Xk
(0) =

1

2
,

where F∆εk|∆Xk
(·) is the cumulative distribution function of ∆εk given ∆Xk. Hence,

Cov(Ỹ , X̃k)

= E
{
I(X2k > X1k)F∆εk|∆Xk

(ρk(X1k −X2k))
}

−E {I(X2k > X1k)}F {∆εk < 0|∆Xk}

= E
{
I(X2k −X1k > 0)[F∆εk|∆Xk

(ρk(X2k −X1k))− F∆εk|∆Xk
(0)]
}

= E

{
I(X2k −X1k > 0)

∫ ρk(X2k−X1k)

0

f∆εk|∆Xk
(t)dt

}
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According to Condition (M1),

Cov(Ỹ , X̃k) = E

{
I(X2k −X1k > 0)

×
∫ ρk(X2k−X1k)

0

[
π0kf0(t, σ

2
0|∆Xk) + (1− π0k)f1(t, σ

2
1|∆Xk)

]
dt

}

≥ π0kE

{
I(X2k −X1k > 0)

∫ ρk(X2k−X1k)

0

f0(t, σ
2
0|∆Xk)dt

}
.

By the Gaussian inequality for the symmetric unimodal distribution (See Pukelsheim

[1994], and Sellke and Sellke [1997]),

P (|X| ≥ kσ) ≤





1− k√
3
, k ≤ 2√

3
,

4
9K2 , k ≤ 2√

3
,

therefore,

P (|X| ≥ kσ) ≤ 1

1 + k/
√
3
,

where X is a unimodal random variable with a mode at the origin zero and variance

σ2. Using this Gaussian inequality, we can get

∫ ρk(X2k−X1k)

0

f0(t, σ
2
0 |∆Xk)dt =

{∫ ∞

0

−
∫ ∞

ρk(X2k−X1k)

}
f0(t, σ

2
0|∆Xk)dt

=
1

2
− P (∆εk > ρk(X2k −X1k))

≥ 1

2
− 1

2

1

1 + ρk(X2k−X1k)√
3σ2

0

=
ρk(X2k −X1k)√

12σ2
0 + 2ρk(X2k −X1k)

.

Since

V ar(∆εk|∆Xk) = π0kσ
2
0 + (1− π0k)σ

2
1 ≥ π0kσ

2
0 ≥ π⋆σ2

0,

we have

∫ ρk(X2k−X1k)

0

f0(t, σ
2
0|∆Xk)dt ≥

ρk(X2k −X1k)√
12V ar(∆εk|∆Xk)/π⋆ + 2ρk(X2k −X1k)

.

Define the variable Zk =
√
V ar(∆εk|∆Xk) =

√
V ar(∆Y − ρk∆Xk|∆Xk) and note
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that V ar(∆εk) = V ar(∆Y −ρk∆Xk) = 2(1−ρ2k). By Condition (M1), we know that

E(∆εk|∆Xk) = 0,

and then by the law of total variance,

V ar(∆εk) = E(V ar(∆εk|∆Xk)) + V ar(E(∆εk|∆Xk)) = E(V ar(∆εk|∆Xk)).

Hence, for a given large positive constant T , by Markov inequality,

P (Zk > T ) ≤ E(Z2
k)

T 2
=
E(V ar(∆εk|∆Xk))

T 2
=
V ar(∆εk)

T 2
≤ 2

T 2
,

that is,

P (V ar(∆εk|∆Xk) > T 2) ≤ 2

T 2
,

which means that at least probability 1− 2
T 2 , we get

∫ ρk(X2k−X1k)

0

f0(t, σ
2
0|∆Xk)dt ≥ ρk(X2k −X1k)√

12T 2/π⋆ + 2ρk(X2k −X1k)

≥ ρk(X2k −X1k)

4T/
√
π⋆ + 2ρk(X2k −X1k)

.

Consequently, by π0k ≥ π⋆,

Cov(Ỹ , X̃k) ≥ π⋆E

{
I(X2k −X1k > 0)

ρk(X2k −X1k)

4T/
√
π⋆ + 2ρk(X2k −X1k)

}
I(Zk ≤ T )

= π⋆E

{
I(X2k −X1k > 0)

ρk(X2k −X1k)

4T/
√
π⋆ + 2ρk(X2k −X1k)

}

−π⋆E

{
I(X2k −X1k > 0)

ρk(X2k −X1k)

4T/
√
π⋆ + 2ρk(X2k −X1k)

}
I(Zk > T )

, I1 + I2.
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For the term I1,

I1 ≥ π⋆E

{
I(T/ρk > X2k −X1k > 0)

ρk(X2k −X1k)

4T/
√
π⋆ + 2ρk(X2k −X1k)

}

≥ π⋆ρk

4T/
√
π⋆ + 2T

E {(X2k −X1k)I(T/ρk > X2k −X1k > 0)}

≥ π⋆ρk

4T/
√
π⋆ + 2T

×E {(X2k −X1k)I(X2k −X1k > 0)− (X2k −X1k)I(X2k −X1k > T )}

Based on the inequality E|X−Y | ≥ E|X|, where X and Y are i.i.d random variables

with E(X) = E(Y ) = 0, and Condition (M2), we know that

E {|X2k −X1k|} ≥ E|X1k| ≥ cM⋆ ,

and then, by the symmetry property of the distribution of X2k −X1k,

E {(X2k −X1k)I(X2k −X1k > 0)} ≥ 1

2
cM⋆ .

On the other hand, according to Cauchy-Schwarz inequality,

E {(X2k −X1k)I(X2k −X1k > T )} ≤
√
P (X2k −X1k > T )E(X2k −X1k)2 ≤

2

T
.

Consequently,

I1 ≥
π⋆ρkcM⋆

8T/
√
π⋆ + 4T

− 2π⋆ρk

4T 2/
√
π⋆ + 2T 2

=
π⋆ρkcM⋆

8T/
√
π⋆ + 4T

− π⋆ρk

2T 2/
√
π⋆ + T 2

.

As for the term I2, using Cauchy-Schwarz inequality again,

I2 = −π⋆E

{
I(X2k −X1k > 0)

ρk(X2k −X1k)

4T/
√
π⋆ + 2ρk(X2k −X1k)

}
I(Zk > T )

≥ − π⋆ρk

4T/
√
π⋆
E {(X2k −X1k)I(X2k −X1k > 0)} I(Zk > T )

≥ − π⋆ρk

4T/
√
π⋆

√
E {(X2k −X1k)2I(X2k −X1k > 0)}

√
P (Zk > T )

≥ − π⋆ρk

4T/
√
π⋆

·
√
2 ·

√
2

T
= − π⋆ρk

2T 2/
√
π⋆
.
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Combing the above two inequalities for the terms I1 and I2,

Cov(Ỹ , X̃k) ≥ I1 + I2 ≥ π⋆ρkcM⋆

8T/
√
π⋆ + 4T

− π⋆ρk

2T 2/
√
π⋆ + T 2

− π⋆ρk

2T 2/
√
π⋆

≥ (π⋆)2ρkcM⋆

12T
− 5π⋆ρk

6T 2
.

Taking the large positive value T = 15
cM⋆π

⋆ , it is easy to infer that

Cov(Ỹ , X̃k) ≥
[
(π⋆)2cM⋆

12

cM⋆π
⋆

15
− 5π⋆

6

(cM⋆π
⋆)2

152

]
ρk =

(π⋆)3c2M⋆

540
ρk ≥ C ′

1n
−κ,

where the positive constant C ′
1 = C1(π

⋆)3c2M⋆
/540.

If ρk ≤ C1n
−κ, by the similar steps as above, we also can get Cov(Ỹ , X̃k) ≤ −C ′

1n
−κ.

In summary, if the condition (M1)-(M3) hold and |Cov(b′(XTβ⋆), Xk)| ≥ C1n
−κ

for any k ∈ M⋆ with a constant C1 > 0, and after discretizing the response and

predictor, there exists a positive constant C2 = C ′
1 such that |Cov(Ỹ , X̃k2)| ≥ C2n

−κ

in the special case l = m = 2. Furthermore, following the above same steps, we also

obtain that |Cov(Ỹ , X̃k1)| ≥ C2n
−κ when l = m = 2.

In the following part, we will consider the general case: m = 2 and l ≥ 3. By

the above proof for the special case l = 2, we can know that if we only divide the

predictor into two parts, actually, we must infer that for some positive constant C ′
1,

|Cov(I(Y > Md(Y ), I(X > Md(Xk))| ≥ C ′
1n

−κ,

and

|Cov(I(Y > Md(Y ), I(X < Md(Xk))| ≥ C ′
1n

−κ,

As for case l > 2, when l is a even number,

I(Xk > Md(Xk)) =

l⋃

i= l
2
+1

I
(
Xk ∈ PXk

i

)
,

and

I(Xk < Md(Xk)) =

l
2⋃

i=1

I
(
Xk ∈ PXk

i

)
.
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Hence,

Cov(I(Y > Md(Y ), I(X > Md(Xk))

= Cov


I(Y > Md(Y ),

l⋃

i= l
2
+1

I
(
Xk ∈ PXk

i

)



=

l∑

i= l
2
+1

Cov
(
I(Y > Md(Y ), I

(
Xk ∈ PXk

i

))

and

Cov(I(Y > Md(Y ), I(X < Md(Xk)) = Cov


I(Y > Md(Y ),

l
2⋃

i=1

I
(
Xk ∈ PXk

i

)



=

l
2∑

i=1

Cov
(
I(Y > Md(Y ), I

(
Xk ∈ PXk

i

))

which means that there exists at least one term i = 1, . . . , l
2
or i = l

2
+ 1, . . . , l, such

that ∣∣∣Cov
(
I(Y > Md(Y ), I

(
Xk ∈ PXk

i

))∣∣∣ ≥ C2n
−κ,

where C2 =
2
l
C ′

1 is a positive constant number, that is,

|Cov(Ỹ , X̃ki)| ≥ C2n
−κ.

When l is odd, the support set ofXk is divided into l parts and denote that {Qi}l−1
i=1 are

a series of cutting points (l−quantiles), and then PXk
1 = (−∞, Q1), P

Xk
l = [Ql−1, ∞),

PXk
i = [Qi, Qi+1) , for 1 < i < l. Therefore,

{Xk > Md(Xk)} =
[
Md(Xk), Q l+1

2

) ⋃ [
Q l+1

2
, Q l+3

2

) ⋃
· · ·
⋃

[Ql−1, ∞)

=
[
Md(Xk), Q l+1

2

) ⋃ l⋃

i= l+3
2

(
Xk ∈ PXk

i

)
,
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and

{Xk < Md(Xk)} = (−∞, Q1)
⋃

· · ·
⋃ [

Q l−3
2
, Q l−1

2

) ⋃[
Q l−1

2
, Md(Xk)

)

=

l−1
2⋃

i=1

(
Xk ∈ PXk

i

) ⋃ [
Q l−1

2
, Md(Xk)

)
.

Based on two results of the case l = m = 2, we can conclude that two cases will

happen.

Case (1): There exists at least one term i = 1, . . . , l−1
2

or i = l+3
2
, . . . , l, such that

∣∣∣Cov
(
I(Y > Md(Y ), I

(
Xk ∈ PXk

i

))∣∣∣ ≥ 2

l + 1
C ′

1n
−κ.

Take C2 =
2

l+1
C ′

1, our proof will be completed.

Case (2): For all i = 1, . . . , l−1
2

and i = l+3
2
, . . . , l, we have

∣∣∣Cov
(
I(Y > Md(Y ), I

(
Xk ∈ PXk

i

))∣∣∣ < 2

l + 1
C ′

1n
−κ;

but ∣∣∣Cov
{
I(Y > Md(Y ), I

(
Xk ∈

[
Md(Xk), Q l+1

2

))}∣∣∣ ≥ 2

l + 1
C ′

1n
−κ

and ∣∣∣Cov
{
I(Y > Md(Y ), I

(
Xk ∈

[
Q l−1

2
, Md(Xk)

))}∣∣∣ ≥ 2

l + 1
C ′

1n
−κ.

In this case, PXk
l+1
2

=
[
Q l−1

2
, Md(Xk)

)⋃[
Md(Xk), Q l+1

2

)
, and

Cov
(
I(Y > Md(Y ), I

(
Xk ∈ PXk

l+1
2

))

= Cov
{
I(Y > Md(Y ), I

(
Xk ∈

[
Md(Xk), Q l+1

2

))}

+ Cov
{
I(Y > Md(Y ), I

(
Xk ∈

[
Q l−1

2
, Md(Xk)

))}

It is easy to infer that

∣∣∣Cov
(
I(Y > Md(Y ), I

(
Xk ∈ PXk

l+1
2

))∣∣∣ > 4

l + 2
C ′

1n
−κ.

Finally, if the condition (M1)-(M2) hold and |Cov(b′(XTβ⋆), Xk)| ≥ C1n
−κ for any
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k ∈ M⋆ with a positive constant C1, and after using 2-quantile and l−quantiles to

discretize the response Y and the predictor Xk, there exists at least one X̃ki such

that |Cov(Ỹ , X̃ki)| ≥ C2n
−κ for some positive constant C2, which is dependent on l.

(ii) Assume that X̃ki satisfies |Cov(Ỹ , X̃ki)| ≥ C2n
−κ for some constant C2 > 0

and X̃ki = (1, X̃ki)
T . The coefficient β̃

M

ki
is denoted as the minimizer of the compo-

nentwise regression

β̃
M

ki
= (β̃M

ki,0
, β̃M

ki
) = argmin

β̃0, β̃ki

El(β̃0 + β̃kiX̃ki, Ỹ ).

Define that M̃⋆ = {1 ≤ j ≤ p̃, β̃
⋆

j 6= 0} be the true sparse model, where

β̃
⋆
= (β̃

⋆

0, β̃
⋆

1, . . . , β̃
⋆

p̃),

when we consider the new categorical predictor X̃ = {1, X̃1, X̃2, . . . , X̃p̃} and

response Ỹ . Hence,

∣∣∣Cov(b′(X̃
T
β̃

⋆
), X̃ki)

∣∣∣ =
∣∣∣Cov(Ỹ , X̃ki)

∣∣∣ ≥ C2n
−κ.

Based on Theorem 3 of Fan and Song (2010), we have
∣∣∣β̃ki
∣∣∣ ≥ C ′

2n
−κ for some positive

constant C ′
2. Consequently, by the condition (C′) of Fan and Song (2010), we obtain

L̃⋆
k = E

{
l(β̃M

0 , Ỹ )− l(X̃
T

k β̃
M

k , Ỹ )
}

≥ E
{
l(β̃M

0 , Ỹ )− l(X̃
T

ki
β̃

M

ki
, Ỹ )

}

≥ V
∣∣∣β̃ki
∣∣∣
2

≥ C3n
−2κ

where V is some positive constant and C3 = V (C ′
2)

2.

Proof of Theorem 2.4.2: By the definition of CovL(Y,Xij|XT
i,jβ

M
i,j),

CovL(Y,X ij|XT
i,jβ

M
i,j) = E{(Y − b′(XT

i,jβ
M
i,j))Xij} = Cov(ζij, Xij).

After discretizing Y , Xi and Xj , i.e., Y =
∑2

k=1 Y I(Y ∈ P Y
k ), Xi =

∑l1
s=1XiI(Xi ∈
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PXi
s ) and Xt =

∑l2
t=1XjI(Xj ∈ P

Xj

t ), Xij is transformed into

Xij =
∑

s,t

XijI
({
Xi ∈ PXi

s

} ⋂ {
Xj ∈ P

Xj

t

})
, 1 ≤ s ≤ l1, 1 ≤ t ≤ l2.

Hence, the support set of ζij becomes the union of several intervals. Suppose that

ζij =
∑

k′ ζijI(ζij ∈ Ωk′), where 1 ≤ k′ ≤ 2l1l2. By taking ζij as the response Y of

Theorem 2.4.1 and Xij as the predictor Xk in Theorem 2.4.1, there exists at least

one term such that

∣∣∣Cov
(
I(ζij ∈ Ωk′), I

({
Xi ∈ PXi

s

} ⋂ {
Xj ∈ P

Xj

t

}))∣∣∣ ≥ a1n
−κ,

for some positive constant a1, where a1 is related to l1 and l2. Therefore,

|Cov(Ỹ − b′(X̃
T

i,jβ̃
M

i,j), X̃
ij
st)| ≥ a2n

−κ,

that is, by taking c10 = a2,

|CovL(Ỹ , X̃ ij
st |X̃

T

i,jβ̃
M

i,j)| ≥ c10n
−κ.

(2) By the similar proof of Theorem 2.2.3 and 2.2.4, we directly have the conclusion:

for some positive constant c11

min
i,j∈N⋆

L̃⋆
ij ≥ c11n

−2κ.
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Chapter 3

Testing Markov Processes by

Conditional Distance Covariance

3.1 Introduction

As mentioned in the section 1.2.2, the existing papers seldom discuss the testing for

the Markov property in the past decades. In fact, the Markov property is one kind

of conditional independent property, that is, when the current state is given, the

future state and the past are conditional uncorrelated. Conditional independence

has been widely studied by a lot of research in the literature. For instance, Su

and White [2008] proposed a nonparametric test between random variables Y and Z

given X based on the weighted Hellinger distance of two conditional density functions

f(y|x, z) and f(y|z). Su and Ullah [2009] discussed the conditional uncorrelated

in some multiple-equation models such as seemingly unrelated regressions (SURs),

multivariate volatility models, and vector autoregressions (VARs). Su and White

[2012] applied the local polynomial quantile regression to provide a nonparametric

test for conditional independence. The empirical likelihood function was utilized by

Su and White [2014] to achieve this test.

Recently, one new concept-conditional distance covariance (CDCov) was intro-

duced by Wang et al. [2015], which can be used to identify the conditional indepen-

dence of any two random vectors x and y given the third one z, where the sample

data are independent and identically distributed. Based on this concept, the con-
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ditional distance covariance can be generalized to detect the Markov property with

the weakly dependent data. We will show that our test is more general and the

test statistic follows an asymptotically normal distribution under the null hypothesis

and a sequence of local alternatives. Simulation studies indicate that the test is well

behaved in finite samples.

This chapter is organized as follows. In Section 3.2 we describe the methodology

and main results about our test statistic. We derive the asymptotic properties of

this statistics, including its null distribution, local alternative distribution and power

properties in this section. In Section 3.3, we examine the corresponding finite sample

properties of the statistic under various models. We give some conclusions in Section

3.4. The technical proofs will be given in Appendix 3.5. Throughout this chapter,

‖ · ‖ represents for the euclidean norm, a′ as the transpose of any vector a , and for

any complex-valued function f(x), the complex conjugate of f is denoted by f and

|f |2 = ff .

3.2 Methodology and main results

3.2.1 Conditional Distance Covariance and Conditional Dis-

tance Correlation

Let U , V and X are three random vectors in Euclidean spaces R
du , Rdv and R

dx ,

respectively. The conditional distance covariance D(U, V |X) proposed by Wang et al.

[2015] is defined as the square root of

D2(U, V |X) = ‖φU,V |X(u, v)− φU |X(u)φV |X(v)‖2

=
1

cducdv

∫

Rdu+dv

|φU,V |X(u, v)− φU |X(u)φV |X(v)|2
|u|du+1|v|dv+1

dudv (3.1)

where cdu = π(du+1)/2

Γ((du+1)/2)
and cdv = π(dv+1)/2

Γ((dv+1)/2)
; φU,V |X(u, v) is the conditional joint

characteristic function of U, V given X ; φU |X(u) and φV |X(v) are the conditional

marginal functions of U , V given X , respectively. Therefore, the conditional variance

is the square root of D2(U |X) = D2(U, U |X). The corresponding conditional distance
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correlation (CDCor) is expressed as the square root of

ρ2(U, V |X) =
D2(U, V |X)√

D2(U |X)D2(U |X)
,

when D2(U |X)D2(U |X) > 0; otherwise, ρ(U, V |Z) = 0. From the properties of

CDCov and CDCor in Theorem 1 and Theorem 2 of Wang et al. [2015], U and V are

conditionally independent given X if and only if D(U, V |X) = 0 or ρ(U, V |X) = 0.

Furthermore, let f(x) be the density function of X and Sa = E[D2(U, V |X)a(X)],

where a(·) is a certain nonnegative function that has the same support as the function

f(x). As recommended byWang et al. [2015], a(X) can be chosen as 12f 4(X) from the

point of computational consideration. Consequently, the conditional independence

between U and V given X is equivalent to Sa = 0.

3.2.2 Conditional Distance Covariance and Markov property

Suppose that a stochastic processX = {Xt}t≥0 is a stationary time series process with

dimension p, which is defined on the probability space (Ω,F , P ) with the filtration

Ft. Here, we consider the simple case p = 1. Assume that Xt is absolutely regular

(β−mixing) with mixing coefficient β(t) = O(t−(2+δ′)/δ′), for some δ′ > 0, defined by

β(t) = E sup
A∈F∞

s+t

|P (A|F s
0)− P (A)|,

where F j
i is the sub σ−field of F , generated by {Xt : i ≤ t ≤ j}.

Without loss of generality, assume that X = {Xt}t≥0 is a discrete time process.

If not, we can sample it at the regular time points. The Markov Property tells us

that: if the process X = {Xt} is Markovian, the conditional probability distribution

of Xt+1 given the information Ft is the same as the conditional distribution of Xt+1

given Xt only. That is to say, given Xt, (X0, X1, . . . , Xt−1) and Xt+1 are conditionally

independent, which implies that it is a conditionally independent problem. Here, we

make use of the conditional covariance (CDCov) in subsection 3.2.1 to construct the

test statistic for Markov property.

Let U = Xt+1, V = (X0, X1, . . . , Xt−1) and X = Xt, for all t ≥ 1. The Markov
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property can be formally expressed as

H0 : P (U ≤ u|X, V ) = P (U ≤ u|X) for all t ≥ 1. (3.2)

Alternatively, if

H1 : P (U ≤ u|X, V ) 6= P (U ≤ u|X) for some t ≥ 1, (3.3)

X = {Xt}t≥0 is not a Markov process. Hence, by the properties of CDCov as

mentioned in subsection 3.2.1, the Markov property is equivalent to D2(U, V |X) = 0,

almost surely (a.s.) for all t ≥ 1. Furthermore, it is equivalent to Sa = 0 for some

a(x) ≥ 0.

Now, we consider the nonparametric estimator of Sa. Firstly, we estimate the

population conditional distance covariance D2(U, V |X). The conditional characteris-

tic functions are estimated by the Nadaraya-Watson kernel method in the definition

(3.1), which was proposed by both Nadaraya [1964] and Watson [1964].

Suppose that there is a discretely observed sample {Xt}nt=0 of size n, and then we

get the sample version for conditional characteristic functions of (U, V |X), U |X and

V |X , respectively, that is,

φ̂U,V |X(u, v) =

n−1∑
k=q

exp(iuUk + iv′Vk)ωk(x)

ω(x)

and

φ̂U |X(u) =

n−1∑
k=q

exp(iuUk)ωk(x)

ω(x)
, φ̂V |X(v) =

n−1∑
k=q

exp(iv′Vk)ωk(x)

ω(x)
,

where ωk(x) = Kh(x − Xk) and ω(x) =
n−1∑
k=q

ωk(x) for some fixed 1 ≤ q ≤ n − 1,

and Kh(·) = 1
h
K( ·

h
) with a kernel function K, h is the bandwidth. And the sample

conditional distance covariance Dn(U, V |X) can be obtained by the plug-in method

(pSCDCov):

D2
n(U, V |X) = ‖φ̂U,V |X(u, v)− φ̂U |X(u)φ̂V |X(v)‖2.
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Let ξi = (Ui, Vi, Xi), i = q, . . . , n − 1, and then {ξi}n−1
i=q are stationary and weakly

dependent samples with the sample size N = n − q. Denote the Euclidean distance

of Ui and Uj in R
du as dij = d(Ui, Uj), and similarly, dVij for V . Let dijkl = (dUij +

dUkl − dUik − dUjl)(d
V
ij + dVkl − dVik − dVjl). Note that dijkl is not symmetric with respect to

{i, j, k, l}, and its symmetric form can be expressed as

dsijkl = dijkl + dijlk + dilkj.

Hence, for the sample conditional distance covariance D2
n(U, V |X) with stationary

and weakly dependent samples, we have some properties of this covariance, which

are similar to that in Wang et al. [2015].

Theorem 3.2.1 D2
n(U, V |X) can be divided into three parts D1, D2 and D3, which

means that

D2
n(U, V |X) = D1 +D2 − 2D3,

where

D1 =
1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x)d
U
kld

V
kl,

D2 =
1

ω4(x)

n−1∑

k,l=q

ωk(x)ωl(x)d
U
kl

n−1∑

k,l=q

ωk(x)ωl(x)d
V
kl

and

D3 =
1

ω3(x)

n−1∑

k=q

n−1∑

l=q

n−1∑

m=q

ωk(x)ωl(x)ωm(x)d
U
kmd

V
lm.

Theorem 3.2.2 (Consistency of Sample CDCov) If E|Xt| < ∞, for all t ≥ 0, then

almost surely

lim
n→∞

D2
n(U, V |X) = D2(U, V |X).

Theorem 3.2.3 D2
n(U, V |X) is a V-statistic and can be rewritten as

D2
n(U, V |X) =

1

N4

∑

i,j,k,l

ψn(ξi, ξj, ξk, ξl;X)
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where ψn(·) is the symmetric random kernel of degree 4 defined as (See Schick [1997]):

ψn(ξi, ξj, ξk, ξl;X) =
N4ωi(X)ωj(X)ωk(X)ωl(X)

12ω4(X)
dsijkl.

Theorem 3.2.3 indicates that the sample version of D2(U, V |X) is a V-type statistic,

but may not be unbiased. Here, we provide an unbiased sample conditional covariance

by U-statistics, namely,

U2
n(U, V |X) = (C4

N)
−1

∑

i<j<k<l

ψn(ξi, ξj, ξk, ξl;X).

By Theorem 1 of Section 4.2 in Lee (1990), the V-type statistic and U-type statistic

have the following relationship:

D2
n(U, V |X) =

(N − 1)(N − 2)(N − 3)

N3
U2
n(U, V |X) + op(1).

Consequently, as n is large enough, we know that lim
n→∞

U2
n(U, V |X) = D2(U, V |X),

almost surely. Based on these results of Theorem 3.2.1-3.2.3, the estimator of Sa can

be defined as

Sn =
1

C5
Nh

4

∑

i<j<k<l<m

dsijklKimKjmKkmKlm,

where Kim = K(Xi−Xm

h
) and N = n− q.

Actually, this test statistic is similar to one introduced by Wang et al. [2015].

The only difference is that our test statistic is based on β−mixing samples, and

the independent and identically distributed samples are used in their test statistic.

Therefore, this is a conditional distance covariance test with weak dependent condi-

tion (CDCTW). Furthermore, it is reasonable to delete the first q states to construct

the sample statistics in order to efficiently estimate the population conditional dis-

tance covariance, since our sample data is β−mixing, the covariance Cov(Xt+q, Xt)

will be close to zero when q increases, which means that Xt+q and Xt are almost

uncorrelated.
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3.2.3 Asymptotic Null distribution

To derive the null asymptotic distribution of the test statistic Sn, we need the follow-

ing regular conditions. These conditions are usually imposed for the nonparametric

research with the dependent data sets.

Assumption 1 (A1). {Xt}t≥0 is a stationary β-mixing process with mixing

coefficient β(t) = O(t−(2+δ′)/δ′), for some δ′ > 0.

Assumption 2 (A2). The density function of Xt is bounded and Lipschitz,

and the conditional density function f(·|Xt) are twice differentiable, bounded and

Lipschitz. And all of the derivatives are bounded.

Assumption 3 (A3). The kernel function K is symmetric, bounded and Lips-

chitz, such as the Gaussian Kernel Kh(x) =
1
h
K(u

h
) = 1√

2πh
exp{− u2

2h2}.
Assumption 4 (A4). For the kernel function K,

∫
uK(u)du = 0,

∫
K(u)du = 1,

∫
|K(u)|du <∞,

∫
K2(u)du > 0,

∫
u2K(u)du <∞.

Assumption 5 (A5). The bandwidth h converges to 0 such that nh→ ∞.

Assumption 1 is cited by many papers such as De Matos and Fernandes [2007],

Su and White [2008] and Äıt-Sahalia et al. [2009]. And also it can be satisfied by

many processes such as autoregressive conditional heteroskedasticity (ARCH) models,

autoregressive moving average (ARMA) models. Assumption 2 gives some conditions

of the marginal density function and the conditional density function. Some regular

conditions are imposed to the kernel functions in Assumption 3 and Assumption 4.

The bandwidth of the kernel functions needs to satisfy Assumption 5. Now we point

out the consistency and asymptotic distribution of our test statistics.

Theorem 3.2.4 Suppose that Conditions A1-A5 hold. If the second moments of Xt

exist, and N = n− q, where 1 ≤ q ≤ n− 1, then as n→ ∞, we have

Sn
P−→ Sa.

Theorem 3.2.4 illustrates that Sn is still consistent under the weak dependent condi-

tion, which is similar to that of Wang et al. [2015]. The detailed proof can be found

in the Appendix of this chapter.

Theorem 3.2.5 Assume that Conditions A1-A5 hold.
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(i) Under H0, that is, when the observed data {Xt}n0 are from a stationary Markov

process and the second moments of Xt exist, N = n− q for a fixed 1 ≤ q ≤ n− 1, we

have

nh1/2Sn
d−→ N(0, σ2),

where σ2 is given in the Appendix.

(ii) If {Xt}n0 do not satisfy the Markov property, and N = n − q for a fixed

1 ≤ q ≤ n− 1, then

nh1/2Sn
P−→ ∞.

From the above Theorem 3.2.4, we know clearly that the test statistics Sn with the

dependent data also follows the asymptotic normal distribution. If the Markovian

assumption is not satisfied, nh1/2Sn tends to infinity in probability and the asymptotic

power of our test is all 1 in an asymptotic sense.

3.2.4 Power Study under Contiguous Alternatives

Last section, we have derived that our test is consistent against all fixed alternatives.

Now, we want to know how the behavior of our test under the local alternatives. To

compute the power function, classical tests usually consider the local misspecifications

converging to the null at some rate. We consider a sequence of contiguous alternatives:

H1n : f(u|x, v) = (1− δn)f(u|x) + δn ∗ g(v), for some t ≥ 1, (3.4)

where f(·) is the density function, g(·) satisfies g(·) ≥ 0 and
∫
g(y)dy = 1 and a

sequence δn(0 ≤ δn ≤ 1) converges to 0 as n → ∞. For the power performances of

our test under local alternative hypothesis H1n, we obtain the following theorem.

Theorem 3.2.6 Suppose that Conditions 1-5 hold. When the observed data {Xt}n0
are from a stationary process and the second moments of Xt exist, under H1n, if

δn = O((n−1h−1/2)1/2), we have that nh1/2Sn converges in distribution to a random

variable that follows the normal distribution N(Cµ1, σ
2
1A), for some constant C, where

µ1 and σ2
1A are given in the Appendix. If δn = O((n−1h−1/2)a), 0 < a < 1/2, then

nh1/2Sn converges to ∞.
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From Theorem 3.2.6, we can obtain that: (1) when the local alternatives are different

from the null hypothesis at the rate n−1/2h−1/4, the asymptotic powers of our test are

1 in the asymptotic sense; (2) when the alternatives converges to the null hypothesis

at the rate n−1/2h−1/4, our test is also able to identify them.

3.3 Numerical Studies

In this section, we will examine the finite sample performance of out test statistics.

By Theorem 3.2.5 and 3.2.6, we can get the asymptotic distributions of Sn under the

different situations, but the variance of Sn seems to be difficult to be calculated and

very complicated for the practical use. In order to determine the critical value or p-

value, the local bootstrap procedure is considered, which was proposed by Paparoditis

and Politis [2000]. The steps are listed as follows:

(a) For a given sample ξn = (Ui, Vi, Xi)
N
i=1, draw U∗

i from

F̂U |X=Xi
=

∑N
j=1KijI(−∞,Uj ](u)∑N

j=1Kij

for i = 1, · · · , n to construct the local bootstrap sample ξ∗n = (U∗
i , Vi, Xi)

N
i=1;

(b) Figure out the local bootstrap statistic S∗
n in the same way as Sn;

(c) Repeat steps (a) and (b) B times to get B local bootstrap statistics {S∗
nk
}Bk=1;

(d) Compute the bootstrap p-value pb = B−1
∑B

k=1 I(S
∗
nk
> Sn); where I(·) is the

indicator function.

From the statement of Chen and Hong [2012], when the method of Paparoditis

and Politis [2000] is applied to the test procedure, we can similarly show that our

test statistic S∗
n almost surely has the same distribution of Sn by using the analogous

proof of Theorem 4.1 of Su and White [2008]. We demonstrate the finite sample

performance of our test CDCTW with several simulation studies in the following

part. Throughout all of the experiments in this subsection, we fix the sample size

as n = 100, 250. For each experiment, we generate the n + 100 observations and

delete the first 100 to avoid the influence of the initial values. To evaluate the size

and power of our test, we generate 1000 random samples {Xt}t≥0 and choose the

number of bootstrap iteration as 200. And we apply the significant level of 0.05 and
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0.1 to all models. For simplicity, the bandwidth h of the kernel function is taken

as h = 1.06 ∗ S2
Xn

−9/2 , where S2
X is the sample variance of the sample observations

{Xt}t≥0.

In order to assess the size of our test under H0, we consider the following three

Markovian models.

Example 1. Autoregressive Model-AR(1) model: Xt = 0.5Xt−1 + εt.

Example 2. Autoregressive Conditional Heteroskedasticity model-ARCH(1) model:

Xt = σtεt and σ
2
t = 0.1 + 0.1X2

t−1.

Example 3. The Ornstein-Uhlenbeck model: dXt = κ(α − Xt)dt + σdWt, where Wt

is a Brownian motion and the parameters are chosen as κ = 0.2, α = 0.085 and

σ = 0.08, which follows the setup of Äıt-Sahalia et al. [2010]. In Example 1-3, εt

are independent and identically distributed (i.i.d.) and follow the standard normal

distribution. The results are summarized in Table 3.1.

Table 3.1: The size of our test
n=100 n=250

q 10 15 20 10 15 20
EX1 0.05 0.049 0.034 0.039 0.055 0.049 0.048

0.1 0.103 0.070 0.081 0.099 0.102 0.109
EX2 0.05 0.049 0.061 0.057 0.055 0.066 0.061

0.1 0.099 0.102 0.117 0.097 0.121 0.116
EX3 0.05 0.065 0.048 0.041 0.095 0.102 0.098

0.1 0.118 0.107 0.090 0.048 0.057 0.056

From this table 3.1, we can find that out test can control the size well no matter

what the sample size is. Furthermore, to evaluate the power of the test, we consider

another three NON-Markov models, which are listed as follows:

Example 4. Moving Average model-MA(1): Xt = 0.8εt−1 + εt.

Example 5. Generalized Autoregressive Conditional Heteroskedasticity model:

GARCH(1,1) Xt = h
−1/2
t εt, ht = 0.1 + 0.2X2

t−1 + 0.7ht−1.

Example 6. GARCH in Mean model: Xt = 0.3 + 0.05ht + zt, zt = h
−1/2
t εt, and

ht = 0.1+0.2X2
t−1+0.7ht−1. And also, εt are i.i.d. and follow the normal distribution

with mean zero and variance one.

From the results in Table 3.2, the power of our test is not good, but the power

increases as the sample size becomes larger. And the choice of the lag q affects the

power a little. Actually, the sample size N of ξi is affected by q, when n is fixed, if q
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Table 3.2: The power of our test

n=100 n=250
q 10 15 20 10 15 20

EX4 0.05 0.141 0.03 0.029 0.361 0.297 0.237
0.1 0.261 0.069 0.065 0.530 0.443 0.362

EX5 0.05 0.056 0.039 0.047 0.093 0.087 0.097
0.1 0.098 0.09 0.104 0.149 0.154 0.161

EX6 0.05 0.062 0.041 0.042 0.108 0.107 0.108
0.1 0.119 0.085 0.099 0.196 0.190 0.190

increases, N = n − q will become small, and then it will influence the power of our

test. Therefore, we need to find a balance of them. This is an interesting work in the

future.

3.4 Conclusion

This chapter investigates the test of Markovian assumption in one stationary β mixing

process {Xt}t≥0 with one dimensional weak dependent data. The Markov property

has a wide of application in many areas such as time series, economics and finance. In

the past few years, few papers have talked about this issue and the existing methods

have more or less drawbacks. Since the Markov property is one kind of the condi-

tional independence property, which means that the future information and the past

information are uncorrelated with each other when the current information is fixed,

we can utilize the means of testing conditional independence to detect the Markov

property. The conditional distance covariance is a new concept of the conditional

relationship between two random vectors give the third one. As a result, we take

advantage of this concept to construct the test statistics and obtain the asymptotic

null distribution and local alternative distribution. Furthermore, We will investigate

the numerical performance of the proposed test statistic in some well-known models

such as the Ornstein-Uhlenbeck model. Simulation studies show that our proposed

test statistic can control well but its power is a little bad since it is influenced by the

sample size and the lag order. How to get the balance between the lag order and the

sample size will be studied in the future.
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3.5 Appendix-Technical Proof of the Theorems

Lemma 3.5.1 If 0 < α < 2, then for all x in R
d,

∫

Rd

1− cos(t′x)

|t|d+α
dt = C(d, α)|x|α,

where

C(d, α) =
2πd/2Γ(1− α

2
)

α2αΓ(d+α
2
)

and Γ(·) is the complete gamma function. The integrals at 0 and ∞ are meant in the

principal value sense: lim
ε→0

∫
Rd\{εB+ε−1Bc}, where B is the unit ball (centered at 0) in

R
d and Bc is the complement of B.

Proof of Theorem 3.2.1: As we know,

|φ̂U,V |X(u, v)− φ̂U |X(u)φ̂V |X(v)|2

= (φ̂U,V |X(u, v)− φ̂U |X(u)φ̂V |X(v))(φ̂U,V |X(u, v)− φ̂U |X(u)φ̂V |X(v))

= |φ̂U,V |X(u, v)|2 + |φ̂U |X(u)φ̂V |X(v)|2

− φ̂U,V |X(u, v) ∗ φ̂U |X(u)φ̂V |X(v)− φ̂U,V |X(u, v) ∗ φ̂U |X(u)φ̂V |X(v)

, T1 + T2 − T3 − T4

For T1,

T1 = |φ̂U,V |X(u, v)|2 = φ̂U,V |X(u, v) ∗ φ̂U,V |X(u, v)

=

n−1∑
k=q

exp(iuUk + iv′Vk)ωk(x)

ω(x)
∗

n−1∑
k=q

exp(−iuUk − iv′Vk)ωk(x)

ω(x)

=
1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x) exp[iu(Uk − Ul) + iv′(Vk − Vl)]

=
1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x) cos[u(Uk − Ul)] cos[v
′(Vk − Vl)] +R1
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For T2,

T2 = |φ̂U |X(u)φ̂V |X(v)|2 = φ̂U |X(u)φ̂V |X(v) ∗ φ̂U |X(u)φ̂V |X(v)

= φ̂U |X(u) ∗ φ̂U |X(u) ∗ φ̂V |X(v) ∗ φ̂V |X(v)

=

n−1∑
k=q

exp(iuUk)ωk(x)

ω(x)
∗

n−1∑
k=q

exp(−iuUk)ωk(x)

ω(x)

∗

n−1∑
k=q

exp(iv′Vk)ωk(x)

ω(x)
∗

n∑
k=q

exp(−iv′Vk)ωk(x)

ω(x)

=
1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x) exp[iu(Uk − Ul)]

∗ 1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x) exp[iv
′(Vk − Vl)]

=
1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x) cos[u(Uk − Ul)]

∗ 1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x) cos[v
′(Vk − Vl)] +R2

For T3,

T3 = φ̂U,V |X(u, v) ∗ φ̂U |X(u)φ̂V |X(v)

=

n−1∑
k=q

exp(iuUk + iv′Vk)ωk(x)

ω(x)
∗

n−1∑
k=q

exp(−iuUk)ωk(x)

ω(x)
∗

n−1∑
k=q

exp(−iv′Vk)ωk(x)

ω(x)

=
1

ω3(x)

n−1∑

m=q

n−1∑

k=q

n−1∑

l=q

ωm(x)ωk(x)ωl(x) exp[iu(Um − Uk)] exp[iv
′(Vm − Vl)]

=
1

ω3(x)

n−1∑

m=q

n−1∑

k=q

n−1∑

l=q

ωm(x)ωk(x)ωl(x) cos[u(Um − Uk)] cos[v
′(Vm − Vl)] +R3

Similarly,

T4 =
1

ω3(x)

n−1∑

m=q

n−1∑

k=q

n−1∑

l=q

∗ωm(x)ωk(x)ωl(x) cos[u(Um − Uk)] cos[v
′(Vm − Vl)] +R4
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where, R1, R2, R3 and R4 represent terms that vanish when we calculate the integral

‖φ̂U,V |X(u, v)− φ̂U |X(u)φ̂V |X(v)‖2.
To evaluate the integral ‖φ̂U,V |X(u, v)− φ̂U |X(u)φ̂V |X(v)‖2, we apply Lemma 3.5.1

and

cos u cos v = 1− (1− cosu)− (1− cos v) + (1− cos u)(1− cos v).

Hence, we can have

T1 =
1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x)(1− cos[u(Uk − Ul)])(1− cos[v′(Vk − Vl)])

+ 1− 1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x)(1− cos[u(Uk − Ul)])

− 1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x)(1− cos[v′(Vk − Vl)]) +R1

T2 =
1

ω4(x)

n−1∑

k,l=q

ωk(x)ωl(x)(1− cos[u(Uk − Ul)])

×
n−1∑

k,l=q

ωk(x)ωl(x)(1 − cos[v′(Vk − Vl)])

+ 1− 1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x)(1− cos[u(Uk − Ul)])

− 1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x)(1− cos[v′(Vk − Vl)]) +R2

T3 =
1

ω3(x)

n−1∑

m=q

n−1∑

k=q

n−1∑

l=q

ωm(x)ωk(x)ωl(x)

× (1− cos[u(Um − Uk)])(1− cos[v′(Vm − Vl)])

+ 1− 1

ω2(x)

n−1∑

m,k=q

ωm(x)ωk(x)(1− cos[u(Um − Uk)])

− 1

ω2(x)

n−1∑

m,l=q

ωm(x)ωl(x)(1− cos[v′(Vm − Vl)]) +R3
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T4 =
1

ω3(x)

n−1∑

m=q

n−1∑

k=q

n−1∑

l=q

ωm(x)ωk(x)ωl(x)

× (1− cos[u(Um − Uk)])(1− cos[v′(Vm − Vl)])

+ 1− 1

ω2(x)

n−1∑

m,k=q

ωm(x)ωk(x)(1− cos[u(Um − Uk)])

− 1

ω2(x)

n−1∑

m,l=q

ωm(x)ωl(x)(1− cos[v′(Vm − Vl)]) +R4

Consequently,

|φ̂U,V |X(u, v)− φ̂U |X(u)φ̂V |X(v)|2

= T1 + T2 − T3 − T4

=
1

ω2(x)

n−1∑

k,l=q

ωk(x)ωl(x)(1− cos[u(Uk − Ul)])(1− cos[v′(Vk − Vl)])

+
1

ω4(x)

n−1∑

k,l=q

ωk(x)ωl(x)(1− cos[u(Uk − Ul)])

n−1∑

k,l=q

ωk(x)ωl(x)(1− cos[v′(Vk − Vl)])

− 2
1

ω3(x)

n−1∑

m=q

n−1∑

k=q

n−1∑

l=q

ωm(x)ωk(x)ωl(x)

(1− cos[u(Um − Uk)])(1− cos[v′(Vm − Vl)])

+ R1 +R2 − R3 −R4.

And then, by Lemma 3.5.1 we only need to evaluate the integrals of the type

∫

R
du+dv

(1− cos u(Uk − Ul))(1− cos v′(Vk − Vl))

|u|du+1|v|dv+1
dudv

=

∫

R
du

(1− cosu(Uk − Ul))

|u|du+1
du ∗

∫

R
dv

(1− cos v′(Vk − Vl))

|v|dv+1
dv

= Cdu |Uk − Ul| ∗ Cdv |Vk − Vl|

= Cdud
U
kl ∗ Cdvd

V
kl
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Finally, we can get

D2
n(U, V |X) = D1 +D2 − 2D3.

Proof of Theorem 3.2.2: Denote that uk = exp{iuUk} − φU |X(u) and vk =

exp{iv′Vk} − φV |X(v), and then

ξn(u, v) = φ̂U,V |X(u, v)− φ̂U |X(u)φ̂V |X(v)

=

∑n−1
k=q ukvkωk(x)

ω(x)
−
∑n−1

k=q ukωk(x)

ω(x)

∑n−1
k=q vkωk(x)

ω(x)

For each δ > 0, define the region

O(δ) = {(u, v) : δ ≤ |u| ≤ 1/δ, δ ≤ |v| ≤ 1/δ}

and random variables

D2
n,δ(U, V |X) =

∫

O(δ)

1

cducdv

|ξn(u, v)|2
|u|du+1|v|dv+1

dudv

For any fixed 0 < δ < 1, the function 1
cducdv |u|du+1|v|dv+1 is bounded on O(δ). By the

strong law of large numbers(SLLN), it follows that almost surely

lim
n→∞

D2
n,δ(U, V |X) = D2

·,δ(U, V |X)

=

∫

O(δ)

1

cducdv

|φU,V |X(u, v)− φU |X(u)φV |X(v)|2
|u|du+1|v|dv+1

dudv.

Clearly, lim
δ→0

D2
·,δ(U, V |X) = D2(U, V |X). Now it remains to prove that almost surely,

lim sup
δ→0

lim sup
n→∞

|D2
n,δ(U, V |X)−D2

n(U, V |X)| = 0.

Given δ > 0,

|D2
n,δ −D2

n| ≤ (

∫

|u|<δ

+

∫

|u|>1/δ

+

∫

|v|<δ

+

∫

|v|>1/δ

)
1

cducdv

|ξn(u, v)|2
|u|du+1|v|dv+1

dudv.

, I1 + I2 + I3 + I4
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For z = (z1, z2, . . . , zp) in Rp and |z| = 1, define the function

G(y) =

∫

|z|<y

1− cos t′z

|z|1+p
dz.

According to Lemma 3.5.1, G(y) is bounded by cp and lim
y→∞

G(y) = 0. Applying the

inequality |x + y|2 < 2|x|2 + 2|y|2 and the Cauchy-Schwarz inequality for sums, we

can obtain that

|ξn(u, v)|2 ≤ 2

∣∣∣∣∣

∑n−1
k=q ukvkωk(x)

ω(x)

∣∣∣∣∣

2

+ 2

∣∣∣∣∣

∑n−1
k=q ukωk(x)

ω(x)

∣∣∣∣∣

2 ∣∣∣∣∣

∑n−1
k=q vkωk(x)

ω(x)

∣∣∣∣∣

2

= 2
|∑n−1

k=q uk
√
ωk(x)vk

√
ωk(x)|

(ω(x))2

+ 2
|∑n−1

k=q uk
√
ωk(x) ∗

√
ωk(x)|

(ω(x))2
|∑n−1

k=q vk
√
ωk(x) ∗

√
ωk(x)|

(ω(x))2

≤ 2

∑n−1
k=q |uk|2ωk(x)

∑n−1
k=q |vk|2ωk(x)

(ω(x))2

+ 2

∑n−1
k=q |uk|2ωk(x) ∗

∑n−1
k=q ωk(x)

(ω(x))2

∑n−1
k=q |vk|2ωk(x) ∗

∑n−1
k=q ωk(x)

(ω(x))2

= 4

∑n−1
k=q |uk|2ωk(x)

∑n−1
k=q |vk|2ωk(x)

(ω(x))2
.

Thus,

I1 ≤ 4

∑n−1
k=q

∫
|u|<δ

|uk|2
cdu |u|du+1duωk(x)

ω(x)

∑n−1
k=q

∫
R

dv
|vk|2

cdv |v|dv+1dvωk(x)

ω(x)
.
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Here,

|vk|2 = | exp{iv′Vk} − φV |X(v)|2

= 1− exp{iv′Vk}φV |X(v)− exp{−iv′Vk}φV |X(v) + |φV |X(v)|2

= 1− exp{iv′Vk}E(exp{−iv′V }|X)− exp{−iv′Vk}E(exp{iv′V }|X)

+|φV |X(v)|2

= 1− EV (exp{iv′(Vk − V )}|X)− EV (exp{iv′(V − Vk)}|X) + |φV |X(v)|2

= EV (1− exp{iv′(Vk − V )}|X) + EV (1− exp{iv′(V − Vk)}|X)

−(1 − |φV |X(v)|2)

= EV (1− exp{iv′(Vk − V )}|X) + EV (1− exp{iv′(V − Vk)}|X)

− E(exp{iv′(V − V ′)}|X)

where the expectation EV is taken with respect to V , and we take V ′ D
= V such that

they are independent. Hence,

∫

R
dv

|vk|2
cdv |v|dv+1

dv = 2EV (|Vk − V ||X)− E(|V − V ′||X) ≤ 2[|Vk|+ EV (|V ||X)]

Further, take a suitable change of variables: u = z
|Uk−U | ,

∫

|u|<δ

1− cosu′(Uk − U)

cdu |u|du+1
du

=

∫

|z|<|Uk−U |δ

1− cos(z′ Uk−U
|Uk−U |)

cdz |z|dz+1
|Uk − U |dz+1 ∗ dz

|Uk − U |dz

= |Uk − U | ∗
∫

|z|<|Uk−U |δ

1− cos(z′ Uk−U
|Uk−U |)

cdz |z|dz+1
dz

= |Uk − U | ∗G(|Uk − U |δ)

Thus, we can get

∫

|u|<δ

|uk|2
cdu |u|du+1

du = 2EU(|Uk − U | ∗G(|Uk − U |δ)|X)

−E(|U − U ′| ∗G(|U − U ′|δ)|X)

≤ 2EU(|Uk − U | ∗G(|Uk − U |δ)|X)
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Therefore,

I1 ≤ 4

∑n−1
k=q

∫
|u|<δ

|uk|2
cdu |u|du+1duωk(x)

ω(x)

∑n−1
k=q

∫
R

dv
|vk|2

cdv |v|dv+1dvωk(x)

ω(x)

≤ 4

∑n−1
k=q 2EU(|Uk − U | ∗G(|Uk − U |δ)|X)ωk(x)

ω(x)

×
∑n−1

k=q 2(|Vk|+ EV (|V ||X))ωk(x)

ω(x)

= 16

∑n−1
k=q EU (|Uk − U | ∗G(|Uk − U |δ)|X)ωk(x)

ω(x)

×
(∑n−1

k=q |Vk|ωk(x)

ω(x)
+ EV (|V ||X)

)
.

Since ω(x)/(n− q − 1) is a consistent density function estimator of random variable

X ,

lim sup
n→∞

I1 ≤ 16EU(|Uk − U |G(|Uk − U |δ)|X) ∗ 2E(|V ||X)

almost surely. By the Lebesgue bounded convergence theorem for integrals and ex-

pectations,

lim sup
δ→0

lim sup
n→∞

I1 = 0

almost surely.

Next, consider the second term I2. Since |uk|2 ≤ 4,

1

ω(x)

n−1∑

k=q

ωk(x)

∫

|u|>1/δ

|uk|2
cdu |u|du+1

du ≤ 4

∫

|u|>1/δ

1

cdu |u|du+1
du

and

1

ω(x)

n−1∑

k=q

ωk(x)

∫

R
dv

|vk|2
cdv |v|dv+1

dv ≤ 2
1

ω(x)

n−1∑

k=q

ωk(x)[|Vk|+ EV (|V ||X)]
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Therefore,

I2 ≤ 4

∑n−1
k=q

∫
|u|>1/δ

|uk|2
cdu |u|du+1duωk(x)

ω(x)

∑n−1
k=q

∫
R

dv
|vk|2

cdv |v|dv+1dvωk(x)

ω(x)

≤ 16

∫

|u|>1/δ

1

cdu |u|du+1
du ∗ 2 1

ω(x)

n−1∑

k=q

ωk(x)[|Vk|+ EV (|V ||X)]

= 16δ ∗ 2 1

ω(x)

n−1∑

k=q

ωk(x)[|Vk|+ EV (|V ||X)]

And then, we have almost surely lim sup
δ→0

lim sup
n→∞

I2 = 0.

The remaining two terms I3 and I4 can be dealt with similar method of the first two

summands. Finally, we get

lim
n→∞

D2
n(U, V |X) = D2(U, V |X).

Proof of Theorem 3.2.3: Since dsijkl = dijkl + dijlk + dilkj, we have

∑

i,j,k,l

ωi(X)ωj(X)ωk(X)ωl(X)dsijkl

= 3
∑

i,j,k,l

ωi(X)ωj(X)ωk(X)ωl(X)dijkl

= 3[
∑

i,j,k,l

(dUijd
V
ij + dUkld

V
kl + dUikd

V
ik + dUjld

V
jl)ωi(X)ωj(X)ωk(X)ωl(X)

+
∑

i,j,k,l

(dUijd
V
kl + dUkld

V
ij + dUikd

V
jl + dUjld

V
ik)ωi(X)ωj(X)ωk(X)ωl(X)

−
∑

i,j,k,l

(dUijd
V
ik + dUijd

V
jl + dUkld

V
ik + dUkld

V
jl

+(dUikd
V
ij + dUikd

V
kl + dUjld

V
ij + dUjld

V
kl)ωi(X)ωj(X)ωk(X)ωl(X)]

, K1 +K2 −K3

Using the symmetry of distance dUij = dUji and d
V
ij = dVji, we ca easily get the following

equations:

K1 = 12ω2(X)
∑

i,j

dUijd
V
ijωi(X)ωj(X),
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K2 = 12
∑

i,j

dUijωi(X)ωj(X)
∑

k,l

dVklωk(X)ωl(X),

K3 = 24ω(X)
∑

i

∑

k,l

dUijd
V
ikωi(X)ωj(X)ωk(X).

Hence, based on the proof of Theorem 3.2.1,

∑

i,j,k,l

ωi(X)ωj(X)ωk(X)ωl(X)dsijkl

= 12ω2(X)
∑

i,j

dUijd
V
ijωi(X)ωj(X) + 12

∑

i,j

dUijωi(X)ωj(X)
∑

k,l

dVklωk(X)ωl(X)

−24ω(X)
∑

i

∑

k,l

dUijd
V
ikωi(X)ωj(X)ωk(X)

= 12ω4(X)(D1 +D2 − 2D3)

= 12ω4(X)D2
n(U, V |X),

which implies that

D2
n(U, V |X) =

1

n4

∑

i,j,k,l

ψn(ξi, ξj, ξk, ξl;X).

In order to prove Theorem 3.2.4, we need the following two theorems in the book

Lee [1990].

Lemma 3.5.2 (Lee [1990]) Let t1 < t2 < · · · < tk be integers, let F , Gj and

Hj be the distribution functions of (Xt1 , . . . , Xtk), (Xt1 , . . . , Xtj ) and (Xtj+1
, . . . , Xtk)

respectively and let µ be the signed measure corresponding to the function

F (x1, . . . , xk)−Gj(x1, . . . , xj)Hj(xj+1, . . . , xk)

which is bounded variation. Then |µ| = β(tj+1 − tj).

Lemma 3.5.3 (Lee [1990]) Let t1 < t2 < · · · < tk, F , Gj and Hj be as in Lemma

3.5.2. Let h be a measurable function such that

M = max

(∫
|h|1+δdF,

∫ ∫
|h|1+δdGjdHj

)
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is finite for some δ > 0. Then

∣∣∣∣
∫
hdF −

∫ ∫
hdGjdHj

∣∣∣∣ ≤ 3M
1

1+δβ
δ

1+δ (tj+1 − tj).

Proof of Theorem 3.2.4: Let PN(ξ1, ξ2, ξ3, ξ4, ξ5) = ds1234K15K25K35K45 and ex-

press SN as a U-statistic with random kernel,

SN =
1

C5
Nh

4

∑

i<j<k<l<m

ΨN(ξi, ξj, ξk, ξl, ξm)

where

ΨN(ξ1, ξ2, ξ3, ξ4, ξ5)

=
1

5
[PN(ξ1, ξ2, ξ3, ξ4, ξ5) + PN(ξ5, ξ2, ξ3, ξ4, ξ1)

+PN(ξ1, ξ5, ξ3, ξ4, ξ2) + PN(ξ1, ξ2, ξ5, ξ4, ξ3)

+PN(ξ1, ξ2, ξ3, ξ5, ξ4)

By Considering the H-decomposition in Lee(1990), we denote that for c = 1, 2, 3, 4, 5,

PNc(w1, · · · , wc) = E(PN (ξ1, · · · , ξ5)|(ξ1, · · · , ξc) = (w1, · · · , wc)),

ΨNc(w1, · · · , wc) = E(ΨN (ξ1, · · · , ξ5)|(ξ1, · · · , ξc) = (w1, · · · , wc)).

Further, let h(1)(w1) = ΨN1(w1)/h
4 − θ and

h(c)(w1, w2, · · · , wc) = ΨNc(w1, · · · , wc)/h
4 −

c−1∑

j=1

∑

(c,j)

h(j)(wi1, · · · , wij)− θ.

And then,

SN = θ +
5∑

j=1

(
5

j

)
H

(j)
N ,

where H
(j)
N =

(
N
j

)−1 ∑
(N,j)

h(j)(wi1, · · · , wij) and θ =
1
h4

∫
ΨN(ξ1, ξ2, ξ3, ξ4, ξ5)

5∏
i=1

dF (ξi).

Step1: SN = 1
C5

Nh4

∑
i<j<k<l<m

E[ΨN (ξi, ξj, ξk, ξl, ξm)] + op(1).
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Based on Markov’s law of large numbers, we only need to prove that V ar(SN) → 0.

From the H-decomposition of SN ,

V ar(SN) =
5∑

j=1

((
5

j

))2

V ar(H
(j)
N ) + 2

∑

1≤k 6=l≤5

Cov

((
5

k

)
H

(k)
N ,

(
5

l

)
H

(l)
N

)

Firstly, we consider the variance terms. For the term V ar(H
(1)
N ), using the stationary

property, we obtain

V ar(H
(1)
N ) = V ar(

1

N

n−1∑

i=q

h(1)(ξi))

=
1

N2

n−1∑

i=q

n−1∑

j=q

Cov(h(1)(ξi), h
(1)(ξj))

=
1

N2
[NV ar(h(1)(ξq)) + 2

N−1∑

j=1

(N − j)Cov(h(1)(ξq), h
(1)(ξq+j))]

and

V ar(h(1)(ξq)) =
1

h8
V ar(ΨN1(ξq))

=
1

h8
E[ΨN1(ξq)]

2

=
1

h8
E[E(ΨN(ξ1, · · · , ξ5)|ξ1 = ξq)]

2

Note that E[ΨN1(ξq)]
2 can be expanded into several terms, and each of these terms

can be shown to be of order h8. The proof of the first term is listed as follows:

E[PN1(ξq)]
2

=

∫
[E(PN(ξ1, · · · , ξ5)|ξ1 = ξq)]

2 ∗ f(ξq)dξq

=

∫
[

∫
dsq234Kq2Kq3Kq4Kq5f(ξ2, ξ3, ξ4, ξ5)dξ2dξ3dξ4dξ5]

2f(ξq)dξq

=

∫
[

∫
dsq234Kq2Kq3Kq4Kq5f(u2, v2, x2, u3, v3, x3, u4, v4, x4, u5, v5, x5)

du2dv2dx2du3dv3dx3du4dv4dx4du5dv5dx5]
2f(uq, vq, xq)duqdvqdxq

Denote that x5q = x5−xq

h
, x52 = x5−x2

h
, x53 = x5−x3

h
and x54 = x5−x4

h
and using the
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Taylor Expansion,

E[PN1(ξq)]
2

= h8
∫

[

∫
dsq234K(x5q)K(x52)K(x53)K(x54)f(u2, v2, xq, u3, v3, xq, u4, v4, xq,

u5, v5, xq)du2dv2du3dv3du4dv4du5dv5dx5qdx52dx53dx54]
2f(ξq)dξq + o(h8)

= O(h8)

Therefore, V ar(h(1)(ξq)) = O(1). And then, by Lemma 3.5.3, we can replace δ by δ/2

and δ > δ′. Let λ = δ(2+δ′)
δ′(2+δ)

> 1,

N−1∑

j=1

(N − j)Cov(h(1)(ξq), h
(1)(ξq+j)) =

N−1∑

j=1

(N − j)E(h(1)(ξq)h
(1)(ξq+j))

≤
N−1∑

j=1

(N − j)Cβδ/2+δ(j)

≤ C
N−1∑

j=1

(N − j)j
− δ(2+δ′)

δ′(2+δ)

= O(N2−λ).

Therefore, V ar(H
(1)
N ) = O( 1

N
) +O( 1

Nλ ) = O( 1
N
).

Similarly, for other terms V ar(H
(j)
N ), 2 ≤ j ≤ 5, we obtain limN→∞ V ar(H

(j)
N ) = 0.

For the convariance terms, i 6= j,

|Cov(H(i)
N , H

(j)
N )| ≤ (V ar(H

(i)
N ), V ar(H

(j)
N ))

1
2 → 0.

Thus, by Markov’s law of large numbers,

SN =
1

C5
Nh

4

∑

i<j<k<l<m

E[ΨN(ξi, ξj, ξk, ξl, ξm)] + op(1)

when nh→ 0.

Step2: E(SN) = E[D2(U, V |X)a(X)] +O(h2).

Actually, we only need to prove that |E(SN) − E[D2(U, V |X)a(X)]| → 0. Here,

a(X) = 12f 4(X). By using Lemma 3.5.3 repeatedly and replacing δ by δ/2, we have
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for different i < j < k < l < m,

∣∣∣∣E[ΨN (ξi, ξj , ξk, ξl, ξm)]−
∫

ΨN (ξi, ξj , ξk, ξl, ξm)dF (ξi)dF (ξj)dF (ξk)dF (ξl)dF (ξm)

∣∣∣∣

≤ 3M
2

2+δ

1 β
δ

2+δ (j − i) + 3M
2

2+δ

2 β
δ

2+δ (k − j)

+ 3M
2

2+δ

3 β
δ

2+δ (l − k) + 3M
2

2+δ

4 β
δ

2+δ (m− l)

Let M = max{3M
2

2+δ

1 , 3M
2

2+δ

2 , 3M
2

2+δ

3 , 3M
2

2+δ

4 }, and then,

∣∣∣∣∣∣
1

C5
Nh4

∑

i<j<k<l<m

E[ΨN (ξi, ξj , ξk, ξl, ξm)]− 1

h4

∫
ΨN(ξi, ξj , ξk, ξl, ξm)

∏

t=i,j,k,l,m

dF (ξt)

∣∣∣∣∣∣

=
1

h4

∣∣∣∣∣∣
1

C5
N

∑

i<j<k<l<m

[E[ΨN (ξi, ξj , ξk, ξl, ξm)]−
∫

ΨN(ξi, ξj , ξk, ξl, ξm)
∏

t=i,j,k,l,m

dF (ξt)]

∣∣∣∣∣∣

≤ 1

h4C5
N

∑

i<j<k<l<m

∣∣∣∣∣∣
E[ΨN (ξi, ξj , ξk, ξl, ξm)]−

∫
ΨN(ξi, ξj , ξk, ξl, ξm)

∏

t=i,j,k,l,m

dF (ξt)

∣∣∣∣∣∣

≤ 1

h4C5
N

N−4∑

t=1

Mβ
δ

2+δ (t) ≤ M

h4C5
N

N−4∑

t=1

t
− δ(2+δ

′)

δ′(2+δ) =
M

h4C5
N

N−4∑

t=1

t−λ

= O(
1

h4N4+λ
) = o(

1

h4N4
)

That is to say,

1

C5
Nh

4

∑

i<j<k<l<m

E[ΨN(ξi, ξj, ξk, ξl, ξm)]

=
1

h4

∫
ΨN(ξ1, ξ2, ξ3, ξ4, ξ5)

5∏

i=1

dF (ξi) + o(
1

h4N4
)

Based on the proof of Theorem 6 introduced by Wang et al. [2015], we obtain that

1

h4

∫
ΨN(ξ1, ξ2, ξ3, ξ4, ξ5)

5∏

i=1

dF (ξi) = E[D2(U, V |X) ∗ 12f 4(X)] +O(h2)

Finally, we can get

1

C5
Nh

4

∑

i<j<k<l<m

E[ΨN(ξi, ξj, ξk, ξl, ξm)] = E[D2(U, V |X)∗12f 4(X)]+o(
1

h4N4
)+O(h2).

123



Combining the results in Step 1 and Step 2, we can eventually get that

SN
P−→ Sa.

Proof of Theorem 3.2.5:(i) Firstly, we want to show that

E[ΨN(ξ1, ξ2, ξ3, ξ4, ξ5)|ξ1] = 0, almost surely.

By the definition of ΨN(ξ1, ξ2, ξ3, ξ4, ξ5), we need to prove each of five terms converge

to zero almost surely. Now, we give the proof of the first term as follows:

E[PN(ξ1, ξ2, ξ3, ξ4, ξ5)|ξ1]

= E[ds1234K15K25K35K45|ξ1]

= 12E[(dU12d
V
12 + dU12d

V
34 − 2dU12d

V
13)K15K25K35K45|ξ1]

= 12E[E[(dU12d
V
12 + dU12d

V
34 − 2dU12d

V
13)|X1, X2, X3, X4]K15K25K35K45|ξ1]

By the conditionally independent property between U and V , we easily know that

E[PN(ξ1, ξ2, ξ3, ξ4, ξ5)|ξ1] = 0.

Consequently, E[ΨN (ξ1, ξ2, ξ3, ξ4, ξ5)|ξ1] = 0, almost surely. Therefore, we can say

that SN is degenerated U -statistics with random kernel.

Next, since SN is degenerated, h(1)(w1) = 0, almost surely, and then the H-

decomposition of SN becomes

SN =

(
5
2

)
(
N
2

)
h4

∑

(N,2)

ΨN2(ξi1, ξi2) +R
(2)
N ,

where R
(2)
N =

∑5
j=3

(
5
j

)
H

(j)
N .

By Theorem 2 of Section 1.6 (Lee [1990]), we can know that

∫
ΨN2(ξi, y)dF (ξi) = EΨN2(ξi, y) = 0
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and ∫
ΨN2(x, ξj)dF (ξj) = EΨN2(x, ξj) = 0,

for any fixed x and y. Noting that

E[ΨN2(ξi, ξj)|ξi] = E[ΨN (ξ1, ξ2, ξ3, ξ4, ξ5)|ξ1 = ξi] = 0.

Furthermore, by the Markovian property, E{ΨN2(ξi, ξj)|ξ1, ξ2, . . . , ξj−1} = 0, for any

i < j. Apart from a constant factor, the first term of SN is a degenerate U -statistic

of second order. In the following proof, we will use Theorem A in Hjellvik et al.

(1998) to obtain the asymptotical distribution of SN . Now we check the conditions

of Theorem A.

E[ΨN2(ξi1 , ξi2)] = E[E[ΨN(ξ1, ξ2, ξ3, ξ4, ξ5)|ξ1 = ξi1, ξ2 = ξi2 ]]

= E[E[ΨN(ξ1, ξ2, ξ3, ξ4, ξ5)|ξ1]]

= 0

Denote that σ2
N =

∑
q≤i<j≤n−1

V ar(ΨN2(ξi, ξj)) =
∑

q≤i<j≤n−1

E[ΨN2(ξi, ξj)]
2.

ΨN2(ξi, ξj) = E[ΨN(ξ1, ξ2, ξ3, ξ4, ξ5)|ξ1 = ξi, ξ2 = ξj]

=
1

5
E[PN(ξ1, ξ2, ξ3, ξ4, ξ5) + PN(ξ5, ξ2, ξ3, ξ4, ξ1)

+PN(ξ1, ξ5, ξ3, ξ4, ξ2) + PN(ξ1, ξ2, ξ5, ξ4, ξ3)

+PN(ξ1, ξ2, ξ3, ξ5, ξ4)|ξ1 = ξi, ξ2 = ξj ]

For each term of ΨN2(ξi, ξj), using transformations and Taylor expansions, we can

obtain

E[PN (ξ1, ξ2, ξ3, ξ4, ξ5)|ξ1 = ξi, ξ2 = ξj]

=

∫
ds1234K15K25K35K45f(ξ3, ξ4, ξ5)

5∏

i=3

dξi

= h3
∫

ds1234K(
x2 + hx52 − x1

h
)K(x52)K(x53)K(x54)f(u3, v3, x2 + h(x52 − x53),

u4, v4, x2 + h(x52 − x54), u5, v5, x2 + hx52)du3dv3dx53du4dv4dx54du5dv5dx52
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E[PN(ξ5, ξ2, ξ3, ξ4, ξ1)|ξ1 = ξi, ξ2 = ξj]

=

∫
ds5234K51K21K31K41f(ξ3, ξ4, ξ5)

5∏

i=3

dξi

= h3
∫
ds5234K(x51)K(

x2 − x1
h

)K(x31)K(x41)f(u3, v3, x1 + hx31,

u4, v4, x1 + hx41, u5, v5, x1 + hx51)du3dv3dx31du4dv4dx41du5dv5dx51

E[PN(ξ1, ξ5, ξ3, ξ4, ξ2)|ξ1 = ξi, ξ2 = ξj]

=

∫
ds1534K12K52K32K42f(ξ3, ξ4, ξ5)

5∏

i=3

dξi

= h3
∫
ds1534K(

x2 − x1
h

)K(x52)K(x32)K(x42)f(u3, v3, x2 + hx32,

u4, v4, x2 + hx42, u5, v5, x2 + hx52)du3dv3dx32du4dv4dx42du5dv5dx52

E[PN (ξ1, ξ2, ξ5, ξ4, ξ3)|ξ1 = ξi, ξ2 = ξj ]

=

∫
ds1254K13K23K53K43f(ξ3, ξ4, ξ5)

5∏

i=3

dξi

= h3
∫

ds1254K(
x2 + hx32 − x1

h
)K(x32)K(x53)K(x43)f(u3, v3, x2 + hx32,

u4, v4, x2 + h(x32 + x43), u5, v5, x2 + h(x32 + x53))du3dv3dx32du4dv4dx43du5dv5dx53

E[PN (ξ1, ξ2, ξ3, ξ5, ξ4)|ξ1 = ξi, ξ2 = ξj]

=

∫
ds1235K14K24K34K54f(ξ3, ξ4, ξ5)

5∏

i=3

dξi

= h3
∫
ds1235K(

x2 + hx42 − x1
h

)K(x42)K(x43)K(x54)f(u3, v3, x2 + h(x42 − x43),

u4, v4, x2 + hx42, u5, v5, x2 + h(x42 + x54))du3dv3dx42du4dv4dx43du5dv5dx54

Note that E[ΨN2(ξi, ξj)]
2 can be expanded into several terms, and each of these terms
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can be shown to be of order h7. Now we give the proof for the first term as follows:

E[E[PN (ξ1, ξ2, ξ3, ξ4, ξ5)|ξ1 = ξi, ξ2 = ξj ]
2]

=

∫
[

∫
ds1234K15K25K35K45f(ξ3, ξ4, ξ5)

5∏

i=3

dξi]
2f(ξ1, ξ2)dξ1dξ2

= h6
∫

[

∫
ds1234K(

x2 + hx52 − x1

h
)K(x52)K(x53)K(x54)f(u3, v3, x2 + h(x52 − x53),

u4, v4, x2 + h(x52 − x54), u5, v5, x2 + hx52)du3dv3dx53du4dv4dx54du5dv5dx52]
2

f(u1, v1, x1, u2, v2, x2)du1dv1dx1du2dv2dx2

= h7
∫

[

∫
ds1234K(x21 + x52)K(x52)K(x53)K(x54)f(u3, v3, x1 + h(x21 + x52 − x53),

u4, v4, x1 + h(x21 + x52 − x54), u5, v5, x1 + h(x21 + x52))

du3dv3dx53du4dv4dx54du5dv5dx52]
2

f(u1, v1, x1, u2, v2, x1 + hx21)du1dv1dx1du2dv2dx21

= O(h7)

Finally, we can get E[ΨN2(ξi, ξj)]
2 = Op(h

7), which implies that

σ2
N =

∑

q≤i<j≤n−1

E[ΨN2(ξi, ξj)]
2 = O(N2h7).

Now we will verify the conditions one by one. For some small constant 0 < δ < 1,

E|ΨN2(ξ1, ξj)ΨN2(ξi, ξj)|1+δ

= E|E[ΨN (ξ1, ξj , ξ3, ξ4, ξ5)] ∗ E[ΨN (ξi, ξj, ξ3, ξ4, ξ5)]|1+δ

=

∫
|E[ΨN (ξ1, ξj, ξ3, ξ4, ξ5)] ∗ E[ΨN (ξi, ξj , ξ3, ξ4, ξ5)]|1+δf(ξ1, ξi, ξj)dξ1dξidξj

Similar to the method of evaluating the order of σ2
N , with one more transformation

ξj = ξ1 + hξj1 and ξj = ξi + hξji in the integral, we can obtain

E|ΨN2(ξi, ξk)ΨN2(ξj, ξk)|1+δ = O(h6(1+δ)+2).

Consequently, MN1 = O(h6(1+δ)+2).

Therefore,

lim
N→∞

N2M
1/(1+δ)
N1

σ2
N

= lim
h→0

O(h
1−δ
1+δ ) = 0.
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Based on the same procedure, we easily get MN2 = O(h12(1+δ)+2). And then,

lim
N→∞

N3/2M
1/2(1+δ)
N2

σ2
N

= lim
N→∞

O

(
h

1−δ
2(1+δ)

(Nh)
1
2

)
= 0.

For MN3, we have MN3 = O(h14), which infers that

lim
N→∞

N3/2M
1/2
N3

σ2
N

= lim
N→∞

O

(
1

N
1
2

)
= 0.

For MN4, we have MN4 = O(h12(1+δ)+2), which indicates that

lim
N→∞

N3/2M
1/2(1+δ)
N4

σ2
N

= lim
N→∞

O

(
h

1−δ
2(1+δ)

(Nh)
1
2

)
= 0.

Next, we continue to consider the order of MN5 and MN6.

For MN5,

∫
ΨN2(ξ1, ξi)ΨN2(ξ1, ξj)f(ξ1)dξ1

=

∫
(E[ΨN(ξ1, ξi, ξ3, ξ4, ξ5)]) ∗ (E[ΨN(ξ1, ξj, ξ3, ξ4, ξ5)])f(ξ1)dξ1

and

∫
(E[PN (ξ1, ξi, ξ3, ξ4, ξ5)]) ∗ (E[PN (ξ1, ξj , ξ3, ξ4, ξ5)])f(ξ1)dξ1

=

∫
(h3
∫

ds1i34K(
xi + hx5i − x1

h
)K(x5i)K(x53)K(x54)f(u3, v3, xi + h(x5i − x53),

u4, v4, xi + h(x5i − x54), u5, v5, xi + hx5i)du3dv3dx53du4dv4dx54du5dv5dx5i)

·(h3
∫

ds1j34K(
xj + hx5j − x1

h
)K(x5j)K(x53)K(x54)f(u3, v3, xj + h(x5j − x53),

u4, v4, xj + h(x5j − x54), u5, v5, xj + hx5j)du3dv3dx53du4dv4dx54du5dv5dx5j)

·f(u1, v1, x1)du1dv1dx1

= h7
∫

(

∫
ds1i34K(xi1 + x5i)K(x5i)K(x53)K(x54)f(u3, v3, xi + h(x5i − x53),

u4, v4, xi + h(x5i − x54), u5, v5, xi + hx5i)du3dv3dx53du4dv4dx54du5dv5dx5i)

·(
∫

ds1j34K(
xj − xi + hx5j + hxi1

h
)K(x5j)K(x53)K(x54)f(u3, v3, xj + h(x5j − x53),

u4, v4, xj + h(x5j − x54), u5, v5, xj + hx5j)du3dv3dx53du4dv4dx54du5dv5dx5j)

·f(u1, v1, xi − hxi1)du1dv1dxi1
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With one more transformation xj = xi + hxji, we can verify MN5 = O(h14(1+δ)+1).

And then,

lim
N→∞

N2M
1/2(1+δ)
N5

σ2
N

= lim
h→0

O(h
1

2(1+δ) ) = 0.

For MN6, similarly, we can obtain MN6 = O(h15) and

lim
N→∞

N2M
1/2
N6

σ2
N

= lim
h→0

O(h
1
2 ) = 0.

Now, we choose some 0 < δ, δ′ < 1 satisfying the condition δ′ < 2δ
2δ+3

, which infers

that
∞∑

k=1

k2{β(k)} δ
1+δ ≤

∞∑

k=1

k2 ∗ Ck−
(2+δ′)δ

δ′(1+δ) ≤ C

∞∑

k=1

1

k
(2+δ′)δ

δ′(1+δ)
−2

<∞,

where (2+δ′)δ
δ′(1+δ)

− 2 > 1 and C is a generic constant. Hence, we have

max
1

σ2
N

{
N2{M

1
1+δ

N1 +M
1

2(1+δ)

N5 +M
1
2
N6}, N

3
2{M

1
2(1+δ)

N2 +M
1
2
N3 +M

1
2(1+δ)

N4 }
}

→ 0

as N → ∞. By Lemma A, we get

1

σN

∑

(N,2)

ΨN2(ξi, ξj)) → N(0, 1).

Finally, we want to show that the remainder term R
(2)
N is of a smaller order than the

first term, where

R
(2)
N =

5∑

j=3

(
5
j

)
(
N
j

)
∑

(N,j)

h
(j)
N (ξi1, ξi2, . . . , ξij) , S3 + S4 + S5.

For S3,

S3 =

(
5
3

)
(
N
3

)
∑

(N,3)

h
(3)
N (ξ1, ξ2, ξ3) =

(
5
3

)
(
N
3

)
h4

∑

(N,3)

[ΨN3(ξ1, ξ2, ξ3)−ΨN2(ξi1, ξi2)].

and

V ar[ΨN3(ξi1 , ξi2, ξi3)] = E[ΨN3(ξi1, ξi2, ξi3)]
2

Similarly, E[ΨN3(ξi1, ξi2, ξi3)]
2 can also be expanded into several terms, and each of
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these terms be shown to be of order h6. We only give the proof of the first term.

E[PN3(ξ1, ξ2, ξ3)]
2

=

∫
[

∫
ds1234K15K25K35K45f(ξ4, ξ5)dξ4dξ5]

2f(ξ1, ξ2, ξ3)dξ1dξ2dξ3

=

∫
[h2
∫

ds1234K(
x3 + hx53 − x1

h
)K(

x3 + hx53 − x2

h
)K(x53)

·K(x54)f(u4, v4, x3 + hx53 − hx54, u5, v5, x3 + hx53)du4dv4dx54du5dv5dx53]
2

f(u1, v1, x1, u2, v2, x2, u3, v3, x3)du1dv1dx1du2dv2dx2du3dv3dx3

= h4
∫

[

∫
ds1234K(

x3 + hx53 − x1

h
)K(

x3 + hx53 − x2

h
)K(x53)

·K(x54)f(u4, v4, x3 + hx53 − hx54, u5, v5, x3 + hx53)du4dv4dx54du5dv5dx53]
2

f(u1, v1, x1, u2, v2, x2, u3, v3, x3)du1dv1dx1du2dv2dx2du3dv3dx3

= h6
∫

[

∫
ds1234K(x31 + x53)K(x32 + x53)K(x53)K(x54)

·f(u4, v4, x1 + hx31 + hx53 − hx54, u5, v5, x1 + hx31 + hx53)du4dv4dx54du5dv5dx53]
2

f(u1, v1, x1, u2, v2, x1 + hx31 − hx32, u3, v3, x1 + hx31)

·du1dv1dx1du2dv2dx32du3dv3dx31

= O(h6)

Therefore, E[ΨN3(ξ1, ξ2, ξ3)]
2 = Op(h

6). Furthermore,

|Cov(ΨN3(ξi1, ξi2 , ξi3),ΨN3(ξj1, ξj2, ξj3))|

≤
√
E(ΨN3(ξi1, ξi2, ξi3)) ∗

√
E(ΨN3(ξj1, ξj2, ξj3))

= O(h6)

and

|Cov(ΨN3(ξi1, ξi2, ξi3),ΨN2(ξj1, ξj2))|

≤
√
E(ΨN3(ξi1 , ξi2, ξi3)) ∗

√
E(ΨN2(ξj1, ξj2))

= O(h6.5)

Consequently, V ar[
∑
(N,3)

[ΨN3(ξ1, ξ2, ξ3)−ΨN2(ξi1, ξi2)]] = O(N3h6) as Nh→ ∞. And

then, V ar(S3) = O( 1
N6h8N

3h6) = Op(
1

N3h2 ). Using the same procedure, we can obtain
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that

V ar(S4) = O

(
1

N8h8
N4h5

)
= O

(
1

N4h3

)

and

V ar(S5) = O

(
1

N10h8
N5h4

)
= O

(
1

N5h4

)
.

Let S2 =
(52)
(N2 )h4

∑
(N,2)

ΨN2(ξi1 , ξi2), and then we can find that

V ar(S2) = O

(
1

N4h8
σ2
N

)
= O

(
1

N2h

)
.

Furthermore, we can easily illustrate that as Nh→ ∞,

V ar(S3)

V ar(S2)
= O

(
1

Nh

)
= o(1),

V ar(S4)

V ar(S2)
= O

(
1

(Nh)2

)
= o(1),

V ar(S5)

V ar(S2)
= O

(
1

(Nh)3

)
= o(1),

|Cov(S3, S4)|
V ar(S2)

≤
√
V ar(S3)V ar(S4)

S2
= O

(
1

(Nh)3/2

)
= o(1),

|Cov(S4, S5)|
V ar(S2)

≤
√
V ar(S4)V ar(S5)

S2

= O

(
1

(Nh)5/2

)
= o(1),

|Cov(S3, S5)|
V ar(S2)

≤
√
V ar(S3)V ar(S5)

S2
= O

(
1

(Nh)2

)
= o(1);

V ar(Nh1/2S3) = O

(
1

Nh

)
= o(1),

V ar(Nh1/2S4) = O

(
1

(Nh)2

)
= o(1),

V ar(Nh1/2S5) = O

(
1

(Nh)3

)
= o(1).

Consequently, based on these results, we can know that

Nh1/2SN
d−→ N(0,

400

(N − 1)2h7
σ2
N ).
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Actually, by the definition of σ2
N , we have σ2

N =
∑

1≤i<j≤N

E[ΨN2(ξi, ξj)]
2. And from

the proof above, we can know that for each pair 1 ≤ i < j ≤ N = n− q, there exists

one constant Cij such that E[ΨN2(ξi, ξj)]
2 = Cijh

7. Let σ2 = 400
(n−q−1)2

∑
i<j

Cij, and

then

nh1/2Sn
d−→ N(0, σ2).

(ii) If {Xt}n0 dose not satisfy the Markov property, then Sa > 0. By Theorem

2.2.4, we easily know that Sn
P−→ Sa > 0, which implies that

nh1/2Sn =
√
n
√
nh ∗ Sn

P−→ ∞.

Proof of Theorem 3.2.6: Under H1n, we have

f(u|x, v) = (1− δn)f(u|x) + δng(v),

hence,

f(u, v|x) = f(u|x, v)f(v|x) = (1− δn)f(u|x)f(v|x) + δng(v)f(v|x),

and then

|φU,V |X(u, v)− φU |X(u)φV |X(v)|2

=
∣∣∣
∫

exp{iu′U + iv′V }f(U, V |X)dUdV

−
∫

exp{iu′U}f(U |X)dU

∫
exp{iv′V }f(V |X)dV

∣∣∣
2

=

∣∣∣∣
∫

exp{iu′U + iv′V }δn[g(V )− f(U |X)]f(V |X)dUdV

∣∣∣∣
2

= δ2n

∣∣∣∣
∫

exp{iu′U + iv′V }[g(V )− f(U |X)]f(V |X)dUdV

∣∣∣∣
2
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and

Sa = E[D2(U, V |X)a(X)]

=

∫
D2(U, V |X)a(X)dF (X)

=

∫
1

cdu
cdv

∫

Rdu+dv

|φU,V |X(u, v)− φU|X(u)φV |X(v)|2
|u|du+1|v|dv+1

dudvdF (X)

=

∫
1

cdu
cdv

∫

Rdu+dv

δ2n
∣∣∫ exp{iu′U + iv′V }[g(V )− f(U |X)]f(V |X)dUdV

∣∣2

|u|du+1|v|dv+1
dudvdF (X)

= δ2n

∫
1

cdu
cdv

∫

Rdu+dv

∣∣∫ exp{iu′U + iv′V }[g(V )− f(U |X)]f(V |X)dUdV
∣∣2

|u|du+1|v|dv+1
dudvdF (X)

, δ2nµ1

If δn = O(n−1/2h−1/4), then Nh1/2SN → Nh1/2δ2nµ1 = Cµ1 for some constant C.

Next, we still consider the Hoeffding’s decomposition of SN in the Proof of The-

orem 2.2.4,

SN = θ +

5∑

j=1

(
5

j

)
H

(j)
N ,

where H
(j)
N =

(
N
j

)−1 ∑
(N,j)

h(j)(wi1, · · · , wij) and θ =
1
h4

∫
ΨN(ξ1, ξ2, ξ3, ξ4, ξ5)

5∏
i=1

dF (ξi).

Let ϕ(ξi, ξj) = ΨN2(ξi, ξj)−h4θ, then H(2)
N = 1

(N2 )

∑
(N,2)

ϕ(ξi, ξj), which implies that

H
(2)
N is a U -statistic of degree two based on samples {ξq, ξq+1, . . . , ξn−1}. Based on

Theorem 2 in Section 3.7.3 of Lee [1990], we can get

√
N

2σ1A

1(
N
2

)
∑

(N,2)

ϕ(ξi, ξj) → N(0, 1),

where σ2
1AN = nV ar(ϕN1(ξi)). Consequently, by the relationship between θ and Sa

from the proof of Theorem 3.2.4 and let σ2
1A =

400σ2
1AN

h7 , and N = n− q, we can know

that

nh1/2Sn
d−→ N(Cµ1, σ

2
1A).
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Chapter 4

Discussion

This thesis has discussed two important problems–interaction pursuit and hypothesis

testing of Markov property in the two kinds of complex models–generalize linear

models and time series models, respectively.

In Chapter 2, we talk about the interaction screening problem and provide the

efficient algorithm DSSI. It depends on the Boolean representation and discretization.

In fact, Discretization plays essential roles in various algorithms of many fields such

as decision tree in data mining although it can lose some information compared to

the original data set. It can make some methods more efficient and powerful. Hence,

the idea of discretization should be extended to other methods or algorithms. It is

one greatly interesting research topic in the future.

How to choose the threshold value in the second step of DSSI is an interesting

and important problem. If the threshold value is very large, we would miss many

important interaction terms; if it is very small, the false selection rate will increase.

As discussed in Wan et al. [2010a], the threshold value can be taken by the Bonferroni

correction, but sometimes signals are a little weaker, more than n terms would pass

the threshold value. In this case, We need to take another threshold value. In

practice, our favor is to pick out sufficiently many terms such that |Nγn| = n, n − 1

or n/ log(n). The discretization parameter l is also important. In our method, l = 3

is available to ensure that the method “DSSI” is powerful to select the significant

interaction terms.

The key idea of SSI and DSSI is to use marginal utilities to filter out the insignifi-
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cant interaction effects, therefore, it will encounter the same issue as the SIS. Firstly,

SSI and DSSI may miss some important interaction terms that are jointly correlated

but marginally uncorrelated with the response after screening. Secondly, some unim-

portant interaction terms are highly correlated with the significant ones, they have

higher priority to be selected than other important ones that are relatively weakly

related to the response. To address these issues, we propose to extend SSI and DSSI

to iterative SSI (ISSI) and iterative DSSI (IDSSI), which is motivated by the idea of

the iterative SIS (ISIS) proposed by Fan and Lv [2008] and Fan et al. [2009]. In the

first step, we apply SIS and SSI (DSSI) to the original data set and select the top

d1 main effects and d2 interaction terms, respectively, and then use a regularization

method such as LASSO or SCAD methods, thus we can obtain a subset A1 with size

ka1 of main effects and one subset B1 with size kb1 of interactions. Let C1 = A1

⋃
B1,

then we have a n×1 residual vector by regressing the response Y and the variables in

the set C1. In the next step, by treating that residual vector as the new response and

applying the same method as in the first step to the remaining p−ka1 main variables

and q − kb1 interaction terms, where q = p(p − 1)/2, we will have a subset A2 of

ka2 main effects and one subset B2 of kb2 interaction terms. Thirdly, we iteratively

repeat the previous step until the union A =
⋃
Ai and B =

⋃
Bj reach a given sized

d1 and d2, which are less than n. Finally, we can select the important main effects

and interactions by using a moderate method such as LASSO, SCAD to the final

two sets A and B. In fact, this procedure combines SIS and SSI (DSSI) and can

simultaneously select the important main effects and interactions.

SSI (DSSI) focuses on the screening of two-way interaction effects in this pa-

per. Sometimes more than two variables have simultaneous influence on another one

variable in the models, this influence is called as higher-order interactions such as

three-way interactions, four-way interactions. Higher order interactions also play an

important role in the complex diseases. For instance, Ritchie et al. [2001] claimed

that they reported firstly the four-locus interactions associated with the complex dis-

ease and indicated that the four-locus interactions of the four genes COMT,CYP1A1,

CYP1B1 and GSTM1 is significantly related to the risk for sporadic breast cancer

by using the method MDR proposed in Ritchie et al. [2001]. Therefore, another
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extension of SSI (DSSI) is to exploit the same idea to identify the higher order inter-

actions. For example, for three interactions, we can consider the increments of the

log-likelihood functions between these two generalized linear models:

g(E(Y |x)) = β0 +Xiβi +Xjβj +Xkβk +XiXjβij +XiXkβik +XjXkβjk

and

g(E(Y |x)) = β0+Xiβi+Xjβj+Xkβk+XiXjβij+XiXkβik+XjXkβjk+XiXjXkβijk.

Since the number of features in the models increases exponentially with the order

of interactions, an exhaustive search may be restrained, a more efficient algorithm

is needed. This leads to another interesting issue of future work and is beyond the

scope of this thesis.

In Chapter 3, we consider another essential testing problem about Markovian

assumption in time series models. The conditional distance covariance is utilized to

construct the test statistic. And there are some remaining problems in this chapter.

One of the most fundamental things is to find the appropriate estimator of the lag

order q in each model since the power of our proposed test may be affected by it.

When q is larger, H∗
0 is more close to original null hypothesis H0, but the sample

size N = n − q will be smaller. Hence, to find the balance between q and N is one

important thing in the future. And also, we will utilize some real data sets such

as Chicago Board Options Exchange’s Volatility Index (VIX) and 3-month Treasury

Bill data, to identify the power of our test.

Another thing is that we only consider one dimensional stochastic process, there-

fore, we will extend our one dimension test to d dimension test in the future work

and make the proposed test become more general. Furthermore, the computational

efficiency is not excellent. We will try to offer a method to simplify the null hypothe-

sis distribution approximation and then provide the more efficient algorithm to carry

out this test procedure. This also gives rise to one interesting topic for future work.
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Series A, pages 359–372, 1964.

G. Y. Weintraub, C. L. Benkard, and B. Van Roy. Markov perfect industry dynamics

with many firms. Econometrica, 76(6):1375–1411, 2008.

E. Wigner. On the interaction of electrons in metals. Physical Review, 46(11):1002–

1011, 1934.

J. Wu, B. Devlin, S. Ringquist, M. Trucco, and K. Roeder. Screen and clean: a tool for

identifying interactions in genome-wide association studies. Genetic epidemiology,

34(3):275–285, 2010.

C. Yang, Z. He, X. Wan, Q. Yang, H. Xue, and W. Yu. Snpharvester: a filtering-based

approach for detecting epistatic interactions in genome-wide association studies.

Bioinformatics, 25(4):504–511, 2009.

C. Yang, X. Wan, Q. Yang, H. Xue, and W. Yu. Identifying main effects and epistatic

interactions from large-scale snp data via adaptive group lasso. BMC bioinformat-

ics, 11(1):S18, 2010.

C.-H. Zhang. Nearly unbiased variable selection under minimax concave penalty. The

Annals of statistics, 38(2):894–942, 2010.

X. Zhang, F. Zou, and W. Wang. Fastanova: an efficient algorithm for genome-

wide association study. In Proceedings of the 14th ACM SIGKDD international

conference on Knowledge discovery and data mining, pages 821–829. ACM, 2008.

146



X. Zhang, F. Zou, and W. Wang. Fastchi: an efficient algorithm for analyzing gene-

gene interactions. In Pacific Symposium on Biocomputing. Pacific Symposium on

Biocomputing, page 528. NIH Public Access, 2009.

X. Zhang, S. Huang, F. Zou, and W. Wang. Team: efficient two-locus epistasis tests

in human genome-wide association study. Bioinformatics, 26(12):i217–i227, 2010a.

X. Zhang, F. Pan, Y. Xie, F. Zou, and W. Wang. Coe: a general approach for

efficient genome-wide two-locus epistasis test in disease association study. Journal

of Computational Biology, 17(3):401–415, 2010b.

Y. Zhang and J. S. Liu. Bayesian inference of epistatic interactions in case-control

studies. Nature genetics, 39(9):1167–1173, 2007.

Y. Zhang, R. Li, and C.-L. Tsai. Regularization parameter selections via generalized

information criterion. Journal of the American Statistical Association, 105(489):

312–323, 2010c.

H. Zou and T. Hastie. Regularization and variable selection via the elastic net.

Journal of the Royal Statistical Society: Series B (Statistical Methodology), 67(2):

301–320, 2005.

147



CURRICULUM VITAE

Academic qualifications of the thesis author, Mr. ZHOU Min:

• Received the degree of Bachelor of Science (Mathematics and Applied Mathe-
matics) from Soochow University, July 2006.

• Received the degree of Master of Science (Probability and Mathematical Statis-
tics) from Soochow University, July 2009.

August 2017

148


