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Abstract

Inverse problems are problems where causes for desired or an observed e↵ect are

to be determined. They lie at the heart of scientific inquiry and technological devel-

opment, including radar/sonar, medical imaging, geophysical exploration, invisibility

cloaking and remote sensing, to name just a few.

In this thesis, we focus on the theoretical study and applications of some intriguing

inverse problems. Precisely speaking, we are concerned with two typical kinds of

problems in the field of wave scattering and nonlocal inverse problem, respectively.

The first topic is on the geometric structures of eigenfunctions and their applica-

tions in wave scattering theory, in which the conductive transmission eigenfunctions

and Laplacian eigenfunctions are considered. For the study on the intrinsic geo-

metric structures of the conductive transmission eigenfunctions, we first present the

vanishing properties of the eigenfunctions at corners both in R
2 and R

3, based on

microlocal analysis with the help of a particular type of planar complex geometrical

optics (CGO) solution. This significantly extends the previous study on the interior

transmission eigenfunctions. Then, as a practical application of the obtained geomet-

ric results, we establish a unique recovery result for the inverse problem associated

with the transverse electromagnetic scattering by a single far-field measurement in si-

multaneously determining a polygonal conductive obstacle and its surface conductive

parameter. For the study on the geometric structures of Laplacian eigenfunctions, we

separately discuss the two-dimensional case and the three-dimensional case. In R
2,

we introduce a new notion of generalized singular lines of Laplacian eigenfunctions,

and carefully investigate these singular lines and the nodal lines. The studies reveal

that the intersecting angle between two of those lines is closely related to the van-

ishing order of the eigenfunction at the intersecting point. We provide an accurate

and comprehensive quantitative characterization of the relationship. In R
3, we study

the analytic behaviours of Laplacian eigenfunctions at places where nodal or gener-

alized singular planes intersect, which is much more complicated. These theoretical

findings are original and of significant interest in spectral theory. Moreover, they

are applied directly to some physical problems of great importance, including the
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inverse obstacle scattering problem and the inverse di↵raction grating problem. It is

shown in a certain polygonal (polyhedral) setup that one can recover the support of

the unknown scatterer as well as the surface impedance parameter by finitely many

far-field patterns.

Our second topic is concerning the fractional partial di↵erential operators and

some related nonlocal inverse problems. We present some prelimilary knowledge on

fractional Sobolev Spaces and fractional partial di↵erential operators first. Then we

focus on the simultaneous recovery results of two interesting nonlocal inverse prob-

lems. One is simultaneously recovering potentials and the embedded obstacles for

anisotropic fractional Schrödinger operators based on the strong uniqueness property

and Runge approximation property. The other one is the nonlocal inverse problem

associated with a fractional Helmholtz equation that arises from the study of vis-

coacoustics in geophysics and thermoviscous modelling of lossy media. We establish

several general uniqueness results in simultaneously recovering both the medium pa-

rameter and the internal source by the corresponding exterior measurements. The

main method utilized here is the low-frequency asymptotics combining with the varia-

tional argument. In sharp contrast, these unique determination results are unknown

in the local case, which would be of significant importance in thermo- and photo-

acoustic tomography.
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Chapter 1

Introduction

Inverse problems are problems where causes for desired or an observed e↵ect are to

be determined. They are widely applied in diverse areas such as geophysics, signal

processing, medical imaging, remote sensing and nondestructive testing. This the-

sis mainly focuses on the theoretical study of some intriguing inverse problems, in

particular, the mathematical theory and applications of wave scattering and partial

di↵erential equations. Precisely speaking, the thesis can be divided into two parts.

The first one is regarding the geometric structures of eigenfunctions and their applica-

tions in wave scattering, which can be seen in Chapter 2 for conductive transmission

eigenfunctions and Chapter 3 for Laplacian eigenfunctions, respectively. The sec-

ond part is on the mathematical analyses for fractional partial di↵erential operators

and the corresponding applications in nonlocal inverse problems, which can be found

in Chapter 4 for the basic knowledge of the fractional partial di↵erential operators

as well as two kinds of nonlocal inverse problems associated with the anisotropic

fractional Schrödinger operator and the fractional Helmholtz system, accordingly.
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1.1 On the geometric structures of eigenfunctions

in wave scattering

1.1.1 On the geometric structures of conductive transmis-

sion eigenfunctions and their applications.

The study of the transmission eigenvalue problems arises in the wave scattering the-

ory and has a long and colourful history. The existing results in the literature mainly

focus on the spectral properties of the transmission eigenvalues, namely their exis-

tence, discreteness, infiniteness and Weyl’s laws. However, there are relatively less

researches on the transmission eigenfunctions, which reveal certain distinct and in-

triguing features. In [14], geometric structures of interior transmission eigenfunctions

were discovered for the first time.

In Chapter 2, the results in [14] are significantly extended and generalized. Indeed,

the geometric structures established for the conductive transmission eigenfunctions

in Chapter 2 include the results in [14] as a special case. In order to establish

the geometric properties for the conductive transmission eigenfunctions, we develop

technically new methods and the corresponding analysis is much more complicated

than that in [14].

As an interesting and practical application, we apply the obtained geometric re-

sults for the conductive transmission eigenfunctions to an inverse problem associated

with the transverse electromagnetic scattering. In a certain scenario, we establish the

unique recovery result by a single far-field measurement in the simultaneous deter-

mination of a polygonal conductive obstacle and its surface conductivity. This con-

tributes to the well-known Schi↵er’s problem in the inverse scattering theory which

is concerned with recovering the shape of an unknown scatterer by a single far-field

pattern.

2



1.1.2 On the geometric structures of Laplacian eigenfunc-

tions and applications to inverse scattering problems.

There is a long and colourful history on the spectral theory of Laplacian eigenvalues

and eigenfunctions; see e.g. [6], [43] and [49] and it still remains an inspiring source

for many technical, practical and computational developments such as [24] and [25].

In particular, the study of the geometric structures of Laplacian eigenfunctions is

intriguing and challenging.

In Chapter 3, some novel findings on the geometric structures of Laplacian eigen-

functions and their deep relationship to the quantitative behaviours of the eigen-

functions in R
2 and R

3 are presented. One of the motivations of this study comes

from the inverse scattering theory, which is concerned with the recovery of an ob-

stacle from the measurement of the wave pattern due to an impinging field. It is

a longstanding problem in the inverse scattering theory whether one can establish

the one-to-one correspondence between the geometric shape of an obstacle and its

scattering wave pattern due to a single impinging wave field. In R
2, we introduce

a new notion of generalized singular lines of Laplacian eigenfunctions, and carefully

study these singular lines and the nodal lines. The studies reveal that the intersect-

ing angle between two of those lines is closely related to the vanishing order of the

eigenfunction at the intersecting point. We establish an accurate and comprehensive

quantitative characterization of the relationship.

To the best of our knowledge, it is the first time in the literature to present

a systematic study of such intriguing connections between the vanishing orders of

Laplacian eigenfunctions and the intersecting angles of their nodal/generalized sin-

gular lines. Hence, these results should be truly original and of significant interest

in the spectral theory of Laplacian eigenfunctions, and possibly very closely related

Helmholtz and Maxwell eigenfunctions as well. In order to establish the aforemen-

tioned results, we make essential use of the spherical wave expansion of the eigenfunc-

tion, which in combination with the homogeneous conditions on the intersecting lines

can yield certain recursive formula of the Fourier coe�cients. It only requires the

“local” information of the eigenfunction in a corner region formed by the intersecting

lines. This is in sharp contrast to the Fourier expansion, which requires the “global”

3



information of the eigenfunction around the intersecting point.

In addition to their theoretical beauty and profundity, our new spectral findings

in this work can be directly applied to some physical problems of great practical

importance, including the inverse obstacle scattering problem and the inverse di↵rac-

tion grating problem. It is shown in a certain polygonal setup that one can recover

the support of the unknown scatterer as well as the surface impedance parameter by

finitely many far-field patterns. Indeed, it is su�cient to use at most two far-field

patterns for some important applications. Unique identifiability by finitely many far-

field patterns remains to be a highly challenging fundamental mathematical problem

in the inverse scattering theory.

Moreover, based on the analyses in two-dimensional case, we extend the results

of the geometric structures of Laplcian eigenfunctions to R
3. It is natural to consider

the corresponding extension to the three-dimensional setting by studying the inter-

sections of nodal or generalized singular planes and their implications to the analytic

behaviours of the eigenfunctions. In R
3, the geometric setup is more complicated:

the intersection of two planes produces an edge corner, whereas the intersection of

more than three planes produces a vertex corner.

We derive comprehensive characterization on the relationship between the analytic

behaviours of the eigenfunction at the corner point and the geometric quantities

of that corner. Indeed, in the former case, we show that the vanishing order of

the eigenfunction is related to the rationality of the intersecting angle in a similar

manner to the two-dimensional case, whereas in the latter case, the vanishing order

of the eigenfunction is related to the intersecting angle in a more complicated and

mysterious manner through the roots of the Legendre polynomials. Similar to the

two-dimensional case, the obtained spectral results are also applied to derive several

novel unique identifiability results in the geometrical inverse scattering problem of

determining an impenetrable obstacle as well as the (possibly) surface impedance by

at most a few far-field measurements in the polyhedral setup.
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1.2 Fractional partial di↵erential operators and non-

local inverse problems

The study of nonlocal inverse problems has received significant attention in the liter-

ature in recent years, which reveal some novel and distinctive features compared to

their local counterparts.

In Chapter 4, first we present some prelimilary knowledge on the fractional Sobolev

Spaces and fractional partial di↵erential operators. Then, two typical kinds of non-

local inverse problems are discussed. One of them is concerning the simultaneous

recovery results of the potential and possibly embedded soft or hard obstacles by the

exterior Dirichlet-to-Neumann (DtN) map outside a bounded domain associated with

the anisotropic fractional Schrödinger operator L s
A+q, where L s

A = (�r · (A(x)r))s

for A 2 Sym(n ⇥ n), q 2 L1 and s 2 (0, 1). We have proved that a single measure-

ment can uniquely determine the embedded obstacle, independent of the surrounding

potential q. If multiple measurements are allowed, then the surrounding potential q

can also be uniquely recovered. These are surprising findings since in the local case,

namely s = 1, both the obstacle recovery by a single measurement and the simultane-

ous recovery of the surrounding potential by multiple measurements are longstanding

problems and still remain open in the literature.

The other one is the nonlocal inverse problem associated with a fractional Helmholtz

system that arises from the study of viscoacoustics in geophysics and thermoviscous

modelling of lossy media; see [35] and [36]. We are particularly interested in the

case that both the medium parameter and the internal source of the wave equation

are unknown. Moreover, we consider a general class of source functions which can

be frequency-dependent. We establish several general uniqueness results in simul-

taneously determining both the medium parameter and the internal source by the

corresponding exterior measurements. In sharp contrast, these unique determina-

tion results are unknown in the local case, which would be of significant importance

in thermo- and photo-acoustic tomography. The technical novelty for this problem

is the utilization of the creative low-frequency asymptotic result, which is inspired

by [98] for the simultaneous recovery in theormoacoustic and photoacoustic tomog-
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raphy. In [98], the low-frequency asymptotics of the wave fields is used to extract

the information of the sound speed and the internal source, respectively, based on a

Lippmann-Schwinger integral equation. However, for the fractional Helmholtz equa-

tion, one does not have a similar integral representation of the wave field. Therefore,

we develop a variational argument together with the compact embedding theorem

for the fractional Sobolev Space to overcome this di�culty. Our argument for the

nonlocal inverse problems is mainly based on the strong uniqueness property and

Runge approximation property for fractional partial di↵erential operators.

The rest of this thesis is organized as follows. In Chapter 2, we present some sig-

nificant results on the geometric structures of conductive transmission eigenfunctions

and their applications. Chapter 3 focuses on studying the geometric structures of

Laplacian eigenfunctions and corresponding applications to inverse scattering prob-

lems in R
2 and R

3. In Chapter 4, we study some basic knowledge on the fractional

partial di↵erential operators as well as two typical kinds of nonlocal inverse problems.

Finally, we conclude this thesis in Chapter 5 with some comments.

6



Chapter 2

On the geometric structures of

conductive transmission

eigenfunctions and their

applications

In this chapter, we are concerned with the intrinsic geometric structures of conduc-

tive transmission eigenfunctions. The geometric properties of interior transmission

eigenfunctions were first studied in [14]. It is shown in two scenarios that the in-

terior transmission eigenfunctions must be locally vanishing near a corner of the

domain with an interior angle less than ⇡. We significantly extend and generalize

those results in several aspects. First, we consider the conductive transmission eigen-

functions which include the interior transmission eigenfunctions as a special case.

The geometric structures established for the conductive transmission eigenfunctions

in this chapter include the results in [14] as a special case. Second, the vanishing

property of the conductive transmission eigenfunctions is established for any corner

as long as its interior angle is not ⇡. That means, as long as the corner singularity

is not degenerate, the vanishing property holds. Third, the regularity requirements

on the interior transmission eigenfunctions in [14] are significantly relaxed in the

present study for the conductive transmission eigenfunctions. In order to establish

the geometric properties for the conductive transmission eigenfunctions, we develop

7



technically new methods and the corresponding analysis is much more complicated

than that in [14]. Finally, as an interesting and practical application of the obtained

geometric results, we establish a unique recovery result for the inverse problem associ-

ated with the transverse electromagnetic scattering by a single far-field measurement

in simultaneously determining a polygonal conductive obstacle and its surface con-

ductive parameter.

2.1 Introduction

Let ⌦ be a bounded Lipschitz domain in R
n, n = 2, 3, and V 2 L1(⌦) and ⌘ 2

L1(@⌦) be possibly complex-valued functions. Consider the following conductive

transmission eigenvalue problem for v, w 2 H1(⌦),

8
>>>><

>>>>:

�w + k2(1 + V )w = 0 in ⌦,

�v + k2v = 0 in ⌦,

w = v, @⌫v + ⌘v = @⌫w on @⌦,

(2.1)

where ⌫ 2 S
n�1 signifies the exterior unit normal vector to @⌦. Clearly, v = w ⌘ 0

are trivial solutions to (2.1). If for a certain k 2 R+, there exists a pair of nontrivial

solutions (v, w) 2 H1(⌦)⇥H1(⌦) to (2.1), then k is called a conductive transmission

eigenvalue and (v, w) is referred to as the corresponding pair of conductive trans-

mission eigenfunctions. For a special case with ⌘ ⌘ 0, (2.1) is known to be the

interior transmission eigenvalue problem. The study of the transmission eigenvalue

problems arises in the wave scattering theory and has a long and colourful history;

see [16, 29, 38, 41, 77, 89, 115, 121, 127] for the spectral study of the interior trans-

mission eigenvalue problem, and [19, 20, 63] for the related study of the conductive

transmission eigenvalue problem, and a recent survey [30] and the references therein

for comprehensive discussions on the state-of-the-art developments. The problem is a

type of non-elliptic and non-self-adjoint eigenvalue problem, so its study is mathemat-

ically interesting and challenging. The existing results in the literature mainly focus

on the spectral properties of the transmission eigenvalues, namely their existence,

discreteness, infiniteness and Weyl’s laws. However, the transmission eigenfunctions

8



reveal certain distinct and intriguing features. In [17,116], it is proved that the inte-

rior transmission eigenfunctions cannot be analytically extended across the boundary

@⌦ if it contains a corner with an interior angle less than ⇡. In [14], geometric struc-

tures of interior transmission eigenfunctions were discovered for the first time. It is

shown that under certain regularity conditions on the interior transmission eigen-

functions, the eigenfunctions must be locally vanishing near a corner of the domain

with an interior angle less than ⇡. With the help of numerics, it is further shown

in [11, 99] that under the H1-regularity of the interior transmission eigenfunctions,

the eigenfunctions are either vanishing or localizing at a corner with an interior an-

gle bigger than ⇡. Recently, more geometric properties of the interior transmission

eigenfunctions were discovered in [15, 99], which are linked with the curvature of a

specific boundary point. It is noted that a corner point considered in [11, 14] can be

regarded as having an infinite extrinsic curvature since the derivative of the normal

vector has a jump singularity there.

In addition to the angle of the corner, we would like to emphasize the critical role

played by the regularity of the transmission eigenfunctions in the existing studies

of the geometric structures in the aforementioned literatures. In [14], the regularity

requirements are characterized in two ways. The first one is H2-smoothness, and

the other one is H1-regularity with a certain Hergoltz approximation property. The

H2-regularity requirement can be weakened a bit to be Hölder-continuity with any

Hölder index ↵ 2 (0, 1).

In this chapter, we establish the vanishing property of the conductive transmission

eigenfunctions associated with (2.1) at a corner as long as its interior angle is not ⇡.

That means, as long as the corner singularity is not degenerate, the vanishing property

holds. In fact, in the three-dimensional case, the corner singularity is a more general

edge singularity. To establish the vanishing property, we need to impose certain

regularity conditions on the conductive transmission eigenfunctions which basically

follow a similar manner to those considered in [14]. That is, the first regularity

condition is the Hölder-continuity with any Hölder index ↵ 2 (0, 1), and the second

regularity condition is characterized by the Herglotz approximation. Nevertheless,

for the latter case, the regularity requirement is much more relaxed in the present
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study compared to that in [14]. Finally, we would like to emphasize that in principle,

the geometric properties established for the conductive transmission eigenfunctions

include the results in [14] as a special case by taking the parameter ⌘ to be zero.

Hence, in the sense described above, the results obtained in this work significantly

extend and generalize the ones in [14].

The mathematical argument in [14] is indirect which connects the vanishing prop-

erty of the interior transmission eigenfunctions with the stability of a certain wave

scattering problem with respect to variation of the wave field at the corner point.

In [9, 15], direct mathematical arguments based on certain microlocal analysis tech-

niques are developed for dealing with the vanishing properties of the interior trans-

mission eigenfunctions. However, the Hölder continuity on the interior transmission

eigenfunctions is an essential assumption in [9,15]. In this chapter, in order to estab-

lish the vanishing property of the conductive transmission eigenfunctions under more

general regularity conditions, we basically follow the direct approach. But we need

to develop technically new ingredients for this di↵erent type of eigenvalue problem

and the corresponding analysis becomes radically much more complicated.

As an interesting and practical application, we apply the obtained geometric re-

sults for the conductive transmission eigenfunctions to an inverse problem associated

with the transverse electromagnetic scattering. In a certain scenario, we establish the

unique recovery result by a single far-field measurement in simultaneously determin-

ing a polygonal conductive obstacle and its surface conductivity. This contributes

to the well-known Schi↵er’s problem in the inverse scattering theory which is con-

cerned with recovering the shape of an unknown scatterer by a single far-field pattern;

see [4, 12, 13, 37,68,92,96,97,101,102,123] and the references therein for background

introduction and the state-of-the-art developments on the Schi↵er’s problem.

The rest of this chapter is organized as follows. In Sections 2.2 and 2.3, we

respectively derive the vanishing results of the conductive transmission eigenfunctions

near a corner in the two-dimensional and three-dimensional cases. Section 2.4 is

devoted to the uniqueness study in determining a polygonal conductive obstacle as

well as its surface conductivity by a single far-field pattern.
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2.2 Vanishing near corners of conductive trans-

mission eigenfunctions: two-dimensional case

In this section, we consider the vanishing near corners of conductive transmission

eigenfunctions in the two-dimensional case. First, let us introduce some notations for

the subsequent use. Let (r, ✓) be the polar coordinates in R
2; that is, x = (x1, x2) =

(r cos ✓, r sin ✓) 2 R
2. For x 2 R

n, Bh(x) denotes an open ball of radius h 2 R+ and

centered at x. Bh := Bh(0). Consider an open sector in R
2 with the boundary �± as

follows,

W =
n
x 2 R

2 | x 6= 0, ✓m < arg(x1 + ix2) < ✓M
o
, (2.2)

where �⇡ < ✓m < ✓M < ⇡, i :=
p
�1 and �+ and �� respectively correspond to

(r, ✓M) and (r, ✓m) with r > 0. Henceforth, set

Sh = W \ Bh, �
±

h = �± \ Bh, Sh = W \Bh, ⇤h = W \ @Bh, and ⌃⇤h
= Sh\Sh/2.

(2.3)

In Figure 2.1, we give a schematic illustration of the geometry considered here. For

gj 2 L2(Sn�1), we introduce

vj(x) =

Z

Sn�1

eik⇠·xgj(⇠)d�(⇠), ⇠ 2 S
n�1,x 2 R

n. (2.4)

It can be easily seen that vj is an entire solution to the Helmholtz equation �vj +

k2vj = 0. vj is referred to as a Herglotz wave function with kernel gj. The set of

Herglotz functions is dense in the set {u 2 H1(⌦);�u + k2u = 0} in the topology

induced by the H1(⌦)-norm. That is, for any v 2 H1(⌦) being a solution to the

Helmholtz equation in ⌦, there exists a sequence of Herglotz functions which can

approximate v to an arbitrary accuracy (see [138, Theorem 2.1]).

We shall also need the following lemma, which gives a particular type of planar

complex geometrical optics (CGO) solution whose logarithm is a branch of the square

root (cf. [9]).
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θM

Sh

Λh=2

Figure 2.1: Schematic illustration of the corner in 2D.

Lemma 2.2.1. [9, Lemma 2.2] For x 2 R
2 denote r = |x|, ✓ = arg(x1 + ix2). Let

u0(x) := exp

✓p
r

✓
cos

✓
✓

2
+ ⇡

◆
+ i sin

✓
✓

2
+ ⇡

◆◆◆
. (2.5)

Then �u0 = 0 in R
2\(R� ⇥ {0} [ {(0, 0)}), and s 7! u0(sx) decays exponetially in

R+. Let ↵, s > 0. Then

Z

W

|u0(sx)||x|↵dx  2(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

s�↵�2, (2.6)

where �W = �max✓m<✓<✓M cos(✓/2 + ⇡) > 0. Moreover

Z

W

u0(sx)dx = 6i(e�2✓M i � e�2✓mi)s�2, (2.7)

and for h > 0 Z

W\Bh

|u0(sx)|dx  6(✓M � ✓m)

�4W
s�2e��W

p
hs/2. (2.8)

We are in a position to present one of the main theorems of this section.
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Theorem 2.2.1. Let v 2 H1(⌦) and w 2 H1(⌦) be a pair of eigenfunctions to (2.1)

associated with k 2 R+. Assume that the Lipschitz domain ⌦ ⇢ R
2 contains a corner

⌦\BR(xc) = ⌦\W , where xc is the vertex of ⌦\W , R > 0 and W is a sector defined

in (2.2) with the vertex xc. Moreover, there exits a su�ciently small neighbourhood

Sh (i.e. h > 0 is su�ciently small) of xc in ⌦, where Sh is defined in (2.3) with the

vertex xc, such that qw 2 C↵(Sh) with q := 1 + V and ⌘ 2 C↵
⇣
�
±

h

⌘
for 0 < ↵ < 1,

and v � w 2 H2(⌃⇤h
), with ⌃⇤h

defined in (2.3). If the following conditions are

fulfilled:

(a) the transmission eigenfunction v can be approximated in H1(Sh) by the Herglotz

functions vj, j = 1, 2, . . ., with kernels gj satisfying

kv � vjkH1(Sh)  j�1�⌥, kgjkL2(Sn�1)  Cj%, (2.9)

for some constants C > 0, ⌥ > 0 and 0 < % < 1;

(b) the function ⌘(x) doest not vanish at the corner, i.e.,

⌘(xc) 6= 0, (2.10)

(c) the angles ✓m and ✓M of the sector W satisfy

� ⇡ < ✓m < ✓M < ⇡ and ✓M � ✓m 6= ⇡; (2.11)

then one has

lim
⇢!+0

1

m(B(xc, ⇢) \ ⌦)

Z

B(xc,⇢)\⌦

|v(x)|dx = 0, (2.12)

where m(B(xc, ⇢) \ ⌦) is the area of B(xc, ⇢) \ ⌦.

Remark 2.2.1. In Theorem 2.2.1, we consider the case that v, w are a pair of con-

ductive transmission eigenfunctions to (2.1) and show the vanishing property near a

corner. We would like to emphasize that the result can be localized in the sense that

as long as v, w satisfy all the conditions stated in Theorem 2.2.1 in ⌦\ Sh, then one

has the vanishing property (2.12) near the corner. That is, v, w are not necessary
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conductive transmission eigenfunctions, and it su�ces to require that v, w satisfy the

equations in (2.1) in Sh \⌦ and the conductive transmission conditions on Sh \ @⌦,

then one has the same vanishing property as stated in Theorem 2.2.1. Indeed, the

subsequent proof of Theorem 2.2.1 is for the aforementioned localized problem.

Remark 2.2.2. The condition (2.9) signifies a certain regularity condition of the

transmission eigenfunction v 2 H1(⌦). In [14], the following regularity condition

was introduced,

kv � vjkL2(⌦)  e�j, kgjkL2(Sn�1)  C(ln j)�, (2.13)

where the constants C > 0 and 0 < � < 1/(2n + 8), (n = 2, 3). Here, we allow

the polynomial growth of the kernel functions. Moreover, we would like to remark

that qw 2 C↵(Sh) is technically required in our mathematical argument of proving

Theorem 2.2.1. It is obviously satisfied in a simple case when q = 0 in Sh. We believe

this condition should be able to be relaxed in the theorem, but the proof is fraught with

new di�culties. Hence, we include it as a technical condition in Theorem 2.2.1. The

interior regularity requirement v � w 2 H2(⌃⇤h
) can be fulfilled in certain practical

scenarios; see Theorem 2.4.1 in what follows on the study of an inverse scattering

problem. The introduction of this interior regularity condition shall play a critical

role in the proof of Theorem 2.4.1.

Proof of Theorem 2.2.1. Since the partial di↵erential operator � + k2 is invariant

under rigid motions, we assume without loss of generality that xc is the origin. From

(2.1), we have

�v = �k2v := f1, �w = �k2qw := f2. (2.14)

Subtracting the two equations of (2.14) together with the use of the boundary con-

ditions of (2.1) we deduce that

�(v � w) = f1 � f2 in Sh, v � w = 0, @⌫(v � w) = �⌘v on �±

h .

Recall that v can be approximated by the Herglotz wave function vj given by

(2.4) in the topology induced by the H1- norm. Since v 2 H1(Sh) is a solution to the
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Helmholtz equation in Sh (cf. [138, Theorem 2.1]), we can deduce that

Z

Sh

f1(x)u0(sx)dx =

Z

Sh

ef1j(x)u0(sx)dx+ �j(s),

where

ef1j(x) = �k2vj(x), �j(s) = �k2

Z

Sh

(v(x)� vj(x))u0(sx)dx, (2.15)

and u0 is given in Lemma 2.2.1. Clearly ef1j(x) 2 H2(Sh), which can be embedded

into C↵(Sh) for ↵ 2 (0, 1). Moreover by using the Cauchy-Schwarz inequality, we

know that

|�j(s)|  k2kv � vjkL2(Sh)ku0(sx)kL2(Sh). (2.16)

Recalling the expression of u0 given in (2.5), using change of variables and the integral

mean value theorem, we further deduce that

ku0(sx)k2L2(Sh)
=

Z h

0

rdr

Z ✓M

✓m

e2
p
sr cos(✓/2+⇡)d✓ 

Z h

0

rdr

Z ✓M

✓m

e�2
p
sr�W d✓

=
(✓M � ✓m)e�2

p
s⇥�Wh2

2
, (2.17)

where ⇥ 2 [0, h] and �W is defined in (2.6). Substituting (2.17) into (2.16) and using

(2.9), we know that

|�j(s)| 
p
✓M � ✓mk2e�

p
s⇥�Whp

2
j�1�⌥. (2.18)

Using Green’s formula in H1(Sh) (cf. [42, Lemma 3.4] and [106, Theorem 4.4]),

we have

Z

Sh

( ef1j � f2)u0(sx)dx+ �j(s) =

Z

Sh

�(v � w)u0(sx)dx

=

Z

Sh

(v � w)�u0(sx)dx+

Z

@Sh

(u0(sx)@⌫(v � w)� (v � w)@⌫u0(sx))d�

=

Z

⇤h

(u0(sx)@⌫(v � w)� (v � w)@⌫u0(sx))d� �
Z

�±
h

⌘(x)u0(sx)v(x)d�, (2.19)

where ⇤h = W \ @Bh and �±

h = �± \ Bh.
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Recall again that v can be approximated by the Herglotz wave function vj given

in (2.4) in the sense of H1-norm. Then

Z

�±
h

⌘(x)u0(sx)v(x)d� =

Z

�±
h

⌘(x)u0(sx)vj(x)d� + ⇠±j (s), (2.20)

⇠±j (s) =

Z

�±
h

⌘(x)u0(sx)(v(x)� vj(x))d�.

Since ⌘ 2 C↵
⇣
�
±

h

⌘
, we have the following expansion of ⌘(x) at the origin as

⌘(x) = ⌘(0) + �⌘(x), |�⌘(x)|  k⌘kC↵ |x|↵. (2.21)

Therefore, using Cauchy-Schwarz inequality and the trace theorem, we have

|⇠±j (s)|  |⌘(0)|
Z

�±
h

|u0(sx)||v(x)� vj(x)|d� + k⌘kC↵

Z

�±
h

|x|↵|u0(sx)||v(x)� vj(x)|d�

 |⌘(0)|kv � vjkH1/2(�±
h )ku0(sx)kH�1/2(�±

h )

+ k⌘kC↵kv � vjkH1/2(�±
h )k|x|↵u0(sx)kH�1/2(�±

h )

 |⌘(0)|kv � vjkH1(Sh)ku0(sx)kL2(Sh) + k⌘kC↵kv � vjkH1(Sh)k|x|
↵u0(sx)kL2(Sh).

where C is a positive constant.

Hence, using polar coordinates transformation we can deduce that

k|x|↵u0(sx)k2L2(Sh)
=

Z h

0

rdr

Z ✓M

✓m

r2↵e2
p
sr cos(✓/2+⇡)d✓


Z h

0

rdr

Z ✓M

✓m

r2↵e�2
p
sr�W d✓ = (✓M � ✓m)

Z h

0

r2↵+1e�2�W
p
srdr (t = 2�W

p
sr)

=s�(2↵+2)2(✓M � ✓m)

(4�2W )2↵+2

Z 2�W
p
sh

0

t4↵+3e�tdr  s�(2↵+2)2(✓M � ✓m)

(4�2W )2↵+2
�(4↵ + 4), (2.22)

where �W is defined in (2.6).

Using (2.9), (2.17) and (2.22), we derive that

|⇠±j (s)|  C

 
|⌘(0)|

p
✓M � ✓me�

p
s⇥�Whp

2
+ k⌘kC↵s�(↵+1)

p
2(✓M � ✓m)�(4↵ + 4)

(2�W )2↵+2

!
j�1�⌥.

(2.23)
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Therefore, in (2.19), combining with (2.20), we can derive the following integral

identity:

I1 + �j(s) = I3 � I±2 � ⇠±j (s). (2.24)

where

I1 =

Z

Sh

u0(sx)( ef1j(x)� f2(x))dx, I±2 =

Z

�±
h

⌘(x)u0(sx)vj(x)d�, (2.25)

I3 =

Z

⇤h

(u0(sx)@⌫(v � w)� (v � w)@⌫u0(sx))d�.

Clearly on ⇤h, it is easy to see that

|u0(sx)| = e
p
sr cos(✓/2+⇡)  e��W

p
sh,

|@⌫u0(sx)| =
����

p
sei cos(✓/2+⇡)

2
p
h

e
p
sh exp(i(✓/2+⇡))

���� 
1

2

r
s

h
e��W

p
sh,

both of which decay exponentially as s ! 1. Hence we know that

ku0(sx)kL2(⇤h)
 e��W

p
sh
p

(✓M � ✓m)h, k@⌫u0(sx)kL2(⇤h)
 1

2
e��W

p
sh
p

s(✓M � ✓m).

Under the assumption v � w 2 H2(⌃⇤h
), using Cauchy-Schwarz inequality and the

trace theorem, we can prove that

|I3|  ku0(sx)kL2(⇤h)
k@⌫(v � w)kL2(⇤h)

+ k@⌫u0(sx)kL2(⇤h)
kv � wkL2(⇤h)

(2.26)


⇣
ku0(sx)kL2(⇤h)

+ k@⌫u0(sx)kL2(⇤h)

⌘
kv � wkH2(⌃⇤h

)  Ce�c0
p
s,

where C, c0 > 0 as s ! 1.

Since vj is smooth, then vj is also C↵(Sh). Therefore ef1j and f2 are Hölder-

continous, and for x 2 Sh we have the splitting

ef1j(x) = ef1j(0) + � ef1j(x), |� ef1j(x)|  k ef1jkC↵ |x|↵,

f2(x) = f2(0) + �f2(x), |�f2(x)|  kf2kC↵ |x|↵. (2.27)
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Hence we have

I1 = ( ef1j(0)� f2(0))

Z

Sh

u0(sx)dx+

Z

Sh

� ef1j(x)u0(sx)dx�
Z

Sh

�f2(x)u0(sx)dx.

From (2.24) we can deduce the following integral equality

( ef1j(0)� f2(0))

Z

Sh

u0(sx)dx+ �j(s) = I3 � I±2 �
Z

Sh

� ef1j(x)u0(sx)dx

+

Z

Sh

�f2(x)u0(sx)dx� ⇠±j (s). (2.28)

Using the fact that

Z

Sh

u0(sx)dx =

Z

W

u0(sx)dx�
Z

W\Sh

u0(sx)dx,

we obtain the following integral equation

( ef1j(0)� f2(0))

Z

W

u0(sx)dx+ �j(s) = I3 � I±2 �
Z

Sh

� ef1j(x)u0(sx)dx

+

Z

Sh

�f2(x)u0(sx)dx+ ( ef1j(0)� f2(0))

Z

W\Sh

u0(sx)dx� ⇠±j (s).

From (2.6) it can be derived that

����
Z

Sh

� ef1j(x)u0(sx)dx

���� 
Z

Sh

���� ef1j(x)
��� |u0(sx)|dx  k ef1jkC↵

Z

W

|u0(sx)||x|↵dx

 2(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

k ef1jkC↵s�↵�2. (2.29)

Similarly we have

����
Z

Sh

�f2(x)u0(sx)dx

���� 
2(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

kf2kC↵s�↵�2. (2.30)

Recall that ef1j = �k2vj(x) and vj is the Herglotz wave function given by (2.4).

Using the property of compact embedding of Hölder spaces, we can derive that

k ef1jkC↵  k2diam(Sh)
1�↵kvjkC1 ,
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where diam(Sh) is the diameter of Sh. After the direct computation, we have

kvjkC1 
p
2⇡(1 + k)kgjkL2(Sn�1),

therefore we can deduce that

����
Z

Sh

� ef1j(x)u0(sx)dx

���� 
2
p
2⇡(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

k2diam(Sh)
1�↵ (2.31)

· (1 + k)kgjkL2(Sn�1)s
�↵�2.

From (2.7) we know that

( ef1j(0)� f2(0))

Z

W

u0(sx)dx = 6i( ef1j(0)� f2(0))(e
�2✓M i � e�2✓mi)s�2. (2.32)

Using the Jacobi-Anger expansion (cf. [39, Page 75]) in R
2, for vj given in (2.4),

we have

vj(x) = vj(0)J0(k|x|) + 2
1X

p=1

�pji
pJp(k|x|), x 2 R

2, (2.33)

where

vj(0) =

Z

Sn�1

gj(✓)d�(✓), �pj =

Z

Sn�1

gj(✓) cos(p')d�(✓),

and Jp(t) is the p-th Bessel function of the first kind [1]. From [1], we have the explicit

expression of Jp(t) as follows:

Jp(t) =
tp

2pp!
+

tp

2p

1X

`=1

(�1)`t2`

4`(`!)2
, for p = 1, 2, . . . . (2.34)

Now let us investigate the boundary integral I±2 defined in (2.25). In this situation,

the polar coordinates x = (r cos ✓, r sin ✓) satisfy r 2 (0, h) and ✓ = ✓m or ✓ = ✓M

when x 2 ��

h or x 2 �+
h , respectively.

Since ⌘ 2 C↵
⇣
�
±

h

⌘
, recall that ⌘ has the expansion (2.21). Substituting (2.21)

into the expression of I�2 , we have

I�2 = ⌘(0)I�21 + I�⌘ , (2.35)
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where

I�21 =

Z

��
h

u0(sx)vj(x)d�, I�⌘ =

Z

��
h

�⌘(x)u0(sx)vj(x)d�.

Denote

!(✓) = � cos(✓/2 + ⇡), µ(✓) = � cos(✓/2 + ⇡)� i sin(✓/2 + ⇡). (2.36)

Then it is easy to see that !(✓) > 0 for ✓m  ✓  ✓M . From (2.21), combining with

the expansion (2.33) for vj, we can derive that

|I�⌘ |  k⌘kC↵

Z h

0

r↵
 
vj(0)J0(kr) + 2

1X

p=1

|�pj|Jp(kr)
!
e�

p
sr!(✓m)dr.

For any ⇣ > 0, using variable substitution t =
p
sr, it is easy to calculate that

Z h

0

r⇣e�
p
sr!(✓)dr = O(s�⇣�1), (2.37)

as s ! 1 if !(✓) > 0. Here (2.37) shows that the lowest increasing term in the

integral of (2.37) with respect to s as s ! 1 is s�⇣�1.

Recall that

J0(t) =
1X

p=0

(�1)p
t2p

4p(p!)2
. (2.38)

It is easy to see that

I�

1 =

Z h

0

r↵J0(kr)e
�
p
sr!(✓m)dr = I�

11 + I�

12,

where

I�

11 =

Z h

0

r↵e�
p
sr!(✓m)dr, I�

12 =
1X

p=1

(�1)pk2p

4p(p!)2

Z h

0

r↵+2pe�
p
sr!(✓m)dr.

From (2.37), we have

I�

11 = O(s�1�↵)

as s ! 1 since !(✓m) > 0.
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For I�

12, we have the estimation

|I�

12| 
1X

p=1

h2p�2k2p

4p(p!)2

Z h

0

r↵+2e�
p
sr!(✓m)dr = O(s�3�↵)

as s ! 1, where we suppose that kh < 1 for su�ciently small h. Therefore, we

conclude that

|I�

1 |  O(s�1�↵) (2.39)

as s ! 1. Denote

I�

2 = 2
1X

p=1

Z h

0

r↵�pji
pJp(kr)e

�
p
srµ(✓m)dr.

For su�ciently small h > 0, using (2.34), we have

|I�

2 |  2kgjkL2(Sn�1)

1X

p=1


kp

2pp!

Z h

0

rp+↵e�
p
sr!(✓m)dr

+
kp

2p

1X

`=1

k2`h2(`�1)

4`(`!)2

✓Z h

0

rp+↵+2e�
p
sr!(✓m)dr

◆#

 2kgjkL2(Sn�1)

1X

p=1


kp

2pp!

Z h

0

rp+↵e�
p
sr!(✓m)dr

+
(kh)p

2p

1X

`=1

k2`h2(`�1)

4`(`!)2

✓Z h

0

r↵+2e�
p
sr!(✓m)dr

◆#

 2kgjkL2(Sn�1)

1X

p=1


kphp�1

2pp!

Z h

0

r↵+1e�
p
sr!(✓m)dr +O

�
s�↵�3

��
,

where we suppose that kh < 1 for su�ciently small h. Using (2.37), we know that

Z h

0

r↵+1e�
p
sr!(✓m)dr = O(s�↵�2)

as s ! 1. Therefore we derive that

|I�

2 |  O(kgjkL2(Sn�1)s
�↵�2), (2.40)

as s ! 1.
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Now we shall investigate I�21. Recall that vj has the expansion (2.33). It is not

di�cult to see that

I�21 =

Z h

0

 
vj(0)J0(kr) + 2

1X

p=1

�pji
pJp(kr)

!
e�

p
srµ(✓m)dr

:= vj(0)I�

31 + I�

32.

Substituting the expansion (2.38) of J0 into I31, we have

I�

31 = I�

311 + I�

312,

where

I�

311 =

Z h

0

e�
p
srµ(✓m)dr, I312

� =
1X

p=1

(�1)pk2p

4p(p!)2

Z h

0

r2pe�
p
srµ(✓m)dr.

Using variable substitution t =
p
sr, we can derive that

I�

311 = 2s�1
⇣
µ(✓m)

�2 � µ(✓m)
�2e�

p
shµ(✓m) � µ(✓m)

�1
p
she�

p
shµ(✓m)

⌘
. (2.41)

Besides, for I�

312 , we have

��I�

312

�� 
1X

p=1

k2ph2p�2

4p(p!)2

Z h

0

r2e�
p
sr!(✓m)dr = O(s�3). (2.42)

Substituting the expansion (2.34) of Jp into I�

32, we can deduce that

|I�

32|  2kgjkL2(Sn�1)

1X

p=1


kp

2pp!

Z h

0

rpe�
p
sr!(✓m)dr

+
(kh)p

2p

1X

`=1

k2`h2(`�1)

4`(`!)2

Z h

0

r2e�
p
sr!(✓m)dr

#

 2kgjkL2(Sn�1)

1X

p=1


kphp�1

2pp!

Z h

0

re�
p
sr!(✓m)dr +O

�
s�3

��

= O(kgjkL2(Sn�1)s
�2), (2.43)

where we suppose that kh < 1 for su�ciently small h.
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Finally, substituting (2.39), (2.40), (2.41), (2.42) and (2.43) into (2.35), we have

the following integral property

I�2 = 2⌘(0)vj(0)s
�1
⇣
µ(✓m)

�2 � µ(✓m)
�2e�

p
shµ(✓m) � µ(✓m)

�1
p
she�

p
shµ(✓m)

⌘

+ vj(0)⌘(0)I�

312 + ⌘(0)I�

32 + I�⌘ ,

I�

312  O(s�3), I�

32  O(kgjkL2(Sn�1)s
�2),

|I�⌘ |  k⌘kC↵

�
vj(0)I�

1 + I�

2

�
,

��I�

1

��  O(s�1�↵),
��I�

2

��  O(kgjkL2(Sn�1)s
�2�↵). (2.44)

Adopting the similar argument for the integral property (2.44) of I�2 , we can

derive the following integral property for I+2 as follows

I+2 = 2⌘(0)vj(0)s
�1
⇣
µ(✓M)�2 � µ(✓M)�2e�

p
shµ(✓M ) � µ(✓M)�1

p
she�

p
shµ(✓M )

⌘

+ vj(0)⌘(0)I+
312 + ⌘(0)I+

32 + I+⌘ , (2.45)

where

I+
312 =

1X

p=1

(�1)pk2p

4p(p!)2

Z h

0

r2pe�
p
srµ(✓M )dr, I+32 = 2

1X

p=1

Z h

0

�pji
pJp(kr)e

�
p
srµ(✓M )dr,

I+⌘ =

Z

�+
h

�⌘(x)u0(sx)vj(x)d�,

|I+
312|  O(s�3), |I+

32|  O(kgjkL2(Sn�1)s
�2),

|I+⌘ |  k⌘kC↵

�
vj(0)I+

1 + I+
2

�
, I+

1 =

Z h

0

r↵J0(kr)e
�
p
sr!(✓M )dr,

I+
2 = 2

1X

p=1

Z h

0

r↵�pji
pJp(kr)e

�
p
srµ(✓M )dr,

��I+
1

��  O(s�1�↵),
��I+

2

��  O(kgjkL2(Sn�1)s
�2�↵).

Substituting (2.44) and (2.45) into (2.28), multiplying s on the both sides of

(2.28), and rearranging terms, we deduce that

2vj(0)⌘(0)

"⇣
µ(✓M)�2 � µ(✓M)�2e�

p
shµ(✓M ) � µ(✓M)�1

p
she�

p
shµ(✓M )

⌘
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+
⇣
µ(✓m)

�2 � µ(✓m)
�2e�

p
shµ(✓m) � µ(✓m)

�1
p
she�

p
shµ(✓m)

⌘#

=s

"
I3 � ( ef1j(0)� f2(0))

Z

Sh

u0(sx)dx� �j(s)� vj(0)⌘(0)
�
I�

312 + I+
312

�

� ⌘(0)(I+
32 + I�

32)� I+⌘ � I�⌘ �
Z

Sh

� ef1j(x)u0(sx)dx+

Z

Sh

�f2(x)u0(sx)dx� ⇠±j (s)

#
.

(2.46)

When s = j, from (2.44) and (2.45), under the assumption (2.9) we know that

j|I�

32|  O(j�1kgjkL2(Sh))  O(j�1+%), j|I+
32|  O(j�1kgjkL2(Sh))  O(j�1+%),

j|I�⌘ |  k⌘kC↵

�
vj(0)O(j�↵) +O(kgjkL2(Sh)j

�1�↵)
�
,

 k⌘kC↵

�
vj(0)O(j�↵) +O(j�1�↵+%)

�
,

j|I+⌘ |  k⌘kC↵

�
vj(0)O(j�↵) +O(kgjkL2(Sh)j

�1�↵)
�
,

 k⌘kC↵

�
vj(0)O(j�↵) +O(j�1�↵+%)

�
,

jI�

312  O(j�2), jI+
312  O(j�2), (2.47)

Clearly, when s = j, from (2.7), (2.8), (2.18), (2.23), (2.26), (2.30) and (2.31), under

the assumption (2.9) it can be derived that

j|I3|  Cje�c0
p
j, j

����
Z

Sh

u0(jx)dx

����  6|e�2✓M i � e�2✓mi|j�1 +
6(✓M � ✓m)

�4W
j�1e��W

p
hj/2,

j

����
Z

Sh

� ef1j(x)u0(jx)dx

���� 
2
p
2⇡(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

k2diam(Sh)
1�↵

· (1 + k)kgjkL2(Sn�1)j
�↵�1  O(j�1�↵+%),

j

����
Z

Sh

�f2(x)u0(jx)dx

���� 
2(✓M � ✓m)�(2↵ + 4))

�2↵+4
W

kf2kC↵j�↵�1,

j|⇠±j (j)|  C

 
|⌘(0)|

p
✓M � ✓me�

p
j⇥�Whp

2
j + k⌘kC↵j�↵

p
2(✓M � ✓m)�(4↵ + 4)

(2�W )2↵+2

!
j�1�⌥,

j|�j(j)| 
p
✓M � ✓mk2e�

p
j⇥�Whp

2
j�⌥, ⇥ 2 [0, h], (2.48)

where c0 with c0 > 0 and �W are defined in (2.26) and (2.6) respectively. The coe�cient

24



of vj(0) in (2.46) with respect to the zeroth order of s is

2⌘(0)
�
µ(✓m)

�2 + µ(✓M)�2
�
.

It can be calculated that

µ(✓m)
�2 + µ(✓M)�2 =

(cos ✓m + cos ✓M) + i(sin ✓m + sin ✓M)

(cos ✓m + i sin ✓m)(cos ✓M + i sin ✓M)
.

Therefore under the assumption (2.11), it is not di�cult to see that

cos ✓m + cos ✓M and sin ✓m + sin ✓M

can not be zero simultaneously, which implies

µ(✓m)
�2 + µ(✓M)�2 6= 0 (2.49)

We take s = j in (2.46). By letting j ! 1 in (2.46), from (2.47) and (3.25), we

can prove that

⌘(0)
�
µ(✓m)

�2 + µ(✓M)�2
�
lim
j!1

vj(0) = 0.

Since ⌘(0) 6= 0 from (2.10) and (2.49), it is easy to see that

lim
j!1

vj(0) = 0.

Using the fact that

lim
⇢!+0

1

m(B(xc, ⇢) \ ⌦)

Z

B(xc,⇢)\⌦

|v(x)|dx  lim
j!1

⇣
lim
⇢!+0

1

m(B(xc, ⇢) \ ⌦)

Z

B(xc,⇢)\⌦

|v(x)� vj(x)|dx

+ lim
⇢!+0

1

m(B(xc, ⇢) \ ⌦)

Z

B(xc,⇢)\⌦

|vj(x)|dx
⌘
,

(2.50)

we readily finish the proof of this theorem.

We next consider the degenerate case of Theorem 2.2.1 with ⌘ ⌘ 0. The con-

ductive transmission eigenvalue problem (2.1) is reduced to the following interior
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transmission eigenvalue problem

8
>>>><

>>>>:

�w + k2(1 + V )w = 0 in ⌦,

�v + k2v = 0 in ⌦,

w = v, @⌫v = @⌫w on @⌦,

(2.51)

By slightly modifying our proof of Theorem 2.2.1, we can show the following result.

Corollary 2.2.1. Suppose v 2 H1(⌦) and w 2 H1(⌦) are a pair of interior trans-

mission eigenfunctions to (2.51). Let W and Sh be the same as described in Theo-

rem 2.2.1. Assume that v � w 2 H2(⌃⇤h
) and qw 2 C↵(Sh) for 0 < ↵ < 1. Under

the conditions (2.11) and that the transmission eigenfunction v can be approximated

in H1(Sh) by the Herglotz functions vj, j = 1, 2, . . ., with kernels gj satisfying

kv � vjkH1(Sh)  j�2�⌥, kgjkL2(Sn�1)  Cj%, (2.52)

for some constants C > 0, ⌥ > 0 and 0 < % < ↵, one has

lim
⇢!+0

1

m(B(xc, ⇢) \ ⌦)

Z

B(xc,⇢)\⌦

V (x)w(x)dx = 0.

Remark 2.2.3. As discussed in Section 2.1, the vanishing near a corner of the inte-

rior transmission eigenfunctions was considered in [14]. Compared to the main result

in [14], Corollary 2.2.1 is more general in two aspects. First, the corner in [14] must

be a convex one, whereas in Corollary 2.2.1, the corner could be an arbitrary one

as long as the corner is not degenerate, namely (2.11) is fulfilled. Second, the regu-

larity requirement on the eigenfunction v is relaxed from (2.13) to (2.52). However,

we also need to impose a new technical condition by requiring that qw 2 C↵(Sh) in

Corollary 2.2.1.

Proof of Corollary 2.2.1. The proof follows from the one for Theorem 2.2.1 with some

necessary modifications, and we only outline it in the following. Without loss of

generality, we assume that xc = 0. Since ⌘(x) ⌘ 0 near the corner, similar to (2.28),

26



we have the following integral identity,

( ef1j(0)� f2(0))

Z

Sh

u0(sx)dx+ �j(s) = I3 �
Z

Sh

� ef1j(x)u0(sx)dx+

Z

Sh

�f2(x)u0(sx)dx,

(2.53)

where f2(x), ef1j(x), �j(s), I3, � ef1j(x) and �f2(x) are defined in (2.14), (2.15), (2.25)

and (2.27), respectively.

From (2.7), it follows that

( ef1j(0)� f2(0))

Z

Sh

u0(sx)dx = ( ef1j(0)� f2(0))

Z

W

u0(sx)dx (2.54)

� ( ef1j(0)� f2(0))

Z

W\Sh

u0(sx)dx

= 6i( ef1j(0)� f2(0))(e
�2✓M i � e�2✓mi)s�2

� ( ef1j(0)� f2(0))

Z

W\Sh

u0(sx)dx.

From (2.17) and (2.52), it is not di�cult to see that

j2|�j(s)| 
p
✓M � ✓mk2e�

p
s⇥�Whp

2
j�⌥, (2.55)

where ⇥ 2 [0, h] and �W is defined in (2.6). By (2.31), we can also deduce that

j2
����
Z

Sh

� ef1j(x)u0(jx)dx

���� 
2
p
2⇡(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

k2diam(Sh)
1�↵

· (1 + k)kgjkL2(Sn�1)j
�↵  O(j�(↵�%)), (2.56)

for 0 < % < ↵. After substituting (2.54) into (2.53), we take s = j. Since (2.54),

multiplying j2 on both sides of (2.53), using the assumptions (2.52) and (2.11), by

letting j ! 1, from (2.8), (2.26), (2.29), (2.30) and (2.55), we prove that

lim
j!1

vj(0) =
f2(0)

�k2
.
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Since

lim
j!1

vj(0) = lim
j!1

lim
⇢!+0

1

m(B(0, ⇢) \ ⌦)

Z

B(0,⇢)\⌦

vj(x)dx = lim
⇢!+0

1

m(B(0, ⇢) \ ⌦)

Z

B(0,⇢)\⌦

v(x)dx,

and
f2(0)

�k2
= lim

⇢!+0

1

m(B(0, ⇢) \ ⌦)

Z

B(0,⇢)\⌦

qw(x)dx,

together with

lim
⇢!+0

1

m(B(0, ⇢) \ ⌦)

Z

B(0,⇢)\⌦

v(x)dx = lim
⇢!+0

1

m(B(0, ⇢) \ ⌦)

Z

B(0,⇢)\⌦

w(x)dx,

we finish the proof of this corollary.

Remark 2.2.4. If V (x) is continuous near the corner xc and V (xc) 6= 0, from the

fact that

lim
⇢!+0

1

m(B(xc, ⇢) \ ⌦)

Z

B(xc,⇢)\⌦

V (x)w(x)dx = V (xc) lim
⇢!+0

1

m(B(xc, ⇢) \ ⌦)

Z

B(xc,⇢)\⌦

w(x)dx,

we can prove that the vanishing property near the corner xc of the interior transmis-

sion eigenfunctions v 2 H1(⌦) and w 2 H1(⌦) under the assumptions (2.11) and

(2.52).

If stronger regularity conditions are satisfied by the conductive transmission eigen-

functions v and w to (2.1), we can show that more apparent vanishing properties hold

at the corner. The rest of this section is devoted to this case. In fact, we have the

following theorem.

Theorem 2.2.2. Let v 2 H2(⌦) and w 2 H1(⌦) be eigenfunctions to (2.1). Assume

that ⌦ ⇢ R
2 has a corner xc such that ⌦\BR(xc) = ⌦\W , where R > 0 and W is the

sector defined in (2.2) with the vertex xc. Moreover, there exits a su�ciently small

neighbourhood Sh (i.e. h > 0 is su�ciently small) of xc in ⌦, such that qw 2 C↵(Sh)

and ⌘ 2 C↵
⇣
�
±

h

⌘
for 0 < ↵ < 1, and v � w 2 H2(⌃⇤h

). Under the following

assumptions:
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(a) the function ⌘(x) doest not vanish at the corner, i.e.,

⌘(xc) 6= 0, (2.57)

(b) the angles ✓m and ✓M of the sector W containing the corner satisfy

� ⇡ < ✓m < ✓M < ⇡ and ✓M � ✓m 6= ⇡, (2.58)

then we have v(xc) = w(xc) = 0.

Proof. Recall that f1 and f2 are defined by (2.14). By Green’s formula (cf. [42, Lemma

3.4] and [106, Theorem 4.4]), we have the following integral identity

Z

Sh

(f1 � f2)u0(sx)dx = I3 �
Z

�±
h

⌘(x)u0(sx)v(x)d�, (2.59)

where ⇤h = W \ @Bh, �
±

h = �± \Bh and I3 is defined in (2.25).

Since f1, f2 2 C↵(Sh), ⌘ 2 C↵
⇣
�
±

h

⌘
, and v 2 H2(Sh) can be embedded into

C↵(Sh), the following splitting hold

f1(x) = f1(0) + �f1(x), |�f1(x)|  kf1kC↵ |x|↵, (2.60)

f2(x) = f2(0) + �f2(x), |�f2(x)|  kf2kC↵ |x|↵,

⌘(x) = ⌘(0) + �⌘(x), |�⌘(x)|  k⌘kC↵ |x|↵,

v(x) = v(0) + �v(x), |�v(x)|  kvkC↵ |x|↵.

Substituting (2.60) into (2.59), we can derive that

(f1(0)� f2(0))

Z

Sh

u0(sx)dx+

Z

Sh

(�f1 � �f2)u0(sx)dx

= I3 � ⌘(0)v(0)

Z

�±
h

u0(sx)d� � ⌘(0)

Z

�±
h

�v(x)u0(sx)d� � v(0)

Z

�±
h

�⌘(x)u0(sx)d�

�
Z

�±
h

�⌘(x)�v(x)u0(sx)d�. (2.61)
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From (2.41), it is easy to see that

⌘(0)v(0)

Z

�+
h

u0(sx)d� = 2s�1v(0)⌘(0)
⇣
µ(✓M)�2 � µ(✓M)�2e�

p
shµ(✓M )

�µ(✓M)�1
p
she�

p
shµ(✓M )

⌘
(2.62)

⌘(0)v(0)

Z

��
h

u0(sx)d� = 2s�1v(0)⌘(0)
⇣
µ(✓m)

�2 � µ(✓m)
�2e�

p
shµ(✓m)

�µ(✓m)
�1
p
she�

p
shµ(✓m)

⌘
, (2.63)

where µ(✓) is defined in (2.36). Besides, from (2.60), using (2.37), we can estimate

s

�����

Z

��
h

�v(x)u0(sx)d�

�����  skvkC↵

Z h

0

r↵e�
p
sr!(✓m)dr = O(s�↵), (2.64)

s

�����

Z

��
h

�⌘(x)u0(sx)d�

�����  sk⌘kC↵

Z h

0

r↵e�
p
sr!(✓m)dr = O(s�↵),

s

�����

Z

��
h

�v(x)�⌘(x)u0(sx)d�

�����  skvkC↵k⌘kC↵

Z h

0

r2↵e�
p
sr!(✓m)dr = O(s�2↵),

s

����
Z

Sh

�f1u0(sx)dx

����  s · kf1kC↵

Z

W

|u0(sx)||x|↵dx

 2kf1kC↵(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

s�↵�1

s

����
Z

Sh

�f2u0(sx)dx

����  s · kf2kC↵

Z

W

|u0(sx)||x|↵dx

 2kf2kC↵(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

s�↵�1.

Substituting (2.62) and (2.63) into (2.61), multiplying s on the both sides of

(2.61), after rearranging terms, we obtain that

2v(0)⌘(0)
�
µ(✓M)�2 + µ(✓m)

�2
�
= 2v(0)⌘(0)

⇣
µ(✓M)�2e�

p
shµ(✓M ) (2.65)

+ µ(✓M)�1
p
she�

p
shµ(✓M ) + µ(✓m)

�2e�
p
shµ(✓m) + µ(✓m)

�1
p
she�

p
shµ(✓m)

⌘

+ s
h
I3 � (f1(0)� f2(0))

Z

Sh

u0(sx)dx�
Z

Sh

(�f1 � �f2)u0(sx)dx

� ⌘(0)

Z

�±
h

�v(x)u0(sx)d� � v(0)

Z

�±
h

�⌘(x)u0(sx)d� �
Z

�±
h

�⌘(x)�v(x)u0(sx)d�
i
.
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Since v � w 2 H2(⌃⇤h
), (2.26) still holds. In (2.65) letting s ! 1, under the

assumption (2.57), from (2.8), (2.26), (2.54) and (2.64), we can show that

⌘(0)
�
µ(✓M)�2 + µ(✓m)

�2
�
v(0) = 0.

Under the assumption (2.58), from the proof of Theorem 2.2.1 we have shown that

µ(✓M)�2 + µ(✓m)�2 6= 0. Since ⌘(0) 6= 0 from (2.57), we finish the proof of this

theorem.

Remark 2.2.5. Under the H2 regularity, the interior transmission eigenfunction to

(2.51) had been shown that they always vanish at a corner point if the interior angle

of the corner is not ⇡; see [9, Theorem 4.2] for more details.

2.3 Vanishing near corners of conductive trans-

mission eigenfunctions: three-dimensional case

In this section, we study the vanishing property of the conductive transmission eigen-

functions for the three-dimensional case. In principle, we could also consider a generic

corner in the usual sense as the one for the two-dimensional case. However, in

what follows, we introduce a more general corner geometry that is described by

W ⇥ (�M,M), where W is a sector defined in (2.2) and M 2 R+. It is readily seen

that W ⇥ (�M,M) actually describes an edge singularity and we call it a 3D corner

for notational unification. Suppose that the Lipschitz domain ⌦ ⇢ R
3 possesses a 3D

corner. Let xc 2 R
2 be the vertex of W and xc

n 2 (�M,M). Then (xc, xc
n) is defined

as the edge point of W ⇥ (�M,M).

In Figure 2.2, we give a schematic illustration of the geometry considered in 3D.

In this section, under some appropriate assumptions, we show that the conductive

transmission eigenfunctions v and w vanish at (xc, xc
n). Since the CGO solution con-

structed in Lemma 2.2.1 is only valid in R
2, in order to make use of the similar

arguments of Theorem 2.2.1, we introduce the following dimension reduction oper-

ator. The dimension reduction operator technique is also introduced in [9, Lemma

3.4] for studying the vanishing property of nonradiating sources and the transmission
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(x�M
c ,�M)

(xc, xc
n)

(xM
c ,M)

W

Figure 2.2: Schematic illustration of the corner in 3D.

eigenfunctions at edges in R
3. Similar to Theorem 2.2.1, we first assume that v is

only H1 smooth but can be approximated by the Herglotz wave functions with some

mild assumptions, where in Theorem 2.3.1 the interior angle of the sector W cannot

be ⇡. Besides, if v has H2 regularity near the edge point, in Theorem 2.3.2 we also

prove the vanishing property of v and w near the edge point.

Definition 2.3.1. Let W ⇢ R
2 be defined in (2.2), M > 0. For a given function

g with the domain W ⇥ (�M,M). Pick up any point xc
n 2 (�M,M). Suppose

 2 C1

0 ((xc
n�L, xc

n+L)) is a nonnegative function and  6⌘ 0, where L is su�ciently

small such that (xc
n � L, xc

n + L) ⇢ (�M,M), and write x = (x0, xn) 2 R
3, x0 2 R

2.

The dimension reduction operator R is defined by

R(g)(x0) =

Z xc
n+L

xc
n�L

 (xn)g(x
0, xn)dxn (2.66)

where x0 2 W .

Remark 2.3.1. The assumption on the non-negativity of  plays an important role

in our proof of Theorem 2.3.1 in what follows, where we use the integral mean value

theorem to carefully investigate the asymptotic property of the parameter s appearing

in the CGO solution u0(sx0) given in Lemma 2.2.1 as s ! 1. In order to use the two

dimensional CGO solution u0(sx0) to prove the vanishing property of the conductive

transmission eigenfunctions in R
3, we need the dimension reduction operator defined

in Definition 2.3.1 in our proof of Theorem 2.3.1.

Before presenting the main results of this section, we first analyze the regularity
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of the functions after applying the dimension reduction operator. Using a similar

argument of [9, Lemma 3.4], we can prove the following lemma, whose detailed proof

is omitted.

Lemma 2.3.1. Let g 2 H2(W ⇥ (�M,M)) \ C↵(W ⇥ [�M,M ]), where 0 < ↵ < 1.

Then

R(g)(x0) 2 H2(W ) \ C↵(W ).

Theorem 2.3.1. Let W ⇢ R
2 be defined in (2.2), M > 0, 0 < ↵ < 1. For any

fixed xc
n 2 (�M,M) and L > 0 defined in Definition 2.3.1, we suppose that L is

su�ciently small such that (xc
n � L, xc

n + L) ⇢ (�M,M). Let v, w 2 H1(W ⇥

(�M,M)) and there exists a su�ciently small neighbourhood Sh of xc 2 R
2 such

that qw 2 C↵(Sh ⇥ [�M,M ]) and ⌘ 2 C↵(�
±

h ⇥ [�M,M ]) for 0 < ↵ < 1, and

v � w 2 H2(Sh ⇥ (�M,M)), where xc is the vertex of W and Sh is defined in (2.3).

Write x = (x0, xn) 2 R
3, x0 2 R

2 and assume that

8
>>>><

>>>>:

�v + k2v = 0, x0 2 W,�M < xn < M,

�w + k2qw = 0, x0 2 W,�M < xn < M,

w = v @⌫v + ⌘v = @⌫w, x0 2 �±,�M < xn < M.

(2.67)

where �± are the boundaries of W . If the following conditions are fulfilled:

(a) the transmission eigenfunction v can be approximated in H1(Sh⇥ (�M,M)) by

the Herglotz functions vj, j = 1, 2, . . ., with kernels gj satisfying

kv � vjkH1(Sh⇥(�M,M))  j�1�⌥, kgjkL2(Sn�1)  Cj1+%, (2.68)

for some positive constant C, ⌥ > 0 and 0 < % < ↵,

(b) the function ⌘ = ⌘(x0) is independent of xn and

⌘(xc) 6= 0, (2.69)
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(c) the angles ✓m and ✓M of the sector W satisfy

� ⇡ < ✓m < ✓M < ⇡ and ✓M � ✓m 6= ⇡, (2.70)

then for every edge points (xc, xc
n) 2 R

3 of W ⇥ (�M,M) where xc
n 2 (�M,M), one

has

lim
⇢!+0

1

m(B((xc, xc
n), ⇢) \ ⌦)

Z

B((xc,xc
n),⇢)\⌦

|v(x)|dx = 0,

where m(B((xc, xc
n), ⇢) \ ⌦) is the volume of B((xc, xc

n), ⇢) \ ⌦.

Proof. For the edge point (xc, xc
n) 2 W ⇥ (�M,M), where xc

n 2 (�M,M), without

loss of generality, we assume that the vertex xc of the sector W ⇢ R
2 is located at

the origin of R2 and xc
n = 0. Since �x0v = �k2v � @2xn

v and �x0w = �k2qw � @2xn
w,

by the dominate convergence theorem, integration by parts gives

�x0R(v)(x0) =

Z L

�L

 00(xn)v(x
0, xn)dxn � k2R(v)(x0) := G(x0),

�x0R(w)(x0) =

Z L

�L

 00(xn)w(x
0, xn)dxn � k2R(qw)(x0) := eG(x0). (2.71)

Moreover, we have

R(w)(x0) = R(v)(x0) on � (2.72)

in the sense of distribution, since w(x0, xn) = v(x0, xn) when x0 2 � and �L < xn < L.

Similarly, using the fact that ⌘ is independent of xn, we can easily show that

@⌫R(v)(x0) + ⌘(x0)R(v)(x0) = @⌫R(w)(x0) on �, (2.73)

in the sense of distribution.

Recall the definition (2.71) of G and eG. We denote

G(x0)� eG(x0) = F1(x
0) + F2(x

0) + F3(x
0), (2.74)

where

F1(x
0) =

Z L

�L

 00(xn)(v(x
0, xn)� w(x0, xn))dxn, F2(x

0) = k2R(qw)(x0), (2.75)
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F3(x
0) = �k2R(v)(x0). (2.76)

Since v � w 2 H2(Sh ⇥ (�L,L)), from Lemma 2.3.1 we know that F1(x0) 2 H2(Sh)

which can be embedded into C↵(Sh) for ↵ 2 (0, 1) . Also from Lemma 2.3.1 we have

that F2(x0) 2 C↵(Sh), since qw 2 C↵(Sh ⇥ [�L,L]), 0 < ↵ < 1.

Define

F3j(x
0) = �k2R(vj)(x

0),

where vj is the Herglotz wave function given by

vj(x) =

Z

Sn�1

eikd·xgj(d)d�(d), d 2 S
n�1. (2.77)

Since v 2 H1(Sh ⇥ (�L,L)) is a solution to the Helmholtz equation in Sh ⇥ (�L,L),

from [138, Theorem 2.1], v can be approximated by the Herglotz wave function vj(x)

given in (2.77) in the topology induced by H1- norm. Therefore, we deduce that

Z

Sh

�k2R(v)(x0)u0(sx
0)dx0 =

Z

Sh

�k2R(vj)(x
0)u0(sx

0)dx0 + �j(s), (2.78)

where

�j(s) = �k2

Z

Sh

(R(v)(x0)�R(vj)(x
0))u0(sx

0)dx0,

and u0 is given in Lemma 2.2.1. Since vj 2 H2(Sh⇥ (�L,L)), from Lemma 2.3.1, we

have R(vj)(x0) 2 H2(Sh) which can be embedded into C↵(Sh). Moreover by using

Cauchy-Schwarz inequality, we have

kR(v)�R(vj)k2L2(Sh)
=

Z

Sh

����
Z L

�L

 (xn)(v(x
0, xn)� vj(x

0, xn))dxn

����
2

dx0

 C(L, h)k k2
1
kv � vjk2L2(Sh⇥(�L,L)), (2.79)

where C(L, h) is a positive constant depending on L and h. Recall that the L2-norm

of u0 in Sh can be estimated by (2.17), again using Cauchy-Schwarz inequality, we

deduce that

|�j(s)|  k2kR(v)�R(vj)kL2(Sh)ku0(sx
0)kL2(Sh) (2.80)
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k2k k1

p
C(L, h)(✓M � ✓m)e�

p
s⇥�Whp

2
j�1�⌥,

where ⇥ 2 [0, h] and �W is defined in (2.6).

Similar to the two-dimensional case, using Green’s formula (cf. [42, Lemma 3.4]

and [106, Theorem 4.4]), together with (2.72) and (2.73), we have

Z

Sh

(F1(x
0) + F2(x

0) + F3j(x
0))u0(sx

0)dx0 + �j(s)

=

Z

Sh

�x0(R(v)(x0)�R(w)(x0))u0(sx
0)dx0

=

Z

@Sh

(u0(sx
0)@⌫R(v � w)(x0)�R(v � w)(x0)@⌫u0(sx

0))d�

=

Z

⇤h

(u0(sx
0)@⌫R(v � w)(x0)�R(v � w)(x0)@⌫u0(sx

0))d�

�
Z

�±
h

⌘(x0)R(v)(x0)u0(sx
0)d�, (2.81)

where ⇤h = W \ @Bh and �±

h = �± \Bh.

Recall that v can be approximated by the Herglotz wave functions vj given in

(2.77) in the sense of H1-norm. Then

Z

�±
h

⌘(x0)u0(sx
0)R(v)(x0)d� =

Z

�±
h

⌘(x0)u0(sx
0)R(vj)(x

0)d� + ✏±j (s),

✏±j (s) =

Z

�±
h

⌘(x0)u0(sx
0)R(v(x0, xn)� vj(x

0, xn))d�.

Using Cauchy-Schwarz inequality and the trace theorem, we have

|✏±j (s)|  |⌘(0)|
Z

�±
h

|u0(sx
0)||R(v(x0, xn)� vj(x

0, xn))|d� (2.82)

+ k⌘kC↵

Z

�±
h

|x0|↵|u0(sx
0)||R(v(x0, xn)� vj(x

0, xn))|d�

 |⌘(0)|kR(v � vj)kH1/2(�±
h )ku0(sx

0)kH�1/2(�±
h )

+ k⌘kC↵kR(v � vj)kH1/2(�±
h )k|x0|↵u0(sx

0)kH�1/2(�±
h )

 |⌘(0)|kR(v � vj)kH1(Sh)ku0(sx
0)kL2(Sh)

+ k⌘kC↵kR(v � vj)kH1(Sh)k|x
0|↵u0(sx

0)kL2(Sh)

 Ck k1kv � vjkH1(Sh⇥(�L,L))(|⌘(0)|ku0(sx
0)kL2(Sh) + k⌘kC↵k|x0|↵u0(sx

0)kL2(Sh)),
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where C is a positive constant and the last inequality comes from Lemma 2.3.1.

Substituting (2.17), (2.22) and (2.68) into (2.82), we obtain that

|✏±j (s)|  Ck k1

 
|⌘(0)|

p
✓M � ✓me�

p
s⇥�Whp

2

+k⌘kC↵s�(↵+1)

p
2(✓M � ✓m)�(4↵ + 4)

(2�W )2↵+2

!
j�1�⌥, (2.83)

where ⇥ 2 [0, h] and �W is defined in (2.6).

Therefore, in (2.81), combining with (2.20), we can derive the following integral

identity:

I1 + �j(s) = I3 � I±2 � ✏±j (s). (2.84)

where

I1 =

Z

Sh

u0(sx
0)(F1(x

0) + F2(x
0) + F3j(x

0))dx0, I±2 =

Z

�±
h

⌘(x0)u0(sx
0)R(vj)(x

0)d�,

I3 =

Z

⇤h

(u0(sx
0)@⌫R(v � w)�R(v � w)@⌫u0(sx

0))d�. (2.85)

Since v � w 2 H2(Sh ⇥ (�M,M)), which implies that R(v � w) 2 H2(Sh), from

(2.26), we know that

|I3|  Ce�c0
p
s (2.86)

where c0 > 0 as s ! 1.

Recall that F1(x0) defined in (2.75) can be embedded into C↵(Sh) since F1(x0) 2

H2(Sh). F2(x0) 2 C↵(Sh) since qw 2 C↵(Sh ⇥ [�L,L]). Besides, since vj is smooth,

then vj 2 C↵(Sh ⇥ [�L,L]), which means that R(vj)(x0) 2 C↵(Sh). Therefore for

x0 2 Sh we get the splitting

F1(x
0) = F1(0) + �F1(x

0), |�F1(x
0)|  kF1kC↵ |x0|↵, (2.87)

F2(x
0) = F2(0) + �F2(x

0), |�F2(x
0)|  kF2kC↵ |x0|↵,

F3j(x
0) = F3j(0) + �F3j(x

0), |�F3j(x
0)|  kF3jkC↵ |x0|↵.
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Hence we have

I1 = (F1(0) + F2(0) + F3j(0))

Z

Sh

u0(sx
0)dx0 +

Z

Sh

�F1(x
0)u0(sx

0)dx0

+

Z

Sh

�F2(x
0)u0(sx

0)dx0 +

Z

Sh

�F3j(x
0)u0(sx

0)dx0.

Recall that F3j(x0) = �k2R(vj)(x0). Using the property of compact embedding

of Hölder spaces, we can derive that for 0 < ↵ < 1,

kF3jkC↵  k2diam(Sh)
1�↵kR(vj)kC1 ,

where diam(Sh) is the diameter of Sh. By the definition of the dimension reduction

operator (2.66), it is easy to see that

|R(vj)(x
0)|  4L

p
⇡k kC1kgjkL2(Sn�1), |@x0R(vj)(x

0)|  4kL
p
⇡k kC1kgjkL2(Sn�1).

Thus we have

kR(vj)kC1  4L
p
⇡k kC1(1 + k)kgjkL2(Sn�1).

Therefore from (2.6) we have

����
Z

Sh

�F3j(x
0)u0(sx

0)dx0

���� 
8L

p
⇡k kC1(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

k2diam(Sh)
1�↵

· (1 + k)kgjkL2(Sn�1)s
�↵�2. (2.88)

Similarly, we have

����
Z

Sh

�F1(x
0)u0(sx

0)dx0

���� 
2kF1kC↵(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

s�↵�2, (2.89)

����
Z

Sh

�F2(x
0)u0(sx

0)dx0

���� 
2kF2kC↵(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

s�↵�2.

Using the Jacobi-Anger expansion (cf. [39, Page 75]) in R
3, for vj given in (2.4),

we have

vj(x) = vj(0)j0(k|x|) +
1X

`=1

�`ji
`(2`+ 1)j`(k|x|), x 2 R

3, (2.90)
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where

vj(0) =

Z

Sn�1

gj(d)d�(d), �`j =

Z

Sn�1

gj(d)P`(cos('))d�(d), d 2 S
n�1,

and j`(t) is the `-th spherical Bessel function [1] and ' is the angle between x and d.

Moreover, we have the explicit expression of j`(t) as

j`(t) =
t`

(2`+ 1)!!

 
1�

1X

l=1

(�1)lt2l

2ll!N`,l

!
, (2.91)

where N`,l = (2`+3) · · · (2`+2l+1). Therefore from the definition of the dimension

reduction operator (2.66) and the integral mean value theorem, we know that

R(j0)(x
0) =

Z L

�L

 (xn)j0(k|x|)dxn (2.92)

=

Z L

�L

 (xn)dxn �
1X

l=1

(�1)lk2l

2ll!(2l + 1)!!

Z L

�L

 (xn)
�
|x0|2 + x2

n

�l
dxn

= C( )

"
1�

1X

l=1

(�1)lk2l

2ll!(2l + 1)!!

�
|x0|2 + a20,l

�l
#
,

where C( ) =
R L

�L  (xn)dxn and a0,l 2 [�L,L].

For R(j`)(x0), using the integral mean value theorem, we can deduce that for

` = 1, 2, . . . ,

Z L

�L

 (xn)(|x0|2 + x2
n)
`/2dxn = (|x0|2 + a2`)

(`�1)/2

Z L

�L

 (xn)(|x0|2 + x2
n)

1/2dxn (2.93)

= |x0|2(|x0|2 + a2`)
(`�1)/2

Z arctanL/|x0
|

� arctanL/|x0|

 (|x0| tan$) sec3$d$

:= C1( )|x0|2(|x0|2 + a2`)
(`�1)/2,

where a` 2 [�L,L]. Clearly, if L < |x0|, we know that 0 < sec$ <
q

L2

|x0|2 + 1 where

$ 2 [� arctanL/|x0|, arctanL/|x0|]. Therefore we can deduce that

0 < C1( ) < 25/2 arctanLk k1. (2.94)
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Thus for ` = 1, 2, · · · , from (2.91) and (2.93) we have

R(j`)(x
0) =

Z L

�L

 (xn)j`(k|x|)dxn (2.95)

=
k`

(2`+ 1)!!

Z L

�L

 (xn)(|x0|2 + x2
n)
`/2

 
1�

1X

l=1

(�1)lk2l(|x0|2 + x2
n)

l

2ll!N`,l

!
dxn

=
k`(|x0|2 + a2`)

(`�1)/2

(2`+ 1)!!

"
1�

1X

l=1

(�1)lk2l(|x0|2 + a2`,l)
l

2ll!N`,l

#
C1( )|x0|2,

where a` and a`,l 2 [�L,L].

Recall that the boundary integral I±2 is given by (2.85). In this situation the polar

coordinates x0 = (r cos ✓, r sin ✓) satisfy r 2 (0, h) and ✓ = ✓m or ✓ = ✓M when x 2 ��

h

or x 2 �+
h , respectively. Since ⌘ 2 C↵(�

±

h ⇥ [�M,M ]), we know that

⌘(x0) = ⌘(0) + �⌘(x0), |�⌘(x0)|  k⌘kC↵ |x0|↵.

Substituting the above equation into the expression of I�2 , we have

I�2 = ⌘(0)I�21 + I�⌘ , (2.96)

where

I�21 =

Z

��
h

u0(sx
0)R(vj)(x

0)d�, I�⌘ =

Z

��
h

�⌘(x0)u0(sx
0)R(vj)(x

0)d�.

Recall that !(✓) = � cos(✓/2 + ⇡) > 0 when ✓m  ✓  ✓M . Denote

I�⌘,1 =

Z

��
h

�⌘(x0)u0(sx
0)R(j0)(x

0)d�, I�⌘,2 =
1X

`=1

�`ji
`(2`+1)

Z

��
h

�⌘(x0)u0(sx
0)R(j`)(x

0)d�.

Substituting (2.92) into I�⌘,1, we can derive that

|I�⌘,1|  |C( )|k⌘kC↵

Z h

0

r↵

�����1�
1X

l=1

(�1)lk2l

(2l + 1)!!

�
r2 + a20,l

�l
�����e

�
p
sr!(✓m)dr

= 2Lk k1k⌘kC↵

�����1�
1X

l=1

(�1)lk2l

(2l + 1)!!

�
�2
0,l + a20,l

�l
�����

Z h

0

r↵e�
p
sr!(✓m)dr,
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where �0,l 2 [0, h] such that k2(�2
0,l + a20,l)  k2(h2 + L2) < 1 for su�ciently small h

and L. From (2.37), we obtain that

|I�⌘,1|  O(s�↵�1) (2.97)

as s ! 1. Substituting (2.95) into I�⌘,2, and using (2.94), we can deduce that

I�⌘,2  C1( )k⌘kC↵

·
1X

`=1

|�`j|
Z h

0

r↵
k`(r2 + a2`)

(`�1)/2

(2`� 1)!!

�����1�
1X

l=1

k2l(r2 + a2`,l)
l

2ll!N`,l

�����r
2e�

p
sr!(✓m)dr

 C1( )k⌘kC↵kgjkL2(Sn�1)

Z h

0

r2+↵e�
p
sr!(✓m)dr

·
1X

`=1

k`(�2
` + a2`)

(`�1)/2

(2`� 1)!!

�����1�
1X

l=1

k2l(�2
`,l + a2`,l)

l

2ll!N`,l

�����

= O(kgjkL2(Sn�1)s
�↵�3), (2.98)

where �` and �`,l 2 [0, h] such that k2(�2
` +a2`)  k2(h2+L2) < 1 and k2(�2

`,l+a2`,l) 

k2(h2 + L2) < 1 for su�ciently small h and L, combining with the claim that

|�`j|  kgjkL2(Sn�1),

where we use the fact that |P`(t)|  1 when |t|  1.

Substituting (2.90) and (2.95) into the expression of I�21 defined in (2.96), we can

denote

I�21 = vj(0)

Z

��
h

u0(sx
0)R(j0)(x

0)d� +
1X

`=1

�`ji
`(2`+ 1)

Z

��
h

u0(sx
0)R(j`)(x

0)d�

:= vj(0)I
�

31 + I�32.

Substituting the expansion (2.92) into I�31, recalling that µ(✓) = � cos(✓/2 + ⇡) �

i sin(✓/2 + ⇡), we have

I�31 = C( )

Z h

0

"
1�

1X

l=1

(�1)lk2l

(2l + 1)!!

�
r2 + a20,l

�l
#
e�

p
srµ(✓m)dr
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= C( )

"
1�

1X

l=1

(�1)lk2l

(2l + 1)!!
a2l0,l

#Z h

0

e�
p
srµ(✓m)dr

� C( )
1X

l=1

(�1)lk2l

(2l + 1)!!

 
lX

i1=1

C(l, i1)a
2(l�i1)
0,l

Z h

0

r2i1e�
p
srµ(✓m)dr

!

:= I�311 + I�312,

where C(l, i1) =
l!

i1!(l�i1)!
is the combinatorial number of order l. Since we can choose

L such that kL < 1 and |a0,l|  L, we know that

�����

1X

l=1

(�1)lk2l

(2l + 1)!!
a2l0,l

����� 
1X

l=1

(kL)2l =
(kL)2

1� (kL)2
. (2.99)

Moreover, from (2.41) we obtain that

I�311 = 2s�1
⇣
µ(✓m)

�2 � µ(✓m)
�2e�

p
shµ(✓m) � µ(✓m)

�1
p
she�

p
shµ(✓m)

⌘
C(I�311),

(2.100)

where C(I�311) = C( )

"
1�

P
1

l=1
(�1)lk2l

(2l+1)!! a
2l
0,l

#
. From (2.99), we know that

0 <
C( )(1� 2(kL)2)

1� (kL)2
 C(I�311) 

C( )

1� (kL)2
, (2.101)

where C( ) =
R L

�L  (xn)dxn > 0 since  6⌘ 0 is a nonnegative function .

For I�312, we can deduce that

��I�312
��  |C( )|

1X

l=1

k2l

(2l + 1)!!

lX

i1=1

C(l, i1)h
2(i1�1)L2(l�i1)

Z h

0

r2e�
p
sr!(✓m)dr (2.102)

= |C( )|
1X

l=1

k2l

(2l + 1)!!h2

lX

i1=1

C(l, i1)h
2i1L2(l�i1)

Z h

0

r2e�
p
sr!(✓m)dr

= |C( )|
1X

l=1

k2l

(2l + 1)!!h2
((h2 + L2)l � L2l)

Z h

0

r2e�
p
sr!(✓m)dr

 2Lk k1
1X

l=1

k2l

(2l + 1)!!h2
((h2 + L2)l � L2l) · O(s�3)

= O(s�3),
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where we choose appropriate h and L such that k2(h2 + L2) < 1 and kL < 1.

Substituting the expansion (2.95) of j` into I�32, we have

|I�32|  C1( )kgjkL2(Sn�1)

·
1X

`=1

Z h

0

r2e�
p
sr!(✓m)k

`(|r|2 + a2`)
(`�1)/2

(2`� 1)!!

�����1�
1X

l=1

(�1)lk2l(|r|2 + a2`,l)
l

2ll!N`,l

�����dr

= C1( )kgjkL2(Sn�1)

1X

`=1

k`(|�`|2 + a2`)
(`�1)/2

(2`� 1)!!

�����1�
1X

l=1

(�1)lk2l(|�`,l|2 + a2`,l)
l

2ll!N`,l

�����

·
Z h

0

r2e�
p
sr!(✓m)dr

= O(kgjkL2(Sn�1)s
�3), (2.103)

where �`, �`,l 2 [0, h] such that k2(�2
` + a2`)  k2(h2 + L2) < 1 and k2(|�`,l|2 + a2`,l) 

k2(h2 + L2) < 1 for su�ciently small h and L.

Finally, substituting (2.97), (2.98), (2.100) , (2.102), and (2.103) into (2.96), we

have the following integral properties

I�2 = 2⌘(0)vj(0)s
�1
⇣
µ(✓m)

�2 � µ(✓m)
�2e�

p
shµ(✓m) � µ(✓m)

�1
p
she�

p
shµ(✓m)

⌘
C(I�311)

+ vj(0)⌘(0)I
�

312 + ⌘(0)I�32 + I�⌘ ,

I�312  O(s�3), I�32  O(kgjkL2(Sn�1)s
�3), |I�⌘ |  k⌘kC↵

�
vj(0)I

�

⌘,1 + I�⌘,2
�
,

��I�⌘,1
��  O(s�1�↵),

��I�⌘,2
��  O(kgjkL2(Sn�1)s

�3�↵). (2.104)

Denote C(I+311) = C( )

"
1�

P
1

l=1
(�1)lk2l

(2l+1)!! a
2l
0,l,+

#
, where a0,l,+ 2 [�L,L]. For su�-

ciently small L, similar to (2.101), we know that

0 <
C( )(1� 2(kL)2)

1� (kL)2
 C(I+311) 

C( )

1� (kL)2
, (2.105)

where C( ) is defined in (2.101).

Adopting the similar arguments for the integral property (2.104) of I�2 , we can

derive the following integral property for I+2 as follows

I+2 = 2⌘(0)vj(0)s
�1
⇣
µ(✓M)�2 � µ(✓M)�2e�

p
shµ(✓M ) � µ(✓M)�1

p
she�

p
shµ(✓M )

⌘
C(I+311)

43



+ vj(0)⌘(0)I
+
312 + ⌘(0)I+32 + I+⌘ , (2.106)

where

I+312 = �C( )
1X

l=1

(�1)lk2l

(2l + 1)!!

lX

i1=1

C(l, i1)a
2(l�i1)
0,l,+

Z h

0

r2i1e�
p
srµ(✓M )dr, |I+312|  O(s�3),

I+32 =
1X

`=1

�`ji
`(2`+ 1)

Z

�+
h

u0(sx
0)R(j`)(x

0)d�, |I+32|  O(kgjkL2(Sn�1)s
�3),

I+⌘ =

Z

�+
h

�⌘(x0)u0(sx
0)R(vj)(x

0)d�, |I+⌘ |  k⌘kC↵

�
vj(0)I

+
⌘,1 + I+⌘,2

�
,

I+⌘,1 =

Z

�+
h

�⌘(x0)u0(sx
0)R(j0)(x

0)d�,
��I+⌘,1

��  O(s�1�↵),

I+⌘,2 =
1X

`=1

�`ji
`(2`+ 1)

Z

�+
h

�⌘(x0)u0(sx
0)R(j`)(x

0)d�,
��I+⌘,2

��  O(kgjkL2(Sn�1)s
�3�↵).

We first multiply s on the both sides of (2.84). Then substituting (2.104) and

(2.106) into the resulting equation (2.84), after rearranging terms, we deduce that

2vj(0)⌘(0)

"⇣
µ(✓M)�2 � µ(✓M)�2e�

p
shµ(✓M ) � µ(✓M)�1

p
she�

p
shµ(✓M )

⌘
C(I+311)

+
⇣
µ(✓m)

�2 � µ(✓m)
�2e�

p
shµ(✓m) � µ(✓m)

�1
p
she�

p
shµ(✓m)

⌘
C(I�311)

#

= s

"
I3 � (F1(0) + F2(0) + F3j(0))

Z

Sh

u0(sx
0)dx0 � �j(s)

� ⌘(0)(I+32 + I�32)� I+⌘ � I�⌘ �
Z

Sh

�F1(x
0)u0(sx

0)dx0 �
Z

Sh

�F2(x
0)u0(sx

0)dx0

�
Z

Sh

�F3j(x
0)u0(sx

0)dx0 � vj(0)⌘(0)
�
I�312 + I+312

�
� ✏±j (s)

#
. (2.107)

When s = j, from (2.104) and (2.106), under the assumption (2.68), we know that

j|I�32|  O(j�2kgjkL2(Sh))  O(j�1+%), j|I+32|  O(j�2kgjkL2(Sh))  O(j�1+%),

j|I�⌘ |  k⌘kC↵

�
vj(0)O(j�↵) +O(kgjkL2(Sh)j

�2�↵)
�

 k⌘kC↵

�
vj(0)O(j�↵) +O(j�1�(↵�%))

�
,

j|I+⌘ |  k⌘kC↵

�
vj(0)O(j�↵) +O(kgjkL2(Sh)j

�2�↵)
�
,
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 k⌘kC↵

�
vj(0)O(j�↵) +O(j�1�(↵�%))

�
,

jI�312  O(j�2), jI+312  O(j�2), (2.108)

Clearly, when s = j, from (2.7), (2.8), (2.80), (2.83), (2.86), (2.88) and (2.89), under

the assumption (2.68), it can be derived that

j|I3|  Cje�c0
p
j, j

����
Z

Sh

u0(jx
0)dx0

����  6|e�2✓M i � e�2✓mi|j�1 +
6(✓M � ✓m)

�4W
j�1e��W

p
hj/2,

j

����
Z

Sh

�F3j(x
0)u0(sx

0)dx0

���� 
8L

p
⇡k kC1(✓M � ✓m)�(2↵ + 4))

�2↵+4
W

k2diam(Sh)
1�↵

· (1 + k)kgjkL2(Sn�1)j
�↵�1  O

�
j�(↵�%)

�
,

j

����
Z

Sh

�F1(x
0)u0(sx

0)dx0

���� 
2kF1kC↵(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

j�↵�1,

j

����
Z

Sh

�F2(x
0)u0(sx

0)dx0

���� 
2kF2kC↵(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

j�↵�1,

j|✏±j (j)|  Ck k1

 
|⌘(0)|

p
✓M � ✓me�

p
j⇥�Whp

2
j

+k⌘kC↵j�↵
p

2(✓M � ✓m)�(4↵ + 4)

(2�W )2↵+2

!
j�1�⌥,

j|�j(j)| 
k2k k1

p
C(L, h)(✓M � ✓m)e�

p
s⇥�Whp

2
j�⌥, ⇥ 2 [0, h], (2.109)

where c0 > 0 and �W are defined in (2.86) and (2.6), respectively.

The coe�cient of vj(0) in (2.107) with respect to the zeroth order of s is

2⌘(0)
�
C(I�311)µ(✓m)

�2 + C(I+311)µ(✓M)�2
�
.

It can be calculated that

C(I�311)µ(✓m)
�2 + C(I+311)µ(✓M)�2

=
(C(I+311) cos ✓m + C(I�311) cos ✓M) + i(C(I+311) sin ✓m + C(I�311) sin ✓M)

(cos ✓m + i sin ✓m)(cos ✓M + i sin ✓M)
.

Therefore under the assumption (2.11), we know that

cos ✓m + cos ✓M and sin ✓m + sin ✓M
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can not be zero simultaneously. Without loss of generality, we assume that cos ✓m +

cos ✓M 6= 0. Then we consider the following two cases:

• Case A: cos ✓m + cos ✓M > 0,

• Case B: cos ✓m + cos ✓M < 0.

For Case A, let us consider the first case that cos ✓m and cos ✓M have the same sign.

From (2.101) and (2.105), it is not di�cult to see that the real part of the numerator

of C(I�311)µ(✓m)
�2 + C(I+311)µ(✓M)�2 can not be zero. Therefore,

C(I�311)µ(✓m)
�2 + C(I+311)µ(✓M)�2 6= 0. (2.110)

In the following, we assume that cos ✓m and cos ✓M have di↵erent signs. Then it

implies that cos ✓m  0 and cos ✓M > 0. From (2.101) and (2.105), we can deduce

that

C( )

1� (kL)2
(cos ✓m + (1� 2(kL)2) cos ✓M)  C(I+311) cos ✓m + C(I�311) cos ✓M

 C( )

1� (kL)2
((1� 2(kL)2) cos ✓m + cos ✓M).

Since L is flexible, for a given 0 < " < 1, we can choose appropriate L such that

0 < kL <
p
"/2, from which we can derive the bounds as follows

C( )

1� (kL)2
(cos ✓m + (1� ") cos ✓M)  C(I+311) cos ✓m + C(I�311) cos ✓M

 C( )

1� (kL)2
((1� ") cos ✓m + cos ✓M) . (2.111)

Since cos ✓m + cos ✓M > 0, we can consider the lower bound in (2.111). Denote

"0 = min{ cos ✓m+cos ✓M
2 cos ✓M

, 1} and choose " 2 (0, "0). It can be verified that

C(I+311) cos ✓m + C(I�311) cos ✓M � C( )

1� (kL)2
(cos ✓m + (1� ") cos ✓M) > 0,

which means that (2.110) still holds.

For Case B, if cos ✓m = 0 or cos ✓M = 0 is satisfied, from the upper bound of
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(2.111) we can easily show that

C(I+311) cos ✓m + C(I�311) cos ✓M < 0. (2.112)

Otherwise, if | cos ✓m|  | cos ✓M |, from the fact that (1 � ")| cos ✓m|  | cos ✓M |, we

know that (2.112) still holds from the upper bound of (2.111). If | cos ✓m| > | cos ✓M |,

we can choose " such that " > 1 � | cos ✓M |/| cos ✓m| > 0 to make (2.112) also be

fufilled from the upper bound of (2.111). Therefore, for Case B, we know that (2.110)

is always fulfilled.

In (2.107), we take s = j and let j ! 1, using (2.108) and (2.109) under the

assumption (2.68), then we can prove that

lim
j!1

⌘(0)
�
C(I�311)µ(✓m)

�2 + C(I+311)µ(✓M)�2
�
vj(0) = 0. (2.113)

Under the assumption (2.70), we have shown that C(I�311)µ(✓m)
�2+C(I+311)µ(✓M)�2 6=

0. Therefore, from (2.113) and (2.69), we prove that

lim
j!1

vj(0) = 0.

Using the a similar argument of (2.50), we finish the proof of this theorem.

Remark 2.3.2. Similar to Remark 2.2.1, Theorem 2.3.1 can be localized. Moreover,

we would like to mention that in contrast to the regularity assumption on v�w near

the corner in 2D of Theorem 2.2.1, we impose that v � w 2 H2(Sh ⇥ (�M,M)) in

Theorem 2.3.1, where we need to use the C↵-continuity of R(v � w) to investigate

the asymptotical order of s with respect to s ! 1 for the volume integral of F1(x0)

over Sh in (2.84).

Similar to Corollary 2.2.1, we consider the vanishing property of the interior trans-

mission eigenfunctions v 2 H1(W ⇥ (�M,M)) and w 2 H1(W ⇥ (�M,M)) to (2.51)

on the edge point under the assumptions (2.70) and (2.114).

Corollary 2.3.1. Suppose v 2 H1(W ⇥ (�M,M)) and w 2 H1(W ⇥ (�M,M))

are the interior transmission eigenfunctions to (2.51), where W ⇢ R
2 is defined in

(2.2) and M > 0. For any fixed xc
n 2 (�M,M) and L > 0 defined in Definition
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2.3.1, we suppose that L is su�ciently small such that (xc
n �L, xc

n +L) ⇢ (�M,M).

Suppose that there exists a su�ciently small neighbourhood Sh of xc 2 R
2 such that

qw 2 C↵(Sh ⇥ [�M,M ]) for 0 < ↵ < 1, and v � w 2 H2(Sh ⇥ (�M,M)), where xc

is the vertex of W and Sh is defined in (2.3). If the following conditions are fulfilled:

(a) the transmission eigenfunction v can be approximated in H1(Sh⇥ (�M,M)) by

the Herglotz waves vj, j = 1, 2, . . ., with kernels gj satisfying

kv � vjkH1(Sh⇥(�M,M))  j�2�⌥, kgjkL2(Sn�1)  Cj%, (2.114)

for some positive constant C, ⌥ > 0 and 0 < % < ↵,

(b) the angles ✓m and ✓M of the sector W satisfy

� ⇡ < ✓m < ✓M < ⇡ and ✓M � ✓m 6= ⇡, (2.115)

then we have

lim
⇢!+0

1

m(B(xc, ⇢) \ ⌦)

Z

B(xc,⇢)\⌦

R(V w)(x0)dx0 = 0,

where q(x0, xn) = 1 + V (x0, xn).

Proof. Without loss of generality, we assume that xc = 0. Since ⌘(x) ⌘ 0, from

(2.84) we have the following integral equality

(F1(0) + F2(0) + F3j(0))

Z

Sh

u0(sx
0)dx0 + �j(s) (2.116)

= I3 �
Z

Sh

�F1(x
0)u0(sx

0)dx0 �
Z

Sh

�F2(x
0)u0(sx

0)dx0 �
Z

Sh

�F3j(x
0)u0(sx

0)dx0.

where �j(s) is defined in (2.78), �F1(x0), �F2(x0) and �F3j(x0) are defined in (2.87),

I3 is given in (2.84). Since v = w on �± ⇥ (�M,M), it is easy to see that

F1(0) =

Z L

�L

 00(xn)(v(0, xn)� w(0, xn))dxn = 0.
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Therefore, using (2.7), from (2.116), we deduce that

6i(F2(0) + F3j(0))(e
�2✓M i � e�2✓mi)s�2 � (F2(0) + F3j(0))

Z

W\Sh

u0(sx
0)dx0

(2.117)

= I3 �
Z

Sh

�F1(x
0)u0(sx

0)dx0 �
Z

Sh

�F2(x
0)u0(sx

0)dx0 �
Z

Sh

�F3j(x
0)u0(sx

0)dx0 � �j(s).

In (2.117), we take s = j and multiply j2 on the both sides of (2.117):

6i(F2(0) + F3j(0))(e
�2✓M i � e�2✓mi) = j2

h
I3 + (F2(0) + F3j(0))

Z

W\Sh

u0(sx
0)dx0

�
Z

Sh

�F1(x
0)u0(sx

0)dx0 �
Z

Sh

�F2(x
0)u0(sx

0)dx0 �
Z

Sh

�F3j(x
0)u0(sx

0)dx0 � �j(s)
i
.

(2.118)

From (2.80) and (2.114), it is not di�cult to see that

j2|�j(s)| 
|k|2k k1

p
C(L, h)(✓M � ✓m)e�

p
s⇥�Whp

2
j�⌥, (2.119)

where C(L, h) is a positive number defined in (2.79), ⇥ 2 [0, h] and �W is defined in

(2.6).

Under the assumption (2.114), from (2.86), (2.88) and (2.89), we can obtain the

following estimations

j2
����
Z

Sh

�F3j(x
0)u0(sx

0)dx0

���� 
8L

p
⇡k kC1(✓M � ✓m)�(2↵ + 4))

�2↵+4
W

k2diam(Sh)
1�↵

· (1 + k)kgjkL2(Sn�1)j
�↵  O

�
j�(↵�%)

�
,

j2
����
Z

Sh

�F1(x
0)u0(sx

0)dx0

���� 
2kF1kC↵(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

j�↵,

j2
����
Z

Sh

�F2(x
0)u0(sx

0)dx0

���� 
2kF2kC↵(✓M � ✓m)�(2↵ + 4)

�2↵+4
W

j�↵. (2.120)

Under the assumption (2.115), it is easy to see that

��e�2✓M i � e�2✓mi
�� =

��1� e�2(✓M�✓m)i
�� 6= 0
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since ✓M � ✓m 6= ⇡. In (2.118), by letting j ! 1, from (2.8), (2.119) and (2.120), we

prove that

lim
j!1

F3j(0) = �F2(0),

which implies

lim
j!1

R(vj)(0) = R(qw)(0) (2.121)

through recalling that F2 and F3j are given in (2.74). From (2.72), we have

lim
⇢!+0

1

m(B(0, ⇢) \ ⌦)

Z

B(0,⇢)\⌦

R(v)(x0)dx0 = lim
⇢!+0

1

m(B(0, ⇢) \ ⌦)

Z

B(0,⇢)\⌦

R(w)(x0)dx0.

Since

lim
j!1

R(vj)(0) = lim
j!1

lim
⇢!+0

1

m(B(0, ⇢) \ ⌦)

Z

B(0,⇢)\⌦

R(vj)(x
0)dx0

= lim
⇢!+0

1

m(B(0, ⇢) \ ⌦)

Z

B(0,⇢)\⌦

R(v)(x0)dx0,

R(qw)(0) = lim
⇢!+0

1

m(B(0, ⇢) \ ⌦)

Z

B(0,⇢)\⌦

R(qw)(x0)dx0,

and from (2.121), we finish the proof of this corollary.

Remark 2.3.3. Corollary 2.3.1 states that the average value of the function V w

over the cylinder centered at the edge point (xc, xc
n) with the height L vanishes in the

distribution sense. In addition, if V (x0, xn) is continuous near the edge point (xc, xc
n)

where xc
n 2 (�M,M) and V (xc, xc

n) 6= 0, from the dominant convergent theorem and

the definition the reduction operator R, we can prove that

lim
⇢!+0

1

m(B(xc, ⇢) \ ⌦)

Z

B(xc,⇢)\⌦

Z xc
n+L

xc
n�L

 (xn)w(x
0, xn)dx

0dxn = 0

under the assumptions in Corollary 2.3.1, which also describes the vanishing property

of the interior eigenfunctions v and w near the edge point in 3D. Furthermore, if

 (xc
n) 6= 0, one can prove that

lim
⇢!+0

1

m(B(xc, ⇢) \ ⌦)

Z

B(xc,⇢)\⌦

Z xc
n+L

xc
n�L

w(x0, xn)dx
0dxn = 0.

In the following theorem, we impose a stronger regularity requirement for the
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conductive transmission eigenfunction v of (2.67), i.e., v has H2-regularity near the

considering edge point. Using the dimension reduction operator given in Definition

2.3.1, as well as the Hölder continuity of the considering functions, we can prove the

following theorem in a similar way of proving Theorem 2.2.2. The detailed proof of

Theorem 2.3.2 is omitted here.

Theorem 2.3.2. Let v 2 H2(W ⇥ (�M,M)) and w 2 H1(W ⇥ (�M,M)) be the

eigenfunctions to (2.67). Assume that W ⇢ R
2 is defined in (2.2), M > 0, and xc is a

corner of W . For any fixed xc
n 2 (�M,M) and L > 0 defined in Definition 2.3.1, we

suppose that L is su�ciently small such that (xc
n�L, xc

n+L) ⇢ (�M,M). Moreover,

there exits a su�ciently smaller neighbourhood Sh (i.e. h > 0 is su�ciently small)

of xc, such that qw 2 C↵(Sh ⇥ [�M,M ]) and ⌘ 2 C↵(�
±

h ⇥ [�M,M ]) for 0 < ↵ < 1

and v � w 2 H2(Sh ⇥ (�M,M)). Under the following assumptions:

(a) the function ⌘ = ⌘(x0, xn) is independent of xn and does not vanish on the edge

of W ⇥ (�M,M), i.e.,

⌘(xc) 6= 0,

(b) the angles ✓m and ✓M of the sector W containing the corner satisfy

�⇡ < ✓m < ✓M < ⇡ and ✓M � ✓m 6= ⇡,

then we have v and w vanish at the edge point (xc, xc
n) 2 R

n of W ⇥ (�M,M), where

xc
n 2 (�M,M).

Remark 2.3.4. When ⌘ ⌘ 0 near the edge point, under the H2 regularity of the

interior transmission eigenfunctions v and w, the vanishing property of v and w is

investigated in [9].

2.4 Unique recovery results for the inverse scat-

tering problem

In this section, we apply the vanishing property of the conductive transmission eigen-

functions at a corner in 2D to investigate the unique recovery in the inverse problem
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associated with the following conductive scattering problem

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

�u� + k2qu� = 0 in ⌦,

�u+ + k2u+ = 0 in R
2\⌦,

u+ = u�, @⌫u+ + ⌘u+ = @⌫u� on @⌦,

u+ = ui + us in R
2\⌦,

lim
r!1

r1/2 (@rus � ikus) = 0, r = |x|,

(2.122)

where ui is an (nontrivial) entire solution to (� + k2)ui = 0 signifying an incident

field, and the last limit is called the Sommerfeld radiation condition which holds

uniformly with respect to x̂ = x/|x| 2 S
1, and characterizes the out-radiating wave.

The well-posedness of the direct problem (2.122) is known (cf. [20]), and there exists a

unique solution u := u��⌦+u+�R2\⌦ 2 H1
loc(R

2). Moreover, there holds the following

asymptotic expansion

us(x) =
eik|x|

|x|1/2u
1(x̂) +O

✓
1

|x|

◆
, |x| ! +1

uniformly in all directions x̂ = x/|x| 2 S
1. The real-analytic function u1(x̂) is

referred to as the far-field pattern or the scattering amplitude associated with ui. The

inverse scattering problem is concerned with the recovery of the scatterer (⌦; q, ⌘) by

knowledge of the far-field pattern u1(x̂; ui); that is

u1(x̂; ui) ! (⌦; q, ⌘). (2.123)

In (2.123), if the far-field pattern is given corresponding to a single incident wave

ui, then it is referred to as a single far-field measurement, otherwise it is referred

to as many far-field measurements. It is known that the inverse problem (2.123) is

nonlinear and ill-conditioned. For the reconstruction of the shape of the scatterer ⌦ by

using the factorization method for (2.123), uniqueness issue has been studied in [20].

The inverse spectral problem of gaining the information about the material properties

associated to the conductive transmission eigenvalue problem has been studied in [19].

52



In [63], the method of uniquely recovering the conductive boundary parameter ⌘ from

the measured scattering data as well as the convergence of the conductive transmission

eigenvalues as the conductivity parameters which tend to zero has also been studied.

In all of the aforementioned literatures, the unique determination results are based

on the far-field patterns of all incident plane waves at a fixed frequency, which means

that infinitely many far-field measurements have been used. In what follows, we

show that in a rather general and practical scenario, the polygonal shape of the

scatterer, namely ⌦, can be uniquely recovered by a single far-field measurement

without knowing its material contents, namely q and ⌘. Moreover, if the surface

conductive parameter ⌘ is constant, then it can be recovered as well.

Our main unique recovery results for the inverse scattering problem (2.123) are

contained in Theorems 2.4.1 and 2.4.2. In Theorem 2.4.1, we establish the unique

recovery results by a single far-field measurement in determining a 2D polygonal

conductive scatterer without knowing its contents. In Theorem 2.4.2, the surface

conductive parameter ⌘ of the scatterer can be further recovered if it is a constant.

Before presenting the main results, we first investigate that the conductive parameter

⌘ in (2.122) has a close relationship with the wave number k from the practical

point view of the TM-mode (transverse magnetic) for the time-harmonic Maxwell

system [5]. This relationship helps us to show that our assumption in Theorem 2.4.1

can be fulfilled when the wave number k is su�ciently small.

The inverse scattering problem (2.122) is derived by the TM-mode (transverse

magnetic) from the time-harmonic Maxwell system [5], where the scattering medium

is covered by a thin layer with very high conductivity; see [20] for details. The con-

ductive boundary condition has been known for a long time in the study of electro-

magnetic induction in the earth [130]. The full Maxwell system with the conductive

boundary condition was investigated in [5], where an inhomogeneity is covered by

an infinitely thin (the electric filed would not penetrate into an ideal conductor of

positive thickness) and highly conducting layer. In order to illustrate the basic idea

as well as to simplify the exposition, we provide brief discussions on the mathematical

formulation of the associated Maxwell system.

In what follows, the optical properties of a medium are specified the electric
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permittivity ", the magnetic permeability µ and the conductivity �. Let ⌦ be a

bounded Lipschitz domain in R
2 with a connected complement R

2\⌦. Consider a

infinitely long cylinder-like medium body D := ⌦ ⇥ R in R
3 with the cross section

being ⌦ along the x3-axis for x = (xj)3j=1 2 D. In what follows, with a bit abuse

of notation, we shall also use x = (x1, x2) in the 2D case, which should be clear

from the context. Let � 2 R+ be su�ciently small and ⌦� := {x + h⌫(x);x 2

@⌦ and h 2 (0, �)}, where ⌫ 2 S
1 signifies the exterior unit normal vector to @⌦.

Set D� = ⌦� ⇥ R to denote a layer of thickness � coated on the medium body D.

The material configuration associated with the above medium structure is given as

follows:

", µ, � = "1, µ0, �1 in D; "2, µ0,
�

�
in D�; "0, µ0, 0 in R

3\(D [D�), (2.124)

where for simplicity, "j, j = 0, 1, 2, µ0, � are all positive constants and �1 is a non-

negative constant. Consider a time-harmonic incidence:

r^ Ei � i!µ0H
i = 0, r^Hi + i!"0E

i = 0 in R
3, (2.125)

where i :=
p
�1, Ei and Hi are respectively the electric and magnetic fields and

! 2 R+ is the angular frequency. The impingement of the incident field (Ei,Hi)

on the medium body described in (2.124) generates the electromagnetic scattering,

which is governed by the following Maxwell system:

8
>>>>>><

>>>>>>:

r^ E� i!µH = 0, r^H+ i!"E = �E, in R
3,

E = Ei + Es, H = Hi +Hs, in R
3,

lim
r!1

r (Hs ^ x̂� Es) = 0, r := |x|, x̂ := x/|x|,

(2.126)

where as usual one needs to impose the standard transmission conditions, namely the

tangential components of the electric field E and the magnetic field H are continuous

across the material interfaces @D and @D�. The last limit in (2.126) is known as the

Silver-Müller radiation condition.
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Under the transverse-magnetic (TM) polarisation, namely,

Ei =

2

6664

0

0

ui(x1, x2)

3

7775
, Hi =

2

6664

H1(x1, x2)

H2(x1, x2)

0

3

7775
,

and

E =

2

6664

0

0

u(x1, x2)

3

7775
, H =

2

6664

H1(x1, x2)

H2(x1, x2)

0

3

7775
, (2.127)

it is rigorously verified in [18] that as � ! +0, one has (2.122) where

u� = u|⌦, u+ = u|
R2\⌦ and k = !

p
"0µ0, ⌘ = i!�µ0. (2.128)

According to (2.124), as � ! +0, it is clear that the conductivity in the thin layer

D� goes to infinity, or equivalently, its resistivity goes to zero. This in general would

lead to the so-called perfectly electric conducting (PEC) boundary, which prevents

the electric field from penetrating inside the medium body and instead generates

a certain boundary current. However, it is noted in our case that the thickness of

the coating layer D� also goes to zero, and this allows the electromagnetic waves to

penetrate inside the medium body. Nevertheless, the thin highly-conducting layer

e↵ectively produces a transmission boundary condition across the material interface

@D involving a conductive parameter ⌘, which is referred to as the conductive trans-

mission condition. As is known, a perfect conductor is an idealized material which

does not exist in nature, and hence the conductive medium body provides a more

realistic means to model the electromagnetic scattering from an object coated with

a thin layer of a highly conducting material; see [62, 132] more relevant discussion

about this aspect.

Equation (2.128) basically indicates that when considering the conductive scat-
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tering problem (2.122), one may impose the low-frequency dependence behaviour

⌘ = i!�µ0 = O(k) (2.129)

on the surface conductive parameter. For more complex Maxwell models, one can

derive the conductive scattering system (2.122) of a general form.

We are in a position to consider the inverse problem (2.123). First, we introduce

the admissible class of conductive scatterers in our study.

Definition 2.4.1. Let (⌦; q, ⌘) be a conductive scatterer associated with the scatter-

ing problem (2.122) and u be the total wave fields therein. The scatterer is said to be

admissible if it fulfills the following conditions:

(a) ⌦ is a bounded simply connected Lipschitz domain in R
2, and q 2 L1(⌦),

⌘ 2 L1(@⌦).

(b) Following the notations in Theorem 2.2.1, if ⌦ possesses a corner xc which is

joined to infinity by a path in R
2\⌦ such that ⌦\BR(xc) = ⌦\W with R > 0,

then qu 2 C↵(Sh), ⌘ 2 C↵(�
±

h ).

(c) The total wave field u is non-vanishing everywhere in the sense that for any

x 2 R
2,

lim
⇢!+0

1

m(B(x, ⇢))

Z

B(x,⇢)

|u(x)|dx 6= 0. (2.130)

We would like to point out that the conditions stated in Definition 2.4.1 can be

fulfilled by the conductive scatterer (⌦; q, ⌘) and the scattering problem (2.122) in

certain general and practical scenarios. For example, as remarked in Remark 2.2.2,

if q = 0 in Sh then the conditions in (b) can be easily fulfilled. If q 6= 0 in Sh, but

⌘ = 0 on Sh \ @⌦, then u 2 H2(Sh). Hence, the conditions in (b) can also be easily

fulfilled. There might be more cases for which the conditions in (b) are fulfilled. The

condition (2.130) in (c) can also be fulfilled at least when k is su�ciently small. In

fact, it has been shown in (2.129) that if ⌘ 6= 0, then ⌘ = O(k) . For the scattered

field us of (2.122), from [20, Theorem 2.4], it is proved that

kuskH1(B)  C(k⌘uikH�1/2(@⌦) + k2kquikL2(⌦)) = O(k)kuikL2(⌦),
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where C is a positive number and B is a large ball containing ⌦. Hence, if the

incident field ui is non-vanishing everywhere, say ui = eikx·d with d 2 S
1 being a plane

wave, and k is su�ciently small, then (2.130) is obviously fulfilled. Nevertheless, by

Definition 2.4.1, we may include more general situations into our subsequent study

of the inverse problem (2.123).

⌦1

⌦2

�u
�
2 + k

2
q2u

�
2 = 0

�u
+
1 + k

2
u
+
1 = 0

O

h

h/2

h/2h

⇤h
⌃⇤h

��

�+

Sh

Figure 2.3: Schematic illustration of the geometry setup in the proof of Theorem 2.4.1.

Theorem 2.4.1. Consider the conductive scattering problem (2.122) associated with

two conductive scatterers (⌦j; qj, ⌘j), j = 1, 2, in R
2. Let uj

1
(x̂; ui) be the far-field

pattern associated with the scatterer (⌦j; qj, ⌘j) and the incident field ui. Suppose that

(⌦j; qj, ⌘j), j = 1, 2 are admissible and

u1
1
(x̂; ui) = u2

1
(x̂; ui) (2.131)

for all x̂ 2 S
1 and a fixed incident wave ui. Then

⌦1�⌦2 :=
�
⌦1\⌦2

�
[
�
⌦2\⌦1

�
(2.132)

cannot possess a corner. Hence, if ⌦1 and ⌦2 are convex polygons in R
2, one must

have

⌦1 = ⌦2. (2.133)

Proof. By contradiction, we assume that there is a corner contained in ⌦1�⌦2. With-

out loss of generality we may assume that the vertex O of the corner ⌦2 \W is such

that O 2 @⌦2 and O /2 ⌦1.
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Since u1
1
(x̂; ui) = u2

1
(x̂; ui) for all x̂ 2 S

1, applying Rellich’s Theorem (see [39]),

we know that us
1 = us

2 in R
2\(⌦1 [ ⌦2). Thus

u1(x) = u2(x) (2.134)

for all x 2 R
2\(⌦1 [⌦2). Following the notations in (2.3), we have from (2.134) that

u�

2 = u+
2 = u+

1 , @u�

2 = @u+
2 + ⌘u+

2 = @u+
1 + ⌘u+

1 on �±

h ,

where the superscripts (·)�, (·)+ stand for the limits taken from ⌦2 and R
2\⌦2 re-

spectively. Moreover, suppose the neighbourhood Bh(O) is su�ciently small such

that

�u+
1 + k2u+

1 = 0, �u�

2 + k2q2u
�

2 = 0 in Bh(O).

Clearly u+
1 2 H2(Sh) and u�

2 2 H1(Sh). Now we prove that

u+
1 � u�

2 2 H2(⌃⇤h
),

where ⌃⇤h
is defined in (2.3). We first note that on the boundary �±

h , one has

u�

2 = u+
1 , where u+

1 2 H3/2(�±

h ) from the trace theorem. Since �+ 2 C1,1, from [106,

Theorem 4.18], we have the following regularity estimate for u�

2 up to the boundary

�+
(h/2,h) of ⌃⇤h

:

��u�

2

��
H2(⌃⇤h

\D+
1 )

 C
⇣��u�

2

��
H1(Sh)

+
��u+

1

��
H3/2(�+

h )

⌘
,

where C > 0 is a constant and D+
1 is a open set with a boundary �+

(h/2,h) such that

⌃⇤h
\D+

1 6= ;. Using the similar argument we can prove that u�

2 has H2-regularity

up to the boundary ��

(h/2,h) of ⌃⇤h
. Therefore u�

2 2 H2(⌃⇤h
), which means that

u+
1 � u�

2 2 H2(⌃⇤h
). Since (⌦j; qj, ⌘j), j = 1, 2, are admissible, we know that ⌘ 2

C↵(�
±

h ) and q2u
�

2 2 C↵(Sh). Applying Theorem 2.2.2 if ⌘(O) 6= 0, and Remark 2.2.5

if ⌘ = 0 on �±

h , and also using the fact that u1 is continuous at the vertex O, we have

u1(O) = 0,
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which contradicts to the admissibility condition (c) in Definition 2.4.1.

The proof is complete.

Based on Definition 2.4.1, if we further assume that the conductive parameter ⌘ is

constant, we can recover ⌘ simultaneously once the admissible conductive scatter ⌦

is determined. However, in determining the conductive parameter, we need assume

that qj = q for j = 1, 2 are known.

Theorem 2.4.2. Consider the conductive scattering problem (2.122) associated with

the admissible conductive scatterers (⌦j; q, ⌘j), where ⌦j = ⌦ for j = 1, 2 and ⌘j 6= 0,

j = 1, 2, are two constants. Let uj
1
(x̂; ui) be the far-field pattern associated with

the scatter (⌦; q, ⌘j) and the incident field ui. Suppose that (⌦; q, ⌘j), j = 1, 2, are

admissible and

u1
1
(x̂; ui) = u2

1
(x̂; ui) (2.135)

for all x̂ 2 S
1 and a fixed incident wave ui. Then if k is not an eigenvalue of the

partial di↵erential operator �+ k2q in H1
0 (⌦), we have ⌘1 = ⌘2.

Proof. Since u1
1
(x̂; ui) = u2

1
(x̂; ui) for all x̂ 2 S

1, we can derive that u+
1 = u+

2 for all

x 2 R
2\⌦ and thus @⌫u

+
1 = @⌫u

+
2 on @⌦. Combining the transmission condition in

the scattering problem (2.122), we deduce that

u�

1 = u+
1 = u+

2 = u�

2 on @⌦,

Thus, we have

@⌫(u
�

1 � u�

2 ) = @⌫(u
+
1 � u+

2 ) + ⌘1u
+
1 � ⌘2u

+
2 = (⌘1 � ⌘2)u

�

1 on @⌦.

Define v := u�

1 � u�

2 . Then v fulfills

8
>>>>><

>>>>>:

(�+ k2q)v = 0 in ⌦,

v = 0 on @⌦,

@⌫v = (⌘1 � ⌘2)u
�

1 on @⌦.

(2.136)

Since k is not an eigenvalue of the operator �+ k2q in H1
0 (⌦), one must have v = 0

59



to (2.136). Substituting this into the Neumann boundary condition of (2.136), we

know that (⌘1 � ⌘2)u
�

1 = @⌫v = 0 on @⌦.

Next, we prove the uniqueness of ⌘ by contradiction. Assume that ⌘1 6= ⌘2. Since

(⌘1 � ⌘2)u
�

1 = 0 on @⌦ and ⌘j, j = 1, 2 are constants, we can deduce that u�

1 = 0 on

@⌦. Then u�

1 satisfies 8
><

>:

(�+ k2q)u�

1 = 0 in ⌦,

u�

1 = 0 on @⌦.

Similar to (2.136), this Dirichlet problem also only has a trivial solution u�

1 = 0 in

⌦, since k is not an eigenvalue of �+ k2q. Then, we can derive u+
1 = u�

1 = 0 and

@⌫u
�

1 = @⌫u
+
1 + ⌘1u

+
1 = @⌫u

+
1 = 0 on @⌦,

which implies that u1 ⌘ 0 in R
2 and therefore us

1 = �ui. This contradicts with the

fact that us
1 satisfies the Sommerfeld radiation condition.

The proof is complete.

Remark 2.4.1. In Theorem 2.4.2, it is required that k is not an eigenvalue to �+k2q

in H1
0 (⌦). Clearly, if q is negative-valued in ⌦ or =q 6= 0 in ⌦, this condition is

fulfilled. On the other hand, if q is positive-valued in ⌦, then this condition can be

readily fulfilled when k 2 R+ is su�ciently small.
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Chapter 3

On the geometric structures of

Laplacian eigenfunctions and

applications to inverse scattering

problems

Laplacian eigenvalue problem is arguably the simplest PDE eigenvalue problem,

which is stated as finding u 2 L2(⌦) and � 2 R+ such that

��u = �u, (3.1)

where ⌦ is an open set in R
n, n � 2, under a certain homogeneous boundary condition

on @⌦, such as the Dirichlet, Neumann or Robin condition. There is a long and

colourful history on the spectral theory of Laplacian eigenvalues and eigenfunctions;

see e.g. [6,43,49,65,66,84,87,105,133,139,140,142]. It still remains an inspiring source

for many technical, practical and computational developments [24, 25, 120, 128, 129,

142].

In this chapter, we are concerned with the geometric structures of Laplacian eigen-

functions as well as their applications to inverse scattering theory. There is a rich

theory on the geometric properties of Laplacian eigenfunctions in the literature; see

e.g. the review papers [58, 71, 87]. The celebrated Courant’s nodal domain theorem
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states that the first Dirichlet eigenfunction doest not change sign in ⌦ and the nth

eigenfunction (counting multiplicity) un has at most n nodal domains. In particu-

lar, a famous conjecture concerning the topology of the 2nd Dirichlet eigenfunction

states that in R
2, the nodal line of u2 divides ⌦ by intersecting its boundary at ex-

actly two points if ⌦ is convex (cf. [141]). A large amount of literatures have been

devoted to this conjecture and significant progress have been made in various situa-

tions [3,51–54,64,72,76,85,91,107,118,131]. The “hot spots” conjecture formulated

by J. Rauch in 1974 says that the maximum of the second Neumann eigenfunction

is attained at a boundary point. This conjecture was proved to be true for a class

of planar domains [7], but the statement may not be correct in general; see several

counterexamples [8,23,26,73]. The hot spots conjecture was proved recently for a new

class of domains (possibly non-convex and non-Euclidean) [86]. Another famous long-

standing problem in spectral theory is the Schi↵er conjecture which states that if a

Neumann eigenfunction takes constant value on the boundary, then the domain must

be a ball. The Schi↵er conjecture is closely related to the Pompeium property in inte-

gral geometry (cf. [141]) and has also an interesting connection to invisibility cloaking

(cf. [93]). In [59], the nodal set of the second Dirichlet Laplacian eigenfunction was

proved to be close to a straight line when the eccentricity of a bounded and convex

domain ⌦ ⇢ R
2 is large. On the other hand, one may also have some estimate about

the size of eigenfunctions, e.g., the size of the first eigenfunction can be estimated

uniformly for all convex domains; see [60]. Other geometrical characteristics may also

be analyzed, e.g., the volume of a set on which an eigenfunction is positive [111], and

lower and upper bounds for the length of the nodal line of an eigenfunction of the

Laplace operator in two-dimensional Riemannian manifolds [22, 110].

As we see from the above, the study of the geometric structures of Laplacian eigen-

functions is intriguing and challenging. In this chapter, we present novel findings on

the geometric structures of Laplacian eigenfunctions and their deep relationship to

the quantitative behaviours of the eigenfunctions in R
2 and R

3. One of the moti-

vations of our study comes from the inverse scattering theory, which is concerned

with the recovery of an obstacle from the measurement of the wave pattern due to an

impinging field. It is a longstanding problem in the inverse scattering theory whether
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one can establish the one-to-one correspondence between the geometric shape of an

obstacle and its scattering wave pattern due to a single impinging wave field. This is

also known as the Schi↵er problem in the inverse scattering theory.

The remaining part of this chapter is organised as follows. In Section 3.1, we

consider the geometric structures of Laplacian eigenfunctions and the correspond-

ing applications in R
2. An accurate quantitive characterization of the relationship

between the vanishing order of the eigenfunction at the intersecting point and the

intersecting angle is presented. In Section 3.2, as an extension of the study in the

two-dimensional case, we are concerned with the analytic behaviours of Laplacian

eigenfunctions in R
3, which is more interesting and complicated. To be precise, the

intersection at an edge corner composed of two planes and the intersection at a ver-

tex corner composed of n planes (n � 3) are studied respectively. As an important

application, the unique identifiability results in inverse scattering problem are also

discussed.

3.1 On nodal and generalized singular structures

of Laplacian eigenfunctions and their applica-

tions in R
2

In this section, we first present some novel findings on the geometric structures of

Laplacian eigenfunctions and their deep relationship to the quantitative behaviours

of the eigenfunctions in two dimensions. We introduce a new notion of generalized

singular lines of Laplacian eigenfunctions, and carefully study these singular lines and

the nodal lines. The studies reveal that the intersecting angle between two of those

lines is closely related to the vanishing order of the eigenfunction at the intersecting

point. We establish an accurate and comprehensive quantitative characterization of

the relationship. Roughly speaking, the vanishing order is generically infinite if the

intersecting angle is irrational, and the vanishing order is finite if the intersecting

angle is rational. In fact, in the latter case, the vanishing order is the degree of the

rationality. The theoretical findings are original and of significant interest in spec-
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tral theory. Moreover, they are applied directly to some physical problems of great

importance, including the inverse obstacle scattering problem and the inverse di↵rac-

tion grating problem. It is shown in a certain polygonal setup that one can recover

the support of the unknown scatterer as well as the surface impedance parameter by

finitely many far-field patterns. Indeed, at most two far-field patterns are su�cient

for some important applications. Unique identifiability by finitely many far-field pat-

terns remains to be a highly challenging fundamental mathematical problem in the

inverse scattering theory.

3.1.1 Introduction.

We first introduce three definitions for the descriptions of our main results in R
2.

Definition 3.1.1. For a Laplacian eigenfunction u in (3.1), a line segment �h ⇢ ⌦

is called a nodal line of u if u = 0 on �h, where h 2 R+ signifies the length of the

line segment. For a given complex-valued function ⌘ 2 L1(�h), if it holds that

@⌫u(x) + ⌘(x)u(x) = 0, x 2 �h, (3.2)

then �h is referred to as a generalized singular line of u. For the special case that

⌘ ⌘ 0 in (3.2), a generalized singular line is also called a singular line of u in ⌦. We

use N �
⌦ , S�⌦ and M�

⌦ to denote the sets of nodal, singular and generalized singular

lines, respectively, of an eigenfunction u in (3.1).

According to Definition 3.1.1, a singular line is obviously a generalized singular

line. However, for unambiguity and definiteness, �h in (3.2) is called a generalized

singular line only if ⌘ is not identically zero, otherwise it is referred to as a singular

line. We remark that as u is (real) analytic inside ⌦, a nodal line or a singular line can

be extended by the analytic continuation within ⌦. We are mainly concerned with

the local properties of the eigenfunction u around the intersecting point of two lines,

and hence the length h of �h does not play an essential role as long as it is positive.

We further emphasize that no any specific boundary condition is specified for u on

@⌦ in Definition 3.1.1, that is, all our subsequent results hold for a generic Lapla-

cian eigenfunction as long as it satisfies (3.1), therefore applicable to the particular
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Dirichlet, Neumann or Robin eigenfunction.

Definition 3.1.2. Let � and �0 be two line segments in ⌦ that intersect with each

other. Denote by ✓ = \(�,�0) 2 (0, 2⇡) the intersecting angle. Set

✓ = ↵ · 2⇡, ↵ 2 (0, 1). (3.3)

✓ is called an irrational angle if ↵ is an irrational number; and it is called a rational

angle of degree q if ↵ = p/q with p, q 2 N and irreducible.

Definition 3.1.3. Let u satisfy (3.1) and be a nontrivial eigenfunction. For a given

point x0 2 ⌦, if there exits a number N 2 N [ {0} such that

lim
r!+0

1

rm

Z

B(x0,r)

|u(x)| dx = 0 for m = 0, 1, . . . , N + 1, (3.4)

where B(x0, r) is a disk centered at x0 with radius r 2 R+, we say that u vanishes at

x0 up to the order N . The largest possible N such that (3.4) is fulfilled is called the

vanishing order of u at x0, and we write

Vani(u;x0) = N. (3.5)

If (3.4) holds for any N 2 N, then we say that the vanishing order is infinity.

Since u to (3.1) is analytic in ⌦, it is straightforward to verify that Vani(u;x0)

is actually the lowest order of the nontrivial homogeneous polynomial in the Taylor

series expansion of u at x0. Moreover, by the strong unique continuation principle,

we know that if the vanishing order of u is infinity at a given point x0 2 ⌦, then u is

identically zero in ⌦.

To motivate our study, we next consider a simple example which connects the

vanishing order of an eigenfunction with the intersecting angle of its nodal lines. Set

u(x) = Jn(
p
� r) sinn✓, x = (x1, x2) = r(cos ✓, sin ✓) 2 ⌦, (3.6)

where Jn is the first-kind Bessel function of order n 2 N (cf. Section 3.4 of [39]).
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u(x) is a single spherical wave mode and satisfies (3.1), and we can verify that

Vani(u;0) = n. (3.7)

In particular, it is noted that if one considers u in a central disk Br0 with
p
� r0 being

a root of Jn(t) or J 0

n(t), then u is actually a Dirichlet or Neumann eigenfunction in

⌦ = Br0 . However, we are more interested in the nodal lines of u, and it can be easily

seen that

�m
h := {x = r(cos ✓m, sin ✓m); 0 < r < h, ✓m =

m

n
⇡}, m = 0, 1, 2, . . . , 2n� 1. (3.8)

The nodal lines in (3.8) all intersect at the origin and the intersecting angle be-

tween any two of them is rational of degree n. Clearly, this simple example reveals

an intriguing connection between the intersecting angle of two nodal lines and the

vanishing order of the eigenfunction at the intersecting point. The aim of the present

study in this chapter is to establish an accurate and comprehensive characterization

of such a relationship in the most general scenario. Roughly speaking, we shall show

that the vanishing order is generically infinity if the intersecting angle is irrational,

and the vanishing order is finite if the intersecting angle is rational. In the latter

case, the vanishing order is actually the degree of rationality of the intersecting an-

gle. The result is not only established for the nodal lines, but also for the generalized

singular lines. Hence our study uncovers a deep relationship between the nodal and

generalized singular structures of the Laplacian eigenfunctions and the quantitative

behaviours of the eigenfunctions. To the best of our knowledge, it is the first time in

the literature to present a systematic study of such intriguing connections between

the vanishing orders of Laplacian eigenfunctions and the intersecting angles of their

nodal/generalized singular lines. Hence, these results should be truly original and

of significant interest in the spectral theory of Laplacian eigenfunctions, and possi-

bly very closely related to Helmholtz and Maxwell eigenfunctions as well. In order

to establish the aforementioned results, we make essential use of the spherical wave

expansion of the eigenfunction, which in combination with the homogeneous con-

ditions on the intersecting lines can yield certain recursive formulae of the Fourier
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coe�cients. For this part, we develop a “localized” argument, which only requires

the “local” information of the eigenfunction in a corner region formed by the inter-

secting lines. This is in sharp contrast to the Fourier expansion, which requires the

“global” information of the eigenfunction around the intersecting point. In principle,

the arguments that are developed in this work can be used to extend our study to the

case with general second order elliptic operators as well as to the case that the nodal

or singular lines are lying on the boundary @⌦ of the domain. However, we choose

in this work to stick to the fundamental case with the Laplacian eigenfunctions and

the nodal or generalized singular lines lying within the domain ⌦, and study the

aforementioned technical extensions in our future work.

In addition to their theoretical beauty and profundity, our new spectral findings

in this work can be directly applied to some physical problems of great practical im-

portance, including the inverse obstacle scattering problem and the inverse di↵raction

grating problem. By using the new critical connection between the intersecting angles

of the nodal/generalized singular lines and the vanishing order of the eigenfunctions,

we establish in a certain polygonal setup that one can recover the support of the un-

known scatterer as well as the surface impedance parameter by finitely many far-field

patterns. In fact, two far-field patterns are su�cient for some important applications.

It is well known that unique identifiability by finitely many far-field patterns remains

a highly challenging fundamental mathematical problem in the inverse scattering the-

ory. Using the new spectral findings, we are able not only to establish the unique

identifiability results for some open inverse scattering problems, especially for the

impedance case, but also to develop a completely new approach that can treat the

unique identifiability issue for several inverse scattering problems in a unified manner,

especially in terms of general material properties. Most existing analytical theories

for the unique identifiability of inverse scattering problems need to handle each spe-

cial material property very di↵erently. We shall give more background introduction

in Subection 3.1.5 about these practical problems so that we can first focus on the

theoretical study of the nodal and singular structures of the Laplacian eigenfunctions.
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3.1.2 Rational intersection and finite vanishing order.

In this subection, we consider the case that two line segments from Definition 3.1.1

intersect at a rational angle. Throughout the present subsection, we let �+
h and ��

h

signify the two line segments which could be either one of the three types: nodal line,

singular line or generalized singular line. It is also assumed that for a generalized

singular line of the form (3.2), the parameter ⌘ is a constant. Nevertheless, we would

like to point out that for the case that ⌘ is a function in the generalized singular line,

we can derive similar conclusions, but through more tedious and subtle calculations.

Let ⌘1 and ⌘2 signify the parameters associated with ��

h and �+
h , respectively, if they

are generalized singular lines. Set

\(�+
h ,�

�

h ) = ↵ · ⇡, ↵ 2 (0, 2), (3.9)

where ↵ is a rational number of the form ↵ = p/q with p, q 2 N and irreducible. Since

the Laplace operator �� is invariant under rigid motions, without loss of generality,

we assume throughout the rest of this work that

�+
h \ ��

h = 0 2 ⌦, (3.10)

and ��

h coincides with the x1
+-axis while �+

h has the angle ↵ · ⇡ away from ��

h in the

anti-clockwise direction; see Figure 3.1 for a schematic illustration.

O

Γ
−

h

x1

x2
Γ
+
h

θ0

Sh

Λh

Figure 3.1: Schematic of the geometry of two intersecting lines with an angle ✓0 = ↵⇡,
where ↵ 2 (0, 1) \Q.

Finally, we mainly deal with the case that the two intersecting line segments �+
h

and ��

h form an angle satisfying

\(�+
h ,�

�

h ) = ↵ · ⇡, ↵ 2 (0, 1), (3.11)
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and the other case with 1 < ↵ < 2 can be reduced to the previous case by a straight-

forward argument. Indeed, for 1 < ↵ < 2, we know that �+
h belongs to the half-plane

of x2 < 0 (see Fig. 3.1). Let e�+
h be the extended line segment of length h in the half-

plane of x2 > 0. By the analytic continuation, we know that e�+
h is of the same type of

�+
h . Hence, instead of studying the intersection of �+

h and ��

h , one can study the in-

tersection of e�+
h and ��

h , and its relations to the vanishing order of the eigenfunction.

Clearly, the angle between e�+
h and ��

h satisfies (3.11).

For a clear exposition, the following theorems are devoted to the presentation and

discussion of our main results in R
2, and their proofs shall be postponed to the end

of this subsection.

Theorem 3.1.1. Let u be a Laplacian eigenfunction to (3.1). Suppose that there

are two generalized singular lines �+
h and ��

h from M�
⌦ such that (3.10) and (3.11)

hold. Assume that ⌘1 ⌘ C1 and ⌘2 ⌘ C2, where C1 and C2 are two constants.

Then the Laplacian eigenfunction u vanishes up to the order N at 0 with respect to

\(�+
h ,�

�

h ) = ↵ · ⇡:

N � n, if u(0) = 0 and ↵ 6= q

p
, p = 1, . . . , n� 1, (3.12)

where n 2 N, n � 3 and for a fixed p, q = 1, 2, . . . , p� 1.

In Theorem 3.1.1, we require that n � 3. That means, we exclude the special

case that the intersecting angle is ⇡/2. Nevertheless, we shall discuss this special

case in Remark 3.1.1 with more details in what follows. In the next two theorems,

we consider the case of two intersecting nodal and singular lines, respectively.

Theorem 3.1.2. Let u be a Laplacian eigenfunction to (3.1). Suppose that there

are two nodal lines �+
h and ��

h from N �
⌦ such that (3.10) and (3.11) hold. Then the

Laplacian eigenfunction u vanishes up to the order N at 0 with respect to \(�+
h ,�

�

h ) =

↵ · ⇡:

N � n, if ↵ 6= q

p
, p = 1, . . . , n� 1,

where n 2 N, n � 3 and for a fixed p, q = 1, 2, . . . , p� 1.
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Theorem 3.1.3. Let u be a Laplacian eigenfunction to (3.1). Suppose that there are

two singular lines �+
h and ��

h from S�⌦ such that (3.10) and (3.11) hold. Then the

Laplacian eigenfunction u vanishes up to the order N at 0 with respect to \(�+
h ,�

�

h ) =

↵ · ⇡:

N � n, if u(0) = 0 and ↵ 6= q

p
, p = 1, . . . , n� 1,

where n 2 N, n � 3 and for a fixed p, q = 1, 2, . . . , p� 1.

Example 3.1.1. Let ⌦ := {(x1, x2) 2 R
2 | � 2⇡  x1  2⇡, �4⇡  x2  4⇡} be a

rectangle. It is easy to see that

u(x1, x2) = sin x1 sin 2x2

is an eigenfunction to (3.1) with a homogeneous Dirichlet boundary condition on

@⌦. The corresponding eigenvalue is � = 5. One pair of nodal lines of u in ⌦ are

{(x1, x2) | x2 = 0,�2⇡ + h  x1  2⇡ � h} and {(x1, x2) | x1 = 0,�4⇡ + h  x2 

4⇡ � h} for a fixed 0 < h < 2⇡, which are perpendicular to each other at the origin.

Therefore from Theorem 3.1.2, since \(�+
h ,�

�

h ) = ⇡/2 which implies that ↵ 6= 1, the

vanishing order N at the origin satisfies N = 2. In fact, by the explicit expression

of u, we know that the order of the lowest nontrivial homogeneous polynomial of the

Taylor expansion of u at the origin is 2, which coincides with the conclusion given by

Theorem 3.1.3.

We now proceed to consider that a nodal line intersects with a generalized singular

line. Without loss of generality, we can assume that ��

h is the nodal line, while �+
h is

the generalized singular line.

Theorem 3.1.4. Let u be a Laplacian eigenfunction to (3.1). Suppose that a gen-

eralized singular line �+
h 2 M�

⌦ intersects with a nodal line ��

h 2 N �
⌦ at 0 with the

angle \(�+
h ,�

�

h ) = ↵ · ⇡. Assume that the boundary parameter ⌘2 ⌘ C2 on �+
h is a

constant. Then the Laplacian eigenfunction u vanishes up to the order N at 0 with
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respect to \(�+
h ,�

�

h ) = ↵ · ⇡:

N � n, if ↵ 6= 2q + 1

2p
, p = 1, . . . , n� 1,

where n 2 N, n � 2 and for a fixed p, q = 0, 1, . . . , p� 1.

Next, we consider the intersection of a singular line and a generalized singular

line. Similar to Theorem 3.1.4, without loss of generality, we can assume that ��

h is

the generlized singular line. Indeed, the vanishing order of the eigenfunction in such

a case can be obtained from formally taking ⌘2 on �+
h to be zero in Theorem 3.1.1.

Theorem 3.1.5. Let u be a Laplacian eigenfunction to (3.1). Suppose that a singular

line �+
h 2 S�⌦ intersects with a generalized singular line ��

h 2 M�
⌦ at the origin with

the angle \(�+
h ,�

�

h ) = ↵ · ⇡. Assume that the boundary parameter ⌘1 on ��

h is a

non-zero constant, i.e., ⌘1 ⌘ C1 6= 0. Then the Laplacian eigenfunction u vanishes

up to the order N at 0 with respect to \(�+
h ,�

�

h ) = ↵ · ⇡:

N � n, if u(0) = 0 and ↵ 6= q

p
, p = 1, . . . , n� 1,

where n 2 N, n � 3 and q = 1, 2, . . . , p� 1 for a fixed p.

Using a similar proof to Theorem 3.1.4, we can find the relationship between the

vanishing order of the Laplacian eigenfunction and the intersecting angle between a

singular line and a nodal line.

Theorem 3.1.6. Let u be a Laplacian eigenfunction to (3.1). Suppose that a singular

line �+
h 2 S�⌦ intersects with a nodal line ��

h 2 N �
⌦ at the origin with the angle

\(�+
h ,�

�

h ) = ↵ · ⇡. Then the Laplacian eigenfunction u vanishes up to the order N

at 0 with respect to \(�+
h ,�

�

h ) = ↵ · ⇡:

N � n, if ↵ 6= 2q + 1

2p
, p = 1, . . . , n� 1,

where n 2 N, n � 2 and for a fixed p, q = 0, 1, . . . , p� 1.

Remark 3.1.1. As mentioned after Theorem 3.1.1, we exclude the special case that

the intersecting angle between two lines is ⇡/2. In fact, for Theorems 3.1.1-3.1.3

71



and Theorem 3.1.5, one may see from their proofs in the later discussions that if

\(�+
h ,�

�

h ) = ⇡/2, then there holds that ru(0) = 0 if u(0) = 0. That means, the

eigenfunction is vanishing at least to the second order in such a case. For the other

two cases in Theorems 3.1.4 and 3.1.6, we can only have that if ↵ = 1/2 and u(0) = 0,

the eigenfunction is vanishing at least to the first order.

Remark 3.1.2. It is noted that in Theorems 3.1.4 and 3.1.6, we require that n � 2,

whereas in other theorems, we require that n � 3. In particular, when n = 2, ↵ 6= 1/2,

one can conclude in Theorems 3.1.4 and 3.1.6 that the eigenfunction is vanishing at

least to the second order. This conclusion is di↵erent from Theorems 3.1.1-3.1.3 and

3.1.5, where one has that if ↵ 6= 1/2, then the eigenfunction is vanishing at least to

the third order.

In the following discussions, detailed proofs of the above main theorems are pre-

sented, by using the spherical wave expansion of the Laplacian eigenfunction u near

the intersecting point between two line segments. To begin with, we need some spe-

cific results about the spherical wave expansion, for which we refer to [39] for more

details. In what follows, i :=
p
�1 is used for the imaginary unit.

Lemma 3.1.1. [39, Section 3.4] Suppose that u is an eigenfunction to (3.1), then

u has the following spherical wave expansion in polar coordinates around the origin:

u(x) =
1X

n=0

�
ane

in✓ + bne
�in✓

�
Jn

⇣p
�r
⌘
, (3.17)

where x = (x1, x2) = r(cos ✓, sin ✓) 2 R
2, � is the corresponding eigenvalue of (3.1),

an and bn are constants, and Jn(t) is the n-th Bessel function of the first kind.

Lemma 3.1.2. Let � be a line segment that can be parameterized in polar coordinates

as x 2 �, where x = r(cos ✓, sin ✓) with 0  r < 1 and ✓ fixed. Let ⌫ be the unit

normal vector to �, then it holds that

@u

@⌫
= ±1

r

@u

@✓
.
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Proof. Using the polar coordinates and the chain rule, we have

@u

@x1
=
@u

@r
cos ✓ � sin ✓

r

@u

@✓
,

@u

@x2
=
@u

@r
sin ✓ +

cos ✓

r

@u

@✓
.

Thus

@u

@⌫
=

✓
@u

@r

���
�
cos ✓ � sin ✓

r

@u

@✓

���
�

◆
cos'+

✓
@u

@r

���
�
sin ✓ +

cos ✓

r

@u

@✓

���
�

◆
sin', (3.18)

where ⌫ = (cos', sin') denotes the unit normal vector to � . Using the fact |'�✓| =

⇡/2, we complete the proof.

Lemma 3.1.3. Suppose that for 0 < h ⌧ 1 and t 2 (0, h),

1X

n=0

↵nJn(t) = 0, (3.19)

where Jn(t) is the n-th Bessel function of the first kind. Then

↵n = 0, n = 0, 1, 2, . . . .

Proof. From [39], we know that

Jn(t) =
tn

2nn!

 
1 +

1X

p=1

(�1)pn!

p!(n+ p)!

✓
t

2

◆2p
!
. (3.20)

Substituting (3.20) into (3.19) and comparing the coe�cient of tn (n = 0, 1, 2, . . .),

we can prove this lemma.

From (3.17) and (3.18), then we have the following lemma regarding the exterior

normal derivative of u on �±

h by using the spherical wave expansion (3.17) of u.

Lemma 3.1.4. Under the polar coordinate, we have the following expansion of the

normal derivative of u given by (3.17) on �±

h around the origin

@u

@⌫

���
�+
h

=
1

r

@u

@✓

���
✓=✓0

=
1

r

1X

n=0

in
�
ane

in✓0 � bne
�in✓0

�
Jn

⇣p
�r
⌘
,

@u

@⌫

���
��
h

= �1

r

@u

@✓

���
✓=0

= �1

r

1X

n=0

in (an � bn) Jn
⇣p

�r
⌘
.

(3.21)
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Recalling the definition of the generalized singular line of the Laplacian eigenfunc-

tion u, and using the spherical wave expansion (3.17) of u and Lemma 3.1.4, we can

deduce some recursive equations for the undetermined coe�cients {an, bn} in (3.17).

These recursive equations will be used in the proof of Theorem 3.1.1.

Lemma 3.1.5. Suppose that �±

h are two generalized singular lines of u with the

boundary parameters ⌘1 ⌘ C1 and ⌘2 ⌘ C2 defined on ��

h and �+
h , respectively, where

C1 and C2 are two constants. If �±

h intersect with each other at the origin, then the

following recursive equations hold for the coe�cients {an, bn} in (3.17), n = 1, 2, . . .:

2C2

�
an�1e

2i(n�1)✓0 + bn�1

�
+ i

p
�e�i✓0

�
ane

2in✓0 � bn
�
= 0, (3.22)

2C1 (an�1 + bn�1)� i
p
� (an � bn) = 0. (3.23)

Proof. Substituting (3.17) and (3.21) into

@u

@⌫
+ ⌘2u = 0 on �+

h ,

we obtain that

rC2

1X

n=0

�
ane

in✓0 + bne
�in✓0

�
Jn

⇣p
�r
⌘
+

1X

n=0

in
�
ane

in✓0 � bne
�in✓0

�
Jn

⇣p
�r
⌘
= 0.

(3.24)

Substituting (3.20) into the equation above yields

0 = rC2

1X

n=0

�
ane

in✓0 + bne
�in✓0

� (
p
�r)n

2nn!

0

@1 +
1X

p=1

(�1)pn!

p!(n+ p)!

 p
�r

2

!2p
1

A

+
1X

n=0

in
�
ane

in✓0 � bne
�in✓0

� (
p
�r)n

2nn!

0

@1 +
1X

p=1

(�1)pn!

p!(n+ p)!

 p
�r

2

!2p
1

A .

Comparing the coe�cient of rn on the both sides, we can deduce for n = 1, 2, . . . ,

that

0 = C2

�
an�1e

i(n�1)✓0 + bn�1e
�i(n�1)✓0

�
· �(n�1)/2

2n�1(n� 1)!
+ in

�
ane

in✓0 � bne
�in✓0

�
· �

n/2

2nn!
,

which can be further simplified to get (3.22). Similarly, we can derive (3.23) on ��

h
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by using (3.17) and (3.21).

Similar to Lemma 3.1.5, we can obtain the recursive equations for {an, bn} by

using (3.17) and the boundary conditions on �±

h for the nodal lines and the singular

lines in Lemmas 3.1.6 and 3.1.7, respectively.

Lemma 3.1.6. Suppose that �±

h are two nodal lines of u which intersect with each

other at the origin, then the following equations hold for the coe�cients {an, bn} in

(3.17), n = 0, 1, . . .:

ane
in✓0 + bne

�in✓0 = 0, (3.25)

an + bn = 0. (3.26)

Proof. Substituting (3.17) into u = 0 on �±

h , we can obtain that

0 =
1X

n=0

�
ane

in✓0 + bne
�in✓0

�
Jn(

p
�r),

0 =
1X

n=0

(an + bn) Jn(
p
�r).

Then the desired results follow directly from Lemma 3.1.3.

Lemma 3.1.7. Suppose that �±

h are two singular lines of u which intersect with each

other at the origin, then the following equations hold for the coe�cients {an, bn} in

(3.17), n = 0, 1, . . .:

ane
in✓0 � bne

�in✓0 = 0, (3.27)

an � bn = 0. (3.28)

Proof. Using (3.21) and Lemma 3.1.3, we can derive (3.27) and (3.28).

In the next lemma, we clarify the relationship between the coe�cients an, bn in

(3.17) and the vanishing order of u at the origin.

Lemma 3.1.8. Suppose that u has the spherical wave expansion (3.17) around the

origin, and the coe�cients an, bn in (3.17) satisfy
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a0 + b0 = 0, an = bn = 0, n = 1, 2, . . . , q, q 2 N+, (3.29)

then the vanishing order N of u at the origin is given by N = q + 1.

Proof. Substituting (3.29) into (3.17) yields

u(x) =
1X

n=q+1

�
ane

in✓ + bne
�in✓

�
Jn

⇣p
�r
⌘
, (3.30)

then we know from (3.20) that the power of the lowest order in (3.30) with respect

to r is q + 1.

In the rest of this subsection, we provide detailed proofs of the main theorems

from Theorem 3.1.1 to Theorem 3.1.6. For notational convenience, in the following

analyses, we set (see Fig. 3.1 for the illustration):

✓0 = ↵ · ⇡ = \(�+
h ,�

�

h ) for ↵ 2 (0, 1), (3.31)

and

W =
n
x 2 R

2;x 6= 0, 0 < arg(x1 + ix2) < ✓0
o

(3.32)

signifying an open sector formed by two half-lines �� and �+, where �± are the

infinite extension of �±

h in the half-space x2 � 0. Denote

�+
h = {x 2 R

2; 0 
q
x2
1 + x2

2  h, arg(x1 + ix2) = ✓0},

��

h = {x 2 R
2; 0 

q
x2
1 + x2

2  h, arg(x1 + ix2) = 0}.
(3.33)

In the definition of the generalized singular line, we recall that the polar angles of the

exterior normal vectors of �+
h (with respect to the domain W ) and ��

h are respectively

'M = ✓0 +
⇡

2
, 'm = �⇡

2
. (3.34)

Now, we are in a position to prove Theorem 3.1.1.

(i) Proof of Theorem 3.1.1
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Since ��

h and �+
h are two generalized singular lines associated with the constant

parameters ⌘1 and ⌘2 respectively, we have the following equations

@u

@⌫
+ ⌘1u = 0 on ��

h , (3.35a)

@u

@⌫
+ ⌘2u = 0 on �+

h . (3.35b)

Recall Figure 3.1. Evaluating (3.35a) and (3.35b) at 0, using u(0) = 0 we derive

ru
���
x=0

· (cos'm, sin'm) = �⌘1u(0) = 0, ru
���
x=0

· (cos'M , sin'M) = �⌘2u(0) = 0.

Since ✓0 2 (0, ⇡), we know that ��

h and �+
h are non-collinear. Therefore it is easy to

see

ru(0) = 0, (3.36)

which also indicates that

u(0) =
@u

@x1

���
x=0

=
@u

@x2

���
x=0

= 0.

Then it follows from (3.17) that

a0 + b0 = u(0) = 0. (3.37)

Substituting (3.37) into (3.22) and (3.23), we can deduce that

2

4e
2i✓0 �1

1 �1

3

5

2

4a1
b1

3

5 = 0 ,

from which we can easily see a1 = b1 = 0 if ✓0 6= ⇡. Then using (3.22) and (3.23)

again, we know that a2 and b2 satisfy

2

4e
4i✓0 �1

1 �1

3

5

2

4a2
b2

3

5 = 0 ,

from which we see a2 = b2 = 0 if ✓0 6= k⇡/2 for k = 0, 1. Now we apply the
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mathematical induction, and assume that an�1 = bn�1 = 0. Then we can directly

derive by virtue of (3.12) that

������

e2in✓0 �1

1 �1

������
= 1� e2in✓0 6= 0 (3.38)

for ✓0 6= m⇡
n (m = 0, 1, . . . , n � 1). This implies that an = bn = 0, which completes

the proof of Theorem 3.1.1.

(ii) Proof of Theorem 3.1.2

Since u = 0 on �±

h , by Lemma 3.1.6 we know that

������

ein✓0 e�in✓0

1 1

������
= e�in✓0(e2in✓0 � 1) 6= 0

if ✓0 6= m⇡
n (m = 0, 1, . . . , n � 1). This readily implies that an = bn = 0, n =

1, 2, . . ..

(iii) Proof of Theorem 3.1.3

In combination with Lemma 3.1.7, Theorem 3.1.3 can be proved by following a

completely similar argument to the one for Theorem 3.1.1 by formally taking ⌘1 ⌘ 0

and ⌘2 ⌘ 0.

(iv) Proof of Theorem 3.1.4

Since u = 0 on ��

h and @u
@⌫ + ⌘2u = 0 on �+

h , we have the following recursive

equations for the coe�cients {an, bn}:

a0 + b0 = 0; an + bn = 0; 2C2(an�1e
2i(n�1)✓0 + bn�1) + i

p
�ei✓0(ane

2in✓0 � bn) = 0.

(3.39)

For n = 1, we easily see from (3.39) that

a1 + b1 = 0, a1e
2i✓0 � b1 = 0,

from which we readily derive a1 = b1 = 0.
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By mathematical induction, we assume an�1 = bn�1 = 0. Then there holds

an + bn = 0, ane
2in✓0 � bn = 0.

If ✓0 6= (2m+1)⇡
2n (m = 0, 1, . . . , n� 1), the coe�cient matrix satisfies

������

e2in✓0 �1

1 1

������
= e2in✓0 + 1 6= 0,

which readily shows that an = bn = 0, n = 1, 2, . . ..

3.1.3 Irrational intersection and infinite vanishing order.

In this subsection, we consider the irrational intersection, namely ↵ in (3.9) is an

irrational number. We show that the eigenfunction is generically vanishing to infinity,

namely u is identically zero in ⌦. Here, the generic condition is provided by u

vanishing or not at the intersecting point. We shall present more discussions on this

generic condition in Section 3.1.4. From Theorems 3.1.1, 3.1.4, 3.1.5 and 3.1.6, we

have the following four theorems directly without proofs.

Theorem 3.1.7. Let u be a Laplacian eigenfunction to (3.1). Suppose that there

are two generalized singular lines �+
h and ��

h from M�
⌦ such that (3.10) and (3.11)

hold. Assume that ⌘1 ⌘ C1 and ⌘2 ⌘ C2, where C1 and C2 are two constants. If

\(�+
h ,�

�

h ) = ↵ · ⇡ with ↵ 2 (0, 2) being irrational, then there hold that

Vani(u;0) = 0, if u(0) 6= 0;

Vani(u;0) = +1, if u(0) = 0.

Theorem 3.1.8. Let u be a Laplacian eigenfunction to (3.1). Suppose that a gen-

eralized singular line ��

h 2 M�
⌦ intersects with a nodal line �+

h 2 N �
⌦ at 0 with the

angle \(�+
h ,�

�

h ) = ↵ · ⇡. Assume that the boundary parameter ⌘1 ⌘ C1 on ��

h is a

constant. If ↵ 2 (0, 2) is irrational, then there holds

Vani(u;0) = +1.
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Theorem 3.1.9. Let u be a Laplacian eigenfunction to (3.1). Suppose that a singular

line �+
h 2 S�⌦ intersects with a generalized singular line ��

h 2 M�
⌦ at 0 with the angle

\(�+
h ,�

�

h ) = ↵ ·⇡. Assume that the boundary parameter ⌘1 ⌘ C1 on ��

h is a constant.

If ↵ 2 (0, 2) is irrational, then there hold that

Vani(u;0) = 0, if u(0) 6= 0;

Vani(u;0) = +1, if u(0) = 0.

Theorem 3.1.10. Let u be a Laplacian eigenfunction to (3.1). Suppose that a

singular line ��

h 2 S�⌦ intersects with a nodal line �+
h 2 N �

⌦ at 0 with the angle

\(�+
h ,�

�

h ) = ↵ · ⇡. If ↵ 2 (0, 2) is irrational, then there holds

Vani(u;0) = +1.

In the following discussions, we consider a relatively particular case that two nodal

lines or two singular lines intersect at an irrational angle by utilizing the reflection

principles. We show that in such a case, the vanishing order of the eigenfunction at

the intersecting point is generically infinite, and hence it is identically vanishing in

⌦.

Theorem 3.1.11. Let u be a Laplacian eigenfunction to (3.1). Suppose that there

are two nodal lines �+
h and ��

h from N �
⌦ such that (3.10) holds. If \(�+

h ,�
�

h ) = ↵ ·2⇡

with ↵ 2 (0, 1) being irrational, then the vanishing order of u at 0 is infinite, namely

Vani(u;0) = +1. (3.40)

In order to prove Theorem 3.1.11, we first present some auxiliary results about

reflection principles of nodal and singular lines from the following two lemmas. In

what follows, for a line segment � ⇢ R
2, we define R� to be the (mirror) reflection

in R
2 with respect to the line containing �.

Lemma 3.1.9. Let u be a Laplacian eigenfunction to (3.1). There hold the following

reflection principles:
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1. Let � 2 N �
⌦ (resp. � 2 S�⌦) and �0 2 N �

⌦ [ S�⌦. If e� = R�0(�) ⇢ ⌦, then

e� 2 N �
⌦ (resp. e� 2 S�⌦);

2. Let � 2 M�
⌦ with @⌫u + ⌘u = 0 on � and �0 2 N �

⌦ . If e� = R�0(�) ⇢ ⌦, then

e� 2 M�
⌦ satisfies @e⌫u+ e⌘u = 0 on e�, where e⌫ = R�0(⌫) and e⌘ = R�0(⌘).

The reflection principles are rather standard for the Laplacian [101, 102]. The

first reflection principle in Lemma 3.1.9 shall be used in the proof of Theorem 3.1.11,

whereas the second one is needed in our subsequent study.

Lemma 3.1.10. Let 0 < ↵1 < 1 be an irrational number. Define

↵n+1 = 1�
�
1

↵n

⌫
↵n, n = 1, 2, . . . , (3.41)

where b·c is the floor function. Then it holds that

lim
n!1

↵n = 0.

Proof. We prove this lemma by contradiction. Since

0 <
1

↵n
�
�
1

↵n

⌫
< 1,

we know that the sequence {↵n} is bounded below and decreasing. Suppose that

lim
n!1

↵n = �0 > 0. (3.42)

It is easy to see that {↵n} ⇢ R\Q, where Q is the set of rational numbers. Since

1/↵n is not an integer, we know from [136, p. 15, Eq.(2.1.7)] that the Fourier series

expansion of b1/↵nc as follows

�
1

↵n

⌫
=

1

↵n
� 1

2
+

1

⇡

1X

k=1

sin(2k⇡/↵n)

k
. (3.43)

Taking limits as n ! 1 on the both sides of (3.43), we can prove that

lim
n!1

�
1

↵n

⌫
= lim

n!1

 
1

↵n
� 1

2
+

1

⇡

1X

k=1

sin(2k⇡/↵n)

k

!
=

�
1

�0

⌫
. (3.44)
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Moreover, by taking limits on the both sides of (3.41), we also have that

�0 = 1�
�
1

�0

⌫
�0. (3.45)

Dividing �0 on the both sides of (3.45), we finally arrive at a contradiction

1 =
1

�0
�
�
1

�0

⌫
,

which completes the proof.

We are now ready to present the proof of Theorem 3.1.11.

Proof of Theorem 3.1.11. By a rigid motion if necessary, we can assume without loss

of generality that ��

h lies in the x+
1 -axis while �+

h has the angle 2↵⇡ away from

��

h in the anti-clockwise direction. Since we are mainly concerned with the local

properties, it is assumed that h 2 R+ is su�ciently small such that R�+
h
(��

h ) b ⌦.

By Lemma 3.1.9, we see that

�1,h := R�+
h
(��

h ) 2 N �
⌦ .

By repeating the above reflection, one can find a nodal line �`1,h which is the nearest

one to x+
1 -axis in the sense that

�`1,h 2 N �
⌦ , `1 =

�
1

↵

⌫
and ↵1 = 1�

�
1

↵

⌫
↵ < ↵, \(�`1,h,��

h ) = ↵1 · 2⇡.

Next, by replacing �+
h with �`1,h and repeating the above reflection argument, one

can find a nodal line �`2,h which is the nearest one to x+
1 -axis such that

�`2,h 2 N �
⌦ , `2 =

�
1

↵1

⌫
and ↵2 = 1�

�
1

↵1

⌫
↵1 < ↵1, \(�`2,h,��

h ) = ↵2 · 2⇡.

Clearly, by repeating this reflection argument, one can find a series of nodal lines

�`n,h such that

`n =

�
1

↵n�1

⌫
and ↵n = 1�

�
1

↵n�1

⌫
↵n�1, \(�`n,h,��

h ) = ↵n · 2⇡. (3.46)
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Then by Lemma 3.1.10 we have

lim
n!1

↵n = 0. (3.47)

By combining (3.46), (3.47) and the reflection principle in Lemma 3.1.9, one can

actually show that there exists a dense set of nodal lines around the origin. Hence,

by the continuity of u one readily has that u is identically zero. This completes the

proof of Theorem 3.1.11.

The next theorem is concerned with the intersection of two singular lines.

Theorem 3.1.12. Let u be a Laplacian eigenfunction to (3.1). Suppose that there are

two singular lines �+
h and ��

h from S�⌦ such that (3.10) holds. If \(�+
h ,�

�

h ) = ↵ · 2⇡

with ↵ 2 (0, 1) being irrational, then there hold that

Vani(u;0) = 0, if u(0) 6= 0;

Vani(u;0) = +1, if u(0) = 0

Moreover, if u(0) 6= 0, we have the following expansion of u in a neighborhood of 0:

u(x) = u(0)J0(
p
�r), x = r(cos ✓, sin ✓).

where J0(t) is the zeroth Bessel function of the first kind.

Proof. Using the reflection principle and a similar argument to the proof of Theorem

3.1.11, for any line segment � b ⌦ = {x;x = r(cos �, sin �), 0  r  h} pointed out

from the origin we can show that

@u

@⌫�
⌘ 0 in ⌦,

where ⌫� is a unit normal vector to �. Recalling the expansion (3.17), it is easy to

see from Lemma 3.1.2 that

@u

@✓

���
�
=

1X

n=0

in
�
ane

in� � bne
�in�

�
Jn

⇣p
�r
⌘
= 0. (3.48)
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Taking � = 0 in (3.48), we derive from Lemma 3.1.3 that

1X

n=0

in (an � bn) Jn
⇣p

�r
⌘
= 0,

thus

in (an � bn) = 0, n = 1, 2, . . . .

Moreover, evaluating (3.48) at � = ↵⇡ where ↵ 2 R\Q, we can deduce that

in
�
ane

in↵⇡ � bne
�in↵⇡

�
= 0, n = 1, 2, . . . .

Hence an and bn satisfy

2

4 1 �1

ein↵⇡ �e�in↵⇡

3

5

2

4an
bn

3

5 = 0, n = 1, 2, . . . ,

which readily implies that an = bn = 0 for n = 1, 2, · · · , in view of Lemma 3.1.3.

Therefore, u(x) has the simplified form:

u(x) = (a0 + b0)J0(
p
�r).

Finally, from the assumptions in the theorem we can easily see

a0 + b0 = u(0) 6= 0, if u(0) 6= 0;

a0 + b0 = u(0) = 0, if u(0) = 0,

which complete the proof.

3.1.4 Discussions about the condition u(0) = 0.

We recall an essential condition u(0) = 0 that was used in Theorems 3.1.1, 3.1.3 and

3.1.5 in Subsection 3.1.2. However, we may note that in other three theorems of the

same part, the condition that u(0) = 0 is always fulfilled because one of the two

line segments is a nodal line there. In this subsection, by illustrating with several
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examples, we show that u(0) = 0 can also be fulfilled in Theorems 3.1.1, 3.1.3 and

3.1.5 if one imposes certain generic conditions on the boundary parameters Ci, the

intersecting angle ↵ · ⇡ and the eigenvalue �.

It is stated in the introduction that one of the main motivations of our study in

this work is the unique identifiability in inverse scattering problems. As we will see

in the next subsection, we are able to develop a powerful mathematical strategy so

that this condition is always fulfilled by making use of a linear combination of two

eigenfunctions.

Proposition 3.1.1. Let u be a Laplacian eigenfunction to (3.1), with its Fourier

series given by (3.17). Suppose that there are two generalized singular lines �+
h and

��

h from M�
⌦ such that (3.10) and (3.11) hold. Assume that ⌘1 ⌘ C1 and ⌘2 ⌘ C2 for

two constants C1 and C2. Then if ↵ = 1 and C1 6= C2, the Laplacian eigenfunction

u fulfills u(0) = 0. If ↵ 6= 1, two coe�cients a1 and b1 in (3.17) can be expressed

explicitly by

a1 =
1p

� sin ✓0
(C1e

�i✓0 + C2)u(0), b1 =
1p

� sin ✓0
(C1e

i✓0 + C2)u(0). (3.49)

Proof. Recall the Laplacian eigenfunction u has the spherical wave expansion (3.17)

in polar coordinates around the origin. Noting that ↵ = 1 implies ✓0 = ⇡, then we

can obtain from Lemma 3.1.5 the following equations

8
><

>:

2C2(a0 + b0)� i
p
�(a1 � b1) = 0,

2C1(a0 + b0)� i
p
�(a1 � b1) = 0.

(3.50)

Since a0 + b0 = u(0) and using the assumption C1 6= C2, we can derive from the

above equations that u(0) = 0. And (3.49) follows readily from (3.22) and (3.23) if

↵ 6= 1.

Proposition 3.1.2. Let u be a Laplacian eigenfunction to (3.1). Suppose that there

are two generalized singular lines �+
h and ��

h from M�
⌦ such that (3.10) and (3.11)

hold. Assume that ⌘1 ⌘ C1 and ⌘2 ⌘ C2 for two constants C1 and C2. Then if ↵ 6= 1
2 ,
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then a2 and b2 in (3.17) can be expressed explicitly by

a2 =
2u(0)

� sin 2✓0 sin ✓0
(C1C2 + C1C2e

�i2✓0 + C2
2 cos ✓0 + C2

1 cos ✓0e
�i2✓0),

b2 =
2u(0)

� sin 2✓0 sin ✓0
(C1C2 + C1C2e

i2✓0 + C2
2 cos ✓0 + C2

1 cos ✓0e
i2✓0). (3.51)

Proof. Substituting (3.49) into (3.22) and (3.23) and taking n = 2, we can obtain

that 8
><

>:

2C2(a1ei✓0 + b1e�i✓0) + i
p
�(a2ei2✓0 � b2e�i2✓0) = 0,

2C1(a1 + b1)� i
p
�(a2 � b2) = 0.

(3.52)

After transposition of terms, (3.52) can be further simplified as

8
><

>:

a2ei2✓0 � b2e�i2✓0 = 2C2ip
�
(a1ei✓0 + b1e�i✓0),

a2 � b2 = �2C1ip
�
(a1 + b1).

(3.53)

Substituting (3.49) into (3.53), by direct calculations, we can derive (3.51) easily for

the explicit expressions of a2 and b2.

Indeed, in Proposition 3.1.2, if ↵ = 1
2 , we can not derive u(0) = 0 even when

some mild assumptions are imposed. However, the explicit expressions of a2 and b2

deduced from Proposition 3.1.2 play an important role in Proposition 3.1.3 to obtain

u(0) = 0 and the representations of a3 and b3.

Proposition 3.1.3. Let u be a Laplacian eigenfunction to (3.1). Suppose that there

are two generalized singular lines �+
h and ��

h from M�
⌦ such that (3.10) and (3.11)

hold. Assume that ⌘1 ⌘ C1 and ⌘2 ⌘ C2 for two constants C1 and C2. Then if ↵ = 1
3 ,

C1 6= C2 and

1 +
4

3�

�
C2

1 + C1C2 + C2
2

�
6= 0, (3.54)

the Laplacian eigenfunction u fulfills u(0) = 0. Furthermore, if ↵ 6= 1
3 , then a3 and

b3 in (3.17) can be expressed explicitly by

a3 =
2p

� sin 3✓0
(B1 +B2e

�i3✓0), b3 =
2p

� sin 3✓0
(B1 +B2e

i3✓0). (3.55)
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where B1 and B2 are defined by

B1 = 2C2(a2e
i2✓0 + b2e

�i2✓0)� 4C2u(0)� i(a1e
i✓0 � b1e

�i✓0)
p
�, (3.56)

B2 = 2C1(a2 + b2)� 4C1u(0) + i(a1 � b1)
p
�, (3.57)

where (a1, b1) and (a2, b2) are given by (3.49) and (3.51), respectively.

Proof. Substituting (3.51) into (3.22) and (3.23) and taking n = 3, we can obtain

that

i(a3e
i3✓0 � b3e

�i3✓0)
p
� = �B1, �i(a3 � b3)

p
� = �B2 (3.58)

where B1 and B2 are defined by (3.56) and (3.57), respectively. Since ↵ = 1
3 , taking

✓0 =
⇡
3 in (3.58), we have

� a3 + b3 = iB1
1p
�
, �(a3 � b3) = iB2

1p
�

(3.59)

where

B1 = 2C2(a2e
i 2⇡3 + b2e

�i 2⇡3 )� 4C2u(0)� i(a1e
i⇡3 � b1e

�i⇡3 )
p
�, (3.60)

and B2 is the same as (3.57). Since the system (3.59) is consistent, the right hand

side of the equations belongs to the range of the coe�cient matrix, which indicates

that B1 = B2, leading to the relation

4u(0)C2

3�

✓
C1C2 + C2

1 �
1

2
C2

2

◆
� C2

2
u(0) =

4u(0)C1

3�

✓
C1C2 + C2

2 �
1

2
C2

1

◆
� C1

2
u(0).

(3.61)

After straightforward calculations, (3.61) can be further reduced to

(C1 � C2)


1 +

4

3�

�
C2

1 + C1C2 + C2
2

��
u(0) = 0.

This implies u(0) = 0 by noting that C1 6= C2 and using (3.54). Similarly we can

deduce (3.55) for ↵ 6= 1/3.

For ↵ = 1
4 , similar to the case when ↵ = 1

2 , we still can not derive u(0) = 0 even

87



under some mild conditions. Though for ↵ 6= 1
4 , we are able to obtain the explicit

expressions of a4 and b4.

We end this subsection with two important remarks.

Remark 3.1.3. By tracing the proofs of Propositions 3.1.1–3.1.3 and repeating sim-

ilar arguments, we can find that under some mild assumptions on C1, C2, the in-

tersecting angle ↵ · ⇡ and the eigenvalue �, the property u(0) = 0 still holds for the

rational intersecting angle ↵ ·⇡ generically except for ↵ = ⇡/2m, where m = 1, 2, · · · .

The detailed arguments are rather tedious and technical, but straightforward.

Remark 3.1.4. In Propositions 3.1.1-3.1.3, we studied the property u(0) = 0 for

two intersected generalized singular lines only for some conditions on C1, C2, the

intersecting angle ↵ ·⇡ and �. Other situations may be analysed similarly, e.g., either

C1 = 0 or C2 = 0. But as shown in Theorem 3.1.12, we can not guarantee u(0) = 0 by

imposing some conditions on the intersecting angle between two intersecting singular

lines.

3.1.5 Unique identifiability for inverse scattering problems.

In this subsection, we apply the spectral results established in the previous subsec-

tions to study a fundamental mathematical topic, i.e., the unique identifiability, in

a class of physically important inverse problems. These include the inverse obstacle

problem and the inverse di↵raction grating problem, which are concerned with imag-

ing the shapes of some unknown or inaccessible objects from certain wave probing

data in di↵erent physical settings. These inverse scattering problems may arise from

a variety of important applications such as radar, sonar and medical imaging, as well

as geophysical exploration and nondestructive testing.

(i) Unique recovery for the inverse obstacle problem

We first consider the inverse obstacle problem. Let k = !/c 2 R+ be the

wavenumber of a time harmonic wave with ! 2 R+ and c 2 R+, respectively, sig-

nifying the frequency and sound speed. Let ⌦ ⇢ R
2 be a bounded domain with

a Lipschitz-boundary @⌦ and a connected complement R2\⌦. Furthermore, let the
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incident field ui be a plane wave of the form

ui := ui(x; k,d) = eikx·d, x 2 R
2 , (3.62)

where d 2 S
1 denotes the incident direction of the impinging wave and S

1 := {x 2

R
2 : |x| = 1} is the unit circle in R

2. Physically, ⌦ is an impenetrable obstacle that

is unknown or inaccessible, and ui signifies the detecting wave field that is used for

probing the obstacle. The presence of the obstacle interrupts the propagation of the

incident wave, and generates the so-called scattered wave field us. Let u := ui+us be

the resulting total wave field, then the forward scattering problem can be described

by the following Helmholtz system:

8
>>>>>>>>>>><

>>>>>>>>>>>:

�u+ k2u = 0 in R
2\⌦,

u = ui + us in R
2,

B(u) = 0 on @⌦,

lim
r!1

r
1
2

✓
@us

@r
� ikus

◆
= 0.

(3.63)

The limiting equation above is known as the Sommerfeld radiation condition which

holds uniformly in x̂ := x/|x| 2 S
1 and characterizes the outgoing nature of the

scattered wave field us. The boundary operator B could be Dirichlet type, B(u) = u;

or Neumann type, B(u) = @⌫u; or Robin type, B(u) = @⌫u+⌘u, corresponding to that

⌦ is a sound-soft, sound-hard or impedance obstacle, respectively. Here ⌫ denotes the

exterior unit normal vector to @⌦ and ⌘ 2 L1(@⌦) signifies a boundary impedance

parameter. It is required that <⌘ � 0 and =⌘ � 0. In what follows, we formally take

u = 0 on @⌦ as @⌫u+ ⌘u = 0 on @⌦ with ⌘ = 1. In doing so, we can unify all three

boundary conditions as the generalized impedance boundary condition:

B(u) = @⌫u+ ⌘u = 0 on @⌦, (3.64)

where ⌘ could be 1, corresponding to a sound-soft obstacle. The forward scattering

problem (3.63) is well understood [39, 106] and there exists a unique solution u 2
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H1
loc(R

2\⌦) that admits the following asymptotic expansion:

us(x; k,d) =
eikr

r1/2
u1(x̂; k,d) +O

✓
1

r3/2

◆
as r ! 1 (3.65)

which holds uniformly with respect to all directions x̂ := x/|x| 2 S
1. The complex

valued function u1 in (3.65) defined over the unit sphere S1 is known as the far-field

pattern with x̂ 2 S
1 signifying the observation direction. The inverse obstacle scatter-

ing problem is to recover ⌦ by using the knowledge of the far-field pattern u1(x̂; k,d).

By introducing an operator F which sends the obstacle to the corresponding far-field

pattern through the Helmholtz system (3.63), the inverse obstacle problem can be

formulated as the following abstract operator equation:

F(⌦, ⌘) = u1(x̂; k,d) , (3.66)

where F is defined by the forward obstacle scattering system, and is nonlinear. That

is, one intends to determine (⌦, ⌘) from the knowledge of u1(x̂; k,d).

A primary issue for the inverse obstacle problem (3.66) is the unique identifiabil-

ity, which is concerned with the su�cient conditions such that the correspondence

between ⌦ and u1 is one-to-one. There is a widespread belief that one can establish

uniqueness for (3.66) by a single or at most finitely many far-field patterns. We re-

mark that by a single far-field pattern we mean that u1(x̂; k,d) is collected for all

x̂ 2 S
1, but is associated with a fixed incident eikx·d. Phrased in the geometric term,

it states that the analytic function u1 on the unit sphere associated with at most

finitely many k and d can supply a global parameterization of a generic domain ⌦.

This problem is known as the Schi↵er problem in the inverse scattering community. It

is named after M. Schi↵er for his pioneering contribution around 1960 which is actu-

ally appeared as a private communication in the monograph by Lax and Phillips [90].

There is a long and colourful history on the study of the Schi↵er problem, and we

refer to a recent survey paper by Colton and Kress [40] which contains an excellent

account of the historical developments of this problem.

Recent progress on the Schi↵er problem is made on general polyhedral obstacles

in R
n, n � 2. Uniqueness and stability results by using a finite number of far-field
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patterns can be found in [4, 37, 96, 97, 101, 102]. The major idea is to make use of

the reflection principle for the Laplacian eigenfunction to propagate the so-called

Dirichlet or Neumann hyperplanes. In the two-dimensional case, the Dirichlet and

Neumann hyperplanes are actually the nodal and singular lines introduced in the

present study.

In this subsection, we develop a completely new approach that is able to provide

a solution to this inverse obstacle problem in two dimensions, and the approach is

uniform to sound-soft, sound-hard and impedance type obstacles.

The new approach is completely local, and enables us to show in a rather general

scenario that one can determine the convex hull of an impedance obstacle as well as

its surface impedance on the boundary of the convex hull by at most two far-field

patterns.

Consider an obstacle ⌦ associated with the generalized impedance boundary con-

dition (3.64). It is called an admissible polygonal obstacle if ⌦ ⇢ R
2 is an open

polygon, and on each edge of @⌦, ⌘ is either a constant (possibly zero) or 1. That

is, each edge K of an admissible polygonal obstacle is either sound-soft (⌘ ⌘ 1 on

K), or sound-hard (⌘ ⌘ 0 on K), or impedance-type (⌘ is a constant on K). It is

emphasized that ⌘ may take di↵erent values on di↵erent edges of @⌦. We write (⌦, ⌘)

to signify an admissible polygonal obstacle.

Definition 3.1.4. Let (⌦, ⌘) be an admissible polygonal obstacle. If all the angles of

its corners are irrational, then it is said to be an irrational obstacle. If there is a

corner angle of ⌦ which is rational, then it is called a rational obstacle. The smallest

degree of the rational corner angles of ⌦ is referred to as the rational degree of ⌦.

It is easy to see that for a rational polygonal obstacle ⌦ in Definition 3.1.4, the

rational degree of ⌦ is at least 2.

Definition 3.1.5. ⌦ is said to be an admissible complex polygonal obstacle if it

consists of finitely many admissible polygonal obstacles. That is,

(⌦, ⌘) =
l[

j=1

(⌦j, ⌘j), (3.67)
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where l 2 N and each (⌦j, ⌘j) is an admissible polygonal obstacle. Here, we define

⌘ =
lX

j=1

⌘j�@⌦j . (3.68)

Moreover, ⌦ is said to be irrational if all of its component polygonal obstacles are

irrational, otherwise it is said to be rational. For the latter case, the smallest degree

among all the degrees of its rational components is defined to be the degree of the

complex obstacle ⌦.

Next, we first consider the determination of an admissible complex irrational

polygonal obstacle by at most two far-field patterns. We have the following local

uniqueness result.

Theorem 3.1.13. Let (⌦, ⌘) and (e⌦, e⌘) be two admissible complex irrational obsta-

cles. Let k 2 R+ be fixed and d`, ` = 1, 2 be two distinct incident directions from S
1.

Let G denote the unbounded connected component of R2\(⌦ [ e⌦). Let u1 and eu1

be, respectively, the far-field patterns associated with (⌦, ⌘) and (e⌦, e⌘). If

u1(x̂; k,d`) = eu1(x̂; k,d`), x̂ 2 S
1, ` = 1, 2, (3.69)

then one has that
n
@⌦\@e⌦

o
[
n
@e⌦\@⌦

o

cannot possess a corner on @G.

Proof. We prove the theorem by contradiction. Assume (3.69) holds but
n
@⌦\@e⌦

o
[

n
@e⌦\@⌦

o
has a corner xc on @G. Clearly, xc is either a vertex of ⌦ or a vertex of

e⌦. Without loss of generality, we assume that xc is a vertex of e⌦. Moreover, we see

that xc lies outside ⌦. Let h 2 R+ be su�ciently small such that Bh(xc) b R
2\⌦.

Moreover, since xc is a vertex of e⌦, we can assume that

Bh(xc) \ @e⌦ = �±

h , (3.70)

where �±

h are the two line segments lying on the two edges of e⌦ that intersect at xc.
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Recall that G denotes the unbounded connected component of R2\(⌦ [ e⌦). By

(3.69) and the Rellich theorem (cf. [39]), we know that

u(x; k,d`) = eu(x; k,d`), x 2 G, ` = 1, 2. (3.71)

It is clear that �±

h ⇢ @G. Hence, by using (3.71) as well as the generalized boundary

condition (3.64) on @e⌦, we readily have

@⌫u+ e⌘u = @⌫eu+ e⌘eu = 0 on �±

h . (3.72)

It is also noted that in Bh(xc), ��u = k2u. Next, we consider two separate cases.

Case 1. Suppose that either u(xc; k,d1) or u(xc; k,d2) is zero. Without loss of

generality, we assume that u(xc; k,d1) = 0. By the assumption of the theorem that

e⌦ is an irrational obstacle, we see that �+
h and ��

h intersect with an irrational angle.

Hence, by our results in Subsection 3.1.3, one immediately has that

u(x; k,d1) = 0 in Bh(xc), (3.73)

which in turn yields by the analytic continuation that

u(x; k,d1) = 0 in R
2\⌦. (3.74)

In particular, one has from (3.74) that

lim
|x|!1

|u(x; k,d1)| = 0. (3.75)

But this contradicts to the fact that follows from (3.65):

lim
|x|!1

|u(x; k,d1)| = lim
|x|!1

��eikx·d1 + us(x; k,d1)
�� = 1. (3.76)

Case 2. Suppose that both u(xc; k,d1) 6= 0 and u(xc; k,d2) 6= 0. Set

↵1 = u(xc; k,d2) and ↵2 = �u(xc; k,d1), (3.77)

93



and

v(x) = ↵1u(x; k,d1) + ↵2u(x; k,d2), x 2 Bh(xc). (3.78)

Clearly, there hold

��v = k2v in Bh(xc); @⌫v + e⌘v = 0 on �±

h . (3.79)

Moreover, by the choice of ↵1,↵2 in (3.77), one obviously has that v(xc) = 0. Hence,

by our results in Subsection 3.1.3, one immediately has that

v = 0 in Bh(xc), (3.80)

which in turn yields by the analytic continuation that

↵1u(x; k,d1) + ↵2u(x; k,d2) = 0 in R
2\⌦. (3.81)

However, since d1 and d2 are distinct, we know from [39, Chapter 5] that u(x; k,d1)

and u(x; k,d2) are linearly independent in R
2\⌦. Therefore, one has from (3.81) that

↵1 = ↵2 = 0, which contracts to the assumption at the beginning that both ↵1 and

↵2 are nonzero.

It is recalled that the convex hull of ⌦, denoted by CH(⌦), is the smallest convex

set that contains ⌦. As a direct consequence of Theorem 3.1.13, we next show that

the convex hull of a complex irrational obstacle can be uniquely determined by at

most two far-field measurements. Furthermore, the impedance boundary parameter

⌘ can be identified by at most two far-field measurements. In fact we have

Corollary 3.1.1. Let (⌦, ⌘) and (e⌦, e⌘) be two admissible complex irrational obstacles.

Let k 2 R+ be fixed and d`, ` = 1, 2 be two distinct incident directions from S
1. Let

G denote the unbounded connected component of R
2\(⌦ [ e⌦).Let u1 and eu1 be,

respectively, the far-field patterns associated with (⌦, ⌘) and (e⌦, e⌘). If

u1(x̂; k,d`) = eu1(x̂; k,d`), x̂ 2 S
1, ` = 1, 2, (3.82)
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then one has that

CH(⌦) = CH(e⌦) := ⌃, (3.83)

and

⌘ = e⌘ on @⌦ \ @e⌦ \ @⌃. (3.84)

Proof. From Theorem 3.1.13, we can immediately conclude (3.83). Next we prove

(3.84). Let E ⇢ @⌦ \ @e⌦ \ @⌃ be an open subset such that ⌘ 6= e⌘ on E . By taking

a smaller subset of E if necessary, we can assume that ⌘ (respectively, e⌘) is either a

fixed constant or 1 on E . Clearly, one has u = eu in R
2\⌃. Hence, there hold that

@⌫u+ ⌘u = 0, @⌫eu+ e⌘eu = 0, u = eu, @⌫u = @⌫eu on E . (3.85)

By direct verification, one can show that

u = @⌫u = 0 on E , (3.86)

which in turn yields by the Holmgren uniqueness result (cf. [101]) that u = 0 in

R
2\⌦. Hence, we arrive at the same contradiction as that in (3.76), which implies

(3.84).

Remark 3.1.5. Let V(⌦) and V(CH(⌦)) denote, respectively, the sets of vertices of

⌦ and CH(⌦). It is known that V(CH(⌦)) ⇢ V(⌦). Theorem 3.1.13 states that if

the corner angle of the polygon ⌦ at any vertex in V(⌦) is irrational, then CH(⌦)

can be uniquely determined by two far-field patterns. Indeed, from the proof of The-

orem 3.1.13, we see that this requirement can be relaxed to that the corner angle of

the polygon ⌦ at any vertex in V(CH(⌦)) is irrational.

We proceed now to consider the unique determination of rational obstacles. Let

⌦ be a polygon in R
2 and xc be a vertex of ⌦. In what follows, we define

⌦r(xc) = Br(xc) \ R
2\⌦, r 2 R+. (3.87)
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For a function f 2 L2
loc(R

2\⌦), we define

L(f)(xc) := lim
r!+0

1

|⌦r(xc)|

Z

⌦r(xc)

f(x) dx (3.88)

if the limit exists. It is easy to see that if f(x) is continuous in ⌦⌧0(xc) for a su�ciently

small ⌧0 2 R+, then L(f)(xc) = f(xc).

Theorem 3.1.14. Let (⌦, ⌘) and (e⌦, e⌘) be two admissible complex rational obstacles

of degree p � 3. Let k 2 R+ be fixed and d`, ` = 1, 2 be two distinct incident

directions from S
1. Let u1 and eu1 be respectively the far-field patterns associated

with (⌦, ⌘) and (e⌦, e⌘) fulfilling (3.69). Set u`(x) = u(x; k,d`) to be the total wave

fields associated with (⌦, ⌘) and eikx·d`, ` = 1, 2, respectively. Recall that G denote the

unbounded connected component of R2\(⌦ [ e⌦). If the following condition is fulfilled,

L (u2 ·ru1 � u1 ·ru2) (xc) 6= 0, (3.89)

where xc is any vertex of ⌦, then one has that

n
@⌦\@e⌦

o
[
n
@e⌦\@⌦

o

cannot possess a corner on @G.

Proof. We prove the theorem by contradiction. Assume that there exists an admis-

sible complex rational obstacle of degree p � 3, (e⌦, e⌘), such that (3.69) holds but
n
@⌦\@e⌦

o
[
n
@e⌦\@⌦

o
has a corner on @G. In what follows, we adopt the same no-

tation as those introduced in the proof of Theorem 3.1.13. Note that the total wave

fields eu`, ` = 1, 2, associated with (e⌦, e⌘), are also assumed to fulfill the condition

(3.89).

By following a similar argument to the proof of Theorem 3.1.13, one can show

that there exist two line segments �±

h in R
2\⌦ such that @⌫u + e⌘u = 0 on �±

h , and

�+
h and ��

h intersect at a point xc which is a vertex of e⌦. Using the fact that u = eu

near xc and the condition (3.89) on (e⌦, e⌘), we actually have

u(xc; k,d2) ·ru(xc; k,d1)� u(xc; k,d1) ·ru(xc; k,d2) 6= 0. (3.90)
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Clearly, (3.90) implies that ↵1 := u(xc; k,d2) and ↵2 = �u(xc; k,d1) cannot be

identically zero. Set v to be the one introduced in (3.78), then it clearly holds

v(xc) = 0 and rv(xc) 6= 0. (3.91)

Since e⌦ is rational of degree p � 3, we know that the �+
h and ��

h intersect either at

an irrational angle or a rational angle of degree p � 3. In either case, by our results

in Subsection 3.1.2 and 3.1.3, we see that v is vanishing at least to second order at

xc. Hence, there holds rv(xc) = 0, which is a contradiction to (3.91).

Similar to Corollary 3.1.1, as a direct consequence of Theorem 3.1.14, under the

condition (3.89), we next show that the convex hull of a complex rational obstacle

of degree p � 3 can be uniquely determined by at most two far-field measurements.

Indeed we have

Corollary 3.1.2. Let (⌦, ⌘) and (e⌦, e⌘) be two admissible complex rational obstacles

of degree p � 3. Let k 2 R+ be fixed and d`, ` = 1, 2 be two distinct incident

directions from S
1. Let u1 and eu1 be respectively the far-field patterns associated

with (⌦, ⌘) and (e⌦, e⌘) fulfilling (3.69). Set u`(x) = u(x; k,d`) to be the total wave

fields associated with (⌦, ⌘) and eikx·d`, ` = 1, 2, respectively. If (3.89) is fulfilled,

then CH(⌦) is uniquely determined by u1(x̂; k,d`), ` = 1, 2.

Remark 3.1.6. As mentioned earlier that a general rational obstacle is at least of

order 2. By Remark 3.1.1, we can easily extend the proof of Theorem 3.1.14 to cover

the general case that p = 2. However, as discussed in Remark 3.1.1, we need to

exclude the case that ⌘ ⌘ 1 and ⌘ is a finite number (possibly being zero) respectively

on the two intersecting line segments �±

h (as appeared in the proof of Theorem 3.1.14).

Remark 3.1.7. Similar to Remark 3.1.5, the condition (3.89) can be relaxed to hold

only at any vertex in V(CH(⌦)).

It would be interesting to investigate the su�cient conditions for (3.89) to hold. If

the obstacle ⌦ is su�ciently small compared to the wavelength, namely k ·diam(⌦) ⌧

1, then from a physical viewpoint, the scattered wave field due to the obstacle is

of a much smaller magnitude than the incident field, and the incident plane wave
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dominates in the total wave field u = ui + us. In such a case, it is straightforward

to derive (3.89). However, we shall not explore more about this point. Finally,

we also would like to point out that our arguments for the uniqueness results in

Theorems 3.1.13 and 3.1.14 are “localized” around the corner point xc. Therefore

one may consider other di↵erent types of wave incidences from the incident plane

wave (3.62), e.g., the point source of the form,

ui(x; z0) = H1
0 (k|x� z0|), x, z0 2 R

2, (3.92)

where H1
0 is the zeroth-order Hankel function of the first kind, and z0 signifies the

location of the source ui(x, z0). ui(x; z0) blows up at the point z0. By direct verifi-

cations, we can show that both the uniqueness results in Theorem 3.1.13 and 3.1.14

still hold for this point source incidence.

(ii) Unique recovery for the inverse di↵raction grating problem

In the subsequent study, we consider the unique recovery for the inverse di↵raction

grating problem. First we give a brief review of the basic mathematical model for

this inverse problem. Let the profile of a di↵raction grating be described by the curve

⇤f = {(x1, x2) 2 R
2; x2 = f(x1)},

where f is a periodic Lipschitz function with period 2⇡. Let

⌦f = {x 2 R
2; x2 > f(x1), x1 2 R}

be filled with a material whose index of refraction (or wave number) k is a positive

constant. Suppose further that the incident wave given by

ui(x; k,d) = eikx·d, d = (sin ✓,� cos ✓)>, ✓ 2
⇣
�⇡
2
,
⇡

2

⌘
, (3.93)

propagates to ⇤f from the top. Then the total wave satisfies the following Helmholtz

system:

�u+ k2u = 0 in ⌦f ; B(u)
��
⇤f

= 0 on ⇤f , (3.94)
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with the generalized impedance boundary condition

B(u) = @⌫u+ ⌘u = 0, (3.95)

where ⌘ can be 1 or 0, corresponding to a sound-soft or sound-hard grating, respec-

tively.

To achieve the uniqueness of (3.94), the total wave field u should be ↵-quasiperiodic

in the x1-direction, with ↵ = k sin ✓, which means that

u(x1 + 2⇡, x2) = e2i↵⇡ · u(x1, x2),

and the scattered field us satisfies the Rayleigh expansion (cf. [108,109]):

us(x; k,d) =
+1X

n=�1

une
i⇠n(✓)·x for x2 > max

x12[0,2⇡]
f(x1),

where un 2 C(n 2 Z) are called the Rayleigh coe�cient of us, and

⇠n(✓) = (↵n(✓), �n(✓))
> , ↵n(✓) = n+ k sin ✓,

�n(✓) =

8
>>><

>>>:

p
k2 � ↵2

n(✓), if |↵n(✓)|  k

i
p
↵2
n(✓)� k2, if |↵n(✓)| > k

.
(3.96)

The existence and uniqueness of the ↵-quasiperiodic solution to (3.94) for the

sound-soft or impedance boundary condition with ⌘ 2 C being a constant satisfying

=(⌘) > 0 can be found in [2,27,78,79]. It should be pointed out that the uniqueness of

the direct scattering problem associated with the sound-hard condition is not always

true (see [74]). In our subsequent study, we assume the well-posedness of the forward

scattering problem and focus on the study of the inverse grating problem.

Introduce a measurement boundary as

�b := {(x1, b) 2 R
2; 0  x1  2⇡, b > max

x12[0,2⇡]
|f(x1)|}.

The inverse di↵raction grating problem is to determine (⇤f , ⌘) from the knowledge
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of u(x|�b
; k,d), and can be formulated as the operator equation:

F(⇤f , ⌘) = u(x; k,d), x 2 �b, (3.97)

where F is defined by the forward di↵raction scattering system, and is nonlinear.

The unique recovery result on the inverse di↵raction grating problem with the

sound-soft boundary condition by a finite number of incident plane waves can be

found in [79,80].

But the unique identifiability still open for the impedance or generalized impedance

cases, and will be the focus of the remaining task in this work. To do so, we propose

the following admissible polygonal gratings associated with the inverse di↵raction

grating problem.

Definition 3.1.6. Let (⇤f , ⌘) be a periodic grating as described above. If f is a

piecewise linear polynomial within one period, and on each piece of ⇤f , ⌘ is either

a constant (possibly zero) or 1, then (⇤f , ⌘) is said to be an admissible polygonal

grating.

Definition 3.1.7. Let (⇤f , ⌘) be an admissible polygonal grating. Let �+ and �� be

two adjacent pieces of ⇤f . The intersecting point of �+ and �� is called a corner

point of ⇤f , and \(�+,��) is called a corner angle. If all the corner angles of ⇤f

are irrational, then it is said to be an irrational polygonal grating. If a corner angle

of ⇤f is rational, it is called a rational polygonal grating. The smallest degree of the

rational corner angles of ⇤f is referred to as the rational degree of ⇤f .

Clearly for a rational polygonal grating ⇤f in Definition 3.1.7, the rational degree

of ⇤f is at least 2. Next, we establish our uniqueness result in determining an

admissible irrational polygonal grating by at most two incident waves. We first

present a useful lemma, whose proof follows from a completely similar argument to

that of [39, Theorem 5.1].

Lemma 3.1.11. Let ⇠` 2 R
2, ` = 1, . . . , n, be n vectors which are distinct from each

other, D be an open set in R
2. Then all the functions in the following set are linearly

independent:

{ei⇠`·x; x 2 D, ` = 1, 2, . . . , n}
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Theorem 3.1.15. Let (⇤f , ⌘) and (⇤ ef , e⌘) be two admissible irrational polygonal grat-

ings, G be the unbounded connected component of ⌦f \ ⌦ ef . Let k 2 R+ be fixed and

d`, ` = 1, 2 be two distinct incident directions from S
1, with

d` = (sin ✓`,� cos ✓`)
>, ✓` 2

⇣
�⇡
2
,
⇡

2

⌘
. (3.98)

Let ub and eub be the measurements on �b associated with (⇤f , ⌘) and (e⇤f , e⌘), respec-

tively. If it holds that

u(x; k,d`) = eu(x; k,d`), ` = 1, 2, x = (x1, b) 2 �b, (3.99)

then it cannot be true that there exists a corner point of ⇤f lying on @G\@⇤ ef , or a

corner point of ⇤ ef lying on @G\@⇤f .

Proof. The proof follows from a similar argument to that for Theorem 3.1.13, and

we only sketch the necessary modifications in this new setup. By contradiction and

without loss of generality, we assume that there exists a corner point xc of ⇤f which

lies on @G\⇤ ef .

First, by using the well-posedness of the forward problem and the unique contin-

uation, we have from (3.99) that u(x; k,d`) = eu(x; k,d`) holds for x 2 G. Using a

similar argument to the proof of Theorem 3.1.13, we can prove that

u(x; k,d`) = 0 or v(x) = 0 for x2 > max
x12[0,2⇡]

f(x1),

where v is similarly defined in (3.77) and (3.78). Next, when x2 > maxx12[0,2⇡] |f(x1)|,

u(x; k,d`) has the Rayleigh expansion (cf. [108,109]):

u(x; k,d`) = eikx·d` +
+1X

n=�1

une
i⇠n(✓`)·x for x2 > max

x12[0,2⇡]
f(x1), (3.100)

where ⇠n(✓`), ↵n(✓`), �n(✓`) are defined in (3.96). Using the definition of ↵0(✓`) and

�0(✓`) in (3.96), we can easily show that

kd` = (↵0(✓`),��0(✓`))>. (3.101)
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Next, we consider two separate cases.

Case 1. Suppose that either u(xc; k,d1) or u(xc; k,d2) is zero. Without loss of

generality, we assume the former case. Then

u(x; k,d1) = 0 for x2 > max
x12[0,2⇡]

f(x1).

Clearly any two vectors of {⇠n(✓1) | n 2 Z} are distinct from each other. Moreover,

in view of (3.101), kd1 /2 {⇠n(✓1) | n 2 Z} since |✓1| < ⇡/2. In view of (3.100), from

Lemma 3.1.11 we can arrive at a contradiction.

Case 2. Suppose that both u(xc; k,d1) 6= 0 and u(xc; k,d2) 6= 0. Then it holds that

↵1u(x; k,d1) + ↵2u(x; k,d2) = 0 for x2 > max
x12[0,2⇡]

f(x1), (3.102)

where ↵` 6= 0, ` = 1, 2, are defined in (3.77). Substituting (3.100) into (3.102), we

derive that

2X

`=1

↵`e
ikd`·x +

+1X

n=�1

2X

`=1

un(✓`)↵`e
i⇠n(✓`)·x = 0 for x2 > max

x12[0,2⇡]
f(x1), (3.103)

where un(✓`) 2 C(n 2 Z) are the Rayleigh coe�cients of us(x; k,d`) associated with

the incident wave eikx·d` . Clearly, any two vectors of the set

{kd1}
[

{kd2}
[

{⇠n(✓1) | n 2 Z}
[

{⇠n(✓2) | n 2 Z}

are distinct since |✓`| < ⇡/2 and (3.101). Using Lemma 3.1.11 and (3.103), we can

see ↵` = 0 for ` = 1, 2, which is a contradiction to ↵` 6= 0, ` = 1, 2.

For the polygonal gratings, one can introduce a certain notion of “convexity” in

the sense that if two such gratings are di↵erent, then their di↵erence must contain

a corner point lying outside their union. Clearly, by Theorem 3.1.15, if a polygonal

grating is “convex”, then both the grating and its surface impedance can be uniquely

determined by at most two measurements.

As the result in Theorem 3.1.14 for the inverse obstacle problem, we may consider

the unique determination of an admissible rational polygonal grating by two mea-
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surements if a similar condition to (3.89) is introduced in this new setup. In such a

case, one can establish the local unique recovery result, similar to Theorem 3.1.15.

3.2 On nodal and generalized singular structures

of Laplacian eigenfunctions and their applica-

tions in R
3

This is a continuation and an extension of Section 3.1 on the geometric structures of

Laplacian eigenfunctions and their applications to inverse scattering problems. We

studied previously the analytic behaviours of Laplacian eigenfunctions at a point

where two nodal or generalized singular lines intersect. In this section, we continue

this development in three dimensions and study the analytic behaviours of Lapla-

cian eigenfunctions at places where nodal or generalized singular planes intersect.

Compared with the two-dimensional case, the geometric situation is much more com-

plicated, so is the corresponding analysis: the intersection of two planes generates an

edge corner, whereas the intersection of more than three planes generates a vertex

corner. We provide a systematic and comprehensive characterization of the relations

between the analytic behaviours of an eigenfunction at a corner point and the geo-

metric quantities of that corner for all these geometric cases. Moreover, we apply the

spectral results to establish some novel unique identifiability results for the geometric

inverse problems of recovering the shape as well as the (possible) surface impedance

coe�cient by the associated scattering far-field measurements.

3.2.1 Introduction.

In Section 3.1, the intersection of two nodal or generalized singular lines is considered.

It is very natural to explore if similar results can be established in the more important

three-dimensional case, about the intersections of nodal or generalized singular planes

and their implications to the analytic behaviours of the eigenfunctions. However, the

geometric setup in three dimensions is much more complicated, so is the correspond-

ing analysis: the intersection of two planes produces an edge corner, whereas the
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intersection of more than three planes produces a vertex corner; see Fig.3.2 for a

schematic illustration. We aim to derive a comprehensive characterization of the re-

lationship between the analytic behaviours of an eigenfunction at a corner point and

the geometric quantities of that corner. More specifically, at the edge corner case, we

can show that the vanishing order of the eigenfunction is related to the rationality

of the intersecting angle in a similar manner to the two-dimensional case, whereas at

the vertex corner case, the vanishing order of the eigenfunction is proved to be related

to the intersecting angle in a more complicated and mysterious manner through the

roots of the Legendre polynomials. As an important application, these new spectral

results are applied to establish several novel and fundamental unique identifiability

results for the geometrical inverse scattering problem of determining an impenetra-

ble obstacle as well as the (possibly) surface impedance by at most a few far-field

measurements in the polyhedral setup. The rest of this subsection is mainly devoted

to the introduction of the mathematical setup for our study.

Consider the Laplacian eigenvalue problem (3.1) within an open set ⌦ ⇢ R
3.

Compared with the conventional notion of Laplacian eigenfunctions, we do not pre-

scribe any homogeneous boundary condition for u in (3.1). This means, the spectral

results that we shall establish apply to any function that satisfies (3.1) in the inte-

rior of ⌦, in particular, including all the conventional Laplacian eigenfunctions with

various boundary conditions. We next introduce several critical definitions for our

subsequent analysis. In what follows, for ⇧ being a flat plane in R
3, any non-empty

open connected subset ⌃ b ⇧ is called a cell of ⇧. Let e⇧ = ⇧⌃ denote the connected

component of ⇧ \ ⌦ that contains ⌃.

Definition 3.2.1. Consider a nontrivial eigenfunction u to (3.1). Let ⌃ ⇢ ⌦ be a cell

of ⇧, and ⌘ 2 C be a constant. If u|⌃ = 0, ⌃ is said to be a nodal cell of u in ⌦. By

analytic continuation, it is seen that u|e⇧ = 0, and e⇧ is said to be a nodal plane of u.

In a similar manner, in the case (@⌫u+⌘u)
��
⌃
= 0, where ⌫ is a unit one-sided normal

direction of ⇧ and ⌘ 2 C is a constant, ⌃ and e⇧ are respectively called the generalized

singular cell and plane. In the particular case ⌘ ⌘ 0, a generalized singular plane is

also called a singular plane. Let N �
⌦ , S�⌦ and M�

⌦, respectively, signify the sets of

nodal, singular and generalized singular planes of u in (3.1).
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According to Definition 3.2.1, a nodal/generalized singular plane is actually a cell

that is fully extended in ⌦. Indeed, by the fact that u is analytic in ⌦, we know

that if the homogeneous condition is satisfied on a cell, then it is also satisfied on the

so-called “plane” in Definition 3.2.1 by the analytic continuation. In what follows,

most of the planes are actually the nodal/generalized singular planes in the sense of

Definition 3.2.1, which should be clear from the context. Moreover, we would like

to emphasize that in defining a generalized singular plane, the parameter ⌘ can be

replaced to be a complex-valued real-analytic function. Indeed, all of the results

obtained in this work hold for the case that ⌘ is a variable function as mentioned

above. However, in order to ease the exposition, we stick to the case that ⌘ is

a constant till to Subsection 3.2.4, and we shall make more relevant remarks in

Subsection 3.2.5.

Let B⇢(x) denote a ball of radius ⇢ 2 R+ and centred at x 2 R
3. For a set

K ⇢ R
3, B⇢(K) := {x;x 2 B⇢(y) for any y 2 K}.

Definition 3.2.2. Let ⇧1 and ⇧2 be two planes in ⌦ such that ⇧1 \ ⇧2 = L with L

being a line segment. Let l b L be an open line segment and ⇢ 2 R+ be su�ciently

small such that B⇢(l) ⇢ ⌦. Let W(⇧1,⇧2) denote one of the wedge domains formed

by ⇧1 and ⇧2, then W(⇧1,⇧2)\B⇢(l) is called an edge corner associated with ⇧1 and

⇧2, and denoted by E(⇧1,⇧2, l); see Fig.3.2 for a schematic illustration. Any x 2 l

is said to be an edge corner of E(⇧1,⇧2, l).

Definition 3.2.3. Let {⇧`}n`=1 (n � 3) be n planes in ⌦ such that they form a

polyhedral cone K with the vertex x0 2 ⌦. Let ⇢ 2 R+ be su�ciently small such that

B⇢(x0) ⇢ ⌦, then K \ B⇢(x0) is called a vertex corner associated with ⇧1, ⇧2, . . .,

⇧n, and denoted by V({⇧`}n`=1,x0); see Fig.3.2 for a schematic illustration.

It is obvious that a vertex corner V({⇧`}n`=1,x0) is composed of finite many edge

corners, which are intersected by any two adjacent planes. Moreover, a vertex corner

must be an edge corner. Definitions 3.2.1–3.2.3 describe some geometric notions.

Next, we introduce several analytic notions for the Laplacian eigenfunction.

Definition 3.2.4. Let u be a nontrivial eigenfunction in (3.1). For a given point

105



⇧1
⇧2

�

Edge corner : x0 = (x0, x3)

Vertex corner : x0

⇧`

· · ·
⇧2

⇧1

⇧n

Figure 3.2: Schematic illustrations of edge corner and vertex corner respectively.

x0 2 ⌦, if there exits a number N 2 N [ {0} such that

lim
⇢!+0

1

⇢m

Z

B⇢(x0)

|u(x)| dx = 0 for m = 0, 1, . . . , N + 2, (3.104)

we say that u vanishes at x0 up to the order N . The largest possible N such that

(3.104) is fulfilled is called the vanishing order of u at x0, and we write

Vani(u;x0) = N.

If (3.104) holds for any N 2 N, then we say that the vanishing order is infinity.

By the strong UCP, if the vanishing order of u at x0 2 ⌦ is infinite, we know that

u ⌘ 0 in ⌦.

Similarly, we can introduce the definition of the vanishing order of u at an edge

or vertex corner.

Definition 3.2.5. Let u be a nontrivial eigenfunction to (3.1). Consider an edge

corner E(⇧1,⇧2, l) b ⌦. For any given x0 2 l, if

Vani(u;x0) = N,

we say that u vanishes at x0 associated with the edge corner E(⇧1,⇧2, l) b ⌦ up to

order N , denoted by

Vani(u;x0,⇧1,⇧2) = N.

For a vertex corner x0 2 ⌦ which is intersected by ⇧`, ` = 1, 2, ...n, the vanishing
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order of u at x0 is defined by

Vani(u;x0) := max
�

max
`=1,2,...n�1

Vani(u;x0,⇧`,⇧`+1),Vani(u;x0,⇧n,⇧1)
 
.

With the above definitions, we shall investigate the detailed vanishing properties of

the Laplacian eigenfunctions at places where two or more nodal/singular/generalized

singular planes intersect.

3.2.2 Vanishing orders at edge corners.

In this subsection, we study the vanishing property of Laplacian eigenfunctions at an

edge corner x0 2 l associated with E(⇧1,⇧2, l). The two planes ⇧` (` = 1, 2) could

be either one of the following three types: nodal, singular or generalized singular

planes. First, we give a definition of the irrational or rational dihedral angle of two

intersecting planes.

Definition 3.2.6. Let ⇧1 and ⇧2 be two planes in R
3 that intersect with each other.

Let � 2 (0, ⇡) be one of the associated intersecting dihedral angle of ⇧1 and ⇧2

satisfying

� = ↵ · ⇡, ↵ 2 (0, 1).

Then, � is said to be an irrational dihedral angle if ↵ is an irrational number; and

it is said to be a rational dihedral angle of degree q if ↵ = p/q with p, q 2 N and is

irreducible.

Since �� is invariant under rigid motions, throughout the rest of this section, we

assume that the edge corner E(⇧1,⇧2, l) satisfies

l =
�
x = (x0, x3) 2 R

3;x0 = 0, x3 2 (�H,H)
 
b ⌦,

where 2H is the length of l. That is, l coincides with the x3-axis. We further assume

that ⇧1 coincides with the (x1, x3)-plane while ⇧2 possesses a dihedral angle ↵⇡ away

from ⇧1 in the anti-clockwise direction; see Figure 3.3 for a schematic illustration.

Clearly, we can assume that ↵ 2 (0, 1). Moreover, when we consider the vanishing
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order at an edge corner of E(⇧1,⇧2, l), we assume throughout this section that the

edge corner under consideration is the origin 0 2 l.

In the following discussions, we first study a relatively simpler case that at least

one of the intersecting planes of E(⇧1,⇧2, l) is a nodal plane. Without loss of gener-

ality, we assume u|⇧1 ⌘ 0 throughout this subsection.

x1

x2

⇧1 ⇧2

�

O

H
Edge corner : x0

x3

Figure 3.3: Schematic illustration of two intersecting planes with an edge corner and
the dihedral angle �.

(i) Vanishing orders at an edge corner with at least one plane being nodal

We first derive several important auxiliary results for the subsequent analysis, for

which we will often use the spherical coordinate of any point x in R
3:

x = (r sin ✓ cos�, r sin ✓ sin�, r cos ✓) := (r, ✓,�), r � 0, ✓ 2 [0, ⇡), � 2 [0, 2⇡) .

(3.105)

Then the following proposition is a consequence of direct computings using spherical

coordinates.

Proposition 3.2.1. Let ⇧ be any of the two planes associated with E(⇧1,⇧2, l). For

any point x 2 ⇧, we know that � defined in (3.105) is fixed; see Fig.3.3. Let ⌫ be the

unit normal vector that is perpendicular to ⇧. Then

@u

@⌫
= ± 1

r sin ✓

@u

@�
.

Lemma 3.2.1. [39, Section 3.3]The solution u to (3.1) has the spherical wave ex-
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pansion in spherical coordinates around the origin:

u(x) = 4⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)Y m

n (✓,�), (3.106)

where jn(t) is the spherical Bessel function of order n, and Y m
n (✓,�) is the spherical

harmonics given by

Y m
n (✓,�) =

s
2n+ 1

4⇡

(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim�

with Pm
n (t) being the associated Legendre functions.

Lemma 3.2.2. [112, Theorem 2.4.4] In the spherical coordinate system, the asso-

ciated Legendre functions fulfill the following orthogonality condition for any fixed

n 2 N, and any two integers m � 0 and l  n:

Z ⇡

�⇡

Pm
n (cos ✓)P l

n(cos ✓)

sin ✓
d✓ =

8
<

:
0 if l 6= m

(n+m)!
m(n�m)! if l = m

.

Lemma 3.2.3. Suppose that for t 2 (0, h), h 2 R+,

1X

n=0

↵njn(t) = 0, (3.107)

where jn(t) is the n-th spherical Bessel function. Then

↵n = 0, n = 0, 1, 2, · · · . (3.108)

Proof. By [39, Section 2.4] we know that

jn(t) :=
1X

p=0

(�1)ptn+2p

2pp!1 · 3 · · · (2n+ 2p+ 1)
=

tn

(2n+ 1)!!

⇣
1 +

1X

p=1

(�1)pt2p

2pp!Nl,n

⌘
(3.109)

where Nl,n = (2n + 3) · (2n + 5) · · · (2n + 2p + 1). Substituting (3.109) into (3.107)

and comparing the coe�cient of tn (n = 1, 2, · · · ), we can deduce (3.108).

We are now in a position to study the general vanishing orders with the help of
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the spherical wave expansion of the Laplacian eigenfunction u to (3.1) around an

intersecting edge corner.

Lemma 3.2.4. Let u be a Laplacian eigenfunction to (3.1). Suppose that there exits

an edge corner E(⇧1,⇧2, l) such that

E(⇧1,⇧2, l) b ⌦,

where ⇧1 and ⇧2 are from either of N �
⌦ , S�⌦ and M�

⌦. If there exits a su�ciently

small " 2 R+ such that

u|B"(0)\l = 0, (3.110)

then it holds for the coe�cients in (3.106) that

a0n = 0, n 2 N [ {0} . (3.111)

Proof. Since the line segment l associated with E(⇧1,⇧2, l) coincides with the x3-axis,

we know ✓ = 0 or ⇡ for x 2 l in the spherical coordinate system (3.105). Combining

with Lemma 3.2.1, we know under the condition (3.110) that

u|B"(0)\l = 4⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (±1)eim� = 0.

(3.112)

On the other hand, we have that for m 2 N+ (cf. [21]),

P�m
n = (�1)m

(n�m)!

(n+m)!
Pm
n , Pm

n (±1) = 0, P 0
n(+1) = 1, P 0

n(�1) = (�1)n. (3.113)

Substituting (3.113) into (3.112), it is easy to see that

1X

n=0

in
r

2n+ 1

4⇡
a0njn(

p
�r) = 0.

By virtue of Lemma 3.2.3, we readily see

in
r

2n+ 1

4⇡
a0n = 0 for n = 0, 1, 2, · · · ,
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which completes the proof of Lemma 3.2.4.

First, we consider the case that two nodal planes intersect with each other to yield

the edge corner.

Theorem 3.2.1. Let u be a Laplacian eigenfunction to (3.1). Consider an edge

corner E(⇧1,⇧2, l) b ⌦, where the two planes ⇧`, ` = 1, 2, are assumed to be nodal,

namely ⇧` 2 N �
⌦ (` = 1, 2). If the corresponding dihedral angle can be written as

\(⇧1,⇧2) = � = ↵ · ⇡, ↵ 2 (0, 1),

where ↵ satisfies for an N 2 N, N � 3,

↵ 6= q

p
, p = 1, 2, · · · , N � 1, q = 1, 2, · · · , p� 1, (3.114)

then u vanishes up to order at least N at the edge corner 0.

Proof. Since u|⇧`
⌘ 0, ` = 1, 2, it follows from Lemma 3.2.1 that

u|⇧1 =4⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓) = 0, (3.115)

u|⇧2 =4⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡ = 0,

(3.116)

where � = 0 on ⇧1 and � = ↵ ·⇡,↵ 2 (0, 1) on ⇧2. It is obvious that u|l = 0, then we

have (3.111) from Lemma 3.2.4. Thus comparing the coe�cient of r and substituting

a0n = 0 for n = 0, 1 into (3.115) and (3.116), we obtain

(a11 + a�1
1 )P 1

1 (cos ✓) = 0, (a11e
i↵·⇡ + a�1

1 e�i↵·⇡)P 1
1 (cos ✓) = 0.

Since ✓ 2 (0, ⇡) is arbitrary, utilizing the orthogonality condition (Lemma 3.2.2), we

can deduce

a11 + a�1
1 = 0, a11e

i↵·⇡ + a�1
1 e�i↵·⇡ = 0.

Therefore, if ↵ 6= 0, 1, we derive that a±1
1 = 0.
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Assume that amn�1 = 0, m = ±1,±2, · · · ,±(n � 1). We next show by induction

that amn = 0, m = ±1,±2, · · · ,±n. Indeed, comparing the coe�cients of rn, we

obtain

nX

m=�n

inamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓) =0, (3.117)

nX

m=�n

inamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡ =0. (3.118)

Similarly, substituting a0n = 0 into (3.117) and (3.118), noting that ✓ is arbitrary,

and utilizing the orthogonality condition (Lemma 3.2.2) again, we can derive for

m = 1, 2, · · · that

amn + a�m
n = 0, amn e

im↵·⇡ + a�m
n e�im↵·⇡ = 0.

Hence if ↵ 6= k
m , k = 1, 2, · · · ,m� 1, the coe�cient matrix fulfills

������

1 1

eim↵·⇡ e�im↵·⇡

������
= �2i sinm↵ · ⇡ 6= 0,

which yields that amn = 0 for m = ±1,±2, · · · ,±n, hence completes the proof of

Theorem3.2.1.

We now proceed to consider the case that a nodal plane ⇧1 2 N �
⌦ intersects with

a generalized singular plane ⇧2 2 M�
⌦.

Theorem 3.2.2. Let u be a Laplacian eigenfunction to (3.1). Consider an edge

corner E(⇧1,⇧2, l) b ⌦ such that

⇧1 2 N �
⌦ , ⇧2 2 M�

⌦ and \(⇧1,⇧2) = � = ↵ · ⇡, ↵ 2 (0, 1).

If for an N 2 N, N � 2, there holds

↵ 6= 2q + 1

2p
, p = 1, 2, · · · , N � 1, q = 1, 2, · · · , p� 1,

then u vanishes up to order at least N at the edge corner 0.
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Proof. Since u|⇧1 ⌘ 0, it is direct to know that u|l ⌘ 0, which indicates that a0n = 0

for n = 0, 1, 2, · · · from Lemma 3.2.4. Furthermore, by Lemma 3.2.1 we have

u|⇧1 = 4⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓) = 0. (3.119)

Combining with Proposition 3.2.1, we derive the following expression on ⇧2:

@u

@⌫
+ ⌘u

���
⇧2

=
1

r sin ✓

@u

@�
+ ⌘u

���
�=↵·⇡

=
1

r sin ✓
4⇡

1X

n=0

nX

m=�n

in+1mamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡

+⌘ · 4⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡ = 0. (3.120)

Since ✓ 2 (0, ⇡) and r > 0, multiplying r sin ✓ on the both sides of (3.120) we can

obtain that

1X

n=0

nX

m=�n

in+1mamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡

+ ⌘ · r sin ✓
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡ = 0.

(3.121)

Following a similar argument to Theorem 3.2.1, we may compare the coe�cients of

r in (3.119) and (3.121) respectively. First for (3.119) we have

1X

m=�1

iam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

|m|

1 (cos ✓) = 0.

Since a01 = 0, using Lemma 3.2.2 we can deduce that

a11 + a�1
1 = 0. (3.122)
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Then for (3.121), we have

1X

m=�1

mam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

m
1 (cos ✓)eim↵·⇡ = 0 (3.123)

since a00 = 0. By the orthogonality condition of Pm
1 for arbitrary ✓ 2 (0, ⇡) and the

fact that a01 = 0 we can simplify (3.123) to get

a11e
i↵·⇡ � a�1

1 e�i↵·⇡ = 0.

Combining (3.122) with (3.123), we can obtain that if ↵ 6= 1
2 , then a±1

1 = 0. By

induction, we assume that amn�1 = 0, m = ±1,±2, · · · ,±(n � 1). Considering the

coe�cients of rn in (3.119), we have

nX

m=�n

inamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓) = 0,

from which we can derive

amn + a�m
n = 0 for m = 1, 2, · · · (3.124)

by virtue of the fact that a0n = 0 and Lemma 3.2.2. Similarly, for (3.121), we know

the coe�cients of rn fulfill that

nX

m=�n

in+1mamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡

+ ⌘ · sin ✓
n�1X

m=�(n�1)

in�1amn�1

p
�
n�1

(2n� 1)!!

r
2n� 1

4⇡

s
(n� 1� |m|)!
(n� 1 + |m|)!P

|m|

n�1(cos ✓)e
im↵·⇡ = 0.

(3.125)

Substituting amn�1 = 0, m = ±1,±2, · · · ,±(n� 1), and a0n = 0 into (3.125), utilizing

Lemma 3.2.2 again we derive

amn e
im↵·⇡ � a�m

n e�im↵·⇡ = 0. (3.126)
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Therefore, we can deduce from (3.124) and (3.126) that if ↵ 6= 2k+1
2m (k = 0, 1, · · · ,m�

1), the coe�cient matrix satisfies

������

1 1

eim↵·⇡ �e�im↵·⇡

������
= �2 cosm↵ · ⇡ 6= 0,

which implies that amn = 0, m = ±1,±2, · · · ,±n, hence completes the proof of

Theorem3.2.2.

It is straightforward to verify from the proof of Theorem 3.2.2 that ⌘ can be 0.

In such a case, we have the following result.

Corollary 3.2.1. Let u be a Laplacian eigenfunction to (3.1). Consider an edge

corner E(⇧1,⇧2, l) b ⌦ such that

⇧1 2 N �
⌦ , ⇧2 2 S�⌦ and \(⇧1,⇧2) = � = ↵ · ⇡, ↵ 2 (0, 1).

If for an N 2 N, N � 2, there holds

↵ 6= 2q + 1

2p
, p = 1, 2, · · · , N � 1, q = 1, 2, · · · , p� 1,

then u vanishes up to order at least N at the edge corner 0.

(ii) Vanishing orders at an edge corner intersected by generalized singular

planes

In this part, we consider the case that an edge corner E(⇧1,⇧2, l) is intersected

by two generalized singular planes, namely ⇧` 2 M�
⌦, ` = 1, 2. In what follows, we

signify the boundary parameters on ⇧` to be ⌘`, ` = 1, 2. Then we can derive the

following three theorems.

Theorem 3.2.3. Let u be a Laplacian eigenfunction to (3.1). Consider an edge

corner E(⇧1,⇧2, l) b ⌦ with ⇧` 2 M�
⌦, ` = 1, 2 and \(⇧1,⇧2) = � = ↵ · ⇡ for

↵ 2 (0, 1). If there exits a su�ciently small radius " 2 R+ such that

u|B"(0)\l ⌘ 0, (3.127)
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and for an N 2 N, N � 3,

↵ 6= q

p
, p = 1, 2, · · · , N � 1, q = 1, 2, · · · , p� 1,

then u vanishes up to the order at least N at the edge corner 0.

Proof. Since u|⇧`
= @u

@⌫ + ⌘`u = 0, ` = 1, 2, we have by using Proposition 3.2.1 that

@u

@⌫
+ ⌘1u

���
⇧1

= � 1

r sin ✓

@u

@�
+ ⌘1u

���
�=0

= 0,

@u

@⌫
+ ⌘2u

���
⇧2

=
1

r sin ✓

@u

@�
+ ⌘2u

���
�=↵·⇡

= 0,

which can be written more explicitly in spherical coordinate system by Lemma 3.2.1

as

�
1X

n=0

nX

m=�n

in+1mamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)

+ ⌘1r sin ✓
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓) = 0, (3.128)

and

1X

n=0

nX

m=�n

in+1mamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡

+ ⌘2r sin ✓
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡ = 0.

(3.129)

Under the condition (3.127), we know from Lemma 3.2.4 that

a0n = 0, for n = 0, 1, 2, · · · . (3.130)
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Comparing the coe�cients of r1 in (3.128) and (3.129) respectively we have

1X

m=�1

mam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

|m|

1 (cos ✓) = 0,

�
1X

m=�1

mam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

|m|

1 (cos ✓)eim↵·⇡ = 0.

Utilizing the orthogonality condition (Lemma 3.2.2) and the fact that a01 = 0 we can

obtain the linear system with respect to a±1
1 as

a11 � a�1
1 = 0, a11e

i↵·⇡ � a�1
1 e�i↵·⇡ = 0.

Since ↵ 2 (0, 1), which indicates that � 6= 0, ⇡, it is easy to see that a±1
1 = 0. Using

the same argument, by induction, we assume that

amn�1 = 0, m = ±1,±2, · · · ,±(n� 1). (3.131)

Then by considering the coe�cients of rn in (3.128) and (3.129) we have

�
nX

m=�n

in+1mamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)

+ ⌘1 sin ✓
n�1X

m=�(n�1)

in�1amn�1

p
�
n�1

(2n� 1)!!

r
2n� 1

4⇡

s
(n� 1� |m|)!
(n� 1 + |m|)!P

|m|

n�1(cos ✓) = 0,

(3.132)

and

nX

m=�n

in+1mamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡

+ ⌘2 sin ✓
n�1X

m=�(n�1)

in�1amn�1

p
�
n�1

(2n� 1)!!

r
2n� 1

4⇡

s
(n� 1� |m|)!
(n� 1 + |m|)!P

|m|

n�1(cos ✓)e
im↵·⇡ = 0.

(3.133)

By induction, substituting (3.130) and (3.131) into (3.132) and (3.133), using Lemma
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3.2.2 we can deduce that for m 2 N+,

8
><

>:

amn � a�m
n = 0,

amn e
im↵·⇡ � a�m

n e�im↵·⇡ = 0.
(3.134)

Hence if ↵ 6= k
m , k = 1, 2, · · · ,m� 1, the coe�cient matrix of (3.134) fulfills

������

1 �1

eim↵·⇡ �e�im↵·⇡

������
= 2i sinm↵ · ⇡ 6= 0.

which implies that amn = 0, m = ±1,±2, · · · ,±n, hence completes the proof of

Theorem3.2.3.

Remark 3.2.1. It is important and necessary to assume that u ⌘ 0 on B"(0) \ l in

Theorem 3.2.3. Otherwise we can not derive the recursive equations with respect to

amn from (3.128) and (3.129) to ensure the desired vanishing results.

Remark 3.2.2. It is straightforward to verify in the proof of Theorem 3.2.3 that ⌘1

and/or ⌘2 can be taken to be zero. That is, Theorem 3.2.3 also includes the cases

that at least one of the two planes ⇧` is a singular plane.

3.2.3 Vanishing orders at vertex corners.

In this subsection, we study the vanishing property of the Laplacian eigenfunction to

(3.1) at a vertex corner V({⇧`}n`=1,x0) b ⌦, where ⇧` could be either a nodal plane,

a singular plane or a generalized singular plane. It is known that an edge corner

E(⇧1,⇧2, l) can be regarded as part of a vertex corner V({⇧`}n`=1,x0). In Subsection

3.2.2, we have unveiled that the vanishing order of the eigenfunction u at an edge

corner can be determined by the the intersecting dihedral angle of E(⇧1,⇧2, l) under

a generic condition (cf. (3.127)). In this subsection, we concentrate on the following

condition

u(x0) = 0, (3.135)

to study the vanishing property of u at x0. We should point out that (3.135) is

much more relaxed compared with (3.127), and it can be easily fulfilled in certain
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generic case, e.g., superpositions of two eigenfunctions at the point x0. In particular,

such a condition like (3.135) can be used to show the unique determination of some

polyhedral obstacles in R
3 by finitely many measurements in the inverse obstacle

scattering problem; see more details in Subsection 3.2.6.

Similar to Subsection 3.2.2, without loss of generality, we assume that the vertex

corner x0 of V({⇧`}n`=1, x0) coincides with the origin. We first focus on the case that

n = 3, which implies that the vertex corner V({⇧`}3`=1,x0) is formed by three planes;

see Figure 3.4 for a schematic illustration. For n > 3, the related results can be

derived in a similar way; see Theorem 3.2.6–3.2.7. It is obvious that V({⇧`}3`=1,x0) is

formed by three edge corners E(⇧1,⇧2, l1), E(⇧2,⇧3, l2) and E(⇧3,⇧1, l3) where l1, l2

and l3 are three line segments of ⇧1 \ ⇧2, ⇧2 \ ⇧3 and ⇧3 \ ⇧1 respectively. Hence,

if either of the three planes ⇧` is nodal, say ⇧3, then one can apply the results in

Subsection 3.2.2 to the edge corners E(⇧2,⇧3, l2) and E(⇧3,⇧1, l3) to derive a certain

vanishing order at the vertex corder, by regarding it as an edge corner associated

with E(⇧2,⇧3, l2) and E(⇧3,⇧1, l3), respectively. Hence, we shall mainly focus on

the vanishing order generated through the intersection of the two planes ⇧1 and ⇧2,

both of which are assumed not to be nodal.

x1

x2

x3

O

✓1 ✓2
~a

~b⇧1
⇧2

⇧3

↵ · ⇡

Figure 3.4: Schematic illustration of a vertex corner that is intersected by ⇧1, ⇧2 and
⇧3.

Theorem 3.2.4. Let u be a Laplacian eigenfunction to (3.1). Consider a vertex

corner V({⇧`}3`=1,0) b ⌦ with ⇧` 2 M�
⌦, ` = 1, 2, \(⇧1,⇧2) = � = ↵ · ⇡, ↵ 2 (0, 1)

and ⇧3 2 N �
⌦ . Assume that ⇧3 = span{~a,~b}, where ~a = (r, ✓1, 0) 2 ⇧1 \ ⇧3 and
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~b = (r, ✓2,↵ · ⇡) 2 ⇧2 \ ⇧3 for r > 0, ↵ 2 (0, 1), and fixed ✓1 and ✓2 in the spherical

coordinate system. If for an N 2 N, N � 3, there hold that

P 0
p (cos ✓i) 6= 0, i = 1 or 2, and ↵ 6= q

p
, p = 1, 2, · · · , N � 1, q = 1, 2, · · · , p� 1,

(3.136)

where P 0
p is the associated Legendre polynomial, then the vanishing order of u at 0

generated by the intersection of the two planes ⇧1 and ⇧2 is at least order N .

Proof. Since ⇧1 and ⇧2 are two generalized singular planes, we have

@u

@⌫
+ ⌘1u

���
⇧1

= 0 and
@u

@⌫
+ ⌘2u

���
⇧2

= 0. (3.137)

By Proposition 3.2.1 and Lemma 3.2.1, we can write (3.137) explicitly as

� 1

r sin ✓

@u

@�
+ ⌘1u

���
�=0

= � 1

r sin ✓
4⇡

1X

n=0

nX

m=�n

in+1mamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)

+ ⌘14⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓) = 0, (3.138)

and

1

r sin ✓

@u

@�
+ ⌘2u

���
�=↵·⇡

=
1

r sin ✓
4⇡

1X

n=0

nX

m=�n

in+1mamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡

+ ⌘24⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡ = 0. (3.139)

Since ⇧3 = span{~a,~b}, where ~a = (r, ✓1, 0) 2 ⇧1 \ ⇧3 and ~b = (r, ✓2,↵ · ⇡) 2 ⇧2 \ ⇧3

for fixed ✓1, ✓2 and u|⇧3 ⌘ 0. It is direct to see u|~a = u|~b = 0, which further indicates

that

u|~a = 4⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓1) = 0, (3.140)
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and

u|~b = 4⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓2)e
im↵·⇡ = 0.

(3.141)

Combining with (3.138) and (3.139), it su�ces to use (3.140) or (3.141) to study

the coe�cients of rn, n 2 N. In what follows, without loss of generality, we discuss

only (3.140). Since u|~a ⌘ 0, the coe�cient of r0 fulfills that

4⇡a00

r
1

4⇡
P 0
0 (cos ✓1) = 0,

where we can know that a00 = 0 since P 0
0 ⌘ 1. Consider the coe�cients of r, from

(3.138), (3.139) and (3.140), we can respectively see that

1X

m=�1

mam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

|m|

1 (cos ✓) + ⌘1 sin ✓a
0
0

r
1

4⇡
P 0
0 (cos ✓) = 0, (3.142)

1X

m=�1

mam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

|m|

1 (cos ✓)eim↵·⇡�⌘2 sin ✓
1X

m=�1

a00

r
1

4⇡
P 0
0 (cos ✓)e

im↵·⇡ = 0,

(3.143)
1X

m=�1

iam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

|m|

1 (cos ✓1) = 0. (3.144)

Substituting a00 = 0 into (3.142) and (3.143), combining with Lemma 3.2.2, we can

directly derive the following linear system with respect to a±1
1 :

a11 � a�1
1 = 0, a11e

i↵·⇡ � a�1
1 e�i↵·⇡ = 0. (3.145)

Thus we know that a±1
1 = 0 since ↵ 2 (0, 1). As a consequence, if P 0

1 (cos ✓1) 6= 0 in

(3.144), we can deduce that a01 = 0 easily.

By induction, we assume that amn�1 = 0 for m = 0,±1,±2, · · · ,±(n � 1). Then

considering the coe�cients of rn, by (3.138), (3.139) and (3.140), we have

�
nX

m=�n

in+1mamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)
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+ ⌘1 sin ✓
n�1X

m=�(n�1)

in�1amn�1

p
�
n�1

(2n� 1)!!

r
2n� 1

4⇡

s
(n� 1� |m|)!
(n� 1 + |m|)!P

|m|

n�1(cos ✓) = 0,

(3.146)

nX

m=�n

in+1mamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡

+ ⌘2 sin ✓
n�1X

m=�(n�1)

in�1amn�1

p
�
n�1

(2n� 1)!!

r
2n� 1

4⇡

s
(n� 1� |m|)!
(n� 1 + |m|)!P

|m|

n�1(cos ✓)e
im↵·⇡ = 0,

(3.147)

and
nX

m=�n

inamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓1) = 0. (3.148)

Utilizing the assumption amn�1 = 0 for n = 0,±1,±2, · · · ,±(n � 1) in (3.146) and

(3.147), we know from the orthogonality condition in Lemma 3.2.2 that for m 2 N+,

amn satisfies

amn � a�m
n = 0, amn e

im↵·⇡ � a�m
n e�im↵·⇡ = 0. (3.149)

Therefore, if ↵ 6= k
m , k = 1, 2, · · · ,m� 1, then the coe�cient matrix fulfills

������

1 �1

eim↵·⇡ �e�im↵·⇡

������
= 2i sinm↵ · ⇡ 6= 0,

and thus amn = 0 for m = ±1,±2, · · · ,±n. Now we are in a position to show that

a0n = 0. Indeed, substituting amn = 0, m = ±1,±2, · · · ,±n into (3.148), we can obtain

that if P 0
n(cos ✓1) 6= 0, then a0n = 0, which completes the proof of Theorem3.2.4.

In the above proof of Theorem 3.2.4, we have only analyzed the condition u|~a = 0

for illustration. For the condition u|~b = 0, we give the discussion in the following

remark.

Remark 3.2.3. In the proof of Theorem 3.2.4, if we use (3.141) instead of (3.140),

combining with (3.138) and (3.139), to consider the coe�cients of rn, n 2 N, then
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(3.144) becomes

1X

m=�1

iam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

|m|

1 (cos ✓2)e
im↵·⇡ = 0. (3.150)

Since we know a±1
1 = 0 by (3.142) and (3.143), we can obtain from (3.150) that if

P 0
1 (cos ✓2) 6= 0, then a01 = 0. By induction, in order to study a0n, we replace (3.148)

by

nX

m=�n

inamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓2)e
im↵·⇡ = 0. (3.151)

Substituting amn = 0, m = ±1,±2, · · · ,±n, which is derived from (3.149) to (3.151),

we can deduce that if P 0
n(cos ✓2) 6= 0, then a0n = 0.

Hence, from the above discussions we know that it is actually equivalent to consider

u|~a = 0 or u|~b = 0 in the proof of Theorem 3.2.4. Therefore, in our subsequent study,

we shall only prove under the condition with respect to ~a.

In Theorem 3.2.4, we have considered the case that ⇧3 2 N �
⌦ is a nodal plane.

Next, we study a more complicated case that ⇧3 2 M�
⌦ is a generalized singular

plane.

Theorem 3.2.5. Let u be a Laplacian eigenfunction to (3.1). Consider a vertex

corner V({⇧`}3`=1,0) b ⌦ with ⇧` 2 M�
⌦, ` = 1, 2, 3 and \(⇧1,⇧2) = � = ↵ · ⇡,

↵ 2 (0, 1). Assume that ⇧3 = span{~a,~b}, where ~a = (r, ✓1, 0) 2 ⇧1 \ ⇧3 and ~b =

(r, ✓2,↵ · ⇡) 2 ⇧2 \ ⇧3 for r > 0, ↵ 2 (0, 1), and fixed ✓1 2 (0, ⇡) and ✓2 2 (0, ⇡) in

the spherical coordinate system. If for an N 2 N, N � 3, there hold

u(0) = 0, P 1
p (cos ✓i) 6= 0, i = 1 or 2, and ↵ 6= q

p
, p = 1, 2, · · · , N�1, q = 1, 2, · · · , p�1,

(3.152)

where P 1
p is the associated Legendre polynomial, then the vanishing order of u at 0

generated by the intersection of the two planes ⇧1 and ⇧2 is at least order N .

Proof. Since ⇧`, ` = 1, 2, 3, are three generalized singular planes, we have

@u

@⌫
+ ⌘1u

���
⇧1

= 0,
@u

@⌫
+ ⌘2u

���
⇧2

= 0 and
@u

@⌫
+ ⌘3u

���
⇧3

= 0.
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From Theorem 3.2.4, we have already known that u satisfies (3.138) and (3.139) on

⇧1 and ⇧2 respectively. Besides, by Remark 3.2.3, we can obtain that

@u

@⌫
+ ⌘3u

���
~a
= 0. (3.153)

Since⇧3 = span{~a,~b}, which implies that ⌫ = ~b⇥~a = (sin ✓2 sin(↵·⇡) cos ✓1, sin ✓1 cos ✓2�

sin ✓2 cos(↵ · ⇡) cos ✓1,� sin ✓1 sin ✓2 sin(↵ · ⇡))T, we know that (3.153) can be written

as

@u

@⌫
+ ⌘3u

���
~a
=

1

r

@u

@✓
sin ✓2 sin(↵ · ⇡) + 1

r sin ✓1

@u

@�

· (sin ✓1 cos ✓2 � sin ✓2 cos ✓1 cos↵ · ⇡) + ⌘3u
���
✓=✓1,�=0

= 0. (3.154)

By Lemma 3.2.1, multiplying r sin ✓1 on the both sides of (3.154), the equation can

be written explicitly as

sin ✓1 sin ✓2 sin(↵ · ⇡)
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!

dP |m|

n (cos ✓)

d✓

���
✓=✓1

+ (sin ✓1 cos ✓2 � sin ✓2 cos ✓1 cos↵ · ⇡)
1X

n=0

nX

m=�n

in+1mamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!

· P |m|

n (cos ✓1) + ⌘3 sin ✓1r
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓1) = 0.

(3.155)

Since u(0) = 0, we know that a00 = 0. Combining (3.138), (3.139) with (3.155), the

corresponding coe�cients of r respectively fulfill that

1X

m=�1

mam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

|m|

1 (cos ✓) + ⌘1 sin ✓a
0
0

r
1

4⇡
P 0
0 (cos ✓) = 0, (3.156)

1X

m=�1

mam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

|m|

1 (cos ✓)eim↵·⇡�⌘2 sin ✓
1X

m=�1

a00

r
1

4⇡
P 0
0 (cos ✓)e

im↵·⇡ = 0,

(3.157)
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and

sin ✓1 sin ✓2 sin(↵ · ⇡)
1X

m=�1

iam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!

dP |m|

1 (cos ✓)

d✓

���
✓=✓1

� (sin ✓1 cos ✓2 � sin ✓2 cos ✓1 cos(↵ · ⇡))
1X

m=�1

mam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

|m|

1 (cos ✓1)

+ ⌘3 sin ✓1a
0
0

r
1

4⇡
P 0
0 (cos ✓1) = 0. (3.158)

Substituting a00 = 0 into (3.156) and (3.157), utilizing the orthogonality condition we

can derive

a11 � a�1
1 = 0, a11e

i↵·⇡ � a�1
1 e�i↵·⇡ = 0, (3.159)

which yields a±1
1 = 0 from the fact that ↵ 2 (0, 1). In addition, taking a00 = a±1

1 = 0

in (3.158), we have

sin ✓1 sin ✓2 sin(↵ · ⇡)ia01

p
�

3!!

r
3

4⇡
(�P 1

1 (cos ✓1)) = 0. (3.160)

Hence, by the assumptions on ✓1, ✓2 and ↵, we can obtain that a01 = 0 if P 1
1 (cos ✓1) 6= 0.

Proving by induction, we assume that amn�1 = 0 for m = 0,±1,±2, · · · ± (n� 1).

Then considering the coe�cients of rn in (3.138), (3.139) and (3.155) accordingly, we

know that

�
nX

m=�n

in+1mamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)

+ ⌘1 sin ✓
n�1X

m=�(n�1)

in�1amn�1

p
�
n�1

(2n� 1)!!

r
2n� 1

4⇡

s
(n� 1� |m|)!
(n� 1 + |m|)!P

|m|

n�1(cos ✓) = 0,

(3.161)

nX

m=�n

in+1mamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡

+ ⌘2 sin ✓
n�1X

m=�(n�1)

in�1amn�1

p
�
n�1

(2n� 1)!!

r
2n� 1

4⇡

s
(n� 1� |m|)!
(n� 1 + |m|)!P

|m|

n�1(cos ✓)e
im↵·⇡ = 0,

(3.162)
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and

sin ✓1 sin ✓2 sin(↵ · ⇡)
nX

m=�n

inamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!

dP |m|

n (cos ✓)

d✓

���
✓=✓1

+ (sin ✓1 cos ✓2 � sin ✓2 cos ✓1 cos↵ · ⇡)
nX

m=�n

in+1mamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!

· P |m|

n (cos ✓1) + ⌘3 sin ✓1

n�1X

m=�(n�1)

in�1amn�1

p
�
n�1

(2n� 1)!!

r
2n� 1

4⇡

s
(n� 1� |m|)!
(n� 1 + |m|)!P

|m|

n�1(cos ✓1) = 0.

Using the assumption that amn�1 = 0, m = 0,±1,±2, · · · ± (n � 1) in (3.161) and

(3.162), similar to Theorem 3.2.4, we can obtain that if ↵ 6= k
m , k = 1, 2, · · · ,m� 1,

then amn = 0 for m = ±1,±2, · · ·±n. Therefore, we can deduce from the last equation

above that

sin ✓1 sin ✓2 sin(↵ · ⇡)ina0n

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡
(�P 1

n(cos ✓1)) = 0, (3.163)

which indicates that a0n = 0 if P 1
n(cos ✓1) 6= 0, hence completes the proof of Theo-

rem3.2.5.

Remark 3.2.4. Following a similar argument in Theorem 3.2.5, if we take into

account the condition @u
@⌫ + ⌘3u

���
~b
⌘ 0 on ⇧3, then we can derive similar results with

respect to ✓2 instead of ✓1.

Remark 3.2.5. By direct verifications in the proof of Theorem 3.2.5, one can show

that either of the boundary parameters ⌘`, ` = 1, 2, 3, can be taken to be zero. That

means, the generalized singular planes in Theorem 3.2.5 can be replaced by singular

planes, and the vanishing results still hold.

In Theorems 3.2.4 and 3.2.5, we have considered the vanishing properties at a

vertex corner that is intersected by three planes (n = 3). In fact, the similar argu-

ments work for the case that n > 3, in which the third plane no longer intersects with

⇧1 or ⇧2. Without loss of generality, we denote the third plane to be discussed by

⇧j = span{��!OAj,
����!
OAj+1}, where 3  j  n and if j = n, we assume that An+1 := A1.

Let ⇧1 coincide with the (x1, x3)-plane. ⇧2 possesses a dihedral angle ↵ ·⇡ away from

⇧1 in the anti-clockwise direction and
��!
OA2 lies on the x3-axis; see Figure 3.5 for a
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schematic illustration.

x1

x2

x3

O

A1

A2

Aj

Aj+1

⇧1
⇧2

· · ·
· · ·

An

↵ · ⇡

A3

⇧j

⇧n

Figure 3.5: Schematic illustration of a vertex corner that is intersected by ⇧1, ⇧2,
· · · , ⇧n with n > 3.

Theorem 3.2.6. Let u be a Laplacian eigenfunction to (3.1). Consider a vertex cor-

ner V({⇧`}n`=1,0) b ⌦ as described above with ⇧` 2 M�
⌦, ` = 1, 2, \(⇧1,⇧2) =

� = ↵ · ⇡, ↵ 2 (0, 1), and ⇧j 2 N �
⌦ . Assume that ⇧j = span{��!OAj,

����!
OAj+1},

where
��!
OAj = (r, ✓j,�j) and

����!
OAj+1 = (r, ✓j+1,�j+1) for r > 0, ✓j, ✓j+1 2 (0, ⇡),

and �j,�j+1 2 (0, 2⇡). If for an N 2 N, N � 3, there hold

P 0
p (cos ✓⌧ ) 6= 0, ⌧ = j or j + 1, and ↵ 6= q

p
, p = 1, 2, · · · , N � 1, q = 1, 2, · · · , p� 1,

(3.164)

where P 0
p is the associated Legendre polynomial, then the vanishing order of u at 0

generated by the intersection of the two planes ⇧1 and ⇧2 is at least order N .

Proof. Since ⇧1 and ⇧2 are two generalized singular planes , we can derive (3.138)

and (3.139) immediately. Considering ⇧j, we know that u|⇧j ⌘ 0, which indicates

that u|��!
OAj

⌘ 0 and u|����!
OAj+1

⌘ 0. By Remark 3.2.3, it su�ces to analyze u|��!
OAj

⌘ 0 as

follows:

u|��!
OAj

= 4⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓j)e
im�j = 0.

(3.165)

Taking m = n = 0 in (3.165) we have 4⇡a00

q
1
4⇡P

0
0 (cos ✓j) = 0, where we can derive

a00 = 0 since P 0
0 ⌘ 1. Thus from (3.138), (3.139) and (3.165), we know that the
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coe�cients of r satisfy (3.145) and thus a±1
1 = 0. Moreover, we have

1X

m=�1

iam1

p
�

3!!

r
3

4⇡

s
(1� |m|)!
(1 + |m|)!P

|m|

1 (cos ✓j)e
im�j = 0, (3.166)

which can be further simplified as a01P
0
1 (cos ✓j) = 0 after substituting a±1

1 = 0 into

(3.166). Hence, it is easy to see that a01 = 0 if P 0
1 (cos ✓j) 6= 0.

By induction, we assume that amn�1 = 0 for m = 0,±1,±2, · · · ± (n� 1). Consid-

ering the coe�cients of rn, we can obtain (3.146) and (3.147) which induce (3.149)

as well as the equation

nX

m=�n

inamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓j)e
im�j = 0. (3.167)

Since we have already known that if ↵ 6= k
m , k = 1, 2, · · · ,m � 1, then amn = 0

for m = ±1,±2, · · · ,±n from (3.149). Substituting this result into (3.167), we can

deduce a0nP
0
n(cos ✓j) = 0. Therefore, we know that a0n = 0 if P 0

n(cos ✓j) 6= 0. Similarly,

if we utilize the condition u|����!
OAj+1

⌘ 0, then the same arguments and results work for

✓j+1, which completes our proof.

We proceed to consider the case that ⇧j is a generalized singular plane instead of

a nodal plane as in Theorem 3.2.6.

Theorem 3.2.7. Let u be a Laplacian eigenfunction to (3.1). Consider a vertex

corner V({⇧`}n`=1,0) b ⌦ with ⇧` 2 M�
⌦, ` = 1, 2, \(⇧1,⇧2) = � = ↵ · ⇡, ↵ 2 (0, 1),

and ⇧j 2 M�
⌦. Assume that ⇧j = span{��!OAj,

����!
OAj+1}, where

��!
OAj = (r, ✓j,�j) and

����!
OAj+1 = (r, ✓j+1,�j+1) for r > 0, ✓j, ✓j+1 2 (0, ⇡), and �j,�j+1 2 (0, 2⇡) such that

0 < �j � �j+1 < ⇡ in the spherical coordinate system. If for an N 2 N, N � 3, there

hold

u(0) = 0, P 1
p (cos ✓⌧ ) 6= 0, ⌧ = j or j + 1, and ↵ 6= q

p
, (3.168)

where p = 1, 2, · · · , N � 1, q = 1, 2, · · · , p � 1 and P 1
p is the associated Legendre

polynomial, then the vanishing order of u at 0 generated by the intersection of the

two planes ⇧1 and ⇧2 is at least order N .

Proof. From Theorem 3.2.5 and the fact that ⇧1 and ⇧2 are two generalized singular
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planes, we know u fulfils (3.138) and (3.139). Now consider ⇧j, there holds
@u
@⌫+⌘ju =

0 on ⇧j. Since ⇧j = span{��!OAj,
����!
OAj+1}, we have @u

@⌫ + ⌘ju
�����!
OAj

= 0 and

⌫ =
��!
OAj ⇥

����!
OAj+1 =

0

BBB@

sin ✓j sin�j cos ✓j+1 � sin ✓j+1 sin�j+1 cos ✓j

� sin ✓j cos�j cos ✓j+1 + sin ✓j+1 cos�j+1 cos ✓j

sin ✓j cos�j sin ✓j+1 sin�j+1 � sin ✓j+1 cos�j+1 sin ✓j sin�j

1

CCCA
.

Combining with Lemma 3.2.1, we can obtain by direct computations that

@u

@⌫
+ ⌘ju

�����!
OAj

=
1

r sin ✓j

@u

@�
(sin ✓j+1 cos ✓j cos(�j � �j+1)� sin ✓j cos ✓j+1)

+
1

r

@u

@✓
sin ✓j+1 sin(�j � �j+1) + ⌘ju

���
✓=✓j ,�=�j

= 0. (3.169)

Since ✓j 2 (0, ⇡), multiplying r sin ✓j on the both sides of (3.169), we can deduce that

(sin ✓j+1 cos ✓j cos(�j � �j+1)� sin ✓j cos ✓j+1)
1X

n=0

nX

m=�n

in+1mamn jn(
p
�r)

r
2n+ 1

4⇡

·

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓j)e
im�j + sin ✓j sin ✓j+1 sin(�j � �j+1)

1X

n=0

nX

m=�n

inamn jn(
p
�r)

·
r

2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!

dP |m|

n (cos ✓)

d✓

���
✓=✓j

eim�j + ⌘j sin ✓jr
1X

n=0

nX

m=�n

inamn jn(
p
�r)

·
r

2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓j)e
im�j = 0. (3.170)

By u(0) = 0, we know that a00 = 0. Considering the coe�cients with respect to r

in (3.138), (3.139) and (3.170), we know that a±1
1 fulfill (3.145) which induces that

a±1
1 = 0 since ↵ 2 (0, 1). Moreover, it is easy to see from (3.170) that

sin ✓j sin ✓j+1 sin(�j � �j+1)ia
0
1

p
�

3!!

r
3

4⇡
(�P 1

1 (cos ✓j)) = 0.

Since ✓j, ✓j+1 2 (0, ⇡) and 0 < �j � �j+1 < ⇡, we know a01 = 0 if P 1
1 (cos ✓j) 6= 0.

Similarly, we assume that amn�1 = 0, m = 0,±1,±2, · · · ,±(n�1). Then combining
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with Theorem 3.2.5, we know that amn satisfies (3.161), (3.162) and

(sin ✓j+1 cos ✓j cos(�j � �j+1)� sin ✓j cos ✓j+1)
nX

m=�n

in+1mamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

·

s
(n+ |m|)!
(n� |m|)!P

|m|

n (cos ✓j)e
im�j + sin ✓j sin ✓j+1 sin(�j � �j+1)

nX

m=�n

inamn

p
�
n

(2n+ 1)!!

·
r

2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!

dP |m|

n (cos ✓)

d✓

���
✓=✓j

eim�j + ⌘j sin ✓j

n�1X

m=�(n�1)

in�1amn�1

p
�
n�1

(2n� 1)!!

·
r

2n� 1

4⇡

s
(n� 1� |m|)!
(n� 1 + |m|)!P

|m|

n�1(cos ✓j)e
im�j = 0. (3.171)

In (3.161) and (3.162), utilizing the assumption amn�1 = 0 for m = 0,±1,±2, · · · ±

(n � 1), we know that if ↵ 6= k
m , k = 1, 2, · · · ,m � 1, then amn = 0, ±1,±2, · · · ,±n.

Hence (3.171) can be simplified to

sin ✓j sin ✓j+1 sin(�j � �j+1)i
na0n

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡
(�P 1

n(cos ✓j)) = 0.

Since ✓j, ✓j+1 2 (0, ⇡) and 0 < �j��j+1 < ⇡, we can derive that a0n = 0 if P 1
n(cos ✓j) 6=

0. The same results work for ✓j+1 if we take into account that @u
@⌫ + ⌘ju

�������!
OAj+1

= 0.

This completes the proof of Theorem 3.2.7.

Remark 3.2.6. Similarly to Remark 3.2.5, one can have by direct verifications that

the vanishing results in Theorem 3.2.7 still hold if any of the generalized singular

planes involved is replaced by a singular plane.

3.2.4 Irrational intersections and infinite vanishing orders.

From the results derived in Subsections 3.2.2 and 3.2.3, one can identify that the

vanishing order of the eigenfunction u at an edge or a vertex corner relies on the

degree of the dihedral angle of the underlying corner. In the following two definitions,

we first introduce the irrational and rational edge or vertex corner. Then, based on

the results in Subsections 3.2.2 and 3.2.3, we show that the vanishing order of the

eigenfunction at an irrational edge or vertex corner is generically infinity and hence

it vanishes identically in ⌦.
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Definition 3.2.7. Let E(⇧1,⇧2, l) be an edge corner defined in Definition 3.2.2 and

the corresponding dihedral angle of ⇧1 and ⇧2 is denoted by � = ↵ · ⇡, ↵ 2 (0, 1). If

� is an irrational dihedral angle, namely, ↵ is an irrational number, then E(⇧1,⇧2, l)

is said to be an irrational edge corner. Otherwise it is said to be a rational edge

corner. For a rational edge corner E(⇧1,⇧2, l), the dihedral angle between ⇧1 and ⇧2

is called the rational degree of E(⇧1,⇧2, l).

Definition 3.2.8. Let V({⇧`}n`=1,x0) be a vertex corner defined in Definition 3.2.3,

where n 2 N and n � 3. It is clear that V({⇧`}n`=1,x0) is composed of the following

n edge corners

E` := E(⇧`,⇧`+1, l`), En := E(⇧n,⇧1, ln), ⇧n+1 := ⇧1, ` = 1, 2, . . . , n� 1,

where l` is the line segment of ⇧` \ ⇧`+1 and ln is the line segment of ⇧n \ ⇧1,

respectively. Denote

IIR = {` 2 N | 1  `  n, E` is an irrational edge corner},

IR = {` 2 N | 1  `  n, E` is a rational edge corner}.
(3.172)

If #IIR � 1, then V({⇧`}n`=1,x0) is said to be an irrational vertex corner. If #IIR ⌘ 0,

then V({⇧`}n`=1,x0) is said to be a rational vertex corner. For a rational vertex cor-

ner V({⇧`}n`=1,x0) composed of edge corners E` := E(⇧`,⇧`+1, l`), the largest degree

of E` (` = 1, . . . , n) is referred to as the rational degree of V({⇧`}n`=1,x0).

When an irrational edge corner E(⇧1,⇧2, l) is intersected by two nodal planes of

u, we can derive the following result from Theorem 3.2.1.

Theorem 3.2.8. Let u be a Laplacian eigenfunction to (3.1). Suppose that E(⇧1,⇧2, l) b
⌦ is an irrational edge corner with ⇧1,⇧2 2 N �

⌦ . Then there holds that

Vani(u;0,⇧1,⇧2) = +1, 0 2 l.

If the intersecting two planes of the irrational edge corner are either of the three

types: a nodal plane, a singular plane or a generalized singular plane, namely for the

general case, we have the irrational intersection results as shown below.
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Theorem 3.2.9. Let u be a Laplacian eigenfunction to (3.1). Suppose that E(⇧1,⇧2, l) b
⌦ is an irrational edge corner with ⇧1 2 N �

⌦ and ⇧2 2 M�
⌦. Then there holds that

Vani(u;0,⇧1,⇧2) = +1, 0 2 l.

The same result can be derived for the case that ⌘ ⌘ 0, which indicates that ⇧2

is a singular plane. The detailed discussion can be found in Theorem 3.2.2.

The next theorem is concerned with the intersection of two generalized singular

planes, which is a direct corollary of Theorem 3.2.3.

Theorem 3.2.10. Let u be a Laplacian eigenfunction to (3.1). Suppose that E(⇧1,⇧2, l) b
⌦ is an irrational edge corner with ⇧` 2 M�

⌦ (` = 1, 2). If there exits a su�ciently

small " > 0 such that

u|B"(0)\l ⌘ 0, (3.173)

then there hold that

Vani(u;0,⇧1,⇧2) = +1, 0 2 l.

If ⌘1 = 0 or ⌘2 = 0, which indicates that either ⇧1 or ⇧2 becomes a singular

plane, we can deduce the same vanishing property as Theorem 3.2.10. Moreover, if

⌘1 = ⌘2 = 0, for the intersection of two singular planes, we can further obtain the

explicit form of u as below.

Theorem 3.2.11. Let u be a Laplacian eigenfunction to (3.1). Suppose that E(⇧1,⇧2, l) b
⌦ is an irrational edge corner and ⇧` 2 S�⌦ (` = 1, 2) . If (3.173) is satisfied, then

there holds that

Vani(u;0,⇧1,⇧2) = +1, 0 2 l. (3.174)

Moreover, if (3.173) fails to be fulfilled, then we have the following expansion of u in

a neighborhood of the edge corner 0 in the polar coordinate system:

u(x) = 4⇡
1X

n=0

ina0njn(
p
�r)Y 0

n (✓,�), (3.175)

where Y 0
n (✓,�) is the spherical harmonics and jn(t) is the n-th Bessel function.
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Proof. By Theorem 3.2.3 and Remark 3.2.2, it is easy to verify that (3.174) holds

under the generic condition (3.173). However, if (3.173) fails to be fulfilled, then we

can not derive a0n = 0 for n = 0, 1, 2, · · · .

Since @u
@⌫

���
⇧`

⌘ 0, ` = 1, 2, we can obtain by direct computation that

�
1X

n=0

nX

m=�n

in+1mamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓) = 0, (3.176)

and

1X

n=0

nX

m=�n

in+1mamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡ = 0, (3.177)

on ⇧1 and ⇧2 respectively. By comparing the coe�cients of r in (3.176) and (3.177),

with the help of the orthogonality condition, we can still obtain that a±1
1 = 0 since

↵ 2 (0, 1) for the dihedral angle � = ↵ ·⇡. By induction, following a similar argument

to the proof of Theorem 3.2.3, we can deduce that

�
nX

m=�n

in+1mamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓) = 0, (3.178)

and

nX

m=�n

in+1mamn

p
�
n

(2n+ 1)!!

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡ = 0. (3.179)

Therefore, by Lemma 3.2.2, we know that there holds amn = 0 (m = ±1,±2, · · · ,±n)

since the corresponding dihedral angle is irrational. Hence, we are able to obtain the

explicit expression (3.175) around the edge corner 0.

Based on the irrational intersection at an edge corner by two planes, we next

consider the corresponding properties at a vertex corner which is intersected by n

planes where n � 3.

Using Theorem 3.2.6 and Remark 3.2.6, we have the following results for an

irrational vertex corner.
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Theorem 3.2.12. Let u be a Laplacian eigenfunction to (3.1). Consider an irrational

vertex corner V({⇧`}n`=1,0) b ⌦, where the intersecting n planes ⇧1,⇧2, · · · , ⇧n could

be either of the three types: a nodal plane, a singular plane or a generalized singular

plane, n 2 N and n � 3. Assume that for ` = 1, 2, · · · , n, ⇧` = span{��!OA`,
����!
OA`+1},

where
��!
OA` = (r, ✓`,�`),

����!
OA`+1 = (r, ✓`+1,�`+1) for r > 0, ✓`, ✓`+1 2 (0, ⇡) and

�`,�`+1 2 (0, 2⇡) such that 0 < �` � �`+1 < ⇡ in the spherical coordinate system.

Particularly when ` = n, we denote ⇧n+1 := ⇧1. Recall that IR and IIR are defined in

(3.172). If one of the following conditions is fulfilled that

1. there exists an index `0 2 IIR such that ⇧`0 2 N �
⌦ or ⇧`0+1 2 N �

⌦ ;

2. for any ` 2 IIR, if ⇧`,⇧`+1 2 {S�⌦ [ M�
⌦}, u(0) = 0 and for a fixed `0 2 IIR

there exits an index j 2 {1, . . . , n} such that the corresponding plane ⇧j =

span{��!OAj,
����!
OAj+1} satisfies P 0

p (cos ✓⌧ ) 6= 0 and P 1
p (cos ✓⌧ ) 6= 0 for all p 2 N,

⌧ = j, j + 1, where P 0
p and P 1

p are the associated Legendre polynomials;

then there holds that Vani(u;0) = +1.

3.2.5 Vanishing at edge and vertex corners involving gener-

alized singular planes with variable parameters.

In Subsections 3.2.2–3.2.4, whenever a generalized singular plane ⇧ is concerned, the

parameter ⌘ (cf. Definition 3.2.1) was assumed to be a constant. In this subsection,

we remark that with some straightforward modifications, all the results derived in

Subsections 3.2.2–3.2.4 equally hold for the case that ⌘ is a (variable) analytic function

on ⇧. To that end, we make the following crucial observation. In the sequel, for an

analytic function f on ⇧ with the following series representation,

f(x) =
1X

`=0

a`(✓,�)r
`, x = (r, ✓,�) 2 ⇧, (3.180)

we define deglow(f) = N if a` = 0 for ` = 0, 1, . . . , N while aN+1 6= 0. Next, we first

assume that ⌘ is an analytic function of the form (3.180) on ⇧. Recall that u has the
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expansion (3.106) and assume that

amn = 0 for n = 0, 1, . . . , N and m = ±n,±(n� 1), . . . ,±1, 0. (3.181)

Then by straightforward calculations, one has

@u

@⌫
+ ⌘u

=
1

r sin ✓
4⇡

1X

n=N

nX

m=�n

in+1mamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡

+
1X

`=0

a`(✓,�)r
` · 4⇡

1X

n=N

nX

m=�n

inamn jn(
p
�r)

r
2n+ 1

4⇡

s
(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim↵·⇡.

(3.182)

Using (3.109) and (3.182), it is straightforward to verify that deglow(⌘u) � N , while

the leading-order term for @u/@⌫ + ⌘u is the rN�1-term, completely determined by

@u/@⌫. With such an observation, it is straightforward to show that all the results

in Subsections 3.2.2–3.2.4 hold for the case that ⌘ is of the form (3.180) on ⇧. For

the general case that ⌘ is analytic on ⇧, since all of our mathematical arguments can

actually be localized around the corner points, one can complete the proofs by using

the fact that ⌘ has the series expansion (3.180) locally around the corner points.

3.2.6 Unique identifiability for inverse obstacle problems.

In this subsection, we apply the results we have obtained in the previous discussions

about the vanishing properties of an eigenfunction at a vertex corner to study a

fundamental mathematical issue in inverse scattering problems, namely the unique

identifiability of the inverse problem recovering the shape of some unknown objects

by certain wave probing data.

Let ⌦ ⇢ R
3 be a bounded Lipschitz domain such that R3\⌦ is connected. Let ui

be an incident field, and it is assumed in the subsequent analysis to be a plane wave

of the form

ui := ui(x; k,d) = eikx·d, x 2 R
3,
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where k 2 R+ signifies the wavenumber and d 2 S
2 denotes the incident direction.

Physically speaking, ui is the detecting wave field and ⌦ denotes an impenetrable

obstacle which interrupts the propagation of the incident wave and generates the

corresponding scattered wave field us. Define u := ui + us to be the total wave field,

then the forward scattering problem of this process can be described by the following

system 8
>>>>>>>>>>><

>>>>>>>>>>>:

�u+ k2u = 0 in R
3\⌦,

u = ui + us in R
3,

B(u) = 0 on @⌦,

lim
r!1

r
1
2

✓
@us

@r
� ikus

◆
= 0,

(3.183)

where the last equation is the Sommerfeld radiation condition that holds uniformly

in x̂ := x/|x| 2 S
2. If B(u) := u, the boundary condition is of Dirichlet type and

⌦ is said to be a sound-soft obstacle; if B(u) := @⌫u, the boundary condition is of

Neumann type and ⌦ is said to be a sound-hard obstacle; if B(u) := @⌫u + ⌘u, ⌦

becomes an impedance obstacle with Robin type boundary condition where ⌫ denotes

the exterior unit normal vector to @⌦ and ⌘ 2 L1(@⌦) signifies the corresponding

impedance boundary parameter. For unification of the notation, we write all these

three types of boundary conditions as

B(u) := @⌫u+ ⌘u = 0 on @⌦, (3.184)

where the cases that ⌘ = 1 and ⌘ = 0 stand for the Dirichlet and Neumann boundary

conditions, respectively.

The forward scattering problem (3.183) has been studied in [39, 106] and there

exists a unique solution u 2 H1
loc(R

3\⌦) fulfilling the following expansion:

us(x; k,d) =
eikr

r1/2
u1(x̂; k,d) +O

✓
1

r3/2

◆
as r ! 1, (3.185)

where u1 is known as the associated far-field pattern or the scattering amplitude.

The asymptotic form (3.185) holds uniformly with respect to all directions x̂ :=
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x/|x| 2 S
2.

The inverse obstacle scattering problem corresponding to (3.183) is to recover

⌦ (and ⌘ as well in the impedance case) by the knowledge of the far-field pattern

u1(x̂; k,d). By introducing an operator F which sends the obstacle to the cor-

responding far-field pattern, defined by the forward scattering system (3.183), the

aforementioned inverse problem can be formulated as

F(⌦, ⌘) = u1(x̂; k,d). (3.186)

It can be directly verified that the inverse problem (3.186) is nonlinear.

In Subsection 3.1.5, we have developed a completely new method that is applicable

for sound-soft, sound-hard and also impedance type obstacles to provide a solution to

the inverse obstacle problem in the two-dimensional space. We have showed that in

a rather general scenario one can determine the convex hull of an impedance obstacle

as well as its boundary parameter by at most two far-field patterns by utilizing this

new approach. In this subsection, we apply the spectral results we have established

previously to study this fundamental issue, namely to recover the obstacle and its

surface impedance in R
3. Similar to the two-dimensional case, the method developed

here is completely local. Next, we give some basic definitions for the inverse obstacle

problem in R
3.

Definition 3.2.9. Let ⌦ ⇢ R
3 be an open polyhedron associated with the generalized

impedance boundary condition (3.184). Then ⌦ is said to be an admissible polyhedral

obstacle if the following conditions are fulfilled:

• On each face of @⌦, the surface impedance ⌘ is either a constant (possibly zero)

or 1.

• For any vertex of ⌦ that is intersected by n planes: ⇧1,⇧2, · · · ,⇧n, n � 3,

there exists a plane ⇧j := {��!OAj,
����!
OAj+1}, where O denotes the vertex locating

at the origin.
��!
OA⌧ = (r, ✓⌧ ,�⌧ ), for r > 0, ✓⌧ 2 (0, ⇡) and �⌧ 2 (0, 2⇡) in

spherical coordinate system such that P 0
n(cos ✓⌧ ) 6= 0 and P 1

n(cos ✓⌧ ) 6= 0, where

⌧ = j, j + 1, n 2 N, P 0
n and P 1

n are the associated Legendre polynomials.
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Remark 3.2.7. By noting the fact that P 0
n(1) ⌘ 1, P 1

n(1) ⌘ 0 when ✓ = 0 for

all n 2 N, and the continuity of the associated Legendre polynomials, it is easy to

know that there exist �0 > 0 such that for any ✏ > 0 and ✓ 2 (0, �0), there holds

P 0
n(cos ✓) 2 (1 � ✏, 1) and P 1

n(cos ✓) 2 (0, ✏), which implies the existence of ✓⌧ in

Definition 3.2.9. Therefore, the definition of the aforementioned admissible polyhedral

obstacle is well defined.

Remark 3.2.8. In view of Subsection 3.2.5, in Definition 3.2.9, the surface impedance

⌘ can be relaxed to that it is either an analytic function (possibly zero) or 1; see also

Remark 3.2.12 in what follows.

Throughout this subsection, we signify an admissible polyhedral obstacle as (⌦, ⌘).

Then we define the rational and irrational obstacles in R
3 based on Definition 3.2.8

for the rational and irrational vertex corners of ⌦.

Definition 3.2.10. Let (⌦, ⌘) be an admissible polyhedral obstacle. If there exits a

vertex corner that is rational, then it is said to be a rational obstacle. If all the vertex

corners of ⌦ are irrational, then it is called an irrational obstacle. The smallest degree

of the rational corner of ⌦ is referred to as the rational degree of ⌦.

Definition 3.2.11. ⌦ is said to be an admissible complex polyhedral obstacle if it

consists of finitely many admissible polyhedral obstacles. That is,

(⌦, ⌘) =
l[

j=1

(⌦j, ⌘j),

where l 2 N and each (⌦j, ⌘j) is an admissible polyhedral obstacle. Here, we define

⌘ =
lX

j=1

⌘j�@⌦j .

Moreover, ⌦ is said to be irrational if all of its component polyhedral obstacles are

irrational, otherwise it is said to be rational. For the latter case, the smallest degree

among all the degrees of its rational components is defined to be the degree of the

complex obstacle ⌦.
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Next, we give the unique determination result for an admissible complex irrational

polyhedral obstacle by at most two far-field patterns.

Theorem 3.2.13. Consider a fixed k 2 R+, and two distinct incident directions d1

and d2 from S
2. Let (⌦, ⌘) and (e⌦, e⌘) be two admissible complex irrational obsta-

cles, with u1 and eu1 being their corresponding far-field patterns and G being the

unbounded connected component of R3\(⌦ [ e⌦). If u1 and eu1 are the same in the

sense that

u1(x̂; k,d`) = eu1(x̂; k,d`), for ` = 1, 2 and all x̂ 2 S
2, (3.187)

then (@⌦\@e⌦)
S
(@e⌦\@⌦) cannot possess a vertex corner on @G. Moreover,

⌘ = e⌘ on @⌦ \ @e⌦. (3.188)

Proof. We prove the theorem by contradiction. Assume that (@⌦\@e⌦)
S
(@e⌦\@⌦)

has a vertex corner xc on @G. Then, xc is either located at ⌦ or e⌦. Without loss

of generality, we assume that xc is a vertex corner of e⌦, which also indicates that xc

lies outside ⌦. Let h 2 R+ be su�ciently small such that Bh(xc) b R
2\⌦, then we

can suppose for n � 3 that

Bh(xc) \ @e⌦ = ⇧`, ` = 1, 2, · · · , n,

where ⇧` are the n planes lying on the n faces of e⌦ that intersect at xc.

Recall that G is the unbounded connected component of R3\(⌦ [ e⌦). By (3.187)

and the Rellich theorem (cf. [39]), we know that

u(x; k,d`) = eu(x; k,d`), x 2 G, ` = 1, 2. (3.189)

Since ⇧` ⇢ @G, ` = 1, 2, · · · , n, combining (3.189) with the generalized boundary

condition (3.184) on @e⌦, it is easy to obtain for n � 3 that

@⌫u+ e⌘u = @⌫eu+ e⌘eu = 0 on ⇧`, ` = 1, 2, · · · , n.
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Furthermore, since Bh(xc) b R
2\⌦, we have ��u = k2u in Bh(xc). We divide our

remaining proof into two separate cases.

Case 1. Suppose that either u(xc; k,d1) or u(xc; k,d2) is zero. Without loss of gener-

ality, we assume that u(xc; k,d1) = 0. By the assumption of the theorem that e⌦ is an

admissible complex irrational obstacle, we know that xc is an irrational vertex corner

of e⌦, which also implies that there exist ⇧`0 and ⇧`0+1 such that the corresponding

intersecting dihedral angle is irrational. Hence, by our results in Subsection 3.2.3 and

3.2.4, we can immediately derive that

u(x; k,d1) = 0 in Bh(xc),

which in turn yields by the analytic continuation that

u(x; k,d1) = 0 in R
3\⌦. (3.190)

In particular, one has from (3.190) that

lim
|x|!1

|u(x; k,d1)| = 0. (3.191)

But this contradicts to the fact that follows from (3.185):

lim
|x|!1

|u(x; k,d1)| = lim
|x|!1

��eikx·d1 + us(x; k,d1)
�� = 1. (3.192)

Case 2. Suppose that both u(xc; k,d1) 6= 0 and u(xc; k,d2) 6= 0. Set

↵1 = u(xc; k,d2) and ↵2 = �u(xc; k,d1), (3.193)

and

v(x) = ↵1u(x; k,d1) + ↵2u(x; k,d2) 8x 2 Bh(xc). (3.194)

It is easy to verify for n � 3 that v fulfills

��v = k2v in Bh(xc) and @⌫v + e⌘v = 0 on ⇧`, ` = 1, 2, · · · , n. (3.195)
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Moreover, by the choice of ↵1 and ↵2 in (3.193), it is obvious to see that v(xc) = 0.

Hence, by our results in Subsections 3.2.2 and 3.2.3, we deduce that

v = 0 in Bh(xc),

and thus

↵1u(x; k,d1) + ↵2u(x; k,d2) = 0 in R
3\⌦ (3.196)

by the analytic continuation. However, since d1 and d2 are distinct, we know from

[39, Chapter 5] that u(x; k,d1) and u(x; k,d2) are linearly independent in R
3\⌦.

Therefore, from (3.196) we can obtain that ↵1 = ↵2 = 0, which contracts to the

assumption at the beginning that both ↵1 and ↵2 are nonzero.

It remains to prove (3.188), and we do it by contradiction. Let E ⇢ @⌦ \ @e⌦ be

an open subset such that ⌘ 6= e⌘ on E . By taking a smaller subset of E if necessary,

we can assume that ⌘ (respectively e⌘) is either a fixed constant or 1 on E . Clearly,

one has u = eu in R
3\(⌦ [ e⌦). Hence it holds that

@⌫u+ ⌘u = 0, @⌫eu+ e⌘eu = 0, u = eu, @⌫u = @⌫eu on E .

Combining with the assumption that ⌘ 6= e⌘ on E , we can deduce by direct computing

that

u = @⌫u = 0 on E ,

which in turn yields by the Holmgren uniqueness result (cf. [101]) that u = 0 in

R
3\⌦. Therefore, we arrive at the same contradiction as that in (3.191), leading to

the conclusion (3.188).

We proceed to consider the unique determination of rational obstacles. By Defini-

tions 3.2.8 and 3.2.10, we know that a rational obstacle contains at least one rational

vertex corner. Recalling the results in Subsections 3.2.2 and 3.2.3, for a fixed rational

vertex corner xc which is intersected by ⇧`, where ⇧` = span{��!OA`,
����!
OA`+1} with the

n dihedral angles \(⇧`,⇧`+1) = ↵` · ⇡, ` = 1, 2, · · · , n (n � 3), it is direct to verify
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that the eigenfunction u to (3.1) of the form

u(x) = 4⇡
1X

n=0

nX

m=�n

inamn jn(
p
�r)

s
2n+ 1

4⇡

(n� |m|)!
(n+ |m|)!P

|m|

n (cos ✓)eim�

satisfies that a00 = 0 if u(xc) = 0, where x = (x1, x2, x3) = r(sin ✓ cos�, sin ✓ sin�, cos ✓) 2

R
3, � is the corresponding eigenvalue, Pm

n (t) denotes the associated Legendre func-

tion and jn(t) signifies the n-th spherical Bessel function. Since ↵` 2 (0, 1) for any

` = 1, 2, · · · , n, one can immediately obtain that a±1
1 = 0; see Theorems 3.2.2, 3.2.4

and 3.2.5 for detailed discussions. Moreover, if we denote

��!
OA` = (r, ✓`,�`) for r > 0, ✓` 2 (0, ⇡) and �` 2 (0, 2⇡) (3.197)

in the spherical coordinate system, then there always holds that P 1
1 (cos ✓`) = � sin ✓` 6=

0. However, since P 0
1 (cos ✓`) = cos ✓`, we know that P 0

1 (cos ✓`) 6= 0 is only true for

✓` 6= ⇡
2 , and thus a01 = 0. That is, the eigenfunction u vanishes at least to the second

order when ✓` 6= ⇡
2 , and u vanishes at least to the first order otherwise.

Let ⌦ be a polyhedron in R
3 and xc be a vertex corner of ⌦. Then we introduce

for r 2 R+ that ⌦r(xc) = Br(xc) \ R
3\⌦, and define for any f 2 L2

loc(R
3\⌦) that

L(f)(xc) := lim
r!+0

1

|⌦r(xc)|

Z

⌦r(xc)

f(x) dx

if the limit exists. It is easy to see that if f(x) is continuous in ⌦✏0(xc) for a su�ciently

small ✏0 2 R+, then L(f)(xc) = f(xc).

Now we are ready to study the unique determination of rational obstacles.

Theorem 3.2.14. Consider a fixed k 2 R+, and two distinct incident directions d1

and d2 from S
2. Let (⌦, ⌘) and (e⌦, e⌘) be two admissible complex rational obstacles

of degree p � 3, with u`(x) := u(x; k,d`) and eu` := eu(x; k,d`) being their corre-

sponding total wave fields associated with the incident field eikx·d`, and u1(x̂; k,d`)

and eu1(x̂; , k,d`) being their corresponding far-field patterns for ` = 1, 2. We fur-

ther write G for the unbounded connected component of R3\(⌦ [ e⌦). Then the set

(@⌦\@e⌦)[(@e⌦\@⌦) can not possess a vertex corner on @G, if the following conditions
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are satisfied:

u`,1(x̂; k,d`) = eu`,1(x̂; k,d`), x̂ 2 S
2, ` = 1, 2, (3.198)

L (u2 ·ru1 � u1 ·ru2) (xc) 6= 0 and L (eu2 ·reu1 � eu1 ·reu2) (xc) 6= 0 (3.199)

for all vertices xc of ⌦.

Proof. We prove the theorem by contradiction. Assume that (3.198) holds but

(@⌦\@e⌦)[(@e⌦\@⌦) has a vertex corner xc on @G. Without loss of generality, we still

assume that xc is a vertex corner of e⌦. In what follows, we adopt the same notations

as those introduced in the proof of Theorem 3.2.13.

By following a similar argument to the proof of Theorem 3.2.13, one can show

that there exist n pieces of planes ⇧` ⇢ @G intersecting at xc, such that @⌫u+e⌘u = 0

on ⇧`, ` = 1, 2, · · · , n. Using the fact that u = eu near xc, we derive by Rellich Lemma

and the condition (3.199) on (e⌦, e⌘) that

u(xc; k,d2) ·ru(xc; k,d1)� u(xc; k,d1) ·ru(xc; k,d2) 6= 0. (3.200)

Clearly, this implies that ↵1 := u(xc; k,d2) and ↵2 = �u(xc; k,d1) cannot be iden-

tically zero. Let v be the same combination as introduced in (3.194), then we can

directly verify that v fulfills (3.195) and

v(xc) = 0 and rv(xc) 6= 0. (3.201)

Noting that e⌦ is a rational obstacle of degree p � 3, we know that ⇧`, ` = 1, 2, · · · , n,

intersect either at an irrational vertex corner or a rational vertex corner of degree

p � 3. In either case, we see by our results in Subsections 3.2.2, 3.2.3 and 3.2.4 that

v vanishes at least to the second order at xc if ✓` 6= ⇡
2 in (3.197) for ` = 1, 2, · · · , n.

Hence, there holds that rv(xc) = 0, which is a contradiction to (3.201).

Remark 3.2.9. In the proof of Theorem3.2.14, we may illustrate the vanishing order

of u by the normal derivatives in Taylor expansion. That is, the conditions that

v(xc) = rv(xc) = 0 imply that v vanishes at xc at least up to the second order.

Indeed, this is equivalent to the vanishing condition that a00 = a±1
1 = a01 = 0 for

the coe�cients of u in the spherical wave expansion, which follows readily from the
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main theorems of Subsections 3.2.2 and 3.2.3 under the condition that ✓` 6= ⇡
2 for

` = 1, 2, · · · , n.

Remark 3.2.10. The uniqueness results and the corresponding argument in The-

orems 3.2.13 and 3.2.14 are “localized” around the corner xc based on the spectral

results in Subsections 3.2.2 and 3.2.3. This provides a novel and very e↵ective ana-

lytical approach to study inverse scattering problems.

Remark 3.2.11. We would like to point out that the condition (3.199) can be fulfilled

under certain generic conditions on ⌦. For instance, if the obstacle ⌦ is su�ciently

small compared with the wavelength, namely k · diam(⌦) ⌧ 1, then it is known from

the physical point of view that the scattered wave field due to the obstacle is of a

much smaller magnitude than the incident field, and thus the incident plane wave

dominates in the total wave field u = ui + us. Under this circumstance, (3.199) can

be verified directly. Condition (3.199) can hold in more general scenarios, but we

shall not explore this technical issue further in the present paper.

Remark 3.2.12. We would like to point out that by using the results in Subsection

3.2.5, Theorems 3.2.13 and 3.2.14 equally hold for the case that the surface impedance

⌘ is a (variable) analytic function; see also Remark 3.2.8.
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Chapter 4

Fractional partial di↵erential

operators and nonlocal inverse

problems

The study of fractional partial di↵erential operators and nonlocal inverse problems

has received significant attention in the literature in recent years. For example,

it has received growing interest recently in the study of nonlocal inverse problems

associated with the fractional Schrödinger using measurements encoded in the exterior

Dirichlet to Neumann map; see [34, 55–57, 61, 88, 125, 126] for detailed analyses. In

the literature, the inverse problems are usually referred to as the Calderón problems

for the fractional PDEs, a name that is inherited from the corresponding study of

non-fractional PDEs. The Calderón problem for the fractional Schrödinger equation

was first solved by Ghosh, Salo and Uhlmann [57]. Based on the similar idea, [55]

and [88] generalized the results to the nonlocal variable case and nonlocal semilinear

case, respectively. Recently, Rüland and Salo [125] studied the fractional Calderón

problem under lower regularity conditions and established the stability results for

the determination of unknown potentials. In [61], the authors characterized an if-

and-only-if relationship between two positive potentials and their associated DtN

maps of the fractional Schrödinger equation. Harrach and Lin [61] also provided a

reconstruction algorithm of an unknown inclusion based on the monotonicity method.

The nonlocal inverse problems reveal some novel and distinctive features compared
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to their local counterparts.

In this chapter, we also provide some interesting discussions and observations on

the simultaneous recovery results in nonlocal inverse problems. The rest of this chap-

ter is organized as follows. In Section 4.1, we first present some prelimilary knowledge

on the fractional Sobolev Spaces and fractional partial di↵erential operators. In Sec-

tion 4.2, we study the nonlocal inverse problem with respect to anisotropic fractional

Schrödinger operators. Section 4.3 is devoted to another nonlocal inverse problem

on the determination discussions of a fractional Helmholtz equation with unknown

source and scattering potential.

4.1 Prelimilary knowledge on fractional Sobolev

Spaces and fractional partial di↵erential oper-

ators

In this section, we present some preliminary knowledge on the fractional Sobolev

Spaces and fractional partial di↵erential operators (FPDO) that shall be needed in

our inverse problem study. We begin with the definition of fractional Sobolev Spaces.

4.1.1 Fractional Sobolev Spaces.

For 0 < s < 1, the fractional Sobolev Space is denoted by Hs(Rn) := W s,2(Rn),

which is the standard L2 based Sobolev Space with the norm

kuk2Hs(Rn) = kuk2L2(Rn) + k(��)s/2uk2L2(Rn). (4.1)

The semi-norm k(��)s/2uk2L2(Rn) can also be expressed as

k(��)s/2uk2L2(Rn) = ((��)su, u)
Rn , (4.2)

where

(��)su = cn,s P.V.

Z

Rn

u(x)� u(y)

|x� y|n+2s
dy
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is the standard fractional Laplacian with the constant

cn,s =
�(n2 + s)

|�(�s)|
4s

⇡n/2

and P.V. denotes the standard principal value operator (see [113] for detailed descrip-

tion).

Next, given any open set U of Rn and ⌘ 2 R, we consider the following Sobolev

Spaces,

H⌘(U) := {u|U ; u 2 H⌘(Rn)},

eH⌘(U) := closure of C1

c (U) in H⌘(Rn),

H⌘
0 (U) := closure of C1

c (U) in H⌘(U),

and

H⌘

U
:= {u 2 H⌘(Rn); supp(u) ⇢ U}.

The Sobolev Space H⌘(U) is complete under the graph norm

kukH⌘(U) := inf
�
kvkH⌘(Rn); v 2 H⌘(Rn) and v|U = u

 
.

It is known that eH⌘(U) ✓ H⌘
0 (U), and H⌘

U
is a closed subspace of H⌘(Rn). For more

detailed discussions of the fractional Sobolev Spaces, we refer to [106,113].

4.1.2 Definition of the FPDO L s

A
.

In this subsection, let us provide the rigorous definition of the fractional partial

di↵erential operators. Let Sym(n⇥n) signify the space of real-valued n⇥n symmetric

matrices for n � 2. Let A(x) = (aij(x))ni,j=1 2 Sym(n ⇥ n), x 2 R
n. Throughout,

it is assumed that A satisfies the following uniform ellipticity condition for some

� 2 (0, 1),

�|⇠|2 
nX

i,j=1

aij(x)⇠i⇠j  ��1|⇠|2 for all ⇠, x 2 R
n, (4.3)
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and A(x) is C1-smooth for any x 2 R
n. Suppose that LA is a linear second order

self-adjoint elliptic operator given by

LA := �r · (A(x)r),

and is densely defined on L2(Rn). In particular, when A(x) = In, LA = ��.

Let s 2 (0, 1) be a constant and introduce the following FPDO (fractional partial

di↵erential operator),

L s
A = (�r · (A(x)r)s.

Now we define L s
A via the spectral characterization of LA. There is a unique reso-

lution E(�) of the identity, supported on the spectrum of LA which is a subset of

[0,1), such that

LA =

Z
1

0

�dE(�)

i.e.,

hLAf, giL2(Rn) =

Z
1

0

�dEf,g(�), f 2 Dom(LA), g 2 L2(Rn),

where dEf,g(�) is a regular Borel complex measure of bounded variation concentrated

on the spectrum of LA, such that d|Ef,g|(0,1)  kfkL2(Rn)kgkL2(Rn).

If �(�) is a real measurable function defined on [0,1), then the operator �(LA)

is given formally by

�(LA) =

Z
1

0

�(�)dE(�).

That is, �(LA) is a operator with the domain

Dom(�(LA)) =

⇢
f 2 L2(Rn) :

Z
1

0

k�(�)k2dEf,f (�) < 1
�
,

defined by

h�(LA)f, giL2(Rn) =

⌧Z
1

0

�(�)dE(�)f, g

�

L2(Rn)

=

Z
1

0

�(�)dEf,g(�).

Following that we define the nonlocal elliptic operator L s
A, s 2 (0, 1) with domain
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Dom(L s
A) ⇢ Dom(LA),

L s
A =

Z
1

0

�s dE(�) =
1

�(�s)

Z
1

0

�
e�tLA � Id

� dt

t1+s
,

where �(s) is the standard Gamma function and �(�s) =
�(1� s)

�s
< 0 for s 2 (0, 1).

Here e�tLA (t � 0) is the heat-di↵usion semigroup generated by LA with domain

L2(Rn) and

e�tLA =

Z
1

0

e�t� dE(�),

which enjoys the contraction property in L2(Rn) as ke�tLAfkL2(Rn)  kfkL2(Rn).

Meanwhile, for any w 2 Hs(Rn), we have

L s
Aw =

1

�(�s)

Z
1

0

�
e�tLAw(x)� w(x)

� dt

t1+s
.

For more detailed discussions, we refer readers to [119,124,135].

In fact, the heat-di↵usion semigroup admits a nonnegative symmetric heat kernel

Wt(x, z) for t > 0 by integration, that is for any f 2 L2(Rn)

e�tLAf(x) =

Z

⌦

Wt(x, z)f(⌘)d⌘(z), x 2 R
n,

and for any v, w 2 Hs(Rn),

(e�tLAv, w)Rn =

Z

Rn

Z

Rn

Wt(x, z)v(z)w(x)dzdx = (v, e�tLAw)Rn , t � 0.

Define

Ks(x, z) =
1

2|�(�s)|

Z
1

0

Wt(x, z)
dt

t1+s
, (4.4)

which gives the kernel of the heat semi-group e�tLA and by [28, Theorem 2.4] we have

(L s
Av, w)Rn =

Z

Rn

Z

Rn

(v(x)� v(z))(w(x)� w(z))Ks(x, z)dxdz, (4.5)

where we use the fact that A(x) is a bounded matrix-valued function defined in R
n

satisfying (4.3). In addition, the kernel Ks possesses the following pointwise estimate
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(see [28, Theorem 2.4] again)

c1
|x� z|n+2s

 Ks(x, z) 
c2

|x� z|n+2s
, x, z 2 R

n, (4.6)

for some constants c1, c2 > 0 depending on A, n and s and Ks(x, z) = Ks(z, x) for

all x, z 2 R
n. We also refer readers to [55] for further discussions of the nonlocal

operator L s
A.

4.2 Nonlocal inverse problems for anisotropic frac-

tional Schrödinger operators

Let A 2 Sym(n ⇥ n) be an elliptic 2-tensor which is defined in Subsection 4.1.2.

Consider the anisotropic fractional Schrödinger operator L s
A+ q, where L s

A := (�r ·

(A(x)r))s, s 2 (0, 1) and q 2 L1. We are concerned with the simultaneous recovery

of q and possibly embedded soft or hard obstacles inside q by the exterior Dirichlet-

to-Neumann (DtN) map outside a bounded domain ⌦ associated with L s
A + q. It

is shown that a single measurement can uniquely determine the embedded obstacle,

independent of the surrounding potential q. If multiple measurements are allowed,

then the surrounding potential q can also be uniquely recovered. These are surprising

findings since in the local case, namely s = 1, both the obstacle recovery by a single

measurement and the simultaneous recovery of the surrounding potential by multiple

measurements are long-standing problems and still remain open in the literature. Our

argument for the nonlocal inverse problem is mainly based on the strong uniqueness

property and Runge approximation property for anisotropic fractional Schrödinger

operators.

4.2.1 Introduction.

Let ⌦ and D be two bounded open sets in R
n such that D b ⌦ and, Rn\⌦ and ⌦\D

are connected. Let q 2 L1(⌦\D) be a real-valued function. Physically speaking, q

and D, respectively, represent a potential and an embedded impenetrable obstacle

inside the potential.
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Consider the following nonlocal problem associated with q and D,

8
>>>>><

>>>>>:

L s
Au+ qu = 0 in ⌦\D,

Bu = 0 in D,

u = g in ⌦e := R
n\⌦,

(4.7)

where u 2 Hs(Rn) is a weak solution to (4.7) with g 2 Hs(Rn) being an exterior

Dirichlet data. In (4.7), Bu := u if D is a soft obstacle, and Bu := L s
Au if D is a

hard obstacle. It is known that (4.7) is uniquely solvable if {0} is not an eigenvalue

of the operator L s
A + q, in the following sense

8
>>>>><

>>>>>:

if w 2 Hs(Rn) solves (L s
A + q)w = 0 in ⌦\D,

w = 0 in ⌦e, and Bw = 0 in D,

then w ⌘ 0.

(4.8)

Throughout, we assume that {0} is not an eigenvalue of L s
A + q, and hence (4.7) is

well-posed. In particular, one has the following well-defined Dirichlet-to-Neumann

(DtN) map associated with the nonlocal problem (4.7),

⇤D,q : H ! H
⇤,

and ⇤D,q is formally given by

⇤D,q := L s
Au |⌦e , (4.9)

where u is the unique solution to (4.7) with u =  in ⌦e. In the subsequent

analyses, we shall introduce more details of the abstract Banach spaces H and H
⇤.

We regard the DtN map ⇤D,q as the exterior measurement for our inverse problem

study. In this section, we are mainly concerned with the recovery of the embedded

obstalce D b ⌦ and the surrounding potential q(x) 2 L1(⌦\D) by using the exterior

DtN map of (L s
A + q)u = 0 in ⌦\D.

For the inverse problem described above, our main results can be stated as follows.
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Theorem 4.2.1. For n � 2, let ⌦ ⇢ R
n be an open bounded set, D1, D2 b ⌦ be two

open subsets of ⌦ and O1,O2 ⇢ ⌦e be two arbitrary nonempty open sets. Suppose Dj

and qj 2 L1(⌦\Dj) satisfy the eigenvalue condition (4.8), j = 1, 2. Let ⇤Dj ,qjbe the

DtN maps for the nonlocal equations (L s
A + qj) uj = 0 in ⌦\Dj with uj = 0 in Dj

for j = 1, 2, then the following statements hold.

1. For any given g 2 C1

c (O1) with g 6⌘ 0 in O1, if

⇤D1,q1g|O2 = ⇤D2,q2g|O2 ,

then one has D1 = D2.

2. Furthermore, if

⇤D1,q1g|O2 = ⇤D2,q2g|O2 for all g 2 C1

c (O1),

then one has q1 = q2 in ⌦\D, where D := Dj for j = 1, 2.

Moreover, if we further assume q(x) 6= 0 for any x 2 ⌦, then we have the following

unique recovery result for the sound hard case.

Theorem 4.2.2. Let ⌦,Oj and Dj, qj, j = 1, 2, be the same as those described in

Theorem 4.2.1. Let ⇤Dj ,qjbe the DtN maps for the nonlocal equations (L s
A + qj) uj =

0 in ⌦\Dj with L s
Auj = 0 in Dj for j = 1, 2, then the following statements hold.

1. We further assume that qj(x) 6= 0 for any x 2 ⌦ and j = 1, 2. For any given

g 2 C1

c (O1) with g 6⌘ 0 in O1, if

⇤D1,q1g|O2 = ⇤D2,q2g|O2 ,

then one has D1 = D2.

2. Furthermore, if

⇤D1,q1g|O2 = ⇤D2,q2g|O2 for all g 2 C1

c (O1),

then one has q1 = q2 in ⌦\D, where D := Dj for j = 1, 2.

Remark 4.2.1. In this section, we define the nonlocal Neumann derivative of the
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solution u to (4.7) as L s
Au. This notion is used for defining both the hard obstacle

D and the exterior measurement data in (4.9). With such a definition, we show the

well-posedness of the direct problem (4.7) as well as derive the unique determination

results in Theorems 4.2.1 and 4.2.2 for the associated inverse problems. Nevertheless,

we would like to point out that there are di↵erent ways of introducing the nonlocal

Neumann derivative; see for example in [55, Section 3], and the nonlocal Neumann

derivative can also be defined by

N s
Au(x) :=

Z

⌦

(u(x)� u(z))Ks(x, z)dz, (4.10)

where the integral kernel Ks(x, z) is given in (4.4) in what follows. There is the fol-

lowing relationship which connects the aforementioned two definitions of the nonlocal

Neumann derivatives (cf. [55, Lemma 3.6]),

L s
Au|⌦e = (N s

Au�mu+ L s
A(E0u)) |⌦e ,

where m(x) :=
R
⌦ Ks(x, z)dz and E0u = �⌦eu. Clearly, one can use N s

Au in (4.10)

to replace L s
Au for a di↵erent definition of a hard obstacle in (4.7). This leads to

a di↵erent forward nonlocal problem, and it would be interesting to consider this

forward model as well as the associated inverse problems as those in Theorems 4.2.1

and 4.2.2. However, this would significantly change our theoretical framework for the

present study and we choose to leave it for a future work.

By the first statement in Theorem 4.2.1 or 4.2.2, a single pair of non-trivial Cauchy

data (g,⇤D,qg) is su�cient to uniquely recover the embedded soft or hard obstacle

D, independent of the surrounding potential q. It is also noted that no restric-

tive regularity assumption is required on the obstacle D. If multiple measurements

are used, then both the embedded obstacle and the surrounding potential can be

uniquely recovered. We can further show that the recovery of the embedded obstacle

can be achieved without knowing whether it is soft or hard. Indeed, by virtue of

Theorems 4.2.1 and 4.2.2, it su�ces for us to establish the following result.

Theorem 4.2.3. Let ⌦,Oj and Dj, qj, j = 1, 2, be the same as those described in

Theorem 4.2.1. Let ⇤Dj ,qjbe the DtN maps for the nonlocal equations (L s
A + qj) uj =

153



0 in ⌦\Dj with either

u1 = 0 in D1 and L s
Au2 = 0 in D2

or

L s
Au1 = 0 in D1 and u2 = 0 in D2,

then the following statements hold.

1. We further assume that qj(x) 6= 0 for any x 2 ⌦ and j = 1, 2. Then for any

given g 2 C1

c (O1) with g 6⌘ 0 in O1, if

⇤D1,q1g|O2 = ⇤D2,q2g|O2 ,

then one has D1 = D2.

2. Furthermore, if

⇤D1,q1g|O2 = ⇤D2,q2g|O2 for all g 2 C1

c (O1),

then one has q1 = q2 in ⌦\D, where D := Dj for j = 1, 2.

When s = 1, (4.7) becomes a local problem and in such a case, one should replace

the nonlocal condition Bu = 0 in D by eBu = 0 on @D, where eBu = u if D is a soft

obstacle and eBu = ⌫T · A ·ru if D is a hard obstacle, with ⌫ signifying the exterior

unit normal vector to @D. The corresponding local DtN map can be readily defined

on @D, which we still denote by ⇤D,q. The local inverse problem of determining D by

⇤D,q is usually referred to as the obstacle problem. The obstacle problem by a single

measurement, namely determining D by a single pair of Cauchy data ( ,⇤D,q ) is a

well-known and long-standing problem in the inverse scattering theory, which is also

known as the Schi↵er’s problem, particularly for the case A = I and q = 1 [39,70,103].

There has been extensive study in the literature and significant progress has been

achieved in recent years on the Schi↵er’s problem for the case with general polyhedral

obstacles; see [4,37,101,102] and [96,122,123] and the references therein, respectively,

for related uniqueness and stability studies. Under the restrictive assumption that
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@D is everywhere non-analytic, the Schi↵er’s problem was solved in [67]. However,

for the case with general obstacles, the Schi↵er’s problem still remains open in the

literature. According to Theorems 4.2.1–4.2.3, the nonlocal Schi↵er’s problem has

been completely solved in our study. Hence, it would be much interesting to study the

connection of the nonlocal and local Schi↵er’s problems. This might be partly seen by

taking the limit s ! 1�. The simultaneous recovery of an embedded obstacle and an

unknown surrounding potential is also a long-standing problem in the literature and

closely related to the so-called partial data Calderón problem [69, 75]. The existing

unique recovery results were established based on knowing the embedded obstacle to

recover the unknown potential [69], or knowing the surrounding potential to recover

the embedded obstacle [81,82,100,104,114], or using multiple spectral data to recover

both of them [95].

The rest of the section is structured as follows. In Subsection 4.2.2, we study the

well-posedness and the associated DtN map for L s
A + q with an embedded obstacle.

In Subsection 4.2.3, we prove the uniqueness in determining the obstacle D in ⌦

by using a single exterior measurement. In Subsection 4.2.4, we prove the global

uniqueness in recovering the surrounding potential q. Combining with Subsection

4.2.3 and 4.2.4, then we prove Theorem 4.2.1–4.2.3.

4.2.2 Well-posedness and the DtN map.

In this subsection, following the same representations in Section 4.1, we give the

mathematical formulations for our nonlocal problems.

(i) Well-Posedness

In the subsequent discussions, we always let ⌦ ✓ R
n to be a bounded open set

and D b ⌦ to be an open subset, q to be a potential in L1(⌦\D) and s 2 (0, 1) to

be a constant. Consider the nonlocal Dirichlet problem

8
>>>>><

>>>>>:

(L s
A + q)u = f in ⌦\D,

Bu = 0 in D,

u = g in ⌦e.

(4.11)
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Define the bilinear form Bq(·, ·) by

Bq(v, w) : =

Z

Rn

Z

Rn

(v(x)� v(z))(w(x)� w(z))Ks(x, z)dxdz

+

Z

⌦\D

q(x)v(x)w(x) dx, (4.12)

for any v, w 2 Hs(Rn). Combining (4.5) with (4.12), we have that

Bq(v, w) =

Z

Rn

(L s
Av)w dx+

Z

⌦\D

qvw dx.

Then by using the standard variational formula, the weak solution can be defined by

Definition 4.2.1. (Weak solution) Let ⌦ be a bounded open set in R
n. Given

f 2 L2(⌦\D) and g 2 Hs(Rn), we call that u 2 Hs(Rn) is a (weak) solution to (4.11)

provided that eug := u� g 2 eHs(⌦) and

Bq(u,�) =

Z

⌦\D

f�dx for any � 2 C1

0 (⌦\D), (4.13)

with u� g 2 eHs(⌦) or equivalently

Bq(eug,�) =

Z

⌦\D

(f � (L s
A + q)g)�dx for any � 2 C1

0 (⌦\D).

Next, we have the following well-posedness.

Lemma 4.2.1. Let q 2 L1(⌦\D) and f 2 L2(⌦\D). u 2 Hs(Rn) solves

L s
Au+ qu = f in ⌦\D,

(in the sense of distributions) if and only if u 2 Hs(Rn) satisfies

Bq(u, w) =

Z

⌦\D

fwdx for all w 2 eHs(⌦\D).

Moreover, when q satisfies the eigenvalue condition (4.8), we have the stability esti-

mate

kukHs(Rn)  C
⇣
kfkL2(⌦\D) + kgkHs(Rn)

⌘
, (4.14)
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where C > 0 is a constant independent of f and g.

Proof. A straightforward computation shows that

Z

⌦\D

(L s
Au+ qu� f)wdx

=

Z

Rn

Z

Rn

(u(x)� u(z))(w(x)� w(z))Ks(x, z)dxdz

+

Z

⌦\D

quwdx�
Z

⌦\D

fwdx

for all w 2 C1

c (⌦\D). It is easy to see that the bilinear form Bq(·, ·) is bounded,

coercive and continuous by using the pointwise estimate (4.6) of the kernel Ks(x, z),

then the stability estimate (4.14) follows from the standard Lax-Milgram theorem (a

similar proof has been addressed in [55, Section 3]). This completes the proof.

Lemma 4.2.2. The solution u 2 Hs(Rn) to (4.11) is independent of the value of

g 2 Hs(Rn) in ⌦, and it only relies on g|⌦e.

Proof. The proof is similar to that of [55, Proposition 3.4] and we skip it.

Via Lemma 4.2.2, we can consider the nonlocal problem (4.7) with Dirichlet data

in an abstract quotient space

H := Hs(Rn)/ eHs(⌦). (4.15)

We also refer readers to [55,57] for more detailed discussions. Since the solution u 2

Hs(Rn) of (4.11) only depends on the exterior value, in order to simplify notations,

we shall consider the Dirichlet data g in the quotient space H in the subsequent

studies.

(ii) The DtN map

We define the associated DtN map for L s
A + q via the bilinear form Bq in (4.13).

Proposition 4.2.1. (DtN map) For n � 2, let ⌦ ⇢ R
n be a bounded open set and

D b ⌦ be an obstacle. Let 0 < s < 1 and q 2 L1(⌦\D) satisfy (4.8). Let H be the

abstract space given in (4.15). Define

h⇤D,qg, hiH⇤⇥H
:= Bq(ug, h), g, h 2 H,
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where ug 2 Hs(Rn) is the solution to (4.7) with the exterior Dirichlet data g. Then

⇤D,q : H ! H
⇤ is a bounded linear map. Moreover, we have the following symmetry

property for ⇤D,q,

h⇤D,qg, hiH⇤⇥H
= h⇤D,qh, giH⇤⇥H

, g, h 2 H.

Proof. Combining with Lemma 4.2.2, the proof is similar to [55, Proposition 3.5], so

we skip it here.

Remark 4.2.2. For any h 2 H, there exists bh 2 Hs(Rn) such that bh = h in ⌦e. A

direct calculation shows that

(⇤D,qg, h)H⇤⇥H = Bq(ug,bh)

=

Z

Rn

bh(L s
Aug)dx+

Z

⌦

qug
bhdx

=

Z

⌦e

bh(L s
Aug)dx

=

Z

⌦e

h(L s
Aug) dx. (4.16)

Then from (4.16), we have

(⇤qg, h)H⇤⇥H =

Z

⌦e

h(L s
Aug) dx, for any h 2 H,

which implies that

⇤qg = L s
Aug|⌦e

.

The integral identity allows us to solve the nonlocal type inverse problem as a

direct consequence of Proposition 4.2.1. It can be stated as follows.

Lemma 4.2.3. (Integral identity) For n � 2, let ⌦ ⇢ R
n be a bounded open set

and D b ⌦ be an obstacle. Let s 2 (0, 1) and q 2 L1(⌦\D) satisfy (4.8). For any

g1, g2 2 H, one has

Z

⌦e

(⇤D,q1g1 � ⇤D,q2g1)g2 dx =

Z

⌦\D

(q1 � q2)r⌦\Du1r⌦\Du2 dx
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where uj 2 Hs(Rn) solves (L s
A + qj)uj = 0 in ⌦\D with uj|⌦e

= gj for j = 1, 2, and

r⌦\Du refers to the restriction of u on ⌦\D.

Proof. The proof is similar to [57, Lemma 2.5].

4.2.3 Recovery of the obstacle D.

In this subsection, we show that the obstacle D can be uniquely recovered by a single

measurement. The following strong uniqueness property shall be needed.

Proposition 4.2.2. [55, Theorem 1.2] For n � 2 and 0 < s < 1. If u 2 Hs(Rn)

satisfies u = L s
Au = 0 in any nonempty open set U ⇢ R

n, then u ⌘ 0 in R
n.

Now we can prove the first statement of Theorem 4.2.1.

Theorem 4.2.4. Let ⌦ be a bounded open set in R
n, D1, D2 b ⌦ be two open subsets

and O1,O2 ⇢ ⌦e be arbitrary nonempty open sets. Let qj 2 L1(⌦\D) satisfy (4.8)

and uj 2 Hs(Rn) be the unique (weak) solution to

8
><

>:

L s
Auj + qjuj = 0 in ⌦\Dj,

Buj = 0 in Dj,

for j = 1, 2. Besides, when Buj = L s
Auj, we further assume that qj(x) 6= 0 for

any x 2 ⌦, j = 1, 2. Suppose that ⇤D1,q1g = ⇤D2,q2g in O2, for any given nonzero

g 2 C1

c (O1) with u1 = u2 = g in ⌦e, then D1 = D2.

Proof. First, we prove that u1 = u2 in R
n whenever ⇤D1,q1g = ⇤D2,q2g in O2 and

u1 = u2 = g in ⌦e for the non-identically zero function g 2 C1

c (O1).

Let w := u1 � u2 2 eHs(⌦), then w solves

8
><

>:

L s
Aw + q1w = (q2 � q1)u2 in ⌦\(D1 [D2),

w = 0 in ⌦e.

Note that the set ⌦\
�
[2

i=1Di

�
is a non-empty open set. From the condition ⇤D1,q1g =

⇤D2,q2g in O2 and ⇤Dj ,qjg = L s
Auj|⌦e , one can see that

L s
Aw = L s

A(u1 � u2) = 0 in O2 ⇢ ⌦e.
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In particular, we have w 2 Hs(Rn) such that w = L s
Aw = 0 in O2. By applying the

strong uniqueness property (Proposition 4.2.2), we obtain w ⌘ 0 in R
n, which shows

u1 = u2 in R
n.

Second, we claim that D1 = D2 in R
n by using contradiction arguments. Suppose

thatD1 6= D2. Without loss of generality, we can assume that there exists a nonempty

open subset M b D2\D1. Then we have the following two cases.

Case 1.

8
><

>:

Either u1 = 0 in D1 or L s
Au1 = 0 in D1,

u2 = 0 in D2.

By using the condition u1 = u2 in R
n, we know that u1 = u2 = 0 in M b D2.

Applying the nonlocal elliptic equation for u1 in M , it is readily seen that

L s
Au1 = u1 = 0 in M.

Utilizing the strong uniqueness property again, we obtain that u1 ⌘ 0 in R
n.

Case 2.

8
><

>:

Either u1 = 0 in D1 or L s
Au1 = 0 in D1,

L s
Au2 = 0 in D2.

Recall that u1 = u2 in R
n, then L s

Au1 = L s
Au2 in R

n by using a direct calculation.

Hence, L s
Au1 = L s

Au2 = 0 in M b D2\D1. By using the equation of u1 and q1(x) 6= 0

for x 2 ⌦, we have

u1 = L s
Au1 = 0 in M.

Therefore, we have u1 ⌘ 0 in R
n by the strong uniqueness property.

However, in either Case 1 or Case 2, the conclusion u1 ⌘ 0 in R
n contradicts to the

fact that u1 = g in ⌦e with a non-identically zero exterior data g. This proves the first

part of Theorem 4.2.1 to Theorem 4.2.3 by using a single exterior measurement.

Remark 4.2.3. Indeed, we do not need to use any information about the solution w
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in ⌦\(D1 [ D2). We only utilize the strong uniqueness of w in the exterior domain

⌦e, which is a powerful tool in dealing with the nonlocal type inverse problems.

4.2.4 Recovery of the surrounding potential q.

In this subsection, we prove the uniqueness in determining the surrounding potential

q in ⌦\D. We shall make essential use of the following Runge approximation property

for solutions to the nonlocal elliptic equation. If q 2 L1(⌦\D) satisfies the eigenvalue

condition (4.8), we denote the solution operator �q by:

�q : H ! Hs(Rn), g ! u

where H := Hs(Rn)/ eHs(⌦) is the abstract space of exterior values, and u 2 Hs(Rn)

is the unique solution to (L s
A+q)u = 0 in ⌦\D with Bu = 0 in D and u�g 2 eHs(⌦).

Lemma 4.2.4. Let ⌦ ✓ R
n be a bounded open set and D b ⌦ be an open subset.

Assume that s 2 (0, 1) and q 2 L1(⌦ \D) satisfies (4.8). Let O be any open subset

of ⌦e. Consider the set

A := {u|⌦\D : u = �qg, g 2 C1

c (O)} \ {Bu = 0 in D}.

Then A is dense in L2(⌦\D).

Proof. The proof follows a similar argument to that of [55, Lemma 5.7]. For com-

pleteness, we present a detailed proof in what follows.

By the Hahn-Banach theorem, it is su�cient to show that for any v 2 L2(⌦\D)

with
R
⌦\D vw dx = 0 for all w 2 A, then it must satisfy v ⌘ 0 in ⌦ \D. If v is a such

function, which means v satisfies

Z

⌦\D

v · r⌦\D�qg dx = 0, for any g 2 C1

c (O). (4.17)

We claim that

Z

⌦\D

v · r⌦\D�qg dx = �Bq(�, g), for any g 2 C1

c (O), (4.18)
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where � 2 Hs(Rn) is the solution given by Lemma 4.2.1 to

(L s
A + q)� = v 2 ⌦\D, � 2 eHs(⌦\D).

In other words, Bq(�, w) =
R
⌦\D v · r⌦\Dw dx for any w 2 eHs(⌦\D). To prove (4.18),

let g 2 C1

c (O), and we denote ug := �qg 2 eHs(Rn) such that ug � g 2 eHs(⌦). Then

we have

Z

⌦\D

v · r⌦\D�qg dx =

Z

⌦\D

v · r⌦\D(ug � g) dx = Bq(�, ug � g) = �Bq(�, g),

in which we have used the fact that ug is a solution and � 2 eHs(⌦\D).

Combining (4.17) with (4.18), we can obtain that

Bq(�, g) = 0, for any g 2 C1

c (O).

Using the fact that r⌦\Dg = 0, since g 2 C1

c (O) we can derive that

Z

Rn

L s
A� · g dx = 0 for any g 2 C1

c (O),

and thus we obtain that � 2 Hs(Rn) satisfies

L s
A�|O = �|

O
= 0.

By the strong uniqueness property again, we know that � ⌘ 0 in R
n and also v ⌘ 0

in ⌦\D. This finishes the proof.

Remark 4.2.4. It is easy to see that the soft or hard condition Bu = 0 in D does not

a↵ect the conclusion of the previous lemma.

From the equal DtN maps, by the first statements of Theorems 4.2.1–4.2.3, we

know that the embedded obstacle D is uniquely recovered. Now, we are in a position

to prove the global uniqueness in determining the potential q 2 L1(⌦\D).

Theorem 4.2.5. For n � 2, let ⌦ be a bounded open set in R
n, D b ⌦ be an open

subset and O1,O2 ⇢ ⌦e be two arbitrary nonempty open sets. Let qj 2 L1(⌦\D)
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satisfy (4.8) and uj 2 Hs(Rn) be the unique (weak) solution to

8
><

>:

L s
Auj + qjuj = 0 in ⌦\D,

Buj = 0 in D,

for j = 1, 2. Assume that ⇤D,qj are the DtN maps with respect to (L s
A + qj)uj = 0

for j = 1, 2. If

⇤D,q1g|O2
= ⇤D,q2g|O2

,

for all g 2 C1

c (O1) with u1 = u2 = g in ⌦e, then one can conclude that

q1 = q2 in ⌦\D.

Proof. Since ⇤D,q1g|O2
= ⇤D,q2g|O2

for all g 2 C1

c (O1), where O1,O2 are the open

sets of ⌦e, substituting this condition into the integral identity in Lemma 4.2.3, we

have Z

⌦\D

(q1 � q2)u1u2 dx = 0, (4.19)

where uj 2 Hs(Rn) are the solutions to (L s
A + qj)uj = 0 in ⌦\D with the associated

exterior values gj 2 C1

c (O1), for j = 1, 2 respectively.

Given ' 2 L2(⌦\D), by Proposition 4.2.4, suppose that there exist two sequences

(u(k)
j )k2N for j = 1, 2 of functions in Hs(Rn), which satisfy

(L s
A + q1)u

(k)
1 = (L s

A + q2)u
(k)
2 = 0 in ⌦\D,

Bu(k)
1 = 0 and Bu(k)

2 = 0 in D,

u(k)
j = g(k)j in ⌦e, for some exterior data g(k)j 2 C1

c (O1),

r⌦\Du
(k)
1 = '+ r(k)1 , r⌦\Du

(k)
2 = 1 + r(k)2 , for any k 2 N,

where r(k)1 , r(k)2 ! 0 in L2(⌦\D) as k ! 1. Substituting these solutions into the

integral identity (4.19) and taking the limit as k ! 1, we can deduce that

Z

⌦\D

(q1 � q2)' dx = 0
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Since ' 2 L2(⌦\D) is arbitrary, we readily see that q1 = q2 in ⌦ \ D. This also

completes the second parts of Theorems 4.2.1–4.2.3.

4.3 Nonlocal inverse problems for fractional Helmholtz

equation

In this section, we are concerned with an inverse problem associated with a frac-

tional Helmholtz equation that arises from the study of viscoacoustics in geophysics

and thermoviscous modelling of lossy media. We are particularly interested in the

case that both the medium parameter and the internal source of the wave equa-

tion are unknown. Moreover, we consider a general class of source functions which

can be frequency-dependent. We establish several general uniqueness results in si-

multaneously recovering both the medium parameter and the internal source by the

corresponding exterior measurements. In sharp contrast, these unique determination

results are unknown in the local case, which would be of significant importance in

thermo- and photo-acoustic tomography.

4.3.1 Introduction.

Let ⌦ be a bounded Lipschitz domain in R
n, n � 2. Let q(x) 2 L1(⌦) and

A(x) 2 C1(Rn) be a symmetric-positive-definite matrix-valued function such that

there exists � 2 (0, 1),

�|⇠|2  ⇠TA(x)⇠  ��1|⇠|2 for all x 2 ⌦ and ⇠ 2 R
n.

Let ! 2 R+ and p(x,!), x 2 ⌦, be an L2 function for any fixed !. Let s 2 (0, 1)

be a fractional order. Consider the following fractional-order Helmholtz system for

u(x,!) 2 Hs(Rn) associated with a fixed frequency ! 2 R+,

8
><

>:

(�r · (A(x)r))su(x,!) + !2q(x)u(x,!) = p(x,!), x 2 ⌦,

u(x, w) =  (x), x 2 ⌦e := R
n\⌦,

(4.20)
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where  2 Hs(Rn). It is assumed that 0 is not an eigenvalue of the nonlocal operator

(�r · (Ar))s + !2q, which means that if

8
><

>:

(�r · (Ar))s u+ !2qu = 0 in ⌦,

u = 0 in ⌦e.
(4.21)

then we must have u ⌘ 0 2 R
n. Under the aforesaid condition, the well-posedness

of (4.20) shall be verified in what follows, and in particular, one has a well-defined

Dirichlet-to-Neumann (DtN) map associated with (4.20) as follows,

⇤!q,p( ) = (�r · (Ar))s u(x,!)|x2⌦e , (4.22)

where u is the solution to (4.20).

In this section, we are mainly concerned with the inverse problem of recovering

both p and q by knowledge of the DtN operator ⇤!q,p; that is

⇤!q,p �! (q, p). (4.23)

Throughout, we assume that the elliptic tensor A is known. Physically speaking,

p represents a source term and q represents the scattering potential of an inhomo-

geneous medium supported in ⌦. ⇤!q,p encodes the exterior measurements. The

major findings can be first roughly described as follows. The multiple-frequency data

( ,⇤!p,q( )) for any fixed  2 Hs(Rn) and all ! 2 (0,!0) with any fixed !0 2 R+

uniquely determine a generic source term p(x,!) if it satisfies a certain “regularity”

condition with respect to !. Moreover, the aforementioned recovery result of the

source term is independent of the scattering potential q. It is remarked that the

result includes the special case with  ⌘ 0. In such a case, the exterior measurement

data are the Neumann data generated solely due to the internal source in ⌦, and our

unique determination result indicates that one can recover the source term by using

such data without knowing the surrounding medium (⌦, q). As for the recovery of

the scattering potential q, we need to make use of the multiple measurement data

( ,⇤!p,q( )) with all  2 Hs(Rn) and ! 2 (0,!0).
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Next, we detail the major recovery results by stating the following two theorems.

Theorem 4.3.1. Let ⌦ ⇢ R
n be a bounded Lipschitz domain and O1, O2 ⇢ R

n\⌦ be

two arbitrary nonempty open subsets. Let !0 2 R+ be fixed, and let pj, qj, A, j = 1, 2,

be as described earlier. It is further assumed that pj(x,!) 2 C3[0,!0] with respect to

! for any x 2 ⌦. If for any fixed  2 C1

c (O1), there holds

⇤!q1,p1( )|O2 = ⇤!q2,p2( )|O2 for all ! 2 (0,!0), (4.24)

then one has

@jp1
@!j

(x,!)

����
!=0

=
@jp2
@!j

(x,!)

����
!=0

, x 2 ⌦, j = 0, 1. (4.25)

Theorem 4.3.2. Let !0 and pj, qj, A, j = 1, 2, be as described in Theorem 4.3.1.

O1,O2 ⇢ R
n\⌦ are two arbitrary nonempty open sets. If there hold

@2(p1 � p2)

@!2
(x,!)

����
!=0

= 0, x 2 ⌦, (4.26)

and

⇤!q1,p1( )|O2 = ⇤!q2,p2( )|O2 for all  2 C1

c (O1) and ! 2 (0,!0), (4.27)

then one has

q1 = q2. (4.28)

Remark 4.3.1. It is remarked that the recovery of the internal source function p in

Theorem 4.3.1 is independent of the scattering potential q. Similarly, the recovery

of the scattering potential q in Theorem 4.3.2 is independent of the internal source

function p.

Corollary 4.3.3. Suppose that p(x,!) = ⌘(x)! + ⇣(x) with ⌘, ⇣ 2 L2(⌦). Then

both p(x,!) and q(x) can be uniquely determined by knowledge of
�
 ,⇤!q,p( )

�
for all

 2 Hs(Rn) and ! 2 (0,!0).

The major motivation of the current study comes from the study of the fractional
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wave equation

8
>><

>>:

1
c2(x)

@2u
@t2 (x, t) + (�r · (Ar))s u(x, t) = h(x, t), (x, t) 2 ⌦⇥ R+,

u(x, t)
��
t=0

= f(x), @u
@t

����
t=0

= g(x), x 2 ⌦.
(4.29)

In (4.29), c is a positive function that signifies the wave speed, and f, g, h are source

functions. The fractional wave equation arises from the study of viscoacoustics in

geophysics and thermoviscous modelling of lossy media; see e.g. [35] and [36] and the

references therein for related research. Introduce the temporal Fourier transform,

�̂(x,!) =

Z
1

0

�(x, t)e�i!t dt. (4.30)

Assuming that the temporal Fourier transforms exist for both u and h in (4.29), and

applying it to both sides of the equation, one has by straightforward calculation the

following fractional Helmholtz equation,

(�r · (Ar))s û(x,!)� !2

c2
û(x,!) =

i!

c2
f(x) +

1

c2
g(x) + ĥ(x,!) in ⌦. (4.31)

The fractional Helmholtz system (4.20) is obviously a generalized one of (4.31).

Hence, if one considers the inverse problem associated with the fractional wave equa-

tion of recovering the unknown sound speed and the internal sources, in certain sce-

narios, it can actually be reduced to studying the inverse problem (4.23) associated

with (4.20).

The simultaneous recovery of the medium parameters and the internal sources of

a bounded body from the exterior measurements in the nonlocal case has received

significant attentions recently in the literature due to its practical importance. How-

ever, these literatures mainly focus on the fractional Calderón problems, which are

concerned with the recovery of the medium parameters, namely the unknown co-

e�cients of the underlying fractional PDEs, but there is no result concerning the

simultaneous recovery of the internal sources. In thermoacoustic and photoacoustic

tomography [137], the simultaneous recovery of a sound speed and an internal source

term from the corresponding boundary measurements was considered in [50, 83, 94].
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Therein, the governing equation is the local Helmholtz equation of the form (4.31)

with s = 1, A = I3⇥3 and g = ĥ ⌘ 0, and one intends to recover both c and f from the

multiple frequency boundary DtN map. Though it is believed that one can establish

the simultaneous recovery result in a certain general scenario, the uniqueness results

in [50, 83, 94] were only established for certain restrictive configurations. We would

also like to mention in passing that the simultaneous recovery of unknown medium

parameters and internal sources were also considered for the electromagnetic wave

phenomena arising from brain imaging [45] and geomagnetic detection technique [44].

It is readily observed that in the exterior measurement, the information of the un-

known sound speed is coupled with that of the unknown source, and this makes the

simultaneous recovery radically challenging. Indeed, the instability of the linearized

problem for the aforementioned tomography problem was shown in [134]. In this

section, as a direct application of the general uniqueness results established in The-

orems 4.3.1 and 4.3.2, we show that in the nonlocal setting, one can establish much

more general simultaneous recovery results for the fractional wave equation (4.31).

We shall discuss those results in Subsection 4.3.4.

Finally, we briefly discuss the mathematical arguments and technical novelties

for the current study. Our mathematical techniques are inspired by [94] mentioned

earlier for the simultaneous recovery in theormoacoustic and photoacoustic tomogra-

phy. In [94], the low-frequency asymptotics of the wave fields is used to extract the

information of the sound speed and the internal source, respectively. The asymptotic

expansion is based on a Lippmann-Schwinger integral equation. However, for the

fractional Helmholtz equation, one does not have a similar integral representation of

the wave field. For the low-frequency asymptotics in the current study, we develop a

variational argument together with a compact embedding theorem for the fractional

Sobolev Space. The asymptotic expansion of the wave fields enables us to extract

from the exterior measurement data the information of the medium parameter and

the internal sources, respectively. Then we repeatedly make use of the strong unique-

ness principe and the Runge approximation property for the fractional Laplacian to

recover the medium parameter and the source function, respectively.

The rest of the section is organized as follows. In Subsection 4.3.2, we present
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the well-posedness of the fractional Helmholtz system. Subsection 4.3.3 is devoted to

the low-frequency asymptotics of the wave fields. In Subsection 4.3.4, we derive the

major unique recovery results for the nonlocal inverse problem.

4.3.2 Wellposedness and the DtN map.

In this subsection, we study the nonlocal Dirichlet problem for the fractional Helmholtz

equation (4.20). Following the same representations in Section 4.1, first of all, we

briefly discuss the well-posedness of this problem.

(i) Well-Posedness

Let ⌦ be a bounded Lipschitz domain in R
n. Associated with the problem (4.20),

we define the following bilinear form

B!,q(v, w) =(L s
Av, w)Rn + !2

Z

⌦

q(x)v(x)w(x)dx

=

Z

Rn⇥Rn

(v(x)� v(y))(w(x)� w(y))Ks(x, y)dxdy

+ !2

Z

⌦

q(x)v(x)w(x)dx (4.32)

for any v, w 2 Hs(Rn). By our earlier discussions, it is clear that B!,q is symmetric

and bounded. Then, we utilize B!,q to give the definition of the weak solution for our

problem.

Definition 4.3.1. Let ⌦ ⇢ R
n be a bounded Lipschitz domain. Fix any !0 2 R+,

given ! 2 (0,!0), p(x,!) 2 L2(⌦) and  2 Hs(Rn). We say that u! 2 Hs(Rn)

is a weak solution to (4.20) if and only if u! = u(0)
! + u( )

! , where u( )
! 2 Hs(Rn)

fulfils u( )
! |⌦e =  (especially when  2 C1

c (⌦e), we can choose u( )
! :=  ), and

u(0)
! 2 Hs

0(⌦) solves

B!,q(u
(0)
! ,�) = �B!,q(u

( )
! ,�) +

Z

⌦

p(x,!)�(x)dx for any �(x) 2 C1

c (⌦), (4.33)

where u! denotes u(x,!) with ! 2 (0,!0).

Remark 4.3.2. Since H̃s(⌦) := closure of C1

c (⌦) in Hs(Rn), by the standard density

argument, all the test functions used in (4.33) can be replaced by the functions in
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H̃s(⌦).

The well-posedness of the nonlocal Dirichlet problem (4.20) is a direct consequence

of Definition 4.3.1 and Remark 4.3.2. To be more concise and avoid repetition, we

omit the details here. We refer the readers to [34, Lemma 3.1], [57, Lemma 2.3] as

well as [55, Proposition 3.3] for some similar studies.

Remark 4.3.3. Similar to Subsection 4.2.2, since the solution u! 2 Hs(Rn) to (4.20)

is independent of the value  (x) 2 Hs(Rn) in ⌦, in the subsequent study, we still

consider  (x) 2 H with

H := Hs(Rn)/H̃s(⌦)

being the abstract quotient space. Since ⌦ ⇢ R
n is a bounded Lipschitz domain, the

quotient space H is isometric to Hs(⌦e).

(ii) The DtN map

Similar to Subsection 4.2.2, the Dirichlet to Neumann map associated with the

nonlocal problem (4.20) can also be defined via the bilinear form B!,q as follows.

Proposition 4.3.1. For n � 2, 0 < s < 1, let ⌦ be a bounded Lipschitz domain. Sup-

pose q(x) 2 L1(⌦) satisfies condition (4.21) and ! 2 (0,!0). H := Hs(Rn)/H̃s(⌦)

is the abstract quotient space introduced above. Define

(⇤!q,p , h)H⇤⇥H := B!,q(u!, , h̃)�
Z

⌦

ph̃ dx for any  , h 2 H (4.34)

where u!, is the solution to the nonlocal Dirichlet problem (4.20) with the associated

exterior Dirichlet value  and h̃ 2 Hs(Rn) is a representative of the class h 2 H.

Then we define the map ⇤!q,p : H ! H
⇤ as the exterior Dirichlet to Neumann (DtN)

map. Moreover, ⇤!q,p has the following properties:

(1) The DtN map ⇤!q,p is a bounded linear map.

(2) (⇤!q,p , h)H⇤⇥H = (⇤!q,ph, )H⇤⇥H for any  , h 2 H.

The proof of this proposition follows from a similar argument to [55, Proposition

3.5]. Nevertheless, the Dirichlet problem (4.20) is non-homogeneous, thus we sketch

the proof as follows.
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Proof. (Proof of Proposition 4.3.1.) We first show that ⇤!q,p is bounded. From the

boundness of B!,q and the well-posedness representation of (4.20), we can properly

choose representatives  ̄, h̄ 2 Hs(Rn) for  , h 2 H such that

|(⇤!q,p , h)| = |B!,q(u!, , h̄)�
Z

⌦

ph̄ dx|

 ck ̄kHs(Rn)kh̄kHs(Rn)

 c0k kHkhkH

for some constants c, c0. The symmetric property can also be easily verified by (4.33)

combining with the symmetry of B!,q and we omit the details.

Remark 4.3.4. Indeed, for any h̃ 2 Hs(Rn). By the definition of the DtN map (4.34)

as well as the well-posedness of (4.20), we know that

(⇤!q,p , h)H⇤⇥H = B!,q(u!, , h̃)�
Z

⌦

ph̃ dx

=

Z

Rn

(L s
Au!, )h̃ dx+ !2

Z

⌦

qu!, h̃ dx�
Z

⌦

ph̃ dx

=

Z

⌦e

(L s
Au!, )h̃ dx

=

Z

⌦e

(L s
Au!, )h dx,

thus we can conclude that

⇤!q,p( ) = L s
Au!, |⌦e = (�r · (Ar))su!, |⌦e . (4.35)

4.3.3 Low-frequency asymptotics.

In order to study the inverse problem (4.23), and show the unique determination

results for the corresponding source term p(x,!) as well as the scattering potential

q(x), we derive in this subsection the crucial low-frequency asymptotics of the wave

field. We shall need the following compact embedding theorem for the fractional

Sobolev Space.

Lemma 4.3.1 (Compact embedding theorem). [117, Lemma 10]
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Let n � 1, ⌦ ⇢ R
n be a Lipschitz bounded open set and F be a bounded subset of

L2(⌦). Suppose that

sup
f2F

Z

⌦

Z

⌦

|f(x)� f(y)|2
|x� y|n+2s

dxdy < +1.

Then F is precompact in L2(⌦).

Remark 4.3.5. For the proof of Lemma 4.3.1, please refer to [117, Lemma 10]. The

readers can also consult [113, Theorem 7.1] for the proof of the theorem corresponding

to more general fractional Sobolev Spaces W s,p(⌦) in bounded domains, with s 2

(0, 1) and p 2 [1,+1).

In the rest of the analyses, we assume that p(x,!) satisfies the following regularity

condition: p(x,!) 2 C3[0,!0] with respect to ! for any x 2 ⌦. Hence, p(x,!) has the

following Taylor’s series expansion in a su�ciently small neighbourhood of ! = 0,

p(x,!) = p(x, 0) +
@p(x,!)

@!

����
!=0

! +
1

2!

@2p(x,!)

@!2

����
!=0

!2 +
1

3!

@3p(x,!)

@!3

����
!=✓

!3, (4.36)

where ✓ 2 (0,!). Based on (4.36), we define

p̃(x,!) :=
2X

n=1

1

n!

@np(x,!)

@!n

����
!=0

!n +
1

3!

@3p(x,!)

@!3

����
!=✓

!3, ✓ 2 (0,!),

and then

p(x,!) = p(x, 0) + p̃(x,!). (4.37)

We are in a position to present the low-frequency asymptotic expansion of the

wave field.

Theorem 4.3.4. For n � 2, 0 < s < 1, let ⌦ ⇢ R
n be a bounded Lipschitz domain.

Suppose q(x) 2 L1(⌦) satisfies condition (4.21) and p(x,!) 2 L2(⌦) for any fixed

! 2 (0,!0) with su�ciently small !0. Then for any exterior Dirichlet data  2 H, the

solution u(x,!) of the Dirichlet problem (4.20) with respect to  fulfills the following

asymptotic estimate in Hs(⌦),

ku(x,!)� u(x, 0)kHs(⌦)  C̃(!)

✓
1

↵0
kp̃(x,!)k2L2(⌦) + !2kqkL1(⌦)ku(x, 0)k2L2(⌦)

◆ 1
2

,
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where u(x, 0) solves

8
><

>:

(�r · (Ar))su(x, 0) = p(x, 0) in ⌦,

u(x, 0) =  (x) in ⌦e = R
n\⌦,

(4.38)

and

C̃(!) =
1q

2c20c1
(1+c0)2

� (↵0 + 3!2kqkL1(⌦))
,

in which c0, c1 and ↵0 are three positive constants with 0 < ↵0 <
2c20c1

(1+c0)2
.

Proof. Denote u(x,!) as u! and u(x, 0) as u0. For the Dirichlet problem (4.20), by

Definition 4.3.1, we know that for p(x,!) 2 L2(⌦) with fixed ! 2 (0,!0), and  2 H,

we have

B!,q(u
(0)
! , v) = �B!,q(u

( )
! , v) +

Z

⌦

p(x,!)v(x) dx for any v(x) 2 C1

c (⌦),

where u( )
! 2 Hs(Rn) fulfills u( )

! |⌦e =  , u(0)
! 2 Hs

0(⌦) and u(0)
! + u( )

! = u!. Equiva-

lently, if u! �  2 H̃s(⌦), we have

B!,q(u!, v) =

Z

⌦

p(x,!)v(x) dx for any v(x) 2 C1

c (⌦). (4.39)

Therefore, by (4.32) we know that for any v(x) 2 C1

c (⌦),

Z

Rn

(�r · (Ar))su!(x)v(x)dx+ !2

Z

⌦

q(x)u!(x)v(x)dx

=

Z

Rn⇥Rn

(u!(x)� u!(y))(v(x)� v(y))Ks(x, y) dxdy + !2

Z

⌦

q(x)u!(x)v(x) dx

=

Z

⌦

p(x,!)v(x) dx. (4.40)

Similarly, for (4.38), when u0(x)�  (x) 2 H̃s(⌦), we have for any v(x) 2 C1

c (⌦),

B!,q(u0, v) =

Z

Rn

(�r · (Ar))su0(x)v(x) dx

=

Z

Rn⇥Rn

(u0(x)� u0(y))(v(x)� v(y))Ks(x, y) dxdy
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=

Z

⌦

p(x, 0)v(x) dx. (4.41)

Substracting (4.41) from (4.40), we can obtain the following equation

Z

Rn⇥Rn

[(u!(x)� u0(x))� (u!(y)� u0(y))](v(x)� v(y))Ks(x, y) dxdy

+ !2

Z

⌦

q(x)u!(x)v(x) dx

=

Z

⌦

(p(x,!)� p(x, 0))v(x) dx =

Z

⌦

p̃(x,!)v(x) dx.

Define h!(x) := u!(x)� u0(x), then by direct computations we have

Z

Rn⇥Rn

(h!(x)� h!(y))(v(x)� v(y))Ks(x, y) dxdy + !2

Z

⌦

q(x)h!(x)v(x) dx

=

Z

⌦

p̃(x,!)v(x)dx� !2

Z

⌦

q(x)u0(x)v(x) dx for any v(x) 2 C1

c (⌦),

which indicates that

Z

Rn⇥Rn

(h!(x)� h!(y))(v(x)� v(y))Ks(x, y) dxdy

=

Z

⌦

p̃(x,!)v(x)dx� !2

Z

⌦

q(x)u0(x)v(x) dx� !2

Z

⌦

q(x)h!(x)v(x) dx (4.42)

for any v(x) 2 C1

c (⌦).

Since u!, u0 2 Hs(Rn), we see that h! 2 Hs(Rn). Furthermore, we know that

h!(x)|⌦e = u!(x)|⌦e � u0(x)|⌦e =  (x)�  (x) = 0,

and hence h! 2 H̃s(⌦). Using Remark 4.3.2, we can assume that v(x) = h!(x) and

substitute this into (4.42) we can obtain that

Z

Rn⇥Rn

(h!(x)� h!(y))
2Ks(x, y) dxdy

=

Z

⌦

p̃(x,!)h!(x)dx� !2

Z

⌦

q(x)u0(x)h!(x) dx� !2

Z

⌦

q(x)h2
!(x) dx. (4.43)

Since the operator kernel Ks(x, y) has the pointwise estimate (4.6), the left hand side
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of (4.43) satisfies

c1

Z

Rn⇥Rn

|h!(x)� h!(y)|2
|x� y|n+2s

dxdy 
Z

Rn⇥Rn

(h!(x)� h!(y))
2Ks(x, y)dxdy

 c2

Z

Rn⇥Rn

|h!(x)� h!(y)|2
|x� y|n+2s

dxdy (4.44)

for some constants c1, c2 > 0.

It is known that for any fractional index s 2 (0, 1), k·kHs(Rn) has the form (4.1)

with the semi-norm defined as (4.2) in any open set ⌦ ⇢ R
n, so we have

c1|h!|2Hs(⌦) = c1

Z

⌦⇥⌦

|h!(x)� h!(y)|2
|x� y|n+2s

dxdy  c1

Z

Rn⇥Rn

|h!(x)� h!(y)|2
|x� y|n+2s

dxdy


Z

Rn⇥Rn

(h!(x)� h!(y))
2Ks(x, y)dxdy (4.45)

by (4.44). Moreover, since ⌦ is a bounded Lipschitz domain, utilizing the compact

embedding theorem (Lemma 4.3.1) in the fractional Sobolev Space Hs(⌦), we can

know that there exists a positive constant c0 such that

c0kh!kL2(⌦)  |h!|Hs(⌦),

and thus

c0kh!kHs(⌦)  (1 + c0)|h!|Hs(⌦) (4.46)

Combining (4.43), (4.45) with (4.46), we can obtain the following estimate

c20c1
(1 + c0)2

kh!k2Hs(⌦)  c1|h!|2Hs(⌦)

 |
Z

Rn⇥Rn

(h!(x)� h!(y))
2Ks(x, y)dxdy|

= |
Z

⌦

p̃(x,!)h!(x)dx� !2

Z

⌦

q(x)u0(x)h!(x)dx� !2

Z

⌦

q(x)h2
!(x)dx|

 |
Z

⌦

p̃(x,!)h!(x)dx|+ !2kqkL1(⌦)|
Z

⌦

u0(x)h!(x)dx|

+ !2kqkL1(⌦)

Z

⌦

h2
!(x)dx (4.47)
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For any constant ↵0 2
✓
0, 2c20c1

(1+c0)2

◆
, utilizing Young’s inequality with ↵0 we have

����
Z

⌦

p̃(x,!)h!(x)dx

���� 
1

2

Z

⌦

✓
p̃(x,!)2

↵0
+ ↵0h

2
!(x)

◆
dx

=
1

2↵0
kp̃(x,!)k2L2(⌦) +

↵0

2
kh!k2L2(⌦). (4.48)

Similarly, ����
Z

⌦

u0(x)h!(x)dx

���� 
1

2

⇣
ku0k2L2(⌦) + kh!k2L2(⌦)

⌘
. (4.49)

Plugging (4.48) and (4.49) into (4.47), and using the fact that kh!kL2(⌦) 

kh!kHs(⌦), it is clear that

c20c1
(1 + c0)2

kh!k2Hs(⌦) 
1

2↵0
kp̃(x,!)k2L2(⌦) +

!2

2
kqkL1(⌦)ku0k2L2(⌦)

+ (
↵0

2
+

3!2

2
kqkL1(⌦))kh!k2Hs(⌦).

Thus we have proved that

✓
c20c1

(1 + c0)2
� (

↵0

2
+

3!2

2
kqkL1(⌦))

◆
kh!k2Hs(⌦)

 1

2↵0
kp̃(x,!)k2L2(⌦) +

!2

2
kqkL1(⌦)ku0k2L2(⌦) (4.50)

Define C̃(!) = 1r
2c20c1

(1+c0)
2�(↵0+3!2kqkL1 )

. Then by straightforward calculations, we have

ku(x,!)� u(x, 0)kHs(⌦) = kh!(x)kHs(⌦)

C̃(!)

✓
1

↵0
kp̃(x,!)k2L2(⌦) + !2kqkL1(⌦)ku(x, 0)k2L2(⌦)

◆ 1
2

,

which completes the proof.

Remark 4.3.6. In Theorem 4.3.4, it is necessary that the source term p(x,!) converges

in L2(⌦) as the frequency ! approaches to 0. This is apparently fulfilled by our earlier

regularity requirement that p(x,!) 2 C3[0,!0] with respect to ! for any x 2 ⌦. It

would be interesting to explore the recovery of more general source functions in our

future study.
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Corollary 4.3.5. Recall the estimate (4.50) in Theorem 4.3.4. Since c0, c1 > 0,

q 2 L1(⌦), p̃(x,!) 2 L2(⌦) for any fixed w 2 (0,!0) and u0(x) 2 Hs(⌦), we can

take the limit as ! ! 0 to obtain that

lim
!!0

✓
c20c1

(1 + c0)2
� ↵0

2

◆
kh!k2Hs(⌦) = 0, (4.51)

since 0 < ↵0 <
2c20c1

(1+c0)2
, and

lim
!!0

kp̃(x,!)kL2(⌦) = lim
!!0

�����

2X

n=1

1

n!

@np(x,!)

@!n

����
!=0

!n +
1

3!

@3p(x,!)

@!3

����
!=✓

!3

�����
L2(⌦)

= 0,

where ✓ 2 (0,!). Therefore we can deduce that as ! ! 0,

lim
!!0

ku(x,!)� u(x, 0)kHs(⌦) = 0.

Remark 4.3.7. We believe that the mathematical strategy developed in proving Theo-

rem 4.3.4 by combining the variational argument and the compact embedding theorem

can be used to deal with other nonlocal problems in di↵erent contexts.

4.3.4 Unique determination results.

With the earlier preparations, we are ready to show the uniqueness results in deter-

mining the internal source p, namely Theorem 4.3.1, and the scattering potential q,

namely Theorem 4.3.2, by the corresponding exterior measurements. The following

strong uniqueness principle as well as the Runge approximation property shall be

needed in the discussion.

Proposition 4.3.2 (Strong uniqueness principle). For n � 2 and 0 < s < 1, if

u 2 Hs(Rn) satisfies u = L s
Au = (�r · (Ar))su = 0 in any nonempty open subset of

R
n, then u ⌘ 0 in R

n.

See [55, Theorem 1.2] for the analyses of this proposition.

Proposition 4.3.3 (Runge approximation property). [55, Theorem 1.3]

For n � 2 and 0 < s < 1, let ⌦ ⇢ R
n be a bounded open set and D ✓ R

n be an

arbitrary open set containing ⌦ such that int(D\⌦) 6= ;. Suppose that the condition
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(4.21) is fulfilled. Then for any f 2 L2(⌦) and " > 0, we can find a function u" which

solves 8
><

>:

(L s
A + q)u" = 0 in ⌦ and supp(u") ✓ D,

u" =  in ⌦e,

with u"� 2 H̃s(⌦), where L s
A = (�r · (Ar))s is the fractional di↵erential operator

defined earlier, such that

ku" � fkL2(⌦) < ".

Now we are in the position of proving Theorem 4.3.1 and Theorem 4.3.2.

Proof. (Proof of Theorem 4.3.1.)

Recall the nonlocal Dirichlet problems for the fractional Helmholtz system with

respect to qj, pj, j = 1, 2 as

8
>><

>>:

(�r · (Ar))suj(x,!) + !2qj(x)uj(x,!) = pj(x,!) in ⌦,

uj(x,!) =  (x) in ⌦e.

Define W (x,!) := u1(x,!)� u2(x,!). Then W (x,!) 2 Hs(Rn) with ! 2 (0,!0) and

it satisfies

8
>>>>>><

>>>>>>:

(�r · (Ar))sW (x,!) + !2q1W (x,!)

= (p1(x,!)� p2(x,!)) + !2(q2 � q1)u2(x,!) in ⌦,

W (x,!) = 0 in ⌦e.

(4.52)

If for any fixed  2 C1

c (O1), there holds

⇤!q1,p1( )|O2 = ⇤!q2,p2( )|O2 ,

by (4.35) which means

(�r · (Ar))su1(x,!)|O2 = (�r · (Ar))su2(x,!)|O2 for any fixed  2 C1

c (O1),
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where O1,O2 ⇢ ⌦e are two arbitrary nonempty open subsets, then

(�r · (Ar))sW (x,!)|O2 = (�r · (Ar))su1(x,!)|O2 � (�r · (Ar))su2(x,!)|O2 = 0.

So we have

W (x,!) = (�r · (Ar))sW (x,!) = 0 in O2 ⇢ ⌦e.

By applying the strong uniqueness principle (Proposition 4.3.2), we can obtain that

W (x,!) ⌘ 0 in R
n. Substituting W (x,!) ⌘ 0 into the first equation in (4.52), we

have that for ! 2 (0,!0),

p2(x,!)� p1(x,!) = !2(q2(x)� q1(x))u2(x,!), (4.53)

with

pj(x,!) = pj(x, 0) + p̃j(x,!)

= pj(x, 0) +
2X

n=1

1

n!

@npj(x,!)

@!n

����
!=0

!n +
1

3!

@3pj(x,!)

@!3

����
!=✓j

!3,

where ✓j 2 (0,!), for j = 1, 2. Utilizing the low-frequency asymptotic property

(Corollary 4.3.5), we know that lim!!0 u2(x,!) = u2(x, 0) in Hs(⌦), where u2(x, 0)

solves 8
>><

>>:

(�r · (Ar))su2(x, 0) = p2(x, 0) in ⌦,

u2(x, 0) =  in ⌦e.

(4.54)

Taking the limit as ! ! 0 in equation (4.53), thus we have

p1(x, 0) = p2(x, 0),

@p1(x,!)

@!

����
!=0

=
@p2(x,!)

@!

����
!=0

,

which complete the proof.

Now we prove Theorem 4.3.2 on the basis of Theorem 4.3.1.
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Proof. (Proof of Theorem 4.3.2.)

Since

pj(x,!) =
2X

n=0

1

n!

@npj(x,!)

@!n

����
!=0

!n +
1

3!

@3pj(x,!)

@!3

����
!=✓j

!3

where ✓j 2 (0,!) for j = 1, 2, based on the result of Theorem 4.3.1 that

p1(x, 0) = p2(x, 0),

@p1(x,!)

@!

����
!=0

=
@p2(x,!)

@!

����
!=0

,

and the assumption

@2(p1 � p2)(x,!)

@!2

����
!=0

= 0 for x 2 ⌦,

we can take the limit as ! ! 0 in (4.53) to obtain that

(q2(x)� q1(x))u2(x, 0) = 0. (4.55)

Suppose ũ 2 Hs(Rn) solves

8
><

>:

(�r · (Ar))sũ(x) = p2(x, 0) in ⌦,

ũ(x) = 0 in ⌦e,

then ũ 2 H̃s(⌦) and can be uniquely determined by the well-posedness discussion in

Subsection 4.3.2.

Define ṽ(x) := u2(x, 0)� ũ(x), and it clearly satisfies

8
>><

>>:

(�r · (Ar))sṽ(x) = 0 in ⌦,

ṽ(x) =  (x) in ⌦e.

(4.56)

Then (4.55) can be reformulated by ṽ(x) and ũ(x) as

(q2(x)� q1(x))ṽ(x) = �(q2(x)� q1(x))ũ(x), (4.57)
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which holds for any ṽ satisfying (4.56). Since ũ(x) 2 H̃s(⌦) ⇢ L2(⌦), by the Runge

approximation property in Proposition 4.3.3, we know that there exists a sequence

(ṽ(j)(x))1j=1 2 Hs(⌦) which solves

(�r · (Ar))sṽ(j)(x) = 0 (4.58)

in ⌦ with exterior values in ⌦e such that limj!1 ṽ(j)(x) = ũ(x) in L2(⌦). By substi-

tuting the aforesaid sequence into (4.57), one has

(q2(x)� q1(x))ṽ
(j)(x) = �(q2(x)� q1(x))ũ(x).

Taking the limit as j ! 1, we have

(q2(x)� q1(x))ũ(x) = 0,

which also implies that

(q2(x)� q1(x))ṽ(x) = 0

for any ṽ satisfies (4.56). Taking the integration of this equation in ⌦, we have

Z

⌦

(q2(x)� q1(x))ṽ(x)dx = 0 (4.59)

Using the Runge approximation property again, we know that there exists a sequence

(ṽ(l)(x))1l=1 2 Hs(⌦) satisfying (�r · (Ar))sṽ(l)(x) = 0 in ⌦ with exterior values in

⌦e such that for any f 2 L2(⌦)

ṽ(l)(x) = f(x) + r(l)(x) with lim
l!1

r(l)(x) = 0. (4.60)

Substituting ṽ(l)(x) into the integral identity (4.59) and letting l ! 1, we can deduce

that Z

⌦

(q2(x)� q1(x))f(x)dx = 0.

Since f(x) 2 L2(⌦) is arbitrary, we can infer that q1(x) = q2(x).

The proof is complete.
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Finally, we consider the application of the unique recovery results in Theorems 4.3.1

and 4.3.2 from the general fractional Helmholtz system (4.20) to the specific one

(4.31) in simultaneously recovering the sound speed c and the source terms f, g

and ĥ by the exterior multiple-frequency measurements. We only point out two

results of practical interest. First, we consider the case that ĥ ⌘ 0. In such a case,

p(x,!) = i!
c2 f(x) +

1
c2 g(x) and q(x) = � 1

c2(x) . Hence, by Corollary 4.3.3, it can be

easily shown that all of f, g and c can be uniquely recovered. For the second case,

we consider that f ⌘ g ⌘ 0 whereas ĥ(x,!) = ⇢(x)(!). It is assumed that (!) is

continuous at ! = 0 with (0) 6= 0 and known a priori. Then by Theorem 4.3.1 and

Theorem 4.3.2, one can prove that ⇢(x) and c can be uniquely recovered respectively.

In the latter example, ĥ(x,!) is not necessary to fulfill the regularity assumption

that it is C3 continuous with respect to ! for any x 2 ⌦. This example indicates

that the mathematical techniques developed in this study can be used to establish

more general simultaneous recovery results, and in particular, if there is some a-priori

knowledge available for the inverse problem.

182



Chapter 5

Discussion

5.1 Concluding remarks

In chapter 2, we are concerned with the intrinsic geometric structures of the conduc-

tive transmission eigenfunctions. First, we present the vanishing properties of the

conductive transmission eigenfunctions near a corner in R
2, where we combine a par-

ticular type of planar complex geometrical optics (CGO) solution with the microlocal

analysis to derive the main properties. Then, the corresponding three-dimensional

case is studied for a more general corner geometry which describes an edge singularity

on basis of the results displayed in the two-dimensional case. Finally, as an interesting

and practical application, we apply the obtained geometric results for the conduc-

tive transmission eigenfunctions to an inverse problem associated with the transverse

electromagnetic scattering. In a certain scenario, we establish the unique recovery

result by a single far-field measurement in simultaneously determining a polygonal

conductive obstacle and its surface conductivity. This contributes to the well-known

Schi↵er’s problem in the inverse scattering theory which is concerned with recovering

the shape of an unknown scatterer by a single far-field pattern.

Chapter 3 is devoted to the geometric structures of Laplacian eigenfunctions as

well as their applications to inverse scattering theory. We first discuss the geometric

properties of Laplacian eigenfuntions in R
2, where an accurate quantitive character-

ization of the relationship between the vanishing order of the eigenfunction at the

intersecting point and the intersecting angle is studied. The analyses focus on the
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rational intersection and the irrational intersection respectively with the help of the

spherical wave expansion of the eigenfunction. We also investigate the unique iden-

tifiability results in inverse obstacle scattering problem as an important application.

To the best of our knowledge, it is the first time in the literature to present a system-

atic study of such intriguing connections between the vanishing orders of Laplacian

eigenfunctions and the intersecting angles of their nodal/generalized singular lines.

Hence, these results should be truly original and of significant interest in the spectral

theory of Laplacian eigenfunctions, and possibly very closely related to Helmholtz and

Maxwell eigenfunctions as well. Then we consider the analytic behaviours of Lapla-

cian eigenfunctions in R
3 as a continuation. Compared with the two-dimensional case,

this geometric situation is much more complicated, so is the corresponding analysis:

the intersection of two planes generates an edge corner, whereas the intersection of

more than three planes generates a vertex corner. We provide a systematic and com-

prehensive characterization of the relations between the analytic behaviours of an

eigenfunction at a corner point and the geometric quantities of that corner for all

these geometric cases. Moreover, we also apply the spectral results to establish some

novel unique identifiability results for the geometric inverse problems.

In chapter 4, we consider some interesting nonlocal inverse problems with respect

to fractional partial di↵erential operators. We first present some prelimilary knowl-

edge on fractional Sobolev Spaces and factional partial di↵erential operators. Then

we study the simultaneous recovery results for two types of nonlocal inverse problems.

One of them is the nonlocal inverse problem for anisotropic fractional Schrödinger

operators, in which we are concerned with the simultaneous recovery of the medium

parameter and the possibly embedded soft of hard obstacles by the associated exte-

rior DtN map. We haved proved that a single measurement can uniquely determine

the embedded obstacle while multiple measurements can be used to recover the sur-

rounding potential at the same time. The other one is the nonlocal inverse problem

for the fractional Helmholtz equation, where we establish several uniqueness results

in simultaneously recovering both the medium parameter and the internal source by

the corresponding exterior measurements. We utilize the low-frequency asymptotics

as well as the variational argument to deal with this problem and we believe this novel
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method can also be used to study other nonlocal problems in di↵erent contexts.

5.2 Future works

In the future work, I plan to keep on working on the spectral and eigenfunction

analysis in wave scattering as well as some other interesting inverse problems for

fractional partial di↵erential operators.

(i) The geometric structures of Laplacian eigenfunctions with respect to

other systems in R
2.

On basis of the study on the geometric structures of Laplacian eigenfunctions

and their applications in R
2 in Chapter 3, I plan to extend the results for Laplcian

eigenfunctions in R
2 to the Schrödinger equation, Maxwell equation and the elastic

equation, which will be greatly di↵erent from the current study. For example, when

considering the corresponding results for Schrödinger operator with nontrivial poten-

tials, the spherical wave expansion for Laplacian eigenfunctions fail to hold under

this circumstance. Therefore, I will utilize other e↵ective approaches to study the

eigenfunction, such as constructing specific CGO solutions to discuss the behaviors

of the lower order terms of the eigenfunction. After that, I would like to study the

three-dimensional case.

(ii) The geometric structures of Laplacian eigenfunctions for two inter-

secting curves.

In Chapter 3, we consider the vanishing properties of Laplacian eigenfunctions

at the corner intersected by two line segments and also the practical applications

for polygonal obstacle in R
2. It is natural to generalize these results to the corner

intersected by curves. I would like to investigate the quantitative relation between

the Laplacian eigenfunctions and the curvature of the intersecting two curves at the

corner. The singularity of this corner with curvature could be described by the

associated tangent lines. The analysis might be more complicated but the results

can be utilized to study the inverse problem for more general obstacles instead of

polygon.
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(iii) Interior transmission eigenvalue problem for anisotropic Schrödinger

operators.

Based on the study on the geometric structures of interior transmission eigen-

functions as well as the conductive transmission eigenfunctions in [14] and Chapter,

2 respectively, I would like to study the vanishing property near corners of transmis-

sion eigenfunctions in an anisotropic medium. The di�culty here is the construction

of the CGO solution and the corresponding estimates for the anisotropic Schrödinger

operators, thus a mass of calculations should be conducted to this problem.

(iv) Simultaneous recovery for the inverse scattering problem of a loss-

dominated fractional Helmholtz equation.

There is a new wave equation described wave propagation in the attenuation

medium called the time-domain fractional equation, which can be formulated as the

associated frequency-domain fractional equation. According to the physical interpre-

tations, this new model could be divided into two separate models: loss-dominated

model and dispersion-dominated model. I am going to investigate the determination

of the parameters in the loss-dominated fractional Helmholtz equation with respect to

the regional fractional partial di↵erential operators. Indeed, the regional fractional

partial di↵erential operators describe the local property of the wave propagation,

hence the classical strong uniqueness principle and Runge approximation property

for nonlocal inverse problems fail to work for the regional fractional operators. For

this brand new topic, I preliminarily would like to construct specific CGO solutions

or apply asymptotic analysis to study the integral identity, which contains the infor-

mation of the parameters to derive the unique identifiability results.
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[116] L. Päivärinta, M. Salo and E. V. Vesalainen, Strictly convex corners scatter,

Rev. Mat. Iberoam. 33 (2017), no. 4, 1369–1396.

196



[117] G. Palatucci, O. Savin and E. Valdinoci, Local and global minimizers for a

variational energy involving a fractional norm, Annali di Matematica (2013)

192: 673.

[118] L. E. Payne, On two conjectures in the fixed membrane eigenvalue problem, Z.

Angew. Math. Phys., 24 (1973), 721–729.

[119] A. Pazy, Semigroups of Linear Operators and Applications to Partial Di↵eren-

tial Equations, Volume 44, Springer Science and Business Media, 2012.

[120] J. W. S. Rayleigh, The Theory of Sound., 2nd Ed., Vol. 1 and 2, Dover Publi-

cations, New York, 1945.

[121] L. Robbiano, Spectral analysis of the interior transmission eigenvalue problem,

Inverse Problems, 29 (2013), 104001.

[122] L. Rondi, Unique determination of non-smooth sound-soft scatterers by finitely

many far-field measurements, Indiana Univ. Math. J., 52 (2003), 1631–1662.

[123] L. Rondi, Stable determination of sound-soft polyhedral scatterers by a single

measurement, Indiana Univ. Math. J., 57 (2008), 1377–1408.

[124] W. Rudin, Functional Analysis, McGraw-Hill Series in Higher Mathematics.

New York: McGraw-Hill Book Company.
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[139] H. Weyl, Über die asymptotische verteilung der Eigenwerte, Gott. Nach., (1911),

110–117.

[140] H. Weyl, Das asymptotische Verteilungsgesetz der Eigenwerte linearer partieller

Di↵erentialgleichungen , Math. Ann., 71 (1912), 441–479.

[141] S. T. Yau, Problem section, Seminar on di↵erential geometry, Ann. of Math.

Studies 102 (1982), Princeton Univ. Press, Princeton NJ, 669–706.

198



[142] S. Zelditch, Eigenfunctions of the Laplacian of Riemannian Manifolds, book in

progress, 2017.

199



CURRICULUM VITAE

Academic qualification of the thesis author, Ms. CAO Xinlin:

• Received the degree of Bachelor of Science from Wuhan University, June 2016.

June 2020

200


