
Hong Kong Baptist University

DOCTORAL THESIS

Detecting stochastic motifs in network and sequence data for human
behavior analysis
Liu, Kai

Date of Award:
2014

Link to publication

General rights
Copyright and intellectual property rights for the publications made accessible in HKBU Scholars are retained by the authors and/or other
copyright owners. In addition to the restrictions prescribed by the Copyright Ordinance of Hong Kong, all users and readers must also
observe the following terms of use:

            • Users may download and print one copy of any publication from HKBU Scholars for the purpose of private study or research
            • Users cannot further distribute the material or use it for any profit-making activity or commercial gain
            • To share publications in HKBU Scholars with others, users are welcome to freely distribute the permanent URL assigned to the
publication

Download date: 24 May, 2023

https://scholars.hkbu.edu.hk/en/studentTheses/cfdb66f4-2bb6-4b49-99fc-a9b12b0760e6


Detecting Stochastic Motifs in Network and

Sequence Data for Human Behavior Analysis

LIU Kai

A thesis submitted in partial fulfillment of the requirements

for the degree of

Doctor of Philosophy

Principal Supervisor: Dr. CHEUNG Kwok Wai

Hong Kong Baptist University

August 2014



Declaration

I declare that this thesis has been composed by myself under the guidance of

my principal supervisor Dr. CHEUNG Kwok Wai and co-supervisor Prof. LIU

Jiming, after registration for the degree of PhD at Hong Kong Baptist University.

The thesis has not been previously included in any thesis, dissertation or report

submitted to any institution for a degree, diploma or other qualification. All

sources of information have been acknowledged by means of references to the relevant

publications.

Signature:

August 2014

i



Abstract

With the recent advent of Web 2.0, mobile computing, and pervasive sensing

technologies, human activities can readily be logged, leaving digital traces of different

forms. For instance, human communication activities recorded in online social

networks allow user interactions to be represented as “network” data. Also, human

daily activities can be tracked in a smart house, where the log of sensor triggering

events can be represented as “sequence” data. This thesis research aims to develop

computational data mining algorithms using the generative modeling approach to

extract salient patterns (motifs) embedded in such network and sequence data, and

to apply them for human behavior analysis.

Motifs are defined as the recurrent over-represented patterns embedded in the

data, and have been known to be effective for characterizing complex networks.

Many motif extraction methods found in the literature assume that a motif is either

present or absent. In real practice, such salient patterns can appear partially due

to their stochastic nature and/or the presence of noise. Thus, the probabilistic

approach is adopted in this thesis to model motifs.

For network data, we use a probability matrix to represent a network motif

and propose a mixture model to extract network motifs. A component-wise EM

algorithm is adopted where the optimal number of stochastic motifs is automatically

determined with the help of a minimum message length criterion. Considering also

the edge occurrence ordering within a motif, we model a motif as a mixture of first-

order Markov chains for the extraction. Using a probabilistic approach similar to

the one for network motif, an optimal set of stochastic temporal network motifs are
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extracted. We carried out rigorous experiments to evaluate the performance of the

proposed motif extraction algorithms using both synthetic data sets and real-world

social network data sets and mobile phone usage data sets, and obtained promising

results. Also, we found that some of the results can be interpreted using the social

balance and social status theories which are well-known in social network analysis.

To evaluate the effectiveness of adopting stochastic temporal network motifs

for not only characterizing human behaviors, we incorporate stochastic temporal

network motifs as local structural features into a factor graph model for followee

recommendation prediction (essentially a link prediction problem) in online social

networks. The proposed motif-based factor graph model is found to outperform

significantly the existing state-of-the-art methods for the prediction task.

For extract motifs from sequence data, the probabilistic framework proposed for

the stochastic temporal network motif extraction is also applicable. One possible

way is to make use of the edit distance in the probabilistic framework so that the

subsequences with minor ordering variations can first be grouped to form the initial

set of motif candidates. A mixture model can then be used to determine the optimal

set of temporal motifs. We applied this approach to extract sequence motifs from a

smart home data set which contains sensor triggering events corresponding to some

activities performed by residents in the smart home. The unique behavior extracted

for each resident based on the detected motifs is also discussed.

Keywords: Stochastic network motifs, finite mixture models, expectation maxi-

mization algorithms, social networks, stochastic temporal network motifs, mixture

of Markov chains, human behavior analysis, followee recommendation, signed social

networks, activity of daily living, smart environments
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Chapter 1

Introduction

The objective of this thesis research is to derive robust algorithms for detecting

salient patterns (also called motifs) in network and sequence data, and to apply them

for human behaviour analysis where human communication/interaction and human

daily activity patterns are the focus. The analysis takes a data-driven approach

where digital traces recording human behavior are analyzed. Such digital traces

are available nowadays due to the recent advent in Web 2.0, mobile computing,

pervasive sensing and ambient intelligence technologies. Digital traces recording

user interactions form networks and those recording user daily activities via sensors

form sequences. Detection of meaningful motifs characterizing such network and

sequence data is the theme of this thesis research.

Network is a powerful representation for a mount of natural and artificial systems.

Network data are commonly found in different problem domains (e.g., World Wide

Web, on-line social networks, document citation networks, biological interaction

networks, etc.). For instance, online social networking sites have exploded in

popularity and have widely been adopted for efficient communication and sharing.

Facebook (over 1.31 billion users in July 2014), Twitter (over 645 millions users

ins July 2014) and Google plus (over 540 million in February 2014) have now been

commonly used to contact with friends and share messages. Youtube, Flickr and

Instagram are used to share multimedia contents. Network data is here defined as

the data type where entities of interested are represented as nodes in a graph and
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their relations or interconnections as the edges. For networks of large scale, carrying

out data mining to discover from the network data their structural characterization

and salient topological features is non-trivial. One way to study the topological

features of the network is to understand the small topological substructures first

and then fit in the global feature of the network. In this thesis research, we want

to first identify the basic building blocks [92] of such network and then use them to

characterize behaviors exhibited in the network [44]. The term network motifs have

been evidenced as the simple building blocks, referring to subnetworks that appear

with a higher frequency than it would be expected in similar random networks.

This is a fundamental concept that has been used as a very useful tool to uncover

structural design principles in networks from many different fields. The network

motifs after being correctly detected can support a number of applications, including

demonstrating the design principles [118] of transcriptional regulation networks that

control gene expression in cells, inferring the interaction mechanisms to explain

online social network formation [44], forming the social behavioral features for

network classification [6], identifying effective spam campaign strategies [98], among

others.

Sequence data recording sensor events triggered by subjects like the elderly or

disabled living in a smart house allow the subjects’ daily activities to be monitored

and tracked. The activities being monitored are those referred to as Activities of

Daily Living (ADLs) [87] which include preparing meals, dressing and undressing,

etc. The family caregivers would receive alerts if the residents behave differently,

that is, there are changes from normal activity patterns. The ultimate goal is to

provide timely and relevant assistance to the subjects to support their independent

living. In addition to monitoring and tracking, over-represented daily activity

patterns of each resident can be detected as their motifs to uniquely characterize

the resident’s daily activities as compared with the other residents. Such motifs are

named sequence motifs since they are detected from sequence data with temporal

information. Sequence motifs are thus the patterns which appear more often for a

2



particular resident but not the others. They form the distinct salient features of the

resident which could reflect his/her unique living styles or health status.

1.1 From Motifs to Stochastic Motifs

Since the nineties, researchers started to pay more attention to the real world

complex networks [91, 59, 140, 116, 26, 45, 57, 99]. To start with, it was the

emergence of many reliable real network data sets, the maturation of the Internet as

a powerful tool, together with the increasing computing power that made pioneering

empirical studies on complex networks possible. Real world complex networks have

been shown to exhibit topological properties that are distinct from random networks.

Examples of such observed properties include small-world [138] and scale-free [13]

properties. The small-world property tells that the complex networks have short

average path lengths and are highly clustered. The scale-free property means that

the degree distribution (i.e., the distribution of the number of incoming/outgoing

connections) of each node follows a power law distribution. In addition to the global

statistical properties of networks, there exist work to look for substructures which are

bigger than a single node, but smaller than the whole network. For instance, network

communities [76, 101, 31] describe the meso-scale network structure property, where

the nodes are grouped into (potentially overlapping) sets of nodes such that each set

of nodes is densely connected internally. Other than that, since the pioneering work

by Shen-Orr et al. [118], network motifs have been used to characterize the local

structural and behavioral properties of many real-world complex networks [92]. It is

noted that some small size subnetworks (3-10 nodes) appeared more frequent in the

studied network than it would be expected in the randomized versions of the studied

network (with the degree distribution identical to the studied network). Network

motif is an important concept in the network science field, which is essentially

referring to over-represented topological patterns.

Figure 1.1 exemplifies the concept of network motifs. The four random networks

have exactly the same degree distribution as the original one. They are created
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Figure 1.1: A network motif example of size 3 [92].

by swapping the targets of randomly selected edge pairs, while keeping the in/out

degree of each node fixed. The feed forward loop motif, indicated by red dash edges,

appears exactly five times in the original network ({1, 2, 8}, {3, 12, 13}, {4, 10, 11},

{5, 6, 10}, {14, 15, 16}) but has at most one occurrence in each random network.

Network motifs have been extensively used in various areas. For example,

they have functional significance in transcriptional regulatory networks [118] and

protein-protein interaction networks [5]. They are also significant in networks of

other domains, like electronic circuits [53], communication networks [145] and social

networks [91, 56, 94]. However, many natural networks possess topological properties

which are intrinsically stochastic. Additionally, incomplete and/or incorrect

observations due to experimental resolutions and random noises also introduce

considerable uncertainties into the observed networks. Thus, it is more suitable

to represent motifs by associating connections between nodes with probabilities. A

network with N nodes can be described by a probability matrix P = (Aij)N×N , 0 ≤

Aij ≤ 1, where Aij is the probability that two nodes i and j are connected.

As inherited from the networks, motifs also exhibit uncertainties. A function
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related network motif in biological networks is therefore not necessarily giving only

topologically identical subpatterns [16, 55]. In social networks, subpatterns of a

particular interaction behavior motif are not necessarily topological identical. Thus,

topological variations in network motifs may also arise. In this research, motifs are

modeled as stochastic patterns and the motif identification problem is discussed in

the context of stochastic networks.

Considering also the temporal ordering of the edge occurrences so that the

occurrences of edges in a motif is dependent on each other, a motif can be represented

as a stochastic process of edge occurrences. The need to go beyond the assumption

of independent edges within a motif is important since this allows it to be more

applicable for the studies of human behavior analysis. For instance, the underlying

mechanisms of human behaviors which contributes to the formation of the social

networks will be better modelled. Incorporating both the stochastic nature and

temporal ordering of the edge occurrence into the network motifs is essential if a

more accurate modeling and deeper understanding on the behaviors are expected.

In this thesis research, such kind of stochastic temporal network motifs are also

studied. The same framework but with topological relationship ignored can also be

applicable to sequence data like sensor event logs of human activities.

In addition to apply motifs to analyze human behaviors, one could also be

interested in understanding how the behavior patterns detected could help for other

machine learning related tasks. For instance, in online social networks, it is common

that the online system provides followee recommendation services to their users due

to the vast amount of users in the system. The social structure of the user and the

behaviors of the followee recommendation activities might provide important cues

for followee recommendation prediction. With a user represented as a node and a

user accepting/rejecting another user at a particular time stamp as a followee as

a signed temporal edge, followee recommendation can be casted as a signed link

prediction problem in a temporal network. In this thesis research, we study how

the stochastic motifs detected from the signed temporal network and incorporate
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them in a factor graph model as salient features for followee prediction, which is

essentially a regression problem.

1.2 Our Contributions

In this thesis, all the studies involved have two key emphasis. First, probabilistic

models to detect stochastic motifs in network data and/or sequence data are

introduced. Second, the human behaviors unraveled from the detected motifs are

discussed and evaluated.

A number of conventional methods have been proposed for network motif

detection. Given a real network, these methods firstly generate some random

versions of the networks. Then, groups of subgraphs are extracted from the real

network and random networks using efficient subgraph sampling algorithms with

graph isomorphism [89] considered so that all the subgraphs in the same group have

isomorphic structure. We first propose the use of stochastic network motifs to define

the over-represented interaction patterns with stochastic edges. A generative model

is implemented to describe a set of stochastic network motifs, which defines the

probability density function over all possible subgraphs with respect to the motifs.

One stochastic motif is represented by a probabilistic matrix, where the elements

are the probabilities of edges’ occurrence. Subgraph instances generated from the

stochastic motif model would then have the edges appearing or not according to the

corresponding edge probabilities. We proposed the use of a finite mixture model

to represent motifs and use a particular version of the expectation maximization

(EM) algorithm to discover stochastic motifs embedded in network data where the

number of motifs is assumed to be unknown. Given the probabilistic formulation,

the network motif detection problem can be casted as a missing-value inference and

parameter estimation problem under a Bayesian framework as in [55, 79, 80].

Besides the stochastic nature, the temporal information is also crucial for

analyzing the behavior. Two substructures formed with different orders of the

interactions might represent different behaviors even though they are topologically
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the same. Analysis of temporal networks (i.e., networks with time-stamped edges)

has attracted a lot of recent attention. We extend the concept of stochastic

network motifs and propose stochastic temporal network motifs (STNM) which

models the sequential dependency of interconnections within a subgraph using a

first-order Markov chain [82]. We still use a mixture model and the EM algorithm

for the stochastic temporal network motif discovery. For the mixture model, each

component is a motif, which is represented by a first-order Markov chain. The states

of the Markov chain are the edges of the corresponding motif. Some interaction

behavior patterns like “structural hole”, “balance” and “collective action” are

discovered from the detected motifs by studying a communication network. We also

use this model to detect motifs from a signed temporal network, where the edges

have temporal and sign labels. In addition, we further integrate the detected motifs

as features in a newly proposed factor graph model for followee recommendation

prediction.

For detecting temporal network motifs in a temporal network, we basically

consider the temporal network as a sequence of edge occurrences where each

occurrence represents an event of interaction. The subgraphs of the temporal

network form subsequences of the (topologically related) edge events. The same idea

can easily be applied to detecting motifs in other kind of sequence data with the

topological relations ignored so as to find the over-represented subsequence patterns.

So, we employ this approach to detect motifs from a sequence of sensor events

data set, which is abstracted from the sensor triggering log in a smart house [81].

Different kinds of sensors, such as motion sensors, temperature sensors and light

sensors, are deployed in such a smart house, where daily activities of residents are

logged in the form of a sequence of sensor triggering events. In order to analyze the

activity behaviors of a resident, we can study the motifs detected from the sequence

of sensor events. Subsequence patterns sampled from the event sequence are put

into the mixture model to find the over-represented patterns compared to several

sequences of other residents. The over-represented patterns form the sequence motifs
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of interest.

The contributions of this thesis research are summarized below:

• We have carried out a comprehensive study to demonstrate the viability and

effectiveness of the use of the probabilistic approach to model and detect

over-represented stochastic patterns, i.e., stochastic motifs, in network data.

In particular, a mixture of Bernoulli distributions is proposed to detect the

stochastic network motifs and an extended EM algorithm named Component-

wise EM (CEM) is used for parameter estimation where the optimal number

of components can be estimated automatically.

• We extend the proposed probabilistic framework for stochastic motif detection

in temporal network data and sequence data, where the motifs are represented

as a mixture of Markov chains, and the CEM algorithm is also adapted for

the model parameter estimation.

• We compare the motifs detected in different human communication networks,

e.g., social networks with some existing theories under the field of social science

(social network analysis in particular) for validating the correctness of the

human behaviors being identified as the detected motifs. Our experimental

results verify that network motifs can be explained by some social behaviors

and the sequence motifs could characterize some activity behaviors of the

residents in a smart house.

• We show that the motifs detected can go beyond the behavior identification

but prediction. In particular, we proposed the incorporation of the stochastic

motifs into a factor graph model for followee recommendation prediction in

social networks. This model incorporates attributes of users, some topologies

of user relationships and stochastic temporal network motifs as factors. The

experimental results demonstrate that the motif factor makes the precision of

this model out-perform significantly a number of other state-of-art methods.
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1.3 Organization of the Thesis

The rest of this thesis will be organized as follows.

• Chapter 2 - Related Work. A literature review on applications of network

motifs and the existing state-of-art motif detection methods is presented.

Then, it discusses how the generative modeling approach is related to social

network analysis. In addition, some related work on activity recognition in

smart environments is also described.

• Chapter 3 - Detecting Multiple Stochastic Network Motifs in

Network Data. A generative model for detecting stochastic network motifs

from different kinds of social networks is presented. Evaluation on a number

of real-world datasets are also included.

• Chapter 4 - Detecting Stochastic Temporal Network Motifs for

Human Communication Patterns Analysis. It extends the model

proposed in Chapter 3 to detect motifs from temporal networks. And, some

communication behaviors obtained based on the detected motifs are carefully

discussed.

• Chapter 5 - Temporal Network Motif Factor Graph Model for

Followee Recommendation in Social Media. It presents the possibility

to employ network motifs as a factor in a factor graph model followee

recommendation prediction. It also analyzes the relationships between

detected motifs and some social theories to substantiate how the incorporation

of the motifs could improve the performance of the factor graph model.

• Chapter 6 - Extracting Behavioral Motifs for Characterizing Human

Daily Activities in Smart Environments. It proposes the use of the

mixture model to detect sequence motifs from sequence data, which is used to

analyze the unique behaviors of a resident who lives in a smart house.
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• Conclusions and Future Work. Discussion of the future works and some

concluding remarks can be found in this chapter.
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Chapter 2

Related Work

Network motifs have been well studied in various networks in the last decade. As the

simple building blocks of complex networks, network motifs may reveal functions of

some structures in biological networks, and provide a powerful tool to analyze some

local properties in other networks like social network, World Wide Web, and etc. In

this chapter, we aim to discuss related work on network motifs and the detection

methods. Since we use probabilistic models to detect motifs in this thesis research,

some existing probabilistic models for representing network and sequence data are

also discussed.

2.1 Network Motifs and Their Applications

The early work of network motifs were mostly for biological network analysis

as network motifs have been found to possess specific functions in transcription

regulation networks [118, 86, 85]. One of the commonly found network motifs named

feed-forward loop (FFL) is a three-gene pattern in transcription regulation networks.

FFL is composed of two input transcription factors, one of which regulator the other,

both jointly regulating a target gene. Figure 2.1(a) shows an example of FFL, where

A regulator B, also both A and B regulator C. The FFL could be either an AND

gate (A and B are required got C activation) or OR gate (either A or B are sufficient

for C activation) [85]. There are many other prominent motifs like feedback loops,

11



(a) (b)

Figure 2.1: (a) A feed-forward Loop motif can act as a pulse generator. It can

work as an AND gate or an OR gate. (b) An example of color node motif with sign

edges. Node A considers node B having higher status, and B considers node C

having higher status. So the status of A is considered to be lower than that of

C.

single input module, auto-regulation, dense overlapping regulations, and etc. Each

motif has a specific function in the networks. References [119, 7] give the detailed

description about the functions and structures of these motifs. In many occasions,

multiple motifs work in conjunction with each another, where output nodes of one

motif are the input of other motifs [38, 63, 60, 91]. To the contrary, interactions in

biological networks can be broken down into different levels of modularity. Different

distributions of network motifs appear in different levels [58].

Network motifs can be used to uncover the structural design principles of many

kinds of complex networks, not only biological ones [92]. For example, feed-

forward loop motif appears in transcription regulation networks, neuron networks

and electronic circuits since the motif structure agrees with the mechanism of signal

propagation and all the three kinds of networks are formed by basic building blocks

which need to transmission signals. Different kinds of complex networks could be of

very different sizes and connectivities. Therefore, the use of network motifs provide

an easy and yet effective way to compare their structures. Several superfamilies

of previous unrelated networks are found having similar significance profiles of the

motifs, not only having similar motifs [91]. As we know, the network motifs are
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statistically significant subgraphs compared with random networks, which are mostly

measured using the Z score, defined as:

Z-score =
Nreali − N̄randi

σ2
randi

(2.1.1)

where Nreali is the number of occurrences for subgraph si in the real network, and

N̄randi and σrandi are the means and standard deviation of its occurrence in an

ensemble of randomized versions of the network. The significance profiles of network

motifs are defined as the normalized Z scores, which give the relative significance of

subgraphs rather than the absolute significance. This makes it possible to compare

networks of different sizes. Networks with similar distributions of normalized Z

scores are grouped into superfamilies. Referring to [91], four kinds of transcription

regulation networks are grouped into one family, three World Wide Web and three

social networks are grouped into one family even though they are formed under

different mechanisms and have different sizes. It was an impressive finding which

explains that different systems in a superfamily may have similar key building blocks

because they evolved to perform similar tasks. This leads to interesting hypotheses

that we can get a better understanding of a studied network based on results from

other networks in the same superfamily [91].

Network motifs also play an important role in social network analysis. Musial et

al. [94] combined motif analysis and the social position assessment by coloring the

nodes of motifs according to the measured positions. The social position measure is

interpreted as the importance of a node in the social network. Nodes are classified

into two levels positions – high and low, which are colored as white and black

respectively. The studying in [94] are based on the 3-node motifs of an email-based

social network. It is noted that motifs with all white nodes occur very rarely (less

than 6%) , which agrees with the common sense that people who are important (have

high social positions) communicate mainly with ones who are not a crucial nodes

(e.g. their employees or their students) and rarely only with important people. But

motifs with three black (have low social positions) nodes occurs more often (∼ 30%).

The reason is the number of less important people is almost 2.5 times larger than
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that of important people. More than half motifs have both white nodes and black

nodes. The number of motifs with two black nodes (have low social positions) and

one white node (have high social positions) approximately 3 times larger that of

motifs with two white nodes and one black node. This result shows the people with

high social positions play the hub role which send emails to more than one people

with low social positions.

Color motifs have also been used to predict the signs of links in a social network

[74]. Each directed link in a motif has a positive or negative sign which shows the

relative status of its two nodes. If the source node points to the target node via a

positive link, source node will consider the target node having a higher status than

itself, a lower status if the link is negative. The social status theory [75] has long

been proposed explaining such a rule. Many motifs found in [75] agree with the

social status theory because the local structures of real social networks follows the

status theory but the random networks do not. Given this theory, one can predict

also the signs of links. In the example of Fig. 2.1(b), the sign of link C → A can be

predicted from the relative status of A, B and C. This inspires us to use network

motif as one kind feature to predict the results of followee recommendations, which

will be discussed in chapter 5.

When the temporal information is considered, the network motif could provide

more information to us. Zhao et al. [145] use the historical communications in social

networks and propose communication motifs and maximum-flow communication

motifs for characterizations of the patterns of information propagation in social

networks. Network motifs taking the forms of “chain”, “star” and “ping pong”

communication patterns were identified in human communication networks. The

“chain” motif propagates information sequentially, the “star” motif simultaneously

broadcasts the information to a lot of other individuals, and the “ping pong” motif

implies repeatedly communication back-and-forth between two individuals. Also,

some other communication patterns like “structural hole”, “balance” and “collective

action”, are known to exist in a number of social networks, each corresponding to a
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different human communication behavior and can be represented by some network

motifs [44, 82, 125, 83, 84]. In the behavior of “structural hole”, a link connects two

unconnected groups of at least three users each. The “ social balance” behavior will

let one select a favorite who is a friend of his/her friends. For “collective action”

behavior, ones connect to a person who have more than average connectivity in

the network. These and some other social behaviors can be described using some

network motifs [44]. In order to analyze the behaviors, we should first discover the

network motifs and then unravel the embedded behaviors.

2.2 Network Motif Detection

In the problem of detecting network motifs, the number of possible subgraphs

increases exponentially with the network and motif size (number of nodes), and

no known polynomial-time algorithm exists in graph isomorphism problem (check if

two graphs are topological equivalent). Different heuristic approaches are proposed

in the motif detection methods to decease the runtime of motif detection algorithms.

In this section, we discuss some representative methods found in the literature

for network motif detection. In general, the methods consists of three steps: (1)

subgraph sampling, (2) solving subgraph isomorphism, and (3) identifying motifs

via statistical significance tests.

The straight-forward way to sample subgraphs from a network is to scan through

all the edges and nodes to enumerate the occurrences of all subgraphs of a given

size. Along this line, MAVisto [116, 117], NeMoFinder [26], and Kavosh [57] are the

representative algorithms for this enumeration approach. In particular, MAVisto

employs a pattern growth method called FPF (Flexible Pattern Finder) where a

downward closure property and a frequency threshold were used to prune branches

of the pattern growth tree. The algorithm is not scalable when the size of the motif

is large. NeMoFinder is more scalable and can detect undirected motifs with 12

nodes in unlabeled protein-protein-interaction networks with acceptable runtime.

To achieve this, it partitions the input network into smaller sub-networks for the
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enumeration of lower-level subgraphs in the pattern growth tree. NeMoFinder can

only detect motifs in undirected networks. Kavosh, based on again a pattern growth

tree, can identify directed motifs with 10 nodes. It systematically generates all

possible size-k graphs starting with a size-k tree where every candidate motif will

be encountered exactly once. Going beyond the pattern growth tree approach,

Grochow et al. [45] proposed the mapping approach to identify the subgraph

instances by starting with a size-k subgraph (candidate motif) and map it onto

the network at as many different places as it can for computing the appearance

frequency of a candidate size-k motif. Undirected motifs with 8 nodes and directed

motifs with 7 nodes can be identified. Other than sticking to the exhaustive

enumeration approach, the random sampling approach can be adopted to make

the discovery of larger motifs much more computationally feasible. Kashtan et al.

[59] proposed an “edge sampling” method for estimating the relative frequencies of

different subgraphs. With reference to an n-node subgraph pattern, a corresponding

subgraph is sampled from the network by first randomly picking an edge and then a

neighboring edge probabilistically until a subgraph is formed. A related tool named

MFinder1 has been developed. Such a method however possesses sampling bias and

the subgraphs can be sampled more than once. Wernicke et al. [140] proposed

the RAND-ESU algorithm which samples nodes instead of edges and makes use of

a pattern growth tree based on node extension to overcome the sampling bias. A

tool named FANMOD2 as developed based on the RAND-ESU algorithm. It can

detect motifs with size no larger than 8. Another efficient method named MODA

[99] utilizes the pattern growth approach by starting from a size-k tree and then

extending the tree step by step until a complete subgraph with k nodes is built.

MODA implements both the mapping strategy and an improved node sampling

strategy, and can handle larger network motifs (maximum 9 nodes) than FANMOD.

Pedro Ribeiro et al. proposed a novel data structure g-trie for storing a collection

of sub-graphs [110, 111]. This data structure, which is conceptually akin to a prefix

1http://www.weizmann.ac.il/mcb/urialon/groupnetworkmotifsw.html.
2http://theinf1.informatik.uni-jena.de/ wernicke/motifs/index.html.
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tree, stores subgraphs according to their structures and finds occurrences of each

sub-graphs in a larger graph. One of the noticeable aspects of this data structure is

that only the subgraphs in the real network are needed to be evaluated. So, there

is no need to find the ones only in random networks but not in the real network.

Exhaust enumerating all subgraphs in tens to hundreds of random networks is one of

the time-consuming parts in the motif detection algorithms. G-trie achieves orders

of magnitude faster than FANMOD.

All subgraph sampling methods will end up with subgraphs which could be

isomorphic to one another. That is, they could be structurally equivalent but with

different orders of node labeling. In general, determining whether two graphs are

structurally equivalent is known as the graph isomorphism problem which is in

NP [42]. Different heuristics for transforming isomorphic subgraphs to take the

same canonical node labels have been proposed, including the table-lookup method

(MAVisto), the maximal code method (NeMoFinder), the use of automorphisms for

search pruning (based on Nauty [88] as in Kavosh [57] and FANMOD), etc. Other

than the canonical labeling approach, a method proposed by Grochow et al. [45]

and MODA [99] make use of symmetry breaking coupled with the mapping approach

for isomorphism testing. Vazquez et al. [130] proposed an efficient way to estimate

the number of embedded subgraphs of some restricted forms of scale-free networks

based on the degree exponent and the network clustering coefficient. Also, with

some specific properties of the real-world networks considered, there also exist some

network specific estimation-based methods proposed for handling the isomorphic

structures [128, 64].

Generally speaking, statistically over-represented subgraph patterns as network

motifs can be computed based on some significance metrics. The most common

one is Z-score. Some also implements a normalized Z-scores named significance

profile (SP) which emphasizes the relative significance of subgraphs, rather than

the absolute significance, so as to make the metric independent of the network size.

NeMoFinder computes the count of a candidate motif in the real network which
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should be at least a certain level higher than its mean count in the randomized

versions of the network so as to be a network motif, i.e., creali − c̄randi > U × c̄randi .

All the related work as described assumes the network motif to have only

deterministic edges. The local interaction patterns of entities modeled by a motif

could be of stochastic nature and the need of stochastic models to achieve more

robust motif detection becomes immediate. For stochastic network motif detection,

the subgraph sampling and the isomorphism handing steps could remain the same

as those of the deterministic one. But for significance testing in stochastic network

motif detection which could be greatly affected by the stochastic nature of the

local interactions in the real network, we propose the use of a finite mixture model

to represent multiple stochastic network motifs. If the mixing proportion of a

particular stochastic network motif in the real network is significant compared to

the background model, we consider the motif to have a significant presence in the

network. As in [55, 79], the distribution of subgraphs in the background model

(an ensemble of the randomized versions of the network) is used as one of the

components in the finite mixture model so that it can implicitly serve as the baseline

to determine the probability of having a significant number of subgraphs coming

from the stochastic motif model, instead of the random background. Our approach

to be detailed in the following can detect multiple stochastic network motifs and

estimate the optimal number of them automatically instead of detecting only one

motif at a time as in [55, 79].

Extending the network motif analysis approach to study the temporal property

of networks is also studied in the literature. The easiest way is to separate the

temporal network into several snapshots at different points in time and study the

motifs in these snapshot networks. Braha and Bar-Yam [19] time-sliced an email

network into snapshots, each corresponding to the email communications recorded

within a particular period of time, and then detect motifs in each snapshot network.

The (static) network motifs extracted over time indicate how the user interaction

structure evolves. Bajardi et al. [10] compute motifs to analyze a cattle movement
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network, where one motif is a sequence of events belonging to adjacent snapshot

networks. One drawback of the two approaches is that the best slicing strategy of

snapshots is needed to be determined before the motif detection which itself can

be a complicated computational task. There exist recent attempts where temporal

network subgraphs (i.e., subgraphs with the time stamps preserved) are sampled

and analyzed to compute directly the “temporal network motifs” [66, 50], which

are defined as the temporal subgraph patterns (or interpreted as local interaction

patterns) which occur more often in a real temporal network than in the randomized

versions of the network.

2.3 Probabilistic Models for Social Network Anal-

ysis

The need of probabilistic models for social network analysis lies on the fact that

social behaviors often follow regularities with some inevitable stochastic variations.

With the users in a social network modeled as nodes and the relations between them

as edges, one simple stochastic modeling approach is to make the existence of the

edges between any two nodes stochastic.

Each edge in the social network is a random variable, the conditional dependen-

cies among the edge variables are usefully for model the relationships of the network.

Frank and Strauss [43] introduced a Markov dependence assumption for network

edge variables. Two edge variables were assumed to be conditionally independent

given all other edge variables, unless they had a common node. Thus, whereas

an edge between nodes i and j was assumed to be conditionally independent of

edges involving all other distinct pairs of nodes k and l, it could be conditionally

dependent on any other edges involving i and/or j. A group of exponential random

graph models (ERGMs) [137, 105] allow this Markov dependence and present the

global network as a collective result of various local network processes, which are

represented by graph configurations such as edges, stars, and triangles [123, 114].
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All presented edges in a particular configuration are assumed to be conditionally

dependent reflecting hypotheses that real network edges do not form at random, but

that they self organize into various patterns arising from underlying social processes.

ERGMs have been applied to different kinds of networks such as bipartite networks

[121, 2, 135, 133], multiple networks [105, 132] and multiple-level networks [134]. In

general, the ERGMs have the following form:

Pr(Y = y) =
1

Z
exp

∑
A

λAgA(y). (2.3.2)

where y is a network instance consists of a collection of edge variables yij;

and notation A defines the configurations which are based on the dependence

assumptions of edge variables; λA is the parameter corresponding to configuration

A; gA(y) =
∏

yij∈A yij is the network statistic corresponding to configuration A,

gA(y) = 1 if the configuration is observed in the network y, and is 0 otherwise; Z is

a normalizing term which ensures that ERGM is a proper probability distribution.

Maximum likelihood estimates (MLEs) cannot be derived analytically for most

of the ERGMs because the normalizing term of ERGMs is intractable for networks

with even small number of nodes. Markov Chain Monte Carlo (MCMC) simulations

are proposed to estimate parameters of ERGMs [122]. In [43], the Markov

assumption is used, where a pair of edge variables within a triad are considered

conditional independent. In [102, 103, 123], researchers proposed the social circuit

assumptions, where edge variables within a social circuit (four-node cycle) are

considered conditional independent. Hierarchy of dependence assumptions based

on a graph theoretical framework is derived in [104].

In the literature, some researchers also focus on the dynamic evolution of the

overall social networks. Temporal exponential random graph model (tERGM)

are proposed to model the evolution of networks based on the time series of the

node attribute values and the temporal network structures [48]. To reduce the

complexity for inferring the model, methods like using a convex temporal smoothed

l1-regularized logistic regression model [4] and separating the learning of state

transition and emission [100] have been proposed. These efforts focus on the network
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evolution of undirected time-varying networks. The time-varying dynamic Bayesian

networks (TV-DBN) is proposed in [124] for modeling the directed time-evolving

network structures underlying non-stationary biological time series.

2.4 Probabilistic Models for Activity Recognition

in Smart Environments

A smart environment refers to one with basic sensors installed so that events, such

as moving in a room, switching on and off different appliances, can be logged. The

activity information is used to monitor and track the functional status of residents.

In the literature, a number of different smart environment testbeds have been

reported. Examples include the MavHome [34], MITes [127], MARC Smart House

[14], CARE [69] and the CASAS [107]. Individuals need to be able to complete

Activities of Daily Living (ADLs) such as eating, grooming, cooking, drinking and

taking medicine, to lead a functionally independent life. Thus automating the

recognition and tracking of these ADLs is an important step toward monitoring

the functional health of a smart home resident, which has also been recognized by

family and caregivers of Alzheimer’s patients. This is the primary motivation behind

much of the activity recognition research in smart environments [32][108][67].

Different kinds of sensors can be used to log the sequence of activities performed

by the residents in a smart home. For instance, wearable sensors such as

accelerometers are commonly used for recognizing activities that are primarily

defined by ambulatory movements. Environment sensors such as motion detectors or

reed switches based door sensors have also been used for gathering information about

a more general set of ADLs [67]. There have been a number of probabilistic models

used for activity recognition using such the sequence data. Generative models such

as naive Bayes classifiers, where the activity samples are modeled using mixture

models, have yielded promising results for offline learning of activities when large

amount of data is available for training [12, 109, 33]. HMMs have been used to

21



model the activity sequences from data obtained from both wearable accelerometers

for recognizing dietary activities [8] and from environmental sensors for recognizing

ADLs [120]. There are also some discriminative models, such as decision tree [12, 25],

boosting [136], support vector machine [68] and conditional random fields [129, 33],

proposed to classify the activities from the stream data. A number of unsupervised

activity discovery methods that mine for frequent sensor subsequences [46][107].

An activity discovery algorithm based on compression of sensor data is presented

in [108]. Most of these approaches for AR predominantly work on pre-segmented

activity sequences that have been collected in controlled settings. In [67], a sliding

window based approach is proposed to perform activity recognition in an online or

streaming fashion, which can recognize activities as and when new sensor events are

recorded.
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Chapter 3

Detecting Multiple Stochastic

Network Motifs in Network Data

In this chapter, we focus on the detection methods for stochastic network motifs.

Many network motif detection algorithms have been proposed and applied to

different types of network data, e.g., biological networks [91, 59, 140, 16, 55, 116,

26, 45, 57, 99], telecommunication networks[145, 66], social networks [29, 39, 65,

56, 94, 19, 75, 18], etc. Existing methodologies for network motif detection mostly

assume that the interactions between any two nodes in a motif is either appearing

or missing (and thus referred to as deterministic motifs). However, many real

world networks are formed via entity interactions which are stochastic by nature.

Occasional additions and omissions of some edges in the subgraphs originated from

the network motif should be implied. For instance, in the context of social networks,

patterns of social interactions (also called “ties” in the social network analysis

community) among individuals can hardly be assumed deterministic. It would not

be uncommon to observe that a person A always interacts with say two persons

B and C, but the two persons B and C only interact with each other occasionally.

Such kind of stochastic nature will be especially true for interaction patterns in

large scale online social networks where interactions of millions of individuals are

typically involved. To achieve robust network motif detection, the probabilistic
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approach is needed. This is analogous to the need of hidden Markov Model (HMM)

for more robust speech recognition and that of conditional random field (CRF) for

information extraction.

Here we term stochastic network motifs in a set of network data as the

over-represented interaction patterns with stochastic edges. Subgraph instances

generated from the stochastic motifs would then have the edges appearing or not

according to the corresponding edge probabilities. A similar notion has been

proposed in [16] and [55] for characterizing biological networks. A stochastic network

motif is a generative model that defines a corresponding probability density function

over all possible subgraphs with respect to the motif. The notion of a stochastic

network motif being the “over-represented” interaction patterns in a network could

be defined using a finite mixture model with two components, one being the motif

and the another being the random background [55]. A stochastic network motif

inferred with a sufficiently large value for its mixing proportion will imply that it

has a significant data support to justify its presence give the existence of the random

background. Such a mixture model with only two components can be extended to

one with multiple components so that a set of motifs could be inferred accordingly.

Given the probabilistic formulation, the network motif detection problem can be

casted as a missing-value inference and parameter estimation problem under a

Bayesian framework as in [55, 79, 80].

We propose a probabilistic approach for detecting multiple stochastic network

motifs in network data. Our major contributions are listed as follow. (1) We

proposed the use of a finite mixture model for robust detection of an unknown

number of stochastic network motifs embedded in network data and conducted

a comprehensive performance evaluation. While the proposed methodology is

independent of the problem domain, we used a number of online social network

data sets for performance benchmarking and demonstrated that it outperforms

the conventional deterministic motif detection methods regarding its robustness

towards noise. (2) We derived a Component-wise Expectation Maximization (CEM)
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algorithm [40], which was originally proposed for Gaussian Mixture Models, and

applied it to infer the proposed mixture of stochastic network motifs so that the

optimal set of network motifs and the corresponding model parameters can be

automatically estimated under a Bayesian framework.

3.1 Problem Formulation and Methodology

Assume that there are N entities in a population and they interact with each other

in a pairwise manner. The interactions of all the entities can be modeled as a

directed graph1 G = (V,E) with V being the set of nodes representing the entities

and E being the set of edges representing the interactions. G can also be represented

using an adjacency matrix A = (aij)N×N where aij = 1 if there is a directed edge

pointing from node i to node j, and 0 otherwise. Also, let S = (Vs, Es) denote a

subgraph with n nodes embedded in G with Vs and Es being the subsets of V and E

respectively. Also, S can be represented using an adjacency matrix Xs = (xsij)n×n,

where xij is either 0 or 1 to indicate its connectivity.

Subgraphs are first needed to be sampled from G so as to support the subsequent

stochastic motif identification step. One efficient subgraph sampling algorithm

“RAND-ESU” [140] is used here to exhausted enumerate subgraphs or unbiasedly

sample subgraphs for large network. It implements “Nauty” [88] to handle graph

isomorphism and gives canonical labels for different groups of isomorphic subgraphs.

For instance, the canonical forms of subgraphs with 3 nodes are shown in Figure

3.1.

1The formulation presented in this section is based on directed graphs, but can be easily modified

for undirected graphs as well.
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Figure 3.1: All possible 3-node subgraphs of canonical form.

3.1.1 A finite mixture model for stochastic network motif

detection

Taking the set of sampled subgraphs with canonical labels as the input, we propose

the use of a finite mixture models to detect multiple stochastic network motifs with

the assumption that a stochastic network can be modeled as a mixture of families

of independent foreground stochastic network motifs embedded in a background

random ensemble as in [55, 79]. Our objective is to discover the motifs from the

random background. Each observed subgraph can be regarded as either generated

from the background model or from one of the foreground stochastic motif models.

Assume that there exist k stochastic network motifs M = {M1, · · · ,Mk} which

are represented by a corresponding set of probability matrices Θ = {Θ1, · · · ,Θk}

where Θm = (θmij )n×n with 0 ≤ θij ≤ 1 and 1 ≤ h ≤ k, θmij denoting the probability

that there is an edge from node i to node j in the m-th motif, and n being the size

of the motif. A background ensemble M0 is also assumed (as in [55, 79]), which

is characterized by a family of randomized networks generated from G (as detailed

later in this section). Thus, {M0,M1, · · · ,Mk} form the k+1 components of a finite

mixture model.

To explain how the sampled subgraphs are generated by such a finite mixture

of stochastic network motifs, let Sw(1 ≤ w ≤ W ) denote the w-th n-node subgraph

instance (observed data) sampled from G, Xw the corresponding adjacency matrix
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where Xw = (xwij)n×n and xwij = {0, 1}, and zwm an indicator variable taking the value

of 1 if Sw comes from the m-th motif or 0 otherwise. With the assumption that the

edge occurrences in a motif are independent to each other, the probability that a

subgraph Sw coming from the motif Mm can be described by a bernoulli distribution,

given as

p(Xw|Θm) =
n∏

i=1

n∏
j=1

(θmij )x
w
ij(1− θmij )1−xw

ij . (3.1.1)

Further assuming that X = (X1, · · · , XW )T denotes the complete set of observations

and Z = (Z1, · · · , ZW )T the complete set of the missing data, where Zw =

(zw0 , · · · , zwk ) and
∑k

m=0 z
w
m = 1, we define αm as the prior probability that zwm = 1,

and α = (α0, · · · , αk) forms the set of mixing proportions of the finite mixture

model. The joint probability of observing the complete data given Θ becomes

p(X,Z|Θ) =
W∏
w=1

k∏
m=0

[αmp(Xw|Θm)]z
w
m . (3.1.2)

The stochastic motif detection problem can thus be casted as a Maximum Likelihood

Estimation (MLE) problem for λ = {Θ,α}, where the log-likelihood function for

the complete data is given as

L(Θ|X,Z) = log p(X,Z|Θ) =
W∑
w=1

k∑
m=0

zwm log[αmp(Xw|Θm)]

=
W∑
w=1

k∑
m=0

zwm logαm +
W∑
w=1

k∑
m=0

zwm log p(Xw|Θm).

(3.1.3)

The EM algorithms for estimating Θ and α will be presented in the next section.

To estimate the probability that a subgraph instance is generated by the

background model M0, we simply count and compute the distribution of the

subgraphs in the randomized versions of G. In general, the randomized networks

can be carried out by swapping the targets of randomly selected pair of edges,

while keeping the in/out degrees of all the nodes fixed. In our experiments, we

used FANMOD [141] for the network randomization and chose the “local constant”

switching scheme when using the tool. With the randomized networks generated

and subgraphs sampled from them, p(Xw|Θ0) can be estimated by Nw/Ntotal where
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Nw is the number of the subgraph Xw sampled from the ensemble of randomized

networks and N is the total number of sampled subgraphs which have the same size

as that of Xw.

3.2 Parameter Estimation Using the EM Algo-

rithm

To obtain the maximum likelihood estimates of probabilistic models with observed

data and missing data, the Expectation-Maximization (EM) algorithm [37] can

be adopted. We derived two versions of EM algorithms: the basic EM and

the Component-wise EM (CEM) to estimate {Θ,α} for stochastic network motif

detection. The CEM algorithm can estimate not only the motif parameters but also

the optimal number of motifs automatically. The basic EM algorithm is here used

as the baseline to evaluate the correctness and the significance of the derived CEM

algorithm.

3.2.1 The basic EM algorithm

The basic EM algorithm computes ML estimates by performing the E-step and M-

step alternatively until it converges with local maxima guaranteed. Given the motif

detection problem, the corresponding EM steps can be derived as:

• E-step: Compute the expected log-likelihood for complete data E[L(Θ|X,Z)]

given the observed data X and the current estimates of model parameters Θ̂.

We have

E[L(Θ|X,Z)] =
W∑
w=1

k∑
m=0

E[zwm] log α̂m +
W∑
w=1

k∑
m=0

E[zwm] log p(Xw|Θ̂m). (3.2.4)

Since the elements of Z are binary, their expected conditional probabilities

are

E[zwm] = E[zwm|X, Θ̂] = p(zwm = 1|Xw, Θ̂) =
α̂mp(Xw|Θ̂m)∑k
j=0 α̂jp(Xw|Θ̂j)

, (3.2.5)
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which tells that E[zwm] defines the posterior probability of zwm = 1 given Xw.

• M-step: The model parameters are estimated by maximizing the expected

log-likelihood, given as

(α∗,Θ∗) = arg max
α,Θ

E[L(Θ|X,Z)]. (3.2.6)

With the constraint that
∑k

m=0 αm = 1, the updating rules for α and Θm can

easily be derived as

α∗
m =

1

W

W∑
w=1

E[zwm], 1 ≤ m ≤ k, α∗
0 = 1−

k∑
m=1

α∗
m (3.2.7)

(θmij )∗ =

∑W
w=1 E[zwm]xwij∑W
w=1 E[zwm]

, 1 ≤ i, j ≤ n (3.2.8)

And as explained in Section 3.1.1, p(Xw|Θ0) is approximated based on the subgraph

statistics Nw/Ntotal in the ensemble of the randomized networks generated.

The overall EM algorithm is summarized as in Algorithm 1. It starts from a set

of model parameters randomly initialized and will converge to a local maximum for

obtaining the ML estimates (lines 04 – 10). In order to estimate the optimal number

of motifs, we need to repeat the EM algorithm with different pre-defined numbers

of motifs. In line 01, the mixture model is initialized as empty, where the number

of motif k is 0 and the maximum expected log-likelihood L0
max is −∞. Then, the

value of k is increased (line 03), and the EM algorithm is executed again to get

the maximum expected log-likelihood Lk
max (lines 04 – 10). The optimal value of k,

denoted as kopt, can be obtained by increasing the number of motifs until the value of

Lk
max will not be further increased (lines 11 – 15). The kopt foreground components

of the finite mixture model are then considered to be the set of stochastic network

motifs detected (line 16).
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Algorithm 1 The Basic EM Algorithm

Input: ϵ, δ, subgraphs X = {X1, · · · , XW}.

Output: Mixture model with optimal {Θ∗,α∗}, kopt.

01. k ← 0, L0
max ← −∞

02. do

03. k ← k + 1

04. Lk
max ← Lk−1

max, initialize α̂ and Θ̂;

05. t← 0, E[L(Θ̂|X,Z)t] = −∞

06. repeat

07. t← t+ 1

08. E-step: Calculate E[zwm]s according to Eq. (3.2.5)

09. M-step: Update α̂ and Θ̂ according to Eqs. (4.2.4) and (3.2.8)

10. until E[L(Θ̂|X,Z)t]− E[L(Θ̂|X,Z)t−1] < ϵ|E[L(Θ̂|X,Z)t−1]|.

11. if E[L(Θ̂|X,Z)t] ≥ Lk
max then

12. Lk
max ← E[L(Θ̂|X,Z)t]

13. Θ∗(k)← Θ̂
t

14. end if

15. while (Lk
max − Lk−1

max > δ|Lk−1
max|)

16. return k, Lk
max,and Θ∗(k)
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3.2.2 The CEM algorithm for estimating the optimal set of

motifs

Using the basic EM algorithm for learning the finite mixture model has at least

two limitations. First, its performance is sensitive to the initializations as the EM

algorithm is a local optimization method. Second, the number of components in

the mixture model has to be pre-determined. Models with an incorrect number

of components will result in either over-fitting or under-fitting situations which

are both undesirable. Other than running the EM algorithm repeatedly to get

the optimal one which is computationally inefficient, we propose the use of the

Component-wise EM (CEM) algorithm [23, 40] for estimating the motif parameters

and the optimal number of motifs simultaneously under the minimum message

length (MML) criterion [131]. As described in [40], the CEM algorithm turns out

to be much less initialization dependent than basic EM and automatically avoids

the boundary of the parameter spaces. The optimal parameter estimate of mixture

model is the one that minimizes the message length L[Θ,X], which is the summation

of the minimum message length for the prior information and the data, given as:

L[Θ,X] = L[Θ] + L[X|Θ]. (3.2.9)

For stochastic network motif detection, the corresponding cost function (message

length) L[Θ,X] is given as

L[Θ,X] =
N

2

∑
αm>0

log(
Wαm

12
) +

knz
2

log
W

12
+
knz(N + 1)

2
− log p(X|Θ), (3.2.10)

where knz is the number of components with non-zero probability, and N is the

number of parameters specifying each component, i.e., the dimensionality of Θm.

This criterion can be interpreted as follows: (1) The expected number of data

points generated by the m-th motif is Wαm which can be considered as an effective

sample size from which Θm is estimated with the “optimal” message length for

each Θm being N
2

log(Wαm). (2) The mixing proportions αms are estimated from

all the W observations giving rise to the knz

2
log(W ) term. (3) The order-1 term
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knz(N+1)
2

describes the dimension of the motif parameter Θms. (4) Following the

Shannon theory [35], − log p(X|Θ) is the shortest coding length for the data.

The first and second parts on the righthand side of the formula both have the

denominator “12” which is a result of using the Taylor expression to derive the

MML. The detailed derivation of the MML criterion can be found in the Appendix

of [40]. The CEM algorithm under the MML criterion has been showed in [40],

to outperform other commonly used model selection criterions, such as minimum

description length (MDL) [112], Bayesian inference criterion (BIC) [21], integrated

classification likelihood (ICL) criterion [17] and Laplace-empirical criterion (LEC)

[90, 113].

The detailed steps of the CEM algorithm for motif detection are summarized

in Algorithm 2. The CEM starts from a finite mixture model with a large

enough number of components kmax. The parameters of this mixture model are

first randomly initialized. Not like the basic EM algorithm where all the mixing

proportions αms and the motif parameters Θms are updated simultaneously, the

CEM updates the parameters of each component one by one so that the component

with very low data support (αm = 0) can be readily pruned during the CEM

iterations, which is described in the for loop of lines 06 – 16. In the M-step, if one

component dies (i.e., αm = 0), the CEM algorithm redistributes this component’s

probability mass to the other components to increase their chance of “survival” (lines

11 – 15). This sequential updating and pruning step makes the CEM less sensitive to

model initializations, which is especially important when we start with a model with

large number of components. When the CEM converges (i.e., the relative decrease

of L[Θ̂(t),X] falling below a threshold ϵ, see line 19), there is still no guarantee that

L[Θ̂(t),X] is a global minimum. The algorithm check to see if we can get smaller

values of L[Θ̂(t),X] by annihilating the least probable component (with smallest

α̂m) and continues the CEM until convergence (lines 20 – 24). This procedure is

repeated until knz = kmin, where kmin can be set to 1 if we do not know the smallest

possible number of components. Finally, the parameter estimates associated with
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the minimum value of L[Θ̂(t),X] will give the optimal set of stochastic network

motifs.

3.3 Experimental Results

In this section, we present the experimental results to demonstrate first the

correctness of the proposed stochastic network motif detection algorithm using

synthetic data sets. Then, we present the results of applying the algorithm to some

real online social network data sets and compare its performance with the results

obtained by FANMOD which is a commonly used for detecting deterministic network

motifs. In addition, we provide interpretations for the results obtained and discuss

all the runtime performance. All the experiments were performed on a machine with

a 2.4 GHz Intel Core 2 Quad CPU and 4GB RAM, running Microsoft Windows XP.

And all the algorithms were developed using the C programming language.

3.3.1 Evaluation based on synthetic networks

We generated a set of synthetic networks for correctness evaluation. Each network

was created by (1) generating a collection of subgraphs based on a known set of

reference stochastic motifs as the foreground models and (2) adding random links

among the subgraphs to generate random background at different noise levels. In

particular, we chose the deterministic motifs commonly found in many real networks,

e.g. those with ids 38, 46, 166, 174, and 238 (see Figure 3.1), as the reference motifs

for the synthetic network generation (also listed in the third row of Figure 3.3

for the later performance comparison). One particular synthetic network consisted

of 500 subgraphs generated based on the five reference motifs (100 subgraphs for

each motif) as the foreground and some random links added to mimic the level

of background noise. For example, no random links were added at noise level 0,

50 random links were added in noise level 1, etc. Detailed statistics are listed in

Table 3.1. We then applied the basic EM algorithm and the CEM algorithm to the
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Algorithm 2 The CEM Algorithm

Input: Subgraphs X = {X1, · · · , XW}, ϵ, kmin, kmax, initial parameters Θ̂(0) =

{Θ̂1, · · · , Θ̂kmax ; α̂1, · · · , α̂kmax}

Output: Mixture model with optimal Θ∗

01. t← 0, knz ← kmax, Lmin ← +∞, uwm ← p(Xw|Θ̂m)

02. cm ← max{0, (
∑W

w=1 E[zwm])− N
2
}, for m = 1, · · · , kmax, and w = 1, · · · ,W

03. while knz ≥ kmin do

04. repeat

05. t← t+ 1

06. for m = 1 to kmax do

07. E-step: E[zwm]← uwmα̂m(
∑kmax

j=0 uwj α̂j)
−1

08. M-step: α̂m ← cm(
∑kmax

j=0 cj)
−1

09. {α̂1, · · · , α̂kmax} ← {α̂1, · · · , α̂kmax}(
∑kmax

m=0 α̂m)−1

10. α̂0 ← 1−
∑kmax

m=1 α̂m

11. if α̂m > 0 then

12. update Θ according to Eq.(3.2.8), and uwm ← p(Xw|Θ̂m)

13. else

14. knz ← knz − 1

15. end if

16. end for

17. Θ̂(t)← {Θ̂1, · · · , Θ̂kmax ; α̂0, · · · , α̂kmax}

18. calculate L[Θ̂(t),X] according to Eq.(3.2.10)

19. until L[Θ̂(t− 1),X]− L[Θ̂(t),X] < ϵ|L[Θ̂(t− 1),X]|

20. if L[Θ̂(t),X] ≤ Lmin then

21. Lmin ← L[Θ̂(t),X]

22. Θ∗ ← Θ̂(t)

23. end if

24. m∗ ← arg minm{α̂m > 0}, α̂m ← 0, knz ← knz − 1

25. end while
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Table 3.1: The number of links added at different noise levels (0-5).

noise level 0 1 2 3 4 5

# random links 0 50 100 150 200 250

Table 3.2: The values of αs obtained when the number of motifs k were increased

from 5 to 7 in synthetic data.

α1 α2 α3 α4 α5 α6 α7

k = 5 0.181 0.198 0.186 0.177 0.196 - -

k = 6 0.180 0.199 0.185 0.171 0.191 0.002 -

k = 7 0.181 0.195 0.181 0.176 0.192 0.001 0.001

synthetic networks we generated.

We first evaluate the results obtained by the EM algorithm. Note that in our

experiments, we ran the basic EM algorithm several times with different random

initializations and reported the best results so as to get rid of the local minimum

problem. According to Figure 3.2(a), we observed that the value of Lk
max kept

increasing when the value of k was increased from 1 to 4. The rate of increase

slowed down when k = 5, 6, 7. This hints that the optimal number of stochastic

motifs is 5, which is consistent to the fact that 5 reference motifs were used for

generating the synthetic networks. A similar conclusion can be drawn by referring

to Table 3.2. When the number of motifs was increased to a value larger than 5,

the values of α6 and α7 found were very small, implying that very few subgraph

instances were due to the motifs other than the top 5.

Even though one can run the basic EM algorithm a number of times with different

number of motifs to find the optimal number, reruning the EM algorithm a lot

of times is very time-consuming. In contract, the CEM algorithm needs to be

run once to obtain the optimal motif number automatically. We also carry out

evaluation on the CEM algorithm. Figure 3.2(b) shows the evolution of the value

of the cost function throughout the CEM iterations. As noted in the figure, the
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Figure 3.2: (a) The maximum expected log likelihood value under different

numbers of motifs for the synthetic network. (b) The evolution of the value of

the cost function L(Θ,X) for the CEM algorithm until convergence. knz denotes

the number of retained motif components.

value of the cost function increased several times in our run and then decreased

again, instead of decreasing monotonically. Those jumps were mainly due to the

fact that some components were pruned during the iterations as described. The

optimal number of motifs is thus estimated to be 5 as it gives the lowest value

for the cost function, which is consistent to the results obtained by the basic EM

algorithm. Figure 3.3 lists the stochastic motifs extracted from the synthetic network

using the EM and CEM algorithms. Comparing with the reference motifs, we can

see that both the EM and CEM algorithms can recover the reference motifs with

small variations on edge probabilities which are caused by the noise added. Also,

a detailed look at the edge probabilities (labels of the edges) shows that the motifs

detected by the CEM algorithm are more accurate with respect to the reference

motifs than those obtained by the EM algorithm. Also, the mixing proportions

{α1, . . . , α5} = {0.191, 0.198, 0.189, 0.187, 0.198} obtained by the CEM algorithm

are closer to the expected values ({α1, . . . , α5} = 0.2) than the EM algorithm.

To evaluate quantitatively how the model accuracy is degraded as the noise level

increases, we define two relative errors as the performance metrics:

eα =
1

knz

knz∑
m=1

|αm − α̂m|
αm

; eΘ =
1

knz

knz∑
m=1

√√√√ 1

n(n− 1)

n∑
i=1

n∑
j ̸=i

(
θmij − θ̂mij
θmij

)2, (3.3.11)
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Figure 3.3: The detected motifs from the synthetic network using the EM (1st

row) and CEM algorithms (2nd row). The 3rd row shows the structures of the 5

reference motifs. The edge width shows the corresponding probability of edge

appearance, and the edge label gives the actual probability value. E.g., the

label 1.00 of edge (1,2) means the occurrence probability of edge x12 is 1.00. A

dashed edge is here used if the probability value is less than 1. The smaller

the probability value, the more slimsy will be the dashed edge.
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Figure 3.4: The relative errors eα and eΘ of the EM and CEM algorithms at

different noise levels.

where (αm, θmij ) are the mixing proportions and the parameters of the m-th motif

inferred from the data with no “noise” and (α̂m, θ̂mij ) are the counterparts inferred

from the data with noise.

Figure 3.4 shows the values of the relative errors of α and Θ at different noise

levels. When the noise level is 0, the relative errors were found to be 0 for both the

EM and CEM algorithms, which means that they can recover the reference motifs

exactly when there is no noise in the network. The relative errors then increased

but only gracefully as the level of random noise increased, which means that the

EM and CEM algorithms even with the presence of random noises could identify the

optimal set of motifs and their corresponding parameters accurately. The relative

errors of the CEM algorithm were found to be significantly smaller than those of

the EM algorithm, showing that the CEM algorithm is more robust to noise than

the EM algorithm.

3.3.2 Evaluation based on social network datasets

We have also applied the stochastic network motif detection algorithms to some

online social network datasets — “Amazon”, “Wiki-Vote”, “Slashdot” and “Epin-

ions” [73, 75] for benchmarking. The “Amazon” network data set considers the

“Customers Who Bought This Item Also Bought” feature in the Amazon website.

If a product A is frequently co-purchased with product B, the network will have a
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Table 3.3: Statistics of the data sets for benchmarking.

Amazon Wiki-Vote Slashdot Epinions

# nodes 262,110 8,298 77,359 75,887

# edges 1,234,877 101,137 469,180 405,740

# 3-node subgraphs 7,684,910 13,257,341 67,412,853 70,952,158

directed edge from node A to node B. The “Wiki-Vote” data set is a network that

consists of user interactions for voting Wikipedia administrator candidates. An edge

in the network indicates that a user votes on another user as a Wiki administrator

candidate. “Slashdot” is a social network of technology blog. The edges in this

network are the designations of “friends” or “foes”. “Epinions” is a trust network,

where the trust or distrust relations of the users are indicated as directed edges. We

used only the positive edges of “Wiki-Vote” (“agree” edges), “Slashdot” (“friend”

edges) and “Epinions” (“trust” edges) data sets. Table 3.3 lists the statistics of

these four data sets. These networks have order of tens to hundreds of thousands

of nodes and hundreds of thousands to millions of edges. In each network, we know

the directions of all the edges.

Again, we applied both the basic EM and CEM algorithms to the four data

sets. Figures 3.5(a) - 3.5(d) show the best values of the expected log likelihood

E[L(Θ|X,Z)] of the mixture models inferred from the four data sets. Again, we

focus on motifs with 3 nodes and tried mixture models with different numbers

of motif components. Similar to the experimental results obtained on synthetic

networks, we observed that the likelihood value increased more rapidly first and then

slowed down, hinting the existence of an optimal set of motifs. Again, consistent

results were obtained as shown in Table 3.4 where the values of the mixture

proportions αms for the mixture models inferred based on the four benchmark data

sets are presented. The suggested optimal number of motifs for each network is

indicated with bold face in the tables. For instance, for the “Amazon” network,

when the number of motifs k was increased from 5 to 6, the value of α6 was found to

be very small, hinting that 5 stochastic motifs should be the optimal setting. Similar
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Figure 3.5: The plot of the best expected log likelihood over the mixture models

with different numbers of motifs for basic EM algorithm.
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Table 3.4: The values of αms with different number of motifs detected using

basic EM algorithm in different data sets.

Amazon α1 α2 α3 α4 α5 α6 α7

k = 5 0.026 0.026 0.022 0.013 0.013 - -

k = 6 0.028 0.027 0.022 0.013 0.014 0.0001 -

k = 7 0.027 0.025 0.023 0.015 0.012 0.0001 0.0001

Wiki α1 α2 α3 α4 α5 - -

k = 3 0.049 0.041 0.01 - - - -

k = 4 0.047 0.039 0.012 0.0002 - - -

k = 5 0.047 0.030 0.018 0.0001 0.0001 - -

Slashdot α1 α2 α3 α4 α5 - -

k = 3 0.029 0.019 0.018 - - - -

k = 4 0.026 0.018 0.015 0.0004 - - -

k = 5 0.024 0.022 0.011 0.0003 0.0002 - -

Epinion α1 α2 α3 α4 α5 - -

k = 3 0.088 0.080 0.047 - - - -

k = 4 0.087 0.082 0.047 0.0005 - - -

k = 5 0.082 0.078 0.048 0.0004 0.0002 - -

results were obtained for “Wiki-Vote”, “Slashdot” and “Epinions” networks.

For evaluating the CEM algorithm, we initialized the mixture model with 13

motifs, i.e. knz = 13. The cost function was then optimized with the motif

component pruning performed as described in the algorithm. Figure 3.6 shows how

the cost functions L(Θ,X) evolved throughout the CEM iterations for different

data sets. According to the results, we observed that the cost functions reached

the lowest values when the numbers of motifs became 5, 3, 3 and 3 for the four

data sets respectively. The results are consistent to the results obtained using the

basic EM algorithms (see Table 3.4 and Figure 3.5), but here we needed to run

the CEM algorithm only once. To take a closer look at the motifs being pruned,
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Figure 3.6: The evolution of the cost functions L(Θ,X) until convergence for

different data sets. knz denotes the number of retained motif components.

Figure 3.7 shows how the set of the motifs inferred based on the Wiki-Vote network

were evolved as an example. The first and second rows depict a particular run of

the CEM algorithm where the set of motifs were evolved at a certain to one with 5

motifs and then to one with only 3. In particular, it is noted that the last two motifs

“Evolve1-motif4” and “Evolve1-motif5” shown in the first row were pruned due to

insignificant data support. “Evolve1-motif4” after being pruned can still be well

covered by “Evolve2-motif3”, and “Evolve1-motif5” after being pruned can be well

covered by “Evolve2-motif2”. And to accommodate the two motifs being pruned,

we also observed that the parameters of “Evolve-motif3” and “Evolve-motif2” were

also adjusted accordingly under the framework.

To evaluate the robustness of the two EM algorithms as compared to the

deterministic motif detection algorithm, we applied FANMOD to the four data sets

to obtain the corresponding deterministic network motifs. Figures 3.8 - 3.11 show
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Figure 3.7: The evolution of the set of motifs inferred from the Wiki-Vote

network.

the stochastic motifs detected from the four real networks using the EM and the

CEM algorithms (first and second rows), as well as the deterministic motifs detected

using FANMOD. The Z-score and the frequency of the deterministic motifs are also

depicted, where the Z-score is defined as: Zi = (creali−c̄randi)/σ2
randi

, where creali is the

number of times the motif Mi appears in the real network, and {c̄randi , σ2
randi
} are the

mean and standard deviation of its appearance times in the ensemble of randomized

networks. It is noted that the number of deterministic motifs being identified was

larger than that of the stochastic motifs. The overall structures of the stochastic

network motifs detected were similar to those of the top few more significant motifs.

In particular, for the Amazon data set, 7 deterministic motifs were detected by

FANMOD and the EM and CEM algorithms discovered 5 stochastic motifs with

their structures similar to the top 5 deterministic motifs. The last two reference

motifs could be generated due to random noises, and at the same time can be

represented to some extent by some of the stochastic motifs. E.g., “M6-Ref-id140”

can be generated by “M4-EM-Amazon” and “M4-CEM-Amazon” but with a low

probability. Also, “M7-Ref-id102” has a low probability of being generated by “M5-

EM-Amazon” and “M5-CEM-Amazon”. For the other three data sets, the detected

stochastic motifs could also describe some top significant deterministic motifs. To

summarize, the use of stochastic methods makes the motif detection more robust
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against noise compared to the deterministic ones. And it should be noted that the

stochastic network motifs allow stochastic edges to be modeled and thus possess

more information than the deterministic motifs regarding the potential variations of

the interactions within a motif as inferred from the data.

We here also provide our interpretations on the four network data based on the

motifs detected, which can in turn be validated by domain experts.

• By referring to the results obtained based on the “Amazon” data set (Figure

3.8), we observed the following patterns: i) a 3-node pattern (M5) where the

co-purchasing is rarely done bidirectionally for the related products; ii) some

other 3-node patterns (M3 and M4) where only one pair of products are always

co-purchased bidirectionally but not the other two; iii) a 3-node pattern (M2)

where only two pairs of products are co-purchased bidirectionally but not the

third pair;and iv) a 3-node pattern (M1) where three products are always co-

purchased bidirectionally. It could be interesting to further analyze whether

these patterns are corresponding to different product characteristics, which

could in turn result in some more context specific product recommendation

methodologies.

• From the results obtained based on the Wiki-Vote data set (Figure 3.9), it is

also interesting to observe the following patterns: i) a 3-node pattern (M1)

where co-voting never occurs; and ii) some 3-node patterns (M2 and M3)

where co-voting only often occurs for one pair of voters but not the other

pairs. Actually, there are two different kinds of users in Wiki-Vote network,

one is the ordinary user who wants to be an administrator, and another is the

existing administrator who needs not be voted for the promotion. The user

roles labeled as node 1 in M1 and M2 which are not voted might hint that they

are existing administrators. The user role labeled as node 3 in the M1 - M3

are voted by the other two user roles, and thus may highly likely be promoted.

In general, co-voting activities within a triad were not commonly observed.

This could be related to the users’ psychology behind the underlying voting
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Figure 3.8: Stochastic and deterministic network motifs detected in Amazon data

set. The first and second rows show the stochastic network motifs detected

by the basic EM and CEM algorithms respectively. The third and fourth rows

show the deterministic network motifs detected by FANMOD with their Z-scores

and occurrence frequencies also depicted. Both the EM and CEM algorithms can

discover 5 stochastic motifs whereas FANMOD can discover 7.
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Figure 3.9: Stochastic and deterministic network motifs detected in Wiki-Vote

data set. The first and second rows show the 3 stochastic network motifs

detected by the basic EM and CEM algorithms respectively. The third row shows

the 5 deterministic network motifs detected by FANMOD.
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Figure 3.10: Stochastic and deterministic network motifs detected in Slashdot

data set. The first and second rows show the 3 stochastic network motifs

detected by the basic EM and CEM algorithms respectively. The third row shows

the 5 deterministic network motifs detected by FANMOD.
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Figure 3.11: Stochastic and deterministic network motifs detected in Epinions

data set. The first and second rows show the 3 stochastic network motifs

detected by the basic EM and CEM algorithms respectively. The third and fourth

rows show the 6 deterministic network motifs detected by FANMOD.
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process, which will require further investigation effort for validation.

• From the results obtained based on the Slashdot data set (Figure 3.10), we

found that the motifs obtained often show bidirectional friendship, which

means if one user labeled another one as friend, there is a high chance that

he/she would be labeled as a friend by his/her friends. In M1 and M3, there

are some exceptions, e.g., user 1 labels user 3 as friend, but not the other way

round.

• From the motifs detected in the Epinions data set (Figure 3.11), we observe

the following patterns: i) some motifs (M1 and M2) where co-trusting only

often occurs for one pair of users but not the other pairs; ii) it is not necessary

to be trusted by other users even though you trust them (similar to Slashdot

data set); and iii) There exists a motif (M3) where 3 users always co-trust to

each other, but the probability of user 3 trusting user 1 is not as high as other

pairs of trust relation.

• All the motifs detected in these social networks consist of a basic feed-forward

loop structure (structure of the subgraph with id = 38 in Figure 3.1) with

some additional edges. The feed-forward loop structure is the most popular

deterministic motif found in biological and social networks, which agrees to

the balance theory (friend of my friend is my friend) proposed in [22] and the

status theory in social networks proposed in [75]. E.g., if A regards B as having

a higher status (a link from A to B), and B regards C as having a higher status

(a link from B to C), A should regard C as having a higher status and hence

may incline to link to C. So, the feedback loop (structure of the subgraph

with id = 140 in Figure 3.1 having link from C to A) is not significant as

the feed-forward loop structure. In addition, there is a hub node (node 3)

in feedforward loop structure, which pointed by both other two nodes. This

hub node has different meanings in different data sets. For the Amazon data

set, the product represented by node 3 will be more popular because other
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products are always co-purchased with it. For the Wiki-Vote data set, the

user playing the role of node 3 has the highest probability to be prompted to

be an administrator because both user roles as nodes 1 and 2 voted him/her.

And, the user role represented by node 3 could be the most popular users in

the Slashdot data set and the most trustable users in the Epinions data set.

For future investigation, we plan to make references to different human

communication theories which are developed in social science community to validate

and gain further insights and thus explanation on the underlying social behaviors

embedded in the social media.

3.4 Computational Complexity and Runtime

The overall complexity of the stochastic network motif detection includes those

for subgraph sampling, generating the ensemble of randomized networks, and the

parameter estimation via the EM algorithms. The complexity of sampling Ns n-

node subgraphs from a network is RS = O(Nsn
n). The complexity of creating

an ensemble of Nr randomized networks to estimate the background model is

O(NrTsNe) (essentially the total number of swaps) where Ts is the number of

swaps per edge (typically a random number in the range of 100 − 200) and Ne

is the number of edges . The overall time complexity for the pre-processing is thus

O(Nsn
n(1 +Nr) +NrTsNe).

For the basic EM algorithm, the complexity of each iteration is O(n2Ns), making

its total complexity (together with the pre-processing) O(Nsn
n(1 +Nr) +NrTsNe +

k(k − 1)In2Ns) with I being the number of the EM iterations and k the optimal

number of motifs. Similarly, the total complexity of the CEM algorithm can

be shown as O(Nsn
n(1 + Nr) + NrTsNe + kmaxIn

2Ns), which seems to be more

computationally expensive than the basic EM algorithm due to the multiple E-steps

to recompute E[zwm]. However, updating E[zwm] needs only complete computation of

Eq.(3.2.5) for j = m. For j ̸= m, the terms (Xw|Θm) which could contribute a
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lot to the computational cost of E-step remain unchanged and thus only need to

be computed once per sweep, like the basic EM. Also, as previously mentioned, the

basic EM should be run several times with different numbers of motif components to

obtain the optimal model setting, but the CEM needs only be run once. In general,

the overall time complexity of the CEM for estimating the optimal set of motifs is

just slightly higher than that of the basic EM [40].

3.4.1 Runtime

Other than the theoretical time complexity analysis, we reported also the runtime

performance obtained based on our implementation of the algorithms. Table 3.5

presents the runtime evaluation based on the four benchmark network data sets given

different experimental settings. The initial number of motifs kmax was determined

based on the method described in the next section. With the objective to emphasize

only the runtime comparison, we computed in our experiments only 20 random

networks for modeling the background. In general, the typical default number

was 100 in [59] and 1000 in [140], and the computational cost will be even higher.

Also, for each data set, we contrasted the runtime between the use of enumeration

and random sampling for obtaining the subgraph sample. While it will be obvious

that random sampling method can reduce the number of subgraphs needed for the

motif detection, our experimental results showed that the stochastic network motifs

detected were in fact not very much different from each other. One particular

example is demonstrated in Figure 3.12 for illustration. The structures of the

detected motifs are only slightly different with the relative errors eα = 0.0122 and

eΘ = 0.0173. In general, the use of random sampling method for obtaining subgraph

instances is recommended.

For motifs of large size, the corresponding runtime for the pre-processing and the

CEM iterations were found to increase dramatically (especially for motifs with more

than 5 nodes). For further speedup, as the data are assumed to be independent

and identically distributed (i.i.d), they can be partitioned into multiple subsets so
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(a) full enumeration

(b) random sampling

Figure 3.12: Comparison of stochastic motifs detected in the Wiki-Vote network

with (a) enumeration and (b) random sampling methods used for obtaining the

subgraph instances.

that our methods can take the advantage of parallel computing say on GPUs [70]

for more scalable solutions to problems with large-scale data sets.

3.4.2 On initialization of kmax in CEM algorithm

The CEM algorithm uses a pruning process to remove redundant components. Thus,

one can in principle starts with an arbitrarily large number of motifs as the initial

model, i.e., a large value of kmax. However, that will result in many iterations needed

for the convergence of the CEM algorithm, and thus a high computational cost which

however is often not necessary. To determine a reasonable value of kmax, we start

with the number of deterministic over-represented subgraph patterns with their Z-

scores larger than a threshold as the initial guess of kmax. In general, the optimal

number of stochastic motifs would not be larger than the number of deterministic

over-represented subgraph patterns.

To evaluate the proposed initialization method for stochastic network motif

detection, we tried different thresholds on Z-score and compared the runtime needed
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Table 3.5: Runtime evaluation based on the four benchmark network data sets

given different values of kmax (initial number of motifs), Ns (number of sampled

subgraphs) and n (motif size). It can be observed that a significant portion

of the runtime is due to the pre-processing that includes subgraph sampling and

randomized networks generation. For the CEM, the parameter setting is ϵ = 10−4

and N = 2. The tabulated results demonstrate the speedup achieved due to the

random subgraph sampling approach.

Amazon enumeration sampling

kmax 13 13 32 136

Ns 7, 684, 910 100, 000 100, 000 100, 000

n 3-node 3-node 4-node 5-node

Pre-processing 3.81 hr. 0.70 hr. 1.66 hr. 2.03 hr.

CEM 1.02 hr. 2 min. 11 min. 42 min.

Wiki-Vote enumeration sampling

kmax 13 13 35 109

Ns 13, 328, 802 100, 000 100, 000 100, 000

n 3-node 3-node 4-node 5-node

Pre-processing 1.91 hr. 0.61 hr. 1.05 hr. 1.37 hr.

CEM 1.30 hr. 3 min. 13 min. 57 min.

Slashdot enumeration sampling

kmax 13 13 39 171

Ns 67, 412, 853 100, 000 100, 000 100, 000

n 3-node 3-node 4-node 5-node

Pre-processing 3.61 hr. 0.79 hr. 2.98 hr. 3.43 hr.

CEM 3.37 hr. 11 min. 1.05 hr. 3.51 hr.

Epinions enumeration sampling

kmax 13 13 41 178

Ns 70, 952, 158 100, 000 100, 000 100, 000

n 3-node 3-node 4-node 5-node

Pre-processing 3.96 hr. 0.82 hr. 3.07 hr. 3.72 hr.

CEM 4.78 hr. 18 min. 1.34 hr. 3.88 hr.
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Table 3.6: The impact of setting kmax to different values on the stochastic

motifs detected in the Wiki-Vote data set.

4-node motifs 5-node motifs

Z-score 2 4 6 7 2 4 6 7 8

kmax 85 54 35 31 771 339 158 109 73

# motifs 19 19 19 14 37 37 37 37 23

ēα(%) 0 0.106 0.144 - 0 0.147 0.171 0.236 -

ēΘ(%) 0 0.186 0.252 - 0 0.194 0.228 0.261 -

runtime of 21.65 13.4 6.4 5.5 > 10 4.0 1.19 0.94 0.66

CEM min. min. min. min. hr. hr. hr. hr. hr.

as well as the model accuracy achieved. For this evaluation, we used only the Wiki-

Vote data set. In order to see the impact on the runtime with respect to the choice

of kmax, we ran the proposed algorithms to extract 4-node motifs and 5-node motifs,

which are obviously more computationally expensive. Table 3.6 summarizes the

obtained results. We observed that as the threshold was increased and thus the

value of kmax as well as the runtime of the CEM algorithm decreased dramatically

without sacrificing much the model accuracy. According to Table 3.6, the relative

errors eα and eΘ resulted from the change of kmax was found to be small and the

optimal number of motifs obtained remained the same2. When the threshold was

increased to a value higher than 6 for 4-node motifs and 7 for 5-node motifs, the

CEM algorithm ended up with a sudden drop in the number of optimal motifs. This

hints that setting too high the threshold needs careful consideration.

2The relative errors eα and eΘ for the mixture models inferred based on different Z-score

thresholds for initialization were calculated by comparing the model parameters α and Θ with the

reference case of having the Z-score threshold set to 2
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3.5 Summary

We proposed the use of the finite mixture model to detect multiple stochastic

network motifs in network data. A particular Component-wise EM algorithm was

derived for automatically determining the optimal number of motifs embedded and

estimating the model parameters of the motifs. We applied the proposed method-

ology to both synthetic and real-world social network data sets for benchmarking

and showed that it can achieve more robust motif detection when compared with

deterministic motif detection methods as well as the conventional EM algorithm.

We also discussed how the obtained motifs could be used to gain a more in-depth

understanding of the underlying stochastic local interaction patterns embedded in

the network data. In addition, we compared in detail how different settings of the

algorithm can affect the computational complexity of the algorithm, including the

initialization method, the subgraph sampling method, the size of motif, etc.

While our results showed that the proposed method works well for robustly

detecting motifs with 3 − 5 nodes in network data. For more scalable solutions,

parallel implementation could be explored at least for the subgraph sampling step.

In addition, more powerful stochastic network motif model can be investigated by

(1) taking into consideration the sign of the edges and attributes of the nodes and/or

edges; (2) incorporating the timing information of edges for temporal network motifs;

and (3) allowing the appearance of the motifs to evolve over time.

55



Chapter 4

Detecting Stochastic Temporal

Network Motifs for Human

Communication Patterns Analysis

The proliferation of the Web and mobile devices has led to the extensive use

of electronic media for communication (e.g., emails, phone calls, and online

social media). As the digital traces generated due to the social interactions of

individuals can now be easily logged, the electronic media have quickly become

ideal “laboratories” for studying human communication behaviors [28]. For social

networks, people concern the existence of the local communication patterns (also

called mechanisms) which can explain the formation of the network as well as the

other behavioral properties. For instance, communication patterns like “structural

hole”, “balance” and “collective action”, are known to exist in a number of social

networks, each corresponding to a different human communication behavior [44]. In

[145], network motifs taking the forms of “star” and “ping pong” communication

patterns were identified in human communication networks. The former is similar

to collective wisdom and the latter implies repeatedly communication back-and-

forth between two individuals. A social network with individuals exercising those

mechanisms to different extents will end up with a different network topology. Very
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often, we are given only the graph representation of a social network. The inverse

problem is thus how to recover the unknown set of communication patterns.

Among the existing methods proposed for network motif detection in the previous

chapter, most of them assume the network to be static, which in the context

of human communication is essentially the time-aggregates of communications

recorded. Without the temporal information, it is hard to identify correct

communication patterns (and network dynamics in general). Taking the “Balance”

pattern (i.e., A links to B, B links to C, and also A links to C ) as an example.

Without the temporal dimension, one cannot tell if A coming to know C is through

a common friend B or by chance with no former communications [44].

Analysis of temporal networks (i.e., networks with time-stamped edges) has

attracted a lot of recent attention. In particular, given the temporal information,

investigation on the network’s structural evolution becomes possible [4, 100]. Among

them, the motif-based approach has also been adopted [19, 10, 66]. Braha and Bar-

Yam [19] time-sliced an email network into snapshots, each corresponding to the

email communications recorded within a particular period of time, and then detect

motifs in each snapshot network. The (static) network motifs extracted over time

indicate how the user interaction structure evolves. Bajardi et al. [10] compute

motifs to analyze a cattle movement network, where one motif is a sequence of events

belonging to adjacent snapshot networks. One drawback of the two approaches is

that the best slicing strategy of snapshots is needed to be determined before the

motif detection which itself can be a complicated computational task. There exist

recent attempts where temporal network subgraphs (i.e., subgraphs with the time

stamps preserved) are sampled and analyzed to compute directly the “temporal

network motifs” [66, 50], which are defined as the temporal subgraph patterns (or

interpreted as local interaction patterns) which occur more often in a real temporal

network than in the randomized versions of the network.

One major challenge in detecting temporal network motifs in large-scale online

social networks is to carefully handle “noise” in human communication networks.
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In general, one may not always interact with others in exactly the same way

even though the same communication pattern is exercised. So, among all the

communications recorded, quite some are just random addition or swapping of

interactions with reference to the hidden communication patterns. Missing records

are also possible. All these could end up with extraction of wrong communication

patterns. To allow such structural and temporal variations in communication

patterns, we propose a stochastic temporal network motif (STNM) which models the

sequential dependency of communications within a communication pattern using a

first-order Markov chain. To detect multiple communication patterns in a temporal

network, we propose the use of a mixture of STNMs. We adopt the component-

wise expectation and maximization (CEM) algorithm for computing the maximum

likelihood estimates of the hidden stochastic motifs, where the optimal number

of the motifs can be automatically estimated at the same time. To investigate

how the detected motifs evolve in the temporal network, we learn a discrete

hidden Markov model (HMM) with its states defined as different mixing portions

of the detected motifs for characterizing the distribution of the hidden human

communication patterns. For performance evaluation, we first applied them to a

set of synthetic networks for correctness checking. We then applied them to a real

mobile phone usage data set [15] and discovered the stochastic forms of the embedded

communication patterns which are found to be corresponding to Collective actions,

Feedback, and Feedforward patterns among the mobile phone users. The discovered

patterns echo well-known communication patterns which have long been studied in

social network analysis [44].

Related work in adopting the probabilistic framework for network motif detection

is still scarce in the literature. The Markov random graph approach has been

adopted to identify the existence of different ties in a static network [114]. While

the use of logit model allows more robust identification of communication patterns

(also called configurations in [114]), the communication patterns being considered

are structurally fixed. In addition, there is some work using stochastic models to
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detect network motifs in biological networks [16, 55] and social networks [79, 80].

But they ignored the temporal information. Also, there is some recent work focusing

on computational methods for locating particular subgraph patterns in the networks

[83]. Nevertheless, the particular pattern to be located has to be pre-determined.

Other than the robustness achieved by the proposed method, we believe that

this work also contributes to the development of methodologies for identifying the

interaction mechanisms which can explain the formation of a network.

4.1 Problem Formulations

Let G = {V,E} be a temporal network where V = {v1, ..., v|V |} denotes a set of

nodes and E denotes a set of time-stamped edges connecting the nodes. An edge

that occurs between nodes vi1 and vi2 at time ti is denoted as ei = (vi1, vi2, ti).

Two edges that have at least one node in common and their time stamps within a

time interval less than ∆t are defined as a pair of ∆t-adjacent edges. A temporal

subgraph is here defined as an ordered set of edges where the consecutive edges are

∆t-adjacent.

Let Mm denote a n-node stochastic temporal network motif (STNM) which

is defined as a Markov chain with ns := n(n − 1) possible states where each

state corresponds to a possible edge between two nodes within the motif. Also,

let θmuv denote the probability of the transition from state u to v in the m-th

motif (i.e., modeling the sequential relationships of the edge occurrences), and

Xw = {x1w, . . . , xlww } denote a particular temporal subgraph (i.e., an observed

sequence of the edge occurrences which are ∆t-adjacent) with nw(= ns) nodes and

lw edges. Thus, the probability that a particular subgraph Xw is generated by the

m-th motif is given as:

p(Xw|Θm) = µj

lw∏
t=2

ns∏
u=1

ns∏
v=1

(θmuv)
ewuv(t)(1− θmuv)(1−ewuv(t)) (4.1.1)

where Θm = (θmuv)ns×ns , 0 ≤ θuv ≤ 1, 1 ≤ m ≤ k, µj = Pr(x1w = sj) denotes the

initial state being sj, which is assumed to be known. ewuv(t) is an indicator which
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will be 1 if state su is followed by state sv, which means xt−1
w = su and xtw = sv.

Figure 4.1: (a) A STNM as a Markov chain, and (b) two possible temporal

subgraphs generated by the STNM with different probabilities (0.729 for

Subgraph 1 and 0.001 for Subgraph 2).

Figure 4.1 shows a STNM which favours generating more some specific temporal

subgraphs (e.g., Subgraph 1 in Figure 4.1) than some others (e.g., Subgraph 2 in

Figure 4.1). In general, a STNM can be interpreted as an abstraction summarizing

topologically similar temporal subgraphs (with tolerance on structural and temporal

variations). But at the same time, according to the definition of network motifs,

its occurrence in the real network has to be statistically significant compared to its

occurrence in the background. The background here refers to a set of randomized

versions of the network and is generated by (1) swapping the targets of pairs of

edges randomly chosen from the observed network while keeping the incoming and

outgoing degrees of each node unchanged, or (2) swapping the time-stamps of pairs

of randomly chosen edges while keeping the network structure unchanged.
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4.2 Methodology

To detect STNMs in a temporal network, we first sample temporal subgraphs from

the real network and random networks. With the temporal subgraphs’ isomorphic

structures carefully handled, we then make use of a mixture of STNMs to extract

multiple motifs from the sampled temporal subgraphs of the real network. To study

the evolution of the motifs, we learn a hidden Markov model (HMM) with different

distributions of the mixing proportions of the detected STNMs defining its states.

4.2.1 Sampling temporal subgraphs

We developed a temporal subgraph sampling algorithm (as shown in Algorithm 1)

to sample temporal subgraph instances from a temporal network G, where the value

of ∆t (time adjacency), the number of nodes for the motifs to be detected n, and

the maximum number of edges to be allowed in the motif l are specified by the

user. The subgraphs being sampled will contain only n nodes and no more than l

edges. The key idea behind the algorithm is that we start from a particular edge e

and then extend it progressively by considering its ∆t-adjacent edges. In particular,

the extension of a temporal subgraph to a new edge will be allowed if it fulfills two

criteria: (1) It must occur later than e; and (2) it must be ∆t-adjacent to the latest

edge being added b. The extension continues until the subgraph grows and reaches

the expected size limit or there exist no more ∆t-adjacent edges. The procedure

repeats in a recursive manner. For an illustration, Figure 4.2 shows how all the

temporal subgraphs with 3 nodes and no more than 3 edges are sampled from a given

G. The tree indicates how the sampling steps are proceeded. Branching from the

root, the first level of the tree contains the five possible edges in G. For each branch,

we keep two data structures: the subgraph ESub and ESub’s ∆t-adjacent edges EAdj

as shown in the figure. For example, at the first level (d = 1), the leftmost branch

is annotated with ({1}, {2, 3, 4}), where {1} is the list of edges in ESub and {2, 3, 4}

is the list of edges in EAdj. Following the depth-first traversal, the ESub is then

extended to {1, 2} and EAdj becomes the new set of ∆t-adjacent edges {3, 4, 5}. To
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go for one more level, ESub and EAdj become {1, 2, 3} and {4, 5} respectively. The

search will stop here because it reaches the size limit of the subgraph to be sampled,

and gives the first subgraph at the bottom of Figure 4.2). Other subgraphs are

obtained by continuing the depth-first traversal.

In the proposed algorithm, we introduce a set of sampling probability parameters

{pd}(0 < pd ≤ 1; 1 ≤ d ≤ l). Each of them determines whether a subgraph should

be added to ESub or not based on the property (e.g., the size) of ESub
1. When

{pd} = 1, all the ∆t-adjacent edges within the size limit will be included in the

subgraphs. If {pd} are set to lower values, some ∆t-adjacent edges will be dropped

where some gain on the overall computational efficiency can be resulted. However,

this will introduce bias in the sample. More related discussion can be referred to

Section of runtime evaluation.

Figure 4.2: The search tree shows how 7 temporal subgraphs are sampled from a

5-node graph G (as shown in the upper left corner) using Algorithm 1. For this

illustrated example, the edge labels are the time stamps, pd = 1 and ∆t = 5.

1For the simplicity sake, one can assume all the parameters in {pd} to take the same value. In

general, setting different values for {pd} will end up with different sampling results which however

is not investigated here.
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Algorithm 3 Temporal Subgraph Sampling
Input: A graph G = {V,E} where E = {e1, · · · , e|E|}, ei = (vi1, vi2, ti), {vi1, vi2} ∈ V ,

ti < ti+1; values of n, l, ∆t, pd (d = 1 in line 03 and d = |E′
Sub| in line E6).

Output: A sequence of temporal subgraphs.

Definition: Adj(e) is the list of edges ∆t-adjacent to e.

01. for each edge e ∈ E do

02. EAdj ← {a ∈ Adj(e)}

03. call EdgeSampling({e}, EAdj , e) with probability pd

04. end for

EdgeSampling(ESub, EAdj , e)

E1. while EAdj ̸= ∅ do

E2. Delete earliest edge b = (v, w, t) from EAdj

E3. E′
Sub ← ESub ∪ b, V ′

Sub ← VSub ∪ (v, w)

E4. E′
Adj ← EAdj ∪ {a ∈ Adj(b)}

E5. if |V ′
Sub < n| or |E′

Sub < l|

E6. call EdgeSampling(E′
Sub, E

′
Adj , e) with probability pd

E7. end while

E8. output G(E′
Sub, V

′
Sub) and then return

4.2.2 Canonical labeling and isomorphism

The graph isomorphism problem also presents in the temporal subgraph sampling.

As we consider only networks with homogeneous nodes, the structural and temporal

properties of the network should remain the same even though the nodes are labeled

differently. Thus, the sampled subgraphs with isomorphic structures but with nodes

labeled differently should be counted as equivalent in order for the subsequent

motif detection step to be correct. To carry out the isomorphic structure mapping

efficiently, we use a binary code to represent a structure, where each edge has its

own binary code (refer to Figure 4.3). We then represent a group of isomorphic

structures using a canonical form, which is the one with the minimum code value

[52, 71]. Figure 4.4 gives an example of isomorphic structure representation.
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Figure 4.3: Six kinds of edges in 3-node temporal subgraphs and their

corresponding binary codes.

Figure 4.4: A temporal subgraph and its isomorphic structures. A 3-node and

3-edge subgraph X is shown as the leftmost one, labeled as ({e1 = (10, 20, t1 =

1),e2 = (10, 30, t2 = 4),e3 = (20, 30, t3 = 9)}). The representation code is generated

by relabeling the nodes and edges. The others on the right are the isomorphic

structures of X but with different node labels, and thus different binary

representation codes. They can be mapped to each other by permutating the node

labels. We use the first structure as their canonical form as it has the minimum

code value.
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4.2.3 Inferring a mixture of STNMs

Given the sampled temporal subgraphs in canonical forms, we infer a mixture

of STNMs for motif detection. Assume that there exist k STNMs denoted as

M = {M1, · · · ,Mk} which are parameterized as a set of probability matrices

Θ = {Θ1, · · · ,Θk}. Also, a background model M0 is used as the reference for

computing the significance of the motifs. The probability of observing subgraph Xw

in the background model could be estimated by the fraction of subgraph instances

in the randomized versions of the networks. That is, p(Xw|Θ0) is estimated as

Nw/Ntotal, where Nw and Ntotal denote the numbers of the subgraph Xw and all

subgraphs sampled from the randomized networks respectively.

Thus, a temporal subgraph instance is assumed to be generated by the

background and a mixture of Markov chains with the probability density function

given as:

p(Xw|Θ) =
k∑

m=0

αmp(Xw|Θm) (4.2.2)

We denote a random variable zwm, to indicate which model Xw comes from. zwm

takes the value of 1 if Xw comes from the model Mm and 0 otherwise. Z = {zwm}

forms the missing data of the problem.

Observed data X = {Xw} and missing data Z form the complete data. The

log-likelihood of complete data becomes:

log p(X,Z|Θ) =
W∑
w=1

k∑
m=0

zwm log[αmp(Xw|Θm)]. (4.2.3)

To estimate the parameters of the mixture model, we implement the minimum

message length (MML) criterion and the Component-wise EM (CEM) algorithm

to update the parameters of each component [40] and the optimal number of

the mixture components can be estimated automatically. Algorithm 4 shows how

CEM estimates the motif parameters and the number of motifs. In particular, the

CEM algorithm starts from a mixture model with a larger than enough number

of components. The components with the mixing proportion αm = 0 are pruned

sequentially at each EM iteration. The E-step and M-step are computed iteratively
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with convergence to local maxima guaranteed. In the E-step, the expectation of

the log likelihood is computed, conditional on the observation X and the current

parameters. In the M-step, we maximize the expectation of the log likelihood to

update the parameters. The mixing probabilities αm and the elements of a particular

motif Θ̂m are updated as:

α∗
m =

1

W

W∑
w=1

E[zwm], 1 ≤ m ≤ k, α∗
0 = 1−

k∑
m=1

α∗
m (4.2.4)

(θmuv)
∗ =

∑W
w=1

∑T
t=2 E[zwm]ewuv(t)∑W
w=1 E[zwm]

. (4.2.5)

The local optimal parameter estimates for the mixture model are those minimizing

the message length:

L[Θ,X] =
N

2

∑
m:αm>0

log(
W ∗ αm

12
) +

knz
2

log
W

12
+

knz(N + 1)

2
− log p(X|Θ),

(4.2.6)

where knz is the number of components with αm ̸= 0, and N is the dimension of

parameters specifying each motif, which is 1 for our problem. The first three terms

on the right side is the message length for prior and the last term log p(X|Θ) =∑W
w=1 log

∑k
m=0 αmp(Xw|Θm) is that for data.

4.2.4 Inferring motif evolution using HMM

Based on the inferred motifs, the sequential order of the sampled subgraphs can be

used to further infer the motif evolution. For instance, to investigate the evolution of

the occurrence of the STNMs in the temporal network, we can make use a sequence

model like hidden Markov model (HMM) to compute the evolution of the motifs’

occurrence where each state of the HMM is represented by as a mixture of the

STNMs. The mixing proportions of the STNMs for each state are to be inferred

based on the observed sequence of the sampled subgraphs. An observation of HMM

is one of possible observation subgraphs in the real network represented by Xw. In

this case, the probability of Xw at a particular time t for state j is bj(ot) = p(Ot =

Xw|qt = j). Here we assume the probability of bj(ot) is a mixture model for each
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Algorithm 4 CEM Algorithm
Input: Temporal ubgraphs X = {X1, · · · , XW }, ϵ, kmin, kmax,

initial parameters as: Θ̂(0) = {Θ̂1, · · · , Θ̂kmax ; α̂1, · · · , α̂kmax}

Output: Mixture model with optimal Θ∗.

01. t← 0, knz ← kmax, Lmin ← +∞, uwm ← p(Xw|Θ̂m),

02. cm ← max{0, (
∑W

w=1 E[zwm])− N
2 }

03. while knz ≥ kmin do

04. repeat

05. t← t+ 1

06. for m = 1 to kmax do

07. E-step: E[zwm] = uwmα̂m(
∑kmax

j=0 uwj α̂j)
−1, α̂m ← cm(

∑kmax
j=0 cj)

−1

08. M-step: {α̂m} ← {α̂m}(
∑kmax

m=0 α̂m)−1, α̂0 = 1−
∑kmax

m=1 α̂m

09. if α̂m > 0 then

10. update Θ according to Eq.(4.2.5), and uwm ← p(Xw|Θ̂m)

11. else knz ← knz − 1

12. end if

13. end for

14. Θ̂(t) = {Θ̂1, · · · , Θ̂kmax ; α̂0, · · · , α̂kmax}

15. calculate L[Θ̂(t),X] according to Eq. (4.2.6)

16. until L[Θ̂(t− 1),X]− L[Θ̂(t),X] < ϵ|L[Θ̂(t− 1),X]|

17. if L[Θ̂(t),X] ≤ Lmin then

18. Lmin ← L[Θ̂(t),X]

19. Θ∗ ← Θ̂(t)

20. end if

21. m∗ ← argminm{α̂m > 0},α̂m ← 0,

22. knz ← knz − 1

23. end while
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state, i.e. bj(ot) =
∑H

l=1 cjlp(Xw|Θ) =
∑H

l=1 cjlbjl(ot), where H is the number of

states of HMM. With the state transition structure fixed, we can efficiently infer the

other parameters of the HMM to capture the evolution of the motifs’ occurrence.

4.3 Experimental Results

For performance evaluation, we applied the proposed STNM detection algorithm to

both synthetic networks and a real mobile calls data set.

4.3.1 Performance evaluation on synthetic networks

We generated a set of synthesized networks for correctness evaluation. Each network

is constructed by (1) first generating a group of subgraphs based on a pre-defined set

of temporal network motifs which are commonly found in real networks as reference

foreground models and (2) adding random edges between the subgraphs to generate

the random background. With the proposed motif detection algorithm applied to

the synthetic networks, the extraction of the reference motifs is expected. For all

the experiments we conducted, we set ∆t = 1 and {pd} = P = 1 when doing the

temporal subgraph sampling. Setting ∆t to a larger value will end up with large

subgraphs being sampled. If the value is too small, we could fail in sampling too

many ∆t adjacent subgraphs. In general, setting the value for ∆t is related to the

temporal resolution to be considered. And for P being set to 1, all the ∆t adjacent

edges will be sampled. We will defer the discussion on setting different values of P

to Section of runtime.

Table 4.1 presents the STNMs detected in a synthetic network with 50 random

edges added. The STNMs and the most similar predefined reference motifs are

tabulated side by side, and the stochastic motifs are depicted using the state

transition diagrams, where each state corresponds to an edge occurrence and the

links between the states show the state transitions. E.g., in motif M1, the state “1

→ 3” (a directed edge from node 1 to node 3) will transit to the state “2→ 3” with
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a probability of 0.54. Due to the use of the stochastic model, we found that the

reference motifs with only minor variations in the state transition probabilities can

be recovered.

To demonstrate quantitatively the robustness of the proposed method, we

compared it with a deterministic temporal network motif (DTNM) detection method

[66] based on synthetic networks generated at different noise levels (that is, different

numbers of random links added). For our implementation, after sampling temporal

subgraphs and solving isomorphism problem, the frequency of subgraphs in real

network and randomized networks are obtained. The DTNMs are detected by

measuring the symmetrized Kullback-Leibler divergence of each motif’s frequency

relative to the reference — same as the background model of the STNM model.

The temporal subgraphs are also a set of ∆t-adjacent edges. In order to get fair

comparison, ∆t is set the same with that in our method and all subgraphs are

exhaustively enumerated.

Instead of doing only counting for the motif occurrence, the use of STNM allows

stochastic variations in local interactions so that structurally “similar” subgraph

instances can be readily “aggregated” based on the Bayesian framework to form the

“over-represented” stochastic motifs. Table 4.2 shows the averaged performance of

STNM and DTNM based on 100 synthetic networks (each with 1000 subgraphs

sampled from 3 reference motifs) generated at different noise levels as stated.

When the noise level is 0%, three DTNMs and STNMs equivalent to the three

references were detected as expected. When more random edges were added, more

subgraph instances which are more structurally different from the reference motifs

were resulted. All those subgraphs could thus easily be mis-detected as the motifs.

In general, we observed that the number of DTNMs detected kept increasing as

the noise level was increased, showing that DTNM is very sensitive to noise. To

the contrary, the optimal number of STNMs detected via the CEM algorithm

remained to be three. To further measure the discrepancy of the inferred motifs

compared to the reference ones, we define two relative error measures, given as
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Table 4.1: STNMs detected in the synthetic data with 50 random background

links, where αm shows the mixing portion of the m-th STNM shown.

stochastic most similar

id αm motifs detected reference motifs

M1 0.161

M2 0.139

M3 0.152
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Table 4.2: Comparing the noise sensitivity of DTNM and STNM detection

methods.

noise level 0 1 2 3 4 5

# random links 0 50 100 150 200 250

# DTNM 3 9 11 15 16 18

# STNM 3 3 3 3 3 3

ēα(%) 0 0.782 1.64 2.27 3.42 7.29

ēΘ(%) 0 0.668 1.96 2.61 4.824 7.671

(eα = 1
knz

∑knz

m=1
|αm−α̂m|

αm
, eΘ = 1

knz

∑knz

m=1

√
1

ns(ns−1)

∑ns

u=1

∑ns

v ̸=u( θ
m
uv−θ̂muv
θmuv

)2), where

(α̂m, θ̂muv) and (αm, θmuv) are the parameters of the reference motifs and the detected

motifs respectively Table 4.2 shows the averaged relative errors ēα and ēΘ over

100 synthetic networks at each noise level. It depicts that the accuracy of STNM

degrades only gracefully as the noise level increases.

4.3.2 Application to mobile phone usage analysis

We also applied the proposed mixture of STNMs to the data set “Nodobo” [15] which

contains 771 phone numbers and 13,035 call records and was collected during a study

of the mobile phone usage of high school students for 5 months from September 2010

to January 2011. Each record is a 3-tuple taking the form of (Caller, Callee, Time).

The nodes of the corresponding temporal network are the phone numbers and the

edges are derived from the call records. When the time interval ∆t is set to 1 day,

512, 729 3-node temporal subgraphs were enumerated (sampling probability = 1)

from the network. For the corresponding 100 randomized versions of the networks,

2, 696, 166 temporal subgraphs were obtained.

The 2-node and 3-node STNMs detected in the data set are presented in Tables

4.3 and 4.4 respectively. Note that the values of αm for the 3-node motifs are much

smaller in value compared to those in Table 4.1, hinting that the real network is
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more stochastic in the sense that more subgraphs are more likely to be coming from

the background. Some subgraph instances generated from the detected motifs are

listed in the last column of the two tables to ease our interpretation. Under the

context of human communicating with each other using mobile phones, we provide

our interpretation on the motifs as follow:

(1) For 2-node motifs, M1 can be interpreted as that when a person A makes a

call to person B and then A calls B again immediately. This might be because B did

not answer the call or is having conversation with others when A calls, or A wants to

give B more information or ask more questions via subsequent calls. For motif M2,

if A makes a call to B, there is a high probability that B will call back A. It can be

due to the scenario that A makes a call to B to ask for help, and B cannot give the

answer immediately but calls back afterwards. Note that while these patterns are

common ones, they being detected as motifs indicates that related communication

patterns over-represent compared to those in randomized networks (or background).

(2) For 3-node motifs, M1 captures the scenario where A calls C several times and

then B call C also several times, with no call-backs from C. Such a communication

pattern is highly likely to be caused by the fact that C is a popular or key person

that everybody wants or needs to talk to him/her. M2 shows that A calls B and C

and there is no call-back from them. It could be the situation that a person makes

calls to others just to release some notices. M3 shows a forwarding communication

pattern. The information from B could be forwarded to C via A, and A would call

back B to tell him/her that the information has been notified to C. For M4, some

of subgraph instances (like the left one) are somewhat similar to the “Balance”

communication pattern which is well-known in social network analysis, where A

calling B is followed by B calling C, leading to the result of A calling C. M4 also

can generate patterns like the right instance that if A and B call C consecutively,

A will call B afterwards.

The STNMs detected in a temporal network reveal only independent local

communication patterns. We have learned a first-order HMM with its states
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Table 4.3: Two 2-node STNMs automatically detected in a mobile phone usage

network where the mixing portion for the background is 0.577.

stochastic subgraph

id αm motifs detected instances

M1 0.311

M2 0.112
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Table 4.4: Four 3-node STNMs automatically detected in the mobile phone

usage network where the mixing portion for the background is 0.725.

id αm detected stochastic motifs subgraph instances

M1 0.098

M2 0.081

M3 0.073

M4 0.023

74



being mixtures of STNMs with different distributions for the mixing portions

(here only 3-node motifs are considered). The temporal evolution of the local

communication patterns can thus be inferred from the ordered sequence of temporal

subgraphs. Figure 4.5(a) gives the states inferred as well as the mixing portions

of the different 3-node motifs corresponding to the different states. With reference

to the communication network theories, we managed to map the states extracted

by the HMM to collective action, feedback and feedforward communication patterns

respectively. Collective action refers to the mechanism where a person is playing

the role of a “hub” where he/she may call many people and/or receive calls from

many people [44]. The collective action state is so named because it corresponds

to having higher mixing proportions for motifs M1 and M2 which are exercising

collective action mechanisms. The feedback state is characterized by having a higher

mixing proportion for motif M3, that is one would call back right after receiving a

call. The feedforward state is characterized by having higher mixing proportions

for M3 and M4 which favor the forwarding pattern. The transition probabilities

between the states learned for the HMM are depicted in Figure 4.5(b). It is noted

that each of the three states has a high probability of staying at its own state,

hinting that some regularities were in fact obtained. Given the HMM, we applied

the Viterbi algorithm [41] to compute the optimal sequence of HMM states. For

better visualization, we chopped the complete sequence into several subsequences,

each corresponding to the calls within a month. As shown in Figure 4.6, the evolving

of the HMM states vary significantly for different months, especially for feedback and

feedforward states. Also, we see that the collective action state is the most popular

one for the five months. The feedback state is more common than the feedforward

state in September, December and January, but not in October and November. The

overall counts of the three states are particularly low in December, which could be

because of the winter holidays.
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Figure 4.5: (a) Mixing proportions of 3-node STNMs inferred per HMM state.

(b) The transition state diagram of the HMM where each state corresponds

to a particular distribution of the mixing proportion of the mixture of

STNMs as illustrated in (a).
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Figure 4.6: The evolution of the collective action, feedback and

feedforward states over different months.
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4.4 Runtime Evaluation

All the experiments were performed on a machine with a 2.4 GHz Intel Core 2 Quad

CPU and 4GB RAM, running Microsoft Windows XP. And all the algorithms were

developed using the Java programming language. Most of our experiments focus

on detection of motifs with 2 − 3 nodes and no more than 10 edges. One reason

is that the computational complexity of sampling subgraphs with more nodes and

edges is high. Also, most of the existing human communication network theories

concern communication mechanisms involving only a few persons, which we believe

justifies the validity of our experiment design. However, there should still exist

the need to conduct the motif-based analysis with more nodes within a motif. We

tested the runtime performance of the proposed algorithm using again the mobile

phone usage data set but with temporal subgraphs containing more nodes and edges.

Table 4.5) tabulates some preliminary results. We make several observations. (1)

Increasing either the number of nodes or the maximum number of edges will increase

the number of sampled subgraphs, the number of detected motifs, and thus the over

runtime. (2) The runtime quickly grows from less than 10 hours to more than 100

hours when the number of nodes is increased from 4 to 5.

For detecting motifs with more nodes ( more than 5), various speed-up strategies

can be explored. As the data are assumed independent and identically distributed

(i.i.d.), they can be partitioned into multiple subsets so as to take the advantage of

parallel computing. Also, instead of enumerating all the subgraphs during sampling,

some random sampling schemes, as in [80], can also be explored. In particular,

we introduce a parameter P = {pd} when computing the ∆t adjacent temporal

subgraphs. If P is less than one, it means there exists the chance that some ∆t

adjacent edge will not be included during the subgraph sampling. The size of the

subgraphs can thus be reduced, and so as the runtime. However, that will result in a

set of subgraphs biased towards the smaller ones. Via a preliminary experiment, we

have evaluated the effect of different values of P on the accuracy of detecting STNMs,

as shown in Table 4.6. As anticipated, the runtime is reduced as P decreases (e.g.,
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Table 4.5: The runtime of detecting motifs with different sizes in the

mobile phone usage network. The sampling probability is set to 1 and the

time interval ∆t = 1 day.

# subgraphs # motifs Time

|V | = 3, |E| = 6 512,729 4 2.56 hrs.

|V | = 3, |E| = 10 592,634 4 3.14 hrs.

|V | = 3, |E| = 14 592,852 4 3.25 hrs.

|V | = 4, |E| = 6 1,251,232 9 9.14 hrs.

|V | = 4, |E| = 10 1,786,722 13 21.31 hrs.

|V | = 4, |E| = 14 2,457,121 15 29.81 hrs.

|V | = 5, |E| = 10 3,400,654 14 59.40 hrs.

|V | = 5, |E| = 18 3,950,667 17 > 100 hrs.

from 2.8 hours to 0.4 hour when P is changed from 1 to 0.7), but at the expense of the

increased relative errors on the model parameters. Fortunately, the relative errors

are not increased too much. More investigation on unbiased subgraph sampling

towards a better trade-off between the efficiency and accuracy is needed.

Table 4.6: The runtime and the relative error based on the Nodebo data

set given different values for the sampling probability P.

P = 1 P = 0.9 P = 0.8 P = 0.7

Runtime 2.8 hrs. 1.9 hrs. 1.0 hr. 0.4 hr.

eα 0 1.24% 2.64% 4.27%

eΘ 0 1.86% 2.96% 6.01%
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4.5 Summary

In this chapter, a probabilistic approach for inferring temporal network motifs has

been proposed. In particular, we used a mixture of Markov chains for detecting

stochastic temporal network motifs and formulated the detection problem as a

parameter estimation problem under the Bayesian framework. We compared the

performance of the proposed stochastic approach with the deterministic approach

found in the literature using synthetic networks, and demonstrated that the proposed

one outperforms the deterministic approach in terms of its noise tolerance. We have

also applied the proposed approach to a mobile phone usage data set to demonstrate

how it can be used to extract the hidden local communication patterns and their

evolution from the related human communication network.

While detecting a hidden set of independent stochastic temporal network motifs

at a certain granularity level is useful by itself, dynamic behaviors exhibited in a

temporal network however can sometimes be caused by interactions at different

granularity levels of temporal and structural dimensions. Studies on how the

proposed motif detection approach could be extended to explain some higher-level

behavioral concerns in a temporal network will be of high importance.
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Chapter 5

Temporal Network Motif Factor

Graph Model for Followee

Recommendation in Social Media

Online social media has widely been adopted for efficient communication and

sharing. There are many popular social media sites such as Facebook, Twitter, Sina

Weibo and Tencent Weibo. Keeping up with real-time news posted in these social

media requires a good follower/followee network structure for effective information

sharing and filtering. Even though there have been billions of users actively engaged

in those social network sites, thousands of enthusiastic new users are added each day.

The large amount of users in the social media post challenges on newly registered

users to find good and relevant users or other items to follow. Regular users normally

can manage only hundreds of followees on average, which is a very small number

as compared to billions of the total in the whole network. The number can be

even smaller for new users. Such an information overload scenario naturally calls

for the need of followee recommender systems which can recommend to users the

followees who are worth following and filter the irrelevant ones in a personalized

manner [142, 49].

Many computational analytical tools have been developed for more effective
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management of the vast amount of information in online social networks. Examples

include tools for community detection for identifying user daily activities and

social interactions [54], crisis or emerging events detection from online discussions

[115, 139], influential users and efficient information diffusion paths identification for

speeding up information dissemination [62, 11] or limiting it (e.g., rumor) [20], etc.

In this chapter, we focus on the information overload problem causing by the ever

increasing number of users and the need of tools for followee recommendation. Like

other related work in recommender systems, the content-based and collaborative

filtering approaches can be adopted for followee recommendation [49]. In the

context of social networks, the availability of the social relationship of the users

(e.g., friends-of-friends) and their interaction records makes the network structural

and behavioral analysis approach more relevant so that the knowledge embedded

in the user interaction behavior can be leveraged for predicting user preference on

followees.

With a user represented as a node and a user accepting/rejecting another user as

a followee as a signed edge (also called link in the sequel), followee recommendation

can be casted as a signed link prediction problem [78, 72, 74, 9, 30]. By

considering the degree of connectivity per user [72] and the existing follower/followee

relationships in the network [74, 30, 9], potential links can be predicted as followee

recommendations. Leskovec et al. [74] employed a logistic regression model based

on some signed triads to predict positive and negative links in online social networks.

In [30], a community level structures were used in a boosting algorithm to predict

links. Armentano et al. [9] considered the topology of a group of users having

common interests for target user prediction.

One potential difficulty in using topology information to recommend followees is

that some of the underlying subgraph patterns may also occur frequently in random

networks and thus are not predictive of the followee relationships. As most real

world networks are not random graphs, subgraph patterns that occur more often in

real network than in random network are likely to be more suitable for characterizing
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relationships in real networks. Hence, network motifs could be a good topological

feature for followee recommendation.

The social network for followee recommendation can also be associated with time-

stamp information as to when the followee relationships were established. Temporal

network motifs can be used to capture such information [66, 145]. Temporal network

motifs are defined as over-represented temporal subgraph patterns (or interpreted as

local interaction patterns) that occur more often in a real temporal network than in

randomized versions of the network. The edges in a temporal network motif are not

independent to each other. In the case of followee recommendation, the acceptance

or rejection of a recommendation may be influenced by the results of other prior

recommendations, which in turn, may affect the results of future recommendations.

We use stochastic temporal network motifs, which was discussed in chapter 4, to

model the dependency of recommendations [82]. From the aspect of generative

model, one stochastic temporal network motif can generate a group of over-

represented temporal subgraph patterns. We employ the mixture model to find

motifs that can be serve as useful features for followee prediction. In this chapter,

a probabilistic model is proposed to predict whether the recommended followee

is worth to follow using the attributes of followers/followees, some topologies of

relationships and stochastic temporal network motifs.

5.1 Problem Formulation

We aim to predict the followee recommendation results by incorporating the user

profiles, existing network structure and the previous recommendation history. User

profiles describe some personal attributes. Existing network structure gives the

social relations of users. The recommendation history tells the results of the previous

recommendation records, which could be the references for predicting the results

of further records. We name the existing network as social affiliate network and

represent it as a graph GA = (V,E) with V = {1, 2, · · · , N} being the set of nodes

representing the users and E = {euv} being the set of edges representing the social
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relations of the users. We further assume that such a social affiliate network allows

and records user suggestions denoted as Rui = (u, i, rui, rt(ui)) which is read as user

u is recommended followee i at time-stamp rt(ui), and rui = 1 (−1) denotes that user

u accepts (rejects) the recommendation. The recommendation records thus form a

signed temporal network, where each edge carries a value of “1” or “-1” and a time-

stamp. We name such a signed temporal network as the recommendation network

and denote it as GR = (U, I, R), where U = {u}, I = {i} and R = {Rui}. Given the

records, some attributes characterizing the user u and the potential followee i can

also be computed, denoted as xui. We here consider that a recommender system can

be established based on such social affiliate network and recommendation network

for suggesting followees to users.

Given (1) the topology of the social affiliate network, (2) the topology of the

recommendation network, and (3) the characterizing attributes of the users and the

potential followees, we aim to derive a factor graph model for followee prediction

with the predictive function denoted as:

f : (X,GA, GR)→ RF (5.1.1)

where X represents the attributes of users, GA = (V,E) is the social affiliate

network, GR = (U, I, R) is the recommendation network, and f : (X,GA, GR) is

the model we need to build. Based on the model, we can predict the results of

further recommendations RF . The details of modeling are described in the next

section.

5.2 Modeling

We propose a motif-based factor graph model (MotifGM) for automatic recommend-

ing followees to users. We have considered three factors. The first factor concerns

the attributes of a user and a followee such as their profiles, keywords/tags, actions

performed and category information. The assumption is that a user prefers to pick

followees with similar attributes as his/hers. The second factor concerns the social
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topological relations (as reflected in the social affiliate network) of the user and

the followee. The assumption is that a user prefers to pick followees with common

neighbors. The third factor exploits the fact that the temporal information of the

recommendation network tells us that the recommendations are not independent to

each other but are influenced by the previous ones and will influence the coming

ones. Also, the structural information of the recommendation network could tell

us the influence of the recommendation results from the neighbors to the result of

current recommendation. In particular, stochastic temporal network motifs [82] are

adopted to define the third factor. We then combine the three factors to define

a recommendation model as a predictive function f : (X,GA, GR) with the model

parameters learned from the input data {X,GA, GR}.

5.2.1 Motif-based factor graph model

In this section, we present the detailed definitions of the three factors.

(A) Attribute factor is formulated as f(xui) representing the posterior probability

of the recommendation rui being accepted given the attribute vector xui defined

for the user u the followee i pair. The attribute vector contains a set of features

which are criteria favorable for a recommendation to be accepted. Such criteria

include the similarities and differences between u and i in terms of profiles and

categories, the popularity of i, the acceptance of u, the action influence of i, and

etc. In particular, they are formulated as (1) the year-of-birth difference of u and

i, (2) an indicator function to show they are of same gender or not, (3) a function

transforming the category hierarchy of the followee to a real value, (4) the similarity

between the keywords of u and i defined as Sim(Ku, Ki) = 1− ( D(Ku,Ki)
max(|Ku|,|Ki|)) where

D(x, y) defines the number of different keywords between u (Ku) and i (Ki), (5) the

popularity of the followee i defined as the ratio of the number of times i has been

accepted (N i
a) and the number of times i has been rejected (N i

r), (6) the acceptance

of the user u defined as the ratio of the number of accepted followees and the number

of rejected followees, and (7) the action influence of the followee i defined based on
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the number of the followee’s retweets, mentions and comments which have positive

influence on the following activity to followees [142]. Table 5.1 lists all the features

considered, and the attribute factor takes the form of an exponential-linear function

on the normalized values of those features, given as:

f(xui) =
1

Zα

exp{
d∑

j=1

αjϕj(xui(j))}, (5.2.2)

where d is the number of features adopted, ϕj(xui(j)) is the normalized value of the

feature xui(j), and Zα is the normalization term of the attribute factor function.

(B) Topology factor is the second factor which is needed as most of the users

are newly registered ones and thus not familiar with the existing followees with

recommendations. We leverage the social affiliate network and count the number of

common neighbors of user u and followee i (without considering the edge direction)

to indicate their topological closeness [74]. We here consider two-hop neighborhood

and define the topology factor function as:

g(Gui) =
1

Zβ

exp{
2∑

c=1

βcψ(Vc
ui)}, (5.2.3)

where ψ(Vc
ui) = |{vcu} ∩ {v1i }| is defined as the number of common users between

u’s c-hop neighbors and i’s direct neighbor, {vcu} denotes the c-hop neighbors of u

and {v1i } denotes the direct neighbors of i, and Zβ is the normalization term for the

topology factor function. Having common 2-hop neighbors may allow u accepting

i as followee to be supported if some u’s neighbor of neighbor has accepted i to be

the followee, which can sometimes be interpreted as having the same taste on whom

to follow [9].

(C) Motif factor makes use of the stochastic temporal network motifs (STNM)

detected from the temporal recommendation network. In particular, a mixture

of Markov chains is computed to represent the statistics of one recommendation

followed by another as characterized by the detected motifs. Each motif summarizes

a set of temporally and structurally similar recommendation subgraphs which occur

more frequently in the given recommendation network than in random networks. In

this chapter, we extend STNM with signed edges so as to model as well accepted
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Table 5.1: Description of the attribute features considered in the factor graph

model.

Attribute Description

Profile Difference of Year-of-birth

Matching of Gender

Action # tweets of the user u

# retweet, # mention, # comment on the followee i

Category Category of the followee is a string “a.b.c.d”, where

the categories in the hierarchy are delimited by

the character “.”, and ordered in top-down fashion

(i.e., category ‘a’ is a parent category of ‘b’, and

category ‘b’ is a parent category of ‘c’, and so on).

Keyword Extracted from the corresponding Weibo profile of

the person, organization, or group. The format is

a string “id1;id2;· · · ;idN”, where each unique

keyword is encoded as an unique integer. The

keywords are tagged by the users to represent

their interests. The keyword feature function is

defined as the keyword similarity of u and i.

Acceptance User u’s acceptance Au = Nu
a /N

u
r , N

u
a is the

number of followees accepted by user u, Nu
r is

the number of followees rejected by user u.

Popularity Followee i’s popularity Pi = N i
a/N

i
r, N

i
a is the

number of users accept followee i, N i
r is the number

of users reject followee i.
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and rejected recommendations. Thus, a motif for n-node subgraphs will have

ns := 2n(n − 1) possible states where each state corresponds to a possible signed

edge between two nodes within the motif. In this chapter, we focus on 3-node motifs.

To compute the motifs, the component-wise expectation maximization (CEM)

algorithm is used so that the number of motifs K can be learned automatically.

So, to define the motif factor, we first detect automatically the K motifs M =

{M1, . . . ,MK} from the network and then compute the probability of accepting

a particular recommendation rui given the set of stochastic motifs p(rui|M). To do

that, we first explore all possible 3-node subgraphs with (u, i) being one of its nodes,

resulting in a set of temporal subgraphs {S1
ui, · · · , SW

ui }. Each temporal subgraph Sw
ui

is an ordered sequence of recommendations and can be generated from a particular

stochastic motif Mk with the probability given by p(Sw
ui|Mk). Mk is parameterized

by the set of probabilities of one recommendation (an edge within the motif) followed

by another, defined as Θk. The density distribution is defined as

p(Sw
ui|Mk) = p(Sw

ui|Θk) = µj

lw∏
t=2

ns∏
m=1

ns∏
n=1

(θkmn)e
w
mn(t)(1− θkmn)(1−ewmn(t)) (5.2.4)

where Θk = (θkmn)ns×ns , 0 ≤ θkmn ≤ 1, 1 ≤ k ≤ K, lw is the number of edges in

subgraph Sw, and µj denotes the probability of the initial state being sj, which is

assumed to be known. ewmn(t) is an indicator which will be 1 if state sm is followed by

state sn observed in subgraph Sw at time t, which means X t−1
w = sm and X t

w = sn.

The motif factor function for u accepting followee i is given as:

h((u, i),M) =
1

Zγ

exp{
∑
w

∑
k

γkp(S
w
ui|Mk)}, (5.2.5)

where Zγ is the normalization term for the motif factor function.

Given the three factors and the set of observed recommendation results r, we

have the joint distribution as:

P (r|X,GA, GR) =
∏
rui

f(xui)g(Gui)h((u, i),M). (5.2.6)
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5.2.2 Parameter estimation of MotifGM

With all the factors computed as described, the maximum likelihood estimates of

the motif-based factor graph model parameters, i.e., η = (α,β,γ) can be obtained

by maximizing the log-likelihood function, given as

L(α,β,γ) =
∑
rui

[
d∑

j=1

αjϕj(xui(j)) +
2∑

c=1

βcψ(Vc
ui)

+
∑
w

∑
k

γkp(S
w
ui|Mk)]− logZ

(5.2.7)

where Z = ZαZβZγ is the normalization factor.

We use a gradient descent method for the optimization. Algorithm 5 presents

the details for the parameter estimation. For implementing the gradient descent, a

learning rate ϵ is needed to be determined.

Algorithm 5 The gradient descent algorithm for parameter estimation of the factor

graph model.

Input: A network G, learning rate ϵ

Output: Estimated parameters η = (α,β,γ)

Initialize η

repeat

Calculate the gradient of η;

Update parameter η with the learning rate ϵ:

ηnew = ηold + ϵ∂L(η)
∂η

until Convergence.

Given the inferred model, followee recommendation can be computed. For a

particular user, we can first pick a followee and then compute the three factors

(attribute, topology and motif) by considering the edge to be either positive or

negative. The prediction will be based on the edge sign which can maximize the

marginal probability p(rui|r, X,GA, GR).
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Table 5.2: Statistics of the Tencent Weibo data set.

data subset 1 # records # users # followees

recommendation 73, 209, 277 2, 320, 895 6, 095

data subset 2 # edges # users -

relation 50, 655, 143 1, 944, 589 -

5.3 Experimental Results

We evaluated the proposed MotifGM using the Tencent Weibo1 data set released in

Track 1 of KDD Cup 20122. Tencent Weibo is a twitter like on-line social network,

one of the largest microblogging websites in China launched in April 2010. The data

set contains a sampled snapshot (October 11, 2011 to November 11, 2011) of Tencent

Weibo users’ preferences for various recommended followees and the history of users’

“following” activities. It includes information of user profiles (e.g., demographics,

profile tags, time-stamped following activities history, etc.), user relations, followee

category (which can be a person, an organization, or a group), keywords, and etc.

Some basic statistics of the data set are listed in Table 5.2. It is noted that the

data set contains millions of recommendations and users but only thousands of

followees. Since each followee will be recommended to thousands of users in average,

the recommendation records are large scale. Also, the number of users and links in

relation data set are at the scale of millions.

We perform all the experiments on a machine with 8× 3.4 GHz Intel Core CPU

and 16GB RAM, running Ubuntu 12.04, and implement all the algorithms using the

Java programming language.

In our experiments, we compute the attribute factor as listed in Table 5.1.

Profile, Action and Keyword are the attributes related to both users and followees.

Acceptance is the attribute related to users. Category and Popularity are the

attributes related to followees. The estimated weight value of each attribute listed

in Table 5.3 gives the relative importance of each attribute. We find that the

1http://t.qq.com/
2http://www.kddcup2012.org/c/kddcup2012-track1
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Table 5.3: Weights of all the attributes in the attribute factor

attributes Popularity Action Acceptance Category Profile Keyword

weights 2.94 1.23 0.802 0.694 0.428 0.422

Popularity is the most important attribute for the prediction. The Keyword

attribute, which refers to some sematic description about users’ interests, does not

contribute much to the model. This hints that the user’s following activity is not

that related to the user interests. For the topology factor, we consider the number of

common neighbors of users and followees, as well as the number of two-hop neighbors

of users and the neighbors of followees as explained in Section 5.2.

We apply STNM to the data set and six stochastic temporal network motifs

as a mixture of Markov chains were automatically detected to be used as the

motif factor. Other than treating the motifs factor as a black box, we notice that

the motifs detected are in fact explaining the underlying interaction mechanisms

leading to the formation of the recommendation network. Figure 5.1 shows the

detected motifs and their representative subgraph instances. The states of the

motifs are representing signed edges in the recommendation network (essentially

recommendation acceptances/rejections). For instance, “A→B[-]” means that “A”

rejects “B” as followee. And for the edges of the motifs, they are labelled with

the transition probabilities between the states, giving the probabilities of temporal

relations of the recommendation activities. For the subgraph instances of the

motifs, the edge label {+/−} indicates whether the destination node should be

recommended to the source node as a followee. The time stamp labels on the

edges {t1, t2, · · · , tn} show the ordering of the occurrences of the recommendation

activities. As mentioned in Section 5.2, whether a user u will accept or reject i as a

relevant followee could be influenced by his/her previous choices of acceptance and

the previous choices of his/her neighbors. According to our experimental results,

the motifs extracted do provide supportive evidence as detailed in the following.

To evaluate the motifs detected, we first make reference to two known social

theories — social balance theory [22, 36, 75, 125] and social status theory [75, 125, 47]
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(a) Motif 1 (b) Instance of

Motif 1

(c) Motif 2 (d) Instance of

Motif 2

(e) Motif 3 (f) Instance of

Motif 3

(g) Motif 4 (h) Instance of

Motif 4

(i) Motif 5 (j) Instance of

Motif 5

(k) Motif 6 (l) Instance of Mo-

tif 6

Figure 5.1: Stochastic temporal network motifs extracted from the recommendation

network and the representative temporal subgraph instances generated from the

motifs for characterizing the user following activities. The edges of subgraph

instances are signed (accept or reject) and temporally ordered.

91



(a) B1 (b) B2 (c) UB1 (d) UB2

Figure 5.2: Illustration of structurally balance triads. Here ‘‘+’’ (‘‘-’’)

edge denotes that the two connected nodes are friends (enemies). B1 and B2 are

balanced, while UB1 and UB2 are unbalanced.

to facilitate our subsequent discussion. Social balance theory suggests that the

structure of social network should be balanced. In particular, it states that all the

triads in a signed complete network should be “balanced”, as being illustrated in

Figure 5.2. For instance, the friend of my friend should eventually be my friend

(Figure 5.2(a)), and the enemy of my friend should eventually be my enemy (Figure

5.2(b)). The other two are unbalanced [22, 75]. Social status theory is proposed

based on a directed signed network, where a positive (negative) directed edge

indicates that the source node views the target node as having a higher (lower)

status. These relative levels of status can be propagated along multi-step paths of

signed edges. Some triads following the social status theory are illustrated in Figure

5.3. For the first and second triads (S1, S2), B views A as having a higher status

than itself, and A views C as having a higher status. The relative levels of status

is propagated from B to C and hence B gives a positive link to C (S1), and C gives

a negative link to B (S2). Similarly, S3 and S4 illustrate how a negative status is

being propagated.

Regarding the motifs being identified in the Tencent Weibo data set , some of

them can be explained by the two aforementioned social theories while some seem

specific to the data set. Motif 1 (Figures 5.1(a) and 5.1(b)): A rejected B at time

t1 and then B accepted the recommendation of C at time t2. At time t3, A rejected

C, which could be explained based on the social balance theory that “friend of my

enemy is my enemy” ( “B2” in Figure 5.2(b)). Motif 2 (Figures 5.1(c) and5.1(d)): A
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(a) S1 (b) S2 (c) S3 (d) S4

Figure 5.3: Illustration of some triads following the social status theory.

Here ‘‘+’’ (‘‘-’’) edge denotes the target node having a higher (lower) status

than the source node.

rejected B first but accepted it later on after it accepted C. According to the affiliate

network (i.e., the relation data subset), C is a followee of B. This pattern appears

to agree with the social balance theory that friend’s friend is also my friend (“B1”

in Figure 5.2(a)). A rejected B at first due to lack of knowledge and then accepted

B afterwards possibly due to the balance force exerted due to the fact that A and B

are followers of C in the social network. Motif 3 (Figures 5.1(e) and 5.1(f)): There

are 3 positive signs in the pattern that are supported by both the social balance

and status mechanisms. A followed B at time t1 and B followed C at time t2. A

possibly finds C to be its followee’s follower and thus decides to follow it to achieve

a balance structure. In addition, its acyclic structure is equivalent to that of S1 in

Figure 5.3(a) and thus its formation is also supported by the status force. Motif 4

(Refer to Figures 5.1(g) and 5.1(h)): It is a pattern indicating three mutual enemies

and thus not a balanced triads. Also, its cyclic structure making it not a plausible

triad based on the status force. On one hand, it should be noted that the data set

is in fact dominated by negative edges. In particular, only 7.18% out of the overall

recommendations correspond to the accepted ones. Thus, triads with all negative

signs are common. Also, the mutual rejections may imply that the social network

is still evolving and many users were still conservative in committing their social

networking effort on Weibo during the observed periods. Motif 5 (Figures 5.1(i)

and 5.1(j)): This pattern shows the scenario that A always rejects the followees

recommended regardless of their identities and how many times they are being
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recommended. A in this pattern might be a very picky user and only uses the

microblogging system without the desire to do social networking. Motif 6 (Figures

5.1(k) and 5.1(l)): This pattern can be interpreted by one of the status forces (Figure

5.3(c)). A does not want to follow B and B does not want to follow C. The status

force explains that as A could consider B to be at a lower status and B considers C

to be a lower status. The natural result is that A should consider C to be at a lower

status.

5.3.1 Performance on followee recommendation accuracy

To evaluate the effectiveness of the proposed MotifGM, we compare it with support

vector machine (SVM) as well as two other state-of-the-art methods for link

prediction in social networks.

I. SVM: We use the attribute vector x to train an SVM classifier to predict the

recommendation of followee i to user u. We use the SVM-light package3 for

our implementation.

II. PLP-FGM: We evaluate also partially-labeled pairwise factor graph model

which was proposed to predict the relationship types in social networks with

the use of both attribute and topological features [126]. Here, we simplify

the relationship type to a binary variable y ∈ [−1, 1] as whether the followee

should be recommended or not.

III. LR: Logistic regression was adopted in [74], which combines the evidence

from 23 features for predicting the sign of each edge in a social network. The

features contain 6 degree related features, one common neighbor feature and

16 triad related features. We implemented it accordingly as another reference

for comparison.

We used 20 days (October 11 to October 31) recommendation data for training

and 10 days (November 1 to November 11) for testing. For performance metrics,

3http://svmlight.joachims.org/
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accuracy, precision, recall, and F1-score were adopted. The results are listed in

Table 5.4. MotifGM outperforms significantly the other three existing methods we

implemented. In particular, it outperforms SVM by 26% in terms of F1-score and

8% in terms of accuracy, and also achieves 5% improvement when compared to PLP-

FGM and LR in terms of F1-score. LR achieves the best recall rate among all the

four methods. However, the better recall is mainly caused by LR predicting more

positive cases in general and thus the precision rate drops accordingly (9% lower than

MotifGM in terms of precision). SVM underperforms all other three methods since

it does not incorporating the topological features into the model. The proposed

MotifGM performs better than PLP-FGM and LR, even though all made use of

topological features. The main reason behind is due to the use of the temporal

motifs learned from the data which are believed to be more salient as compared

to those fixed structural features manually derived based on the social theories.

To further evaluate the importance of adopting temporal network motifs where the

∆T adjacency constraint can ensure the motifs are representing temporally close

user following activities, we set the value of ∆T to 20 days to relax the temporal

locality consideration. In principle, if we set the value of ∆T to be sufficiently

large, the network motifs extracted becomes essentially non-temporal one (named

as non-temporal motif based factor graph model). The performance comparison

results are given in Table 5.5. We can see the temporal motif based factor graph

model outperforms non-temporal one by 4% in terms of F1-score. And yet the non-

temporal motif graph model still have some slight performance improvement when

compared to LR and PLP-FGM (about 1%) in terms of F1-score.

Regarding the sensitivity of the parameter ∆T , it can be anticipated that too

large the value would make two temporally far edges (highly likely to be unrelated)

to be connected while too small the value would make some relevant subsequent user

following activities to be discarded for better prediction. We tested different values

of ∆T . As illustrated in Figure 5.4, we find that setting ∆T to 3 days gives the

best performance. It means that the influence of user following activities occurred
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Table 5.4: Performance comparison of different methods for followee

recommendation.

Method Precision Accuracy Recall F1-score

SVM 0.703 0.811 0.824 0.759

PLP-FGM 0.895 0.822 0.861 0.878

LR 0.857 0.798 0.911 0.883

MotifGM 0.947 0.891 0.903 0.924

Table 5.5: Contribution of temporal motifs to the performance improvement.

Method Precision Accuracy Recall F1-score

Attributes only 0.757 0.791 0.689 0.721

Attributes + 0.898 0.809 0.880 0.889

non-temporal motifs

Attributes + 0.947 0.891 0.903 0.924

temporal motifs

3 days before could be no longer important. If we set ∆T to be 1 or 2 days, the

performance cannot beat that when ∆T is set to 3 days. This further confirms

that missing recent adjacent user following activities will lead to degradation in

prediction accuracy. The performance decreases when ∆T is larger than 3 days and

keeps constant when it is larger than 10 days.

5.3.2 Runtime

As presented in Table 5.2, the Tencent Weibo data set used for the evaluation

contains millions of nodes and tens of millions of edges. We compare the runtime

of the different methods when applied to the data set as tabulated in Table 5.6.

We observe that even though the parameter estimation steps of PLP-FGM and LR

both use the gradient descent method, the runtime of the former is much longer

than the latter because the former runs loopy belief propagation (LBP) three times

in each iteration to approximate the gradient, while only once needed for the latter.
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Figure 5.4: The impact of changing the value of ∆T (temporal adjacency

threshold) to the performance of prediction.

The runtime of the proposed MotifGM is longer than that of SVM and LR since

it requires multiple learning iterations due to the use of the Component-wise EM

algorithm for motif detection and the gradient descent algorithm for training the

factor graph model. Table 5.7 gives the runtime required for the motif detection and

MotifGM learning for temporal MotifGM and the non-temporal version. It shows

that the runtime of MotifGM learning (9.1 hrs) is less than that of LR (13.5 hrs)

and PLP-FGM (38.2 hrs). But the runtime of motif detection is much longer than

that for MotifGM learning, which makes the runtime of our method three times

of that of LR. As discussed in [82], temporal network motif detection comprises of

three steps, namely (i) subgraph sampling from large scale real network and random

versions of the network, (ii) graph isomorphism processing and (iii) motif parameter

learning, making it time-consuming. The first step costs 92% (24.6/26.8) of the

runtime for motif detection and 69% (24.6/35.9) of the runtime for the complete

model because we need generate tens of random networks and sample subgraphs from

them, which is very time consuming. By arguing that the chance that a particular

temporal subgraph happens in random networks is low (particularly correct when
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Table 5.6: Runtime comparison of SVM, LR, PLP-FGM and MotifGM with and without

network randomization in motif detection. The value of ∆T in MotifGM model is 3

days.

Method SVM LR PLP-FGM MotifGM MotifGM (no random)

Runtime 7.9 hrs 13.5 hrs 38.2 hrs 35.9 hrs 13.1 hrs

Table 5.7: Runtime comparison of MotifGM and its non-temporal version. ∆T is 3

days for MotifGM.

Method Temporal MotifGM Non-temporal MotifGM

Runtime 35.9 hrs 49.8 hrs

Motif Learning Motif Learning

Runtime 26.8 hrs 9.1 hrs 39.5 hrs 10.3 hrs

the temporal subgraph pattern is long), we consider only the frequent subgraph

patterns by ignoring the use of random versions of the networks as background.

As tabulated in Tables 5.6 and 5.8, the runtime of our method can be reduced to

13.1 hrs from 35.9 hrs, which is less than that of LR. The runtime of model learning

increases 0.8 hr as one additional motif is detected and added into the factor model.

Yet, the performance is only degraded by 0.6% in terms of F1-score comparing to

the original model.

Table 5.8: Runtime comparison of MotifGM with and without network randomization

in the step of motif detection. ∆T is 3 days.

Method MotifGM MotifGM (no random)

#Motifs 6 7

Runtime 35.9 hrs 13.1 hrs

Motif Model Motif Model

Runtime 26.8 hrs 9.1 hrs 3.2 hrs 9.9 hrs

F1 score 0.924 0.918
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5.4 Summary

A followee recommendation algorithm has been proposed in this chapter. It relies on

a stochastic temporal network motif factor graph model so that motifs capturing the

recommendations temporal relations together with the users’ attributes and their

connectivity are carefully considered and integrated. The factor model is learned

based on a gradient descent algorithm for maximum likelihood estimation. Our

experimental results show that the proposed factor graph model outperforms support

vector machine and two other related state-of-the-art methods. We have also carried

out additional experiments to confirm that the use of stochastic temporal network

motifs which can effectively model temporally close user following activities is a key

factor contributing to the performance improvement. The runtime evaluation of our

method and the others has been compared and discussed.

Followee recommendation is important in view of the fast growing adoption of

social networks. It is evinced that the proposed motif factor graph model is an

effective approach. Nevertheless, the approach can still be extended along a number

of directions. First, we can extend the model so that the evolution of the network can

be characterized by the evolution of the network motifs. Second, we can apply this

model to other data sets, e.g., those extracted from Twitter, to verify if our model

can still achieve good performances in different data sets. The influence of optimal

time interval ∆T between two adjacent edges needs to by analyzed in different data

sets. Also, we are currently looking at how a boosting based learning algorithm

can be adopted to further correct the inferring mistakes by updating the objective

function in the learning process. Last but not least, the proposed method is still not

a scalable one for large scale social network analysis. Extending our algorithm to be

a distributed version, e.g., under the MapReduce framework, could be an interesting

research direction.
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Chapter 6

Extracting Behavioral Motifs for

Characterizing Human Daily

Activities in Smart Environments

With the recent advent in pervasive sensing and ambient intelligence technologies,

the elderly or disabled living in a smart house can have their daily activities being

monitored, which are those referred to as Activities of Daily Living (ADLs) [87].

The family caregivers would receive alerts if the residents behave differently, that is,

there are changes from normal activity patterns (or also termed as behaviors). The

ultimate goal is to provide timely and relevant assistance to the subjects to support

their independent living. To compare with video surveillance systems, people usually

consider this kind of smart environment more privacy preserving.

Given the sensor data, machine learning techniques have widely been applied

to activity monitoring and analysis. Related techniques have also been applied

to health status analysis [24, 14]. Among the existing work, activity recognition

is one of most widely applied areas. Supervised learning methods have been

explored to detect some pre-defined activities such as Naive Bayes classifier [129, 32],

hidden Markov model [106, 32], conditional random fields [95] and Segmentation-

based Activity recognition (SAR) [144]. These probabilistic learning approaches
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do not need very precise information (e.g., precise location, ordering and number of

occurrences) of the activities, which are sometimes hard to obtain accurately because

of the uncertainties and noises existed in the data collected. Supervised learning

methods have limitations including 1) inter-subject and intra-subject variabilities

even for the same activity not considered, 2) important health status information

of residents being ignored, and 3) difficulty in obtaining labeled data for training

[108].

Unsupervised learning methods have also been used to detect behavioral

patterns without the use of labeled data. Yin et al. [143] employ an supervised

learning algorithm one-class support vector machine (SVM) and unsupervised kernel

nonlinear regression (KNLR) algorithm to detect abnormal activities in a smart

sensor environment. SVM is first used to filter the normal activities and then

derive abnormal activity models by employing KNLR for reducing false positive

rate. Rashidi et al. [108] proposed a clustering algorithm which employs Levenshtein

(edit) distance to measure the similarity of two activity patterns so that each cluster

characterized by its centroid models a class of similar activity patterns. Similarly,

Nazerfard et al. [96] used Gaussian mixture model to cluster activities represented

using the start time and duration of the activities as attributes. The estimated

canonical start times and durations of each activity clusters form the input features

of Apriori algorithm to discover the temporal relations of the activity clusters.

Other unsupervised learning methods such as k-means [51], Self-Organizing Map

(SOM) [97], and dictionary-based compression algorithm [27] have been adopted to

automatically cluster the unlabeled sequential data into different activity patterns

(also called behaviors).

Instead of recognizing activities, we work on behavioral motif extraction in this

chapter. The scenairo is as follows: A group of residents are living in a smart house

so that their activity logs are collected. The over-represented event patterns for each

resident are computed as their behavioral motifs to uniquely characterize the resident

as compared with the other residents. The motifs, which are found more often for
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a particular resident but not the others, form the distinct salient features of the

resident which could reflect his/her unique living styles or health status. Previous

work on human activity recognition focuses on correctly recognizing the activities

but not how the activities are carried out. We proposed the use of motif detection

approach to identify such salient features (over-represented activity patterns) to

characterize the residents’ behaviors in assisted living environments.

Motif detection is a promising approach which has been applied to bioinformatics

[118, 92, 55] and complex network analysis [91, 79, 80]. To further explain how it

can be applied to human behavioral characterization, we use meal preparation as

an illustrative example. Most people prepare all the ingredients before cooking, but

some people may have the habit to pick the ingredients only when needed during the

cooking. For the latter, the cabinets will be opened more often and the burner will be

turned on and off more times than that of the former. The repeated cabinet opening

and burner firing events could form the over-represented event pattern which defines

what we called the behavioral motifs. Actually, different people will have different

behaviorial characteristics when doing the same activity. We believe that such motif-

based analysis can provide more insights on the distinct habits of an individual via

the setup of a smart house. In particular, distinct event patterns are extracted for

a resident in a smart house if they over-represent for the resident when compared

with the other residents. Note that instead of computing an ensemble of random

activities like the conventional work on motif detection, we here use the activities

of the other residents as the reference. So, the motifs extracted should be able to

tell in what specific way one’s behavior is different from those of the others who are

living in the same house.

6.1 Problem Formulation

Assume that N sensors, denote as S := s1, s2, · · · , sN , are installed in a smart home.

Via the sensors, activities of a resident r are logged in the form of a sequence of

sensor triggering events. Each event detected at time t is denoted as (er, t). To
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extract the distinct event patterns of a resident r living in the smart home when

compared with the other residents, we propose a three-step approach. First, we

sample the frequent event patterns from the complete event sequences of all the

residents. Then, we identify the motif candidates which are the patterns significant

for resident r with reference to the others based on the Z-score. Last, we apply the

mixture model with the number of components automatically estimated to cluster

motif candidates to determine the final set of behavioral motifs. The details of the

steps are presented as follow.

6.1.1 Step 1: Sampling event patterns

The key issue for this step is that the set of possible event patterns is exponential

in size with respect to the length of the pattern and each pattern requires a

complete scanning of the whole event sequence to obtain the count of each pattern.

Fortunately, the search space for the sampling can be effectively pruned. Suppose

we are only interested in patterns which contain top αe events in the sequence

and thus those rarely occurring ones could be ignored. Also, we perform the event

pattern sampling in a bottom-up manner so that the set of candidates patterns to be

considered can be effectively pruned. As in [107], one can first sample the frequent

event patterns of length 2 (number of events). Then, an event (out of the top αe

ones) can be added as prefix and/or suffix to extend them to form the candidates of

frequent patterns of length 3 and then scan through the event sequence to leave only

which are frequent. The process can be repeated until no frequent event patterns

are generated or a pre-defined length is reached. The process is similar in spirit to

the Apriori algorithm [3] which prunes the search space by making use of the fact

that a frequent event pattern embedded in a sequence of a given length must be

composed of frequent event patterns of shorter length as its sub-patterns.

As just some minor variations in carrying out an activity will make the event

patterns different, one can also aggregate a newly extended event pattern into a

pre-discovered candidate pattern by computing the similarity between them. As in
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[108], the similarity between two patterns X and Y can be computed as:

sim(X, Y ) = 1− (
e(X,Y )

max(|X|, |Y |)
) (6.1.1)

where e(X, Y ) denotes the edit distance which gives the minimum number of

operations (insertion, deletion, substitution of a single event, or a transposition

of two adjacent events) needed to transform X into Y [77]. To retain a candidate

pattern during the bottom-up sampling, instead of considering directly its occurrence

counts, we consider a pattern a frequent if it satisfies the following criterion:

Fa =
L(a) ∗ Ca

L
> C (6.1.2)

where L(a) is the length of pattern a, Ca is the count of its occurrence and L is

the length of the whole sequence. This approach weights the occurrence count by

the fraction of each pattern in the whole sequence. The advantages include: 1)

Some patterns which consist of random events may occur a lot of times but have

short lengths will have their importance reduced as such random events may not

be a part of a consistent behavioral pattern but just noises; 2) A consistent pattern

which contains much information might have long length but not occurring as many

times as the shorter ones. To summarize, this approach of selecting frequent patterns

could assign a higher weighting to longer patterns and low weighting to shorter ones.

6.1.2 Step 2: Motif candidates based on Z-score

Given the event patterns of different residents sampled, we can compute for each

resident a significant subset of the patterns as the candidatures of motifs. A modified

Z-score derived based on Eq. (6.1.2) can be computed, given as:

Za =
Fcura − F̂refa

std(Frefa
)

(6.1.3)

where Fcura is the frequency of event pattern a in the current sequence, and {F̂refa
,

std(Frefa
)} are the mean and standard deviation of its frequency in the ensemble of

reference sequences, which are generated based on the activities performed by other

residents. Patterns with the Z-scores higher than a threshold Cz are determined as

the motif candidates.
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6.1.3 Step 3: Behavioral motifs as components of mixture

models

To further summarize the motif candidates, they can be clustered using the mixture

model where each component is corresponding to one of the behavioral motifs to be

extracted. The likelihood function can be written as:

p(xi|θ) =
k∑

m=1

αmp(xi|θm) (6.1.4)

where xi represents a particular motif candidate and the θm represents the

parameters of the m-th motif. The mixing proportions {α1, · · · , αk} give the prior

of the candidates coming from different motifs, and
∑k

m=1 αm = 1. Conceptually

speaking, the motif is defined as the significant pattern that has the highest

“similarity” with all other patterns in the same cluster and the lowest similarity

with patterns in other clusters. The probability of a particular pattern comes from

the m-th motif is given as:

p(xi|θm, σm) ∝ e
(log sim(xi,θm))2

σ2
m . (6.1.5)

where σm is the standard deviation for the m-th component,and the similarity

sim(x, y) is measured using the edit distance. Given the n motif candidates as

the independent and identically distributed (iid) observations, their log likelihood

based on the mixture model is given as:

log p(X|θ,σ) = log
n∏

i=1

p(xi|θ,σ)

=
n∑

i=1

log
k∑

m=1

αmp(xi|θm, σm).

(6.1.6)

The optimal parameters of the motifs can be identified by maximizing the log-

likelihood function using the EM algorithm.

6.1.4 The EM algorithm for mixture model

The EM algorithm [37] is typically used for estimating the parameters of mixture

models. It consists of the E-step and M-step which are computed iteratively with
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convergence to local maxima guaranteed. For mixture model, the expectation of

the complete log-likelihood function is calculated in E-step and the parameters are

re-estimated by maximizing the expectation of the complete log-likelihood function

in M-step, given as:

E-step: Compute the expectation of complete log likelihood

E[log p(X,Z|θ,σ)] =
n∑

i=1

k∑
m=1

E[zim] log α̂mp(xi|θ̂m, σ̂m). (6.1.7)

where Z = {z1, · · · ,zn} is missing variable indicating the component of mixture

model each observation comes from, and zi = [zi1, · · · , zik]. zim takes the value of 1

if xi comes from the m-th component or 0 otherwise. The conditional expectations

of missing variable are given as

E[zim] = Pr[zim = 1|xi, θ̂, σ̂] =
α̂mp(xi|θ̂m, σ̂m)∑k
j=1 α̂jp(xi|θ̂j, σ̂j)

(6.1.8)

M-step: Recompute the parameter estimates in order to get maximum expectation

of complete log-likelihood

(α∗;θ∗;σ∗) = arg max
α;θ;σ

E[log p(X,Z|θ,σ)]. (6.1.9)

To update a particular θ̂m with the other θs fixed, we can optimize the complete

log likelihood by assigning an xi to θ̂m such that
∑n

i=1 E[zim] log α̂mp(xi|θ̂m, σ̂m) is

maximized. σ̂m is reestimated as:

σ̂m = [

∑n
i E[zim](log sim(θ̂m, xi))

2∑n
i E[zim]

]0.5 (6.1.10)

and α̂m is reestimated as

α̂m =
1

n

n∑
i=1

E[zim]. (6.1.11)

Estimating the number of motifs

To estimate the optimal number of motifs, we use the Component-wise EM (CEM)

algorithm under the minimum message length(MML) criterion [131]. The final cost
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function (message length) L[θ,X] is given by

L[θ,X] =
N

2

∑
m:αm>0

log(
n ∗ αm

12
) +

knz
2

log
n

12
+

knz(N + 1)

2
− log p(X|θ),

(6.1.12)

where knz is the number of components with non-zero probability, and N is the

number of parameters specifying each component.

6.2 Experimental Results and Discussion

To evaluate the effectiveness of the proposed behavioral motif extraction approach

for human activity characterization, we made use of the WSU CASAS data set

[1]. The data set contains Activity of Daily Living sensor data collected based on

a testbed as shown in Figure 6.1 which is here reprinted to help the subsequent

interpretation of the extracted behavioral motifs. As a quick review, motion sensors

were installed in living room, kitchen, bathroom and three bedrooms. Also, other

kinds of sensors are equipped to monitor the usages of hot water, cold water, stove

burner, telephone, cabinets, doors, some key items and phone book. In this chapter,

we used the data of 20 participants who acted as residents in the home and performed

the following activities: making a phone call, washing hands, cooking, eating and

cleaning in our experiments. As described in [32], each sensor being triggered will

leave a record as a 4-tuple taking the form of (Date, Time, SensorID, Value).

6.2.1 Results of motif detection

The three-step approach proposed for the behavioral motif extraction requires some

parameters to be set. In the experiments, we set αe = 30% (that is top 30% frequent

events being considered), C = 0.2 (threshold for the frequent event patterns) and

Cz = 2.0 (threshold on Z-score for significant event patterns). We will illustrate the

impacts of these parameters on the number of discovered frequent event patterns and

motif candidatures in Section 6.2.2. Based on our observations, we found the settings
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Figure 6.1: Sensors deployed in the smart room where motion sensors are labeled

with a circle marked with ‘‘M’’ [32].

Table 6.1: A set of events indicated by sensor status. Motion sensor M01 is on,

asterisk start means start to make a phone call, water flow sensor (AD1-B) and

the sensor installed in brown sugar box are triggered.

Date Time SensorID Value

2008-03-28 13:39:01 M01 ON

2008-03-28 13:40:19 asterisk START

2008-03-28 13:41:43 AD1-B ON

2008-03-28 13:42:58 I03 PRESENT
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Figure 6.2: The evolution of the value of the cost function when learning the

behavioral motifs for participant P18, where the x-axis gives the iteration

times and the number in the rectangle denotes the number of motifs.

effective in giving reasonably good experimental results based on the data set we

used. With the use of the CEM algorithm, the optimal set of behavioral motifs were

estimated for each of the 20 participants recorded in the data set. Figure 6.2 shows

the evolution of the final cost function (Eq. (6.1.12)) when learning a mixture model

for characterizing the behavior of participant P18 throughout the CEM iterations.

Starting from the maximum possible number of motifs (number of all input patterns

or set an initial value manually), the cost function decreases as the CEM iterations

proceed. When some components are pruned during the iterations, the value of the

cost function would increase to some extent. After some iterations, the remaining

motifs will then be learned to better fit to the data, and thus the cost function

decreases again. The optimal number of motifs is thus computed by choosing the

one which gives the lowest cost function value.

Table 6.2 shows the detected behavioral motifs (as sequential patterns of sensor

events) in the second column and the mixing portions of the motifs in the third

109



column. Our interpretation on the behaviorial characteristics based on the detected

motif are provided in the rightmost column. It is to be noted that observing a motif

for a participant does not only mean that he/she has carried out those events but

has carried out them significantly more than the other participants. In Figures 6.3,

we also give some pictorial illustrations of motif examples detected from P17, P18

and P20.

To further elaborate a bit the results reported in Table 6.2, we consider in more

detail the participants P17-P30. For P17, we find that the participant has behavioral

motifs related to cooking with the motion sensors nearby triggered as the elements

in the motifs. This also indicates that the participant started the burner more

often and moved around more frequently when cooking than others. Participant

P18 had two behaviors more distinct, one being reading phone book and the other

being going to the kitchen to get hot water. Actually, there is a table in the living

room near Sensor I08 (phone book) and M13 (not visible in Figure 6.1) and cooking

directions were written in the phone book. Probably, this participant read the

cooking directions many more times than others and motion sensor M13 nearby was

thus triggered during the reading. The behavioral motifs collectively hinted such an

interpretation. Cooking is the most complicated activity which involves picking food,

washing, turning on/off the burner, and reading phone book for cooking directions.

The behavioral motifs of most of the participants were related to this activity, except

P18, P21 and P22. For P29 and P30, they made phone calls more often than others.

As a summary, we have tried to demonstrate that the detected behavioral motifs

could reveal how different persons exhibit their unique habits even through they are

performing the same set of activities.

6.2.2 Sensitivity analysis on parameter settings

In this section, we provide a detailed parameter sensitivity analysis on parameters

αe, C and Cz to see how they affect the overall performance. Figure 6.4 shows

the effect of changing the αe value on the motif extraction performance. As the
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Table 6.2: Behavior motifs detected.

Participants Motifs Probability Behavioral

αm Characteristics

M17, AD1-A, M17, M17, M17, AD1-A 0.738 cook

P17 M17, M17, M17, M17 0.174 walk around in kitchen

M13, M13, M13, M13 0.432 walk around table

M17, M18 0.229 walk in kitchen

P18 AD1-B, M17 0.245 get hot water

I08, M13 0.102 take phone book

M16, M17, M17 0.579 walk from living room

P20 AD1-A, M17, M17, AD1-A, M17, M17 0.158 to kitchen for cooking

M14, M13, M17 0.203

M17, M18 0.728 open hot water faucet

P21 AD1-B, AD1-B 0.243 many times

M17, M17 0.624 no special behaviors just

P22 M01, M13, M14 0.244 walk

AD1-A, M17, M17 0.726 walk to kitchen for

P23 M08, AD1-A, AD1-A 0.218 cook

M14, M15 0.583 go to cabinet to

P24 M17, D01 0.295 pick something

M07, M08 0.100 passing by kitchen

M17, AD1-A, M17, AD1-A, M17, M17 0.731 cook

P26 AD1-A, AD1-A, M17, M17, M17, AD1-B 0.201 open hot water faucet

M17, AD1-B 0.337

P27 AD1-A, AD1-A, M17 0.301 open hot water faucet

M07, M13, M13 0.230 walk around table

M17, AD1-B 0.337

P29 AD1-A, M17 0.473 open hot water faucet

M17, AD1-A 0.335

M13, asterisk 0.101 make phone call

AD1-B, AD1-B 0.081 open hot water faucet

P30 M17, AD1-A,M17 0.842 cook

asterisk, M13 0.095 make phone call

P31 AD1-C, AD1-C 0.084 open cold water faucet

AD1-A,M17,M18,AD1-A,M18,AD1-A,M18,AD1-A,M18,AD1-A 0.864 cook

P52 M17, M17, M17, M17, M17, M17 0.625

AD1-A, AD1-A, M17, AD1-A, M17, AD1-A, M17, AD1-A 0.364 cook

P53 M14, M14, M17 0.604

M09, M17, M18 0.306 walk from living room to kitchen

AD1-A, AD1-A, M17 0.071 cook

P54 M17, AD1-A, M17, AD1-A 0.686 cook

AD1-C, M17 0.137 open cold water faucet

M07, M14, M13, M17 0.084 walk from living room to kitchen

P55 AD1-A, AD1-A, M17, AD1-A, AD1-A, M17 0.944 cook

AD1-C, AD1-C 0.041 open cold water faucet

P56 M13, M14, M18 0.738 walk from living room to

AD1-A, AD1-A 0.234 kitchen for cooking

P57 M13, M14, M17 0.503 walk from living room to

AD1-B, AD1-A 0.239 kitchen for cooking

M17, M17, AD1-B 0.241 open hot water faucet

P58 M17, M17, AD1-A 0.818

AD1-A, AD1-A 0.134 cook

P59 AD1-A, M17, M18, M17, M18, AD1-A, M18, AD1-A 0.801

M17, AD1-A, M17 0.198 cook
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(a) P17 (b) P18

(c) P20

Figure 6.3: Three examples of motifs.
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value of αe varies from 10% (retaining only top 10% events) to 100% (retaining all

events), the number of event patterns sampled increases from 100 to 1237 and the

number of motif candidatures (after Step 2) increases from 30 to 178. In particular,

we observed a sharp increase in the beginning until αe = 30%. Then, the rate of

increase is much lower. With 30% top events, 71.4% (883/1237) of the complete

set of event pattern instances and 79.8% (156/178) of the complete set of motif

candidatures would be resulted. Such a reduction on the set of motif candidatures

will not affect obviously the motifs extracted but could achieve substantial cut on

the computational time of our algorithm. As shown in Table 6.3, the runtime is

7.1 minutes when αe = 30% and 16.2 minutes when α = 100%. We set C = 0

and Cz = 0 so as to single out the sole effect of tuning αe. Figure 6.5 shows how

the threshold value on frequency of event patterns C affects the motif extraction

performance. We observed that when we set the value of C to 0.3 or higher, more

than half of the event patterns and the corresponding motif candidates are pruned.

This will greatly affect the final set of motifs to be extracted. So, the suggested value

should be at most 0.2. Figure 6.6 shows how the threshold value on the Z-score Cz

affects the motif extraction performance. It is noted that the number of the motif

candidatures decreases sharply when the value of Cz is larger than 2. It is thus

recommended to set Cz to at least 2 in order to include as many motif candidatures

as possible to ensure more accurate motif extraction in sequel. The parameters set

as αe = 30%, C = 0.2 and Cz = 2 reduce the runtime from 16.2 minutes to 1 minute

(see Table 6.3).

6.3 Summary

We proposed a three-step approach to extract behavioral motifs for characterizing

human daily activities. The approach first samples event patterns of different lengths

from the sensor data, then identifies the significant ones as motif candidates, and

finally clusters the candidates using the mixture model with the optimal set of

components estimated as the behavioral motifs. We evaluated the approach using
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Figure 6.4: The effect of αe’s value on the resulting number of event patterns

(diamonds corresponds to vertical axis on the left) and motif candidates (squares

corresponds to vertical axis on the right).
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Figure 6.5: The effect of C’s value on the resulting number of event patterns

(diamonds corresponds to vertical axis on the left) and motif candidates (squares

corresponds to vertical axis on the right, αe = 30%).
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Figure 6.6: The effect of Cz’s value on the resulting number of motif

candidatures (αe = 30% and C = 0.2).

Table 6.3: Overall runtimes at different values of αe, C and Cz.

αe(%) (C = 0.0,Cz = 0) 10 20 30 40 50 60 70 80 90 100

time (min) 1 4.4 7.1 11 12.1 13.3 14.2 15 15.3 16.2

C (αe = 0.3, Cz = 0) 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

time (min) 7.1 2.1 1.65 1.45 1.43 1.43 1.45 1.44 1.4 1.4

Cz (αe = 0.3, C = 0.2) 0 1 2 3 4 5 6 7 8 9

time (min) 2.1 1.1 1.0 0.42 0.33 0.27 0.25 0.25 0.23 0.23
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the WSU CASAS dataset and demonstrated how the behavioral motifs can be used

to characterize the behaviors of different residents in a smart house. We studied

how sensitive the runtime performance of the proposed approach is given different

values of thresholds αe, C and Cz.

The proposed approach can be improved from these aspects. First, three-

step approach might be not very robust since the error of the early steps could

be propagated to later steps. We could integrate these steps into one and use

the mixture of Markov chain model like in previous chapters to detect stochastic

temporal motifs from the sequence directly. Second, it compares one’s own sensor

readings with the aggregated readings of the others for the motif identification,

regardless of the fact that residents could in fact behave similarly in groups. This

hints the possibility to extend the approach to extract simultaneously the motifs

for all the residents so that those behaving similarly can be automatically grouped.

Third, the motifs here being extracted are not specific to particular activities. For

example, with our current formulation, it is not easy to answer questions like “can

we have the behavior motifs of particular resident for meal preparation?”. It will

be interested to see how the activity recognition techniques and the proposed motif

detection can be fused so that person activity motifs can be extracted for more

fine-grained behavioral analysis. Last but not least, our experiments analyzed the

behaviors of only a group of able-bodied persons and discovered for each of them

some behavioral motifs which could highlight some of their habits in performing

particular activities. It would be even more interesting to carry out the experiments

in environments with elderly people living inside to see to what extent the goal of

assisted living can be achieved.
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Chapter 7

Conclusions and Future Work

7.1 Concluding Remarks

In this thesis research, we proposed the use of the finite mixture model to detect

multiple stochastic network motifs in network data, temporal network data and

sequence data, and have conducted rigorous evaluation to show their effectiveness

using both synthetic and real-world data sets. (1) A particular Component-wise

EM algorithm was derived for automatically determining the optimal number of

motifs embedded and estimating the model parameters of the motifs. For network

data, we applied the proposed methodology to both synthetic and real-world social

network data sets for benchmarking and showed that it can achieve more robust

motif detection when compared with deterministic motif detection methods. We

also discussed how the obtained motifs could be used to gain a more in-depth

understanding of the underlying stochastic local interaction patterns embedded in

the network data. (2) The results obtained by applying the adapted version of the

proposed methodology to a temporal network data set demonstrate how motifs can

be used to extract the hidden communication behaviors and their evolution from

the related human communication network. In addition, we compared in detail

how different settings of the algorithm can affect the computational complexity and

runtime of the proposed algorithms. (3) For the sequence data extracted from the log

of sensor trigging events, we proposed a three-step approach to extract behavioral
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motifs for characterizing human daily activities. The approach first samples event

patterns of different lengths from the sensor data, then identifies the significant ones

as motif candidates, and finally clusters the candidates using the mixture model

with the optimal set of components estimated as the behavioral motifs. How the

behavioral motifs can be used to characterize the behaviors of different residents in

a smart house is demonstrated using a smarthome dataset. The impacts of some

pre-defined parameters of the proposed approach to the runtime performance are

also discussed. (4) Taking network motifs as the important topological features

characterizing the behaviors exhibited in the underlying networks, we incorporated

also the stochastic temporal network motifs detected from temporal networks as a

factor into a factor graph model for followee recommendation prediction in social

networks. The experimental results we obtained show that the proposed factor

graph model outperforms support vector machine and two other related state-of-

the-art methods. This result further confirms that the use of stochastic temporal

network motifs contributes not only to better representation power but also to better

performance in the prediction task.

7.2 Future Directions

The era of Big Data presents new challenges for data mining research. Many

real world applications involve massive amount of data. Scalability becomes a

critical issue to be reconsidered for many data mining approaches. The methods

proposed in this thesis perform well for robustly detecting motifs with small size

(3 − 5 nodes). The numbers of nodes for the static networks we have studied are

under one million. When the size of network becomes in the scale of millions, our

methods can only detect 3-node motifs. We plan to extend our work by exploring

more scalable methodologies to detect large size motifs from large scale networks

with an acceptable runtime. In general, network motif detection consists of three

steps: (1) subgraph sampling with graph isomorphism considered, (2) random

networks generation and (3) motif identification via statistical significance tests.
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The most time consuming steps are in fact subgraph sampling and graph matching

(the isomorphism problem). Also, hundreds of random networks are needed to be

generated, which is also time consuming. For future work, we believe that there is a

need to develop an efficient algorithm to estimate the overall counting of subgraphs

in networks.

In addition, to consider the possibilities that the network and sequence data can

be streaming in, the fact that the data after streaming in have to be discarded after

a short implies that ones can no longer have the privilege to scan the whole data

set several times when processing it. We believe that another immediate need is to

develop an online version of the learning algorithms for motif detection in real time.

Such algorithms need not scan the whole data set several times like most of the

existing batch learning algorithms. The parameters of online learning algorithms

can be updated as the new data points streaming in.

In the following sections, more details about the proposed ideas for future work

are presented.

7.2.1 Scalable subgraph sampling algorithms

Exhaustively enumerating all the subgraphs in networks of massive size is time-

consuming. Unbiased estimation of the subgraph statistics is important for the

related network motif detection tasks. One possible direction for future work is to

make use of some random walk based methods to sample a subnetwork which could

represent the original network by keeping some of properties unchanged. The size

of the subnetwork could be much smaller (e.g., less than 10%) than the original

network. The properties need to be kept are treated as distributions to allow for

proper scaling. They could include the distributions of in-degree and out-degree, the

distribution of clustering coefficient, the distributions of sizes of weakly connected

components and strongly connected components, the distribution of singular values

of the graph adjacent matrix versus the rank, and etc. One can then count the

number of each subgraph in the sampled subnetwork. Since the number is not

119



the exact count in the original network, one can use the statistic of concentration

instead, which is defined as:

C
(n)
i =

|N (n)
i |

|N (n)|
, (7.2.1)

where |N (n)
i | is the number of subgraph i with n nodes and |N (n)| is number of

all subgraphs with n nodes in sampled subnetwork. Also, random networks are

generated based on the sampled subnetwork.

Another possible direction is to extract motifs of different sizes progressively.

The general idea is as follow. One can first scan the whole network to find small size

subgraphs, e.g., k = 2, and store their neighboring nodes. Then, one can extend the

subgraphs of size k to those of size k + 1 by adding one neighbor node, and then

repeat this operation until the subgraph size reaches n. For the random networks,

they need to have the same in-degree and out-degree distributions as those of the

studied network. We use the configuration model [93] to generate random networks

according to the joint in-degree and out-degree distributions, which can be estimated

using graph sampling methods such as random walk. We have a network G(V,E)

with joint in-degree and out-degree distribution of f(i, j), where f(i, j) is the fraction

of nodes in G(V,E) with in degree i and out degree j. To generate a random version

ofG(V,E), we first generate |V | nodes, and the in-degree and out-degree of each node

are randomly selected according to f(i, j), where the network size can be estimated

by sampling methods proposed in [61]. We then use this configuration model to

generate a group of random networks as the baseline to calculate the significance of

subgraphs.

7.2.2 Online learning algorithms for stream data

In this thesis, we used the batch EM algorithms to learn the parameters of the

mixture models. All the algorithms need to scan the input data several time. Here,

we detail an online learning algorithm that can recursively update the parameters

of the mixture models. It starts from an initial model and will update its number

of components and the model parameters along with the data points streaming in.
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Choosing an appropriate number of components k is important for learning mixture

model using the EM algorithm. Too many components lead to “overfitting” and too

few to “underfitting”. Most of the model selection methods are based on maximizing

the following type of criteria:

J(k,Θ(k)) = log p(X|Θ(k))− p(k). (7.2.2)

Here, log p(X|Θ(k)) is the log-likelihood function for the observed data. This

part can be maximized using the EM algorithm. However, introducing more

mixture components always increases the log-likelihood. The balance is achieved by

introducing p(k) that penalizes complex solutions [146]. Suppose that we introduce

a prior p(k) for the mixture parameters to penalize complex solutions, which is given

as:

J(k,Θ(k)) = log p(X|Θ(k))− log p(Θ(k)). (7.2.3)

We use the prior only on the mixing weights αm-s. For example, the Dirichlet prior

for the mixture weights is given by:

log p(Θ(k)) = exp(
k∑

m=1

cm logαm) =
k∏

m=1

αcm
m . (7.2.4)

The standard MML model selection criterion [40] could also be approximated by

the Dirichlet prior with the coefficients cm equal to −N/2, where N is the number

of parameters of each component. The procedure from [40] starts with all the αm-s

equal to 1/k and discard the component m when its weight αm becomes negative.

Similar to the procedure in [40, 146], the algorithm starts with a large number

of randomly initialized components k and search for the MAP solution using EM

algorithm. The number of components k is reduced until the balance is achieved.

For the MAP solution of mixture model, by introducing the Lagrange multiplier

λ, we have

∂

∂αm

(log(X|Θ(k)) + log p(Θ(k)) + λ(
k∑

m=1

αm − 1)) = 0. (7.2.5)

For t data samples, we have

α̂(t)
m =

∑W
w=1 E[zwm]− c∑k

m=1(
∑W

w=1 E[zwm]− c)
, (7.2.6)
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where E[zwm] is the expectation of the missing variable, which means the probability

of Xw owned by component m. It is defined as:

E[zwm] = p(zwm = 1|Xw, α̂, Θ̂) =
α̂mp(Xw|Θ̂m)∑k
j=1 α̂jp(Xw|Θ̂j)

(7.2.7)

Since
∑k

m=1 E[zwm] = 1, Eq. (7.2.6) is simplified to

α̂(t)
m =

∑W
w=1 E[zwm]− c
t− kc

. (7.2.8)

The parameters of the prior are cm = −c = −N/2. We can rewrite Eq. (7.2.8) as:

α̂(t)
m =

Π̂m − c/t
1− kc/t

, (7.2.9)

where Π̂m = 1
t

∑t
w=1 E[zwm] is the ML estimate for the prior and the bias is introduced

through c/t. This bias will decrease for larger data sets (larger t). If a small bias is

acceptable we can keep it constant using a constant value cT = c/T with some large

T to replace c/t. So, the bias will always be the same as it would be for a data set

with T samples. If we assume the parameter estimates do not change much when

a new sample Xt+1 is added, E[z
(t+1)
m ] can be approximated by E[z

(t)
m ] that uses the

previous parameter estimates. Therefore, we get the following expression of α
(t+1)
m

and easy to use recursive update equation:

α(t+1)
m = α(t)

m +
1

t+ 1
(
E[z

(t+1)
m ]

1− kcT
− α(t)

m )− 1

t+ 1
(

cT
1− kcT

). (7.2.10)

For motif detection, each component of the mixture model is a first-order Markov

chain that represented by a state transition matrix. The input data is a stream of

subsequence patterns X = {X1, · · · , XW}, each consists of a subsequence of states.

Here, the density function is given as:

p(Xw|Θm) ∝ µj

n∏
u=1

n∏
v=1

(θmuv)
Nw

uv (7.2.11)

where Θm = (θmuv)n×n, 0 ≤ θuv ≤ 1, µj = Pr(xw1 = sj), denotes the initial state being

sj, which is assumed to be known. Nw
uv is the counting of state su being followed by

state sv in pattern Xw. Hence, the elements of a particular Markov chain Θ̂m can

be recursively updated as:

θ̂m(t+1)
uv = θ̂m(t)

uv +
1

t+ 1
(
E[zt+1

m ]N t+1
uv

E[zwm]N t+1
− θ̂m(t)

uv ), (7.2.12)
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where Nw
uv is the number of state transition from su to sv in pattern Xw and Nw is

the total number of state transition in pattern Xw.

For an online procedure, it is reasonable to fix the influence of the new samples

by replacing the term 1
t+1

of the recursive update Eqs. (7.2.10) and (7.2.12) by

β = 1/T . Using a fixed small constant β could reduce the instability problems of

the equations for small t at the beginning of the model. Furthermore, a fixed β

helps in forgetting the out-of-date statistics (random initialization and component

deletion) more rapidly [146].

We present the whole algorithm in Algorithm 6. The algorithm starts with a

large number of components k and with a random initialization of the parameters.

We have cT = βN/2. Since we use a mixture of Markov chains, we have N = n2 for

a component represented with a n states Markov chain. In the algorithm, we will

check if there are irrelevant components and discard them. We would not intend

to discard irrelevant components at the early stage of the online learning because

there are many components without enough data support during this stage. Some

components may become relevant after a period of time.

Algorithm 6 Recursive Learning Algorithm
Input: New data sample Xt+1. Constant forgetting factor β. Current parameter

estimates {α(t)
1 , · · · , α(t)

k ; Θ
(t)
1 , · · · ,Θ(t)

k }.

Output: Mixture model with k components and new parameter estimates {α(t)
1 , · · · , α(t)

k ;

Θ
(t)
1 , · · · ,Θ(t)

k }.

01. E-step: Calculate the conditional expectation of missing variable E[z(t+1)
m ] using Eq.

(7.2.7).

02. Check if there are irrelevant components: if α̂m < 0, discard the component m, set

k = k − 1 and re-normalize the remaining mixing probabilities.

03. M-step: Update mixing probabilities: α
(t+1)
m = α

(t)
m + β(E[z

(t+1)
m ]

1−kcT
− α

(t)
m )− β( cT

1−kcT
).

04. Update model parameters: θ̂
m(t+1)
uv = θ̂

m(t)
uv + β(E[z

t+1
m ]Nt+1

uv

E[zwm]Nt+1 − θ̂
m(t)
uv ).
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7.2.3 Other applications of motifs

It is evidenced that the use of stochastic network motifs contributes not only to

better representation power but also better prediction power. In the future, we plan

to verify if the stochastic network motifs could also be used to automatically infer

the type of social relationships, e.g., friends, colleagues or family, in a large network,

which could be considered as a link classification problem. In addition, network

motif as a kind of topological features can also be used in graph/network clustering,

where the interaction behaviors of users extracted from network motifs are similar

within one cluster and dissimilar between different clusters.

For characterizing residents in a smart environment, we could further consider

how the discovered motifs can be used in a prediction model such that, given

the current behavior of a particular resident, his/her behavioral trend could be

anticipated, which can have important implications in, for example, accident

prevention.
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