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Abstract 

 

In this dissertation, we have employed some well-established electronic-structure 
methods [e.g., density functional theory (DFT) and time-dependent DFT (TD-
DFT)] to investigate the potential energy surfaces for 2s → 2p excitation of 
beryllium atomic clusters, attempting to provide direct computational support for 
the mechanism of a newly invented laser spectroscopy. The computing time of 
single-point energy calculations for a series of beryllium clusters from using TD-
DFT has been compared with that from a higher-level coupled-cluster method, in 
order to demonstrate the computational practicality of TD-DFT methods. 
Meanwhile, to benchmark the accuracy of TD-DFT methods, the state properties 
such as the equilibrium inter-atomic distance and dissociation energy of 
beryllium clusters calculated by us are compared with experimental results and 
other computational values where available. Furthermore, we have defined the 
fork intersections to characterize the position where the excited states can be 
treated as degenerate.  

Moreover, to shed some light on the reaction mechanism of a Diels-Alder 
reaction between isoprene and maleic anhydride, we have investigated the kinetic 
isotope effects (KIE) of the reaction. To further include inter-nuclear quantum-
statistical effects (i.e., the quantum tunneling effect and anharmonicity), an 
automated integration-free path-integral (AIF-PI) method developed by our group 
in recent years based on Kleinert’s variational perturbation theory has been used. 
The KIE values produced by the AIF-PI method can be used to clearly 
distinguish between the two isomeric transition-state structures, and determine 
the actual rate-limiting transition state. By virtue of the AIF-PI method, we have 
also analyzed the quantum tunneling effects and anharmonicity separately, which 
are excluded in conventional Bigeleisen equation. Furthermore, the influence of 
different numbers of quantized nuclei on the 

KIE values using base-catalyzed RNA 2'-O-transphosphorylation models as 
examples are explored, by systematically increasing the number of quantized 
nuclei from 1 to 16 (fully quantized).  
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Chapter 1. Introduction 

 

The computer simulations have becoming an increasingly important and 

irreplaceable tool as a complement to the experiments in many branches of 

physics, chemistry and biology. Based on fundamental physical laws such as 

classical mechanics, quantum mechanics and statistics, the computational 

techniques can provide valuable information which is often difficult (if not 

impossible) to be accessible in experiments. The significance of computer 

simulations is at least represented by the award of Nobel Prize in Chemistry in 

the year of 1998 and 2013 for the development of electronic-structure methods 

and multi-scale models which have been widely used in the simulations of 

complex chemical or condensed-matter systems nowadays1-6. 

This dissertation work mainly consists of two parts which were carried out during 

the course of my doctoral study. The first part is related with the well-established 

electronic-structure methods, in which the popular density functional theory 

(DFT) and its time-dependent (TD) version have been applied. On the other hand, 

the other part is more closely related to an automated integration-free path-

integral (AIF-PI) method developed by our group in recent years based on 

powerful Kleinert’s variational perturbation theory (KP) to further deal with the 

inter-nuclear quantum-statistical effects. 

The entire dissertation is organized as follows: 

The illustrations of the theoretical foundation for the computational methods we 

have employed in this thesis are given as an overview in Chapter 2, with concise 
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mathematical derivation provided when necessary. The bridge linking the 

fundamental theories of quantum mechanics and computer simulations for many-

body molecular systems in practice is highlighted. Some of the conventional and 

well-founded electronic-structure methods are reviewed, including the Hartree-

Fock (HF) theory which is developed just around the birth of quantum mechanics. 

In addition, we have reviewed the path-integral formulation invented by Feynman 

of quantum statistics, and the equivalence to the widely-used differential 

Schrödinger Equation is proved. We have also illustrated the classical and 

quantum origins of isotopes effects, and how the isotope effects can be obtained 

under the framework of path-integral formalism. 

In Chapter 3, in order to elucidate the fundamental mechanism of a newly 

invented plume laser-excited atomic fluorescence (PLEAF) with direct 

computational support, we employ the popular DFT along with its time-

dependent version, TD-DFT, and the Tamm-Dancoff approximation (TDA), to 

investigate the properties of the ground state and excited states associated with 2s 

→ 2p excitation from a single beryllium (Be) atom up to atomic Be5 cluster. 

Furthermore, the important energy un-smearing process which is closely related 

to the implementation of PLEAF is showed by providing the potential energy 

surfaces explicitly from inter-atomic equilibrium position to dissociation limit. 

Meanwhile, the fork intersection is defined by us to indicate the position where 

the excited states are treated as degenerate. 

It was found from the computing time of single-point energy calculations that the 

TD-DFT is much more computationally practical and efficient than a higher-level 

of coupled-cluster (CC) theory (~2 minutes for a linear Be50 from TD-DFT vs. 

~2.5 hours for a linear Be10 from CC). While after careful benchmarking for the 
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properties of the ground states and excited states such as the equilibrium distance 

and dissociation energy by comparing to the available experimental results and 

other high-level theoretical values, the computational results from our TD-

DFT:TDA calculations are still accurate enough for our purpose. Thus, we hope 

this work could serve as an important precursor or reference for future studies on 

the excitation energies of much larger or more complex clusters. 

In Chapter 4, to shed some light on the actual rate-limiting transition state of a 

typical Diels-Alder reaction between isoprene and maleic anhydride, we re-visit 

the kinetic isotope effects (KIE) based on two isomeric transition-state structures 

(endo and exo) from a theoretical point of view. Firstly, the electronic-structure 

methods at the levels of MP2/6-311G(d,p) and B3LYP/6-311G(d,p) are 

employed to confirm the concerted while slightly asynchronous reaction 

mechanism, which is consistent with well-accepted conclusions. Furthermore, in 

order to distinguish between the endo and exo transition-state structure from the 

finger-print KIE values, we have employed our AIF-PI method to systematically 

include quantum tunneling effects and anharmonicity. It has been found that the 

quantum tunneling effects do not significantly influence the final KIE values; 

however, it is due to the anharmonicity that the KIE values at the two sides of 

isoprene (H1in and H4in) can be discriminated, and in excellent agreement with 

experimental results. More importantly, the harmonic KIE values computed using 

conventional Bigeleisen equation for the two considerably different transition-

state structures are similar, thus making it ambiguous to pinpoint or determine the 

actual rate-limiting (primary) transition state. In contrast, based on the two sets of 

computed KIE values on the endo and exo transition-state structures from using 

AIF-PI method, we are now able to clearly pinpoint the actual rate-limiting 
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transition state which characterizes the reaction path is more likely to be the exo 

one. The maximum deviation of the KIE values between our computation for the 

exo transition state and experiment is ~3%, while the error is up to ~12% if the 

endo transition-state structure is considered. 

Due to the integration-free feature, the computational cost for implementing KP 

theory by the AIF-PI method is inexpensive, so that the potential energy surfaces 

can be obtained by traditional ab initio electronic-structure methods. Although 

the AIF-PI method is technically independent of the number of quantized nuclei 

(i.e., it is convenient to quantize the nuclei with arbitrary number, in contrast to 

the sampling-based techniques such as path-integral molecular dynamics and 

Monte Carlo simulations which often meet numerical difficulties), the final 

results are dependent of it. Hence, in Chapter 5, we systematically investigate the 

influence of the number of quantized nuclei on the final KIE values using base-

catalyzed RNA 2´O-transphosphorylation model reactions as examples. It was 

found that in the simplest models of RNA 2´O-transphosphorylation, even if 

there is only one nucleus being quantized, the partial harmonic KIE values are 

already sufficiently close to the ones obtained with all nuclei fully quantized and 

the quantum tunneling effects included as well as anharmonicity. The maximum 

difference is only ~0.5%. Further separate analysis of the contributions from 

quantum tunneling effects and anharmonicity on the O2' nucleophile and X5' 

leaving group positions shows that in the series of model reactions, the quantum 

tunneling effects are generally insignificant, and the anharmonicity corrections 

with respect to harmonic potentials are close to unity both for transition states and 

reactants . 
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Chapter 2. Theory  

 

This chapter highlights the essence and provides a concise overview of the 

fundamental physical and chemical theories and computational methods which 

are the cornerstone of the research carried out in this dissertation, such as the ab-

initio and density functional theory (including the time-dependent version) 

calculations carried on atomic beryllium clusters (Chapter 3) and ab-initio path 

integral calculations on inter-nuclear quantum statistical effects of molecules 

(Chapter 4 and Chapter 5). The available literature relevant to these theories and 

methods, and the mathematical derivations are also included and discussed at 

appropriate sections. 

 

2.1  The Molecular Schrödinger Equation 

 

After the birth of quantum mechanics in 1920s, a brand new door into the atomic 

and molecular world has been opened7-12. The theory of quantum mechanics 

tremendously facilitates our understanding of the physical and chemical 

phenomena that occurred in many-atom systems. As the noted physicist 

Feynman13 once said, “All things are made of atoms. This is the key hypothesis”.  

For a many-body molecular system, once the non-relativistic Schrödinger 

equation9,11,12,14-17 (in this thesis we are constrained to the non-relativistic case; 

while the equation which deals with relativistic quantum effects is referred to as 

the Dirac equation9,12,18,19) is written down, the atomic and molecular properties 
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of this system are in principle embedded in the solutions of this eigenvalue 

equation in terms of wave function. The standard form of the non-relativistic 

time-independent molecular Schrödinger equation (hereafter referred to as 

molecular Schrödinger equation for short unless specially mentioned) can be 

expressed as: 

 ˆ
mole n n n

H EY = Y  (2.1) 

where the ˆ
mole

H  represents the Hamiltonian operator of the entire molecular 

system, 
n

Y  is the wave function; and 
n

E  is the energy eigenvalue at the specific 

eigenstate n of the system. 

For a specific molecular system with M nuclei and N electrons, the Hamiltonian 

operator can be expressed analytically as below: 

 2 2

1 1 1 1 1 1

1 1 1ˆ
2 2

N M N M N N M M
A A B

mole i A
i A i A i i j A A BA iA ij AB

Z Z Z
H

M r r R= = = = = < = <

= - Ñ - Ñ - + +å å åå åå åå (2.2) 

In Eq.(2.2), the first and second terms on the right side are the electronic and 

nuclear kinetic energy operators, respectively. MA is the mass ratio of nucleus A 

to an electron. The third term is the coulombic attraction between all the nuclei 

and electrons; the final two terms represent the coulombic repulsion between the 

nuclei and between the electrons, respectively. The distance between the ith 

electron and the Ath nucleus is 
iA i A

r r r= -
  ; the distance between the ith and jth 

electrons is 
ij i j

r r r= -
  , and the distance between the Ath and Bth nucleus is 

AB A B
R R R= -

 

. It must be pointed out that in order to make the Eq.(2.2) more 

precise and the calculation more convenient, we have used the so called atomic 
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units17,20 (i.e., the electron mass, the elementary charge, the reduced Planck’s 

constant and the Coulomb’s constant are all unity by definition). The physical 

quantities derived with atomic units can be transformed to standard units 

conveniently by simply multiplying the corresponding conversion factors. 

 

2.2 The Variational Principle 

 

By using the Dirac notation9 commonly employed in quantum physics, we can 

rewrite Eq.(2.1) as: 

 ˆ
n n n

H EY = Y  (2.3) 

where n is the index representing a specific eigenstate of the system.  

Consider the case that all eigenfunctions of the system are orthonormal, i.e.,  

 
a b abdY Y =  (2.4) 

And the eigenfunctions aY can form a complete basis set, i.e.,  

 1a a
a

Y Y =å  (2.5) 

The variational principle states that the expected value of the Hamiltonian is 

always an upper bound to the exact ground state energy9,11,12,15,17,21, i.e.,  

 
0

Ĥ eY Y ³  (2.6) 

where 
0
e is the ground state energy of the system. 



8 
 

The proof of Eq.(2.6) is straightforward. First, we expand Eq.(2.4) by inserting 

Eq.(2.5) into it as:  

2

1 a a b b a ab b
a b a b

a
a

dY Y = = Y Y Y Y Y Y = Y Y Y Y

= Y Y

åå åå

å
(2.7) 

The left-hand side of Eq. (2.6) can also be expanded in the same manner as: 

 
2ˆ ˆH Ha a b b a a

a b a

eY Y = Y Y Y Y Y Y = Y Yåå å  (2.8) 

Since 
0
e  is the ground state energy, it is true that

0ae e³  for any eigenstate α. 

Therefore, by comparing Eq.(2.7) with Eq.(2.8), we have 

 
2

0 0
Ĥ a

a

e eY Y ³ Y Y =å  (2.9) 

which is the content of the variational principle stated in Eq.(2.6). 

The essence of the variational principle is that the energy for a trial or 

approximate wave function of the ground state is always an upper-bound value to 

the actual ground state energy. As a result, the “best” wave function we can 

obtain is the one that minimizes the energy. The variational principle is also the 

foundation of a number of well-established electronic structure methods such as 

Hartree-Fock (HF) theory7,17,21-26, density functional theory (DFT)21,22,27-31 and 

configuration interaction method17,21,22. 
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2.3 Born-Oppenheimer Approximation and Inter-nuclear 

Potential Energy 

 

Although the molecular Hamiltonian ˆ
mole

H  in Eq. (2.2) can be expressed 

analytically, the analytical solutions of the eigenvalue Schrödinger equation 

[Eq.(2.1) or Eq.(2.3)] can only be obtained for the simplest one-electron atomic 

system7,8,17,22,25,26. For more complicated systems, some reasonable 

approximations need to be introduced in order to make the calculations 

feasible7,8,17,21-36. Of all the approximations made in electronic-structure 

calculations, the Born-Oppenheimer approximation7,8,17,21,25,26,37 is perhaps the 

central one as well as the mildest one. The physical foundation of this 

approximation is that the mass of nuclei is much heavier than that of electrons 

(e.g., the lightest hydrogen nucleus is ~1840 times heavier than an 

electron7,8,17,21,25,26). As a result, the ability of nuclei to adjust themselves 

instantly in motion is much less compared to that of electrons. Therefore, from 

the perspective of electrons, it is a reasonable approximation to treat the electrons 

as moving in the potential field of nuclei with a given set of nuclear positions, 

and the electrons can instantly adjust their positions before the much heavier 

nuclei have a chance to move. Consequently, while solving the electronic part of 

molecular Schrödinger equation, the kinetic energy term [i.e., the second term of 

Eq.(2.2)] and the repulsion energy term between nuclei [i.e., the last term of 

Eq.(2.2)] can be treated as a constant. The remaining terms of Eq. (2.2) constitute 

the electronic Hamiltonian as follows: 
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 2

1 1 1 1

1 1ˆ
2

N N M N N
A

elec i
i i A i i jiA ij

Z
H

r r= = = = <

= - Ñ - +å åå åå  (2.10) 

With the electronic Hamiltonian in Eq.(2.10), the electronic eigen-energy 
elec
e can 

be obtained by solving the corresponding Schrödinger equation for the electronic 

part: 

 ˆ ({ })
elec elec elec A elec

H ReY = Y  (2.11) 

where 
elec

Y  is the total electronic wave function, { }AR  is the set of nuclear 

coordinates. Note that the electronic wave function 
elec

Y  and eigen-energy 
elec
e  in 

Eq. (2.11) explicitly depend on the electronic coordinates but parametrically 

depend on the nuclear coordinates{ }
A

R . 

On the other hand, from the perspective of nuclei, the much lighter electrons are 

moving so fast that their effects on the nuclei can be considered as averaged 

effects over the electronic wave function. Thus the molecular Hamiltonian ˆ
mole

H

can be simplified and re-expressed as: 

 

2 2

1 1 1 1 1 1

2

1 1

2

1

1 1 1ˆ
2 2

1
({ })

2
1

({ })
2

M M M N N M N N
A B A

mole A i
A A B A i i A i i jA AB iA ij

M M M
A B

A elec A
A A B AA AB
M

A A
A A

Z Z Z
H

M R r r

Z Z
R

M R

V R
M

e

= = > = = = = <

= = >

=

= - Ñ + + - Ñ - +

é ù
ê ú= - Ñ + +ê úê úë û

= - Ñ +

å åå å åå åå

å åå

å

(2.12) 

where   means the average over the electronic wave function (i.e., the 

expected value). The term ({ })
A

V R  is sum of nuclear repulsion energy and 

electronic energy. The essence of Eq.(2.12) is that the electronic and nuclear 
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degrees of freedom are effectively decoupled under the framework of Born-

Oppenheimer approximation. Furthermore, ({ })
A

V R  in Eq.(2.12) provides an 

inter-nuclear potential for the nuclei to move on. The methods attempting to 

construct precise inter-nuclear potential are referred to as electronic structure 

theories which have been well-established and widely-employed nowadays7,8,17,21-

26,29-31,35. All the calculations performed in this dissertation are under the Born-

Oppenheimer approximation. 

 

2.4 Many-electron Wave Function 

 

From Eq.(2.1) and Eq.(2.11), it is clear that in order to obtain the eigen-energy 

spectrum of a quantum system, we must firstly obtain the accurate wave function. 

Therefore, it is of particular importance to obtain the wave function both 

explicitly and analytically. 

A molecular orbital is defined as a wave function for a single electron in a 

molecular system7,8,17,21,22,24-31,35,36. In quantum mechanics, in order to completely 

describe an electron, the molecular orbital is composed of two parts: one is the 

spatial orbital ( )
i i
ry
  for the ith electron, and the other part is a spin orbital α(ω) or 

β(ω) which means the spin angular momentum is up and down, respectively. As a 

result, the complete wave function for an electron ( )
i i

f c is expressed as the 

product of spatial orbital and spin orbital: 
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( ) ( )

( )

( ) ( )

i i

i i

i i

r

or

r

y a w
f c

y b w

ìïïïï= íïïïïî





 (2.13) 

Note if the spatial orbitals 
i i
(r)y
  are orthonormal, so are the complete wave 

functions: 

 
i j ij

f f d=  (2.14) 

Unfortunately, it is impossible to analytically obtain the total wave function for a 

many-electron system. Therefore, in quantum mechanics, one common way to 

approximate the wave function is using the Slater determinant7,8,11,17,21,22,25,26,35,38. 

Assuming the electrons are mutually-independent, the exact antisymmetric wave 

function 
elec

Y  (in a many-electron system, the antisymmetry principle requires 

that electronic wave functions be antisymmetric with respect to the interchange of 

the space and spin coordinates of any two electrons) for an N-electron system is 

now approximated as the following form: 

 

 

1 1 1 2 1

2 1 2 2 2

1 2

( ) ( ) ( )

( ) ( ) ( )1
({ })

!
( ) ( ) ( )

N

N
elec i

N N N N

N

f c f c f c
f c f c f c

c

f c f c f c

Y » F =





   



 (2.15) 

where 1

!N
 is the normalization factor, and 

i
c  the spatial-spin coordinates. In 

the Slater determinant, there are N electrons occupying N molecular orbitals; the 

rows are labeled by electrons and the columns labeled by their orbitals.  
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Due to the mathematical property of a determinant, interchanging the coordinates 

of two electrons (i.e., interchanging two columns of the determinant) will 

produce a negative sign of the wave function which satisfies the anti-symmetry 

requirement of a fermionic system. At the same time, if there are two electrons 

occupying the same molecular orbital (i.e., the two rows of the determinant are 

identical), the determinant vanishes and becomes zero, thus satisfying the Pauli 

exclusion principle39 be satisfied, i.e., no more than one electron can occupy the 

same spatial-spin orbital7,8,17,21,25,26,29.  

 

2.5 Electronic Structure Theory 

 

According to the Born-Oppenheimer approximation, the nuclei are effectively 

moving on the inter-nuclear potential energy surface provided by the electrons. 

However, even though the inter-nuclear potential function in Eq.(2.11) can be 

expressed in a closed form, we still cannot obtain the analytical representation of 

the potential function in a many-body molecular system17,22,26,29. Hence, a series 

of theories and methods have been developed aiming to construct the inter-

nuclear potential energy surface accurately. Some of these theories and methods 

which do not contain empirical parameters in addition to the universal constants 

are considered as ab initio (a Latin word meaning “from the beginning”) or first 

principle calculations. In this section, we will give a brief review on some of the 

electronic structure theories which have been well-founded and widely used. 
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2.5.1  Hartree-Fock Theory 

 

The Hartree-Fock (HF) theory2,4,7,8,17,20-26,35,36, which is sometimes also called 

self-consistent field method (SCF), is the foundation of molecular orbital (MO) 

theory and quantum chemistry. It is an approximation method for determining a 

system’s wave function along with its stationary properties in the ground state. A 

time-dependent version of HF theory for describing the excited states properties 

was also developed by Dirac in 1930s9,18,19,27,28,40,41.  

The HF theory is basically a mean field approximation which replaces the 

complex many-electron interactions with an averaged effect applied on one 

electron by the other electrons. Therefore, the complicated many-electron 

Hamiltonian is effectively reduced to the summation of one-electron operators. 

According to the variational principle (Section 2.2), the most appropriate wave 

function 
0

Y  for the system should be the one which minimizes the total 

electronic energy E0:  

 
0 0 0

ˆE H= Y Y  (2.16) 

For a given wave function (which is approximated using a single Slater 

determinant), the electronic energy is a function of the set of molecular orbitals

{ }
a

c , where a is the orbital index. 

We will now describe how we can start from the basic variational principle and 

finally obtain the practically-employed Roothaan-Hall equations17,21,22,25,26,42,43 in 

a matrix form. 



15 
 

Firstly, it should be noted that the orbitals { }
a

c  for electrons in the system are 

constrained to be orthonormal, i.e., 

 *
1

(1) (1) |
a b ab

dx a bc c dé ù= =ê úë ûò  (2.17) 

where [ | ]   is the chemists’ notation used, and for one-electron integral, it is 

the same as the Dirac notation, which is also called the physicists’ notation. 

As a result, the functional Lagrangian L  with respect to the orbitals { }
a

c  can be 

expressed as:  

 
0

1 1

[{ }] [{ }] ([ | ] )
N N

a a ab ab
a b

E a bc c e d
= =

= - -åå  (2.18) 

where E0 is the expected value of the single determinant
0

Y  (see Eq.(2.16)), and 

it has the following form under HF approximation: 

 
0

1 1 1

1ˆ[{ }] [ | | ] [ | ] [ | ]
2

N N N

a
a a b

E a h a aa bb ab bac
= = =

= + -å åå  (2.19) 

where the 
ab
e  is a Lagrange multiplier, and ĥ  is called the one-electron core-

Hamiltonian operator describing its kinetic energy and potential energy with the 

source of nuclei. The chemists’ notation for two-electron integrals [ | ]ij kl is 

defined to be identical to |ik jl< > . In the following derivation and expression, 

the two kinds of integral notations are alternatively used, for convenient usage in 

different situations.  

Now suppose we vary the orbital by an arbitrary infinitesimal amount: 

 
a a a

c c dc® +  (2.20) 
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And then set the first order variation of Lagrangian [{ }]
a

c  in Eq.(2.18) to be 

zero: 

 
0

1 1

[ | ] 0
N N

ab
a b

E a bd d e d
= =

= - =åå  (2.21) 

The first term on the right-hand side 
0

Ed  , according to Eq.(2.19), can be further 

expressed as: 

 

0
1

1 1

1 1

[ | | ] [ | | ]

1
[ | ] [ | ] [ | ] [ | ]

2
1

[ | ] [ | ] [ | ] [ | ]
2

N

a a a a
a

N N

a a b b a a b b a a b b a a b b
a b
N N

a b b a a b b a a b b a a b b a
a b

E h hd dc c c dc

dc c c c c dc c c c c dc c c c c dc

dc c c c c dc c c c c dc c c c c dc

=

= =

= =

= +

+ + + +

- + + +

å

åå

åå

(2.22) 

In the same manner, the second term becomes: 

1 1 1 1

1 1 1 1

* *

1 1 1 1

1 1

[ | ] ([ | ] [ | ])

[ | ] [ | ]

[ | ] [ | ]

[ | ] complex conjugate

N N N N

ab ab a b a b
a b a b

N N N N

ba a b ab b a
a b a b
N N N N

ba a b ba a b
a b a b
N N

ba a b
a b

a be d e dc c c dc

e dc c e c dc

e dc c e dc c

e dc c

= = = =

= = = =

= = = =

= =

= +

= +

= +

= +

åå åå

åå åå

åå åå

åå

(2.23) 

Now we insert Eq.(2.22) and Eq.(2.23) into Eq.(2.21) to give the below: 

 
*

1
1 1 1

ˆ ˆ ˆ(1)[ (1) (1) ( (1) (1)) (1) (1)]

complex conjugate 0

N N N

a a b b a ba b
a b b

dx h J Kd dc c c e c
= = =

= + - -

+ =

å å åò
(2.24) 

where the coulomb and exchange operators ˆ (1)
b

J  and ˆ (1)
b

K  are defined as: 

 *
2

12

1ˆ (1) (1) [ (2) (2)] (1)
b a b b a

J dx
r

c c c c= ò  (2.25) 
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 *
2

12

1ˆ (1) (1) [ (2) (2)] (1)
b a b a b

K dx
r

c c c c= ò  (2.26) 

Since the variation *(1)
a

dc  included in Eq. (2.24) is an arbitrary amount, the 

entire quantity in square brackets must be zero for all indexes. Therefore, we can 

obtain the following equation: 

 
1 1

ˆ ˆ ˆ[ (1) (1) (1)] (1) (1)
N N

b b a ba b
b b

h J K c e c
= =

+ - =å å  (2.27) 

If we define a single-electron Fock operator (̂1)f  as : 

 
1

ˆ ˆ ˆ ˆ(1) (1) (1) (1)
N

b b
b

f h J K
=

º + -å  (2.28) 

Then, Eq.(2.27) can be simplified as:  

 
1

(̂1) (1) (1)
N

a ba b
b

f c e c
=

= å  (2.29) 

Through some matrix transformation, the above equation can be further 

transformed into the canonical Hartree-Fock equation as: 

 (̂1) (1) (1)
a a a

f c e c=  (2.30) 

It must be noted that Eq.(2.30) is a complex differential equation as a whole, 

although the Fock operator is actually an integral operator. Practically, Eq.(2.30) 

is solved by introducing a basis set to approximate the wave function as a linear 

combination of atomic orbitals (LCAO). For restricted closed-shell systems (i.e., 

for two electrons which occupy the same molecular orbital with spin up and 
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down, they experience the same spatial function) this process leads to the so- 

called Roothaan-Hall equation in a matrix form.  

For restricted closed-shell systems, the two types of spin functions in canonical 

Hartree-Fock equation can be integrated out based on the fact that the spin 

functions are orthogonal. Consequently, we can obtain the Fock operator in 

restricted closed-shell form as: 

 
/2

ˆ ˆ ˆ ˆ(1) (1) 2 (1) (1)
N

a a
a

f h J K= + -å  (2.31) 

where the closed-shell coulomb and exchange operator are expressed as: 

 *
2

12

1ˆ (1) (1) [ (2) (2)] (1)
a i a a i

J dr
r

y y y y= ò  (2.32) 

 *
2

12

1ˆ (1) (1) [ (2) (2)] (1)
a i a i a

K dr
r

y y y y= ò  (2.33) 

The corresponding closed-shell Hartree-Fock energy can be expressed as: 

 
( )

/2 /2 /2

0

/2 /2 /2

2 | | 2( | ) ( | )

2 2

N N N

a a b
N N N

aa ab ab
a a b

E a h a aa bb ab ba

h J K

= + -

= + -

å åå

å åå
 (2.34) 

Now, in order to practically solve the canonical HF equation in the closed-shell 

form, it is essential to introduce a set of known atomic basis functions or atomic 

orbitals (AOs) { }mf . Then, the unknown molecular orbitals 
i

y can be expanded 

as a linear combination of the introduced atomic basis functions: 

 
1

K

i i
Cm m

m

y f
=

= å  (2.35) 
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where K is the number of basis functions which is always identical to the number 

of MOs; and 
i

Cm  is the expansion coefficient.  

Subsequently, we can substitute the expression of molecular orbital in Eq.(2.30) 

with Eq.(2.35) along with using the Fock operator in Eq.(2.31), to give the 

following equation: 

 (̂1) (1) (1)
i i i

f C Cn n n n
n n

f e f=å å  (2.36) 

We multiply the left-hand side by *(1)mf  and integrate over the entire space. Then, 

the differential Hartree-Fock equation can be transformed into a matrix-form 

equation, which is the well-known Roothaan-Hall equation: 

 i i i
F C S Cmn n mn n

n n

e=å å  (2.37) 

where Fmn  represents the matrix elements of the Fock matrix F


: 

 *
1

ˆ(1) (1) (1)F dr fmn m nf f= ò  (2.38) 

and Smn  represents the elements of the overlap matrix S


 defined as: 

 *
1

(1) (1)S drmn m nf f= ò  (2.39) 

The Eq.(2.37) can be written as a more compact form of matrix equation as: 

 FC SCe=
   

  (2.40) 



20 
 

where F


, C


 and S


 are square matrices with the dimension equal to the number 

of basis functions, and ε  is a diagonal matrix with orbital eigen-energies being 

the principle diagonal elements. 

If we define a core-Hamiltonian matrix coreHmu  and density matrix Pls  as: 

 *
1

ˆ(1) (1) (1)coreH dr hmn m nf f= ò  (2.41) 

 
/2

*
N

a a
a

P C Cls l s=å  (2.42) 

, wherel , s  and a  are electron indexes. 

Then we can expand the molecular orbitals in Eq.(2.38) and re-write the elements 

of Fock matrix as: 

 1
[( | ) ( | )]

2
coreF H Pmn mn ls

ls

mn sl ml sn= + -å  (2.43)  

where the term ( | )mn ls  is a set of two-electron four-index integrals: 

 * *
1 2

12

1
( | ) (1) (1) (2) (2)drdr

rm n l smn ls f f f f= ò  (2.44) 

The corresponding expression of Hartree-Fock energy in Eq.(2.34) can also be 

written using four-index integral as: 

 
0

1
( )

2
coreE P H Fmn mn mn

m n

= +åå  (2.45) 

We can solve Eq.(2.40) in a self-consistent manner with the expression using 

Eq.(2.43). Firstly, we obtain an initial guess of the density matrix, based on 
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which the Fock matrix can be calculated through Eq.(2.43). Then we diagonalize 

the obtained Fock matrix to get a set of orbital coefficients; from the coefficients, 

a new density matrix can be formed using Eq.(2.42). Next, we determine whether 

the new generated density matrix is the same as the previously guessed one 

within a specified criterion or not, i.e., whether the procedure has converged. If 

the procedure has not converged, the iteration is repeated again and again until it 

is finally converged. If the procedure has converged, the resultant solutions can 

be used to calculate the total energy and any other necessary quantities of the 

system. Therefore, this procedure is also called self-consistent field calculation 

(SCF). 

 

2.5.2  Configuration Interaction and Møller-Plesset Perturbation 

Theory 

 

Although the Hartree-Fock (HF) theory has been formally established, one major 

deficiency of this method is that the electronic interactions are treated in an 

averaged way. It can be seen from Eq.(2.31) that the only terms accounting for 

the electronic interactions are the coulomb and exchange operators. Meanwhile, 

we can define the correlation energy term 
corr

E as the difference between the 

exact ground state energy (regardless of relativistic effects) 
0
e and HF energy 

0
E : 

 
0 0corr

E Ee= -  (2.46) 
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Then, according to the variational principle in Eq.(2.9), the correlation energy is 

always not positive. 

Since no such “correlation operator” can be analytically written in a Hamiltonian, 

a variety of procedures have been proposed to obtain the correlation energy term 

approximately. In this section, we will briefly introduce the widely used 

configuration interaction (CI)17,21-23,26,35,44 method and Møller-Plesset (MP) 

many-body perturbation theory7,11,12,17,21-23,35,44,45. Both of which are considered 

as post-Hartree-Fock methods. 

 

2.5.2.1   Configuration Interaction 

 

The essence of configuration interaction method is to diagonalize the N-electron 

Hamiltonian on the basis of N-electron wave functions (where each wave 

function is expressed as a single Slater determinant). Consequently, the exact 

wave function can be written as a linear combination of N-electron trial Slater 

determinants: 

 

0 0 0

,

r r rs rs
a a ab ab

ar a b
r s

rst rst
abc abc

a b c
r s t

c C C

C

<
<

< <
< <

F = Y + Y + Y

+ Y +

å å

å 

 (2.47) 

where r
a

Y  denotes a singly excited determinant in which the orbital 
a

c  is 

excited to a higher level 
r

c , the same notation applies to the doubly excited 
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determinant rs
ab

Y  and the triply excited determinant rst
abc

Y  up to an Nth-time 

excited determinant. 

Based on the full CI wave function in Eq.(2.47), we can proceed to obtain 

energies by using the linear variational principle. As a result, the lowest 

eigenvalue will be upper bound value to the ground state energy, and the higher 

eigenvalues will be upper bounds to the corresponding excited state energies at 

each level, respectively. In the same manner, one important point of expressing 

the wave functions in Eq.(2.47) is that the correlation energy would be obtained 

by solving a hierarchy of equations starting from those only containing singly-

excited determinants, and ending up with fully-excited ones. The former is 

referred to as single-excitation CI (CIS) which is widely employed due to its 

computational efficiency, and the latter is called full CI (FCI) which provides 

numerically exact solutions with a complete basis set. In practice, the wave 

functions in Eq.(2.47) are truncated to a certain level to save computational time. 

However, the truncated CI has size-consistency problems, i.e., the energy of the 

entire system is not exactly N times that of its N-components when the distance 

between each component is sufficiently large (thus the components can be 

considered as non-interacting). 

 

2.5.1.2  Møller-Plesset Perturbation Theory 

 

In this section, we introduce another way to systematically go beyond Hartree-

Fock approximation. This approach, called Møller-Plesset perturbation theory, 
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originates from the perturbation theory in quantum mechanics developed by 

Rayleigh and Schrödinger11,17,26. In the 1930s, Møller and Plesset initially applied 

the perturbation method to a many-electron system, providing a different 

procedure to systematically obtain the system’s correlation energy45. Although 

this method is not variational (i.e., there is no upper-bound energy value at each 

expanding order), it is size-consistent17,22.  

In the perturbation approach, the original Hamiltonian of the system is divided 

into two parts; the zeroth order part which usually contains known eigenfunctions 

and eigenvalues, and the other part which is a perturbation exerted on the zeroth 

part. The expression of the exact energy contains several components, including 

the eigenvalues of the zeroth part and the various matrix elements from the 

eigenfunctions of the zeroth part up to nth order. 

Specifically, if we choose the Hartree-Fock Hamiltonian in Eq.(2.31) as the 

zeroth order Hamiltonian: 

 0
ˆ ( )

i

H f iºå  (2.48) 

Then the total Hamiltonian can be separated into two part: 

 
0

ˆ ˆ ˆH H n= +  (2.49) 

where n̂  is the perturbation part which is just the difference between the exact 

electron-electron interaction and the HF energy term: 

 
1 1 1

1ˆ ˆˆ ( ) ( )
N N N N

i i j i iij

h i f i
r

n
= = > =

= + -å åå å  (2.50) 
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The zeroth-order energy (0)
0 a

a

E e=å is the eigenvalue of the zeroth Hamiltonian

0
Ĥ : 

 (0)
0 0 0 0

Ĥ EY = Y  (2.51) 

According to the perturbation theory, the first-order energy can be expressed in 

the following form: 

 (1)
0 0 0

1
ˆ| |

2 ab

E v ab ab= Y Y =- å  (2.52) 

where the two-electron integral ab ab  is defined as: 

 ij kl ij kl ij lk= -  (2.53) 

It must be noted that the Hartree-Fock energy is just the sum of the zeroth order 

and first-order energies: 

 (0) (1)
0 0 0

1
2a

a ab

E E E ab abe= + = -å å  (2.54) 

Therefore the correlation energy can be obtained through a perturbation 

expansion from the second order term. For example, the second order of 

perturbation term can be derived as: 

 

2

(2)
0 (0) (0)

0

ˆ0

n n

v n
E

E E
=

-
å  (2.55) 

Similarly, we can write down the more complex higher-order perturbation terms. 

Only the complete expression of perturbation expansion will give us the exact 
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electronic energy, although it is computationally practical only for very small 

systems. 

 

2.6   Density Functional Theory 

 

Unlike the conventional wave-function based ab-initio methods such as HF, CI, 

and MP2, density functional theory (DFT) provides an alternate approach for 

deriving the approximate solutions of time-independent Schrödinger equations. 

Generally the wave function of an entire molecular system contains a large 

number of degrees of freedom (each electron has three degrees of freedom for its 

momentum and one degree of freedom for its spin), making the computational 

cost reasonable only for sufficiently small systems. In comparison, the concept of 

electron density ( )rr
  rather than the explicit many-body wave function is 

employed in DFT and plays a central role2,21-23,28-31,35,46-51.  

By definition, the electron density ( )rr
  is related to the number of electrons N as 

follows: 

 
2

2 2
( ) ( , , , ) ,

N N
r N r r r dr drr = Yò
   

   (2.56) 

It is clear from the definition that the integration of electron density over all space 

will give us the total number of electrons N: 

 ( ) .N r drr= ò
   (2.57) 
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The conceptual basis of DFT is the Thomas-Fermi model52,53 of electrons 

founded in the 1920s. However, it was only during the 1960s when Hohenberg 

and Kohn proved two fundamental theorems that firmly established the 

framework of DFT46. 

The first Hohenberg-Kohn theorem states that all properties of a certain system 

are determined by the ground state electron density with an external potential
ext

V , 

i.e., there exists a one-to-one correspondence between the external potential and 

the ground state density. The second Hohenberg-Kohn theorem proves the 

variational principle in DFT that once the ground state electronic energy as a 

functional of electron density [ ( )]
elec

E rr
  is known, the energy obtained by any 

other trial electron density ( )rr


  is always an upper-bound value with respect to 

the energy obtained from the actual density. 

Based on these two fundamental theorems, in 1965, Kohn and Sham theoretically 

constructed a fictitious non-interacting system having the same density as the real 

system with interacting electrons54. For a real system having N electrons, the 

energy functional is expressed as: 

 
3

3

[ ( )] [ ( )] ( ) ( )

( ) ( ) [ ( )]
elec e e e e ext

e C XC e

E r T r d r r V r

d r r V r E r

r r r

r r

= +

+ +
ò

ò

   

  

 (2.58) 

where Te is the kinetic energy functional, the second and third terms of the 

equation represent the external potential between nuclei and electrons and 

classical electron-electron Coulomb repulsion, respectively. The last term is a 

functional containing the exchange-correlation (xc) part. In order to ensure that 

the fictitious system has the same electron density as the real system, an effective 
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external potential ( )effV r
 is applied to the electrons. As a result, the energy 

functional of the fictitious system is: 

 3[ ( )] [ ( )] ( ) ( )eff
fs fs

E r T r d r r V rr r r= + ò
     (2.59) 

In this manner, the Hamiltonian of the fictitious system can be expressed as a 

sum of one-electron operators including the kinetic energy part and effective 

potential energy part:  

 21ˆ [ ( )]
2

N
eff

fs i
i

H V i= - Ñ +å  (2.60) 

The eigenvalues are also simply the sum of the one-electron eigenvalues. 

In procedures similar to the HF theory, minimizing the energy functional in 

Eq.(2.59) with orthonormality-constrained orbitals will lead to the following 

single-particle effective Kohn-Sham (KS) equation21-23,27-29,31,35,50,51,54: 

 21
[ ( )]

2
eff KS KS KS

i i i i
V i f e f- Ñ + =  (2.61) 

where KS
i
e  is the eigenvalue of eigenfunction KS

i
f . The KS orbitals in Eq.(2.61) 

are all functionals of electron density ( )rr
 . 

Comparing Eq.(2.58) and Eq.(2.59) with respect to the first order of functional 

variation ( )rdr
 , we can obtain the following equation: 

 ( ) ( ) ( )fseff e XC
ext C

e e e

TT E
V r V r V r

dd d
dr dr dr

= - + + +
  

 (2.62) 

If we define a new effective exchange-correlation potential as: 
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'

' ( ) fsXC e XC
XC

e e e e

TE T E
V r

dd d d
dr dr dr dr

= = - +


 (2.63) 

Then, the effective external potential can be related to ' ( )
XC

V r
 in the following 

form: 

 '( ) ( ) ( ) ( )eff
ext C XC

V r V r V r V r= + +
     (2.64) 

Specifically, the last term of Eq.(2.64) is the only unknown part. However, the 

many-body xc-energy functional cannot be analytically obtained in principle. 

Therefore, a large amount of efforts have been made to approximate this term by 

constructing density functionals. 

Different types of approximations have been applied to derive density functionals. 

The oldest and crudest one is perhaps the local-density approximation (LDA)54 

which was originally proposed by Kohn and Sham in 1965. In LDA, the xc 

energy of an inhomogeneous system [ ( )]LDA
XC

E rr
  is expressed as the integral over 

the xc energy density of a homogeneous electronic system calculated at the local 

density: 

 3
( )

[ ( )] ( ) |LDA
XC XC r

E r d re r rr r == ò 

   (2.65) 

where ( )
XC

e r  is the xc energy density for which the exchange part is exactly 

known. The physical meaning of LDA is that at every point r  in space, the xc 

energy density can be approximately obtained from a homogeneous electronic 

system having a uniform density throughout.  
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A systematic way to improve LDA is using the generalized gradient 

approximation (GGA)21,28,29,31,46,50 which expresses the xc energy in the following 

form: 

 3[ ( )] ( ( ), ( ))GGA GGA
XC XC

E r d re r rr r r= Ñò
    (2.66) 

where ( )rrÑ
  represents the gradient of electron density. 

Therefore, the xc energy in GGA depends on not only the local density but also 

on its gradients. Similarly, we can continuously improve the xc energy by 

considering the Laplacians of density in addition (i.e., meta-GGA) or 

incorporating the exact HF exchange term. The approximate functionals derived 

from the latter method are often referred to as hybrid functionals. Among the 

large family of density functionals, the most popular one is perhaps the hybrid 

B3LYP55,56 developed by Becke, Lee, Yang and Parr around 1990s. This 

functional has been extensively used in modern DFT calculations21-23,29-31,35,47-50. 

In contrast to the DFT method which is used to obtain ground-state electronic-

structure properties of molecular systems, a time-dependent version of DFT 

called the time-dependent density functional theory (TDDFT)21,27,28,31,41,57-72 has 

been developed and widely applied to explore time-dependent phenomena, e.g., 

the optical properties of molecules27,28,65,71-86 and transport characteristics in 

electronic devices27,28,41,66,87-90. Analogous to the two fundamental Hohenberg-

Kohn theorems which provide a rigorous theoretical framework for DFT, the 

Runge-Gross theorem57 provides a firm foundation for TDDFT. The Runge-

Gross theorem states that two electron densities evolving from a common initial 

state under the influence of two different external potentials will always be 
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different if the external potentials differ by more than a purely time-dependent 

function. In other words, the Runge-Gross theorem formally establishes a one-to-

one correspondence between densities and potentials (similar to the first 

Hohenberg-Kohn theorem), for any fixed initial state. 

Once we have proved the Runge-Gross theorem, it is straightforward to write 

down the effective TD Kohn-Sham (TDKS) equation similar to the ground state 

KS equation as: 

 21
[ ( )] ( , ) ( , )

2
eff KS KS

i i i
V i r t i r t

t
f f

¶
- Ñ + =

¶
 

 (2.67) 

where the initial condition 
00

( , ) ( ) |KS KS
i i t t

r t rf f ==
  is known. 

In order to solve Eq.(2.67) in a practical way, especially for general situations 

where one is considering the response of the system’s ground state to a weak 

external perturbation, such as the photon-absorption process, the linear-response 

(LR) formalism is often employed. This approach constitutes the linear-response 

time-dependent density functional theory (LR-TDDFT)41,58,59,62,67,86. 

However, the eigenvalue equation of LR-TDDFT is not Hermitian. Consequently, 

in some situations it may produce imaginary excitation energies which have no 

physical meaning. Therefore, a numerical approximation called Tamm-Dancoff 

approximation (TDA)41,70,91-95 is introduced additionally in those problematic 

calculations to transform the eigenvalue equation into a Hermitian one. In 

Chapter 3, we have employed LR-TDDFT method along with TDA for the 

investigation of electronic excited-states of atomic beryllium clusters, in order to 

obtain reasonable excitation energies. 
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2.7   Transition State Theory 

 

In chemical kinetics, the transition state is a key concept for describing and 

characterizing a reaction path. On the other hand, for a chemical reaction, the 

reaction rate is of particular importance and interest because it can be directly 

verified by experiments. From a theoretical point of view, perhaps the most 

general way to predict the reaction rate is from the transition state theory 

(TST)21,23,35,96-100. The fundamental equations of TST can be formulated and 

derived in a number of different ways96-102. In the following part, we will present 

a derivation which expresses the reaction rate constant in terms of free energy of 

activation based on Wigner’s dynamical formulation97,100. 

First, we consider the simplest case, i.e., a unimolecular reaction 

 ,A C®  (2.68) 

where A and C denote atoms, molecules, or complexes, and the temperature of 

the reaction is assumed to be constant. According to the TST, the transition state 

is defined as the saddle point along the reaction path, i.e., it is the point having 

the highest potential energy along the reaction coordinate, but the lowest 

potential energy along other directions. Mathematically, it means that the second 

derivatives of the potential energy for a transition state are negative along the 

reaction coordinate, but they are positive along all the other coordinates. 

Consequently, a transition state has an imaginary normal mode frequency 

associated with the reaction coordinate. 
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In TST, the reaction rate ‡ /dN dt  can be defined as the number of reactant pairs 

N passing through the transition-state dividing surface (denoted by a double 

dagger ‡) per unit time. Then, we can attempt to prove that the reaction rate per 

unit volume is proportional to the concentration of reactant A: 

 
‡1

[ ],
Rate dN

k A
Volume Vol dt

= =  (2.69) 

where [A] is the concentration of reactant A, k is the reaction rate constant and 

Vol is the volume of container.  

However, the derivation can only be achieved based on a number of assumptions. 

The two most fundamental ones are the Born-Oppenheimer approximation and 

the quasi-equilibrium statistical assumption that the reactants and transition state 

are distributed in phase space in accordance with the Boltzmann distribution. 

Besides these, there are two more assumptions that need to be made: 

1. Reactant pairs which have crossed the transition state cannot turn back, i.e., the 

reaction rate from TST is an upper-bound value.  

2. In the transition state, the reduced mass or the effective mass associated with 

the motion along the reaction path is independent of the other motions or degrees 

of freedom. 

In the quasi-equilibrium, the differential fraction of reactant lying on the phase-

space elements corresponding to the transition state is given as: 

 ‡

* ‡ 3 3 1 3

3 3 1 3

exp{ ({ },{ }, )} /
,

exp{ ({ },{ }, )} /

N N N

z
N N N

dN H p x z z dp dx dz h
N

dp dx dz H p x z h

b

b

-

‡ ‡
-

-‡ -‡ -‡

- =
=

-ò ò ò
 (2.70) 
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where 1 / ,
B

k Tb =
B

k is the Boltzmann’s constant, T is the temperature, h is 

Planck’s constant, H is the classical Hamiltonian associated with momenta p and 

positions x (in one-dimension case), z is the reaction coordinate along the reaction 

path, and ‡z is the transition-state dividing surface.  

It can be clearly seen that the denominator of Eq.(2.70) is actually the reactant 

partition function 
A

Q  for .AN reactant pairs. Thus, if we divide both the 

numerator and denominator by the volume of A, then Eq. (2.70) becomes: 

 
‡ 3 3 1 3

*

,

[ ]exp{ ({ },{ }, )} / .
N N N

A V

A H p x z z dp dx dz hdN
Q

β −− =
=  (2.71) 

Therefore, the reaction rate passing through only one single volume-element in 

phase-space can be expressed as: 

 
* ‡ 3 3 1 3

,

exp{ ({ }.{ }, )} /[ ] .
N N N

A V

dN dz H p x z z dp dx hA
dt dt Q

β −− =
=  (2.72) 

In order to obtain the total reaction rate, we can integrate *dN over the entire 

phase space, in which the values of momentum zp  associated with reaction 

coordinate are positive. If we let the reduced mass or effective mass be zµ , then 

the momentum zp  can be related to velocity as follows: 

 .
z z

dz
p

dt
m =  (2.73) 

Then, we can insert Eq.(2.73) into Eq.(2.72) and integrate it over the entire phase 

space to obtain the following equation: 
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‡

‡ ‡
- - -

-‡ -‡

= -

- =

´

ò

ò ò

2‡

0

3 1 3 1 ‡ 3 1

,

1
[ ] exp( )

2

exp{ ({ },{ }, )} /

.

z z
z

z z

N N N

AV

p pdN
A dp

dt h

dp dx H p x z z h

Q

b
m m

b
 (2.74) 

After carrying out the integration over the momentum 
z

p  in Eq.(2.74), it leads to: 

 
‡‡

,

[ ] ,B V

AV

k T Q VoldN
A

dt h Q
=  (2.75) 

where 
,AV

Q  is the partition function for the transition state per unit volume. 

Comparing Eq.(2.75) with Eq.(2.69), we can obtain the equation for the reaction 

rate constant: 

 
‡‡

,

1 1
[ ]

B V

AV

k T QdN
k

Vol dt A h Q
= =  (2.76) 

If we remove the translational degrees of freedom of the entire system from both 

the numerator and denominator, the rate constant can be further expressed in 

terms of corresponding free energy of activation as: 

 ‡
Re
,

1
exp( ),B

l
AV

k T
k F

h Q
b= - D  (2.77) 

where Re
,

l
AV

Q  is the translation partition function per unit volume for the relative 

motion of reactants, and ‡FD  is the free energy of activation between transition 

state and reactants: 

 ‡ ‡[ ln ] [ ln( )].
B B A

F k T Q k T QD = - - -  (2.78) 
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Therefore, by minimizing the rate constant with respect to the position of reaction 

coordinate, the free energy and location of the transition state can be determined.  

 

2.8   Feynman’s Path Integral Method in Quantum Statistics 

 

For dealing with the electronic-structure part of the molecular Schrödinger 

equation, we are limited to treating the inter-nuclear thermodynamic relationships 

with classical mechanics. However, the inter-nuclear quantum-statistical effects 

(i.e., quantization of vibration and tunneling) are not negligible in many 

important applications, e.g., kinetic isotope effects of chemical reactions in 

biochemistry103-109. The path integral method9,10,15,110-112 which was originally 

developed by Feynman is a popular approach to incorporate the inter-nuclear 

quantum statistical effects in electronic-structure calculations103-109. 

Feynman initially proposed the path-integral (PI) method in the 1940s112,113 to 

reformulate the basic principles of quantum mechanics, after being inspired by 

Dirac’s earlier work on classical mechanics9, especially the least action principle. 

The path-integral formulation complements the widely adopted Schrödinger’s 

wave-function and Heisenberg’s operator formulation of quantum mechanics.  
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2.8.1  Introduction to the Path Integral Formalism of Quantum 

Statistics 

 

In the framework of PI formalism, a kernel (or a propagator) is used to describe 

the amplitude of a wave function propagated from original space-time coordinate 

1 1
( , )x t  to 

2 2
( , )x t  as follows10,15,108,109,111-113: 

 
2 2

1 1

( , )

2 2 1 1
( , )

( , ; , ) ( )exp{ [ ( )]},
x t

x t

i
K x t x t x t S x t= ò

]

D  (2.79)  

where t is time, ( )x t  represents a trajectory or a path in space-time, the 

integration 
2 2

1 1

( , )

( , )

( )
x t

x t

x tò D  denotes a summation over all possible paths from 
1 1

( , )x t  

to 
2 2

( , )x t , and [ ( )]S x t  is the action associated with Lagrangian [ ( )]x tL  through: 

 
2 2

1 1

2[ ( )] [ ( )] { ( ) [ ( )]}.
2

t t

t t

MS x t dt x t dt x t V x t= = −∫ ∫ L  (2.80) 

where M denotes the particle mass and V is the potential energy. The propagator 

K describes how a wave function 1 1( , )x tψ  with the original space-time 

coordinates will evolve with time. Consequently, we can obtain the wave 

function at 2t  as follows: 

 2 2 2 2 1 1 1 1 1( , ) ( , ; , ) ( , ) .x t K x t x t x t dxψ ψ
∞

−∞

= ∫  (2.81) 
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Hence, Eq.(2.81) gives the integral description of the wave function. It is then 

straightforward to prove its equivalence to the well-known Schrödinger 

differential form: 

 
1 1 1

ˆ ( , ) ( , )

( , ) ( , ; ,0) ( , ) .

H x t i x t
t

x t K x t x x t dx

ψ ψ

ψ ψ
∞

−∞

∂
=

∂

⇔ = ∫



 (2.82) 

One important advantage of PI formalism is that it can be readily applied to 

statistical mechanics. The propagator can be expressed in terms of the 

eigenfunctions obtained from Schrödinger equation: 

 2 1( / ) ( )*
2 2 1 1 2 1( , ; , ) ( ) ( ) ,ni E t t

n n
n

K x t x t x x eφ φ − −= ∑   (2.83) 

where nE  represents the energy eigenfunctions for the eigenstates n. Therefore, 

we can establish the following relationship between the Schrödinger equation and 

PI: 

 
2 2

2 1

1 1

( , )
( / ) ( )*

2 1
( , )

( ) ( ) ( )exp [ ( )] .n

x t
i E t t

n n
n x t

ix x e x t S x tφ φ − −  =  
 

∑ ∫



D  (2.84) 

The above identity is still valid at the imaginary time frame where t it= . 

Furthermore, in the imaginary time frame, the propagator is equivalent to the 

density matrix 2 1( , )x xρ  in quantum statistics by assuming that t it= : 

 

2 1 2 1( / ) ( ) (1/ ) ( )* *
2 1 2 1

(1/ )*
2 1

2 1

( ) ( ) ( ) ( )

( ) ( )

( , ),

n n

B n

i E t t E
n n n n

n n
k T E

n n
n

x x e x x e

x x e

x x

t tφ φ φ φ

φ φ

ρ

− − − −

−

=

=

≡

∑ ∑

∑

 

 (2.85) 
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where 2 1 / Bk Tt t− =  , Bk is the Boltzmann factor and T is the temperature. 

Hence, we have the following identity between quantum-statistical path-integrals 

and the density matrix: 

 
2

1

( , )

2 1
( ,0)

1( , ) ( )exp [ ( )]
x

x

x x x x
β

ρ t t = − 
 ∫





D A  (2.86) 

where 1 / Bk Tβ =  and [ ( )]x tA  is the quantum-statistical action: 

 2

0

[ ( )] ( ) [ ( )]
2
Mx d x V x

β

t t t t = + 
 ∫



A  (2.87) 

Moreover, the trace of density matrix, i.e., the sum of the diagonal elements of 

density matrix is closely related to the quantum partition function, which is one 

of the central quantities in quantum statistics: 

 
2(1/ )

( ) ( , )

( ) .B n n

m

k T E E
n

n n

Q Trace dx x x

e x dx e β

ρ ρ

φ

∞

−∞

∞
− −

−∞

= =

= =

∫

∑ ∑∫
 (2.88) 

Finally, from Eq.(2.88) and Eq.(2.86), we can express the quantum partition 

function in terms of Feynman path integral as following: 

 

( , )

( ,0)

1( )exp [ ( )]

1( )exp [ ( )]

1( )exp [ ( )] n

x

qm
x

E

n

Q x x

x x

x x e

β

β

t t

t t

t t −

 = − 
 

 ≡ − 
 
 ⇒ − = 
 

∫

∫

∑∫













D A

D A

D A

 (2.89) 
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The integral ( )x t∫D  denotes summation over all closed paths x( )t  in which 

the system can travel between the time interval β . 

 

2.8.2  Centroid Effective Potential 

 

It can be clearly seen from Eq.(2.89) that in order to obtain the quantum partition 

function, firstly we need to explicitly solve the Schrödinger equation to obtain all 

the eigenfunctions nE . Hence, it is of particular interest to develop a practical 

method for deriving the partition function approximately, without explicitly 

solving the Schrödinger equation. Under the framework of PI, Feynman and 

Hibbs initially developed a method to construct an effective semiclassical 

potential in terms of the centroid density of path integrals10. By using the centroid 

path integrals, there is no need to integrate over all possible initial and final 

positions of paths to obtain the partition function. Instead, we can group the 

closed paths in accordance with their centroid positions x  defined as follows: 

 
0

1
( )x x d

b

t t
b

º ò
]

]

 (2.90) 

where t  is imaginary time, ( )x t  is a path in space-time coordinate. 

The centroid potential 
0

( )W x  is defined as the following form: 

 
2

0 0

2
( ) ln[ [ ( )] ( )exp{ [ ( )]/ }]

B
B

W x k T x x x x
Mk T
p

t d t=- - -ò
]

]



D A  (2.91) 
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where 
0

[ ( )] ( )x x xt d -òD  is a functional integration which denotes path 

integration over all possible closed paths in which x  is equal to 
0

x . 

In this manner, the quantum partition function can be evaluated through the 

equation below: 

 
0

0 0

( )

02

1
[ ( )] ( ) exp [ ( )]

2

qm

W xB

Q x x x dx x

Mk T
e dxb

t d t

p

‡

-‡
‡

-

-‡

ì üï ïï ï= - -í ýï ïï ïî þ

=

ò ò

ò

]

]



D A
 (2.92) 

Therefore, in the path-integral formalism, the quantum partition function is 

associated with the semiclassical centroid effective potential. Once the centroid 

potential 
0

( )W x  is obtained, the important thermodynamic quantities of the 

molecular system can be determined through the partition function. 

 

2.8.3  Path Integral Monte Carlo and Molecular Dynamics 

Simulations 

 

To incorporate quantum-mechanical effects into conventional Monte Carlo or 

molecular dynamics simulations which treat the nuclei classically, the path 

integral Monte Carlo (PIMC)114-119 and molecular dynamics (PIMD)120-130 

simulations have been developed and widely employed in various aspects of 

molecular/condensed-matter simulations after the birth of path 

integrals115,117,120,121,124,125,131,132. In PIMC and PIMD, the Born-Oppenheimer 

approximation is still valid. The electronic part is dealt with by electronic-
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structure methods, while the inter-nuclear quantum-statistical effects are treated 

by mapping the quantum nuclei onto a fictitious classical system characterized by 

an effective Hamiltonian using path integral formulation. There exist a number of 

practical methods and techniques regarding PIMC and PIMD, in which the 

discretized form (e.g., ring-polymer molecular dynamics122-124) or the Fourier-like 

form (e.g., centroid molecular dynamics120,121,125-130) of path integrations is 

widely adopted. 

The discretized path integrals can be expressed by virtue of a system of beads on 

a sliced time axis connected by harmonic springs as follows: 

 
1 2 1

1 2 1

0

[ ( )] lim
N

N

N
x x x

dx dx dx
x

t t t
t

t
l l l

-

‡ ‡ ‡

-

®‡
D ® =-‡ =-‡ =-‡

=ò ò ò ò 



D  (2.93) 

where N is the number of beads, D
=

]2
M

t p t
l  is the thermal de Broglie 

wavelength between two neighboring beads, / Nt bD = ]  is the sliced time 

unit, and 
1 N

x x=  that ensuring closed paths are chosen. 

The path integrations can also be performed by using the centroid position 

defined in Eq.(2.90) in a Fourier form: 

 
Im Re

2 2
1

[ ( )] ( )
2 /

B m m

m B m

Mk T dx dx
x dx

k T M
t

p p w

‡ ‡ ‡‡

=-‡ -‡-‡

= Õò ò ò ò
]



D  (2.94) 

where 2 /
m

mw p b= ]  is the angular frequency, m is the Fourier component 

index, and the selected closed-paths ( )x t  is Fourier-expanded in terms of the 

coefficients Im
m

x  and Re
m

x  for the imaginary and real part, respectively: 



43 
 

 Re Im

1

( ) 2 ( cos sin )
m m m m

m

x x x xt w t w t
‡

=

= + -å  (2.95) 

Based on Eq.(2.94) and (2.95), the conventional sampling technique of MC or 

MD can be performed to calculate the path integrations, however, over a finite or 

limited number of beads or Fourier coefficients. 

 

2.9   The Classical and Quantum Origins of Isotope Effects and an 

Integration-Free Path-Integral Method based on Kleinert’s 

Variational Perturbation Theory 

 

In Section 2.7 of Chapter 2, we have highlighted the essence of transition state 

theory (TST) which associates the reaction rate constant with the free energy gap 

of activation using Wigner’s dynamic formulation97,100. Due to the unstable 

nature of transition-state complex, it is difficult to directly detect or capture a 

transition-state in experiment; in contrast, in order to shed more light on the 

properties of transition state, to study the isotope effects of a reaction has become 

a (most) powerful way108,109,133-136. The kinetic isotope effects (KIE) is defined as 

the ratio of reaction rate of light isotope over the heavy one: 

 
( )

( )

Rate light isotope
KIE

Rate heavyisotope
º  (2.96) 

and the equilibrium isotope effects (EIE) is defined as the ratio of equilibrium 

constant of light isotope to that of the heavy one: 
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( )

( )

Equilibriumconstant light isotope
EIE

Equilibrium constant heavyisotope
º  (2.97)  

The origins of isotope effects can be divided into two parts, one is classical part, 

and the other is from quantum effects. Conventionally, the isotope effects are 

computed using Bigeleisen equation137 under decoupled rigid-rotor harmonic 

oscillator approximation; however, the quantum tunneling effects and vibrational 

anharmonicity are completely neglected. Therefore, in this section, we will 

illustrate (a) the classical origin of isotope effects, (b) the quantum origin of 

isotope effects, and (c) an automated integration-free path-integral method based 

on Kleinert’s variational perturbation theory (KP) recently developed by our 

group to further include quantum tunneling and anharmonicity to isotope effects. 

 

2.9.1 The Classical Origin of Isotope Effects 

 

In order to elucidate the essence of the classical origin of isotope effects, let us 

consider a single molecule with the reaction coordinate in one-dimension. 

According to conventional TST, the reaction rate constant 
TST

k  is expressed in 

terms of partition functions or free energy of activation [see Eq.(2.76) and 

Eq.(2.77)]. In one-dimensional case, the expression of 
TST

k  can be simplified as 

the following108,109: 

 
‡exp( )B

TST
R

k T V
k

h Q
b- D

=  (2.98) 
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where 
B

k  is the Boltzmann constant, T is temperature, 1 /
B

k Tb = , ‡VD  is the 

potential energy barrier to overcome in the reaction coordinate, and 
R

Q  is the 

partition function of reactant which can be written as follows: 
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ò ò
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]

 (2.99) 

where M is the mass, V(x) is the potential energy as a function of the reaction 

coordinate, ]  is the Planck’s constant divided by 2π, and x, p are the reaction 

coordinate and momentum, respectively. Therefore, using Eq.(2.96) and 

Eq.(2.97), the classical KIE and EIE can be expressed as follows: 

 0 0

0 0

‡ ‡

, ,

exp( ) exp( )
/l h

TST
R l R h

V V
KIE

Q Q

b b- D - D
=  (2.100) 

 0 0

0 0

, ,

, ,

/

/
P l P h

cl
R l R h

Q Q
EIE

Q Q
=  (2.101) 

where P denotes the product state, 
0
l  and 

0
h  means the light isotope and heavy 

isotope, respectively, and cl  means classical. Since the molecular Hamiltonian of 

the entire system has been decoupled into nuclear and electronic parts through 

Born-Oppenheimer approximation (see Section 2.3 of Chapter 2), the inter-

nuclear potential energy is independent of mass , i.e., the potential energy at the 

same point is identical with isotopic substitutions: 

 
0 0l h

V V=  (2.102) 
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Thus, Eq.(2.100) and (2.101) can be further simplified and expressed as: 

 0 0

0 0

,

,

1R h h

TST
R l l

Q M
KIE

Q M
= = >  (2.103) 

and  

 0 0

0 0

/
1

/

l h

cl

l h

M M
EIE

M M
= =  (2.104) 

, respectively. Eq.(2.103) and (2.104) can also be derived after writing down the 

expressions of the classical partition functions of the reactant and product as: 

 2 2
2

1 1
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22
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 (2.105) 

 2 2
2

1 1
exp( )

22
B

P P
P

Mk T
Q dx M xb

bp

‡

-‡

= - W =
Wò
]

]

 (2.106) 

where W  is the real harmonic frequency which is inverse square root with the 

mass. As a result, the same relationship between classical KIE and EIE and unity 

can be formally obtained. 

The results indicate that in purely classical world, the KIE values from TST are 

always larger than unity; while the EIE values are always equal to unity. It means 

that, if we get KIE values less that unity, i.e., inverse KIE values, and EIE values 

not equal to unity, it is purely originated from quantum effects. 
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2.9.2  The Quantum Origin of Isotope Effects 

 

To go beyond the classical expressions for the isotope effects, the most popular 

and widely used method should be using Bigeleisen equation108,109. The 

Bigeleisen equation is derived based on decoupled rigid-rotor harmonic-oscillator 

approximation which satisfying Redlich-Teller product rule138. The essence of 

Bigeleisen equation is that all vibrational energy levels are quantized. For a 

single-molecule case, the KIE and EIE can be written in the formalism of 

Bigeleisen equation as: 

 

0 0
‡

0 0 0
‡

0 00

0 0

‡ ‡3 7
, ,

‡ ‡
1 , ,

‡3 6
, ,

‡
1 , ,

/ sinh( / 2)

/ sinh( / 2)

/ sinh( / 2)

/ sinh( / 2)

N
i l i l

il i l i h

BE RN
i l i lh

R
i i l i h

KIE

b

w b

bw

b

-

=

-

=

W W
æ ö W W÷ç ÷ç ÷= ç ÷ç ÷ W Wç ÷÷çè ø

W W

Õ

Õ

]

]

]

]

 (2.107) 

and 
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 (2.108) 

, respectively, where BE denotes Bigeleisen equation, ] is the Planck’s constant 

divided by 2p , 1 /
B

k Tb = , 
B

k  is Boltzmann constant, T is  the temperature in 

Kevin, ‡w is the imaginary frequency of transition state, 
0
l and 

0
h denote the light 

isotope and heavy one, respectively,W  is the real normal mode frequency, i  is an 

index which runs over all real normal mode, and N is the number of nuclei. 
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Notably, after the vibrational energy levels (zero-point energy) are quantized, the 

inverse isotope effect computed using Bigeleisen equation could be explained 

through the relationship of the zero-point energy gap between reactant and 

transition state (for KIE) or product (for EIE). 

However, due to the decoupled rigid-rotor harmonic-oscillator approximation 

used, the quantum tunneling effects and anharmonicity are completely neglected 

in conventional Bigeleisen equation. In fact, these two factors could have 

significant influence on isotope effects in order to match well with the 

experimental results103-109,134-136,139. 

 

2.9.3  An Automated Integration-free Path-integral Method based 

on Kleinert’s Variational Perturbation Theory 

 

In order to go beyond conventional the Bigeleisen equation and systematically 

incorporate non-parabolic quantum tunneling effects and anharmonicity to the 

isotope effects, the Eq.(2.107) and (2.108) can be further modified in terms of 

effective centroid potential in the framework of Feynman’s path integral 

formalism of quantum statistical-mechanics (see Section 2.8 of Chapter 2) as 

follows: 
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where W is the effective centroid potential obtained at the centroid position of 

path integrals. It should be noted that Eq.(2.109) and (2.110) can be exactly 

reduced back to original Eq.(2.107) and (2.108) if the centroid potential is 

calculated using decoupled rigid-rotor harmonic-oscillator approximation (i.e., no 

quantum tunneling effects and anharmonicity). In this manner, the harmonic KIE 

values obtained from Bigeleisen equation can also be expressed using the path-

integral formulation as: 

 
‡

0 0 0
‡

0 00

‡ ‡

( )

exp[ ( )]

exp[ ( )]
l l h harmonic

PI harmonic R R
l h harmonich

W W
KIE

W W

w b

bw

æ ö - -÷ç ÷ç ÷= ç ÷ç ÷ - -ç ÷÷çè ø
 (2.111) 

To compute the centroid potential in an efficient way, a non-sampling/non-

stochastic path-integral method, namely, auto-mated integration-free path-

integral method (AIF-PI) based on Kleinert’s variational perturbation theory has 

been developed in recently years by our group in complementary to the 

conventional Fourier or discretized path-integral Monte-Carlo (PIMC) and 

molecular dynamics (PIMD) simulations which have been widely used. 

The details of Kleinert’s variational perturbation (KP) theory could be found in 

Kleinert’s textbook110 and other references103,104,108,109. The essence of KP theory 

is that the nth-order KP expansion of centroid potential 
0

( )
n

W xW  can be expressed 

in terms of ordinary integrals rather than functional integrals as the following: 
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where W  is the angular frequency served as a variational parameter, 

2 2
int 0

1
( ) ( ) ( )

2
oxV x V x M x x= - W - , in which ( )V x  is the original potential energy, 

0

,

x

cW
  denotes a cumulant which is expressed in terms of expectation value 

0x

W
  by cumulant expansion and can be calculated in terms of Gaussian 

smearing convolution integrals. 

However, the intricacy of the smearing integrals of Eq.(2.112) for a many-body 

has limited the application of KP theory beyond the first order (KP1), i.e., the 

original Feynman-Kleinert variational approach10,110. To make the KP theory 

feasible and applicable for many-body system with 3N degrees of freedom, the 

AIF-PI has been developed by our group in recent years103-109. In the AIF-PI 

method, the decoupled instantaneous normal mode approximation (DINCA) is 

assumed, i.e., the total effective centroid potential for 3N degrees of freedom is 

divided into two parts approximately: 

 0

3
3

0 0 ,
1

( ) ({ } ) ( )
N

xN
n i n i

i

W x V x w qW W

=

» +å  (2.113) 

where 0

,
( )x

i n i
w qW  is the centroid potential for normal mode i . Although the 

DINCA sacrifice some accuracy, in exchange, it allows us to evaluate the 

quantum tunneling effect and anharmonicity separately. 

For example, since the quantum tunneling effect is associated with the reactive 

imaginary normal mode, the tunneling-correction factor can be evaluated as: 
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where 
0

‡
l

W  and 
0

‡
h

W  correspond to the centroid potential of the light isotope and 

heavy isotope of transition state with the imaginary normal mode only.  

On the other hand, the anharmonicity-correction factor with respect to the 

harmonic potentials for the transition state and reactant can be expressed as: 
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and  
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, respectively. The total anharmonicity correction to the KIE values is: 

 ( ) ( ) / ( )
Anhar Anhar Anhar

Tot TS RSl l l=  (2.117) 

Therefore, to obtain the final KIE value which containing the quantum tunneling 

effects and anharmonicity, we can multiply the original harmonic KIE value 

[Eq.(2.111)] by the tunneling correction [Eq.(2.114)] and total anharmonicity 

correction [Eq.(2.117)] as : 

 ( ) ( )
PI har Tun Anhar

KIE KIE TS Totl l= × ×  (2.118) 

In order to obtain analytical expressions for KP theory, an mth order polynomial is 

used to interpolate the original potential along each normal mode. After the 

interpolations, the value of 0

,
( )x

i n i
w qW  with W  as the variational parameter is 

readily obtained by numerically locating the least dependence of 0

,
( )x

i n i
w qW  on W . 
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Therefore, the AIF-PI method is essentially integration-free and computationally 

efficient so that the potential energy surfaces can be obtained by using electronic-

structure methods to perform ab initio path-integral calculations. More details of 

the computational procedures of AIF-PI can be found in Ref.103,104,108,109. 
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Chapter 3. Beryllium Atomic Clusters: TD-DFT Potential 

Energy Surfaces From Equilibrium to Dissociation for Excited 

States of 2s → 2p 

 

3.1   Introduction 

 

To determine the composition of chemical elements in material with high 

sensitivity using optical probes has long been pursued by spectroscopists. This is 

because the elemental compositions are often in close relationship with material’s 

mechanical properties and corrosion resistance140-146.  On the other hand, the 

composition information can be used to perform forensic analysis on artworks, 

and using optical probes only exert minimal destructions on precious samples140-

146. 

Nevertheless, traditional optical probes, such as laser-induced breakdown 

spectroscopy (LIBS)147, suffers from strong plasma continuum emission that 

limits its detection to tens of ppb (a dimensionless quantity which means parts-

per-billion)140,141,144. In addition, the more-sensitive laser-excited atomic 

fluorescence (LEAF) are constrained by the requirement of various kinds of laser 

wavelength to excite different species of elements140,141,144. 

In order to refine laser-analysis techniques, a powerful multi-element analysis 

spectroscopy based on plume laser-excited atomic fluorescence (PLEAF) has 

been developed for the past few years140-145. By taking advantage of this new 

technique, the conventional one-wavelength-one-transition constraint has been 
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overcome. Previous PLEAF experiments have showed the high-sensitivity (ng/g, 

i.e., 10-9g/g and atto-mole, i.e., 10-18 mole of detection limit) can be achieved, 

making it a competent tool for material trace-composition analysis. 

However, the mechanism of PLEAF about electronic excitations is still not yet 

fully understood140-145. The general understanding of the mechanism (Figure 3.1) 

is that when we do PLEAF, a first laser pulse ablates a tiny part of solid-state 

analytes to form a vapor plume.  The vapor plume is expected to be quite dense. 

The atoms in the dense plume are strongly interacting with each other. As a result, 

the individual atomic energy eigenvalues of the whole system [Figure 3.1(a)] 

should get smeared to form some continuous energy bands [Figure 3.1(b)].  

Subsequently, a second laser pulse at many possible or non-selective values of 

wavelength is thus allowed to excite the electrons of the system [Figure 3.1(c)].  

During the PLEAF experiments, some electronically-excited atoms quickly fall 

back to lower energy states, but some remain excited for a while [Figure 3.1(c)]. 

As time goes by, the vapor plume expands or disperses further, i.e., the density of 

the plume is decreasing with time [Figure 3.1(c)]. Eventually, the increasing 

inter-atomic separation will become so large that the smeared energy eigenvalues 

will once again become degenerate and sharpened into atomic spectral lines (i.e., 

an energy un-smearing process). At the end, the atoms in the dispersing plume 

that stay electronically-excited for long enough time will also relax back to lower 

energy states, which produce unique (fingerprint-like) emissions characterizing 

the compositions of elements [Figure 3.1(c)]. 
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Figure 3.1. Schematic illustration of PLEAF mechanism, (a) PESs for ground 

state (2s) and excited states (2p, 3s, 3p) of a five-atom system; (b) PESs for 

ground state (2s) and excited states (2p, 3s, 3p) of a condensed-phase system; (c) 

Excitation and de-excitation at different times.  X** and X* denote highly-

excited and intermediate-excited states, respectively. 

 

To our knowledge, even though current experimental observations are consistent 

with the general understanding of the mechanism shown in Figure 3.1 (e.g., time-

resolved fluorescence spectra shows that the emission lines get sharpened as the 

plume dispersed)140-145, there is still a lack of direct theoretical or computational 

results supporting it. Even the experimental evidences themselves do not directly 

reveal the proposed mechanism. 

In order to elucidate the “most” fundamental mechanism of energy un-smearing 

or un-splitting processes with direct computational evidence, the focus of our 

work is on the simplest clusters with only one type of elements, i.e., the so called 
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atomic clusters, rather than molecular clusters. Nowadays, computer simulations 

have already been known as an important complement to experiments, which are 

at least represented by the 1998 and 2013 Nobel Prizes in Chemistry1-6. Therefore, 

for example, it is of great significance to computationally simulate the reduction 

(or un-smearing) process of the smeared energy bands back to quantized atomic 

spectral lines during the dispersion of the dense plume.  Further, the so-called 

“fork” intersection, i.e., the location where the excited bands starts to become 

discrete lines (i.e., to become degenerate again; Figure 3.1), is also of particular 

interest to determine with computers. 

Since under the framework of Born-Oppenheimer approximation7,17,21-23,25,35 (see 

Section 2.3 of Chapter 2), (inter-atomic) potential-energy surface (PES) is 

defined as the sum of electronic energy 
elec

E  and nuclear-nuclear repulsion 

energy 
.nucl

E : 

 
.elec nucl

PES E E= +  (3.1) 

and all electronic excitations and de-excitations do not change configurations of 

nuclei, then in order to unravel the mechanism of the energy un-smearing process 

via computer simulations, we propose to plot the inter-atomic PESs for ground 

state and lowest 2s → 2p excited states of atomic clusters from density-functional 

theory (DFT) and ab initio calculations (Flowchart 3.1). 

On the other hand, the analytes that we plan to test is purely composed of 

beryllium (Be) atoms (Flowchart 3.1). This is because beryllium is the simplest 

closed-shell and non-inert element. When the atomic cluster approaches the 

dissociation limits for resembling the dispersion process of the plume (Figure 
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3.1), a closed-shell system can avoid the well-known potentially severe spin-

contamination problems during the electronic-structure calculations17,21. 

 

Flowchart 3.1. Schematic diagram to illustrate the flow of objectives in this 

precursor work. 

 

In the literature, research on Beryllium atomic clusters is quite limited for both 

simulations and experiments, particularly true for using practical theoretical 

methods that are computationally-affordable for simulating the excited-state 

PESs of fairly large Be atomic cluster. For example, regarding experimental 

results, the largest number of atoms available (that we found) for the ground state 

and excited states is merely the beryllium dimer (although the existence of 

anionic beryllium clusters up to 
6

Be-  has been verified by mass spectrometry)148-

160. Nonetheless, this apparently simple eight-electron beryllium dimer is actually 

a challenging multi-reference system for DFT or ab initio methods due to the 

presence of strong electron-correlation effects153,161,162.  Although its ground-state 

PES varies considerably with different levels of theory, people still use very high 

theoretical-level (but computationally expensive) post-Hartree-Fock methods 

[e.g., single-reference coupled-cluster (CC) theory157,162-168, multi-reference 

configuration interaction theory (MRCI)153,161,168,169, full configuration interaction 

(FCI)170,171 and density matrix renormalization group (DMRG)172] to accurately 

Physical Quantity: 2s 2p Excited-State PESs

Be Atomic Cluster
Very-High-Level        
Post-Hartree-Fock
Methods (e.g., CC)

Time-Dependent
Density-
Functional Theory

Accuracy Very Good To be determined 
by this work

Computational 
Cost

TOO EXPENSIVE To be determined
by this work

Elucidate PLEAF Mechanism via Computer Simulations
• Energy Un-Smearing Process
• Fork Intersection
⇒ Need to Simulate Excited-State PESs of Atomic 

Cluster, Spanning Widely from Equil. to Dissociation
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reproduce the high-quality experimentally-determined PES for the ground state, 

in terms of the properties such as the equilibrium inter-atomic distance and the 

dissociation energy.  

For beryllium clusters beyond Be2, in contrast to experiment, we notice that there 

is plenty of theoretical research on ground state and excited states up to 135 

atoms162,164,165,167,169,170,173-199. However, in terms of the PES for ground state, and 

in terms of PESs for some lowest excited states associated with 2s → 2p, the 

computational results in the literature range only from Be2 and linear Be3 at the 

CC or FCI levels to singlet and triplet states of planar Be7 at the Hartree-Fock or 

MRCI levels171-173,192,195,200,201.  

Even though in the literature, there are successful stories about Be2, in order to 

mimic a bulk material, we still need large enough clusters that involve a fairly 

large number of beryllium atoms, say at least in the range of Be20 to Be30
162,177,182. 

Moreover, to shed light on the energy-smearing mechanism of PLEAF, we need 

to generate the PESs that show the process if dissociation of atomic clusters for 

ground and excited states. More specifically, we need ~100 single-point-energy 

calculations for describing each PES, spanning widely from equilibrium position 

to the dissociation limit (e.g., Figure 3.3-13 and Figure A.7-202 in APPENDIX 

A). In practice, owning to the high computational cost, it is very difficult (if not 

possible) to use the aforementioned very high levels of theory (e.g., MRCI, FCI, 

CC) for a cluster of many beryllium atoms (Flowchart 3.1). 

So, here is the question that we would like to answer in this work: Is there any 

way to circumvent these computational-cost difficulties in simulating reasonably-

accurate wide range PESs for ground and excited states of Be atomic clusters that 
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involve at least 20 to 30 atoms, particularly at the dissociation limit of atomic 

clusters? 

Herein, we propose to work around this practical issue by using a slightly lower-

level of theory: time-dependent density-functional theory41,64,67,69,70 (TD-DFT). In 

fact, TD-DFT has been widely used to compute optical properties in the research 

fields ranging from periodic molecular systems to organic materials41,59-62,65-72,79-

88,202-220. Nevertheless, in the literature, although the TD-DFT method has been 

employed to calculate PES as a function of angle or bond distance for 

molecules202-215, we have not found calculations of the PESs, spanning 

extensively from the equilibrium position to the dissociation limit, for excited 

states of any atomic clusters using TD-DFT. We believe the lower computational 

cost of TD-DFT would make the calculations for a large number of Be atoms 

feasible, and yet the results should still be accurate enough after careful 

benchmarking, in particular when the Tamm-Dancoff approximation (TDA)41,91-

95 is introduced.   

As a result, the goals of this paper are (i) to verify the feasibility of TD-DFT for 

describing PES from the equilibrium to the dissociation on a fairly-large number 

of atoms in a cluster; (ii) to benchmark the accuracy of computational results on 

beryllium clusters at the levels of TD-DFT:TDA by comparing them with the 

results from experiment and from other higher levels of theory (Flowchart 3.1). 

For instance, in this study, we systematically report the computing time for 

single-point energy of beryllium clusters up to linear Be50. And impressively, in 

terms of a single-point excited-state energy calculation, in contrast to a coupled-

cluster calculation that took ~2.5 hours for 10 atoms of linear Be, TD-

DFT:TDA/3-21+G* could still be generally accurate enough that took much 
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shorter time, which is merely less than 2 minutes for as many as 50 atoms of 

linear Be. Additionally, in order to quickly show the capability of TD-DFT:TDA 

for simulating the dissociation process of atomic clusters, the delicate PESs for 

the ground and excited states for Be2 and Be3 with two types of geometry, and the 

fork intersections for Be2 to Be5 are provided, and compared with results in the 

literature if available.  Finally, we also discuss the relation between the number of 

excited states and the number of atoms in a cluster, e.g., in terms of the number 

of atomic and molecular orbitals. 

By achieving these goals, we wish this work would become an important 

precursor for the future studies on elucidating the mechanism of PLEAF via DFT 

and ab initio calculations. 

 

3.2   Computational Details 

 

Time-dependent density-functional theory (TD-DFT) methods have been 

frequently used in the applications on optical properties (e.g., electronic 

excitation energy) ranging from molecules to periodic systems27,28,41,71,72,83-85,219. 

In addition, the Tamm-Dancoff approximation (TDA) has been introduced to the 

TD-DFT formalism by Gordon, et al93,  for removing the triplet-instability 

problem of wave function that otherwise can cause the excitation energies to 

become imaginary numbers41,94,95. To date, we have not found any literature that 

has reported the performance of TD-DFT combined with TDA (TD-DFT:TDA) 

on the excited states of beryllium clusters.  
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In this work, TD-DFT is used to describe single-electron excitations, with and 

without TDA approximations.  The singlet and triplet excited states that we report 

here are all associated with the electronic excitations of 2s → 2p at the atomic 

dissociation limit. All the excitation energies are calculated with respect to 

restricted ground state wave function, making all the excited states free from 

potential spin contamination. 

A total of four density functionals and six basis sets employed for TD-DFT 

comparison (i.e., a total of 48 levels of TD-DFT, including TDA and non-TDA).  

Two of these four density functionals are the popular hybrid-exchange-

correlation B3LYP221 and M06-2X222 functionals.  The other two density 

functionals are CAM-B3LYP223 and ωB97X-D224, which are also hybrid-

exchange-correlation type but could be more accurate at the dissociation limit 

because both includes a long range-corrected treatment.  Note that the ωB97X-D 

takes Grimme's D2 empirical dispersion model into consideration for a better 

description of dispersion interaction225.  The six basis sets employed in this work 

are 3-21G*, 3-21+G*, 6-31G(d), 6-31+G(d), 6-311+G(d,p), and 6-311+G 

(2df,2p)4,226. 

In addition, in order to demonstrate TD-DFT is (much) more computationally 

economical than higher-levels of theory, the equation-of-motion coupled-cluster 

with single and double substitution (EOM-CCSD)227,228 method was also 

performed for Be5.  All the calculations were carried out with GAUSSIAN 09 

software package229. 

The number of atoms of our beryllium cluster ranges from one to fifty. Figure 3.2 

displays all the cluster structures of Be2 to Be5 that we considered in this work.  
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For simplicity, we adopted a total of nine geometries for describing the structures 

of Be2-5 clusters.  Each structure is characterized by only one single inter-atomic 

distance, R, in order to directly compare our calculated results with the ones from 

other literature. 

 

 

 

Figure 3.2. The cluster structures of Be2 to Be5. All nine clusters [(a) to (i)] are 

characterized by only one single inter-atomic distance of the nearest atoms, i.e., R, 

and are labeled by their symmetry groups230 [from D∞h to D3h] 
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3.3   Results and Discussion 

 

Computational Costs: TD-DFT is practical for Be50, particularly using 3-

21+G* 

 

Table 3.1 and Table A.1 together list the computational costs of a total of 49 

levels of electronic-structure theory (i.e., EOM-CCSD and 48 levels of TD-DFT), 

in terms of the wall-clock computing times of single-point energy calculations 

with and without the TDA approximation, for the first ten singlet excited states 

on the cluster of Be5 with D3h symmetry (Figure 3.2), using four processors and 

sharing 20-GB memory. This provides information about the relations between 

the computing times, levels of theory, and basis sets, which all are useful for us to 

determine the practicality of using TD-DFT for describing excited states of large 

beryllium clusters. 

As expected, in general the computing time of TD-DFT (Table 3.1 and Table A.1) 

steadily grows with the size of basis set (i.e., the number of basis functions), e.g., 

ranging from 8 seconds for 3-21+G* (65 basis functions) to 1 minute for 6-

311+G(2df,2p) (170 basis functions) at the level of TD-CAM-B3LYP:TDA.  It is 

noteworthy that the EOM-CCSD method, which has a coupled-cluster level of 

accuracy, is so computationally expensive that it even took nearly two hours for a 

single-point energy calculation for the first ten singlet excited states. By contrast, 

the most time-consuming TD-DFT calculation took less than 1.5 minutes, which 

is at the level of M06-2X/6-311+G(2df,2p). 
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Table 3.1. Wall-clock computing times of single-point excitation energy 

calculations at 25 out of our 49 levels of electronic structure theory for Be5 with 

D3h symmetry[a]. 

Atomic Cluster of Be5 with D3h symmetry[b]: 
Electronic Structure Theory 

4 processors, 20-GB memory 
Computing Time (hh:mm:ss)[c] 

Energies for first 10 singlet excited 
states 

TD-B3LYP/3-21+G* 
TD-M06-2X/3-21+G* 

TD-CAM-B3LYP/3-21+G* 
TD-ωB97X-D/3-21+G* 

TD-B3LYP:TDA/3-21+G* 
TD-M06-2X:TDA/3-21+G* 

TD-CAM-B3LYP:TDA/3-21+G* 
TD-ωB97X-D:TDA/3-21+G* 

00:00:08 
00:00:15 
00:00:08 
00:00:10 
00:00:06 
00:00:13 
00:00:08 
00:00:08 

TD-B3LYP/6-31+G(d) 
TD-M06-2X/6-31+G(d) 

TD-CAM-B3LYP/6-31+G(d) 
TD-ωB97X-D/6-31+G(d) 

TD-B3LYP:TDA/6-31+G(d) 
TD-M06-2X:TDA/6-31+G(d) 

TD-CAM-B3LYP:TDA/6-31+G(d) 
TD-ωB97X-D:TDA/6-31+G(d) 

00:00:16 
00:00:29 
00:00:15 
00:00:15 
00:00:10 
00:00:21 
00:00:15 
00:00:15 

TD-B3LYP/6-311+G(2df,2p) 
TD-M06-2X/6-311+G(2df,2p) 

TD-CAM-B3LYP/6-311+G(2df,2p) 
TD-ωB97X-D/6-311+G(2df,2p) 

TD-B3LYP:TDA/6-311+G(2df,2p) 
TD-M06-2X:TDA/6-311+G(2df,2p) 

TD-CAM-B3LYP:TDA/6-311+G(2df,2p) 
TD-ωB97X-D:TDA/6-311+G(2df,2p) 

00:00:52 
00:01:27 
00:01:02 
00:01:08 
00:00:43 
00:01:20 
00:01:00 
00:01:02 

EOM-CCSD/6-311+G(2df,2p) 01:52:15 
[a] For the remaining 24 levels of theory, see Table A.1.  The number of the basis 
functions in this table for 3-21+G*, 6-31+G(d), and 6-311+G(2df,2p) is 65, 95, and 170, 
respectively.  All calculations were performed with four processors of Intel Xeon E7-
4870 2.40 GHz, sharing 20-GB memory of 1066MHz quad ranked LV RDIMMs, on a 
single-compute-node machine (jiraiya) that has 40 processors of Intel Xeon E7-4870 
2.40 GHz (4×10C), sharing 1 TB memory of 1066 MHz quad ranked LV RDIMMs 
(64×16GB). 
[b] The geometry of Be5 cluster is depicted in Figure 3.2(i).  All the inter-atomic 
distances are set at 5 Å to avoid the computing times from being too short (e.g., for TD-
B3LYP/3-21G* at the equilibrium position of ~2 Å) and being too long (e.g., for EOM-
CCSD/6-311+G(2df,2p) at ~10 Å) to compare. 
[c] hh:mm:ss denotes hours:minutes:seconds in two digits for a wall clock. 
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Table 3.2. Wall-clock computing times of single-point excitation energy 

calculations at 49 levels of electronic structure theory for linear Be5.[a] 

Atomic Cluster of linear Be5
[b]: 

Electronic Structure Theory 

4 processors, 20-GB memory 
Computing Time (hh:mm:ss)[c] 

Energies for first 10 singlet excited 
states 

TD-B3LYP/3-21G* 
TD-M06-2X/3-21G* 

TD-CAM-B3LYP/3-21G* 
TD-ωB97X-D/3-21G* 

TD-B3LYP:TDA/3-21G* 
TD-M06-2X:TDA/3-21G* 

TD-CAM-B3LYP:TDA/3-21G* 
TD-ωB97X-D:TDA/3-21G* 

00:00:04 
00:00:05 
00:00:05 
00:00:04 
00:00:04 
00:00:04 
00:00:03 
00:00:05 

TD-B3LYP/3-21+G* 
TD-M06-2X/3-21+G* 

TD-CAM-B3LYP/3-21+G* 
TD-ωB97X-D/3-21+G* 

TD-B3LYP:TDA/3-21+G* 
TD-M06-2X:TDA/3-21+G* 

TD-CAM-B3LYP:TDA/3-21+G* 
TD-ωB97X-D:TDA/3-21+G* 

00:00:04 
00:00:06 
00:00:05 
00:00:04 
00:00:04  
00:00:06 
00:00:05  
00:00:05 

TD-B3LYP/6-31G(d) 
TD-M06-2X/6-31G(d) 

TD-CAM-B3LYP/6-31G(d) 
TD-ωB97X-D/6-31G(d) 

TD-B3LYP:TDA/6-31G(d) 
TD-M06-2X:TDA/6-31G(d) 

TD-CAM-B3LYP:TDA/6-31G(d) 
TD-ωB97X-D:TDA/6-31G(d) 

00:00:04 
00:00:04 
00:00:05 
00:00:06 
00:00:04 
00:00:05 
00:00:06 
00:00:06 

TD-B3LYP/6-31+G(d) 
TD-M06-2X/6-31+G(d) 

TD-CAM-B3LYP/6-31+G(d) 
TD-ωB97X-D/6-31+G(d) 

TD-B3LYP:TDA/6-31+G(d) 
TD-M06-2X:TDA/6-31+G(d) 

TD-CAM-B3LYP:TDA/6-31+G(d) 
TD-ωB97X-D:TDA/6-31+G(d) 

00:00:06 
00:00:08 
00:00:08 
00:00:09 
00:00:06 
00:00:09 
00:00:08 
00:00:09 

TD-B3LYP/6-311+G(d,p) 
TD-M06-2X/6-311+G(d,p) 

TD-CAM-B3LYP/6-311+G(d,p) 
TD-ωB97X-D/6-311+G(d,p) 

TD-B3LYP:TDA/6-311+G(d,p) 
TD-M06-2X:TDA/6-311+G(d,p) 

TD-CAM-B3LYP:TDA/6-311+G(d,p) 
TD-ωB97X-D:TDA/6-311+G(d,p) 

00:00:08 
00:00:12 
00:00:11 
00:00:11 
00:00:08 
00:00:12 
00:00:11 
00:00:13 
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TD-B3LYP/6-311+G(2df,2p) 
TD-M06-2X/6-311+G(2df,2p) 

TD-CAM-B3LYP/6-311+G(2df,2p) 
TD-ωB97X-D/6-311+G(2df,2p) 

TD-B3LYP:TDA/6-311+G(2df,2p) 
TD-M06-2X:TDA/6-311+G(2df,2p) 

TD-CAM-B3LYP:TDA/6-311+G(2df,2p) 
TD-ωB97X-D:TDA/6-311+G(2df,2p) 

00:00:25 
00:00:30 
00:00:32 
00:00:33 
00:00:21 
00:00:28 
00:00:32 
00:00:34 

EOM-CCSD/6-311+G(2df,2p) 00:09:08 
[a] The number of the basis functions in this table for 3-21G*, 3-21+G*, 6-31G(d), 6-
31+G(d), 6-311+G(d, p) and 6-311+G(2df,2p) is 45, 65, 75, 95, 110 and 170, 
respectively.  The computing environment is the same as in Table 3.1, Due to the high 
symmetry of linear Be5, we turned off the Raffenetti integration in the calculations to 
reduce computing times, which did not influence the computational results.  
[b] The geometry of linear Be5 cluster is depicted in Figure 3.2 (g).  As in Table 3.1, all 
the inter-atomic distances are set at 5 Å  
[c] hh:mm:ss denotes hours:minutes:seconds in two digits for a wall clock. 
 

 

The computational costs of CAM-B3LYP and ωB97X-D calculations are similar 

(Table 3.1 and Table A.1). Owing to its long range correction, CAM-B3LYP 

took slightly longer time than its original B3LYP, and their time difference 

increases with the size of basis set.  Moreover, with the TDA approximation, the 

computing times can get shorter. 

In addition, in Table 3.2, we show that the computing times of these 49 levels of 

theory for a linear Be5 cluster (with D∞h symmetry) are basically shorter than 

their respective times for Be5 with a lower symmetry of D3h.  In particular, the 

computing time (i.e., between D∞h and D3h symmetries) at the EOM-CCSD level 

is substantially reduced from ~2 hours (Table 3.1) to ~9 minutes (Table 3.2).  For 

TD-DFT calculations, the reduction of computing times (i.e., between D∞h and 

D3h symmetries) becomes more obvious with larger basis sets.  For example, the 

computing time at the most time-consuming TD-DFT level [i.e., M06-2X/6-

311+G(2df,2p)] reduces from 1.5 minutes (Table 3.1) to only 30 seconds (Table 
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3.2). 

Moreover, in order to study how the number of atoms affects the computing time, 

we progressively expand the size of linear beryllium cluster from Be2 to Be50.  

Results at the levels of TD-CAM-B3LYP:TDA, TD-B3LYP, and EOM-CCSD, 

using the basis sets of 3-21+G* and 6-311+G(2df,2p) are given either in Table 

3.3 or in Table A.2. We conclude that TD-DFT calculations are computationally 

affordable to generate excited-state PESs even for fairly large beryllium clusters.  

For instance of a single-point excitation energy on a linear cluster of 50 Be atoms 

(for 10 singlet excited states), using 6-311+G(2df,2p) and 3-21+G*, TD-CAM-

B3LYP:TDA took ~29 minutes and ~2 minutes  to finish the calculations, 

respectively.  By contrast, the computational cost of EOM-CCSD calculation is 

much more expensive.  On a linear cluster of only 10 Be atoms, the computing 

time of EOM-CCSD/6-311+G(2df,2p) is already ~2.5 hours (Table 3.3).  As a 

result, EOM-CCSD could be computationally too expensive to generate excited-

state PESs from the equilibrium position to the dissociation limit. 
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Table 3.3. Wall-clock computing times of single-point excitation energy 

calculations at 3 out of our 5 levels of electronic structure theory for linear Be2 to 

Be50.[a] 

Atomic cluster of linear BeN
[b] 4 processors, 20-GB memory 

Computing Time (hh:mm:ss)[c] 

N Electronic Structure Theory Energies for first 10 singlet excited 
states 

2 

TD-CAM-B3LYP:TDA/6-
311+G(2df,2p) 

00:00:12 
3 00:00:18 
4 00:00:22 
5 00:00:29 
6 00:00:37 

10 00:01:26 
14 00:02:54 
18 00:04:46 
22 00:08:39 
26 00:07:48 
30 00:10:15 
34 00:13:02 
38 00:17:03 
42 00:21:05 
46 00:26:25 
50 00:30:56 
50 TD-CAM-B3LYP:TDA/3-21+G* 00:02:17 
10 EOM-CCSD/6-311+G(2df,2p) 02:29:08 

[a] For the basis set of 3-21+G*, the number of basis functions when N = 50 is 650. For 
the basis set of 6-311+G(2df,2p), the number of basis functions when N = 2, 3, 4, 5, 6, 
10, 14, 18, 22, 26, 30, 34, 38, 42, 46, 50 is 68, 102, 136, 170, 204, 340, 476, 612, 748, 
884, 1020, 1156, 1292, 1428, 1564 and 1700, respectively.  The computing environment 
is the same as in Table 3.1. 
[b] To be comparable with Table 3.1 and Table 3.2, all the inter-atomic distances are also 
set at 5 Å. 
[c] hh:mm:ss denotes hours:minutes:seconds in two digits for a wall clock. 
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Benchmarking Excitation Energies of a Single Beryllium Atom: Diffuse basis 

sets are essential 

 

Since the PLEAF experimental technique is designed to make use of the 

characteristic atomic emissions to distinguish the species of elements140-145, we 

first start our validations of TD-DFT calculations of the excitation energies on a 

single Be atom.  Six excitation energies from the ground state (2s2s) 1S0 were 

examined.  These six excited states are [i] (2s2p) 1P1, [ii] (2s2p) 3P0,1,2 (the spin- 

orbit coupling fine structures are not distinguished in TD-DFT calculations),  [iii] 

(2s3s) 1S0, [iv] (2s3s) 3S1, [v] (2s3p) 1P1, and [vi] (2s3p) 3P0,1,2. Table 3.4 and 

Table 3.5 show the computed values of these six excitation energies at eight 

levels of TD-DFT that used the basis sets of 6-311+G(2df,2p) and 3-21+G*, 

respectively, in addition to the experimental results152,158,159 and the calculated 

results at the EOM-CCSD/6-311+G(2df,2p) level.  Overall, the EOM-CCSD 

method gives the value closest to experiment; the maximum absolute errors 

(MAEs) and average absolute errors (AAEs) is 0.19 and 0.08 eV, respectively 

(Table 3.4).  TD-DFT are also quite reasonable, underestimating the excitation 

energies within the range between 0.4 and 1 eV.  This kind of underestimation 

was reported in other studies as well41,65,71,83,84,93,219. As reflected by the MAEs 

and AAEs, values calculated at the CAM-B3LYP and ωB97X-D levels are closer 

to experiments than those at the B3LYP and M06-2X levels (Table 3.4 and Table 

3.5).
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Table 3.4. Basis set of 6-311+G(2df,2p): Excitation energies of a single beryllium atom. 

Expt and Electronic Structure 
Theory 

Excitation Energy (eV) 
(2s2s) 1S0  

(2s2p) 1P1 
(2s2s) 1S0  

(2s3s) 1S0 
(2s2s) 1S0  

(2s3p) 1P1 
(2s2s) 1S0  
(2s2p) 3P0,1,2 

(2s2s) 1S0  
(2s3s) 3S1 

(2s2s) 1S0  
(2s3p) 3P0,1,2 

MAE[b] AAE[c] 

TD-B3LYP 4.88 6.21 6.78 2.09 5.83 6.45 0.85 0.63 
TD-M06-2X 4.70 6.13 6.70 2.33 5.82 6.29 1.01 0.67 

TD-CAM-B3LYP 4.89 6.38 7.00 2.03 5.96 6.70 0.60 0.51 

TD-ωB97X-D 4.86 6.35 7.01 2.19 5.90 6.54 0.76 0.53 

TD-B3LYP:TDA 5.13 6.23 6.88 2.43 5.83 6.47 0.83 0.51 

TD-M06-2X:TDA 5.06 6.15 6.78 2.50 5.82 6.30 1.00 0.57 

TD-CAM-B3LYP:TDA 5.15 6.40 7.09 2.39 5.97 6.72 0.58 0.38 

TD-ωB97X-D:TDA 5.09 6.36 7.08 2.55 5.91 6.56 0.74 0.41 

EOM-CCSD 5.34 6.84 7.65 2.73 6.47 7.44 0.19 0.08 

Expt[a] 5.28 6.78 7.46 2.73 6.46 7.30 0 0 
[a] The experimental values are taken from Ref.[158,159]. 
[b] MAE denotes the maximum absolute error deviating from the experimental values among the six excited states. 
[c] AAE denotes the average absolute error deviating from the experimental values over the six excited states. 
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Table 3.5. Basis set of 3-21+G*: Excitation energies of a single beryllium atom. 

Expt and Electronic Structure 
Theory 

Excitation Energy (eV) 
(2s2s) 1S0  

(2s2p) 1P1 
(2s2s) 1S0  

(2s3s) 1S0 
(2s2s) 1S0  

(2s3p) 1P1 
(2s2s) 1S0  
(2s2p) 3P0,1,2 

(2s2s) 1S0  
(2s3s) 3S1 

(2s2s) 1S0  
(2s3p) 3P0,1,2 

MAE[b] AAE[c] 

TD-B3LYP 4.91 6.37 6.94 2.14 5.89 6.54 0.76 0.54 
TD-M06-2X 4.82 6.30 6.88 2.91 5.81 6.37 0.93 0.55 

TD-CAM-B3LYP 4.92 6.49 7.13 2.08 6.00 6.75 0.65 0.44 

TD-ωB97X-D 4.85 6.43 7.05 1.99 5.88 6.52 0.78 0.55 

TD-B3LYP:TDA 5.16 6.39 7.06 2.46 5.89 6.55 0.75 0.42 

TD-M06-2X:TDA 5.20 6.35 7.12 2.93 5.81 6.38 0.92 0.44 

TD-CAM-B3LYP:TDA 5.19 6.52 7.23 2.42 6.01 6.77 0.53 0.31 

TD-ωB97X-D:TDA 5.06 6.44 7.11 2.46 5.89 6.55 0.75 0.42 

EOM-CCSD/6-311+G(2df,2p) 5.34 6.84 7.65 2.73 6.47 7.44 0.19 0.08 

Expt[a] 5.28 6.78 7.46 2.73 6.46 7.30 0 0 
[a] The experimental values are taken from Ref.[158,159]. 
[b] MAE denotes the maximum absolute error deviating from the experimental values among the six excited states. 
[c] AAE denotes the average absolute error deviating from the experimental values over the six excited states. 
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It is remarkable that even though TDA is introduced as an approximation and is 

thought to be a partial solution to the full TD-DFT formalism41,70,93,94, the AAEs 

of calculated excitation energies for the six excited states are refined by ~0.1 eV 

for all of our levels of theory using diffuse basis sets, i.e., the names of basis set 

that have a “+” sign (Table 3.4-5 and Table A.3-6 in Supporting Information; see 

the following paragraph for discussion of basis sets).  In particular, the excitation 

energies to the first singlet and triplet excited states are significantly improved by 

0.2 to 0.4 eV.  Actually, some previous research have already pointed out that 

with respect to the original TD-DFT, the excitation energies obtained from TD-

DFT:TDA could have almost the same quality and sometimes even better results 

for the states that do not have the triplet-instability problem.  Thus, TDA 

approximation has been recommended over the original TD-DFT as a safer 

tool70,80,94,95. However, the exact reason of the considerable improvement by 

virtue of the TDA approximation may need to be further inspected in future 

studies, since the same exchange-correlation functional is also used in the 

original TD-DFT calculations. 

Regarding basis set effects, due to the delocalization of excited electronic density, 

after using non-diffuse basis sets, all our TD-DFT (with and without TDA) and 

EOM-CCSD calculations produce the excitation energies too high compared to 

experimental values (the least deviation is already larger than 4 eV; Table A.3 

and Table A.4), except for the first singlet and triplet excited states.  These non-

diffuse calculations even incorrectly predict the sequence of excited states, e.g., 

the energy of excited state (2s3s) 1S0 is even higher than that of (2s3p) 1P1.  This 

type of errors can be entirely eliminated by including diffuse function in the basis 
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set (Table 3.4-5, Table A.5-6) to take care of the electronic-density delocalization 

in the excited states. 

Impressively, according to Table 3.4-5 and Table A.5-6, the calculated excitation 

energies using smaller basis sets are similar to those using larger basis sets.  The 

maximum deviation of the energies between our largest basis set 6-311+G(2df,2p) 

and our three smaller basis sets [i.e., 3-21+G*, 6-31+G(d), 6-311+G(d,p)] is only 

~0.1 eV for TD-DFT with and without TDA. Hence, we may suggest that without 

practically sacrificing the accuracy, if the computing times using the 6-

311+G(2df,2p) basis set are computationally too expensive on a large beryllium 

cluster, then we can also consider smaller basis sets, including the cheapest 3-

21+G*. 

 

Benchmarking Ground State and Excited States of Be2: Range-separated 

TD-DFT:TDA using diffuse basis sets are accurate 

 
I.  Ground state of Be2  

The experimental results on the ground state properties of beryllium dimer, such 

as the equilibrium distance and the dissociation energy, have been well-

documented148-151,153,155-157, and have been accurately reproduced by high levels 

of theory153,157,161-163,166,171,172,200,201. Therefore, it is of particular significance to 

validate how accurate DFT is for describing the ground state of Be2.  Similar to 

the cases for a single beryllium atom, the four density functionals that we have 

tested for the dimer are B3LYP, M06-2X, CAM-B3LYP, and ωB97X-D. 
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The equilibrium distance and dissociation energy derived from a list of 

experiments and computations are summarized in Table 3.6.  In Figure 3.3 and 

Figure A.7-24, the PESs for the ground state calculated at the four levels of DFT 

theory are shown, together with the PESs derived from the up-to-date 

experimental result156 and high-level FCI results170,171.   

As presented in Table 3.6 and Figure 3.3, we find that, at the dissociation limit, 

all our calculated energies successfully reduce back to their respective energies 

for two isolated/independent beryllium atoms.  Moreover, the equilibrium 

distances and dissociation energies at these four DFT levels are generally in 

reasonable agreement with the experimental results and other theoretical values.  

The maximum difference between the 2009 experimental results156 and our DFT 

calculations with the largest basis set, 6-311+G(2df,2p), in terms of equilibrium 

distance and dissociation energy is 0.35 Å (using ωB97X-D) and 0.07 eV (using 

B3LYP), respectively.  
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Table 3.6.  Ground-state properties of Be2. 

Expt and Electronic Structure 
Theory 

Ground State: X 1Ʃ𝑔+ [a] 

Equilibrium Distance (Å) Dissociation  Energy (eV) 

B3LYP/6-311+G(2df,2p) 2.48 0.19 

M06-2X/6-311+G(2df,2p) 2.73 0.12 

CAM-B3LYP/6-311+G(2df,2p) 2.65 0.06 

ωB97X-D/6-311+G(2df,2p) 2.80 0.09 

B3LYP/3-21+G* 2.51 0.21 

M06-2X/3-21+G* 2.77 0.15 

CAM-B3LYP/3-21+G* 2.72 0.08 

ωB97X-D/3-21+G* 2.81 0.11 

Beyer et al.,[b] B3LYP 2.48 0.19 

Srinivas et al.,[c] B3LYP/ 2.54 0.18 

Pastore et al.,[d] CAS-SCF 2.29 0.46 

Pastore et al.,[d] MRCI 2.48 0.05 

Bruna et al.,[e] MRCID 2.50 0.10 

Kaledin et al.,[f] MRCISD 2.41 0.13 

Merritt et al.,[g] MRCISD 2.41 0.14 

Merritt et al.,[g] CCSD(T) 2.44 0.11 

Koput et al.,[h] CCSD(T) 2.46 0.09 

Pecul et al.,[i] FCI 2.50  0.09  

Helal et al.,[j] FCI 2.47 0.10 

Sharma et al.,[k] DMRG 2.45 0.12 

Vetere et al.,[l] FCI 2.52 0.08 

Bondybey,[m] Expt 2.47  0.10 

Merritt et al.,[n] Expt 2.45 0.12 
[a] Our equilibrium inter-atomic distances were obtained by minimizing the Be2, which were 
followed by frequency analyses to confirm the nature of stationary points.  The dissociation 
energy is defined as the difference in potential energy between the equilibrium and dissociation 
positions. [b] Ref.186, with a basis set 6-311++G(3df). [c] Ref.193, with a basis set 6-31G. [d] 
Ref.169, with a basis set 5s3p2d1f.  [e] Ref.161, with a specific basis set.   [f] Ref.153, with a basis 
set (12s6p3d2f1g)/[5s4p3d2f1g]. [g] Ref.155, with a basis set cc-PV5Z [h] Ref.163, with a basis set 
aug-cc-pCV7Z. [i] Ref.166, with a basis set aug-cc-PVTZ.  [j] Ref.171, with a basis set 
7s6p5d4f3g2h1i.  [k] Ref.172, with a basis set cc-pCVQZ-F12.  [l] Ref.170, with a basis set 
5s3p2d1f.  [m] Ref.151  [n] Ref.156. 
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Regarding the basis set effects of our DFT calculations, the ground state 

properties using smaller diffuse basis sets to calculate (Table A.7) are very close 

to the results using 6-311+G(2df,2p).  For example, for CAM-B3LYP, their 

maximum deviation in terms of equilibrium distance and dissociation energy is 

only 0.07 Å (when using 3-21+G*) and 0.02 eV (when using 3-21+G*), 

respectively.  However, using non-diffuse basis sets (Table A.7), the results can 

deviate substantially from using our largest basis set, 6-311+G(2df,2p).  For 

example, in terms of CAM-B3LYP, their maximum deviation in equilibrium 

distance is 0.47 Å (when using 3-21G*). 

Based on the performances discussed in this section, and in Section II for excited 

states of a single beryllium atom, we feel that it is not straightforward to 

determine a density functional showing the best agreement with the experiments 

in every aspect.  Hence, to be simple, for the rest of this paper, we focus on the 

range-separated CAM-B3LYP, which apparently outperform all other functionals 

in excited states of a Be atom (Table 3.4-5, Table A.5-6). 

In regard to basis sets, since we can get bad results using the non-diffuse ones 

(Table A.7), our focus is on comparisons between the most expensive and 

cheapest diffuse basis sets [i.e., 6-311+G(2df,2p) and 3-21+G*].  Nonetheless, 

our results calculated at the remaining levels of theory out of the aforementioned 

48 ones, are all available in APPENDIX A. 
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II. Excited states of Be2 

Table 3.7. Excited-state properties of Be2. 

Expt and 
Electronic 

Structure Theory 

4 Excited States: (1)1Πg, (1)1Ʃ𝑢+, (1)3Ʃ𝑢+, (1)3Πg
[a] 

Equilibrium Distance (Å) Dissociation  Energy (eV) 

(1)1Πg (1)1Ʃ𝑢+ (1)3Ʃ𝑢+ (1)3Πg (1)1Πg (1)1Ʃ𝑢+ (1)3Ʃ𝑢+ (1)3Πg 

TD-CAM-
B3LYP:TDA/6-
311+G(2df,2p) 

1.95 2.23 2.10 1.99 3.68 1.70 2.01 1.84 

TD-CAM-
B3LYP:TDA/3-

21+G* 
1.96 2.26 2.11 2.00 3.54 1.63 1.97 1.80 

Pastore et al.,[b] 

CAS-SCF - - 2.29 - - - 0.46 - 

Pastore et al.,[b] 

MRCI - - 2.48 - - - 0.05 - 

Bruna et al.,[c] 
MRCID 2.02 2.25 2.17 2.05 3.58 1.89 1.83 1.65 

Kaledin et al.,[d] 
MRCISD 1.97 2.20 2.12 2.01 3.73 1.93 - - 

Pecul et al.,[e] FCI 2.00 2.24 - - 3.66 1.95 - - 

Helal et al.,[f] FCI - - 2.13 - - - 1.91 - 
Vetere et al.,[g] 

FCI - - 2.14 - - - - - 

Bondybey,[h] Expt - 2.19 - -  1.94 - - 
Bondybey, [i] 

Expt - 2.16 - -  1.90 - - 

Kaledin et al., [j] 
Expt - - - - 3.68 - - - 

[a] Our equilibrium inter-atomic distances were taken from the minimum-energy point of 
the PES scans.  The dissociation energy is defined as the difference in potential energy 
between the equilibrium and dissociation positions.  "-" denotes the data cannot be found 
by us. 
[b] Ref.169, with a basis set 5s3p2d1f. [c] Ref.161, with a specific basis set. [d] Ref.153, with a 
basis set (12s6p3d2f1g)/[5s4p3d2f1g]. [e] Ref.166, with a basis set aug-cc-pVTZ [f] Ref.171, 
with a basis set 7s6p5d4f3g2h1i. [g] Ref.170, with a basis set 5s3p2d1f. [h] Ref.149. [i] Ref. 
151 [j] Ref.153 
 

In the literature, there are experimental and theoretical results on double-electron 

excitations of Be2.149,153,161, but as we quickly mentioned in Computational 

Details above, since all our TD-DFT calculations are limited to single-electron 
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excitations, discussion of double-electron excitations is deferred to future studies.  

And the single-electron excitations of interest to us is 2s → 2p. 

 

 

 

 

Figure 3.3. The PESs of Be2 associated with 2s → 2p excitation. The zero-

reference energy is set at the sum of the ground state energy of two single atoms 

at each level of theory; for experiments, it is the ground-state energy at the 

dissociation limit. The experimental PESs of the ground state and singlet excited 

states published in 1984 are from Ref.149, the experimental ground state PES 

published in 2009 is from Ref.156. The computational PESs of the ground state 

and singlet excited states using MRCISD are from Ref.153. The computational 

PES of the triplet excited states are from Ref.161,170,171 
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Furthermore, as we have also briefly mentioned in Computational Details above , 

for all our calculations of the original TD-DFT, once the inter-atomic distances 

are shorter than or around the equilibrium distance, we can encounter the so-

called triplet-instability problem that produces pure imaginary excitation 

energies41,94,95.  Therefore, in the literature, the TDA has been introduced to 

recover the correct excitation energies94,95.  Indeed, the TDA has eliminated most 

of our imaginary energies (Table 3.8 shows one example).  But at short inter-

atomic distances, say shorter than 1.9 Å, imaginary excitation energies can still 

appear even with TDA.  Thus, the PESs for excited states that we plotted in this 

paper start from the inter-atomic distance of 1.9 Å, at least. 

 

 

Table 3.8. Example: Correcting imaginary excitation energies with TDA on the 

triplet excited state (1)3Ʃ𝒖+ of Be2.[a] 

Electronic Structure Theory Excitation Energy for (1)3Ʃ𝑢+ 
TD-CAM-B3LYP/6-311+G(2df,2p) 1.08i 

TD-CAM-B3LYP/3-21+G* 1.07i 
TD -CAM-B3LYP:TDA/6-311+G(2df,2p) 0.77 

TD -CAM-B3LYP:TDA/3-21+G* 0.77 
[a] The inter-atomic distance is 2.5 Å. i is the pure imaginary unit, i.e., 2 1i = − . 
 

As shown in Table 3.7, in terms of the equilibrium distance and dissociation 

energy, the excited state properties for the four lowest excited states [i.e., (1)1Πg, 

(1)1Ʃ𝑢+ , (1)3Ʃ𝑢+ , (1)3Πg] from our TD-CAM-B3LYP:TDA calculations (using 

diffuse basis sets) are in excellent agreement with other computational and 

experimental values, including our smallest diffuse basis set 3-21+G*.  The 
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equilibrium distances and the dissociation energies are at least as accurate as ~0.1 

Å and ~0.3 eV, respectively. 

In terms of the PESs for the four lowest excites states, as depicted in Figure 3.3 

overall our TD-CAM-B3LYP:TDA results using the large and small diffuse basis 

sets [i.e., 6-311+G(2df,2p) and 3-21+G*] are also in good agreement with other 

computational and experimental PESs, in which the largest discrepancy is ~1 eV. 

 

 

Benchmarking Ground State and Excited States of Be3: Range-separated 

TD-DFT:TDA using diffuse basis sets are still accurate 

 

In order to demonstrate the potential power of TD-DFT:TDA for unraveling the 

mechanism behind the PLEAF, in this work we quickly employed it with diffuse 

basis sets to directly simulate the crucial energy un-smearing processes and fork 

intersections for Be2 to Be5. 

Similar to the cases for the dimer (Figure 3.8-9, and Figure A.55-100), the single-

electron excited states of the beryllium trimer of our interest are also associated 

with the 2s → 2p excitation at the dissociation limit.  As shown in Figure 3.10-13 

and Figure A.111-202, when Be3 becomes three isolated/independent atoms, the 

excited state becomes a combination of a single atom in the excited state (1P1 or 

3P0,1,2 associated with the 2s → 2p excitation) and two isolated/independent 

atoms in their own ground states (1S0).  But, when Be3 is still treated as a single 

complex system, since each of the three unoccupied 2p orbitals of each atom can 

serve as the desired orbitals to be occupied after excitations, then for Be3 there 

are a total of nine excited states associated with the single-electron excitation 2s 
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→ 2p at the dissociation limit (please see the section below for more discussion 

on the number of the excited states). 

Indeed, using TD-DFT:TDA with diffuse basis sets, we successfully simulated 

the energy un-smearing or smearing processes.  For both structures of Be3 (i.e., 

linear and triangular), when the three atoms initially at the dissociation limit get 

closer and closer to one another, these nine degenerate states start to get smeared 

(or get separated).  When the inter-atomic distance is close enough at the fork 

intersection, they eventually are separate and form six non-degenerate excited 

states.  Note that the PESs generated by either using 3-21+G* or using 6-

311+G(2df,2p) are very similar (Figure 3.10-13) 
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Figure 3.4. The PESs for its ground state X (1) 
1Ʃ𝐠+  of linear Be3 from our 

calculation with basis set 6-311+G(2df,2p) compared with other theoretical 

results170,191,195. The zero-reference in y-axis is set as the sum of three-single-

atom ground-state energies at each level of theory. 

 

 



84 
 

 

Figure 3.5. The PESs for the ground state X (1) 
1Ʃ𝐠+  of linear Be3 from our 

calculation with basis set 3-21+G* compared with other theoretical 

results170,191,195. The zero-reference in y-axis is set as the sum of three-single-

atom ground-state energies at each level of theory. 

 

In addition to the cases for the Be dimer discussed above, now according to Table 

3.9 and Table 3.10, we can see that TD-CAM-B3LYP:TDA are also quite 

accurate even for the Be trimer ground state and (1)3Ʃ𝑢+  excited state, again 

regardless of using either the large or small diffuse basis sets [i.e., either 6-

311+G(2df,2p) or 3-21+G*].  Although the experimental data for the ground-

state and excited-state properties of Be3 cannot be found by us, this small Be 

cluster has been investigated by a number of theoretical methods162,169,183,186,190-

193,195,231,232, and we have only found the excited state properties of the triplet 3Ʃ𝑢+ 

for linear Be3 in the literature.  In this work, we study two types of Be3 structure: 
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(1) linear; (2) triangular.  To be more specific, in terms of the equilibrium 

distance, dissociation energy, and PES, as long as we use the diffuse basis sets, 

TD-CAM-B3LYP:TDA are at least as accurate as ~0.2 Å, ~0.2 eV, and ~1 eV, 

respectively. 

 

Table 3.9. Ground-state properties of Be3
[a] 

Electronic Structure Theory 

Ground State: X(1)1Ʃ𝑔+[a] 

Equilibrium Distance (Å) Dissociation Energy (eV) 

Linear[b] Triangular[c] Linear[b] Triangular[c] 

CAM-B3LYP/6-311+G(2df,2p) 2.35 2.14 0.34 1.10 

CAM-B3LYP/3-21+G* 2.38 2.16 0.25 0.97 

Sudhakar et al.,[d] MP4 - 2.24 - 0.94 

Sudhakar et al.,[d] QCISD(T) - 2.24 - 0.72 

Kowalski et al.,[e] CCSD(T) 2.28 - 0.33[e] - 

Watts et al.,[f] MRCI - 2.33 - 0.60 

Harrison et al.,[g] MRCI - 2.24 - 0.82 

Rendell et al.,[h] MRCI - 2.22 - 0.98 

Rendell et al.,[h] CCSD(T) - 2.24 - 0.88 

Junquera-Hernández et al.,[i] FCI 2.26 2.27 0.38 0.75 

Pastore et al.,[j] CAS-SCF 2.18 - -0.26 - 

Pastore et al.,[j] MRCI 2.18 - 0.46 - 

Vetere et al.,[k] FCI 2.24 - 0.50 - 
[a] No experimental results can be found by us. Our equilibrium inter-atomic distances 
were obtained by minimizing the Be3, which were followed by frequency analyses to 
confirm the nature of stationary points.  The dissociation energy is defined as the 
difference in potential energy between the equilibrium and dissociation positions. "-" 
denotes the data cannot be found by us. [b] Figure 3.1, (b) [c] Figure 3.1, (c) [d] Ref.183, 
with a basis set 6-311+G(d) [e] Ref.195, with a basis set 7s4p2d,the values are taken 
approximately from the PES [f] Ref.181, with a basis set 4s2p1d [g] Ref.232, with a basis set 
7s4p2d [h] Ref.178, with a basis set 5s3p2d1f  [i] Ref.192, with a basis set 3s2p1d  [j] 
Ref.169, with a basis set 5s3p2d1f  [k] Ref.170, with a basis set 5s3p2d 
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Table 3.10. Excited-state properties of linear Be3 
[a] 

Electronic Structure Theory 
Excited State: (1)3Ʃ𝑢+[b] 

Equilibrium distance (Å) Dissociation  energy (eV) 
TD-CAM-B3LYP:TDA/6-

311+G(2df,2p) 2.11 3.41 

TD-CAM-B3LYP:TDA/3-
21+G* 2.12 3.34 

Pastore et al.,[c] CAS-SCF 2.17 - 

Pastore et al.,[c] MRCI 2.15 - 

Vetere et al.,[d] FCI 2.19 - 
[a] No experimental results can be found by us. 
[b] See Figure 3.1, (b) for the geometry.  Our equilibrium inter-atomic distances were 
taken from the minimum-energy point of the PES scans.  The dissociation energy is 
defined as the difference in potential energy between the equilibrium and dissociation 
positions.  "-" denotes the data cannot be found by us. 
[c] Ref.169, with a basis set 5s3p2d1f  [d] Ref.170 with a basis set 5s3p2d 
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Figure 3.6. The PESs of the triplet excited state 3Ʃ𝐮+ of linear Be3 from our 

calculation with basis set 6-311+G(2df,2p) compared with FCI results170,. The 

zero-reference in y-axis is set as the sum of three-single-atom ground-state 

energies at each level of theory. 
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Figure 3.7. The PESs of the triplet excited state 3Ʃ𝐮+ of linear Be3 from our 

calculation with basis set 3-21+G* compared with FCI results170,. The zero-

reference in y-axis is set as the sum of three-single-atom ground-state energies at 

each level of theory. 
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Energy Un-Smearing Processes and Fork Intersections for Be2 to Be5 

 

In this work, we study the fork intersections theoretically from Be2 to Be5 (Table 

3.11).  We define the fork intersection as the inter-atomic distance that the 

degenerate excited states start to get smeared (or get split) when the initially-

separated atoms get closer and closer to one another.  The theoretically-derived 

fork intersections help experimentalists to conduct PLEAF more efficiently140,143.  

Obviously, the criterion to determine whether the excited states are degenerate 

directly affects the numerical value of where the fork intersection is. 

Herein, we set the fork intersection at the position where the energies of the 

degenerate excited states get split by at least 0.2 eV (Table 3.11).  This is because 

it seems to us that if we use the tolerance of 0.2 eV, fork intersections calculated 

from every diffuse basis set (including 3-21+G*) are consistent with one another, 

roughly within ~1 Å deviations among all diffuse basis sets.  But if we use the 

stricter criterion of 0.1 eV, then even some 6-311+G(d,p) results (i.e., the second 

largest basis set; Table A.12) could still show some significant deviations (e.g., 

more than ~2 Å) from the 6-311+G(2df,2p) (i.e., the largest basis set; Table 

A.12). 

From Table 3.11, as the number of beryllium atoms in a cluster increases from 

two to five, the fork intersections for singlet excited states generally get longer 

and longer, ranging from 7.0 Å to 9.6 Å.  Notably, in contrast to the singlets, the 

fork intersections of the triplet excited states are much shorter and are much less 

sensitive to the number of atoms, which slightly increases from 4.3 to 4.7 Å when 

the cluster size enlarges from Be2 to Be5. 
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The theoretical fork intersection of excited states PES of beryllium system that 

we can only find in the literature is at the level of MRCISD with a 

(12s6p3d2f1g)/[5s4p3d2f1g] basis set for the singlet excited states of Be2 (Table 

3.11 and Table A.12),153 and the value is estimated by putting fine grids based on 

Fig.1 of Ref.153.  It should be noted that the MRCISD fork intersection for the 

singlets is derived from three excited states and one of them is double-electron 

excited near equilibrium; whereas our fork intersection was determined from four 

single-electron excited states.  The experimental fork intersection149 estimated by 

us was also derived from three excited states.  Nonetheless, the deviation between 

the experimental fork intersection and MRCISD result is ~3Å.  By contrast, our 

fork intersections are generally longer than the MRCISD result by as much as ~1 

Å. 

For each kind of beryllium cluster, the number of 2p orbitals and the smeared 

excited states are also given in Table 3.11 (and Table A.12). It is obvious that the 

number of the latter is always not greater than the former.  Furthermore, the 

number of the smeared excited states depends on the geometry of atomic cluster, 

while the number of 2p orbitals does not.  For example, interestingly, in the case 

of the 2D Be4 with D2h point group symmetry, all the 12 excited states become 

non-degenerate when the inter-atomic distances are short enough.  By contrast, 

for the 3D Be4 with point group symmetry of Td, it only has a total of 5 smeared 

excited states, even less than the case of Be3 (which has a total of 6 smeared 

excited states). 
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Figure 3.8. The PESs of Be2 associated with 2s → 2p excitation.  The ground 

state X(1)1Ʃ𝒈+ is at the level of CAM-B3LYP/6-311+G(2df,2p). All the excited 

states are at the corresponding TD-DFT:TDA level.  The zero-reference energy is 

set at the sum of two single-atom ground-state energies for each level of theory.  

For the inter-atomic distance shorter than 1.8 Å, there can be imaginary 

excitation energy.  Thus, all excited state PESs were plotted from 1.8 Å.  The 

dominant molecular orbital (MO) transitions determined at 10 Å are listed in the 

legend, and the iso-surfaces of each MO at 10 Å are showed in Figure A.98. H → 

L stands for an MO transition from the highest occupied MO (HOMO) to the 

lowest unoccupied MO (LUMO).  For each singlet, there is a corresponding 

triplet that can be described by the same set of MO transitions (e.g., 1Πg and 3Πg). 

When the inter-atomic distance stretches to infinity as the system becomes a two-

separate-atom, the atomic orbitals of the two atoms are shown. 
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Figure 3.9. The PESs of Be2 associated with 2s → 2p excitation.  The functional 

is the same as in Figure 3.8 but with a smaller basis set 3-21+G*.  
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Figure 3.10. The PESs of linear Be3 associated with 2s → 2p excitation. The 

ground state X(1)1Ʃ𝒈+ is at the level of CAM-B3LYP/6-311+G(2df,2p). All the 

excited states are at the corresponding TD-DFT:TDA level.  The zero-reference 

energy is set at the sum of three single-atom ground-state energies for each level 

of theory.  For the inter-atomic distance shorter than 1.8 Å, there can be 

imaginary excitation energy.  Thus, all excited state PESs were plotted from 1.8 

Å.  The dominant molecular orbital (MO) transitions determined at 10 Å are 

listed in the legend, and the iso-surfaces of each MO at 10 Å are showed in 

Figure A.153. H → L stands for an MO transition from the highest occupied MO 

(HOMO) to the lowest unoccupied MO (LUMO).  For each singlet, there is a 

corresponding triplet that can be described by the same set of MO transitions (e.g., 
1Πg and 3Πg). When the inter-atomic distance stretches to infinity as the system 

becomes a three-separate-atom, the atomic orbitals of the three atoms are shown. 
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Figure 3.11. The PESs of linear Be3 associated with 2s → 2p excitation. The 

functional is the same as in Figure 3.10 but with a smaller basis set 3-21+G*. 
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Figure 3.12. The PESs of triangular Be3 associated with 2s → 2p excitation.  The 

ground state X(1) 1 '
1

A  is at the level of CAM-B3LYP/6-311+G(2df,2p).  All the 

excited states are at the corresponding TD-DFT:TDA level.  The zero-reference 

energy is set at the sum of three single-atom ground-state energies for each level 

of theory.  For the inter-atomic distance shorter than 1.8 Å, there can be 

imaginary excitation energy.  Thus, all excited state PESs were plotted from 1.8 

Å.  The dominant molecular orbital (MO) transitions determined at 10 Å are 

listed in the legend, and the iso-surfaces of each MO at 10 Å are showed in 

Figure A.200. H → L stands for an MO transition from the highest occupied MO 

(HOMO) to the lowest unoccupied MO (LUMO).  For each singlet, there is a 

corresponding triplet that can be described by the same set of MO transitions (e.g., 
1E" and 3E"). When the inter-atomic distance stretches to infinity as the system 

becomes a three-separate-atom, the atomic orbitals of the three atoms are shown. 
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Figure 3.13 The PESs of triangular Be3 associated with 2s → 2p excitation.  The 

functional is the same as in Figure 3.12 but with a smaller basis set 3-21+G*.  
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Table 3.11. The fork intersections for Be2 to Be5 derived from our calculations and estimated from references.[a] 

Expt and 
Electronic 
Structure 
Theory 

Be2 
D∞h (1D) 

Be3 Be4 Be5 
D∞h (1D) D3h (2D) D∞h (1D) D2h (2D) Td (3D) D∞h (1D) D5h (2D) D3h (3D) 

Single
t 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

TD-CAM-
B3LYP:TD

A/6-
311+G(2df,2

p) 

7.0 4.3 8.0 4.5 8.0 4.3 8.4 4.6 8.6 4.5 8.0 4.4 8.6 4.6 9.0 4.6 8.5 4.5 

TD-CAM-
B3LYP:TD
A/3-21+G* 

7.3 4.4 8.2 4.6 8.4 4.5 8.6 4.7 8.9 4.5 9.0 4.5 8.9 4.7 9.0 4.6 9.6 4.6 

Kaledin, et 
al.,[b] 

MRCISD  
6.1 - - - - - - - - - - - - - - - - - 

Bondybey, 
[c] Expt 3.4 - - - - - - - - - - - - - - - - - 

Number of 
2p orbitals 6 6 9 9 9 9 12 12 12 12 12 12 15 15 15 15 15 15 

Number of 
smeared 
excited 
states 

4 4 6 6 6 6 8 8 12 12 5 5 10 10 9 9 10 10 

[a] The fork intersection is determined at the inter-atomic distance where the energy gap of excited states are converged within 0.2 eV.  1D, 2D, 3D denote 
one-dimensional, two-dimensional and  three-dimensional geometry, respectively. “-” denotes the data cannot be found by us. 
[b] The fork intersections are estimated by making fine grids on the axes of Fig.1 in Ref.153 for the three singlet excited states. The basis set is 
(12s6p3d2f1g)/[5s4p3d2f1g]. 
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[c] The fork intersections are estimated by making fine grids on the axes of Fig.3 in Ref.149 for the three singlet excited states. 
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Towards this end, we briefly discuss the so-called “ghost” states of 

excitations,233-236  which are consequences of self-interaction errors embedded in 

DFT formula when a relatively low amount of Hartree-Fock functional is used.  

We encountered the ghost states only when we used the bare B3LYP functional 

(with and without TDA) and only on singlet excited states (Figure A.55-56, 

Figure A.63-64, Figure A.70-71,Figure A.78-79, Figure A.86-87, Figure A.94-95, 

Figure A.119-120, Figure A.126-127, Figure A.134-135, Figure A.142-143, 

Figure A.149-150, Figure A.156-157, Figure A.164-165, Figure A.172-173, 

Figure A.180-181, Figure A.188-189, Figure A.196-197 in APPENDIX A).  

These ghost states are extra and acritical states that physically should not exist.  

This is because, for example, their energies at the dissociation limit fail to reduce 

back to the energies for isolated/independent atoms at reasonable inter-atomic 

distances with respect to the non-ghost states. Furthermore, after carefully 

examining all the singlet excited states using the bare B3LYP functional, we 

figured out that the numerical origin of all these artificial “ghost” states is due to 

the reversed signs of some expansion coefficients of excited determinants 

associated with the non-ghost singlet excited states, in which the magnitudes of 

the coefficients of dominant orbital transitions are still intact. 

 

The relation between the number of atoms in Be cluster and the degeneracy 

of the number of excited states 

 

In order to better understand the energy un-smearing processes in the PLEAF, it 

should be of special interest in understanding the relation between the excited-

state degeneracy and the number of atoms in a cluster.  In Table 3.12, we list the 
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number of atoms and excited states associated with the single-electron excitations 

of 2s → 2p at the dissociation limit.  It turns out that the number of unoccupied 

MOs for each cluster is equal to the number of atomic orbitals (AOs) when the 

atoms become isolated/independent.  This is because the unoccupied MOs are 

constructed by a linear combination of atomic orbitals.   

 

Table 3.12. The relation between the number of atoms in beryllium cluster and 

the number of excited states associated with 2s → 2p excitation.[a] 

Number of atoms in a 
cluster 

Number of 2p 
orbitals 

Number of 
unoccupied MOs 

Number of the excited 
states[c] 

1 3 (3)[b] 3 

2 6 6 6 

3 9 9 9 

4 12 12 12 

5 15 15 15 

N 3N 3N 3N 
[a] The excited states are limited to valence-shell single-electron excitations. 
[b] In a single atom case, MO is not formed, while the number of 2p atomic orbitals is three. 
[c] Excluding all the artificial and extra “ghost” states. 

 

For example, for a Be dimer, each beryllium atom has three atomic 2p orbitals, 

thus there are a total of six 2p orbitals for two isolated/independent Be atoms.  As 

a result, for Be2, the number of unoccupied MOs associated with the 2p are six.  

Moreover, as we mentioned above, each electronic transition from one occupied 

orbital to the unoccupied orbital create one excited states.  Hence, the number of 

the excited states associated with the 2s → 2p is equal to six. 

We can easily generalize the above discussion to a beryllium cluster of N atoms. 

The number of the excited states associated with the 2s → 2p excitations now 

becomes 3N.  It should be noted that these are the upper-bound values for the 
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number of smeared (non-degenerate) excited states, though the final values still 

depend on the specific symmetry of the entire cluster system.  In general, the 

more number of atoms in a cluster, the larger number of the excited states can get 

smeared.  Towards this end, the relation discussed above for the 2s → 2p 

excitations can be summarized into the following equation for any size of a 

beryllium cluster: 

 ( ) ( ) ( )22 2  excited states unoccupied MOs AOs 3pNum s p Num Num N→ ≤ = = (3.2)  

where N is the number of atoms, Num2p denotes the numbers associated with the 

2p orbitals. 

 

3.4   Conclusions 

 

In summary, in this work, by comparing the theoretical and experimental results 

in the literature, we thoroughly and systematically benchmark the capability and 

practicality of TD-DFT for describing excited-state PESs on large beryllium 

atomic clusters, spanning widely from equilibrium positions to dissociation limits.  

This benchmark involves a total of 48 levels of TD-DFT theory, which would be 

of immense interest in shedding light on the mechanism behind the PLEAF 

experiments.  Otherwise, (very) high levels of theory, e.g., CC or FCI levels, 

would be computationally too expensive, despite of their (very) high accuracy 

(Flowchart 3.1). 

From Table 3.3, for 2.5 hours, if we employ EOM-CCSD/6-311+G(2df,2p), then 

we can finish a single-point excitation energy on a linear cluster of only 10 Be 
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atoms.  On the contrary, for merely 0.5 hour, if TD-CAM-B3LYP:TDA/6-

311+G(2df,2p) is used, then the single-point excitation energy can be finished on 

a linear cluster of 50 Be atoms.  Phenomenally, TD-CAM-B3LYP:TDA/3-21+G* 

only takes ~2 minutes to finish such a calculation on a linear cluster of 50 Be 

atoms. 

Owing to the delocalization of excited electronic density, evidently according to 

Table 3.4-5, Table A.5-6, using diffuse basis sets (as opposed to non-diffuse ones) 

are essential to describe the excited states.  For a single Be atom, TD-DFT results 

are quite good at excitation energy calculations, with errors between 0.4 to 1 eV. 

And the largest difference in energy between using 3-21+G* and 6-311+G(2df,2p) 

is only ~0.1 eV. 

For the ground-state PES on a Be dimer, in terms of equilibrium distance and 

dissociation energy (Table 3.6), DFT results are still quite accurate, with errors of 

0.35 Å and 0.07 eV, respectively.  3-21+G* results are similar to all larger basis 

set results. 

For the excited-state on a Be dimer, TDA needs to be used for eliminating 

imaginary excitation energies due to the triplet-instability problem in TD-DFT 

(Table 3.8).  In terms of equilibrium distance and dissociation energy, the largest 

errors using TD-CAM-B3LYP:TDA with diffuse basis sets are ~0.1 Å and ~0.3 

eV, respectively (including 3-21+G* results).  Moreover, in terms of the excited-

state PES (Figure 3.3), TD-CAM-B3LYP:TDA is at least as accurate as ~1 eV. 

For a Be trimer, in terms of the equilibrium distance, dissociation energy, and 

PES (Table 3.9-10 and Table A.9-10), once we use the diffuse basis sets 

(including 3-21+G* results), the maximum deviations of TD-CAM-B3LYP:TDA 
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values from the more reliable results are ~0.2 Å, ~0.2 eV, and ~1 eV, respectively. 

At last, we also show in Figure 3.8-9 and Figure 3.10-13 that indeed TD-

DFT:TDA with diffuse basis sets (including 3-21+G* results) is capable of 

simulating the energy un-smearing processes and fork intersections in the PLEAF 

experiments.  After excluding the artificial and extra “ghost” states (that have 

appeared only when the bare B3LYP functional was used on singlet excited 

sates), we also provide a generalized equation [i.e., Eq.(3.2)] to compute the 

upper-bound for the number of smeared excited states of 2s → 2p (Table 3.12). 

All the above conclusions send us a clear message that computations at the TD-

DFT:TDA level with diffuse basis sets, particularly at the level of TD-CAM-

B3LYP/3-21+G*, should be computationally-affordable to provide accurate 

information about excited-state PESs on (very) large Be clusters that extensively 

cover from equilibrium to dissociation positions.  As a result, we recommend that 

if the computational costs of TD-DFT:TDA are too expensive for using large 

basis sets, then the 3-21+G* basis set can still be a viable alternative without 

practically losing the accuracy. 

We believe this take-home message would serve as an important pilot work for 

future studies on unlocking the mechanism behind the energy un-smearing 

processes in the PLEAF experiments, which in turn would help experimentalists 

to design and conduct the PLEAF experiments more efficiently. 
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Chapter 4. Ab Initio Path-Integral Calculations of Kinetic 

Isotope Effects on a Diels-Alder Reaction of Isoprene with 

Maleic Anhydride 

 

4.1   Introduction 

 

In synthetic organic chemistry, the Diels-Alder (DA) reaction is one of the most 

commonly used methods to form a 6-membered cyclohexene system through the 

reaction between a conjugated diene and a substituted alkene (i.e., dienophile)237-

242. The popularity of the Diels-Alder reaction is due to its many advantages 

including good control of regio- and stereo-chemical properties of products, ease 

of reaction, ability to use renewable feedstocks as reactants, and high-value final 

products which are often the key structural blocks of pharmaceutical drugs237-

241,243-245. This series of reactions was first discovered by Otto Diels and Kurt 

Alder in 1928, for which they received the Nobel Prize in Chemistry in 1950242.  

After the discovery of Diels-Alder reaction, there has been tremendous interest in 

understanding the underlying reaction mechanism. Particularly, the explicit 

reaction pathway associating the reactant and product through transition state has 

been extensively investigated and discussed in the literature244-274. As we have 

described previously in Section 2.7 and 2.9 of Chapter 2, each reaction path is 

characterized by a certain rate-limiting transition state. Due to the difficulty in 

detecting the unstable transition-state complex directly in experiments, the 

measurement of kinetic isotope effects (KIE) has been a widely used and 
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powerful method to characterize the transition state 

experimentally21,96,97,99,134,135,139. More importantly, the ability to construct a 

series of hypothetical transition-state candidates based on theory and computation 

prior to experimental measurement makes the KIE computation an irreplaceable 

complementary tool to verify the most reasonable transition-state structure along 

with the reaction mechanism. By comparing the fingerprint KIE values between 

calculation and experiment, we can easily determine whether or not the 

hypothesized transition-state structure is reasonable. If the values are in good 

agreement with each other, then we can conclude the theoretically hypothesized 

transition-state structure could be the actual one. Furthermore, the confirmation 

of reaction path is essential for the illustration of the detailed reaction mechanism, 

e.g., the change in bonding environment or the redistribution of electron-density 

along reaction coordinate105-109. 

It is now well-established that the Diels-Alder reaction energetically favors a 

concerted mechanism rather than a stepwise cycloaddition mechanism237-

239,243,251,255,257-264,266,268-272. However, it is not yet clear whether the concerted 

transition state structures are synchronous (i.e., symmetrical) or not243,251,257,259-

262,269,270. There are some synchronous (or near synchronous) transition-state 

structures predicted from combined experimental and computational results of 

KIE values for symmetrically substituted reactants such as the reaction of 

acrylonitrile, fumaronitrile, vinylidene cyanide, and methyl trans-β-cyanoacrylate 

with isoprene260,269,270. On the other hand, several computational studies have 

pinpointed highly asynchronous transition-state structures for the reactions of 

acrolein, bis(boryl)acetylenes, dialkyl acetylenedicarboxylates, triazolinediones 

and dialkyl maleates with isoprene. These hypothesized transition-state structures 
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are also partly consistent with experimental rate observation and KIE 

measurements249,260,261. 

Moreover, it has been a concern that current computational and experimental KIE 

results are not precise enough to distinguish between two isomeric transition-state 

structures (e.g., endo and exo)245,251,256,257,262. For example, in an earlier research 

by Singleton, the nuclear magnetic resonance (NMR) technique which can 

simultaneously determine multiple kinetic isotope effects at natural abundance 

with high-precision, was tested on a typical Diels-Alder reaction of isoprene with 

maleic anhydride in xylene solvent251,262. Multiple KIE values for 2H and 13C 

isotopic substitutions have been obtained from NMR experiments using the 

methyl group as an internal reference and computations at the level of B3LYP/6-

31G* using Bigeleisen equation considering the one-dimensional parabolic 

tunneling effect. The comparison between the one set of experimental KIE values 

and two sets of computational results based on two isomeric transition-state 

structures (i.e., endo and exo) with concerted and slightly asynchronous 

mechanism is generally reasonable. However, there is one significant discrepancy 

since the experimental KIE values of the two hydrogen atoms at two sides of 

isoprene (H1in and H4in, see Figure 4.1) have a 3% difference (relative to the 

averaged KIE value of hydrogens in the methyl group), while the KIE values 

obtained from the electronic-structure calculations for both transition-state 

structures are very similar with a difference of only 0.5%. Moreover, the 

experimental and computational KIE results alone are still not precise enough to 

distinguish between the endo and exo forms of the primary (i.e., rate-limiting) 

transition-state structure, which is problematic since according to transition-state 
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theory (TST), there is only one primary transition state characterizing a certain 

reaction path. 

In fact, being able to precisely distinguish the most reasonable transition-state 

structure from different stereo-isomeric candidates in a reaction could have 

significant effects on the design of enantioselective Diels-Alder reactions using 

chiral organocatalysts and control of stereo-selectivity in the synthesis of stenine 

and other similar molecules245,256,275-277. Therefore, in this work, we attempt to re-

visit Singleton’s previously calculated KIE values on both endo and exo 

transition-state structures, in order to determine which set of KIE values are in 

closer agreement with experimental results and therefore can clearly distinguish 

between endo and exo structures. Moreover, to go beyond the Bigeleisen 

equation which is based on rigid-rotor decoupled harmonic oscillator 

approximation and further incorporate quantum tunneling effect and 

anharmonicity to the isotope effects, we have employed our recently developed 

auto-mated integration-free path-integral method (AIF-PI)103,104,108,109 based on 

Kleinert’s perturbation theory110 (see Section 2.9.3 of Chapter 2 and Ref.103-109 

for more details of the AIF-PI method). 

By accounting for the anharmonicity or quantum tunneling effects to the KIE 

values using our AIF-PI method, we hope there could be a clear difference of the 

computed KIE values at H1in and H4in positions of isoprene, and in good 

accordance with the experimental results. Furthermore, we expect the two sets of 

KIE values computed by us for the endo and exo transition-state structures using 

AIF-PI could be easily distinguishable, in contrast to the values calculated using 

conventional Bigeleisen equation. Therefore, by pinpointing the actual rate-
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limiting transition-state structure, the reaction mechanism of the Diels-Alder 

reaction between isoprene and maleic anhydride can be further elucidated.  

Indeed, in this study, after interpolating the original potential energy surfaces 

along each normal mode constructed at the level of MP2/6-311G(d,p) theory to 

obtain the centroid effective potential by using AIF-PI method, we have found 

the anharmonicity for the transition state and reactant at the H1in and H4in 

positions of isoprene is different. And, it further helps to reveal a ~3% difference 

of the computed KIE values between these two isotopic positions with regard to 

the harmonic KIE values, which is in excellent agreement with experimental 

results. Moreover, in terms of the maximum deviation of the KIE values to the 

experimental results, the AIF-PI calculated KIE values for the endo and exo 

transition-state structures can be readily distinguishable. As the maximum error 

between the AIF-PI calculation and experiment is ~12% for the endo structure 

while only ~3% for the exo. Therefore, in this sense, it can be concluded that the 

exo structure is more likely to be the actual rate-limiting transition-state structure 

in the Diels-Alder reaction of isoprene with maleic anhydride. 

We wish that by demonstrating the ability to distinguish between the two 

isomeric transition-state structures for a chemical reaction by further including 

inter-nuclear quantum-statistical effects to the KIE values, the AIF-PI method can 

be further applied to solve the problem of determining the endo/exo selectivity in 

Diels-Alder reactions from finger-print isotope effects, along with the most 

reasonable reaction mechanism elucidated. 
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(a) 

 

(b) 

Figure 4.1. (a) General reaction scheme for the concerted mechanism of Diels-

Alder reaction of isoprene with maleic anhydride and (b) atomic numberings of 

reactant isoprene. 

 

4.2   Computational Details 

 

A synthetic Diels-Alder reaction between isoprene and maleic anhydride was 

studied in this work (see Figure 4.1). There are 13 atoms with 38 electrons for the 

isoprene, and 9 atoms with 50 electrons for the maleic anhydride. For the 

transition state and product complexes, there are 22 nuclei with 88 electrons in 

total. We have employed two isomeric transition-state structures (endo and exo) 

which have been hypothesized and cannot be excluded in previous work based on 

the KIE values of a Diels-Alder reaction of isoprene and maleic anhydride251. To 

be consistent with previous experimental work, the positions of isotopic 
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substitution are in isoprene only, and we have used the trans conformer of the 

reactant isoprene251,262. 

The molecular structures of each stationary point along the reaction coordinate 

are optimized in the gas phase and in p-xylene (with dielectric constant e=2.2705) 

organic solvent at two levels of electronic-structure theory: B3LYP/6-311G(d,p) 

and MP2/6-311G(d,p), respectively. Vibrational frequency analysis has also been 

performed to confirm that all those stationary points are indeed the minimum or 

saddle points on the potential energy surface. The solvent effects are treated by 

including the Polarizable Continuum Model (PCM)278. We have used the fixed 

UAKS radii optimized at the PB0/6-31G(d) level of theory to define the 

molecular cavity which encompassing the solute atom. Meanwhile, the radii of all 

heavy atoms are modified specifically such that the free energy barriers of the 

reaction in solvent are lower than that in gas phase and still comparable to 

experimental values. One advantage of using fixed radii is that it ensures the 

entire PCM energy profile is continuous and smooth along the reaction 

coordinate. The software package GAUSSIAN 09229 is used for all the electronic-

structure calculations. 

To compute the harmonic KIE values (i.e., using decoupled rigid-rotor harmonic-

oscillator approximation and fulfilling the Redlich-Teller product rule), the 

widely used Bigeleisen equation is employed [see Eq.(2.107) in Chapter 2], 

which completely neglects the quantum tunneling effects and vibrational 

anharmonicity for the KIE values. Therefore, to go beyond Bigeleisen equation, 

we have refined Eq.(2.107) by virtue of the centroid effective potential within 

path-integral formalism [see Eq.(2.109) in Chapter 2]. The centroid effective 

potential W is both mass and temperature dependent, and is derived from our 
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AIF-PI method in this work making use of decoupled instantaneous normal 

coordinate approximation (DINCA). Although DINCA sacrifices some accuracy, 

in exchange it allows us to evaluate the separate contributions of quantum 

tunneling effects and anharmonicity to the KIE values by using Eq.(2.114)-

(2.116). 

In this work, we have adopted the general procedure when implementing AIF-PI 

method103-109. The original potential energy surface calculated from electronic-

structure theory along each normal mode is interpolated by a 20th-order 

polynomial with a step size of 0.1 Å. The centroid potential is calculated to the 

second order of KP expansion at most. We will use the notation KPn/Pm to 

denote the level of KP theory employed, where n means the order of KP 

expansion implemented to derive centroid potential W, and m denotes the order 

of polynomial chosen to interpolate the PCM potential energy surface. Previous 

research has concluded that accuracy at the level of KP2/P20 theory is generally 

satisfactory; so this level of KP theory is adopted in our path-integral calculations. 

To compute the KIE values, the entire molecule is quantized to obtain the 

harmonic KIE values by using Bigeleisen equation. To further include quantum 

tunneling effects and anharmonicity to the Diels-Alder reaction, we fully quantize 

all the nuclei using the AIF-PI method as well. All the path-integral calculations 

are performed with the MATHEMATICA
279 software package. 
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4.3   Results and Discussion 

 

 

 

Figure 4.2.  Endo and exo transition-state structures for the Diels-Alder reaction 

of isoprene and maleic anhydride optimized at the levels of B3LYP/6-311G(d,p) 

and MP2/6-311G(d,p) theory in gas phase, respectively. The bond lengths 

(angstrom) from B3LYP and MP2 are given in plain text and parentheses, 

respectively. The grey-colored atoms are carbon, the red-colored ones are oxygen, 

and the white atoms are hydrogens. The numbering of carbon atoms in isoprene 

is in accordance with Figure 4.1. 

(a) 

(b) 
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Table 4.1. Relative free energy barrier values for Diels-Alder reaction between 

isoprene and maleic anhydride in gas phase and p-xylene solvent calculated for 

stationary points along reaction coordinate[a]. 

 Rate-limiting transition state 

 Gas phase 
(kcal/mol) 

Solvent 
(kcal/mol) 

Experiment 
(kcal/mol)[b] 

Electronic structure theory TS endo TS exo TS 
endo TS exo TS 

B3LYP/6-311G(d,p) 31.68 32.80 31.25 31.83 
22.86 

MP2/6-311G(d,p) 15.80 19.24 15.70 19.05 
[a]Thermal corrections of free energy are computed in the decoupled rigid-rotor 
harmonic oscillator approximation. 
[b] The experimental value is extracted from Ref.273 and Ref.251 in a standard manner. 
Note the experimental data did not distinguish between endo and exo transition-state 
structures. 
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Figure 4.3 Adiabatic energy profile for Diels-Alder reaction with isoprene and 

maleic anhydride in gas phase with endo transition-state structures calculated at 

the level of B3LYP/6-311G(d,p) theory along with reaction coordinate. The first 

part of reaction coordinate is defined as the average bond length of two forming 

bonds C1-C6 and C4-C5, and the second part is defined as the dihedral angle of 

C1-C6-C5-C13 The profile has been mapped from the IRC path and has been 

shifted to match the rate-limiting free-energy barrier calculated in the decoupled 

rigid-rotor harmonic-oscillator approximation at 25°C.  
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Figure 4.4. Adiabatic energy profile for Diels-Alder reaction with isoprene and 

maleic anhydride in gas phase with exo transition-state structures calculated at 

the level of B3LYP/6-311G(d,p) theory along with reaction coordinate. The first 

part of reaction coordinate is defined as the average bond length of two forming 

bonds C1-C6 and C4-C5, and the second part is defined as the dihedral angle of 

C1-C6-C5-C13 The profile has been mapped from the IRC path and has been 

shifted to match the rate-limiting free-energy barrier calculated in the decoupled 

rigid-rotor harmonic-oscillator approximation at 25°C. 
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Figure 4.5. Adiabatic energy profile for Diels-Alder reaction with isoprene and 

maleic anhydride in gas phase with endo transition-state structures calculated at 

the level of MP2/6-311G(d,p) theory along with reaction coordinate. The first 

part of reaction coordinate is defined as the average bond length of two forming 

bonds C1-C6 and C4-C5, and the second part is defined as the dihedral angle of 

C1-C6-C5-C13 The profile has been mapped from the IRC path and has been 

shifted to match the rate-limiting free-energy barrier calculated in the decoupled 

rigid-rotor harmonic-oscillator approximation at 25°C. 
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Figure 4.6. Adiabatic energy profile for Diels-Alder reaction with isoprene and 

maleic anhydride in gas phase with exo transition-state structures calculated at 

the level of MP2/6-311G(d,p) theory along with reaction coordinate. The first 

part of reaction coordinate is defined as the average bond length of two forming 

bonds C1-C6 and C4-C5, and the second part is defined as the dihedral angle of 

C1-C6-C5-C13 The profile has been mapped from the IRC path and has been 

shifted to match the rate-limiting free-energy barrier calculated in the decoupled 

rigid-rotor harmonic-oscillator approximation at 25°C. 
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Figure 4.3-6 display the adiabatic energy profiles calculated at the levels of 

B3LYP/6-311G(d,p) and MP2/6-311G(d,p) theory for the Diels-Alder reaction 

with isoprene and maleic anhydride in the gas phase along the reaction coordinate 

defined by us. Both levels of theory have confirmed the concerted mechanism, 

i.e., the two bonds C1-C6 and C4-C5 (see Figure 4.2) are formed simultaneously; 

while the endo and exo transition-state structures are both slightly asynchronous 

(i.e., asymmetric, see Figure 4.2). The B3LYP free energy barrier for exo 

transition state is ~1.2 kcal/mol higher than that for the endo one, while the MP2 

gap between exo and endo is ~3.4 kcal/mol. Notably, the free energy barriers 

calculated from MP2 theory is considerably different from those of B3LYP. The 

maximum difference between the MP2 barriers and B3LYP barriers is ~15.8 

kcal/mol.  

Through comparing with the most relevant experimental free energy barrier value 

for the same reaction in benzene solvent (with a dielectric constant of 2.2706), 

the calculated value for exo transition state at the level of MP2/6-311G(d,p) is the 

closest to the experimental result. The maximum deviation is ~3.6 kcal/mol. 

However, the inclusion of a PCM solvation model using p-xylene ( e=2.2705) as 

solvent does not significantly influence the relative free energy barrier between 

the transition state and reactants, and the maximum change of the barrier with 

respect to that in gas phase is only ~1kcal/mol. 
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Table 4.2 The relative KIE values (2kH, 13kC) of endo transition state computed 

from Bigeleisen equation at the level of B3LYP/6-311G(d,p) and ab initio path-

integral method compared to experimental results[a]. 

 Rate-limiting transition state 

Endo 
25°C 

Electronic structure 
theory 

B3LYP/6-311G(d,p) 

Ab initio path-integral 
calculations Expt. 

Full harmonic KP2/P20  

Gas phase Gas phase Xylene solvent 

H1in(Reference) rH1in_BE rH1in_KP rH1in_Expt 

C2(Reference) rC2_BE rC2_KP rC2_Expt 

Methyl-H 1.086rH1in_BE 1.191rH1in_KP 1.101rH1in_Expt 

H3out 1.073rH1in_BE 1.056rH1in_KP 1.090rH1in_Expt 

H4in 1.004rH1in_BE 1.065rH1in_KP 1.033rH1in_Expt 

H4out 1.040rH1in_BE 1.090rH1in_KP 1.066rH1in_Expt 

H1out 1.029rH1in_BE 1.041rH1in_KP 1.053rH1in_Expt 

Methyl-C 0.997rC2_BE 0.996rC2_KP 0.999rC2_Expt 

C1 1.016rC2_BE 1.038rC2_KP 1.021rC2_Expt 

C3 0.998rC2_BE 0.947rC2_KP 0.999rC2_Expt 

C4 1.012rC2_BE 1.019rC2_KP 1.016rC2_Expt 
[a] Note the experimental KIE values251 are obtained relative to assumed internal 
standards. In this table, in order to minimize the deviations of the KIE values between 
KP2/P20 theory and experiment, the internal reference of KIE values for 2H substitution 
is set on H1in position, and for 13C it is set on C2 position. Therefore, the other KIE 
values are obtained relative to the referenced values. “Full harmonic” means the values 
are computed from Bigeleisen equation, in which the entire system is quantized. All the 
nuclei are also further quantized. See Computational Details for the meaning of 
KP2/P20. Methyl-H means the value is obtained by averaging the KIE from single-
substitution for the hydrogen atoms in methyl group. Methyl-C means the KIE value at 
the carbon in methyl group. 
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Table 4.3 The relative KIE values (2kH, 13kC) of exo transition state computed 

from Bigeleisen equation at the level of B3LYP/6-311G(d,p) and ab initio path-

integral method compared to experimental results[a]. 

 Rate-limiting transition state 

Exo 
25°C 

Electronic structure 
theory 

B3LYP/6-
311G(d,p) 

Ab initio path-
integral 

calculations 
Expt. 

Full harmonic KP2/P20  

Gas phase Gas phase Xylene solvent 

H1in(Reference) rH1in_BE rH1in_KP rH1in_Expt 

C2(Reference) rC2_BE rC2_KP rC2_Expt 

Methyl-H 1.112rH1in_BE 1.282rH1in_KP 1.101rH1in_Expt 

H3out 1.105rH1in_BE 1.078rH1in_KP 1.090rH1in_Expt 

H4in 1.005rH1in_BE 1.076rH1in_KP 1.033rH1in_Expt 

H4out 1.056rH1in_BE 1.118rH1in_KP 1.066rH1in_Expt 

H1out 1.040rH1in_BE 1.040rH1in_KP 1.053rH1in_Expt 

Methyl-C 0.998rC2_BE 0.994 rC2_KP 0.999rC2_Expt 

C1 1.015rC2_BE 0.999rC2_KP 1.021rC2_Expt 

C3 0.999rC2_BE 0.952rC2_KP 0.999rC2_Expt 

C4 1.013rC2_BE 1.065rC2_KP 1.016rC2_Expt 
[a] Note the experimental KIE values251 are obtained relative to assumed internal 
standards. In this table, in order to minimize the deviations of the KIE values between 
KP2/P20 theory and experiment, the internal reference of KIE values for 2H substitution 
is set on H1in position, and for 13C it is set on C2 position. Therefore, the other KIE 
values are obtained relative to the referenced values. “Full harmonic” means the values 
are computed from Bigeleisen equation, in which the entire system is quantized. All the 
nuclei are also further quantized. See Computational Details for the meaning of 
KP2/P20. Methyl-H means the value is obtained by averaging the KIE from single-
substitution for the hydrogen atoms in methyl group. Methyl-C means the KIE value at 
the carbon in methyl group. 
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Table 4.4 The relative KIE values (2kH, 13kC) of endo transition state computed 

from Bigeleisen equation at the level of MP2/6-311G(d,p) and ab initio path-

integral method compared to experimental results[a]. 

 Rate-limiting transition state 

Endo 
25°C 

Electronic structure 
theory 

MP2/6-311G(d,p) 

Ab initio path-
integral 

calculations 
Expt. 

Full harmonic KP2/P20  

Gas phase Gas phase Xylene solvent 

H1in(Reference) rH1in_BE rH1in_KP rH1in_Expt 

C3(Reference) rC3_BE rC3_KP rC3_Expt 

Methyl-H 1.071rH1in_BE 1.064rH1in_KP 1.101rH1in_Expt 

H3out 1.059rH1in_BE 1.068rH1in_KP 1.090rH1in_Expt 

H4in 1.014rH1in_BE 1.087rH1in_KP 1.033rH1in_Expt 

H4out 1.033rH1in_BE 1.187rH1in_KP 1.066rH1in_Expt 

H1out 1.026rH1in_BE 1.030rH1in_KP 1.053rH1in_Expt 

Methyl-C 1.001rC3_BE 1.048rC3_KP 1.000rC3_Expt 

C1 1.014rC3_BE 1.009rC3_KP 1.022rC3_Expt 

C2 1.001rC3_BE 1.099rC3_KP 1.001rC3_Expt 

C4 1.015rC3_BE 1.174rC3_KP 1.017rC3_Expt 
[a] Note the experimental KIE values251 are obtained relative to assumed internal 
standards. In this table, in order to minimize the deviations of the KIE values between 
KP2/P20 theory and experiment, the internal reference of KIE values for 2H substitution 
is set on H1in position, and for 13C it is set on C3 position. Therefore, the other KIE 
values are obtained relative to the referenced values. “Full harmonic” means the values 
are computed from Bigeleisen equation, in which the entire system is quantized. All the 
nuclei are also further quantized. See Computational Details for the meaning of 
KP2/P20. Methyl-H means the value is obtained by averaging the KIE from single-
substitution for the hydrogen atoms in methyl group. Methyl-C means the KIE value at 
the carbon in methyl group. 
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Table 4.5 The relative KIE values (2kH, 13kC) of exo transition state computed 

from Bigeleisen equation at the level of MP2/6-311G(d,p) and ab initio path-

integral method compared to experimental results[a]. 

 Rate-limiting transition state 

Exo 
25°C 

Electronic structure 
theory 

MP2/6-311G(d,p) 

Ab initio path-
integral 

calculations 
Expt. 

Full harmonic KP2/P20  

Gas phase Gas phase Xylene solvent 

H4in (Reference) rH4in_BE rH4in_KP rH4in_Expt 

C2 (Reference) rC2_BE rC2_KP rC2_Expt 

Methyl-H 1.081rH4in_BE 1.064rH4in_KP 1.066rH4in_Expt 

H1in 0.983rH4in_BE 0.968rH4in_KP 0.968rH4in_Expt 

H3out 1.070rH4in_BE 1.074rH4in_KP 1.055rH4in_Expt 

H4out 1.046rH4in_BE 1.053rH4in_KP 1.032rH4in_Expt 

H1out 1.031rH4in_BE 1.008rH4in_KP 1.019rH4in_Expt 

Methyl-C 1.000rC2_BE 1.000rC2_KP 0.999rC2_Expt 

C1 1.014rC2_BE 1.033rC2_KP 1.021rC2_Expt 

C3 0.999rC2_BE 0.988rC2_KP 0.999rC2_Expt 

C4 1.013rC2_BE 1.053rC2_KP 1.016rC2_Expt 
[a] Note the experimental KIE values251 are obtained relative to assumed internal 
standards. In this table, in order to minimize the deviations of the KIE values between 
KP2/P20 theory and experiment, the internal reference of KIE values for 2H substitution 
is set on H4in position, and for 13C it is set on C2 position. Therefore, the other KIE 
values are obtained relative to the referenced values. “Full harmonic” means the values 
are computed from Bigeleisen equation, in which the entire system is quantized. All the 
nuclei are also further quantized. See Computational Details for the meaning of 
KP2/P20. Methyl-H means the value is obtained by averaging the KIE from single-
substitution for the hydrogen atoms in methyl group. Methyl-C means the KIE value at 
the carbon in methyl group. 
 

To be consistent with experimental work, all of the KIE values we compute are 

expressed in relative to the absolute values of the internal standard. In other word, 

all the KIE values reported in Table 4.2 to Table 4.5 are not the absolute values 

from the computation, and have been referenced as the relative ratios to the 
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absolute values of the internal standard. And, the internal standards are chosen in 

the way that the deviation of the KIE values between our calculations at the level 

of KP2/P20 using AIF-PI and experiment is minimized. Obviously, in order to 

have a fair comparison between the calculation and experiment, once the internal 

standard is determined, the original KIE values from experiment and calculations 

at other positions should be referenced to the values at the same position of 

internal standard. Therefore, in Table 4.2 to Table 4.5, we have a total of six 

internal standards for each table, e.g., in Table 4.2, the internal standard for 2H 

isotopic substitution is chosen at H1in position. Although the original absolute 

KIE values at this position from B3LYP (rH1in_BE) and KP2/P20 (rH1in_KP) 

calculations and experiment (rH1in_Expt) could be different, after being scaled or 

referenced to the internal standards, the relative KIE ratios at other positions can 

be directly compared. 

From Table 4.2 to Table 4.3, it can be seen that the KIE values computed at the 

level of B3LYP/6-311G(d,p) on heavy atom substitution 13C using Bigeleisen 

equation, are generally in agreement with experimental values although the 

quantum tunneling effect and anharmonicity are completely neglected. The 

maximum deviation with experimental values is less than 1%, while for hydrogen 

2H substitution, the maximum error is increased to ~3%. Moreover, the 

experimental results (only one set) clearly indicate that the relative KIE value at 

H4in position is ~3% larger than that at H1in position. However, the B3LYP 

Bigeleisen KIE values at H1in and H4in positions, which are computed neither for 

the endo transition-state structure nor for the exo one are fairly similar, with the 

largest difference of only 0.5%. 
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Moreover, as we have described above in the section 1, the KIE values are very 

sensitive to the transition-state structures. On one hand, the KIE values can be 

measured experimentally without knowing any details on the transition-state 

structures. On the other hand, we can theoretically hypothesize possible transition 

state candidates. Then, by comparing the calculated KIE values with the 

experimental ones, and evaluating whether they agree well, there can be a perfect 

bridge linking the computation and experiment. However, from the B3LYP 

Bigeleisen KIE values alone, we are not able to clearly distinguish between the 

endo and exo isomeric transition states because the two sets of isotope effects are 

similar. In addition to the computational result that the relative KIE values at H1in 

and H4in are similar for both transition-state structures, the deviation of the KIE 

values between the endo and exo transition-state structures at other positions are 

also not significant. For example, the maximum deviation for the calculated endo 

structure (other than H1in and H4in positions) with experiment is 2.6%, while for 

the exo structure it is 1.5%. Since there can be only one primary transition state in 

a certain reaction path according to transition state theory, all these aspects from 

isotope effects have made it ambiguous to conclude which isomeric structure of 

the transition state is more likely. Similar to B3LYP, the relative KIE values on 

13C substitution calculated at the level of MP2/6-311G(d,p) are also in close 

agreement with experimental results, with the maximum deviation of only 0.8%. 

However, in contrast to B3LYP which has predicted nearly the same KIE values 

at H1in and H4in positions, the values computed from MP2 are slightly different, 

and more similar to the experimental result. From Table 4.4 and Table 4.5, we 

can see that the relative KIE at H4in is more normal than that at H1in by ~1.4% 

and 1.7% for endo and exo transition-state structures, respectively, compared to 3% 
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of experiment. On the other hand, the largest difference of endo transition state 

KIE with respect to the experiment is ~3%; while for exo it is ~1.5%. Therefore, 

although the harmonic KIE values calculated from MP2 theory are in better 

agreement with experimental results than those from B3LYP, it still cannot 

unambiguously distinguish between the endo and exo isomeric structures of the 

transition state. 

Remarkably, by employing the AIF-PI method based on KP theory to 

systematically include the anharmonicity and quantum tunneling effects which 

are completely neglected by Bigeleisen equation, it can be clearly found from 

Table 4.4 and Table 4.5 that the relative KIE values computed at H1in and H4in 

positions are distinct, either for the endo transition-state structure or the exo one. 

In Table 4.4 , the difference of the relative KIE values between the H1in and H4in 

positions calculated at the level of KP2/P20 theory is ~2 times larger than the 

experimental gap. And, the relative KIE values for the endo and exo transition-

state structures deviate considerably from the experimental data, the maximum 

deviation is ~9% and 18%, respectively. 

In Table 4.5, the difference between the KIE values at H1in and H4in positions for 

exo structure is ~3%, which is in excellent agreement with the experimental value; 

while for endo, the difference is increased to ~8%. Moreover, in Table 4.5, if we 

compare the two sets of KIE values for endo and exo transition-state structures 

calculated at the level of KP2/P20 with respect to the experimental results (only 

one set), it can be seen that the exo structure is much more favored because the 

largest deviation of the KIE values to experiment for exo is only ~3%, while for 

endo structure it can be up to ~12%. Since the KIE values are very sensitive to 

the transition-state structures, and are considered as the finger-print evidence for 
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deducing the structure; in this sense, the two sets of KIE values computed for 

endo and exo isomeric transition-state structures now can be distinguished. The 

computational results pinpoint that the exo transition state derived at the level of 

MP2/6-311G(d,p) theory is more likely to be the actual rate-limiting one in the 

Diels-Alder reaction of isoprene and maleic anhydride.  

Table 4.6.  The tunneling and anharmonicity contributions to the KIE for Diels-

Alder reaction between isoprene and maleic anhydride calculated from AIF-PI 

method[a]. 

Electronic 
structure 
theory: 
MP2/6-

311G(d,p) 

Ab initio path-integral calculations: KP2/P20 

kTun 
(TS 

endo) 

kTun 
(TS 
exo  

kAnhar 
(TS 

endo) 

kAnhar 
(TS 
exo) 

kAnhar 
(RS) 

kAnhar(TS 
endo)/ 

kAnhar(RS) 

kAnhar(TS 
exo)/ 

kAnhar(RS) 

Methyl-H 1.0001 1.0001 0.9788 1.0493 1.0415 0.9398 1.0075 

H1in 1.0001 1.0000 1.0691 1.1392 1.1304 0.9458 1.0078 

H3out 1.0001 1.0001 0.9811 1.0575 1.0289 0.9535 1.0278 

H4in 1.0001 1.0001 1.1041 1.1143 1.0889 1.0140 1.0233 

H4out 1.0020 1.0023 1.1143 1.1364 1.1056 1.0079 1.0279 

H1out 1.0022 1.0023 1.0651 1.1223 1.1233 0.9482 0.9991 

Methyl-C 1.0000 1.0000 1.0086 1.0554 1.0568 0.9544 0.9987 

C1 1.0023 1.0027 0.9669 1.0861 1.0698 0.9038 1.0152 

C2 1.0001 1.0001 0.9988 0.9972 0.9987 1.0001 0.9985 

C3 1.0000 1.0000 0.9679 1.0833 1.0624 0.9111 1.0197 

C4 1.0024 1.0025 1.0184 1.0368 0.9686 1.0514 1.0704 
[a] The tunneling factors kTun are calculated by using Eq.(2.114) in Chapter 2, and the 
anharmonicity factors kAnhar are calculated through Eq.(2.115) and (2.116) in Chapter 2. 
“TS endo” and “TS exo” denote the two isomeric transition-state structures, respectively, 
and RS means the reactant isoprene.  
 

In order to locate the origin of the contributions from anharmonicity and quantum 

tunneling effects to the KIE values, we have separately evaluated these two 
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aspects using AIF-PI method. From Table 4.6, we can see that the quantum 

tunneling effects in general do not significantly influence the final KIE values. 

For instance, the largest quantum tunneling contribution is only 0.27% on 13C 

substitution at C4 position. On the other hand, the largest anharmonicity factor 

we computed is found at H1in positions on the exo transition-state compound. We 

have identified the key normal mode of the exo transition state complex (see 

Figure 4.7) which has the largest anharmonicity contribution is at the H1in 

hydrogen. However, in Table 5.3, the ratio of the anharmonicity factor between 

the transition state and reactant for the H1in hydrogen is less than that for the H4in 

hydrogen by ~1.5 %, according to Eq.(2.118), the final KIE values at the level of 

KP2/P20 are obtained as the product of the harmonic values with the tunneling 

factor and total anharmonicity contribution. Therefore, it can be clearly seen that 

including anharmonicity for the transition state and reactant is essential for 

producing the reasonable KIE values at H1in and H4in positions, which is the 

reason that the harmonic KIE values computed from Bigeleisen equation cannot 

be matched with the experimental results. 
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(a) 

 

(b) 

Figure 4.7. The normal mode which has the largest anharmonicity contribution 

on the (a) exo transition state and (b) trans reactant isoprene is found to be 

associated with the H1in atom. The normal mode direction is showed in white 

arrow. 
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4.4   Conclusions 

 

In this work, to shed some light on the actual rate-limiting transition-state of a 

Diels-Alder reaction between isoprene and maleic anhydride, we have re-

examined the KIE values by employing electronic-structure methods at the levels 

of B3LYP/6-311G(d,p) and MP2/6-311G(d,p), as well as the AIF-PI method to 

further include inter-nuclear quantum-statistical effects. In terms of the free 

energy barrier between the transition state and reactant, the value calculated from 

MP2 with an exo transition-state structure is found to be the closest one to 

experimental value (the deviation is ~3.6 kcal/mol). The maximum difference of 

the barrier computed from MP2 and B3LYP can be up to ~15.8 kcal/mol. The 

inclusion of a PCM solvation model with p-xylene solvent ( e =2.2708) using 

fixed atomic radii based on UAKS optimized radii with special tuning at all 

heavy atoms does not significantly lower the free energy barrier (the largest 

change is ~1kcal/mol). Both levels of theory have confirmed the concerted while 

slightly asynchronous reaction mechanism for two hypothesized isomeric endo 

and exo transition-state structures. The KIE values (from Table 4.2 to Table 4.5) 

calculated using Bigeleisen equation at the level of MP2/6-311G(d,p) are 

generally closer to experimental values compared to those from B3LYP. 

However, from the comparison of the computational KIE values from Bigeleisen 

equation for endo and exo transition-state structures with the single set of 

experimental data, it is still not sufficient to distinguish the actual rate-limiting 

transition-state structure which characterizes the reaction path between endo and 

exo. This is because the finger-print like KIE values for the two isomeric 

transition states are quite similar to the experimental values (the maximum 
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deviation of the KIE values between computation for the endo and exo structures 

and experiment is only ~1.5%).  

By employing the AIF-PI method, we have evaluated the effects of quantum 

tunneling and anharmonicity on KIE values separately, as these two effects are 

completely neglected in the conventional Bigeleisen equation. It has been found 

that the quantum tunneling effect does not significantly influence the KIE values 

in the Diels-Alder reaction between isoprene and maleic anhydride, as the largest 

tunneling contribution is only ~0.27% (Table 4.6). However, in order to 

discriminate the KIE values at H1in and H4in positions of isoprene, the 

anharmonicity should be considered (Table 4.5). The relative deviation of KIE 

values at these two positions from our calculation at the level of KP2/P20 is 3%, 

which is in excellent agreement with the experimental results. 

Moreover, in contrast to the harmonic KIE values obtained from Bigeleisen 

equation which cannot distinguish the rate-limiting transition state from endo and 

exo, the KIE values computed from AIF-PI method can clearly identify the most 

reasonable transition-state structure between the endo and exo. Due to the 

computational results (Table 4.4 and Table 4.5) that the maximum deviation of 

the KIE values to experiment using exo transition-state structure is ~3%, while 

the error is increased to ~12% for the endo structure. Hence, in terms of the KIE 

values which are considered as the finger-print evidence of transition-state 

structures, we conclude the exo transition-state structure is more likely to be the 

actual rate-limiting one that characterizes the reaction path for the Diels-Alder 

reaction of isoprene with maleic anhydride. 
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Chapter 5. The Influence of Different Numbers of Quantized 

Nuclei on the Kinetic Isotope Effects of Base-Catalyzed RNA 

Transphosphorylation Models  

 

5.1 Introduction 

 

The reaction mechanism of a chemical process is essentially illustrated through a 

primary transition state (i.e., rate-limiting) which characterizes the reaction 

path21,96,99,103-109 (see Section 2.7, 2.8, 2.9 and 4.1). Being difficult to access in 

experiment, one common method to study the properties of transition state is to 

investigate the kinetic isotope effects (KIE) on a chemical reaction. The KIE is 

defined as the ration between the reaction rate of light isotope and heavy one [see 

Eq.(2.96)]. The computed KIE values can help us to determine the rate-limiting 

(primary) transition state by matching with the experimental results. 

Conventionally, the Bigeleisen equation is employed to obtain the harmonic KIE 

values. However, based on harmonic (the molecule is also treated as decoupled 

rigid-rotor) approximation, the Bigeleisen equation completely neglects the 

quantum tunneling effects and anharmonicity. Hence, the AIF-PI method has 

been developed by our group in recent years based on Kleinert’s variational 

perturbation theory using path-integral formalism (Section 2.9.3).  
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Figure 5.1. The model reaction used for base-catalyzed RNA phosphate 

transesterification. It demonstrates an associative reaction process for the 

dianionic methanolysis of ethylene phosphate. The labels “React.”, “ETS”, “Int.”, 

“LTS”, “Prod.” denote reactant, early transition state (ETS), intermediate state, 

late transition state (LTS), and product, respectively. The kinetic isotope effects 

are investigated on nucleophile O2', leaving group X5' (X=O in native, and X=S 

in S3' and S5'), O1P, O2P and X3' (X=O in native, and X=S in S3' and S5') 

positions with a PCM solvation model included in the reaction process. 

 

The AIF-PI method has been rigorously tested on the models where the exact 

quantum results are known and also successfully applied to a number of chemical 

reactions, e.g., chemical reactions of bacterial polycyclization and RNA 2´O-

transphosphorylation. In contrast to the widely used sampling-based methods 

such as path-integral molecular dynamics (PIMD)125-130 or Monte Carlo 

simulations (PIMC)114-119, an announced feature of our non-sampling non-

stochastic AIF-PI method is that the numerical precision of the computed values 

can be the same as that of the computing machine (although it is not as accurate 

as). 

Moreover, due to the integration-free feature of the AIF-PI method (Section 

2.9.3), it is computationally inexpensive so that the potential energy surfaces can 

be obtained by using well-established electronic-structure methods103-109. 
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However, the application of PIMD or PIMC simulations can be limited due to the 

high-computational cost in order for a reasonable sampling [e.g., it is important to 

have sufficient polymer beads along with a large number of configurations in 

PIMD simulation, in order to have enough number of nuclei quantized (although 

the number is often limited not greater than 10 at most) and the results 

converged]136,280-291. Meanwhile, when implementing AIF-PI method, we can 

arbitrarily choose the number of nuclei that to be quantized, and can avoid the 

issue of convergence which is often challenging to solve in sampling-based 

techniques when attempting to systematically quantize different numbers of 

nuclei. 

In this chapter, we propose to investigate the influence of different numbers of 

quantized nuclei on the KIE values in a systematical manner. Since in the 

previous work, when the AIF-PI method is employed to calculate the KIE values, 

although the entire system is quantized to obtain the harmonic KIE values, only 

part of all the nuclei are further quantized. For example, in the series of 

carboxylic-acid catalyzed protonation reactions which are the models of bacterial 

squalene-to-hopene polycyclization, there are only five nuclei (the entire system 

has more than 30 nuclei) are quantized including the donor and transferring 

ones103,104,108,109. And, on the models of base-catalyzed RNA 

transphosphorylation105-109, in which the essence of the process is presented by 

the reverse and dianionic methanolysis of ethylene phosphate (Figure 5.1), the 

number of quantized nuclei is up most to 7 (the entire system has 16 or 17 nuclei). 

It is not clear whether the number of quantized nuclei would influence the final 

KIE values or not. Additionally, when only a part of the nuclei are quantized, the 

important imaginary frequency along the reactive normal mode may not be 
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explicitly revealed, (as is the case in the models of base-catalyzed RNA 2´O-

transphosphorylation). As a result, the quantum tunneling and anharmonicity 

contributions to the KIE values cannot be evaluated separately (i.e., the tunneling 

contribution is implicitly included in the anharmonicity calculations). 

In this work, we still choose the models of base-catalyzed RNA 2´O-

transphosphorylation to perform KIE calculations using the AIF-PI method with 

different number of quantized nuclei. It is because the 2´O-transphosphorylation 

self-cleavage process of RNA strands is of particular importance and interest in 

biotechnologies and mysteries of the origin of life292-299. Meanwhile, the 

experimental and computational KIE values of this model reaction have been 

well documented along with the elucidation of reaction mechanism105-109. 

Therefore, in this chapter, we propose to investigate whether or not the computed 

KIE values would vary with different number of quantized nuclei, and to what 

extent if vary. For instance, it has been found that in the RNA 2´O-

transphosphorylation model reactions, even if there is only one nucleus being 

quantized, and the KIE value is obtained under decoupled rigid-rotor harmonic-

oscillator approximation, it is still very close to the value which is calculated with 

all the nuclei quantized, along with the quantum tunneling effects and 

anharmonicity included (the maximum deviation is ~0.5%). The result is further 

supported by explicit analysis of the contribution from tunneling and 

anharmonicity separately. Hence, we hope that our systematic investigation on 

the relationship between the KIE values and the number of quantized nuclei can 

serve as a reference for future more comprehensive research on the isotopes 

effects of more complex models of RNA catalytic reactions. 
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5.2   Computational Details 

 

In the simplest model of dianionic base-catalyzed RNA transphosphorylation 

reaction, there are 16 nuclei in the reactions, with 82 electrons in each native 

compound, and 90 electrons in each S3' and S5' ones, respectively. The molecular 

structures of the native and thio-substituted reactant and transition state in 

solution are optimized at the level of B3LYP/6-31+G(d), all these stationary 

points along the reaction path are verified by performing vibrational analysis 

subsequently. The solvent effects are treated with the inclusion of the Polarizable 

Continuum Model (PCM)278; in which the molecular cavity are defined by UAKS 

radii optimized at the PB0/6-31G(d) level of theory. Furthermore, the radii at O2' 

and X5' positions are modified specifically in order to make the free energy 

barriers based on fixed radii in sound agreement with experimental barriers. One 

advantage of using fixed radii is that the entire PCM energy profiles are 

maintained to be continuous and smooth along the reaction coordinate. All our 

electronic-structure calculations are using GAUSSIAN 09 software package229. 

When implementing AIF-PI method, the original potential energy surface along 

each normal mode is interpolated by a 20th-order polynomial with a step size of 

0.1 Å. The centroid potential is calculated up most to the second order of KP 

expansion. On the following we will use the notation KPn/Pm to denote the level 

of theory we used, where n means the order of KP expansion implemented to 

derive centroid potential W, and m denotes the order of polynomial chosen to 

interpolate the PCM potential energy surface. Previous tests have found that the 
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accuracy at the level of KP2/P20 theory is generally satisfied; the calculated 

centroid potential energy values usually deviate from the exact within a few 

percent.  

In this work, the entire molecules are quantized to obtain harmonic KIE values 

from Bigeleisen equation, and in order to systematically investigate the 

relationship between the KIE values and the number of quantized nuclei on our 

model of base-catalyzed RNA 2'-O-transphosphorylation, the number of nuclei 

we chose to further quantize ranges from 1 (1QM) to 16 (Full QM). It should be 

noted in 1QM case, the KIE value is computed from the isotopic substitution at 

the same position. For 3QM case, the phosphorous, O2', and X5' are quantized; in 

4QM case, O1P is quantized in addition; then O2P is quantized for 5QM, and O3' 

added for 6QM; in 7QM case, the carbon connected to O5' is further added; the 

carbon connected to O3' is quantized additionally for 8QM, and the carbon 

connected to O2' added for 9QM; in 12QM case, the three hydrogens connected 

to the carbon next to O5' are quantized, and in 14 QM case, the two hydrogens 

connected to the carbon next to O2' are further quantized. 

Based on the expression of KIE values within the framework of PI formalism 

[see Eq.(2.109)], in the cases that different numbers of nuclei are quantized, the 

KIE values can be further expressed as a function of the number of quantized 

nuclei as follows: 

 
‡

0 0 0
‡

0 00

‡ ‡
, ,

, ,

exp[ ( )]

exp[ ( )]
l n l n h KP

PI R R
n l n h KPh

W W
KIE

W W

w b

bw

æ ö - -÷ç ÷ç ÷= ç ÷ç ÷ - -ç ÷÷çè ø
 (5.1) 



137 
 

where 
n

W  is the effective centroid potential obtained at the centroid position of 

path integrals with n quantized nuclei; the subscript 
0
l and 

0
h denote the light 

isotope and heavy one, respectively, transition state is denoted by the superscript 

‡ , 1 /
B

k Tb = , 
B

k  is Boltzmann constant, T is  the temperature in Kevin.  

In the same manner, the harmonic KIE values in PI formalism which neglect 

quantum tunneling effects and under decoupled rigid-rotor harmonic-oscillator 

approximation (which is equivalent to the Bigeleisen equation) can also be 

expressed in terms of the number of quantized nuclei as: 

 
‡

0 0 0
‡

0 00

‡ ‡
, ,

( )

, ,

exp[ ( )]

exp[ ( )]
l n l n h harmonic

PI harmonic R R
n l n h harmonich

W W
KIE

W W

w b

bw

æ ö - -÷ç ÷ç ÷= ç ÷ç ÷ - -ç ÷÷çè ø
 (5.2) 

An announced feature of AIF-PI method is that the contributions from quantum 

tunneling effect and vibrational anharmonicity can be analyzed separately in 

terms of centroid potential using DINCA. Considering the cases that when the 

nuclei of the entire system are partially quantized, the imaginary frequency may 

not be revealed (i.e., it is implicitly embedded in the anharmonicity part), we only 

evaluate the quantum tunneling effects and anharmonicity separately when all the 

nuclei are sufficiently quantized by using Eq.(2.114)-(2.116). 

In this work, all our ab initio path-integral calculations using the AIF-PI method 

are implemented with MATHEMATICA
279 software package 
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5.3   Results and Discussion 

 

Table 5.1. The kinetic isotope effects calculated from Bigeleisen equation and AIF-PI 

method with only one nucleus quantized for native, S3' and S5' models at O2' 

nucleophile (18kNuc), X5' leaving group (18,34kLea), O1P (18kO1P), O2P (18kO2P) and 

X3' (18,34kX3') positions[a]. 

   
Ab initio path-integral calculations 

Rate-limiting transition state 

Electronic structure theory:  
B3LYP/6-31+G(d) 

Quantized 
nuclei 

18kNuc 18,34kLea 18kO1P 18kO2P 18,34kX3’ 

Native 
(37°C) 

harmonic 

O2' 0.9703 - - - - 

X5' - 1.0621 - - - 
O1P - - 1.0065 - - 
O2P - - - 1.0048 - 
X3' - - - - 1.0037 

KP1/P20 

O2' 0.9702 - - - - 
X5' - 1.0617 - - - 
O1P - - 1.0064 - - 

O2P - - - 1.0049 - 

X3' - - - - 1.0038 

KP2/P20 

O2' 0.9702 - - - - 
X5' - 1.0617 - - - 
O1P - - 1.0064 - - 
O2P - - - 1.0049 - 
X3' - - - - 1.0038 

S3' 
(37°C) 

harmonic 

O2' 1.0268 - - - - 
X5' - 1.0085 - - - 
O1P - - 1.0040 - - 
O2P - - - 1.0046 - 
X3' - - - - 1.0011 

KP1/P20 
O2' 1.0262 - - - - 

X5' - 1.0083 - - - 



139 
 

O1P - - 1.0042 - - 

O2P - - - 1.0049 - 

X3' - - - - 1.0012 

KP2/P20 

O2' 1.0262 - - - - 
X5' - 1.0084 - - - 

O1P - - 1.0042 - - 

O2P - - - 1.0049 - 

X3' - - - - 1.0012 

S5' 
(37°C) 

harmonic 

O2' 1.0226 - - - - 
X5' - 1.0021 - - - 
O1P - - 1.0044 - - 
O2P - - - 1.0044 - 
X3' - - - - 1.0053 

KP1/P20 

O2' 1.0227 - - - - 
X5' - 1.0022 - - - 

O1P - - 1.0045 - - 

O2P - - - 1.0048 - 

X3' - - - - 1.0053 

KP2/P20 

O2' 1.0227 - - - - 

X5' - 1.0022 - - - 
O1P - - 1.0045 - - 
O2P - - - 1.0048 - 
X3' - - - - 1.0053 

[a] When only one nucleus is quantized, it is at the same position as the isotopic 
substitution. “Full harmonic” denotes the values are computed by using Bigeleisen 
equation, in which the entire molecule is quantized (while all the nuclei are treated 
classically). The meaning of KP1/P20 and KP2/P20 can be found in Computational 
Details. “-” denotes the quantized nuclei and the isotopic substitution are not at the same 
position; hence the KIE values are not determined. 
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Table 5.2. The kinetic isotope effects calculated from AIF-PI method with the number 

of quantized nucleus ranging from 1 to 16 (fully quantized) for native, S3' and S5' 

models at O2' nucleophile (18kNuc) and X5' leaving group (18,34kLea) positions[a]. 

  
Ab initio path-integral calculations 

Rate-limiting transition state 
Electronic structure theory: 

B3LYP/6-31+G(d) Native PCM S3' PCM S5' PCM 

Number of quantized 
nuclei  18kNuc 18kLea 18kNuc 18kLea 18kNuc 34kLea 

1 

harmonic 0.9703 1.0621 1.0268 1.0085 1.0226 1.0021 

KP1/P20 0.9702 1.0617 1.0262 1.0083 1.0227 1.0022 

KP2/P20 0.9702 1.0617 1.0262 1.0084 1.0227 1.0022 

3 

harmonic 0.9705 1.0614 1.0270 1.0079 1.0228 1.0021 

KP1/P20 0.9708 1.0618 1.0274 1.0104 1.0231 1.0021 

KP2/P20 0.9708 1.0618 1.0274 1.0104 1.0231 1.0021 

4 

harmonic 0.9707 1.0613 1.0270 1.0079 1.0229 1.0020 

KP1/P20 0.9696 1.0606 1.0269 1.0077 1.0238 1.0023 

KP2/P20 0.9696 1.0607 1.0269 1.0077 1.0238 1.0023 

5 

harmonic 0.9708 1.0612 1.0271 1.0079 1.0230 1.0021 

KP1/P20 0.9707 1.0605 1.0266 1.0077 1.0234 1.0022 

KP2/P20 0.9707 1.0606 1.0266 1.0077 1.0233 1.0022 

6 

harmonic 0.9709 1.0612 1.0271 1.0079 1.0230 1.0021 

KP1/P20 0.9717 1.0596 1.0265 1.0077 1.0234 1.0023 

KP2/P20 0.9717 1.0596 1.0265 1.0077 1.0234 1.0023 

7 

harmonic 0.9709 1.0624 1.0269 1.0109 1.0230 1.0021 

KP1/P20 0.9717 1.0629 1.0260 1.0164 1.0231 1.0022 

KP2/P20 0.9717 1.0629 1.0260 1.0162 1.0231 1.0022 

8 

harmonic 0.9710 1.0624 1.0229 1.0109 1.0231 1.0021 

KP1/P20 0.9700 1.0609 1.0217 1.0159 1.0221 1.0022 

KP2/P20 0.9701 1.0610 1.0217 1.0157 1.0221 1.0022 

9 

harmonic 0.9700 1.0624 1.0272 1.0083 1.0232 1.0021 

KP1/P20 0.9752 1.0621 1.0265 1.0130 1.0234 1.0026 

KP2/P20 0.9748 1.0621 1.0265 1.0127 1.0234 1.0026 

12 

harmonic 0.9700 1.0643 1.0272 1.0087 1.0232 1.0021 

KP1/P20 0.9709 1.0646 1.0270 1.0087 1.0241 1.0014 

KP2/P20 0.9708 1.0647 1.0270 1.0088 1.0241 1.0014 

14 harmonic 0.9692 1.0643 1.0272 1.0087 1.0230 1.0021 
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KP1/P20 0.9741 1.0656 1.0233 1.0070 1.0250 1.0012 
KP2/P20 0.9738 1.0655 1.0234 1.0073 1.0248 1.0013 

16 (Full) 

harmonic 0.9692 1.0615 1.0250 1.0086 1.0198 1.0021 

KP1/P20 0.9730 1.0593 1.0272 1.0070 1.0279 1.0015 

KP2/P20 0.9726 1.0598 1.0271 1.0072 1.0276 1.0015 

Stdev. 

harmonic 0.0010 0.0011 0.0013 0.0011 0.0010 0.0000 

KP1/P20 0.0017 0.0019 0.0017 0.0034 0.0015 0.0004 

KP2/P20 0.0016 0.0018 0.0017 0.0032 0.0014 0.0004 
[a] in 1QM case, the KIE value is computed from the isotopic substitution at the same position. 
For 3QM case, the phosphorous, O2', and X5' are quantized; in 4QM case, O1P is quantized in 
addition; then O2P is quantized for 5QM, and O3' added for 6QM; in 7QM case, the carbon 
connected to O5' is further added; the carbon connected to O3' is quantized additionally for 8QM, 
and the carbon connected to O2' added for 9QM; in 12QM case, the three hydrogens connected to 
the carbon next to O5' are quantized, and in 14 QM case, the two hydrogens connected to the 
carbon next to O2' are further quantized. “Stdev.” means the standard deviation of all the values 
at each level of theory. 

 

Table 5.1 and Table 5.2 list the KIE values computed from harmonic Bigeleisen 

equation with entire system quantized and AIF-PI method with the number of 

quantized nuclei ranging from 1 to 16 (fully quantized). It is remarkable to see 

that even if there is only one nucleus being quantized, the partial harmonic KIE 

values (i.e., the quantum tunneling effects and anharmonicity are completely 

neglected) are already sufficiently close to the ones obtained from KP theory with 

all nuclei fully quantized and the quantum tunneling effects included as well as 

anharmonicity. The maximum difference is only ~0.5%. 

In this respect, it can be concluded that in our simplest model of base-catalyzed 

RNA transphosphorylation, quantizing only one nucleus is already sufficient to 

obtain the KIE values. Table 5.2 further supports the conclusion that we can see 

that the KIE values are pretty much insensitive with the systematic increasing of 

the number of quantized nuclei for three models. The largest standard deviation 

for the KIE values calculated from different number of quantized nuclei is only 

~0.3% at the level of KP1/P20 for S3' model on X5' leaving group position. From 
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Table 5.1-2, it is also notable that the difference of the results from KP1/P20 and 

KP2/P20 is marginal; the largest deviation is ~0.05%, which shows the 

phenomenal convergence property of our AIF-PI method. 

The reason of the insensitivity of the KIE values along with different numbers of 

quantized nuclei may be illustrated partly through the separate analysis of 

quantum tunneling effect and anharmonicity on the entire molecule. In Table 5.2, 

we have summarized the contributions from quantum tunneling effects and 

anharmonicity to the KIE values at O2' nucleophile and X5' leaving group 

positions separately, in which the entire system is quantized, as well as all the 

nuclei. It can be concluded that in overall speaking, the quantum tunneling effect 

and anharmonicity do not have significant effect on the final KIE values on our 

simplest model of base-catalyzed RNA transphosphorylation. The largest 

contribution from quantum tunneling and anharmonicity to the KIE values is ~0.3% 

and ~0.5%, respectively. In addition, in the native model, the imaginary 

frequency corresponding to the reactive normal mode can be revealed when six 

or above nuclei are quantized; while for S3' model, we should at least quantize 12 

nuclei, and for S5' model, quantizing 3 nuclei is sufficient to produce imaginary 

frequency so that explicit analysis of quantum tunneling effect and anharmonicity 

can be performed. 
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Table 5.3 The quantum tunneling factor and anharmonicity factor for the KIE 

values at O2' nucleophile (18kNuc) and X5' leaving group (18,34kLea) positions 

calculated based on centroid potential from AIF-PI method for the native, S3', 

and S5' models[a]. 

Electronic structure 
theory: 

B3LYP/6-31+G(d) 

Ab initio path-integral calculations 
18kNuc

 18,34kLea
 

kTun(TS) kAnhar(TS) kAnhar(RS) kTun(TS) kAnhar(TS) kAnhar(RS) 

Native 
PCM 

KP1/P20 1.0001 1.0000 0.9963 1.0025 0.9963 1.0007 

KP2/P20 1.0001 1.0001 0.9967 1.0025 0.9965 1.0006 

S3' PCM 
KP1/P20 1.0022 0.9981 0.9984 1.0001 0.9986 1.0003 

KP2/P20 1.0022 0.9983 0.9984 1.0001 0.9987 1.0002 

S5' PCM 
KP1/P20 1.0032 0.9998 0.9951 1.0000 0.9997 1.0002 

KP2/P20 1.0032 0.9999 0.9955 1.0000 0.9997 1.0002 
[a] The quantum tunneling factor and anharmonicity factor are calculated by using Eq.(2.114)-
(2.116). 

 

5.4   Conclusions 

 

In this work, we have systematically investigated the trend of KIE values 

computed using AIF-PI method along with the number of quantized nuclei 

ranging from 1 to 16 (fully quantized) on our simplest model of base-catalyzed 

RNA 2´O-transphosphorylation. The general mechanism of this process is 

illustrated through a reverse, dianionic, in-line methanolysis of ethylene 

phosphate reaction. The KIE results calculated from AIF-PI method are generally 

insensitive to different numbers of quantized nuclei, and are in close agreement 

with harmonic KIE values obtained from Bigeleisen equation. The largest 

standard deviation of the KIE values between different numbers of quantized 
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nuclei is only ~0.3% and the largest difference is also less than 1% compared to 

harmonic KIE values.  

Meanwhile, the convergence of the two levels of KP theory, i.e., KP1/P20 and 

KP2/P20 are notable that the difference of the results between themselves is only 

~0.05%. Subsequently, we have further analyzed the contribution from the 

quantum tunneling effect and anharmonicity separately to the KIE values based 

on the centroid effective potential obtained using AIF-PI method when all nuclei 

are quantized. Overall speaking, on our model system, the quantum tunneling 

contribution and anharmonicity are not that significant to the KIE values, the 

largest correction from quantum tunneling and anharmonicity to the final KIE 

values is ~0.3% and ~0.5%, respectively.  

It turns out that the model systems of base-catalyzed RNA 2´O-

transphosphorylation including native, S3' and S5' reactions are quite harmonic, 

and the influence of the number of quantized nuclei, the quantum tunneling 

effects and anharmonicity on the final KIE values is insignificant. Even if there is 

only one nucleus being quantized, the computed harmonic KIE values, without 

considering the quantum tunneling effects and anharmonicity, at the nucleophile 

O2', leaving group X5' (X=O in native, and X=S in S3' and S5'), O1P, O2P and 

X3' (X=O in native, and X=S in S3' and S5') positions are already sufficiently 

close to the ones computed from KP theory with the entire system quantized, as 

well as all the nuclei, and quantum tunneling effects and anharmonicity 

systematically included. The maximum deviation is only ~0.5%. 
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APPENDIX A 

Supporting Information for Chapter 3: Beryllium Atomic Clusters: TD-DFT 

Potential Energy Surfaces From Equilibrium to Dissociation for Excited 

States of 2s → 2p 

Table A.1. Wall-clock computing times of single-point excitation energy 
calculations at the remaining 24 out of our 49 levels of electronic structure theory 
for Be5 with D3h symmetry.[a] 

Atomic Cluster of Be5 with D3h symmetry[b]: 
Electronic Structure Theory 

4 processors, 20-GB memory 
Computing Time (hh:mm:ss)[c] 

Energies for first 10 singlet excited states 
TD-B3LYP/3-21G* 
TD-M06-2X/3-21G* 

TD-CAM-B3LYP/3-21G* 
TD-ωB97X-D/3-21G* 

TD-B3LYP:TDA/3-21G* 
TD-M06-2X:TDA/3-21G* 

TD-CAM-B3LYP:TDA/3-21G* 
TD-ωB97X-D:TDA/3-21G* 

00:00:04 
00:00:08 
00:00:04 
00:00:05 
00:00:04 
00:00:06 
00:00:04 
00:00:05 

TD-B3LYP/6-31G(d) 
TD-M06-2X/6-31G(d) 

TD-CAM-B3LYP/6-31G(d) 
TD-ωB97X-D/6-31G(d) 

TD-B3LYP:TDA/6-31G(d) 
TD-M06-2X:TDA/6-31G(d) 

TD-CAM-B3LYP:TDA/6-31G(d) 
TD-ωB97X-D:TDA/6-31G(d) 

00:00:09 
00:00:16 
00:00:09 
00:00:09 
00:00:06 
00:00:12 
00:00:09 
00:00:09 

TD-B3LYP/6-311+G(d,p) 
TD-M06-2X/6-311+G(d,p) 

TD-CAM-B3LYP/6-311+G(d,p) 
TD-ωB97X-D/6-311+G(d,p) 

TD-B3LYP:TDA/6-311+G(d,p) 
TD-M06-2X:TDA/6-311+G(d,p) 

TD-CAM-B3LYP:TDA/6-311+G(d,p) 
TD-ωB97X-D:TDA/6-311+G(d,p) 

00:00:19 
00:00:35 
00:00:21 
00:00:23 
00:00:15 
00:00:31 
00:00:21 
00:00:22 

[a]The number of the basis functions in this table for 3-21G*, 6-31G(d), and 6-311+G(d,p) is 45, 
75, and 110, respectively.  The computing environment can be found in the footnote of Table 3.1 
[b] The geometry of Be5 cluster is depicted in Figure 3.2(i).  All the inter-atomic distances are set 
at 5 Å to avoid the computing times from being too short (e.g., for TD-B3LYP/3-21G* at the 
equilibrium position of ~2 Å) and being too long (e.g., for EOM-CCSD/6-311+G(2df,2p) at ~10 
Å) too compare. 
[c] hh:mm:ss denotes hours:minutes:seconds in two digits for a wall clock. 
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Table A.2. Wall-clock computing times of single-point excitation energy 
calculations at the remaining of the 5 levels of electronic structure theory for 
linear Be2 to Be50.[a] 

Atomic cluster of linear BeN
[b] 4 processors, 20-GB memory 

Computing Time (hh:mm:ss)[c] 

N Electronic Structure Theory Energies for first 10 singlet excited 
states 

2 

TD-CAM-B3LYP:TDA/3-21+G* 

00:00:02 
3 00:00:03 
4 00:00:04 
5 00:00:05 
6 00:00:06 

10 00:00:11 
14 00:00:19 
18 00:00:28 
22 00:00:31 
26 00:00:40 
30 00:00:47 
34 00:01:03 
38 00:01:18 
42 00:01:37 
46 00:01:58 
50 00:02:17 
2 

TD-B3LYP/6-311+G(2df,2p) 

00:00:05 
3 00:00:11 
4 00:00:15 
5 00:00:25 
6 00:00:26 

10 00:01:14 
14 00:02:15 
18 00:03:40 
22 00:04:54 
26 00:07:32 
30 00:09:42 
34 00:11:38 
38 00:14:17 
42 00:17:38 
46 00:23:57 
50 00:29:35 
2 

TD-B3LYP/3-21+G* 

00:00:02 
3 00:00:03 
4 00:00:04 
5 00:00:04 
6 00:00:05 

10 00:00:12 
14 00:00:14 
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18 00:00:20 
22 00:00:27 
26 00:00:39 
30 00:00:47 
34 00:00:55 
38 00:01:06 
42 00:01:20 
46 00:01:40 
50 00:01:57 

[a] For the basis set of 3-21+G*, the number of basis functions when N = 30 and 50 is: 
390 and 650, respectively.  For the basis set of 6-311+G(2df,2p), the number of basis 
functions when N = 2, 3, 4, 5, 6, 10, 14, 18, 22, 26, 30, 34, 38, 42, 46, 50 is 68, 102, 136, 
170, 204, 340, 476, 612, 748, 884, 1020, 1156, 1292, 1428, 1564 and 1700, respectively.  
The computing environment can be found in the footnote of Table 3.1 
[b] To be comparable with Table 3.1 and Table 3.2, all the inter-atomic distances are also 
set at 5 Å. 
[c] hh:mm:ss denotes hours:minutes:seconds in two digits for a wall clock. 
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Table A.3. Basis set of 3-21G*: Excitation energies of a single beryllium atom. 

Expt and Electronic Structure 
Theory 

Excitation Energy (eV) 
(2s2s) 1S0  

(2s2p) 1P1 
(2s2s) 1S0  

(2s3s) 1S0 
(2s2s) 1S0  

(2s3p) 1P1 
(2s2s) 1S0  (2s2p) 

3P0,1,2 
(2s2s) 1S0  

(2s3s) 3S1 
(2s2s) 1S0  (2s3p) 

3P0,1,2 
MAE

[b] 
AAE

[c] 
TD-B3LYP 5.22 17.47 12.48 2.14 15.15 11.66 10.69 4.90 
TD-M06-2X 5.58 17.52 12.51 2.47 15.18 11.69 10.74 4.91 

TD-CAM-B3LYP 5.11 16.89 12.37 2.94 14.65 11.79 10.11 4.68 

TD-ωB97X-D 5.69 17.06 12.52 2.95 14.65 11.79 10.28 4.78 

TD-B3LYP:TDA 5.21 17.58 12.66 2.08 15.26 11.84 10.80 5.01 

TD-M06-2X:TDA 5.56 17.64 12.69 2.43 15.29 11.86 10.86 5.01 

TD-CAM-B3LYP:TDA 5.10 17.13 12.32 1.99 15.21 12.15 10.35 4.96 

TD-ωB97X-D:TDA 5.37 17.16 12.34 2.46 15.24 12.22 10.38 4.89 

EOM-CCSD/6-
311+G(2df,2p) 5.34 6.84 7.65 2.73 6.47 7.44 0.19 0.08 

Expt[a] 5.28 6.78 7.46 2.73 6.46 7.30 0 0 
[a] The experimental values are taken from Ref.152,158. 
[b] MAE denotes the maximum absolute error deviating from the experimental values among the six excited states. 
[c] AAE denotes the average absolute error deviating from the experimental values over the six excited states. 
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Table A.4. Basis set of 6-31G(d): Excitation energies of a single beryllium atom. 

Expt and Electronic Structure 
Theory 

Excitation Energy (eV) 
(2s2s) 1S0  

(2s2p) 1P1 
(2s2s) 1S0  

(2s3s) 1S0 
(2s2s) 1S0  

(2s3p) 1P1 
(2s2s) 1S0  (2s2p) 

3P0,1,2 
(2s2s) 1S0  

(2s3s) 3S1 
(2s2s) 1S0  (2s3p) 

3P0,1,2 
MAE

[b] 
AAE

[c] 
TD-B3LYP 5.31 14.47 12.36 2.08 12.40 11.58 7.69 3.92 
TD-M06-2X 5.69 12.40 12.54 2.45 12.43 11.61 7.08 3.61 

TD-CAM-B3LYP 5.11 13.72 11.87 2.56 12.03 11.55 6.94 3.59 

TD-ωB97X-D 5.66 13.83 11.92 2.67 12.03 11.59 7.05 3.64 

TD-B3LYP:TDA 5.29 14.53 12.52 2.02 12.46 11.74 7.75 4.00 

TD-M06-2X:TDA 5.67 14.61 12.56 2.41 12.48 11.76 7.83 4.02 

TD-CAM-B3LYP:TDA 5.27 14.08 12.29 2.18 12.58 12.16 7.30 3.95 

TD-ωB97X-D:TDA 5.59 14.10 12.31 2.57 12.62 12.22 7.32 3.95 

EOM-CCSD/6-
311+G(2df,2p) 5.34 6.84 7.65 2.73 6.47 7.44 0.19 0.08 

Expt[a] 5.28 6.78 7.46 2.73 6.46 7.30 0 0 
[a] The experimental values are taken from Ref.152,158. 
[b] MAE denotes the maximum absolute error deviating from the experimental values among the six excited states. 
[c] AAE denotes the average absolute error deviating from the experimental values over the six excited states. 
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Table A.5. Basis set of 6-31+G(d): Excitation energies of a single beryllium atom. 

Expt and Electronic Structure 
Theory 

Excitation Energy (eV) 
(2s2s) 1S0  

(2s2p) 1P1 
(2s2s) 1S0  

(2s3s) 1S0 
(2s2s) 1S0  

(2s3p) 1P1 
(2s2s) 1S0  (2s2p) 

3P0,1,2 
(2s2s) 1S0  

(2s3s) 3S1 
(2s2s) 1S0  (2s3p) 

3P0,1,2 
MAE

[b] 
AAE

[c] 
TD-B3LYP 4.90 6.36 6.92 2.11 5.83 6.46 0.84 0.57 
TD-M06-2X 5.14 6.39 7.06 2.45 5.84 6.47 0.83 0.44 

TD-CAM-B3LYP 4.78 6.32 6.82 2.54 5.90 6.43 0.87 0.54 

TD-ωB97X-D 5.13 6.35 7.02 2.64 5.92 6.43 0.87 0.42 

TD-B3LYP:TDA 4.93 6.50 7.13 2.05 5.95 6.71 0.68 0.46 

TD-M06-2X:TDA 5.19 6.53 7.25 2.41 5.96 6.72 0.58 0.33 

TD-CAM-B3LYP:TDA 4.92 6.46 7.12 2.21 5.90 6.54 0.76 0.48 

TD-ωB97X-D:TDA 5.15 6.47 7.21 2.57 5.91 6.57 0.73 0.36 

EOM-CCSD/6-
311+G(2df,2p) 5.34 6.84 7.65 2.73 6.47 7.44 0.19 0.08 

Expt[a] 5.28 6.78 7.46 2.73 6.46 7.30 0 0 
[a] The experimental values are taken from Ref.152,158. 
[b] MAE denotes the maximum absolute error deviating from the experimental values among the six excited states. 
[c] AAE denotes the average absolute error deviating from the experimental values over the six excited states. 
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Table A.6. Basis set of 6-311+G(d,p): Excitation energies of a single beryllium atom. 

Expt and Electronic Structure 
Theory 

Excitation Energy (eV) 
(2s2s) 1S0  

(2s2p) 1P1 
(2s2s) 1S0  

(2s3s) 1S0 
(2s2s) 1S0  

(2s3p) 1P1 
(2s2s) 1S0  (2s2p) 

3P0,1,2 
(2s2s) 1S0  

(2s3s) 3S1 
(2s2s) 1S0  (2s3p) 

3P0,1,2 
MAE

[b] 
AAE

[c] 
TD-B3LYP 4.88 6.21 6.78 2.09 5.83 6.45 0.85 0.63 
TD-M06-2X 5.13 6.23 6.88 2.43 5.83 6.47 0.83 0.51 

TD-CAM-B3LYP 4.70 6.13 6.65 2.33 5.82 6.29 1.01 0.68 

TD-ωB97X-D 5.06 6.15 6.78 2.50 5.82 6.30 1.00 0.57 

TD-B3LYP:TDA 4.89 6.38 7.00 2.03 5.96 6.70 0.70 0.51 

TD-M06-2X:TDA 5.15 6.40 7.09 2.39 5.97 6.72 0.58 0.38 

TD-CAM-B3LYP:TDA 4.86 6.35 7.01 2.19 5.90 6.54 0.76 0.53 

TD-ωB97X-D:TDA 5.09 6.36 7.08 2.55 5.91 6.56 0.74 0.41 

EOM-CCSD/6-
311+G(2df,2p) 5.34 6.84 7.65 2.73 6.47 7.44 0.19 0.08 

Expt[a] 5.28 6.78 7.46 2.73 6.46 7.30 0 0 
[a] The experimental values are taken from Ref.152,158. 
[b] MAE denotes the maximum absolute error deviating from the experimental values among the six excited states. 
[c] AAE denotes the average absolute error deviating from the experimental values over the six excited states. 
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Table A.7. Ground state properties of Be2 at the remaining 16 levels of 
electronic-structure theory[a]. 

Expt and Electronic Structure Theory 
Ground State: X(1)1Ʃ𝑔+ [a] 

Equilibrium Distance (Å) Dissociation  Energy (eV) 

B3LYP/3-21G* 2.58 0.15 

M06-2X/3-21G* 2.91 0.12 

CAM-B3LYP/3-21G* 3.12 0.04 

ωB97X-D/3-21G* 3.21 0.08 

B3LYP/6-31G(d) 2.51 0.21 

M06-2X/6-31G(d) 2.77 0.15 

CAM-B3LYP/6-31G(d) 2.72 0.08 

ωB97X-D/6-31G(d) 2.81 0.11 

B3LYP/6-31+G(d) 2.50 0.18 

M06-2X/6-31+G(d) 2.75 0.11 

CAM-B3LYP/6-31+G(d) 2.68 0.05 

ωB97X-D/6-31+G(d) 2.79 0.09 

B3LYP/6-311+G(d,p) 2.49 0.18 

M06-2X/6-311+G(d,p) 2.74 0.12 

CAM-B3LYP/6-311+G(d,p) 2.67 0.05 

ωB97X-D/6-311+G(d,p) 2.80 0.09 

Beyer et al.,[b] B3LYP/6-311++G(3df) 2.48 0.19 

Srinivas et al.,[c] B3LYP/6-31G 2.54 0.18 

Pastore et al.,[d] CAS-SCF/3s1p 2.37 0.31 

Pastore et al.,[d] CAS-SCF/4s2p1d 2.31 0.44 

Pastore et al.,[d] CAS-SCF/5s3p2d1f 2.29 0.46 

Pastore et al.,[d] MRCI/3s1p 4.88 -0.42 

Pastore et al.,[d] MRCI/4s2p1d 2.59 -0.03 

Pastore et al.,[d] MRCI/5s3p2d1f 2.48 0.05 

Bruna et al.,[e] MRCID 2.50 0.10 

Kaledin et al.,[f] MRCISD 2.41 0.13 
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Merritt et al.,[g] MRCISD/cc-PV5Z 2.41 0.14 

Merritt et al.,[g] CCSD(T)/cc-PV5Z 2.44 0.11 

Koput et al.,[h] CCSD(T)/aug-cc-pCVQZ 2.47 0.08 

Koput et al.,[h] CCSD(T)/aug-cc-pCV5Z 2.47 0.08 

Koput et al.,[h] CCSD(T)/aug-cc-pCV6Z 2.46 0.09 

Koput et al.,[h] CCSD(T)/aug-cc-pCV7Z 2.46 0.09 

Pecul et al.,[i] CC3/ aug-cc-PVTZ. 2.55 0.05 

Helal et al.,[j] FCI/7s6p 5.01 0.003 

Helal et al.,[j] FCI/7s6p5d 2.52 0.06 

Helal et al.,[j] FCI/7s6p5d4f 2.48 0.09 

Helal et al.,[j] FCI/7s6p5d4f3g 2.47 0.10 

Helal et al.,[j] FCI/7s6p5d4f3g2h 2.47 0.10 

Helal et al.,[j] FCI/7s6p5d4f3g2h1i 2.47 0.10 

Sharma et al.,[k] DMRG/cc-pCVQZ-F12 2.45 0.12 

Vetere et al.,[l] FCI/3s1p 5.27 0.002 

Vetere et al.,[l] FCI/4s2p 5.14 0.003 

Vetere et al.,[l] FCI/4s2p1d 2.66 0.02 

Vetere et al.,[l] FCI/5s3p2d 2.57 0.04 

Vetere et al.,[l] FCI/5s3p2d1f 2.52 0.08 

Bondybey,[m] Expt 2.45 0.10 

Bondybey,[n] Expt 2.47 0.10 

Merritt et al.,[o] Expt 2.45 0.12 

[a] Our equilibrium inter-atomic distances were obtained by minimizing the Be2, which were followed by 
frequency analyses to confirm the nature of stationary points.  The dissociation energy is defined as the 
difference in potential energy between the equilibrium and dissociation positions. 
[b] Ref.186 [c] Ref.193. [d] Ref.169  [e] Ref.161, with a specific basis set.   [f] Ref.153, with a basis set 
(12s6p3d2f1g)/[5s4p3d2f1g]. [g] Ref.155 [h] Ref.163 [i] Ref.166  [j] Ref.171 [k] Ref.172 [l] Ref.170 [m] Ref.151 [n] 
Ref.156. 
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Table A.8. Excited-state properties of Be2 at the remaining 46 levels of 
electronic-structure theory[a]. 

Expt and Electronic Structure 
Theory 

4 Excited States: (1)1Πg, (1)1Ʃ𝒖+, (1)3Ʃ𝒖+, (1)3Πg
[a] 

Equilibrium Distance (Å) Dissociation  Energy (eV) 

(1)1Πg (1)1Ʃ𝒖+ (1)3Ʃ𝒖+ (1)3Πg (1)1Πg (1)1Ʃ𝒖+ (1)3Ʃ𝒖+ (1)3Πg 

TD-B3LYP/3-21G* 1.96 2.22 2.21 2.10 3.81 1.80 3.18 2.51 

TD-M06-2X/3-21G* 1.83 2.20 2.10 1.99 4.05 1.66 3.58 2.67 

TD-CAM-B3LYP/3-21G* 1.91 2.26 2.25 2.14 3.70 1.67 3.35 2.32 

TD-ωB97X-D/3-21G* 1.97 2.37 2.33 2.16 3.56 1.61 3.33 2.21 

TD-B3LYP:TDA/3-21G* 1.97 3.68 2.14 2.01 4.06 4.21 2.00 1.96 

TD-M06-2X:TDA/3-21G* 1.97 3.10 2.10 2.00 4.10 4.27 2.18 2.31 

TD-CAM-B3LYP:TDA/3-21G* 1.96 2.84 2.12 2.00 3.88 4.17 1.97 1.82 

TD-ωB97X-D:TDA/3-21G* 1.98 2.83 2.17 2.03 3.72 3.95 1.93 1.78 

TD-B3LYP/3-21+G* 1.97 2.16 2.21 2.08 3.51 1.96 3.15 2.49 

TD-M06-2X/3-21+G* 1.81 2.15 2.10 1.98 3.77 1.88 3.51 2.62 

TD-CAM-B3LYP/3-21+G* 1.93 2.17 2.25 2.13 3.43 1.86 3.32 2.30 

TD-ωB97X-D/3-21+G* 1.97 2.26 2.33 2.14 3.31 1.76 3.31 2.19 

TD-B3LYP:TDA/3-21+G* 1.98 2.24 2.14 2.01 3.66 1.59 2.00 1.94 

TD-M06-2X:TDA/3-21+G* 1.98 2.21 2.10 2.01 3.25 1.35 2.17 2.27 

TD-ωB97X-D:TDA/3-21+G* 1.99 2.38 2.16 2.03 3.42 1.57 1.93 1.75 

TD-B3LYP/6-31G(d) 1.95 2.20 2.21 2.10 3.97 1.91 3.23 2.54 

TD-M06-2X/6-31G(d) 1.84 2.27 2.18 1.90 4.18 1.76 3.41 2.01 

TD-CAM-B3LYP/6-31G(d) 1.90 2.23 2.25 2.14 3.88 1.79 3.40 2.35 

TD-ωB97X-D/6-31G(d) 1.94 2.32 2.26 2.11 3.82 1.74 3.52 2.40 

TD-B3LYP:TDA/6-31G(d) 1.96 3.73 2.14 2.03 4.25 4.27 2.03 1.99 

TD-M06-2X:TDA/6-31G(d) 1.94 2.66 2.16 1.99 4.12 4.15 2.01 1.99 

TD-CAM-B3LYP:TDA/6-31G(d) 1.94 2.69 2.12 2.00 4.09 4.20 2.01 1.87 

TD-ωB97X-D:TDA/6-31G(d) 1.96 2.64 2.16 2.01 4.02 4.06 2.02 1.94 

TD-B3LYP/6-31+G(d) 1.96 2.15 2.20 2.08 3.55 2.01 3.16 2.49 

TD-M06-2X/6-31+G(d) 1.82 2.17 2.17 1.89 3.76 1.91 3.29 1.94 

TD-CAM-B3LYP/6-31+G(d) 1.92 2.16 2.25 2.12 3.50 1.93 3.34 2.30 

TD-ωB97X-D/6-31+G(d) 1.96 2.23 2.26 2.09 3.46 1.86 3.46 2.37 
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TD-B3LYP:TDA/6-31+G(d) 1.97 2.22 2.14 2.00 3.70 1.67 2.00 1.94 

TD-M06-2X:TDA/6-31+G(d) 1.95 2.25 2.16 2.01 3.58 1.76 1.97 1.92 

TD-CAM-B3LYP:TDA/6-31+G(d) 1.95 2.24 2.12 2.00 3.61 1.73 1.98 1.82 

TD-ωB97X-D:TDA/6-31+G(d) 1.97 2.31 2.15 2.01 3.58 1.69 1.99 1.89 

TD-B3LYP/6-311+G(d,p) 1.95 2.14 2.21 2.08 3.58 2.02 3.16 2.49 

TD-M06-2X/6-311+G(d,p) 1.83 2.18 2.19 1.90 3.70 1.87 3.21 1.82 

TD-CAM-B3LYP/6-311+G(d,p) 1.91 2.15 2.25 2.12 3.53 1.92 3.33 2.29 

TD-ωB97X-D/6-311+G(d,p) 1.96 2.21 2.26 2.12 3.45 1.83 3.45 2.43 

TD-B3LYP:TDA/6-311+G(d,p) 1.96 2.22 2.13 2.00 3.75 1.65 2.02 1.96 

TD-M06-2X:TDA/6-311+G(d,p) 1.95 2.25 2.15 2.02 3.58 1.70 1.92 1.83 

TD-CAM-B3LYP:TDA/6-
311+G(d,p) 1.95 2.23 2.11 1.99 3.65 1.69 2.00 1.83 

TD-ωB97X-D:TDA/6-311+G(d,p) 1.97 2.32 2.14 2.01 3.60 1.64 2.00 1.91 

TD-B3LYP/6-311+G(2df,2p) 1.95 2.14 2.20 2.08 3.60 2.03 3.16 2.49 

TD-M06-2X/6-311+G(2df,2p) 1.83 2.17 2.19 1.92 3.76 1.87 3.20 1.90 

TD-CAM-B3LYP/6-
311+G(2df,2p) 

1.91 2.15 2.25 2.12 3.55 1.93 3.33 2.30 

TD-ωB97X-D/6-311+G(2df,2p) 1.96 2.21 2.25 2.12 3.48 1.84 3.46 2.44 

TD-B3LYP:TDA/6-311+G(2df,2p) 1.96 2.12 2.13 2.00 3.77 1.67 2.03 1.96 

TD-M06-2X:TDA/6-
311+G(2df,2p) 

1.94 2.25 2.15 2.01 3.61 1.71 1.91 1.86 

TD-ωB97X-D:TDA/6-
311+G(2df,2p) 

1.97 2.32 2.13 2.01 3.62 1.65 2.01 1.92 

Pastore et al.,[b] CAS-SCF/3s1p - - 2.37 - - - 0.31 - 

Pastore et al.,[b] CAS-SCF/4s2p1d - - 2.31 - - - 0.44 - 

Pastore et al.,[b] CAS-SCF/5s3p2d1f - - 2.29 - - - 0.46 - 

Pastore et al.,[b] MRCI/3s1p - - N.A. - - - -0.42 - 

Pastore et al.,[b] MRCI/4s2p1d - - N.A. - - - -0.03 - 

Pastore et al.,[b] MRCI/5s3p2d1f - - 2.48 - - - 0.05 - 

Bruna et al.,[c] MRCID 2.02 2.25 2.17 2.05 3.58 1.89 1.83 1.65 

Kaledin et al.,[d] MRCISD 1.97 2.20 2.12 2.01 3.73 1.93 - - 

Pecul et al.,[e] CCSD/aug-cc-pVTZ 2.00 2.26 - - 3.44 1.84 - - 

Pecul et al.,[e] CC3/aug-cc-pVTZ 2.00 2.24 - - 3.60 1.92 - - 

Pecul et al.,[e] FCI/aug-cc-pVTZ 2.00 2.24 - - 3.66 1.95 - - 

Helal et al.,[f] FCI/7s6p - - 2.16 - - - 1.48 - 
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Helal et al.,[f] FCI/7s6p5d - - 2.13 - - - 1.83 - 

Helal et al.,[f] FCI/7s6p5d4f - - 2.13 - - - 1.89 - 

Helal et al.,[f] FCI/7s6p5d4f3g - - 2.13 - - - 1.91 - 

Helal et al.,[f] FCI/7s6p5d4f3g2h - - 2.13 - - - 1.91 - 

Helal et al.,[f] FCI/7s6p5d4f3g2h1i - - 2.13 - - - 1.91 - 

Vetere et al.,[g] FCI/3s1p - - 2.25 - - - - - 

Vetere et al.,[g] FCI/4s2p - - 2.25 - - - - - 

Vetere et al.,[g] FCI/4s2p1d - - 2.17 - - - - - 

Vetere et al.,[g] FCI/5s3p2d - - 2.14 - - - - - 

Vetere et al.,[g] FCI/5s3p2d1f - - 2.14 - - - - - 

Bondybey,[h] Expt - 2.19 - -  1.94 - - 

Bondybey, [i] Expt - 2.16 - -  1.90 - - 

Kaledin et al., [j] Expt - - - - 3.68 - - - 

[a] Our equilibrium inter-atomic distances were taken from the minimum-energy point of the PES scans.  
The dissociation energy is defined as the difference in potential energy between the equilibrium and 
dissociation positions.  "-" denotes the data cannot be found by us. 
 [b] Ref.169 [c] Ref.161, with a specific basis set. [d] Ref.153, with a basis set (12s6p3d2f1g)/[5s4p3d2f1g]. [e] 
Ref.166 [f] Ref.171. [g] Ref.170 [h] Ref.149. [i] Ref. 151 [j] Ref.153 
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Table A.9. Ground-state properties of linear Be3 at the remaining 20 levels of 
electronic-structure theory[a]. 

Electronic Structure Theory 

Ground State: X(1)1Ʃ𝑔+[a] 

Equilibrium Distance (Å) Dissociation Energy (eV) 

Linear[b] Triangular[c] Linear[b] Triangular[c] 

B3LYP/3-21G* 2.32 2.17 0.62 1.26 

M06-2X/3-21G* 2.44 2.19 0.33 1.03 

CAM-B3LYP/3-21G* 2.42 2.16 0.22 0.95 

ωB97X-D/3-21G* 2.65 2.20 0.22 0.95 

B3LYP/3-21+G* 2.30 2.18 0.65 1.27 

M06-2X/3-21+G* 2.38 2.20 0.35 1.04 

ωB97X-D/3-21+G* 2.58 2.20 0.23 0.95 

B3LYP/6-31G(d) 2.32 2.20 0.74 1.42 

M06-2X/6-31G(d) 2.40 2.19 0.47 1.23 

CAM-B3LYP/6-31G(d) 2.40 2.16 0.35 1.11 

ωB97X-D/6-31G(d) 2.52 2.21 0.35 1.11 

B3LYP/6-31+G(d) 2.30 2.12 0.71 1.34 

M06-2X/6-31+G(d) 2.37 2.19 0.42 1.14 

CAM-B3LYP/6-31+G(d) 2.37 2.16 0.32 1.01 

ωB97X-D/6-31+G(d) 2.49 2.21 0.31 1.05 

B3LYP/6-311+G(d,p) 2.29 2.16 0.73 1.38 

M06-2X/6-311+G(d,p) 2.36 2.18 0.44 1.17 

CAM-B3LYP/6-311+G(d,p) 2.35 2.14 0.34 1.09 

ωB97X-D/6-311+G(d,p) 2.49 2.19 0.31 1.07 

B3LYP/6-311+G(2df,2p) 2.29 2.16 0.74 1.39 

M06-2X/6-311+G(2df,2p) 2.36 2.18 0.45 1.19 

ωB97X-D/6-311+G(2df,2p) 2.46 2.19 0.31 1.08 
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Beyer et al.,[d] B3LYP/6-311++G(3df) - 2.16 - 1.40 

Srinivas et al.,[e] B3LYP/6-31G - 2.18 - 1.32 

Sudhakar et al.,[f] MP2/6-311+G(d) - 2.24 - 1.13 

Sudhakar et al.,[f] MP4/6-311+G(d) - 2.24 - 0.94 

Sudhakar et al.,[f] QCISD(T)/6-

311+G(d) 
- 2.24 - 0.72 

Kowalski et al.,[g] CCSD/3s2p1d 2.31 - -0.01[g] - 

Kowalski et al.,[g] CCSD(T)/3s2p1d 2.28 - 0.33[g] - 

Kowalski et al.,[g] CCSDt(I)/3s2p1d 2.28 - 0.34[g] - 

Watts et al.,[h] MRCI/4s2p1d - 2.33 - 0.60 

Harrison et al.,[i] MRCI/7s4p2d - 2.24 - 0.82 

Rendell et al.,[j] MRCI/5s3p2d1f - 2.22 - 0.98 

Rendell et al.,[j] CCSD(T)/5s3p2d1f - 2.24 - 0.88 

Junquera-Hernández et al.,[k] 

FCI/3s2p1d 
2.26 2.27 0.38 0.75 

Pastore et al.,[l] CAS-SCF/3s1p 2.22 - -0.41 - 

Pastore et al.,[l] CAS-SCF/4s2p1d 2.20 - -0.29 - 

Pastore et al.,[l] CAS-SCF/5s3p2d1f 2.18 - -0.26 - 

Pastore et al.,[l] MRCI/3s1p 2.33 - -0.57 - 

Pastore et al.,[l] MRCI/4s2p1d 2.21 - 0.26 - 

Pastore et al.,[l] MRCI/5s3p2d1f 2.18 - 0.46 - 

Vetere et al.,[m] FCI/3s1p 5.28 - 0.004 - 

Vetere et al.,[m] FCI/4s2p 5.10 - 0.01 - 

Vetere et al.,[m] FCI/4s2p1d 2.27 - 0.40 - 

Vetere et al.,[m] FCI/5s3p2d 2.24 - 0.50 - 

[a] No experimental results can be found by us. Our equilibrium inter-atomic distances were 
obtained by minimizing the Be3, which were followed by frequency analyses to confirm the 
nature of stationary points.  The dissociation energy is defined as the difference in potential 
energy between the equilibrium and dissociation positions. "-" denotes the data cannot be found 
by us. 
[b] Figure 3.1, (b) [c] Figure 3.1, (c) [d] Ref.186 [e] Ref.193 [f] Ref.183 [g] Ref.195, the values are 
estimated from Fig.1 by putting fine grid on the PES [h] Ref.181 [i] Ref.232 [j] Ref.178 [k] Ref.192 
[l] Ref.169 [m] Ref.170 
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Table A.10. Excited-state properties of Be3 at the remaining 46 levels of 
electronic-structure theory[a]. 

Electronic Structure Theory 
Excited State: (1)3Ʃ𝑢+[b] 

Equilibrium distance (Å) Dissociation  energy (eV) 

TD-B3LYP/3-21G* 2.29 3.84 

TD-M06-2X/3-21G* 2.30 4.45 

TD-CAM-B3LYP/3-21G* 2.35 3.79 

TD-ωB97X-D/3-21G* 2.43 3.76 

TD-B3LYP:TDA/3-21G* 2.15 3.40 

TD-M06-2X:TDA/3-21G* 2.12 3.59 

TD-CAM-B3LYP:TDA/3-21G* 2.12 3.34 

TD-ωB97X-D:TDA/3-21G* 2.15 3.24 

TD-B3LYP/3-21+G* 2.28 3.84 

TD-M06-2X/3-21+G* 2.29 4.42 

TD-CAM-B3LYP/3-21+G* 2.34 3.79 

TD-ωB97X-D/3-21+G* 2.42 3.76 

TD-B3LYP:TDA/3-21+G* 2.15 3.39 

TD-M06-2X:TDA/3-21+G* 2.12 3.57 

TD-ωB97X-D:TDA/3-21+G* 2.15 3.24 

TD-B3LYP/6-31G(d) 2.29 3.92 

TD-M06-2X/6-31G(d) 2.31 4.20 

TD-CAM-B3LYP/6-31G(d) 2.34 3.89 

TD-ωB97X-D/6-31G(d) 2.39 4.07 

TD-B3LYP:TDA/6-31G(d) 2.15 3.48 

TD-M06-2X:TDA/6-31G(d) 2.14 3.36 

TD-CAM-B3LYP:TDA/6-31G(d) 2.12 3.43 

TD-ωB97X-D:TDA/6-31G(d) 2.15 3.40 

TD-B3LYP/6-31+G(d) 2.28 3.87 

TD-M06-2X/6-31+G(d) 2.30 4.09 

TD-CAM-B3LYP/6-31+G(d) 2.33 3.84 

TD-ωB97X-D/6-31+G(d) 2.38 4.01 
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TD-B3LYP:TDA/6-31+G(d) 2.15 3.41 

TD-M06-2X:TDA/6-31+G(d) 2.14 3.28 

TD-CAM-B3LYP:TDA/6-
31+G(d) 2.12 3.36 

TD-ωB97X-D:TDA/6-31+G(d) 2.14 3.35 

TD-B3LYP/6-311+G(d,p) 2.28 3.87 

TD-M06-2X/6-311+G(d,p) 2.30 3.94 

TD-CAM-B3LYP/6-311+G(d,p) 2.32 3.83 

TD-ωB97X-D/6-311+G(d,p) 2.38 4.01 

TD-B3LYP:TDA/6-311+G(d,p) 2.14 3.45 

TD-M06-2X:TDA/6-311+G(d,p) 2.13 3.21 

TD-CAM-B3LYP:TDA/6-
311+G(d,p) 2.11 3.40 

TD-ωB97X-D:TDA/6-311+G(d,p) 2.14 3.39 

TD-B3LYP/6-311+G(2df,2p) 2.27 3.88 

TD-M06-2X/6-311+G(2df,2p) 2.29 3.95 

TD-CAM-B3LYP/6-
311+G(2df,2p) 2.32 3.83 

TD-ωB97X-D/6-311+G(2df,2p) 2.37 4.01 

TD-B3LYP:TDA/6-
311+G(2df,2p) 2.14 3.45 

TD-M06-2X:TDA/6-
311+G(2df,2p) 2.13 3.23 

TD-ωB97X-D:TDA/6-
311+G(2df,2p) 2.13 3.40 

Pastore et al.,[c] CAS-SCF/3s1p 2.20 - 

Pastore et al.,[c] CAS-SCF/4s2p1d 2.18 - 

Pastore et al.,[c] CAS-
SCF/5s3p2d1f 2.17 - 

Pastore et al.,[c] MRCI/3s1p 2.23 - 

Pastore et al.,[c] MRCI/4s2p1d 2.17 - 

Pastore et al.,[c] MRCI/5s3p2d1f 2.15 - 

Vetere et al.,[d] FCI/3s1p 2.25 - 

Vetere et al.,[d] FCI/4s2p 2.20 - 

Vetere et al.,[d] FCI/4s2p1d 2.19 - 

Vetere et al.,[d] FCI/5s3p2d 2.19 - 

[a] No experimental results can be found by us. 
[b] See Figure 3.2 (b) for the geometry.  Our equilibrium inter-atomic distances were taken from 
the minimum-energy point of the PES scans.  The dissociation energy is defined as the difference 
in potential energy between the equilibrium and dissociation positions.  "-" denotes the data 
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cannot be found by us. 
[c] Ref.169. [d] Ref.170 
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Table A.11. The fork intersections for Be2 to Be5 derived from our calculations at the remaining 46 levels of theory and estimated from 
references.[a] 

Expt and Electronic 
Structure Theory 

Be2 
D∞h (1D) 

Be3 Be4 Be5 

D∞h (1D) D3h (2D) D∞h (1D) D2h (2D) Td (3D) D∞h (1D) D5h (2D) D3h (3D) 
Singl

et 
Tripl

et 
Singl

et 
Tripl

et 
Singl

et 
Tripl

et 
Singl

et 
Tripl

et 
Singl

et 
Tripl

et 
Singl

et 
Tripl

et 
Singl

et 
Tripl

et 
Singl

et 
Tripl

et 
Singl

et 
Tripl

et 
TD-B3LYP/3-21G* 4.5 5.0 5.7 5.2 5.7 5.1 6.0 5.2 5.9 5.1 5.9 5.2 6.0 5.2 5.6 5.1 6.1 5.2 

TD-M06-2X/3-21G* 8.2 5.6 9.2 6.0 9.4 5.9 9.7 6.0 9.9 6.0 10.1 6.0 9.9 6.0 10.1 5.9 10.7 6.0 
TD-CAM-B3LYP/3-

21G* 8.4 4.9 9.4 5.1 9.4 5.1 9.9 5.2 10.2 5.1 10.3 5.1 10.1 5.2 10.3 5.1 10.9 5.2 

TD-ωB97X-D/3-21G* 8.5 5.0 9.5 5.3 9.7 5.3 10.0 5.3 10.3 5.3 10.4 5.3 10.2 5.7 10.4 5.2 11 5.3 
TD-B3LYP:TDA/3-

21G* 3.9 4.9 5.6 5.1 5.6 5.0 6.0 5.2 5.7 5.1 5.9 5.1 5.9 5.2 5.5 5.1 6.1 5.2 

TD-M06-2X:TDA/3-
21G* 9.4 5.8 10.6 5.9 10.8 5.9 11.1 6.0 11.4 6.0 11.6 6.0 11.4 6.0 11.6 5.9 12.3 6.0 

TD-CAM-
B3LYP:TDA/3-21G* 9.4 4.8 10.6 5.0 10.6 5.0 11.1 5.0 11.4 5.0 11.6 5.0 11.3 5.1 11.6 4.9 12.3 5.0 

TD-ωB97X-D:TDA/3-
21G* 9.4 5.0 10.6 5.2 10.8 5.0 11.1 5.3 11.4 5.1 11.6 5.3 11.4 5.2 11.6 5.2 12.3 5.3 

TD-B3LYP/3-21+G* 4.6 4.5 5.4 4.7 6.0 4.6 6.1 4.8 5.8 4.7 5.6 4.7 6.2 4.9 5.8 4.7 6.1 4.8 

TD-M06-2X/3-21+G* 6.8 5.0 7.4 5.6 7.2 5.6 7.7 5.6 7.7 5.6 7.7 5.7 7.7 5.9 8.1 5.6 9.1 5.9 
TD-CAM-B3LYP/3-

21+G* 6.7 4.5 7.5 4.7 7.6 4.6 7.9 4.8 8.1 4.7 8.2 4.6 8.1 4.8 8.3 4.7 8.7 4.7 

TD-ωB97X-D/3-21+G* 6.7 4.7 7.6 4.9 7.7 4.8 8.0 5.0 8.2 4.9 8.3 4.9 8.2 5.0 8.4 4.9 8.8 5.0 
TD-B3LYP:TDA/3-

21+G* 4.3 4.5 5.1 4.7 5.8 4.6 5.7 4.8 5.7 4.6 5.6 4.6 5.9 4.8 5.6 4.7 6.1 4.7 
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TD-M06-2X:TDA/3-
21+G* 7.4 5.0 8.1 5.6 8.1 5.5 8.5 5.6 8.5 5.6 8.2 5.7 8.7 5.9 8.7 5.5 9.1 5.8 

TD-ωB97X-D:TDA/3-
21+G* 7.4 4.6 8.0 4.8 8.5 4.6 8.7 4.9 8.9 4.8 9.2 4.8 9.0 4.9 9.2 4.7 9.7 4.9 

TD-B3LYP/6-31G(d) 4.4 4.5 5.7 4.7 5.9 4.6 5.8 4.8 5.8 4.7 5.8 4.7 6.0 4.8 5.5 4.7 5.9 4.8 

TD-M06-2X/6-31G(d) 6.2 4.9 7.0 5.0 7.2 5.0 7.4 5.3 7.6 5.0 7.7 5.3 7.6 5.3 7.7 5.0 8.2 5.3 
TD-CAM-B3LYP/6-

31G(d) 6.6 4.5 7.3 4.6 7.5 4.6 7.7 4.7 7.9 4.6 8.0 4.6 7.9 4.7 8.0 4.6 8.5 4.7 

TD-ωB97X-D/6-31G(d) 6.6 4.6 7.4 4.8 7.5 4.7 7.8 4.8 8.0 4.8 8.1 4.8 8.0 4.9 8.1 4.8 8.6 4.9 
TD-B3LYP:TDA/6-

31G(d) 4.0 4.4 5.6 4.6 5.9 4.5 5.8 4.7 5.7 4.6 5.8 4.6 5.8 4.7 5.4 4.6 6.0 4.7 

TD-M06-2X:TDA/6-
31G(d) 7.3 4.8 8.2 5.0 8.3 5.0 8.6 5.0 8.8 5.0 9.0 5.0 8.8 5.3 8.9 5.0 9.5 5.3 

TD-CAM-
B3LYP:TDA/6-31G(d) 7.3 4.3 8.2 4.5 8.4 4.4 8.6 4.6 8.9 4.5 9.0 4.5 8.8 4.6 9.0 4.5 9.5 4.6 

TD-ωB97X-D:TDA/6-
31G(d) 7.4 4.5 8.3 4.7 8.4 4.6 8.7 4.8 8.9 4.6 9.1 4.8 8.9 4.8 9.0 4.7 9.6 4.8 

TD-B3LYP/6-31+G(d) 4.7 4.5 5.7 4.7 5.9 4.6 6.1 4.8 5.7 4.7 5.6 4.7 6.1 4.8 5.7 4.7 6.1 4.7 

TD-M06-2X/6-31+G(d) 6.8 5.0 7.2 5.4 7.5 5.3 7.7 5.5 8.0 5.4 7.7 5.5 8.1 5.6 8.2 5.3 8.1 5.6 
TD-CAM-B3LYP/6-

31+G(d) 6.6 4.5 7.5 4.7 7.6 4.6 7.9 4.7 8.1 4.6 8.2 4.6 8.1 4.8 8.3 4.6 8.8 4.7 

TD-ωB97X-D/6-
31+G(d) 6.6 4.6 7.5 4.8 7.5 4.8 7.8 4.9 8.1 4.8 8.1 4.8 8.0 5.0 8.4 4.8 8.7 4.9 

TD-B3LYP:TDA/6-
31+G(d) 4.4 4.5 5.5 4.7 5.8 4.6 5.8 4.7 5.6 4.6 5.5 4.6 5.9 4.8 5.5 4.6 6.0 4.7 

TD-M06-2X:TDA/6-
31+G(d) 7.2 4.9 8.2 5.3 7.8 5.0 8.6 5.4 8.6 5.4 8.2 5.4 9.1 5.5 8.7 5.3 9.1 5.6 

TD-CAM-
B3LYP:TDA/6-31+G(d) 7.2 4.4 8.2 4.6 8.3 4.5 8.6 4.6 8.9 4.5 9.0 4.5 8.9 4.7 9.1 4.6 9.6 4.6 
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TD-ωB97X-D:TDA/6-
31+G(d) 7.2 4.6 8.0 4.8 8.2 4.6 8.6 4.8 8.8 4.8 9.1 4.8 8.7 4.9 9.1 4.7 9.5 4.8 

TD-B3LYP/6-
311+G(d,p) 4.7 4.5 5.9 4.7 5.9 4.6 6.1 4.8 5.7 4.7 5.6 4.7 6.2 4.8 5.7 4.7 6.0 4.7 

TD-M06-2X/6-
31+G(d,p) 6.8 5.0 7.6 5.6 7.5 5.5 7.7 5.6 7.8 5.6 7.7 5.6 8.1 5.8 8.2 5.5 8.2 5.9 

TD-CAM-B3LYP/6-
311+G(d,p) 6.7 4.5 7.6 4.7 7.7 4.6 8.0 4.7 8.2 4.6 8.3 4.6 8.1 4.8 8.3 4.6 8.8 4.7 

TD-ωB97X-D/6-
311+G(d,p) 6.7 4.6 7.6 4.8 7.7 4.8 7.8 5.0 8.3 4.8 8.4 4.8 8.2 5.0 8.4 4.8 8.9 4.9 

TD-B3LYP:TDA/6-
311+G(d,p) 4.4 4.5 5.6 4.7 5.8 4.5 5.9 4.7 5.7 4.6 5.5 4.6 6.0 4.8 5.6 4.6 6.0 4.7 

TD-M06-2X:TDA/6-
31+G(d,p) 7.5 5.0 8.2 5.4 7.8 5.3 8.4 5.6 8.5 5.4 8.3 5.5 9.1 5.6 8.8 5.4 9.1 5.6 

TD-CAM-
B3LYP:TDA/6-

311+G(d,p) 
6.7 4.5 7.6 4.7 7.7 4.6 8.0 4.7 8.2 4.6 8.3 4.6 8.1 4.8 8.3 4.6 8.8 4.7 

TD-ωB97X-D:TDA/6-
311+G(d,p) 7.4 4.6 8.3 4.8 8.5 4.6 8.7 4.8 8.9 4.8 9.1 4.8 9.0 4.9 9.1 4.7 9.7 4.8 

TD-B3LYP/6-
311+G(2df,2p) 4.8 4.3 5.9 4.7 6.0 4.6 6.1 4.8 5.7 4.7 5.6 4.7 6.2 4.8 5.7 4.7 6.0 4.7 

TD-M06-2X/6-
31+G(2df,2p) 5.5 5 7.6 5.6 7.5 5.6 7.7 5.8 7.8 5.6 7.7 5.6 8.1 5.9 8.2 5.5 8.2 5.9 

TD-CAM-B3LYP/6-
311+G(2df,2p) 7.2 5 7.6 4.7 7.7 4.6 8.0 4.7 8.2 4.6 8.3 4.6 8.1 4.8 8.3 4.6 8.8 4.7 

TD-ωB97X-D/6-
311+G(2df,2p) 6.3 4.4 7.6 4.8 7.7 4.8 8.0 5.0 8.3 4.8 8.4 4.8 8.2 5.0 8.4 4.8 8.9 5.0 

TD-B3LYP:TDA/6-
311+G(2df,2p) 4.3 4.3 5.6 4.7 5.8 4.5 5.7 4.7 5.8 4.6 5.5 4.6 6.0 4.8 5.6 4.6 6.0 4.7 

TD-M06-2X:TDA/6-
31+G(2df,2p) 6.9 4.9 8.1 5.4 7.8 5.4 8.4 5.6 8.5 5.5 8.3 5.5 9.1 5.6 8.8 5.4 8.4 5.6 

TD-ωB97X-D:TDA/6-
311+G(2df,2p) 6.8 4.3 7.6 4.5 7.2 4.5 7.8 4.6 7.8 4.4 8.6 4.6 8.3 4.6 8.3 4.7 9.0 4.6 
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Kaledin, et al.,[b] 

MRCISD  6.1 - - - - - - - - - - - - - - - - - 

Bondybey, [c] Expt 3.4 - - - - - - - - - - - - - - - - - 

Number of 2p orbitals 6 6 9 9 9 9 12 12 12 12 12 12 15 15 15 15 15 15 
Number of smeared 

excited states 4 4 6 6 6 6 8 8 12 12 5 5 10 10 9 9 10 10 

[a] The fork intersection is determined at the inter-atomic distance where the energy gap of excited states are converged within 0.2 eV.  1D, 2D, 3D denote one-dimensional, 
two-dimensional and  three-dimensional geometry, respectively. “-” denotes the data cannot be found by us. 
[b] The fork intersections are estimated by making fine grids on the axes of Fig.1 in Ref.153 for the three singlet excited states. The basis set is (12s6p3d2f1g)/[5s4p3d2f1g]. 
[c] The fork intersections are estimated by making fine grids on the axes of Fig.3 in Ref.149 for the three singlet excited states. 
 

 

 

 

 

 



166 
 

Table A.12. The fork intersections for Be2 to Be5 derived from our calculations at 48 levels of theory and estimated from references.[a] 
 

Expt and Electronic 
Structure Theory 

Be2 
D∞h (1D) 

Be3 Be4 Be5 

D∞h (1D) D3h (2D) D∞h (1D) D2h (2D) Td (3D) D∞h (1D) D5h (2D) D3h (3D) 

Singlet Triplet Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

Singl
et 

Tripl
et 

TD-B3LYP/3-21G* 5.1 5.0 6.1 5.2 6.4 5.1 6.5 5.2 6.6 5.1 6.6 5.2 6.5 5.2 6.2 5.1 6.7 5.2 

TD-M06-2X/3-21G* 8.2 5.6 9.2 6.0 9.4 5.9 9.7 6.0 9.9 6.0 10.1 6.0 9.9 6.0 10.1 5.9 10.7 6.0 

TD-CAM-B3LYP/3-21G* 8.4 4.9 9.4 5.1 9.4 5.1 9.9 5.2 10.2 5.1 10.3 5.1 10.1 5.2 10.3 5.1 10.9 5.2 

TD-ωB97X-D/3-21G* 8.5 5.0 9.5 5.3 9.7 5.3 10.0 5.3 10.3 5.3 10.4 5.3 10.2 5.7 10.4 5.2 11 5.3 

TD-B3LYP:TDA/3-21G* 4.8 4.9 6.2 5.1 6.5 5.0 6.4 5.2 6.5 5.1 6.6 5.1 6.4 5.2 6.0 5.1 6.8 5.2 

TD-M06-2X:TDA/3-21G* 9.4 5.8 10.6 5.9 10.8 5.9 11.1 6.0 11.4 6.0 11.6 6.0 11.4 6.0 11.6 5.9 12.3 6.0 
TD-CAM-B3LYP:TDA/3-

21G* 9.4 4.8 10.6 5.0 10.6 5.0 11.1 5.0 11.4 5.0 11.6 5.0 11.3 5.1 11.6 4.9 12.3 5.0 

TD-ωB97X-D:TDA/3-21G* 9.4 5.0 10.6 5.2 10.8 5.0 11.1 5.3 11.4 5.1 11.6 5.3 11.4 5.2 11.6 5.2 12.3 5.3 

TD-B3LYP/3-21+G* 4.7 5.0 6.6 5.2 6.9 5.1 7.0 5.2 6.7 5.2 7.0 5.2 7.1 5.3 6.5 5.1 7.1 5.2 

TD-M06-2X/3-21+G* 8.1 6.0 9.1 6.1 9.1 6.1 9.4 6.1 9.7 6.1 9.5 6.2 9.7 6.4 9.9 6.1 10.4 6.5 

TD-CAM-B3LYP/3-21+G* 8.5 4.9 9.5 5.1 9.7 5.0 10.0 5.2 10.3 5.1 10.5 5.1 10.2 5.3 10.4 5.1 11.1 5.2 

TD-ωB97X-D/3-21+G* 8.0 5.0 9.7 5.3 9.8 5.3 10.1 5.3 10.4 5.3 10.6 5.3 10.4 5.8 10.6 5.3 11.2 5.4 

TD-B3LYP:TDA/3-21+G* 5.3 4.9 6.3 5.1 6.9 5.0 6.7 5.2 6.7 5.1 7.0 5.1 6.8 5.2 6.3 5.1 7.1 5.2 

TD-M06-2X:TDA/3-21+G* 8.7 5.9 9.8 6.1 9.5 6.1 9.9 6.1 10.5 6.1 10.3 6.2 10.5 6.4 11.0 6.1 11.4 6.5 
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TD-CAM-B3LYP:TDA/3-
21+G* 9.3 4.8 10.4 5.0 10.6 4.9 10.9 5.1 11.2 5.0 11.4 5.0 11.2 5.1 11.4 5.0 12.1 5.0 

TD-ωB97X-D:TDA/3-
21+G* 9.4 5.0 10.5 5.2 10.7 5.0 11.0 5.3 11.3 5.2 11.5 5.3 11.3 5.3 11.5 5.2 12.2 5.3 

TD-B3LYP/6-31G(d) 5.0 4.9 6.3 5.1 6.5 5.0 6.4 5.2 6.4 5.1 6.4 5.1 6.4 5.2 5.9 5.1 6.5 5.2 

TD-M06-2X/6-31G(d) 7.9 5.3 8.9 5.5 9.1 5.5 9.3 5.5 9.6 5.5 9.7 5.7 9.5 5.6 9.7 5.4 10.3 5.6 

TD-CAM-B3LYP/6-31G(d) 8.2 4.8 9.2 5.0 9.4 5.0 9.7 5.1 10.0 5.0 10.1 5.1 9.9 5.1 10.1 5.0 10.7 5.1 

TD-ωB97X-D/6-31G(d) 8.3 5.0 9.3 5.2 9.5 5.0 9.8 5.2 10.1 5.2 10.1 5.3 10.0 5.2 10.2 5.0 10.8 5.3 

TD-B3LYP:TDA/6-31G(d) 4.4 4.8 6.1 5.0 6.4 4.9 6.1 5.1 6.4 5.0 6.5 5.1 6.3 5.1 6.1 5.0 6.6 5.1 

TD-M06-2X:TDA/6-31G(d) 9.2 5.3 10.3 5.5 10.5 5.4 10.8 5.5 11.1 5.5 11.3 5.7 11.0 5.6 11.2 5.4 11.9 5.7 
TD-CAM-B3LYP:TDA/6-

31G(d) 9.2 4.7 10.4 4.9 10.6 4.8 10.8 5.0 11.2 4.9 11.4 4.9 11.1 5.0 11.3 4.9 12.0 5.0 

TD-ωB97X-D:TDA/6-
31G(d) 9.3 4.9 10.4 5.0 10.6 5.0 10.9 5.0 11.2 5.0 11.4 5.3 11.2 5.2 11.4 5.2 12.1 5.2 

TD-B3LYP/6-31+G(d) 4.8 4.9 6.7 5.1 6.9 5.1 7.0 5.2 6.7 5.1 7.1 5.1 7.1 5.2 6.5 5.1 7.2 5.2 

TD-M06-2X/6-31+G(d) 7.7 5.6 9.1 5.9 9.0 5.9 9.6 6.0 9.6 6.0 9.6 6.1 9.7 6.0 9.8 5.9 10.2 6.3 
TD-CAM-B3LYP/6-

31+G(d) 8.4 4.9 9.5 5.1 9.8 5.0 10.1 5.1 10.3 5.1 10.5 5.1 10.3 5.2 10.5 5.0 11.1 5.1 

TD-ωB97X-D/6-31+G(d) 8.5 5.0 9.6 5.0 9.7 5.0 9.9 5.3 10.4 5.3 10.5 5.3 10.4 5.3 10.6 5.2 11.2 5.3 
TD-B3LYP:TDA/6-

31+G(d) 4.9 4.9 6.4 5.1 7.0 5.0 6.7 5.2 6.8 5.1 7.0 5.1 6.8 5.2 6.3 5.1 6.9 5.1 

TD-M06-2X:TDA/6-
31+G(d) 8.7 5.6 9.8 5.9 9.8 5.9 10.4 6.0 10.6 6.0 9.8 6.1 10.6 6.0 11.1 5.9 11.6 6.1 

TD-CAM-B3LYP:TDA/6-
31+G(d) 9.2 4.8 10.4 5.0 10.6 4.9 10.9 5.0 11.3 4.9 11.5 5.0 11.3 5.1 11.4 4.9 12.1 5.0 

TD-ωB97X-D:TDA/6-
31+G(d) 9.3 5.0 10.5 5.0 10.6 5.0 11.0 5.2 11.3 5.0 11.6 5.3 11.6 5.3 11.4 5.2 12.2 5.3 
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TD-B3LYP/6-311+G(d,p) 4.7 4.9 6.8 5.1 7.0 5.0 7.0 5.2 6.7 5.1 7.1 5.1 7.1 5.2 6.5 5.1 7.2 5.2 

TD-M06-2X/6-31+G(d,p) 7.8 5.6 9.1 6.0 9.1 6.0 9.6 6.1 9.9 6.1 9.9 6.1 9.8 6.1 10.1 6.0 10.6 6.3 
TD-CAM-B3LYP/6-

311+G(d,p) 8.5 4.9 9.5 5.1 9.7 5.0 10.0 5.2 10.3 5.1 10.5 5.1 10.3 5.2 10.4 5.1 11.1 5.1 

TD-ωB97X-D/6-
311+G(d,p) 8.6 5.0 9.7 5.2 9.9 5.0 10.2 5.3 10.4 5.3 10.6 5.3 10.4 5.3 10.6 5.2 11.2 5.3 

TD-B3LYP:TDA/6-
311+G(d,p) 4.9 4.9 6.5 5.1 6.9 5.0 6.7 5.2 6.7 5.1 7.0 5.1 6.8 5.2 6.3 5.1 7.1 5.1 

TD-M06-2X:TDA/6-
31+G(d,p) 8.7 5.6 9.9 6.0 10.0 6.1 10.6 6.1 11.0 6.0 11.0 6.1 10.9 6.1 11.2 6.0 11.8 6.3 

TD-CAM-B3LYP:TDA/6-
311+G(d,p) 9.3 4.8 10.4 5.0 10.6 4.9 10.9 5.1 11.3 4.9 11.5 5.0 11.3 5.1 11.4 4.9 12.1 5.0 

TD-ωB97X-D:TDA/6-
311+G(d,p) 9.4 5.0 10.5 5.2 10.7 5.0 11.0 5.3 11.3 5.0 11.5 5.3 11.3 5.3 11.5 5.2 12.2 5.3 

TD-B3LYP/6-
311+G(2df,2p) 4.7 4.7 6.8 5.1 7.0 5.0 6.9 5.2 6.7 5.1 7.1 5.1 7.1 5.2 6.5 5.1 7.3 5.2 

TD-M06-2X/6-
31+G(2df,2p) 6.6 5.6 8.8 6.0 9.1 6.0 9.6 6.1 9.9 6.1 9.9 6.1 9.8 6.1 10.1 6.0 10.6 6.3 

TD-CAM-B3LYP/6-
311+G(2df,2p) 8.7 5.4 9.5 5.1 9.7 5.0 10.0 5.2 10.3 5.1 10.5 5.1 10.3 5.2 10.4 5.1 11.1 5.1 

TD-ωB97X-D/6-
311+G(2df,2p) 7.8 4.9 9.7 5.3 9.9 5.2 10.2 5.3 10.4 5.3 10.6 5.3 10.4 5.3 10.6 5.7 11.2 5.3 

TD-B3LYP:TDA/6-
311+G(2df,2p) 5.0 4.7 6.5 5.1 6.9 4.9 6.7 5.2 6.7 5.0 7.0 5.1 6.8 5.2 6.3 5.1 7.1 5.1 

TD-M06-2X:TDA/6-
31+G(2df,2p) 8.7 5.5 9.9 6.0 8.1 6.0 10.6 6.1 11 6.0 11.0 6.1 10.8 6.1 11.2 6.0 11.8 6.3 

TD-CAM-B3LYP:TDA/6-
311+G(2df,2p) 7.5 4.5 8.3 4.4 9.1 4.6 8.9 4.7 9.3 4.6 10.1 4.7 9.1 4.8 9.1 4.6 10.6 4.7 

TD-ωB97X-D:TDA/6-
311+G(2df,2p) 7.9 4.8 8.3 5.0 10.7 5.0 10.2 5.0 11.1 4.9 10.7 4.9 10.4 5.0 10.8 4.9 11.5 5.0 

Kaledin, et al.,[b] MRCISD  7.0 - - - - - - - - - - - - - - - - - 
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Bondybey, [c] Expt 3.6 - - - - - - - - - - - - - - - - - 

Number of 2p orbitals 6 6 9 9 9 9 12 12 12 12 12 12 15 15 15 15 15 15 
Number of smeared excited 

states 4 4 6 6 6 6 8 8 12 12 5 5 10 10 9 9 10 10 

[a] The fork intersection is determined at the inter-atomic distance where the energy gap of excited states are converged within 0.1 eV.  1D, 2D, 3D denote one-dimensional, 
two-dimensional and  three-dimensional geometry, respectively. “-” denotes the data cannot be found by us. 
[b] The fork intersections are estimated by making fine grids on the axes of Fig.1 in Ref.153 for the three singlet excited states. The basis set is (12s6p3d2f1g)/[5s4p3d2f1g]. 
[c] The fork intersections are estimated by making fine grids on the axes of Fig.3 in Ref.149 for the three singlet excited states. 
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Figure A.1. The spin contamination of ground state Be2 as a function of inter-
atomic distance with 3-21G* basis set. 

 

 

 

Figure A.2. The spin contamination of ground state Be2 as a function of inter-
atomic distance with 3-21+G* basis set. 
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Figure A.3. The spin contamination of ground state Be2 as a function of inter-
atomic distance with 6-31G(d) basis set. 

 

 

Figure A.4. The spin contamination of ground state Be2 as a function of inter-
atomic distance with 6-31+G(d) basis set. 
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Figure A.5. The spin contamination of ground state Be2 as a function of inter-
atomic distance with 6-311+G(d,p) basis set. 

 

 

Figure A.6. The spin contamination of ground state Be2 as a function of inter-
atomic distance with 6-311+G(2df,2p) basis set. 
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Figure A.7. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 3-21G* and from experiment156. The zero-
reference energy is set as the sum of the ground state energy of two single atoms 
for each curve. 

 

 

Figure A.8. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 3-21+G* and from experiment156. The zero-
reference energy is set as the sum of the ground state energy of two single atoms 
for each curve. 
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Figure A.9. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 6-31G(d) and from experiment156. The zero-
reference energy is set as the sum of the ground state energy of two single atoms 
for each curve. 

 

 

Figure A.10. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 6-31+G(d) and from experiment156. The zero-
reference energy is set as the sum of the ground state energy of two single atoms 
for each curve. 
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Figure A.11. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 6-311+G(d,p) and from experiment156. The 
zero-reference energy is set as the sum of the ground state energy of two single 
atoms for each curve. 

 

 

Figure A.12. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 6-311+G(2df,2p) and from experiment156. The 
zero-reference energy is set as the sum of the ground state energy of two single 
atoms for each curve. 
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Figure A.13. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 3-21G* and from FCI results171 with different 
basis sets. The zero-reference energy is set as the sum of the ground state energy 
of two single atoms for each curve. 

 

 

Figure A.14. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 3-21+G* and from FCI results171 with 
different basis sets. The zero-reference energy is set as the sum of the ground 
state energy of two single atoms for each curve. 
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Figure A.15. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 6-31G(d) and from FCI results171 with 
different basis sets. The zero-reference energy is set as the sum of the ground 
state energy of two single atoms for each curve. 

 

 

Figure A.16. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 6-31+G(d) and from FCI results171 with 
different basis sets. The zero-reference energy is set as the sum of the ground 
state energy of two single atoms for each curve. 
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Figure A.17. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 6-311+G(d,p) and from FCI results171 with 
different basis sets. The zero-reference energy is set as the sum of the ground 
state energy of two single atoms for each curve. 

 

 

Figure A.18. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 6-311+G(2df,2p) and from FCI results171 with 
different basis sets. The zero-reference energy is set as the sum of the ground 
state energy of two single atoms for each curve. 
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Figure A.19. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 3-21G* and from FCI results170 with different 
basis sets. The zero-reference energy is set as the sum of the ground state energy 
of two single atoms for each curve. 

 

 

Figure A.20. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 3-21+G* and from FCI results170 with 
different basis sets. The zero-reference energy is set as the sum of the ground 
state energy of two single atoms for each curve. 
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Figure A.21. The PESs of Be2 for its ground state from our calculation using four 
levels of DFT theory with basis set 6-31G(d) and from FCI results170 with 
different basis sets. The zero-reference energy is set as the sum of the ground 
state energy of two single atoms for each curve. 

 

 

Figure A.22. The PESs of the ground state of Be2 from our calculation at four 
levels of DFT theory with basis set 6-31+G(d) and from FCI results170 with 
different basis sets. The zero-reference energy is set as the sum of the ground 
state energy of two single atoms for each curve. 
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Figure A.23. The PESs of the ground state of Be2 from our calculation at four 
levels of DFT theory with basis set 6-311+G(d,p) and from FCI results170 with 
different basis sets. The zero-reference energy is set as the sum of the ground 
state energy of two single atoms for each curve. 

 

 

Figure A.24. The PESs for the ground state of Be2 from our calculation at four 
levels of DFT theory with basis set 6-311+G(2df,2p) and from FCI results170 
using different basis sets. The zero-reference energy is set as the sum of the 
ground state energy of two single atoms for each curve. 
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Figure A.25. The PESs of Be2 from our calculation using four density 
functionals with 3-21G* basis set compared with experimental results149 
published in 1984. The zero-reference energy is set as the sum of the ground state 
energy of two single atoms for each curve. 
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Figure A.26. The PESs of Be2 from our calculation using four density 
functionals with 3-21+G* basis set compared with experimental results149 
published in 1984. The zero-reference energy is set as the sum of the ground state 
energy of two single atoms for each curve. 
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Figure A.27. The PESs of Be2 from our calculation using four density 
functionals with 6-31G(d) basis set compared with experimental results149 
published in 1984. The zero-reference energy is set as the sum of the ground state 
energy of two single atoms for each curve. 
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Figure A.28. The PESs of Be2 from our calculation using four density 
functionals with 6-31+G(d) basis set compared with experimental results149 
published in 1984. The zero-reference energy is set as the sum of the ground state 
energy of two single atoms for each curve. 
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Figure A.29. The PESs of Be2 from our calculation using four density 
functionals with 6-311+G(d,p) basis set compared with experimental results149 
published in 1984. The zero-reference energy is set as the sum of the ground state 
energy of two single atoms for each curve. 
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Figure A.30. The PESs of Be2 from our calculation using four density 
functionals with 6-311+G(2df,2p) basis set compared with experimental results149 
published in 1984. The zero-reference energy is set as the sum of the ground state 
energy of two single atoms for each curve. 
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Figure A.31. The PESs of Be2 from our calculation using four density 
functionals with 3-21G* basis set compared with MRCISD results153, the basis 
set for MRCISD calculation is (12s6p3d2f1g)/[5s4p3d2f1g]. The zero-reference 
energy is set as the sum of the ground state energy of two single atoms for each 
curve. 
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Figure A.32. The PESs of Be2 from our calculation using four density 
functionals with 3-21+G* basis set compared with MRCISD results153, the basis 
set for MRCISD calculation is (12s6p3d2f1g)/[5s4p3d2f1g]. The zero-reference 
energy is set as the sum of the ground state energy of two single atoms for each 
curve. 
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Figure A.33. The PESs of Be2 from our calculation using four density 
functionals with 6-31G(d) basis set compared with MRCISD results153, the basis 
set for MRCISD calculation is (12s6p3d2f1g)/[5s4p3d2f1g]. The zero-reference 
energy is set as the sum of the ground state energy of two single atoms for each 
curve. 
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Figure A.34. The PESs of Be2 from our calculation using four density 
functionals with 6-31+G(d) basis set compared with MRCISD results153, the basis 
set for MRCISD calculation is (12s6p3d2f1g)/[5s4p3d2f1g]. The zero-reference 
energy is set as the sum of the ground state energy of two single atoms for each 
curve. 
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Figure A.35. The PESs of Be2 from our calculation using four density 
functionals with 6-311+G(d,p) basis set compared with MRCISD results153, the 
basis set for MRCISD calculation is (12s6p3d2f1g)/[5s4p3d2f1g]. The zero-
reference energy is set as the sum of the ground state energy of two single atoms 
for each curve. 
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Figure A.36. The PESs of Be2 from our calculation using four density 
functionals with 6-311+G(2df,2p) basis set compared with MRCISD results153, 
the basis set for MRCISD calculation is (12s6p3d2f1g)/[5s4p3d2f1g]. The zero-
reference energy is set as the sum of the ground state energy of two single atoms 
for each curve. 
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Figure A.37. The PESs of singlet excited states of Be2 from our calculation with 
basis set 3-21G* compared with MRCID results161, the details of the basis set for 
MRCID calculation can be found at Ref161. The zero-reference energy is set as 
the sum of the ground state energy of two single atoms for each curve. 
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Figure A.38. The PESs of singlet excited states of Be2 from our calculation with 
basis set 3-21+G* compared with MRCID results161, the details of the basis set 
for MRCID calculation can be found at Ref161. The zero-reference energy is set 
as the sum of the ground state energy of two single atoms for each curve. 
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Figure A.39. The PESs of singlet excited states of Be2 from our calculation with 
basis set 6-31G(d) compared with MRCID results161, the details of the basis set 
for MRCID calculation can be found at Ref161. The zero-reference energy is set 
as the sum of the ground state energy of two single atoms for each curve. 
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Figure A.40. The PESs of singlet excited states of Be2 from our calculation with 
basis set 6-31+G(d) compared with MRCID results161, the details of the basis set 
for MRCID calculation can be found at Ref161. The zero-reference energy is set 
as the sum of the ground state energy of two single atoms for each curve. 
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Figure A.41. The PESs of singlet excited states of Be2 from our calculation with 
basis set 6-311+G(d,p) compared with MRCID results161, the details of the basis 
set for MRCID calculation can be found at Ref161. The zero-reference energy is 
set as the sum of the ground state energy of two single atoms for each curve. 
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Figure A.42. The PESs of singlet excited states of Be2 from our calculation with 
basis set 6-311+G(2df,2p) compared with MRCID results161, the details of the 
basis set for MRCID calculation can be found at Ref161. The zero-reference 
energy is set as the sum of the ground state energy of two single atoms for each 
curve. 
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Figure A.43. The PESs of triplet excited states of Be2 from our calculation with 
basis set 3-21G* compared with MRCID results161, the details of the basis set for 
MRCID calculation can be found at Ref161. The zero-reference energy is set as 
the sum of the ground state energy of two single atoms for each curve. 
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Figure A.44. The PESs of triplet excited states of Be2 from our calculation with 
basis set 3-21+G* compared with MRCID results161, the details of the basis set 
for MRCID calculation can be found at Ref161. The zero-reference energy is set 
as the sum of the ground state energy of two single atoms for each curve. 
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Figure A.45. The PESs of triplet excited states of Be2 from our calculation with 
basis set 6-31G(d) compared with MRCID results161, the details of the basis set 
for MRCID calculation can be found at Ref161. The zero-reference energy is set 
as the sum of the ground state energy of two single atoms for each curve. 
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Figure A.46. The PESs of triplet excited states of Be2 from our calculation with 
basis set 6-31+G(d) compared with MRCID results161, the details of the basis set 
for MRCID calculation can be found at Ref161. The zero-reference energy is set 
as the sum of the ground state energy of two single atoms for each curve. 
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Figure A.47. The PESs of triplet excited states of Be2 from our calculation with 
basis set 6-311+G(d,p) compared with MRCID results161, the details of the basis 
set for MRCID calculation can be found at Ref161. The zero-reference energy is 
set as the sum of the ground state energy of two single atoms for each curve. 
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Figure A.48. The PESs of triplet excited states of Be2 from our calculation with 
basis set 6-311+G(2df,2p) compared with MRCID results161, the details of the 
basis set for MRCID calculation can be found at Ref161. The zero-reference 
energy is set as the sum of the ground state energy of two single atoms for each 
curve. 
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Figure A.49. The PESs of the lowest triplet excited state of Be2 from our 
calculation with basis set 3-21G* compared with FCI results171,170.  

 

 

Figure A.50. The PESs of the lowest triplet excited state of Be2 from our 
calculation with basis set 3-21+G* compared with FCI results171,170.  
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Figure A.51. The PESs of the lowest triplet excited state of Be2 from our 
calculation with basis set 6-31G(d) compared with FCI results171,170.  

 

 

Figure A.52. The PESs of the lowest triplet excited state of Be2 from our 
calculation with basis set 6-31+G(d) compared with FCI results171,170.  
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Figure A.53. The PESs of the lowest triplet excited state of Be2 from our 
calculation with basis set 6-311+G(d,p) compared with FCI results171,170.  

 

 

Figure A.54. The PESs of the lowest triplet excited state of Be2 from our 
calculation with basis set 6-311+G(2df,2p) compared with FCI results171,170.  
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Figure A.55. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with B3LYP/3-21G* employed. The “ghost” states are 
also plotted. The dominant MO transitions (the gap of their coefficients is within 
0.1) are determined at 10 Å. For each singlet, there is a corresponding triplet 
which can be described by the same MO transitions (e.g., 1Πg and 3Πg). H → L 
stands for MO transition from HOMO to LUMO. The iso-surfaces of all HOMOs 
and LUMOs are obtained at 10 Å, and the energies of all LUMOs are within 0.2 
eV degeneracy. The zero-reference energy is set as the sum of the ground state 
energy of two single atoms. 

 

Figure A.56. The PESs of Be2 associated with 2s → 2p excitation as Figure A.55 
but with TDA employed.  
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Figure A.57. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with M06-2X/3-21G* employed.  

 

 

Figure A.58. The PESs of Be2 associated with 2s → 2p excitation as Figure A.57 
but with TDA employed. 
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Figure A.59. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with CAM-B3LYP/3-21G* employed.  

 

 

Figure A.60. The PESs of Be2 associated with 2s → 2p excitation as Figure A.59 
but with TDA employed. 
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Figure A.61. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with ωB97X-D/3-21G* employed.  

 

 

Figure A.62. The PESs of Be2 associated with 2s → 2p excitation as Figure A.61 
but with TDA employed. 
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Figure A.63. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with B3LYP/3-21+G* employed. The “ghost” states are 
also plotted.  

 

 

Figure A.64. The PESs of Be2 associated with 2s → 2p excitation as Figure A.63 
but with TDA employed. 
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Figure A.65. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with M06-2X/3-21+G* employed.  

 

 

Figure A.66. The PESs of Be2 associated with 2s → 2p excitation as Figure A.65 
but with TDA employed. 
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Figure A.67. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with CAM-B3LYP/3-21+G* employed.  

 

 

Figure A.68. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with ωB97X-D/3-21+G* employed.  

 

 

 



216 
 

 

Figure A.69. The PESs of Be2 associated with 2s → 2p excitation as Figure A.68 
but with TDA employed. 

 

 

Figure A.70. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with B3LYP/6-31G(d) employed. The “ghost” states are 
also plotted.  
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Figure A.71. The PESs of Be2 associated with 2s → 2p excitation as Figure A.70 
but with TDA employed. 

 

 

Figure A.72. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with M06-2X/6-31G(d) employed.  
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Figure A.73. The PESs of Be2 associated with 2s → 2p excitation as Figure A.72 
but with TDA employed. 

 

 

Figure A.74. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with CAM-B3LYP/6-31G(d) employed.  
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Figure A.75. The PESs of Be2 associated with 2s → 2p excitation as Figure A.74 
but with TDA employed. 

 

 

Figure A.76. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with ωB97X-D/6-31G(d) employed.  
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Figure A.77. The PESs of Be2 associated with 2s → 2p excitation as Figure A.76 
but with TDA employed. 

 

 

Figure A.78. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with B3LYP/6-31+G(d) employed. The “ghost” states 
are also plotted.  
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Figure A.79. The PESs of Be2 associated with 2s → 2p excitation as Figure A.78 
but with TDA employed. 

 

 

Figure A.80. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with M06-2X/6-31+G(d) employed.  
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Figure A.81. The PESs of Be2 associated with 2s → 2p excitation as Figure A.80 
but with TDA employed. 

 

 

Figure A.82. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with CAM-B3LYP/6-31+G(d) employed.  
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Figure A.83. The PESs of Be2 associated with 2s → 2p excitation as Figure A.82 
but with TDA employed. 

 

 

Figure A.84. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with ωB97X-D/6-31+G(d) employed.  
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Figure A.85. The PESs of Be2 associated with 2s → 2p excitation as Figure A.84 
but with TDA employed. 

 

 

Figure A.86. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with B3LYP/6-311+G(d,p) employed. The “ghost” 
states are also plotted.  
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Figure A.87. The PESs of Be2 associated with 2s → 2p excitation as Figure A.86 
but with TDA employed. 

 

 

Figure A.88. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with M06-2X/6-311+G(d,p) employed.  
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Figure A.89. The PESs of Be2 associated with 2s → 2p excitation as Figure A.88 
bu with TDA employed. 

 

 

Figure A.90. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with CAM-B3LYP/6-311+G(d,p) employed.  
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Figure A.91. The PESs of Be2 associated with 2s → 2p excitation as Figure A.90 
but with TDA employed. 

 

 

Figure A.92. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with ωB97X-D/6-311+G(d,p) employed.  
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Figure A.93. The PESs of Be2 associated with 2s → 2p excitation as Figure A.92 
but with TDA employed. 

 

 

Figure A.94. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with B3LYP/6-311+G(2df,2p) employed. The “ghost” 
states are also plotted.  
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Figure A.95. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT:TDA with B3LYP/6-311+G(2df,2p) employed. The 
“ghost” states are also plotted.  

 

 

Figure A.96. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with M06-2X/6-311+G(2df,2p) employed.  
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Figure A.97. The PESs of Be2 associated with 2s → 2p excitation as Figure A.96 
but with TDA employed. 

 

 

Figure A.98. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with CAM-B3LYP/6-311+G(2df,2p) employed.  
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Figure A.99. The PESs of Be2 associated with 2s → 2p excitation. The ground 
state is obtained with wave-function stability tested, and the excited states are 
obtained using TD-DFT with ωB97X-D/6-311+G(2df,2p) employed.  

 

 

Figure A.100. The PESs of Be2 associated with 2s → 2p excitation as Figure 
A.99 but with TDA employed. 
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Figure A.101. The PESs of the ground state X (1) 
1Ʃ𝐠+ of linear Be3 from our 

calculation with basis set 3-21G* compared with other theoretical results170,191,195. 
The zero-reference energy is set as the sum of the ground state energy of three 
single atoms for each curve. 

 

 

Figure A.102. The PESs of the ground state X (1) 
1Ʃ𝐠+ of linear Be3 from our 

calculation with basis set 3-21+G* compared with other theoretical 
results170,191,195. The zero-reference energy is set as the sum of the ground state 
energy of three single atoms for each curve. 
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Figure A.103. The PESs of the ground state X (1) 
1Ʃ𝐠+ of linear Be3 from our 

calculation with basis set 6-31G(d) compared with other theoretical 
results170,191,195. The zero-reference energy is set as the sum of the ground state 
energy of three single atoms for each curve. 

 

 

Figure A.104. The PESs of the ground state X (1) 
1Ʃ𝐠+ of linear Be3 from our 

calculation with basis set 6-31+G(d) compared with other theoretical 
results170,191,195. The zero-reference energy is set as the sum of the ground state 
energy of three single atoms for each curve. 
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Figure A.105. The PESs of the ground state X (1) 
1Ʃ𝐠+ of linear Be3 from our 

calculation with basis set 6-311+G(d,p) compared with other theoretical 
results170,191,195. The zero-reference energy is set as the sum of the ground state 
energy of three single atoms for each curve. 

 

 

Figure A.106. The PESs of the ground state X (1) 
1Ʃ𝐠+ of linear Be3 from our 

calculation with basis set 6-311+G(2df,2p) compared with other theoretical 
results170,191,195. The zero-reference energy is set as the sum of the ground state 
energy of three single atoms for each curve. 
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Figure A.107. The PESs of the triplet excited state 3Ʃ𝐮+ of linear Be3 from our 
calculation with basis set 3-21G* compared with FCI results170,. The zero-
reference energy is set as the sum of the ground state energy of three single atoms 
for each curve. 

 

 

Figure A.108. The PESs of the triplet excited state 3Ʃ𝐮+ of linear Be3 from our 
calculation with basis set 6-31G(d) compared with FCI results170,. The zero-
reference energy is set as the sum of the ground state energy of three single atoms 
for each curve. 
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Figure A.109. The PESs of the triplet excited state 3Ʃ𝐮+ of linear Be3 from our 
calculation with basis set 6-31+G(d) compared with FCI results170,. The zero-
reference energy is set as the sum of the ground state energy of three single atoms 
for each curve. 

 

 

Figure A.110. The PESs of the triplet excited state 3Ʃ𝐮+ of linear Be3 from our 
calculation with basis set 6-311+G(d,p) compared with FCI results170,. The zero-
reference energy is set as the sum of the ground state energy of three single atoms 
for each curve. 
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Figure A.111. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with B3LYP/3-21G* employed. The “ghost” states 
are also plotted.  

 

 

Figure A.112. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.111 but with TDA employed. 
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Figure A.113. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with M06-2X/3-21G* employed.  

 

 

Figure A.114. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.113 but with TDA employed. 
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Figure A.115. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with CAM-B3LYP/3-21G* employed.  

 

 

Figure A.116. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.115 but with TDA employed. 
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Figure A.117. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with ωB97X-D/3-21G* employed.  

 

 

Figure A.118. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.117 but with TDA employed. 
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Figure A.119. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with B3LYP/3-21+G* employed. The “ghost” states 
are also plotted.  

 

 

Figure A.120. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.119 but with TDA employed. 
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Figure A.121. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with M06-2X/3-21+G* employed.  

 

 

Figure A.122. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.121 but with TDA employed. 
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Figure A.123. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with CAM-B3LYP/3-21+G* employed.  

 

 

Figure A.124. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with ωB97X-D/3-21+G* employed.  
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Figure A.125. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.124 but with TDA employed. 

 

 

Figure A.126. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with B3LYP/6-31G(d) employed. The “ghost” states 
are also plotted.  
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Figure A.127. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.126 but with TDA employed. 

 

 

Figure A.128. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with M06-2X/6-31G(d) employed.  
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Figure A.129. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.128 but with TDA employed. 

 

 

Figure A.130. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with CAM-B3LYP/6-31G(d) employed.  
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Figure A.131. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.130 but with TDA employed. 

 

 

 

Figure A.132. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with ωB97X-D/6-31G(d) employed.  

 

 



248 
 

 

Figure A.133. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.132 but with TDA employed. 

 

 

Figure A.134. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with B3LYP/6-31+G(d) employed. The “ghost” 
states are also plotted.  
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Figure A.135. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.134 but with TDA employed. 

 

 

Figure A.136. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with M06-2X/6-31+G(d) employed.  
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Figure A.137. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.136 but with TDA employed. 

 

 

Figure A.138. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with CAM-B3LYP/6-31+G(d) employed.  
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Figure A.139. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.138 but with TDA employed. 

 

 

Figure A.140. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with ωB97X-D/6-31+G(d) employed.  
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Figure A.141. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.140 but with TDA employed. 

 

 

Figure A.142. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with B3LYP/6-311+G(d,p) employed. The “ghost” 
states are also plotted.  
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Figure A.143. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.142 but with TDA employed. 

 

 

Figure A.144. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with M06-2X/6-311+G(d,p) employed. 

 

 

 



254 
 

 

Figure A.145. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.144 but with TDA employed. 

 

 

Figure A.146. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with CAM-B3LYP/6-311+G(d,p) employed.  
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Figure A.147. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with ωB97X-D/6-311+G(d,p) employed.  

 

 

Figure A.148. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.147 but with TDA employed. 
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Figure A.149. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with B3LYP/6-311+G(2df,2p) employed. The “ghost” 
states are also plotted.  

 

 

Figure A.150. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.149 but with TDA employed. 
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Figure A.151. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with M06-2X/6-311+G(2df,2p) employed.  

 

 

Figure A.152. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.151 but with TDA employed. 

 

 

 



258 
 

 

Figure A.153. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with CAM-B3LYP/6-311+G(2df,2p) employed. 

 

 

Figure A.154. The PESs of linear Be3 associated with 2s → 2p excitation. The 
ground state is obtained with wave-function stability tested, and the excited states 
are obtained using TD-DFT with ωB97X-D/6-311+G(2df,2p) employed.  

 

 

 



259 
 

 

Figure A.155. The PESs of linear Be3 associated with 2s → 2p excitation as 
Figure A.154 but with TDA employed. 

 

 

Figure A.156. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with B3LYP/3-21G* employed. The “ghost” 
states are also plotted.  
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Figure A.157. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.156 but with TDA employed. 

 

 

Figure A.158. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with M06-2X/3-21G* employed.  
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Figure A.159. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.158 but with TDA employed. 

 

 

Figure A.160. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with CAM-B3LYP/3-21G* employed.  
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Figure A.161. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.160 but with TDA employed. 

 

 

Figure A.162. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with ωB97X-D/3-21G* employed. 
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Figure A.163. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.162 but with TDA employed. 

 

 

Figure A.164. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with B3LYP/3-21+G* employed. The “ghost” 
states are also plotted.  
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Figure A.165. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.164 but with TDA employed. 

 

 

Figure A.166. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with M06-2X/3-21+G* employed.  
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Figure A.167. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.166 but with TDA employed. 

 

 

Figure A.168. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with CAM-B3LYP/3-21+G* employed.  
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Figure A.169. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.168 but with TDA employed. 

 

 

Figure A.170. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with ωB97X-D/3-21+G* employed.  
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Figure A.171. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.170 but with TDA employed. 

 

 

Figure A.172. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with B3LYP/6-31G(d) employed. The “ghost” 
states are also plotted.  

 

 

 



268 
 

 

Figure A.173. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.172 but with TDA employed. 

 

 

Figure A.174. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with M06-2X/6-31G(d) employed.  

 

 

 



269 
 

 

Figure A.175. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.174 but with TDA employed. 

 

 

Figure A.176. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with CAM-B3LYP/6-31G(d) employed.  
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Figure A.177. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.176 but with TDA employed. 

 

 

Figure A.178. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with ωB97X-D/6-31G(d) employed.  
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Figure A.179. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.178 but with TDA employed. 

 

 

Figure A.180. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with B3LYP/6-31+G(d) employed. The “ghost” 
states are also plotted.  
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Figure A.181. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.180 but with TDA employed. 

 

 

Figure A.182. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with M06-2X/6-31+G(d) employed.  
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Figure A.183. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.182 but with TDA employed. 

 

 

Figure A.184. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with CAM-B3LYP/6-31+G(d) employed.  
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Figure A.185. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.184 but with TDA employed. 

 

 

Figure A.186. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with ωB97X-D/6-31+G(d) employed.  
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Figure A.187. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.186 but with TDA employed. 

 

 

Figure A.188. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with B3LYP/6-311+G(d,p) employed.  
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Figure A.189. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.188 but with TDA employed. 

 

 

Figure A.190. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with M06-2X/6-311+G(d,p)employed.  
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Figure A.191. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.190 but with TDA employed. 

 

 

Figure A.192. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with CAM-B3LYP/6-311+G(d,p) employed.  
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Figure A.193. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.192 but with TDA employed. 

 

 

Figure A.194. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with ωB97X-D/6-311+G(d,p) employed.  
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Figure A.195. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.194 but with TDA employed. 

 

 

Figure A.196. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with B3LYP/6-311+G(2df,2p) employed.  
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Figure A.197. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.196 but with TDA employed. 

 

 

Figure A.198. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with M06-2X/6-311+G(2df,2p) employed.  
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Figure A.199. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.198 but with TDA employed. 

 

 

Figure A.200. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with CAM-B3LYP/6-311+G(2df,2p) 
employed.  
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Figure A.201. The PESs of triangular Be3 associated with 2s → 2p excitation. 
The ground state is obtained with wave-function stability tested, and the excited 
states are obtained using TD-DFT with ωB97X-D/6-311+G(2df,2p) employed.  

 

 

Figure A.202. The PESs of triangular Be3 associated with 2s → 2p excitation as 
Figure A.201 but with TDA employed. 
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