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ABSTRACT 

ATP synthase (F$F%-ATPase) is an essential enzyme for life. Powered by an 

electrochemical proton gradient, it catalyzes ADP and phosphate into ATP. The  F$-

subunit of ATP synthase is called F$-ATPase as it also independently catalyzes the 

reverse reaction in absence of F%-part. The nearly 100% energy conversion efficiency 

of the molecular motor has attracted the attention of many physicists and biologists to 

explore the underlying thermodynamics. Recently, a new nonequilibrium equality 

derived by Harada and Sasa (Harada & Sasa, 2005) was applied to the experimental 

time series data on F$ -ATPase to extract heat flow to the environment. A 

phenomenological model for rotary motion was proposed and shown to reproduce key 

experimental features. Interested in the high efficiency of F$-ATPase and the good 

performance of the corresponding model, we carried out a detailed computational study 

of the model to understand its behavior in a broader range of parameter values. We 

solved the model using a modified Gillespie algorithm for stochastic simulation and by 

integrating the Fokker-Planck equation. Various physical properties of the model, such 

as the relation between rotational velocity and parameters characterizing angular 

dependence (𝑞 ) and ATP switching rates (𝑊 ), the relation between two kinds of 

dissipation and rotational velocity, the negative heat flow from environment to system 

through ATP binding etc. are analyzed in detail. Importantly, we modified the driving 

potential to investigate the factors affecting the efficiency. Additionally, we found some 

inconsistences between properties of this model and previous studies and we could 

unify them by some adjustments, which may be useful for constructing more precise 

models in the future.
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1. Introduction and thesis Outline 

1.1 The 𝐅𝟏𝐅𝐎-ATPase 

ATP synthase is an essential molecular motor that produces the energy storage 

molecule adenosine triphosphate (ATP).  ATP is the most commonly used “energy 

currency” in cells from bacteria to human beings, and it is synthesized from ADP and 

phosphate (PE). The process of ATP synthesis is driven by the electrochemical gradient 

of proton (H+). 

ATP synthase is embedded between the inner mitochondrial membrane and the 

thylakoid membrane in eukaryotic cells or the plasma membrane in bacteria. In plant, 

it is also found in the thylakoid lumen through the thylakoid membrane and into the 

chloroplast for photosynthesis It can be separated into two components as shown in 

Figure 1-1. The F%  part is located within the membrane, while the F$  part which 

carries out the catalytic function is outside the membrane (Junge & Nelson, 2015; 

Daichi Okuno, Iino, & Noji, 2011). 

Figure 1-1 ATP synthase (Lodish, 2008) 
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The core complex of the F$ portion is a hexamer which is composed of 3 𝛼𝛽-

dimers arranged around the central 𝛾, 𝛿	and 𝜖 units. It is a rotary molecular machine 

that can not only catalyse ADP and PE into ATP when the F% portion is present but also 

hydrolyse ATP when run in the reverse direction, so the F$ portion is also named F$-

ATPase.  

 

1.2 The mechanochemical coupling of 𝐅𝟏𝐅𝐎-ATPase 

From 1960s to 1970s, Paul Boyer developed the binding-change model, which 

proposed that the ATP catalytic reaction is relied on the conformational change of the 

core complex of F1 portion induced by rotation of the 𝛾 subunit (Boyer & Kohlbrenner, 

1981), in other words, the coupling is mechanical. In his model, F% is a motor driven 

by the proton gradient while F$ is another motor driven by ATP hydrolysis and they are 

connected to each other by a bar-like shared portion, 𝛾 unit. The reversible reaction and 

binding-change model lead to opposite motions for opposite reaction directions of ATP 

synthase. 

If the protons flow from the bottom to the top as shown in Figure 1-1, the 𝛾 will 

rotate in counter-clockwise from the top view, and the electric potential energy will be 

converted into chemical free energy. On the other hand, when the amount of ATP is 

rich, the ATP will be hydrolyzed by F$  and therefore, chemical energy will be 

transduced into mechanical energy and then, the electric potential energy accompanied 

with clockwise 𝛾 rotation and downward protons flow. He suggested that two kinds of 

energy will compete with each other and corresponding reactions and motions follow. 

Later studies show that the coupling is tight (Adachi et al., 2000; Yasuda, Noji, Kinosita, 

& Yoshida, 1998), which means each step of a rotation is tightly driven by the 

hydrolysis of one ATP. 

Then, John Walker and his collaborators determined the DNA sequences of 

genes encoding the proteins in the ATP synthase. The first X-ray structure of F$ 

indicated that the binding-change mechanism proposed by Boyer was correct. In 1997, 

the Nobel prize in chemistry was awarded to Paul D. Boyer and John E. Walker for 

their elucidation of the enzymatic mechanism underlying the synthesis of ATP. 
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1.3 High frequency measurement of rotary motion 

The unique mechanochemical mechanism of the ATP synthase has attracted 

detailed investigations of its dynamics over the years (Adachi, Oiwa, Yoshida, 

Nishizaka, & Kinosita, 2012; Rikiya Watanabe et al., 2011). Studies have shown that 

ATP synthase converts chemical energy into mechanical one with nearly 100% 

efficiency, which is particularly intriguing to biophysicists and statistical physicsist. 

The high temporal resolution data revealed two main sub-steps and two dwells 

in one ATP hydrolysis reaction cycle catalysed by the core complex 𝛼K𝛽K of the F$ 

Portion (Sugawa et al., 2016). Firstly, the catalytic site in 𝛽 subunit needs to wait for 

an ATP to bind, and this dwell is called ATP waiting dwell. Then, the product ADP is 

released before the first 80° rotation. The affinity change of ADP implies that ADP 

release benefits part of the energy to enable the first rotation while ATP binding energy 

contributes most of it. Following the above description, the catalytic sub-step which is 

made of two rate-limiting steps, one is ATP cleavage and another is release of the 

product PE. The 40°rotation is followed. In the latter process, the decreased affinity of 

PE drives the motor to rotate. The angle-dependent mechanically driven ATP hydrolysis 

by F1-ATPase has been carefully studied by a number of research groups (Adachi et 

al., 2007; Nishizaka et al., 2004; Shimabukuro et al., 2003; Sugawa et al., 2016; Yasuda, 

Noji, Yoshida, Kinosita, & Itoh, 2001). The whole hydrolysis reaction is depicted below: 

 

 

we refer to the details of the experiment in chapter 2. 

 

 

80° sub-step is driven 

by the binding energy 

of ATP 

The dwell before 80° 

sub-step is ATP 

waiting dwell 

Release the product ADP, also 

contribute the 80° sub-steps 

The dwell before 40° 

sub-step is catalytic 

dwell 

40° sub-step have two 

main process, ATP 

cleavage and release 

of the PE 

Figure 1-2 Hydrolysis reaction flow chart 
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1.4 Theoretical studies of the energy conversion efficiency 

Theoretical developments on stochastic thermodynamics, where fluctuations 

are significant comparing to macroscopic systems (Reimann, 2002; Sekimoto, 2010), 

have provided the tools to investigate molecular motors with new perspectives 

(Horowitz, Sagawa, & Parrondo, 2013). Data from the high-speed microscopic 

measurement (Toyabe et al., 2010) led to the construction of models (Kyogo Kawaguchi, 

Sasa, & Sagawa, 2014) that allow detailed investigation of the energy dissipation 

process which has a relation on the rate of energy dissipation and an extent of the 

fluctuation-response relation violation (Harada & Sasa, 2005), have been built to 

investigate the high efficiency of ATP synthase.  

Molecular motors are in the size of nanometers, where the thermal fluctuation 

play an important role on them, so they exhibit stochastic dynamics and energetics. For 

the same reason, molecular motors are usually described by Langevin, Fokker-Planck 

and master equations (Zimmermann & Seifert, 2012). 

A crucial problem under fluctuation world is how to define the efficiency of 

these stochastic systems. Actually, there are different kinds efficiencies can be defined 

based on whether we concentrate on the work against an external force or work against 

viscous friction (Boksenbojm & Wynants, 2009; Derényi, Bier, & Astumian, 1999; M. 

Qian, Zhang, Wilson, & Feng, 2008; Seifert, 2013; Suzuki & Munakata, 2003; H Wang, 

2005; Hongyun Wang & Oster, 2002). 

In experiments, the motion of molecular motors is not observed directly. Instead, 

the trajectory of the probe attached to the motor protein is recorded and analysed. In 

addition, an external force can be applied on the probe to control the motors by 

controlling the probes (Itoh, Takahashi, Adachi, & Noji, 2004; Noji, Yasuda, Yoshida, 

& Jr, 1997). 

The elastic linker between the probe and molecular motor may introduce a delay 

in the coupling (Bouzat & Falo, 2010; H Wang & Zhou, 2008), but since all the 

experiments we referenced do not take this into account, we just treat the trajectory of 

probes as the rotation of 𝛾 subunit and assume the delay between the probe and 𝛾 would 

not affect the dynamics of F$-ATPase. 

Now, according to the energy transduction which we will discuss in the next 

chapter, we focus on two different definitions of efficiency that commonly used for 

motor proteins. We can compare the energy dissipates from the probe to the consumed 

chemical energy 𝛥𝜇. The ratio can be described by  

 𝜂M ≡
𝑄PQR
𝛥𝜇

 (1.1) 
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where 𝑄PQR stands for the heat dissipation from the probe. This efficiency does 

not have to be smaller than 1 and has been discussed earlier (Kinosita, Adachi, & Itoh, 

2004; Hongyun Wang & Oster, 2002). In this way, we also call 𝜂M a pseudo efficiency. 

Another kind of efficiency is the Stokes efficiency, which is the ratio of the 

work against drag force 𝛤𝑣8U/3𝑣8 and the chemical free energy 

 𝜂W ≡
𝛤𝑣8
3𝛥𝜇

 (1.2) 

here, the 𝛤 is the rotational fraction coefficient in vivo solution and 𝑣8 represents the 

mean rotational velocity of the molecular motor. In contrast to the pseudo efficiency, 

the Stokes efficiency is bounded by 1 (Hongyun Wang & Oster, 2002). 

 

1.5 Organization of the thesis 

In this chapter, we have introduced the biological structure of F$F%-ATPase and 

the mechanochemical mechanism with sub-steps scheme chart. Plus, we have 

introduced two types of efficiencies commonly used in stochastic systems. The 

experiments of using different methods will be reviwed in the next chapter and we will 

do preliminary discussion about their results. In chapter 3, we will present the stochastic 

model of F$-ATPase and the details of simulation, furthermore, we will compare our 

results with the original model. In chapter 4, we will demonstrate the results of 

simulation and explain the details about every quantity obtained. In chapter 5, we will 

analyse the energy conversion efficiency combined with experiments of wild type, then 

try to figure out and prove the properties we found by designing the mutants of the 

above model, which are allowed experimentally. In the end, we will discuss the reasons 

we obtained about the energy conversion efficiency and the disagreements we met 

among theories and experiments. 
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2. Review of Experiments 

Due to the improvements in experiments, the motion of a single molecular 

motor and its trajectories can be recorded with higher and higher temporal and spatial 

resolutions. Since the first time the rotary motion of F$-ATPase has been observed in 

experiment (Noji et al., 1997), of which there are number of different methods have 

been applied to measure the efficiency. Then, we will demonstrate the energy flow for 

the ATP hydrolysis reaction and briefly introduce four types of experiments with 

different theories or methods. 

 

2.1 The energy transduction 

In the previous chapter, we have introduced details of hydrolysis reaction of 

F$-ATPase, and the heat flow can be shown as bellow 

 

 

 

 

 

  

The energy transduction can be simplified as (1) and (2) steps in Figure 2-1. 

Firstly, the chemical free energy of an ATP 𝛥𝜇  is injected to the F$motor through 

binding. Then, the chemical energy is transformed into mechanical energy of 𝛾 subunit 

and 𝛼K𝛽K complex, and finally, the energy would dissipate through the motion of probe, 

either in steady unidirectional motion or fluctuation motion.  

Due to the nonequilibrium nature of the cycle, heat exchange with the 

environment in step (1) and (2) can be positive and negatve (G. M. Wang, Sevick, 

Mittag, Searles, & Evans, 2002)  

ATP 𝛥𝜇 𝛾 subunit Environment 𝑄XYR 

(1) 

Figure 2-1 The heat flow of F$-ATPase 

 𝛥𝐻, −𝑆  𝛥𝐻, −𝑆 

(2) 



 

7 

 

Although many of studies (Kinosita, Yasuda, Noji, & Adachi, 2000; George 

Oster & Wang, 2000; Toyabe & Muneyuki, 2013; Toyabe, Watanabe-Nakayama, 

Okamoto, Kudo, & Muneyuki, 2011; Yasuda et al., 1998, 2001) claimed the Stokes 

efficiency is nearly 100% (both (1) and (2) steps), both the experiment and the model 

of recent works (Kyogo Kawaguchi et al., 2014; Toyabe et al., 2010b) state that the 

100% efficiency applies only to step (1) shown in above figure. The stokes efficiency 

in step (2) may require more careful definition. 

 

2.2 Four experiments and previous data analysis 

Before introducing specific experiments, we introduce the common set up and 

methods first. The F$ part is isolated and adhers to a glass surface. A probe or a filament 

is attached to the 𝛾 subunit in order to observe its motion under optical microscopes as 

shown in a of Figure 2-2. 

After the protein having been set up, one can observe and record the motions 

of the probe under varying substrates concentration or apply external force through the 

probe. The right panel in Figure 2-2 shows examples of trajectories under different 

external applied torques, where Y axis stands for the rotary angle from 0° and X axis 

represents the time. Nearly all methods introduced below use the trajectories to 

calculate the quantities of interest. Then we will introduce four experiments in the order 

of the time they published. 

 

Figure 2-2 The common setup of experiments and examples of motion 

trajectories (Toyabe et al., 2011) 
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2.2.1 The direct analysis from trajectories 

The experiment done by Yasuda et al. not only revealed the 90°(80°)  and  

30°(40°) sub-steps of the  120° step but also show the motor produces a constant torque 

upon each ATP binding/hydrolysis event as expected in a previous study (Yasuda et al., 

1998). The torque observed during the 120° rotation is nearly independent of rotation 

angle and ATP concentration in nM − mM range. The work that is calculated according 

to the torque in each rotation event is nearly the same as the free energy of ATP, 𝛥𝜇, 

indicating the Stokes efficiency 𝜂W ≈ 100% . The torque they obtained is directly 

calculated from the trajectories and the method can be briefly described below 

 

As a and b shown in Figure 2-3, firstly, they superimposed and averaged 

trajectories under specific ATP concentration, obtaining the averaged angle-time lines 

(thick cyan line). Then, they calculate the rotational velocity-time diagrams under 

varying ATP concentration. Finally, the torque-time diagrams is obtained by the Stokes’ 

law. We can observe by eyes in c that the rotary time from 0° to 90° from 2µM to 6mM 

is nearly the same and quite short. 
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Figure 2-3 The direct analysis from trajectories (Yasuda et al., 2001) 
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2.2.2 Calculating the rotary dissipation by HSE 

Looking deep into the energy dissipation from the probe to the environment, 

the probe feels a force of – 𝛤𝑣 𝑡 + 𝜉 𝑡  from the environment, where 𝜉 𝑡  is the 

random force due to the thermal fluctuation and theoretically, the heat dissipation rate 

can be defined as 𝐽 ≡ 𝛤𝑣 𝑡 − 𝜉 𝑡 𝑣 𝑡 , where …  represents the ensemble average. 

However, the random force cannot be measured in experiments. Recently, an equality 

derived by Harada and Sasa (HSE) (Harada & Sasa, 2005) can be used to calculate the 

𝐽 experimentally, which is suitable in Langevin system in nonequilibrium steady states.  

 𝐽 = 𝛤𝑣8U + 𝛤 𝑑𝑓 𝐶 𝑓 − 2𝑇𝑅′(𝑓)
p

qp
 (2.1) 

(Harada & Sasa, 2005, 2006; Toyabe et al., 2010a; Toyabe & Sano, 2008). Here, the 𝑣8 

is the average rotational velocity. 	𝐶 𝑓  is the Fourier transform of the self-time 

correlation function 𝐶 𝜏 = 𝑣 𝑡 + 𝜏 − 𝑣8 𝑣 𝑡 − 𝑣8 , which represents the 

rotational velocity fluctuation. 𝑅′(𝑓) stands for the real part Fourier transform of the 

rotational velocity linear-response function, 𝑣 𝑡 s = 𝑣8 + 𝑑𝑠R
qp 𝑅 𝑡 − 𝑠 𝑁 𝑠 +

𝑂(𝑁U), where 𝑣 𝑡 s means the ensemble average of 𝑣(𝑡) applied with a small enough 

torque 𝑁(𝑡) and the prime represents the real part.	𝑅(𝑓) reflects the sensitivity of the 

rotational velocity to a disturbance at frequency 𝑓. 

In equilibrium state, the fluctuation-dissipation theorem (FDT) 𝐶 𝑓 =

2𝑇𝑅′(𝑓) is valid (Kubo, Toda, & Hashitsume, 2012). However, FDT is broadly violated 

in nonequlibrium states (Blickle, Speck, Lutz, Seifert, & Bechinger, 2007; Gomez-

Solano, Petrosyan, Ciliberto, Chetrite, & Gawȩdzki, 2009; Mizuno, Tardin, Schmidt, & 

MacKintosh, 2007; Speck & Seifert, 2006). Eq. (2.1) enables us to calculate the heat 

dissipation from two parts, the steady motion and nonequilibrium fluctuations, which 

correspond to the first term and second term in Eq. (2.1), respectively. The method they 

applied in their experiment can be briefly illustrated as below 
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The experiment is set up as a in Figure 2-4 and constant torque applied and 

response measurement is using an electrorotation method as shown in b of Figure 2-4, 

where a rotating electric field is generated by four electrodes A, B, C and D, which are 

applied sinusoidal voltages with a phase shift at the frequency of 10 MHz. 

 

 

Figure 2-4 Experiment Setup (Toyabe et al., 2010) 

 

Figure 2-5 Two kinds of dissipation and efficiency (Toyabe et al., 2010) 

a b 
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The results they obtained about work and efficiency can be simply illustrated 

in Figure 2-5. In a, the 𝑄8(dark blue) means the heat dissipation from steady motion 

while the 𝑄w(grey) is the heat dissipation from thermal fluctuation, and the 𝑊 stands 

for the work against to the external constant torque. The data under X axis is the 

concentration of substrates and the mean rotation rate 𝑣8. In addition, the horizontal 

grey bar is the value of 𝛥𝜇  whose width represents the difference from referenced 

literatures. The data shows that the sum of heat dissipation from rotation nearly equals 

to the chemical free energy 𝛥𝜇  within error, in other word, it means the pseudo 

efficiency 𝜂M ≈ 100% . However, the Stokes efficiency 𝜂W  defined using the mean 

rotational speed is far away from 100% and it seems the maximal efficiency is 81% as 

shown in b. Moreover, the Stokes efficiency is dependent on the ATP concentration, 

which is not observed in other experiments. 

 

2.2.3 Calculating the torque by Fluctuation Theorem 

In nonequilibrium statistical mechanics, fluctuation theorem (FT) is a theory 

used to quantify the entropy production in small nonequilibrium systems and has been 

applied to colloidal particle systems, granular systems and turbulent system (Ciliberto, 

Garnier, Hernandez, & Lacpatia, 2004; Feitosa & Menon, 2004; K Hayashi & Takagi, 

2007; Kumiko Hayashi, Ueno, Iino, & Noji, 2010; G. M. Wang et al., 2002). Meanwhile, 

it has also been used to study biological systems (Collin, Ritort, Jarzynski, Smith, & 

Tinoco, 2005; K Hayashi & Takagi, 2007; Liphardt, Dumont, Smith, & Tinoco, 2002; 

Mahmud, Campbell, Bishop, & Komarova, 2009; Mizuno et al., 2007). In this 

experiment (Kumiko Hayashi et al., 2010) , they concentrate on the rotary torque 

measurement of F$-ATPase. 

They used a Langevin equation to describe the time evolution of the rotation of 

F$-ATPase 

 𝛤
𝑑𝜃
𝑑𝑡

= 𝑁 + 𝜉 𝑡 , 𝜉 𝑡 𝜉(𝑡′) = 2𝛤𝑘@𝑇𝛿(𝑡 − 𝑡′) (2.2) 

where	𝑁 is the torque, 𝜉 𝑡  represents the random force due to the thermal noise, 𝑘@ is 

the Boltzmann constant and 𝑇 is the room temperature (𝑇 = 25°𝐶). They assumed 𝑁 is 

constant as shown in the previous studies (Noji, Bald, Yasuda, Itoh, & Yoshida, 2001; 

Sakaki et al., 2005; Yasuda et al., 1998, 2001). Based on above model, the relation 

between measured quantities and torque is  

 ln
𝑃 𝛥𝜃
𝑃 −𝛥𝜃

= 𝑁𝛥𝜃/𝑘@𝑇 (2.3) 
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here, 𝛥𝜃 = 𝜃 𝑡 + 𝛥𝑡 − 𝜃 𝑡  and 𝑃 𝛥𝜃  means the probability distribution of 𝛥𝜃 in the 

120° rotation. Their results also suggest the work done by constant torque 𝑁 per step is 

nearly equivalent to the free energy of an ATP, indicating 100% Stokes efficiency. 

 

2.2.4 Stall torque method 

The F$ motor rotation is affected by the external torque applied (Toyabe et al., 

2011). When there is no load, the F$ motor would rotate in discrete 120° steps at low 

ATP concentration and go fast and smooth as the ATP concentration increases. If the 

ATP concentration is fixed and gradually increase the torque applied to the F$ motor in 

the opposite direction of ATP synthesis, the F$ motor would rotate slower and slower 

as the torque increasing until it demonstrates bidirectional stepwise fluctuation under 

certain magnitude of torque. This state is called stall state and corresponding torque is 

named stall torque (𝑁8R{|| ). Under the stall torque, the F$-ATPase reflects 𝑊8R{|| ≡

𝑁8R{||×120° work against the external torque in each step. In other words, 𝑊8R{|| equals 

to the maximal work that can be generated by F$-motor in one step. The results they 

obtained can be easily understood in the figure below. 

They found 𝑊8R{|| nearly equals to the free energy of an ATP 𝛥𝜇 in broad range. 

As shown in Figure 2-6, A: Rotation rates under different ATP(=ADP) concentration. 

B: Rotations rates under different 𝛥𝜇. C&D: the corresponding maximal work to A and 

B, respectively.  
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Figure 2-6 Stall torque method (Toyabe et al., 2011) 
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2.3 Summary 

Although experiments introduced above take different methods, their results all 

prove the pseudo efficiency is nearly 100%, which corresponds step (1) in Figure 2-1. 

Moreover, the 𝜂M even exceeds 100% at slow rotation rate range in 2.2.2 and we will 

investigate the origins by a computational model in the next chapter. In addition, three 

of them measured the torque generated by F$ motor directly or indirectly and all of 

them are quite large in nanometer scales, indicating the 100% Stokes efficiency from 

the corresponding work. However, the maximal work is based on the condition that the 

torque is nearly constant during the whole 120° step, which can only be observed from 

2.2.1 and is regarded as an assumption in the other experiments. It is worth noting that 

in 2.2.2 the Stokes efficiency is obviously below 1 , which is quite different with the 

other experiments, so we will implement the model based on the data of 2.2.2 and try 

to explain why the pseudo efficiency is nearly 100% and what biological processes can 

be found to match the behaviours of model from simulation perspective. 
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3. Stochastic Model and Simulation 

3.1 The totally asymmetric allosteric model 

To analyze the energy dissipation process quantitatively, Kawaguchi, Sasa and 

Sagawa (Kyogo Kawaguchi et al., 2014) introduced a simple Markov model with a 

discrete variable 𝑛  for the net number of ATP binding/unbinding events and a 

continuous angular variable 𝑥  to describe rotary motion. Known as the totally 

asymmetric allosteric model (TASAM), ATPs binds on the motor randomly with nearly 

the same probability in any angle of the rotation but only on specific range of angle, 

products are allowed to be released, which is determined by detailed parameters in the 

model. In addition, TASAM also incorporates results from previous studies: the discrete 

steps (Masaike, Koyama-Horibe, & Oiwa, 2008; Yasuda et al., 2001), mechanical 

potentials (Toyabe et al.,2012) and large stall force (Toyabe et al., 2011). 

TASAM model is described in one-dimensional way based on the Brownian 

motion and potential switching. Because the interaction between 𝛾 subunit and 𝛼K𝛽K 

subunits and the attachment of 𝛾  subunit and the probe, the mechanical potentials 

𝑈+(𝑥) are created and trap the degree of freedom 𝑥 of the probe. In addition, for the 

threefold symmetry of F1-ATPase, the potentials have translational symmetry every 

120°, which means 𝑈+ 𝑥 = 𝑈~ 𝑥 − 120×𝑛 . 

There are two sub-steps for a whole 120° rotation described in 1.2, Toyabe et 

al. made the observation that, ATP hydrolysis reaction in the isolated F$ -motor 

experiment follows rather quickly after an ATP binding event and proceeds mostly in 

the forward direction, the two reactions can be combined into an effective single 

reaction. By further assuming the ATP binding dwell and the hydrolysis dwell 

potentials are the same harmonic spring constants 𝑘 the mechanical potential 𝑈~(𝑥) is 

described in an effective way as shown in Figure 3-1 and derived in Ref. (Toyabe, Ueno, 

& Muneyuki, 2012). 

 
𝑈~ 𝑥
𝑘@𝑇

=
𝑘𝑥U

2
− log exp −𝑘𝑙𝑥 + exp

∆𝜇
𝑘@𝑇

+
𝑘𝑙U

2
 (3.1) 
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where 𝑙 = 40°, 𝑘 = 0.0061degqU,  ∆𝜇 =5.2 𝑘@𝑇 , which are estimated by previous 

experiments (D Okuno, Iino, & Noji, 2010; R Watanabe, Okuno, & Sakakihara, 2012; 

Yasuda et al., 2001) and shown as below:  

          Due to viscous drag from the surrounding fluid, the position of the probe can be 

described by an overdamped Langevin equation with potentials: 

 𝛤𝑥 = −
𝜕
𝜕𝑥
𝑈+ 𝑥 − 𝐹 + 2𝛤𝑘@𝑇𝜉(𝑡) (3.2) 

where 𝛤 is the friction coefficient of the probe, 𝐹 is the external torque applied 

on the probe and 𝜉(𝑡) is the Gaussian white noise with unit variance. Eq. (3.2) is 

supplemented by a description for potential switching 𝑛 → 𝑛 ± 1 The switching rate in 

the forward direction 𝑛 → 𝑛 + 1, 𝑅+�(𝑥)	represents the ATP binding and ADP release 

reaction and the switching rate in the backward direction 𝑛 + 1 → 𝑛, 𝑅+�$q (𝑥)	stands 

for the ADP binding and ATP release. Moreover, they assumed 𝑅+± 𝑥 = 𝑅~
±(𝑥 −

120°×𝑛) in TASAM and only the transition to neighbouring chemical state is allowed. 

The switching rate function need satisfy the local detailed balance: 

 
𝑅+�(𝑥)	
𝑅+�$q (𝑥)

= exp
1
𝑘@𝑇

𝑈+ 𝑥 − 𝑈+�$ 𝑥 + ∆𝜇  (3.3) 
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Figure 3-1 The potential 𝑈+(𝑥). where the minimal points for three 

potentials from left to right are −120°, 0° and 120°, respectively. 
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where ∆𝜇  is the free energy difference between ATP and ADP + PE  in the 

solution, and ∆𝜇 is calculated by ∆𝜇 = ∆𝜇~ + 𝑘@𝑇log ATP HUO /[ADP][Pi] , 𝛥𝜇~ =

18.3𝑘@𝑇. Next, in order to add the effect of the concentration of ATP, they rewrite the 

𝑅+±(𝑥)	and its form is 𝑅+± 𝑥 = 𝑊𝑓+± 𝑥 	, where 𝑊 is related to the concentration of 

ATP(=ADP) by collision frequency. 

To construct a practical potential switching model, they made the following 

observations. The first one is the chemical reaction need not to happen at an angle, 

which means the timing of reaction is random with respect to position. Another fact 

was shown in study (Lebowitz & Spohn, 1999) that there are overlaps between adjacent 

potential pairs. To reproduce the dissipation-free feature at low rotational velocity 

regime, they introduced a parameter 𝑞  to decide the asymmetry of binding and 

unbinding process to position while satisfying detailed balance as well: 

 

 

𝑓+� 𝑥 = exp
𝑞
𝑘@𝑇

𝑈+ 𝑥 − 𝑈+�$ 𝑥 + ∆𝜇  

𝑓+�$q 𝑥 = exp
𝑞 − 1
𝑘@𝑇

𝑈+ 𝑥 − 𝑈+�$ 𝑥 + ∆𝜇  
(3.4) 

 

Before showing the detailed simulation, we intend to demonstrate more clearly 

the roles of parameters 𝑞 and 𝑊 in TASAM without detailed numerical parameters and 

introduced two time scales related to TASAM. The parameter 𝑞  in TASAM is 

determined by details of the ATP binding process and it can be expressed as below: the 

ATP would diffuse from the solution to the catalytic sites. However, ATP does not bind 

successfully once it hits the sites and it may hit the binding site many times before 

binding to rotate. 

𝑊, which stands for the collision frequency or namely switching rate from the 

right orientation, grows with ATP concentration but not linear in the whole 

concentration range as shown in next chapter. Besides, 𝑞 is introduced to determine 

angular dependence and different value decides different sensitivity of binding on and 

off as shown in Figure 3-2. 
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3.2 Langevin simulation 

The TASAM as defined by the overdamped Langevin equation (Eq. (3.2)) can 

be simulated with uniform time stepping. 

Their idea is using a spatially discrete Markov chain to produce finite 

differencing of Eq. (3.2)and the set of discrete sites can be shown in Figure 3-3. 

Figure 3-3 Discrete method (WANG et al., 2003) 
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Figure 3-2 Comparison between switching forward rate and switching 
backward rate based on potential 𝑈+(𝑥) whose minimal point is located in 
120°  under different 𝑞 . A: the switching forward rate. B: the switching 
backward rate. For example, when 𝑞 = 0, the ATP would bind with constant 
probability at any degree of a period while at some range, the ATP would kick 
out immediately but at some range, it would bind on easily. In the opposite, 
when 𝑞 = 1, the ATP would bind easily at some range but extremely hard at 
anther range, while it would unbind equally at all the range. 
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𝑑𝑝+
𝑑𝑡

= − 𝐵
+q$U

+ 𝐹
+�$U

𝑝+ + 𝐹+q$U
𝑝+q$ + 𝐵+�$U

𝑝+�$ 

= 𝐹
+q$U

𝑝+q$ − 𝐵+q$U
𝑝+ − 𝐹

+�$U
𝑝+ − 𝐵+�$U

𝑝+�$ = 𝐽
+q$U

− 𝐽
+�$U

 
(3.5) 

where, 𝑝+ 𝑡  is the probability of finding the 𝛾 subunit at site 𝑥+ at time t and its form 

is  

 𝑝+ 𝑡 ≈ 𝜌 𝑥, 𝑡 d𝑥 ≈ 𝜌 𝑥+, 𝑡 ∆𝑥
Q��

∆Q
U

Q�q
∆Q
U

 (3.6) 

because the 𝑥+ stands for the interval (𝑥+ −
$
U
, 𝑥+ +

$
U
). 𝐹+���

and 𝐵+���
 are forward and 

backward transition rate between sites 𝑥+  and 𝑥+�$ , respectively. 𝐽+���
 is the net 

probability current between 𝑥+ and 𝑥+�$. 

From (WANG, PESKIN, & ELSTON, 2003), the specific forms of 𝐹+���
 and 

𝐵+���
 are 

 𝐹+�$/U =
𝐷
∆𝑥 U

∆𝜙
+�$U

/𝑘@𝑇

exp ∆𝜙
+�$U

/𝑘@𝑇 − 1
 (3.7) 

 

 𝐵+�$/U =
𝐷
∆𝑥 U

−∆𝜙
+�$U

/𝑘@𝑇

exp −∆𝜙
+�$U

/𝑘@𝑇 − 1
 (3.8) 

here, ∆𝜙+���
 is defined as  

 ∆𝜙
+�$U

= 	𝜙 𝑥+�$ − 𝜙 𝑥+  (3.9) 

and here 𝜙 𝑥 = 𝑈+(𝑥), 𝐷 = 𝑘@𝑇/𝛤 is the diffusion coefficient. 

Next, we use Gillespie’s algorithm to simulate trajectories and we calculate 

cumulative coefficients by above four transition rates. 

 𝑐� =
1
𝑐~

𝑊� 𝜃, 𝜎 	
�

��$

, 𝑐~ = 𝑊� 𝜃, 𝜎 	
 

��$

 (3.10) 

Then, simulation is implemented as follows. Firstly, an initial state (𝜃, 𝜎) is set 

at time 𝑡 , then two random numbers, 𝑟$, 𝑟U  which are uniformly distributed in the 

interval [0,1] are generated. Then, the time interval before next step is given by 

 𝛥𝑡 = −
1
𝑐~
ln 𝑟$  (3.11) 

Next, the following step is the one chosen by the transition 𝑘 if c�q$ < 𝑟U < 𝑐�. 

The system is updated as following: 
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𝑡 → 𝑡 + 𝛥𝑡 

𝜃, 𝜎 → 𝜃¤, 𝜎′  (3.12) 

All the operations are repeated until the final time.  Three samples of 

trajectories are shown bellow 

Above three trajectories are with different 𝑊  and correspond to different 

behaviors of different ATP concentration. When 𝑊 is small, the 𝛾 subunit would show 

obvious step-wise path and the ATP waiting time between switches is relatively long 

(blue line). Demonstrated as the red line, when 𝑊  increase, the step-wise path still 

exists while the waiting time becomes short, so the mean rotational velocity increases 

as well. When 𝑊 becomes big further, we nearly cannot observe the waiting process in 

the trajectory, so the step-wise behavior vanishes as the 𝑊	increasing. 
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Figure 3-4 Sample Trajectories of F$ Motor. 𝐷 = 47520, 𝑑𝑥 = 2, 𝐹𝐿 = 0, 𝑘@𝑇 =
4.1, 𝑞 = 0,𝑊 = 15, 𝛥𝜇 = 18.3𝑘@𝑇 . the mean time interval generated 
automatically by Gillespie’s algorithm is 4.2×10q§s. 
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Although Langevin simulation is easy to implement, it is computational 

expensive to obtain accurate average quantities such as rotational velocity, steady-state 

distribution and heat flow between system and environment (HFSE). Actually, what we 

focus is the properties reflected by the ensemble average of TASAM instead of any 

single trajectory, so we use Fokker-Planck equation to describe this model that is 

mathematical equivalent to the Langevin equation in terms of the ensemble behaviors 

(Sekimoto, 2010), which use probability density function to characterize the positions 

and states of a particle. Although the study (Kyogo Kawaguchi et al., 2014) has stated 

they use Fokker-Planck simulation to solve their model, they did not give the explicit 

process of simulation, and from the processes we implemented, it is full of 

considerations and details, so we next demonstrated the details of Fokker-Planck 

simulation of TASAM. 

 

3.3 Fokker-Planck equation and simulation 

3.3.1 The Fokker-Planck equation for 𝐅𝟏-motor  

The TASAM introduced by Kawaguchi et al leads to the following Fokker-

Planck euqation for the set of distribution functions 𝜌+ 𝑥, 𝑡  of the rotational angular 

variable 𝑥 at time 𝑡, where 𝑛 = ±1,±2, … is the net number of ATP binding events, 

 

𝜕𝜌+
𝜕𝑡

= 𝐷
𝜕
𝜕𝑥

1
𝑘@𝑇

𝜕𝑈+(𝑥)
𝜕𝑥

𝜌+ +
𝜕
𝜕𝑥
𝜌+  

+𝑅+q$� 𝑥 𝜌+q$ + 𝑅+�$q 𝑥 𝜌+�$ − 𝑅+�(𝑥) + 𝑅+q 𝑥 𝜌+ 
(3.13) 

 

here 

 

𝑅+� 𝑥 = 𝑊exp
𝑞
𝑘@𝑇

𝑈+ 𝑥 − 𝑈+�$ 𝑥 + ∆𝜇  

𝑅+q 𝑥 = 𝑊exp
𝑞 − 1
𝑘@𝑇

𝑈+ 𝑥 − 𝑈+�$ 𝑥 + ∆𝜇  
 

and 𝑈+ 𝑥 = 𝑈~(𝑥 − 𝑛×120°) 

It is not feasible to solve the infinite set of coupled PDEs numerically. Below 

we introduce a physics-based approximation which is expected to become increasingly 

accurate as the steady-state is approached. 
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3.3.2 Equation governing the steady-state distribution 

To motivate approximation, we use Langevin simulation and make an ansatz to 

investigate the property of the solution of above equation set, checking how 𝑛 changes 

with 𝑡. 

Starting from an initial value, say 𝑛 = 0, the number of net ATP binding events 

is well described by a biased random walk at long times. The distribution of 𝑛 is thus 

centered around a mean value proportional to 𝑡 and has a width that increase as 𝑡$/U. 

To be definite, we consider an initial state where 𝑥 = 0°  and 𝑛 = 0  at 𝑡 = 0 . We 

collected 9 trajectories from the Langevin simulation. Figure 3-5 shows the statistics of 

𝑥  values at 𝑛 = 1,2, … 6  up to 𝑡 → ∞ . The distribution at much larger 𝑛  values are 

shown in Figure 3-6. It is seen from the plots sets, apart from some statistical 

uncertainties, the distribution at different 𝑛 approach the same shape apart from a ‘shift 

𝑛×120°’. 

For 𝑛 in the middle of this distribution, 𝜌+(𝑥, 𝑡) is expected to reach a ‘steady-

state’ distribution 𝑃+88(𝑥 − 𝑛×120°) independent of 𝑡 . When 𝑛 is far away from the 

initial value, which means the 𝑛 undoubtful has reach the steady state, the distributions 

are similar to the distribution solved by Fokker-Planck simulation, which has a main 

peak on 120° with a small peak on around 60° as shown in Figure 3-6. 
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Figure 3-5 The probability distributions under different potential 𝑛. 

𝑑𝑥 = 4,𝑊 = 120, 𝑞 = 0. Each distribution is averaged by 9 trajectories. 

 



 

22 

 

 

 

 

 

 

 

n=1000

0 100 200
0

0.005

0.01

0.015

0.02

0.025

0.03

pr
ob
ab
ilit
y

n=1001

0 100 200
0

0.005

0.01

0.015

0.02

0.025

0.03
n=1002

0 100 200
0

0.005

0.01

0.015

0.02

0.025

0.03

n=1003

0 100 200
0

0.005

0.01

0.015

0.02

0.025

0.03

pr
ob
ab
ilit
y

n=1004

0 100 200
deg

0

0.005

0.01

0.015

0.02

0.025

0.03
n=1005

0 100 200
0

0.005

0.01

0.015

0.02

0.025

0.03

Figure 3-6 The distributions of different 𝑛 far away from the initial 
condition.	𝑑𝑥 = 4,𝑊 = 120, 𝑞 = 0. Each distribution is averaged by 9 
trajectories. 
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Figure 3-7 The comparison between the averaged result from 
Langevin simulation and Fokker-Planck simulation with the same 
parameters. 
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The key observation is that, in a given realization of the stochastic process, the 

integer variable n that describes the net number of ATP binding events in a time t 

follows a random-walk like biased diffusion. When we average over the ensemble, the 

distribution of 𝑛(𝑡), 𝑃	(𝑛, 𝑡), approaches that of a Gaussian with a width that increases 

as 𝑡$/U. The functions 𝜌+(𝑥, 𝑡) for 𝑛 close to its mean value at time 𝑡, on the other hand, 

are expected to become similar to each other in shape after shifting by an amount 

𝑛×120° in accordance with 𝑈+(𝑥). This motivates the factorization approximation, 

 𝜌+ 𝑥, 𝑡 = 𝑃 𝑛, 𝑡 𝜌(𝑥 − 𝑛×120°	, 𝑡) (3.14) 
from the normalization condition 

 𝜌+ 𝑥, 𝑡 𝑑𝑥 = 1
p

qp+

  

we require separately 

 𝑃 𝑛, 𝑡 = 1
+

	and	 𝜌+ 𝑥, 𝑡 𝑑𝑥 = 1
p

qp
  

Substituting Eq. (3.14) into Eq. (3.13), we obtain the following equation for 

𝑃	(𝑛, 𝑡)	𝜌	(𝑦, 𝑡)  where the dependence on n is absorbed into the variable 	𝑦 = 𝑥 −

𝑛×120°  

 

𝜕𝑃(𝑛, 𝑡)𝜌(𝑦, 𝑡)
𝜕𝑡

= 𝐷
𝜕
𝜕𝑦

1
𝑘@𝑇

𝜕𝑈~ 𝑦
𝜕𝑦

𝑃(𝑛, 𝑡)𝜌(𝑦, 𝑡) +
𝜕
𝜕𝑦

𝑃(𝑛, 𝑡)𝜌(𝑦, 𝑡)  

+𝑅~� 𝑦 + 120° 𝑃 𝑛 − 1, 𝑡 𝜌 𝑦 + 120°, 𝑛  

+𝑅~q 𝑦 − 120° 𝑃(𝑛 + 1, 𝑡)𝜌 𝑦 − 120°, 𝑡

− 𝑅~� 𝑦 + 𝑅~q 𝑦 𝑃(𝑛, 𝑡)𝜌(𝑦, 𝑡) 

 

and making use of the fact that 𝑃 𝑛, 𝑡  is a slow varying function of n at long times, 

which means 𝑃 𝑛, 𝑡 = 𝑃 𝑛 − 1, 𝑡 = 𝑃	(𝑛 + 1, 𝑡)  when 𝑡 → ∞ , we obtain the 

following equation for 𝜌	(𝑦, 𝑡) 

 

𝜕𝜌(𝑦, 𝑡)
𝜕𝑡

= 𝐷
𝜕
𝜕𝑦

1
𝑘@𝑇

𝜕𝑈~ 𝑦
𝜕𝑦

𝜌(𝑦, 𝑡) +
𝜕
𝜕𝑦

𝜌(𝑦, 𝑡)  

+𝑅~� 𝑦 + 120° 𝜌 𝑦 + 120°, 𝑛 + 𝑅~q 𝑦 − 120° 𝜌 𝑦 − 120°, 𝑡

− 𝑅~�(𝑦) + 𝑅~q(𝑦) 𝜌(𝑦, 𝑡) 

(3.15) 

For the equation that contains remaining terms that depend on n explicitly, we 

integrate over 𝑥 to obtain, 

 
𝜕𝑃(𝑛, 𝑡)
𝜕𝑡

= 𝑅~� 𝑃 𝑛 − 1, 𝑡 − 𝑃 𝑛, 𝑡 + 𝑅~q 𝑃 𝑛 + 1, 𝑡 − 𝑃 𝑛, 𝑡  (3.16) 

here 

 𝑅~� = 𝑑𝑦𝑅~� 𝑦 𝜌(𝑦, 𝑡)
p

qp
, 𝑅~q = 𝑑𝑦𝑅~q 𝑦 𝜌(𝑦, 𝑡)

p

qp
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are the total binding (forward) and unbinding (backward) rates, respectively. In general, 

the two rates are not equal, so Eq.(3.16) describes a biased diffusion process. 

Eq. (3.15) can now be solved using numerical methods introduced below. 

 

3.4 Difference scheme 

When it comes to numerical simulation, we have to choose appropriate 𝛥𝑥 and 

𝛥𝑡 to keep the simulation stable according to different parameters. However, because 

what we focus is the results of model simulation instead of the simulation itself, we just 

take the Crank–Nicolson discretization in time to Eq. (3.13) but do not refer too much 

mathematics. 

Study (WANG et al., 2003) has shown the numerical method is second-order 

accurate and has a second-order local truncation error in both time and space, 

meanwhile it is stable. In addition, they use Lax equivalence theorem to prove it 

converges and global error is second order both in time and space. 

Then we just demonstrate the difference scheme of Eq. (3.15) by Crank–

Nicolson method. 

 

𝑃�+�$ − 𝑃�+

𝛥𝑡
= − 𝐵

+q$U
+ 𝐹

+�$U
+ 𝑘U$ + 𝑘UK

𝑃�+�$ + 𝑃�+

2
 

+𝐹
+q$U

𝑃�q$+�$ + 𝑃�q$+

2
+ 𝐵

+�$U

𝑃��$+�$ + 𝑃��$+

2
+ (𝑅$�𝕃 + 𝑅Kqℝ)

𝑃�+�$ + 𝑃�+

2
 

(3.17) 

where 𝑃�+  is the probability density to find 𝛾  subunit in lattice 𝑗  at time n, 

𝐵+q��
	and	𝐹+���

 are moving transition rates corresponding to Eq. (3.7)-(3.8), 𝑅+± is the 

switching transition rate from state 𝑖 to 𝑗 corresponding to Eq. (3.3)-(3.4) and 𝕃, ℝ are 

translation operates with 120° to left and right, respectively. Then, we can construct 

Matrix according to Eq. (3.17) and updates by Eq.(3.18) 

 𝑀+�$𝑃�+�$ = 𝑀+𝑃�+	, 𝑗 = 1,2,⋯ 𝐿, 𝑛 = 1,2,⋯ 𝑇 (3.18) 
here, 𝑇 and 𝐿 are the lengths of time and space discretization. 

Since we have to get the ensemble averaged quantities of TASAM in steady 

state, most results of simulation are obtained by Fokker-Planck simulation while in 

some cases, we just use Langevin simulation to check the results when the steady-state 

distribution solved by Fokker-Planck equation is not very concentrated. In our 

numerical window, we could get the probability density function in steady state, 𝑃+88(𝑥), 

from which we could obtain all the quantities we are interested in. 
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3.5 The physical quantities 

The same as the 𝑈+(𝑥) , the 𝑃+88 𝑥 = 𝑃~88 𝑥 − 120×𝑛  because of the 

translational symmetry. Next, TASAM further define the 𝛬+88 𝑥 ≔ 𝑃+88 𝑥 𝑅+� 𝑥 −

𝑃+�$88 𝑥 𝑅+�$q (𝑥) to characterize the switching position. The first term and second term 

on the right-hand side stand for the probability density of the position at which the 

forward switching and backward switching occur, respectively. From this definition, 

we can obtain the steady-state rotary rotational velocity by 𝑣 ≔ 𝑑𝑥𝛬+ 𝑥 /3p
qp . 

Furthermore, as the definition of HFSE in their model, the steady-state average heat 

dissipation every 120° step, which is calculated as following: 

 𝑄²+R: =
1
3𝑣

𝑑𝑥𝛬+ 𝑥 𝑈+ 𝑥 − 𝑈+�$ 𝑥 + ∆𝜇  (3.19) 

 

 𝑄PQR: = ∆𝜇 − 𝐹𝐿 − 𝑄²+R (3.20) 
here 𝐹𝐿  is the work applied by external torque per forward step, and above two 

definitions are also consistent with the rate of energy dissipation in the standard formula 

(Lebowitz & Spohn, 1999; H. Qian, 2007; Seifert, 2005). 

 𝑊 =
1
2𝛽

𝐽 𝑋 𝑋¤ 𝑙𝑛
𝜔 𝑋 𝑋¤

𝜔 𝑋′ 𝑋
¶,¶‘

 (3.21) 

where 𝛽 = 1/𝑘@𝑇 , 	𝜔 𝑋 𝑋¤  is the transition rate from state 𝑋′  to 𝑋 , 𝐽 𝑋 𝑋¤ =

𝜔 𝑋 𝑋¤ 𝑃 𝑋¤ − 𝜔 𝑋¤ 𝑋 𝑃(𝑋) is the net flux from 𝑋′ to 𝑋, and 𝑃(𝑋) is the probability 

for state 𝑋. Next, I would prove Eq. (3.19) and (3.21) are equivalent. 

From quantities defined in TASAM, the time for F1-ATPase rotates one step is 

𝑡8 =
$
Kw

, so the dissipation rate of TASAM is 𝑊 = M¸�¹
Rº

= Kw
$
× $
Kw

𝑑𝑥Λ+ 𝑥 𝑈+ 𝑥 −

𝑈+�$ 𝑥 + ∆𝜇 = 𝑑𝑥Λ+ 𝑥 𝑈+ 𝑥 − 𝑈+�$ 𝑥 + ∆𝜇 = $
¼
× (𝑃+88 𝑥 𝑅+� 𝑥 −

𝑃+�$88 𝑥 𝑅+�$q (𝑥))×ln	(exp	(𝛽 𝑈+ 𝑥 − 𝑈+�$ 𝑥 + ∆𝜇 )). 

In TASAM, 𝑃+88 𝑥  has the same meaning of 𝐽 𝑋 𝑋¤  and ln( ½�¾(Q)	
½�¾�¿ (Q)

) is 

equivalent to ln(exp	(𝛽 𝑈+ 𝑥 − 𝑈+�$ 𝑥 + ∆𝜇 )). In addition, because the states are 

pairs which means we only need count once for a pair of state, so there is no 1/2 as 

shown at the head of right side head of Eq. (3.19). Therefore, I have valid Eq. 

(3.19)satisfy the form of Eq. (3.21). 
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3.6 Simulation performance 

In addition, we need to reference the convergence of simulated quantities we 

are interested in. The direct result of our simulation is steady-state distribution. 

However, there is not analytical solution to compare and we cannot distinguish the 

performance of simulation under different 𝛥𝑡. So, we compare the relation between 𝛥𝑡 

and mean rotational velocity on 𝑊 = 120, 𝑞 = 0. In our comparison, there are three 

quantities are involved, 𝛥𝑡, mean rotational velocity 𝑉8 and the runtimes corresponding.  

As we can see in Figure 3-8, the mean rotational velocity converges from right 

to left and the runtime rises from right to left. Take the convergence of mean rotational 

velocity and the runtime into consideration, we think the value, 𝛥𝑡 = 5×10qÁ, is the 

best choice. 

In conclude, we choose 𝛥𝑡 = 5×10qÁ as the time interval when 𝑊 < 1000 and 

we still need to adjust according to the specific circumstance.  
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Figure 3-8 The simulation performance based on mean rotational 
velocity convergence and runtime we used. The orange dash line means 
the mean rotational velocity change with 𝛥𝑡 and the blue dash line 
represents the runtime change with 𝛥𝑡. Both dash lines are normalized 
by their maximal value we obtained. We want the mean rotational 
velocity approach the convergent value but the runtime is not too long, 
which can be measured by the distance between dot pairs between two 
dash lines. The double arrows line points out the biggest distance dot 
pairs among all, which is estimated by eyes. 𝑉8Â{Q = 7.13	Hz,
runtimeÂ{Q = 78.39	𝑠 
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4. Numerical results and analysis 

Having implemented methods in the previous chapter, we would show detailed 

numerical results here. At first, we demonstrate the change of steady-state distribution 

under potential centered on 120° with different 𝑞 and 𝑊 as shown in Figure 4-1 and 

Figure 4-2, respectively. 

As shown in Figure 4-1, under the same 𝑊 = 105, the steady distributions 

demonstrate a bit difference under different 𝑞. The most noticeable difference is the 

height of peaks on around 80° and on the 120°. Actually, the small peak is caused by a 

simple reason. If we carefully observe the shape of the potential as shown in Figure 3-1, 

we could find a flat on around 60°, which stands for the intersection of 80-degree sub-

step and 40-degree sub-step. Therefore, the probability flow would accumulate around 

that point. As the 𝑊 increasing, the flow moves fast and the flow leaving 60° point 

leaves much faster and so does the flow coming to 60°. So, we could find the small 

peak grow higher when W increase. 

 From 𝑞 = 0 to 1, the height of peak on 120° decrease while the height of peak 

on around 60° increases. In addition, the width of the whole distribution noticeable 

becomes narrow slightly from 𝑞 = 0 to 1. 
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Figure 4-1 The steady-state distribution under 
different 𝑞, 𝑊 = 105. 
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As demonstrated in Figure 4-2, the steady-state distribution changes relatively 

large with the 𝑊 increasing. Actually, there are 12 lines and corresponding 𝑊 is from 

0.0001×2~ to 0.0001×2UK by every 2U in geometric progression. When 𝑊 approaches 

zero, the steady-state distributions approach equilibrium distribution, which correspond 

the distributions with relatively high peak under 120° and without obvious peak under 

around 60°. However, as 𝑊 increasing, the peak under 120° decreases fast and the peak 

under about 60° increase fast. 

Literally speaking, we are more interested in the net switching rate density, 

𝛬+88(𝑥), because it directly relates to all the physical quantities we want. Next, we would 

show how we obtain the  𝛬+88(𝑥). 

As shown in a of Figure 4-3, the 𝛬+88(𝑥)  is calculated by 𝑃+88 𝑥 𝑅+� 𝑥 −

𝑃+�$88 𝑥 𝑅+�$q (𝑥). Since we set the condition that hydrolysis reaction of the F$-motor is 

the positive reaction, it is reasonable that the switching probability density rate of 

switching forward flow (blue line) is more than the backward flow (red line), in this 

way can the 𝛾 subunit of this model move forward. And from Figure 4-3, we also can 

tell that ATPs would bind on in relatively large angular range while for most range, 

they are just kicked out totally. Only in a small range, the probability of binding on is 

large than the probability of unbinding, resulting the behaviour of angular dependence 

of ATP binding successfully. It is worth noting that the 𝛬+88(𝑥) is contributed mainly by 

the steady-state distribution on the right shoulder of the higher peak. 
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Figure 4-2 The steady-state distribution under 
different 𝑊, 𝑞 = 0. 
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         We call, in our numerical window, the potential centred on 0°, 120° and 240°, 

potential 1, potential 2 and potential 3, respectively. 

We are back to the numerical results under different parameters. The steady-

state distributions do not change obviously, but the net switching rate density 𝛬+88(𝑥) 

varies dramatically with different parameter 𝑞	and 𝑊. 
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Figure 4-4 𝛬+88(𝑥) under different q. Here, the dash line is the 
intersection point between potential 2 and potential 3. 
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Figure 4-3 The 𝛬+88(𝑥). The switching probability density rate of 
switching forward flow (blue line) and backward flow (red line) from 
potential 2 to potential 3, and the difference between these two lines 
is the net switching probability density rate of forward switching. 
𝑊 = 120, 𝑞 = 0. 
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Figure 4-4 is corresponding 𝛬+88 𝑥  of  Figure 4-1 and the difference is very 

large compared to steady-state distribution. Firstly, the peak moves non-linearly from 

left-hand side to right-hand side of intersection point as 𝑞 raises from 0 to 1. 

Secondly, the area of each distribution varies largely among different 𝑞, resulting in 

largely rotational velocity difference which will be demonstrated later. 
The same as the trend under different 	𝑞 , the 𝛬+88 𝑥  under different 𝑊  also 

change largely. In Figure 4-5, which corresponds to the steady-state in Figure 4-2. 

There are also 12 distributions, however, we can just distinguish about 5 of them 

because other 7 ones are very small comparing to the obvious 5 ones. It is also what the 

rotational velocity difference comes from. 

 

4.1 The rotational velocity as a function of parameter 𝒒 and 𝑾 
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Figure 4-5 The 𝛬+88(𝑥)  under different 𝑊 . There are 12 
curves in this figure. The higher the peak is the bigger the 
𝑊  is, 	𝑊  is from 0.0001×2~  to 0.0001×2K~  by every 2U  in 
geometric progression. As the 𝑊  increases, the peaks 
approach the intersection point (dash line). 𝑞 = 0. The dash 
line means the intersection point between potential 2 and 
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Then, we would show the rotational velocity change affected by these two 

parameters demonstrated in Figure 4-6. At small 𝑊  range and for different 𝑞 , the 

rotational velocity nearly equals to each other except rotational velocity with 𝑞 = 1 is 

much larger than others. For all 𝑞, the rotational velocity would increase as the 𝑊 

increasing until it approaching a maximal rotational velocity. In addition, All the 

rotational velocity curves would approach the same maximal rotational velocity as 𝑊 

approach infinite large. 

 

4.2 Time scales  

Then, we should notice there are two key time scales in TASAM. For simplicity, 

we just treat 𝑈~ 𝑥  as a harmonic potential and 𝑘 in 𝑈~ 𝑥  as the spring constant and 

corresponding time scales are estimated based on this simplification.  The first one is 

𝜏w = 𝛤𝐿U/ 𝑘𝐿 U, which determines the rotational velocity saturation. Another one is 

𝜏É = 𝛤/𝑘, which represents the time scale of relaxation time in a single potential and 

the values of them based on TASAM are 𝜏w = 3.9×10q§𝑠  and 𝜏É = 3.4×10qK𝑠 , 

respectively as demonstrated in Figure 4-7. 
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Figure 4-6 The rotational rotational velocity change under 𝑞 and 
𝑊 . 𝑊  is from 0.0001×2~  to 0.0001×2UÊ  by 2 in geometric 
progression. 
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4.3 Heat dissipation 

Next, we would show the heat dissipation relation with all the parameters and 

we produced the rotational velocity-external dissipation relation in TASAM. We just 

set 𝑊  from 0.0001×2~ to 0.0001×2KÊ by 2 in geometric progression and obtain the 

rotational velocity and external dissipation according to Eq. (3.19) and Eq. (3.20) at 

different 𝑞. Although we have applied all the parameters as the study (K Kawaguchi, 

Sasa, & Sagawa, 2014) suggested, we can only obtained the rotational velocity-external 

dissipation diagram with similar behaviors but not exactly the same as the origin as 

shown in a of Figure 4-9. 
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Figure 4-7 Two key time scales and the switching rate-external 
dissipation diagram. The external dissipation is divided by 𝛥𝜇. 
The blue curve is the external dissipation change with switching 
rate. The red line is the referenced line for 100% external 
dissipation. The curve would drop from the very beginning until 
around 1/𝜏É and become close to 𝛥𝜇 as approaching 1/𝜏w. 
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In fact, the biggest difference of them is the maximal rotational velocity, which 

is around 14.5 Hz in a and 12 Hz in b, respectively in Figure 4-9. No matter which 𝑞 

we choose, we observed that curves would approach the same point as 𝑊 → ∞, which 

is maximal rotational velocity this model could reach. In order to understand the 

difference, we try multiplying the rotational velocity of our results with 81% according 

to the Stokes efficiency demonstrated in 2.2.2. Finally, we obtain nearly the same 

curves as the original model except for some details may due to the numerical method. 
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Figure 4-8 The different dissipation calculated from 
TASAM. The cyan dots represent experimental data. 
𝑞 = 0, 𝛤 = 15.52	𝑝N	nm/Hz 
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Furthermore, in order to compare the performance of TASAM to reproduce the 

dissipation from steady-rotational velocity rotational velocity and fluctuation, we 

obtained Figure 4-8. 

The blue portion is the dissipation from steady rotational velocity, the yellow 

portion is the dissipation from fluctuation and the red crosses are experimental data. 

Since the X axis represents the rotational velocity and the steady rotational velocity 

dissipation is calculated by Stokes’ Law that 𝑄8 = 𝛤𝑉8U/	(3𝑉8), where 𝛤 is the friction 

coefficient and 𝑉8  means the mean rotational velocity, the Stokes’ efficiency is 

proportional to the mean rotational velocity. Plus, we also can observe from above 

figure that the Stokes efficiency obtained by experiment is well reproduced by TASAM. 

We need point out that the above figure is based on our simulation, which the maximal 

rotational velocity is around 14.5Hz. However, there is no obvious difference when we 

multiplying rotational velocity we obtained with 81% and set the maximal rotational 

velocity as 12Hz as mentioned above. 

Although the method that multiplying 81% is by artificial and there are 

inconsistences in Stokes efficiency between experiment 2.2.2 with other experiments, 

this model reflects well agreement of process that converting the chemical energy to 

mechanical energy of 𝛾 subunit that is shown as (1) step in Figure 2-1. Therefore, we 

plan to investigate the dynamics with high energy conversation efficiency reflected by 

this model, relate them with observed biological process and try to explain the 

disagreements between TASAM and other observations. 
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5. Energy conversion efficiency 

5.1 Energy conversion efficiency analysis of wild type 

Actually, with different values of 𝑞 , the TASAM is so flexible to generate 

different amount HFSE comparing to 𝛥𝜇 as shown in Figure 4-9, so it no wonder that 

results are consistent with the experiments with specific 𝑞 . However, the angular 

dependence parameter 𝑞  may have essential meaning not only in TASAM but also 

correspond real behaviors of F$-motor and we can go further by studying its dynamics. 

So, at first, we would demonstrate the roles of parameter 𝑞 in simulation and other 

features of the TASAM in the aspect of energy conversion. Since this model and 

experiments are based on the data from wild type of F$-ATPase, the properties belong 

to wild type. 

As shown in Figure 4-4, the peak of 𝛬+88(x) moves from left-hand side to the 

right-hand side of the intersection point between potentials, importantly, where does 

the switch happen affects the value of HFSE, which can be positive or negative (Figure 

5-1) according to TASAM. The parameter 𝑞 plays a crucial role in the net probability 

density rate of forward switching because it can control the distribution of net flow 

which is demonstrated in Figure 4-4, in other word, it can decide the value of HFSE. 

In addition, 𝑞  also can affect the amount of switching forward flow by 

manipulating the dependence of 𝑈+ 𝑥 − 𝑈+�$ 𝑥 + ∆𝜇 according to Eq. (3.4). So, in 

TASAM, 𝑞	influences both the efficiency and rotational velocity under the same 𝑊 as 

also shown in Figure 4-4. 

𝑊, the switching rate, has obvious effect on the amount of switching forward 

flow based on 𝑅+± 𝑥 = 𝑊𝑓+± 𝑥 . Besides, with the switching dynamic, the peak of 

𝛬+88(𝑥) under different 𝑞 approaches the intersection point as 𝑊 increases (Figure 5-2), 

so no matter what the pseudo efficiencies are at the low 𝑊, the pseudo efficiencies 

would approaches 100% and be independent of the form of Eq. (3.4) as 𝑊 approaches 

infinity (Kyogo Kawaguchi et al., 2014). 
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Figure 5-2 The relation between 𝑊 and the peak of 𝛬+88(𝑥). The higher the peak 
is the big the 𝑊 is. As the 𝑊 increases, the peaks approach the intersection point 
(dash line), 𝑞 = 0. 
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Figure 5-1 The calculation of HFSE. a: the chemical potentials. b: the net 
switching probability density rate times the energy difference of two adjacent 
potentials in a. The sum of the vector area represents the HFSE due to the 
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The simulation results of TASAM suggest that two essential facts are important 

for the high efficiency of the motor, 1) the negative HFSE in slow rotational velocity 

range and 2) majority of switching events taking place around the intersection point 

between potentials at successive 𝑛 values. The conditions for them to happen will be 

discussed later. They are fulfilled in the wild type motor, which has been evolved for a 

long time. To answer the question why they can perform so well in energy conversion, 

we can disturb its structure and see what happens. On the one hand, we can conduct it 

in experiments by generating mutants, on the other hand, we can investigate it in 

simulation if the referenced  model (Kyogo Kawaguchi et al., 2014) is good enough to 

capture the main characteristics. Based on this idea, we did following work under the 

assumption that the shape of the potential would change in some mutants and 𝛥𝜇 would 

be change in board range while the dynamics of the F$-motor still follows TASAM. 

 

5.2 Efficiency change corresponding to potential height 

In another study (George Oster & Wang, 2000), it was suggested that the motor 

generates a constant torque contributes a lot to the high efficiency and it also suggests 

the Stokes efficiency would approach 100% if the potential between switching points 

is a constant slope (Hongyun Wang & Oster, 2002). Unfortunately, there is no real 

potentials of F$-motor for them to check their points at that time. Even the shape of the 

potential in TASAM satisfy some features of their descriptions, we still want to 

investigate how the efficiency changes with the shape change of the potential under the 

same switching dynamics. 

 

Before we demonstrate the efficiency change with the potential change, we 

need to introduce new methods to calculate the average rotational velocity and pseudo 

efficiency. According to 𝑣 ≔ 𝑑𝑥Λ+ 𝑥 /3p
qp , the rotational velocity calculation 

method in TASAM is based on tight coupling that means three ATP must be hydrolyzed 

per rotation. However, when it loses this feature due to some changes in structure, we 

cannot take above methods anymore. Therefore, we introduce a new method that 

calculates the average rotational velocity directly from motion probability under 

individual potential. We define 

 𝑣X: =
1
𝐿

𝑑𝑥𝑃+88 𝑥 𝐹+ 𝑥 − 𝑃+88 𝑥 𝐵+(𝑥) (5.1) 

where 𝐿  is the spatial length, 𝑃+88(𝑥)  represents the steady-state distribution under 

potential 𝑛, and 𝐹+ 𝑥  and 𝐵+(𝑥) are forward motion rate and backward motion rate 

corresponding to Eq.(3.7) and Eq.(3.8), respectively. 
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 In fact, these two kinds of calculations stand for different aspects to obtain the 

rotational velocity. 𝑣 ≔ 𝑑𝑥Λ+ 𝑥 /3p
qp  actually, means how much probability 

switches to next potential per 120° and if the mechanical motion and chemical reaction 

are tightly coupled, the probability of switches would equal to the probability of motion. 

However, when they lose tight coupling, they would separate. For this reason, in 

TASAM, we should define a new quantity 𝜖 to character the coupling of the mechanical 

motion and chemical reaction, which described by 

 𝜖 = 𝑣/𝑣X (5.2) 
We have checked that 𝜖 = 1 for wild type in any situation with experimental 

parameters and when 𝜖  is smaller than 1, some ATP would be hydrolyzed without 

contributing to mechanical motion, decreasing the efficiency largely.  

For the same reason, instead of using 𝑄PQR/𝛥𝜇 meaning the efficiency we need 

to use new method to calculate the pseudo efficiency 

 

𝛥𝜇²+ = 𝑑𝑥Λ+ 𝑥 ×𝛥𝜇 

𝑄²+R = 𝑑𝑥Λ+ 𝑥 × 𝑈+ 𝑥 − 𝑈+�$ 𝑥 + 𝛥𝜇  

𝜂M =
𝛥𝜇²+ − 𝑄²+R

𝛥𝜇²+
 

(5.3) 

where the 𝛥𝜇²+ means the energy consumed per unit time and 𝑄²+R is HFSE per unit 

time. The 𝜖 would affect the 𝜂M largely, and we will demonstrate below. 

We studied the behaviors of TASAM when the global potential height has been 

multiplied with different coefficient. The potentials are shown in Figure 5-3 which are 

multiplying 1%, 10%, 25%, 50%, 60% and 65%, respectively. Meanwhile, we adjust 

the period range to keep the distribution would not be cut off with the periodic boundary 

condition setting. 
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In this change, the behavior of TASAM would affected by two facts. One is 

whether there are existed intersection points and another is the height of potentials. For 

the potential with coefficient smaller than 50%, there is no intersection between 

potentials and so, for the whole concentration range, F$ -motor would not rotate 

effectively but move like Brownian motion. Even there is shown that ATP would be 

hydrolyzed in high ATP concentration, most of them dissipate internally without 

contributing much to rotation.  

 

 

For the potentials with coefficient above 50%, the efficiency increases as the 

global height increase in a broad rotational velocity range but decreases after certain 

rotational velocity. In addition, we also found the number of phenomena that 𝛾 subunit 

switches directly between potentials increases as the 𝑊  becomes large in Langevin 

simulation, in other word, TASAM loses it tight coupling when 𝑊 is big enough if the 

global height is relatively short. 
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Figure 5-4 is an example to illustrate the HFSE of mutant with the whole 

potential multiplied with 50%. When the potential is not as sharp as the wild type 

anymore, the probability flow would switch not only from the intersection point, the 

same as the wild type, but also switch directly from the place around where ATP binds 

when the 𝑊 becomes relatively big, which is demonstrated by three peaks in 𝛬+88(𝑥). 

Compared to b in Figure 5-1, the HFSE of this mutant is very large because most ATPs 

binding on are hydrolyzed directly without contributing to the rotary motion, which 

means the mutant loses tight coupling when 𝑊  becomes relatively large and the 

potential cannot limit the steady-state distribution in a relatively narrow range.  

 

 

 

 

 

 

 

 

 

 

Figure 5-4 The 𝛬+88(𝑥) of mutants with coefficient 50% and the corresponding 
HFSE energy density. a: the 𝛬+88(𝑥)  of mutants. b: the net switching 
probability density rate times the energy difference of two adjacent 
potentials. The sum of the vector area represents the HFSE due to the 
switching (183.15pN nm). 𝑊 = 1678, 𝑞 = 0. 
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Results for the pseudo efficiency against rotational speed for mutant potential 

at different reduction strength is shown in Figure 5-5. 

 

As shown in Figure 5-5, if the mutants’ potentials do not grow fast to avoid 

direct switches as the concentration of ATP increase, the switching parameter 𝑊 would 

affect its tight coupling. On the other hand, there exists a maximal value of 𝑊 the F$-

ATPase can feel, such as the maximal efficiency points of each mutant in a of Figure 

5-5. However, the 𝑊 used here is not bigger than that of the wild type. Anyway, the 

efficiency performance is nearly the same as the wild type as long as the height of the 

mutant potential reach 75% height of the wild type. So, it seems the potential is well 

designed for F$-motor to generate tight coupling and relatively big variation would not 

influence its energy conversion performance, in other words, F$-motor can tolerate 

relatively big change while keeping very high efficiency. 
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As for the coefficient is above 100%, the efficiency keeps nearly to 100% for 

the whole rotational velocity range, However, the maximal rotational velocity decreases 

as the global height grows further. For example, the maximal rotational velocity with 

coefficients 105% and 110% are 13.17 Hz and 12.05 Hz, respectively while it is 14.5Hz 

to wild type. It is also remarkable that TASAM can derive the property that the 

mechanical-chemical potential of F$-ATPase can reach the maximal both in efficiency 

and production rate, which is matching the results of long time evolution. 

 

5.3 Efficiency change against to ∆𝝁  

 

∆𝜇 is the chemical energy F$-motor can be consumed per step, and its value 

depends on the relative concentration of ATP, ADP and PE , whose relation is ∆𝜇 =

∆𝜇~ + 𝑘@𝑇log 𝐴𝑇𝑃 HUO /[ADP][Pi]  and ∆𝜇~ is around 46 pN	nm but not the same 

in different literatures (Guynn & Veech, 1973; Pänke & Rumberg, 1999; Rosing & 

Slater, 1972). Therefore, the value of ∆𝜇 can be varied easily by relative concentration 

setting. 
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Figure 5-6 The 𝛬+88(𝑥)  of 2.5 times 𝛥𝜇	(≈ 18.3𝑘@𝑇)  and the corresponding 
HFSE energy density. a: the corresponding 𝛬+88(𝑥) . b: the net switching 
probability density rate times the energy difference of two adjacent potentials. 
The sum of the vector area represents the HFSE due to the switching (56.65pN 
nm). 𝑊 = 120, 𝑞 = 0. The dash line means the intersection point. 
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We multiply the original 𝛥𝜇(≈ 18.3𝑘@𝑇)  with an arithmetic sequence from 

10% ,20% to 300% and simulated with different concentration parameter 𝑊.  

Figure 5-6 is an example of HFSE in different 𝛥𝜇. Unlike the  𝛬+88(𝑥) of 

mutants which probably have three peaks, the 𝛬+88(𝑥) with large different 𝛥𝜇 still have 

one peak while the intersection point has been shifted due to the value of 𝛥𝜇. Though 

we could observe negative HFSE in b of Figure 5-6, the positive HFSE is so large that 

consumed most energy input by ATP binding. Then we would demonstrate the 

relation between efficiency change with different values of different 𝛥𝜇. 

As Figure 5-7 shows, the efficiency keeps 100% from 10% to 150% of original 

𝛥𝜇 in any ATP concentration we setting. Meanwhile, the coupling keep tight from 10% 

to 130% of original 𝛥𝜇. Although the rotational velocity is affected largely by the value 

of 𝛥𝜇, ATP with small 𝛥𝜇 would limit its hydrolysis rate, it can be compensated by 

increasing the concentration of ATP. 

In conclusion, the concentration of substrates does not decrease the efficiency 

of ATP hydrolysis from 0.1 to 1.5 times of original	𝛥𝜇, which may be covered in vivo. 

So, the potential is well evolved for keep high efficiency to the variation of 𝛥𝜇 that 

caused by variation of substrates concentration. 

 



 

44 

 

 

 

5.4 The negative HFSE in TASAM 

Until now, we still left an attracting but controversial problem unanswered, that 

is, as reported in the original paper of TASAM and illustrated in Figure 4-9, in slow 

rotational velocity range, the pseudo efficiency exceeds 100%. Though it is allowed by 

previous discussion (Zimmermann & Seifert, 2012), can we hope it increase the Stokes 

efficiency above 100% as well? Next, we would discuss this problem. 

In Figure 4-9, Figure 5-1, and Figure 5-5, we can see the exceeded 100% pseudo 

efficiency directly or indirectly. Leaving the thermodynamics aside, let us see what 

happens in TASAM firstly.  
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In simulation, when the probability distribution reaches the steady-state, the 

switching forward probability flow from potential 2 to 3 would compete with the 

switching back probability flow from potential 3 to 2 as shown in Figure 4-3 and their 

difference is the net probability of switching forward from potential 2 to 3, in this way, 

the 𝛾 would rotate forward. In TASAM, the HFSE is defined as the product the net 

probability of switching forward and the energy difference of adjacent potentials: if the 

flow switches from the left-hand side of intersection point, where the energy of 

potential 2 is lower than potential 3, negative energy would produce; if the flow 

switches from the right-hand side of the intersection point, positive energy would 

produce, which is illustrated in a of Figure 5-8  So, the distribution affects the value of 

HFSE.  

At 𝑞 = 0 , when probability distribution reaches the steady-state, for most 

probability flow switches from potential 2 to 3, it would switch back immediately 

because the energy gap between potential 3 and 2 is too higher for probability flow 

switching succeed even by accident. In the switch dynamics of TSAM, this behavior is 

described by in major range that switching forward happens, the probability of 

switching back is nearly 100%. As the distance approaches the intersection point 

between potential 2 and 3, the energy gap decreases at the same time, the probability 

flow could switch and flow forward occasionally to the minimal point of potential 3. 

This behavior is described by in potential 3, the switching back probability decreases 

as approaching to intersection point while the moving forward probability keeps the 

same as shown in b of Figure 5-8. 
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In this way, there exists a range for flow probably switching forward and 

generating negative HFSE which is the range between red and cyan dash lines in b of 

Figure 5-8. At the range on the right-hand side of the intersection point, the potential 

energy of potential 2 is higher than potential 3, so the flow would more easily switch 

from this range.  

Figure 5-8 The origins of negative HFSE in TASAM. a: The potential 2 and 
potential 3. b: the switching backward probability and moving forward 
probability under potential 3. c: the net switching probability density rate times 
the energy difference of two adjacent potentials in a. The sum of the vector 
area represents the HFSE due to the switching (-0.1647pN nm). 𝑊 = 120, 𝑞 = 0 
and the cyan dash line means the intersection point. 
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However, the probability distribution is also affected by the relative height of 

potential to the minimal point, even the more right away from the intersection point, 

the more easily for flow to switch forward, the rarer is or even no probability can reach 

that range. So, under fixed potential, 𝛥𝜇 and specific concentration parameter 𝑊, the 

steady-state distribution is the result that decided by the switching rates function 𝑓+±(𝑥) 

with parameter 𝑞.  

Based on all the parameters suggested in TASAM, the net switching forward 

probability would distribute partly on the negative-dissipation-generating range, and if 

this portion is bigger than the portion on the positive-dissipation-generating range, the 

total HFSE would be negative as shown in c of Figure 5-8. Plus, the asymmetrical 

parameter 𝑞 and switching rate parameter 𝑊 also influence the net switching forward 

probability distribution as well. 𝑞 controls the peak of above distribution from left to 

right nonlinearly comparing to intersection point as demonstrated in Figure 4-4. As for 

𝑊, according to switching rate functions 𝑊𝑓+± 𝑥 , the flow would switch harder and 

harder as the 𝑊 increase and switch more and more entirely once cross the intersection 

point from left to right, resulting in not above or below 100% efficiency. In this way, 

no matter what 𝑞 is, all the rotational velocity-efficiency curves would approach 100% 

efficiency at maximal rotational velocity. Therefore, we could obtain the rotational 

velocity-efficiency curves illustrated in Figure 4-9.  

At last, we can conclude the high efficiency in TSAM is the result of negative 

dissipation in relative low ATP concentration and tight coupling which is the 

combination of the potential and switching dynamics for all concentration range. 

 

5.5 The understanding of 100% efficiency 

Though the TASAM performances in great consistence with the experimental 

data (Toyabe et al., 2010b) in the relation between rotational velocity and efficiency, 

does it have real biological processes to all the characteristics they stated? We 

conducted studies as shown below. 

At first, the potential profile is obtained from previous experiment (Toyabe et 

al., 2012), which is not designed for TASAM.  

Under this potential profile, the 𝛾 subunit prefer rotating in a dissipation-free 

reaction path. In addition, according to the mutants we designed in 5.2, the profile could 

tolerate relative large change while keeping the coupling tightly as well, which 

demonstrate well mutual adoption between F$-motor and ATP under changes in vivo 

after long-time evolution. 
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Besides, we found the negative HFSE process do exist in the biological level, 

which may correspond the negative HFSE in TASAM.  Though we have given the 

hydrolysis reaction flow chart in  Figure 1-2, the details of ATP binding and products 

releasing are rather complex (Fersht, 1999) but at least, we need to know them in terms 

of hydrogen bonds. Take the binding process for example, it accompanies by the 

decomposition of hydrogen bonds between water and ATP, catalytic sites of F$-ATPase, 

at the same time, the formation of hydrogen bonds between ATP and catalytic sites 

(George Oster & Wang, 2000). When the hydrogen bonds between ATP and catalytic 

site are formed, they lose entropic freedom when the water molecules are released into 

solution, the ATP and catalytic site binding body would gain entropic freedom. The 

gain and loss of entropy corresponds the heat dissipation and heat absorption in binding 

process. However, for most of time, the gain in entropy is more than lose in entropy on 

binding process, in other word, this process usually dissipates heat. In addition, the 

thermal fluctuations also can be captured to trigger products release, absorbing the heat 

of the environment. 

In spite of the fact that some entropy consuming processes do exist in the 

reaction of F$-ATPase, we cannot say it must results in net negative HFSE. Actually, 

heat is both captured and released in switching process of TASAM as demonstrated in 

c of Figure 5-8 and the switching dynamics is too flexible to make sure the quantity 

relation between positive and negative HFSE with different parameter 𝑞. What we only 

confirm is that the dissipation would approach 0 as the 𝑊 approaching to infinity. 
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6. Discussion and conclusion 

6.1 Unified interpretation between TASAM and other studies 

The last but not the least, we still try to find the reasons that why both 

experiment (Toyabe et al., 2010) and TASAM cannot obtain 100% Stokes efficiency 

while other experiments introduced in 2.2 could.  

At first, we noticed that the Harada and Sasa equality (Harada & Sasa, 2005) is 

derived from nonequilibrium Langevin systems and also verified in undoubted 

Langevin systems experimentally (Toyabe, Jiang, Nakamura, Murayama, & Sano, 2007; 

Toyabe & Sano, 2008). Furthermore, the TASAM and referenced experiments also 

assumed the motion of 𝛾 subunit attached a bead can be totally described by Langevin 

equation under a tilted periodic potential with switches. However, both of them have 

imperceptible contradictions with other experiments and studies. 

At first, we would compare the experiment used Harada and Sasa approach 

(EHS) with other experiments introduced in 2.2. All other experiments stated the Stokes 

efficiency of F$-motor is nearly 100% while EHS shows even the maximal Stokes 

efficiency is only 81% due to a difference in definition.  

In 2.2.1, we can observe smooth and steep averaged trajectories of mechanical 

rotation as shown in Figure 2-3, which implies the constant torque the F$ -motor 

generates and corresponding work nearly equals to chemical free energy 𝛥𝜇. In 2.2.4, 

we can observe the rotational rate of F$-ATPase is decreasing as the opposite constant 

torque increasing and finally rotates in synthesized direction as demonstrated in Figure 

2-6. Besides, the freely Brownian motion when F$-motor applied certain magnitude of 

torque suggests the torque it can generate is equivalent to torque applied externally. 

Both 2.2.3 and 2.2.2 applied nonequilibrium statistic methods but we observed a crucial 

difference. In 2.2.3, to measure the torque F$-motor generates, they only take the data 

in switching process as illustrated in Figure 6-1, in other words, they only admit these 

range can be described as Langevin systems in nonequilibrium states. However, the 

EHS adopted all data from the whole trajectories. 
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In fact, the ATP waiting states represented by the data excluded in Figure 6-1 

cannot be treated as the motion in nonequilibrium states. Intuitively, the ATP waiting 

process has no connection with the energy conversion efficiency because there is no 

chemical free energy consumed for it to dissipate. So, the efficiency calculation in 

TASAM and related experiments are not the traditional definition of Stokes efficiency. 

Therefore, the average rotational velocity calculated in EHS is smaller than the average 

rotational velocity during the  ATP hydrolyzed reaction because they added extra ATP 

waiting process. Moreover, the calculated heat dissipation from fluctuation would be 

larger than real values and calculated dissipation for steady motion is much smaller 

than real values. That also explains why the Stokes efficiency should have relation with 

ATP concentration (b of Figure 2-5), which is different from observations with all other 

experiments we introduced. 

Then, we have to compare the results obtained by TASAM with other theories. 

Actually, there is a theory to calculate the Stokes efficiency only depends on the 

effective potential in Langevin systems with tight coupling and switching rates that 

satisfy detailed balance at equilibrium (Hongyun Wang & Oster, 2002). Briefly 

speaking, in systems we mentioned, the Stokes efficiency of them is determined by the 

deviation of driving potential from a constant slope, and if the driving potential is a 

constant slope, the Stokes efficiency is 100%. 

Plus, the relation between the shape of potential and Stokes efficiency can be 

illustrated by Figure 6-2. Compared to Figure 6-2, Figure 6-3 demonstrates that the 

potential profile TASAM taken does deviates from a constant slope, so the conclusion 

that the maximal Stokes efficiency of TASAM is only 80% is reasonable based on this 

theory. Namely, the potential TASAM taken limits the Stokes efficiency of TASAM 

and there are other facts affecting the potential profile.  

Figure 6-1 The example trajectory with FT torque 
measured method. The red square represents the 
data range they take.(Kumiko Hayashi et al., 2010) 
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Figure 6-2 The relation between the shape of driving potential 
and Stokes efficiency. (G Oster & Wang, 2000) 
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Figure 6-3 The comparison between potential 
profile TASAM taken and the referenced triangle 
with constant slope. 
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There exists another fact we have to notice that TASAM shows good agreement 

with experimental data for the relation between rotational velocity and totally heat 

dissipation. However, 𝑊  is a parameter to characterize the ATPs hitting frequency 

(Kyogo Kawaguchi et al., 2014), which need to further study the relation between this 

frequency and ATP concentration. In another model (Gaspard & Gerritsma, 2007), it 

can show good consistence between ATP concentration and rotary rotational velocity. 

In tight coupling condition for wild type of F$-motor, we assumed there are 

three typical processes for each step of ATP hydrolysis reaction. The first process is 

ATP waiting process, which is ATP concentration dependent. Actually, this process is 

no business of F$-motor but relates the diffusion for ATP to locate its catalytic site in 

certain concentration, whose corresponding time is 𝑡$([ATP]). The second one is the 

binding process which corresponds 𝑡U ([ATP]). The third process is the rotational 

process, where the F$-motor converts the chemical free energy into mechanical energy 

after ATP binding. It happens in the F$ -motor and would not be affected by ATP 

concentration outside. So, for nearly all ATP concentration, this process uses a constant 

time 𝑡K  and it also can account for the phenomena that the F$ -ATPase generating 

constant torque in nearly all concentration range. 

 

Actually, TASAM couples the first and the second processes into one set of 

switching rate functions, so we cannot directly derive the relation between ATP 

concentration and rotational velocity in this model. 

Based on the discussion about EHS and TASAM above, we conclude that 

TASAM assumed that the whole ATP hydrolysis reaction can be described by Langevin 

system with switching rates, including the ATP waiting process into switching 

functions. If we include ATP process, the potential profile would deviate from a 

constant slope, and the mean rotational velocity would decrease because it is averaged 

with waiting process. Since the ATP waiting process has the dependence on ATP 

concentration, the Stokes efficiency which is calculated by mean rotational velocity 

would also depend on ATP concentration, showing different observation from previous 

experiments. 
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If we want to unify this model with previous experiments and models, there 

may be some adjustments to TASAM. For the first time, no matter the potential 

measuring or the dissipation measuring, the measured processes should be only 

included with ATP in, namely, ATP waiting process should be excluded as did in 

(Rikiya Watanabe et al., 2011). As for the stochastic model of F$ -motor, we need 

reconsider how to describe the ATP waiting process. On the one hand, we could add 

more potentials into the system while keeping the Langevin description as the study 

(Gaspard & Gerritsma, 2007) did. On the other hand, we could use new methods to 

describe the ATP waiting states. These adjustments may result in direct relations 

between model and experimental data. 

 

6.2 Conclusion  

F$-ATPase is a significant molecular motor with extraordinary high Stokes 

efficiency, attracting wide attention from different groups. Recently, a new 

nonequilibrium equality derived by Harada and Sasa has been applied into this motor 

and corresponding model has been constructed which demonstrates high consistence 

with experimental data. In this thesis, we have implemented the totally asymmetric 

allosteric model (TASAM) and investigate properties of TASAM in detail. 

Besides, we designed mutants to study the efficiency change with the change 

of potential height and values of 𝛥𝜇. The results showed that the tight coupling could 

explain most high efficiency performance with the new quantity we defined beyond 

TASAM and the coupling could tolerate relative large variation in potential height and 

values of 𝛥𝜇  compared those of the wild type. In addition, we related the special 

features with real biological processes. For the difference between TASAM and 

relevant experiments, we provided potential reasons by connecting other theories and 

comparing them with different experiments. At least, we offered methods to unify them. 

At the very beginning, we introduced the structure of ATPase, corresponding 

special coupling mechanism. At the same time, we induced relevant efficiency 

definitions in nanometer scales, laying the basis for later analysis. 

Then, we introduced the energy conduction in ATP hydrolysis reaction and four 

experiments with different method to measure the efficiency of F$-motor. Though most 

results are in agreement with each other, there are some disagreements that inspired this 

work. 
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Next, we detailed introduced the TASAM and conducted Langevin simulation 

and Fokker-Planck simulation. In the later one, we used Langevin simulation and ansatz 

method to TASAM with infinite potentials and conclude that the distribution expression 

in each potential 𝑛 is equivalent and we could obtain the steady-state distribution by 

solving only one Fokker-Planck equation instead of a set. As a result, we obtained 

similar but not the same result as authors of the origin model, pushing us to find reasons 

underlying. 

Moreover, we analyzed how TASAM reflects high efficiency of F$-motor and 

distinguished the efficiency it demonstrated is pseudo efficiency. To further investigate 

its features, we introduced a new method and quantity to characterize the heat 

dissipation and tight level of coupling. Importantly, these new method is more general 

for Langevin systems with switching rates and we can apply them into loose coupling 

systems which the origin paper did not mention. 

In mutant analysis based on TASAM, we found that the coupling have profound 

effects on the efficiency. Furthermore, the potential and free energy are well adopted 

from each other in energy transduction, where they can both vary relatively large 

compared to their natural value in vivo while keeping 100% efficiency. Later, we found 

that the high efficiency in slow rotational velocity range is mainly contributed by 

negative heat flow between the system and the environment (HFSE) in TASAM. To 

confirm the existence in real biological processes, we searched the literature for more 

studies and found the corresponding processes. Moreover, the flexible parameter 𝑞 still 

allow us to investigate further, which need to be studied in the future. 

At last, we discussed the disagreements between TASAM and other 

experiments. We found they are due to the description of F$-ATPase as a Langevin 

system with switching rates. Besides, TASAM can be unified with previous 

experiments and studies with methods we mentioned. 

In future work, higher temporal and spatial resolution experiments should be 

conducted so that we can precisely describe the system of F$-motor in further detail. 

The data can be used to construct more accurate estimate of the potential profile again 

without ATP waiting process. We believe the results would be more possible to be 

derived 100% Stokes efficiency. Furthermore, it seems that Fluctuation Theorem plays 

a crucial role in potential switching even ATP waiting states are involved.  
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