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Abstract

In this thesis, we study several interior point continuous trajectories for linearly con-

strained convex programming (CP) and convex semidefinite programming (SDP).

The continuous trajectories are characterized as the solution trajectories of corre-

sponding ordinary differential equation (ODE) systems. All our ODE systems are

closely related to interior point methods.

First, we propose and analyze three continuous trajectories, which are the solu-

tions of three ODE systems for linearly constrained convex programming. The three

ODE systems are formulated based on an variant of the affine scaling direction, the

central path, and the affine scaling direction in interior point methods. The resulting

solutions of the first two ODE systems are called generalized affine scaling trajectory

and generalized central path, respectively. Under some mild conditions, the proper-

ties of the continuous trajectories, the optimality and convergence of the continuous

trajectories are all obtained. Furthermore, we show that for the example of Gilbert et

al. [Math. Program., 103, 63-94 (2005)], where the central path does not converge,

our generalized central path converges to an optimal solution of the same example in

the limit.

Then we analyze two primal dual continuous trajectories for convex programming.

The two continuous trajectories are derived from the primal-dual path-following

method and the primal-dual affine scaling method, respectively. Theoretical proper-

ties of the two interior point continuous trajectories are fully studied. The optimality

and convergence of both interior point continuous trajectories are obtained for any

interior feasible point under some mild conditions. In particular, with proper choice

of some parameters, the convergence for both continuous trajectories does not require

the strict complementarity or the analyticity of the objective function.

For convex semidefinite programming, four interior continuous trajectories defined

by matrix differential equations are proposed and analyzed. Optimality and conver-

gence of the continuous trajectories are also obtained under some mild conditions.
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We also propose a strategy to guarantee the optimality of the affine scaling algorithm

for convex SDP.

Keywords: Ordinary differential equation; Interior point method; Continuous tra-

jectory; Affine scaling; Convex programming; Convex semidefinite programming.
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Chapter 1

Introduction

In this thesis, we focus on the studies of interior point continuous trajectories for

linearly constrained convex programming and linearly constrained convex semidefi-

nite programming. In optimization, interior point method is an important method

because of the excellent performance and polynomial complexity in many interior

point algorithms. The central path which is a continuous trajectory plays a vital

role in the interior point method. Many primal dual path following interior point

algorithms follow the central path. The central path can be defined by setting up the

corresponding barrier function, or defined by the solution trajectory of corresponding

ordinary differential equation (ODE) system. In fact, many discrete algorithms are

iterative algorithms, and there exists a search direction at each iterate. Generally,

a vector field can be defined by the search direction, and then many solution tra-

jectories can be generated. For instance, the affine scaling continuous trajectory is

generated in this way. The studies of the properties of such solution trajectory can

give deep insight to the properties of the corresponding search direction. Moreover,

such solution trajectory is closely related to the corresponding discrete algorithm

since the solution trajectory can be regarded as being generated by the discrete al-

gorithm using infinitesimal step size, and on the contrary, the discrete algorithm can

be regarded as an implementation of the corresponding ODE system. Furthermore,

more discrete algorithms may be generated by many other implementations of the

corresponding ODE system. In the following, we will introduce related research for

convex programming and convex semidefinite programming respectively.
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1.1 Convex Programming

In this thesis, we will consider the linearly constrained convex programming in two

forms. One of them is

min f(x)

s.t. Ax = b, xi ≥ 0, i = 1, ..., s,
(P1)

where x ∈ Rn, 0 ≤ s ≤ n, f(x) is smooth and convex over the feasible set, A is an

m by n matrix with full row rank. As a blanket assumption, we assume that the

optimal value for problem (P1) is finite and attainable, therefore we use min rather

than inf in problem (P1).

The other form is

min f(x)

s.t. Ax = b, x ≥ 0,
(P2)

where f(x) is a smooth convex function, b ∈ Rm, and A is an m× n matrix with full

row rank, m < n.

Problems (P1) and (P2) are actually equivalent in the sense that problem (P1)

contains problem (P2) as a special case and on the other hand, problem (P1) can be

converted to problem (P2) by introducing the auxiliary variables (Let xi = x̃i − x̄i

with x̃i ≥ 0 and x̄i ≥ 0 for s + 1 ≤ i ≤ n). Hence, for convenient, we will study

the primal continuous trajectory for problem (P1) in Chapter 2 and study the primal

affine scaling continuous trajectory and primal-dual continuous trajectory for problem

(P2) in Chapters 3 and 4.

First we introduce the following notations

Rn
s+ = {x ∈ Rn|xi ≥ 0, 1 ≤ i ≤ s}, Rn

s++ = {x ∈ Rn|xi > 0, 1 ≤ i ≤ s},

P+
1 = {x ∈ Rn

s+|Ax = b}, P++
1 = {x ∈ Rn

s++|Ax = b},

Rn
+ = {x ∈ Rn|x ≥ 0}, Rn

++ = {x ∈ Rn|x > 0},

P+
2 = {x ∈ Rn|Ax = b, x ≥ 0}, and P++

2 = {x ∈ Rn|Ax = b, x > 0}.

2



In Chapter 2, for problem (P1), we will study the (interior point) continuous

solution trajectory of the following ordinary differential equation (ODE) systems

dx

dt
= −DPADD∇f(x), x(t0) = x0 ∈ P++

1 and (1.1)

dx

dt
= −

[
γ1In + tDPADD∇2f(x)

]−1
DPADD∇f(x), x(t0) = x0 ∈ P++

1 , (1.2)

where

γ1 > 0,
1

2
≤ γ2 < 1, t0 > 0,

x ∈ Rn
s++, d ∈ Rn, {di}si=1 = {xγ2

i }si=1, di = 1 for i = s+ 1, . . . , n,

X = diag (x) ∈ Rn×n, D = diag (d) ∈ Rn×n,

PAD = In −DAT (AD2AT )−1AD,

and In stands for the n× n identity matrix.

First we explain where ODE system (1.1) comes from when s = n. The right-

hand side of ODE system (1.1) was used by Tseng et al. in [73], who proposed a

first-order interior point method for linearly constrained smooth optimization which

unifies and extends the first-order affine scaling method and the replicator dynamics

method (see [7]) for standard quadratic programming. In [73], the objective function

is not necessarily convex. It was proved in [73] that every accumulation point is

a stationary point under nondegeneracy assumption and the sequence will converge

in the quadratic case without nondegeneracy assumption if γ2 < 1. In Chapter 2,

we restrict the power γ2 to be in [1
2
, 1). As a matter of fact, when the power γ2

equals 1, the right-hand side of ODE system (1.1) is just the primal affine scaling

direction for problem (P1) when s = n. In 1967, Dikin first proposed the affine scaling

algorithm in [12]. Since then many researchers studied the affine scaling algorithm

in many different ways. In the case of linear programming, see [13, 60, 72, 74, 75]; for

the continuous affine scaling trajectories, see [1, 5, 34, 40, 45]. In the case of convex

quadratic programming and more general convex programming, see [22, 51, 66, 67,

73, 84]. However the solution curve of ODE system (1.1) is not the affine scaling

3



trajectory if γ2 < 1. Hence we call the solution curve of ODE system (1.1) as the

generalized affine scaling trajectory. When s = n, the affine scaling trajectory and

the generalized affine scaling trajectory are contained in the Cauchy trajectories for

convex semidefinite programming in [35], but there were no strong convergence results

for the Cauchy trajectories there.

Now we explain where ODE system (1.1) comes from when s < n. When s =

n, the matrix Xγ2 is like a barrier to prevent the trajectory from going into the

nonpositive region. Hence for s < n, it is natural that we replace xγ2
i with 1 for

i = s + 1, . . . , n. As a result we can get the ODE system (1.1) for problem (P1). In

fact, when the power γ2 equals 1, the right-hand side of ODE system (2.1) is also the

search direction in primal affine scaling algorithm for problem (P1) when s < n which

was studied in [22]. But in order to get the optimality of the affine scaling algorithm,

the nondegeneracy assumption is also needed in [22].

Hence if we regard the right-hand side of ODE system (1.1) as an extension of the

search direction in the first-order interior point method in [73] for problem (P1) where

s ≤ n, then ODE system (1.1) can be regarded as the continuous model for the first-

order interior point method in the sense that the step size is sufficiently small. For this

continuous model, some stronger results can be obtained than the discrete algorithm

in [73] for the convex case. Actually, the optimality of ODE system (1.1) can be

obtained without nondegeneracy assumption, and the convergence of the solution

trajectory can be obtained for any convex objective function. Furthermore, thanks to

some potential function used in the study of ODE system (1.1), the optimality of the

corresponding discrete algorithm can be obtained without nondegeneracy assumption.

ODE system (1.2) is closely related to the central path. The central path can be

defined by setting up the corresponding barrier function. Among plenty of barrier

functions, the logarithm barrier function is mostly used, and the barrier function

usually only involves the constraints (for example, if in (P1), xn is free, then the

4



barrier function usually does not contain xn). However, this type barrier may fail to

converge for problem (P1) when s < n. In [19], Gilbert et al. constructed an example

where the objective function is infinitely differentiable but the central path fails to

converge with the logarithm barrier function. In [29], Iusem et al. proved that under

rather general hypotheses the central path defined by a general barrier for a monotone

variational inequality problem is well defined, bounded, continuous and converges to

the analytic center of the solution set. We note that there is no conflict between the

results of [19] and [29] since in [29], the hypotheses on the barrier function is quite

general, and may not only involve the constraints. However, we note that [29] did

not discuss how to find a good barrier function such that the corresponding central

path can converge.

The first in depth study of the central path is due to McLinden [39]. Then the

central path has been studied in more details for linear and convex quadratic pro-

gramming, such as Adler and Monteiro [1], Güler [23], Kojima et al. [32], Megiddo

and Shub [40], Megiddo [41], Monteiro and Tsuchiya [48], Vavasis and Ye [78]. There

are also several papers in the literature studying the central path for nonlinear pro-

gramming, such as Drummond and Svaiter [14], Iusem et al. [29], McLinden [39],

Monteiro and Zhou [52]. For the central path where the log-barrier function is used

for problem (P1) with s = n, the convergence can be guaranteed under the strict

complementarity condition [39], or the analyticity of f(x) [52], or the condition that

there exists a subspace W of Rn such that Ker(∇2f(x)) = W [14]. However these

conditions may not be easy to verify or to be satisfied in practice.

Now we explain where ODE system (1.2) comes from when s = n. The central

path with the barrier function −β1

n∑
i=1

xα1
i (0 < α1 < 1, β1 > 0) can be defined as

the homotopy solution of the KKT system of an auxiliary optimization problem as

5



follows 
∇f(x)− z − ATy = 0,

Ax = b, x > 0,

X1−α1z = µα1β1e, z > 0,

(1.3)

where parameter µ > 0, e = (1, · · · , 1)T ∈ Rn, and X1−α1 is the power matrix in the

usual sense of matrix analysis. In [52], the existence, properties, and the convergence

of the central path are studied for a more general convex programming. In a recent

paper [11], the central path and the affine scaling trajectory are studied for both linear

programming and semidefinite programming from a dynamical system perspective.

Denote the solution of system (1.3) as (x(µ), y(µ), z(µ)) . If (x(µ), y(µ), z(µ)) exists

for any µ > 0,, then we obtain a trajectory of (x(µ), y(µ), z(µ)) in terms of µ. By

taking the derivative with respect to µ in (1.3), we obtain

dx

dµ
=

1

µ2

[
γ1In +

1

µ
DPADD∇2f(x)

]−1

DPADD∇f(x), x(µ0) = x0 ∈ P++
1 ,

where D = Xγ2 , and γ1 = (1 − α1)α1β1, γ2 = 1− α1

2
. Let t = 1

µ
with t0 =

1
µ0

in the

above equation (for a general case of the conversion, see Section 2.2 in [34]), we have

dx

dt
= −

[
γ1In + tDPADD∇2f(x)

]−1
DPADD∇f(x), x(t0) = x0 ∈ P++

1 , (1.4)

The right-hand side of ODE system (1.4) is just that of ODE system (1.2) with γ1 > 0

and 1
2
< γ2 < 1. By using barrier function −β2

n∑
i=1

xi lnxi (β2 > 0), we can similarly

obtain ODE system (1.4) with γ1 = β2 and γ2 =
1
2
. This explains where ODE system

(2.2) comes from. It should be also mentioned that the solution of ODE system (??)

defines the primal central path only if x0 is on the primal central path. In fact, finding

a (x0, y0, z0) on the central path is not an easy task. However, for our ODE system

(1.2), x0 is only required in P++
1 .

Next we explain where ODE system (1.2) comes from when s < n. When s =

n, the matrix Xγ2 is like a barrier to prevent the trajectory from going into the

nonpositive region. Hence for s < n, it is natural that we replace xγ2
i with 1 for

i = s+ 1, . . . , n. As a result we can get ODE system (1.2) for problem (P1). In fact,

6



ODE system (1.2) can also be generated by proposing some specific barrier function.

If 1
2
< γ2 < 1, the barrier function takes

− β1

k∑
i=1

(xα1
i + pixi) +

1− α1

2

n∑
i=k+1

(xi − x̄0
i )

2, (1.5)

where pi and x̄0
i may depend on x0, γ1 = (1 − α1)α1β1, and γ2 = 1 − α1

2
. If γ2 = 1

2
,

the barrier function takes

β2

n∑
i=1

(xi lnxi + pixi) +
β2

2

n∑
i=k+1

(xi − x̄0
i )

2, (1.6)

where pi and x̄0
i may depend on x0, γ1 = β2, and γ2 =

1
2
. The barrier function (1.5)

does not satisfy the conditions (H12) in [29], however after we obtain the existence,

uniqueness, and boundedness of these paths, the convergence can be proved similarly

by the method in [29] if x0 is on the primal central path (but here we only require x0

in P++
1. Since we aim at proposing a new method, hence we omit them. In order

to distinguish the usual central path, we call the solution trajectories of ODE system

(1.2) (parameterized by γ1, γ2 and x0) as the generalized central paths.

In Chapter 3, we will study the first-order primal affine scaling continuous trajec-

tory for problem (P2), which is the solution curve of the following ODE system

dx

dt
= −XPAXX∇f(x), x(t0) = x0 ∈ P++

2 , t ≥ t0 > 0. (1.7)

In fact, the first-order primal affine scaling continuous trajectory has already been

studied for linear programming in [1], but not yet for convex programming (P2).

Compared with [1], in the linear case, we do not require the boundedness of the

optimal solution set, instead, we only need the existence of a finite optimal solution.

It should be noted that the first-order primal affine scaling trajectory is contained

in the Cauchy trajectories for convex semidefinite programming [35], but there is no

strong convergence result for the Cauchy trajectories there. To our knowledge, our

result here is the first one to obtain the strong convergence of the primal affine scaling

continuous trajectory in the nonlinear case for problem (P2).

7



In Chapter 4, for problem (P2), we will study the interior point continuous tra-

jectories that are closely related to some interior point methods, specifically, the

primal-dual path-following method, and the primal-dual affine scaling method for

problem (P2). For linearly constrained convex programming (including linear pro-

gramming), a number of interior point primal-dual methods have been proposed, for

example, the primal-dual path-following algorithms by Kojima et al. [31], Monteiro

and Adler [42, 43], Renegar [57], Roos [59], Todd and Ye [68], Gonzaga [21], Mon-

teiro [47], Zhu [86], the primal-dual affine scaling algorithms by Monteiro et al. [44],

and so on. The primal-dual path-following method is closely related to the central

path, however, in primal-dual path-following method, the search direction is actu-

ally different from the tangent of the central path. In Chapter 4, we will study a

continuous trajectory which is derived from the search direction in the primal-dual

path-following method. The continuous trajectory corresponding to the search direc-

tion of the primal-dual affine scaling method will also be studied in Chapter 4. In

the linear case, the primal-dual affine scaling continuous trajectory has been studied

in [1]. In the nonlinear convex case, since the primal-dual affine scaling continuous

trajectory is actually a weighted primal-dual central path (see [1] or Theorem ??

below), hence part of the results in Chapter 4 can be regarded as contained in [52].

1.2 Semidefinite Programming

In Chapters 5 and 6, we will consider linearly constrained semidefinite programming.

Let Sn denote the vector space of real symmetric n×n matrices. The standard inner

product on Sn is

A •B = tr(AB) =
∑
i,j

AijBij, tr(·) = trace(·).

8



By X ≽ 0 (X ≻ 0), where X ∈ Sn, we mean that X is positive semidefinite (positive

definite). Consider the following convex semidefinite programming (SDP) problem

min
X∈Sn

f(X)

s.t. Ak •X = bk, k = 1, . . . ,m,

X ≽ 0,

(P3)

where f : Sn → R is convex, b ∈ Rm, and Ak ∈ Sn, k = 1, . . . ,m. As a blanket as-

sumption, we assume that the optimal value for problem (P3) is finite and attainable,

therefore, we use min rather than inf in problem (P3).

The following notations are used in our later discussions.

Sn
+ = {X ∈ Sn|X ≽ 0}, Sn

++ = {X ∈ Sn|X ≻ 0},

P+
3 = {X ∈ Sn|Ak •X = bk, k = 1, . . . ,m, X ≽ 0},

P++
3 = {X ∈ Sn|Ak •X = bk, k = 1, . . . ,m, X ≻ 0}.

A comprehensive study of semidefinite programming can be found in [81]. There are

many interior point algorithms for solving problem (P3), for example, [2, 49, 50, 65,

69, 85] for linear f(X), and [33, 54, 70, 71] for convex and quadratic f(X). There

are also some continuous methods for linear SDP, for example, a recurrent neural

network for real-time SDP was proposed and studied in [30]. Many of the interior

point algorithms for SDP are primal-dual path-following algorithms that are closely

related to the central path [76]. In the linear case with f(X) = tr(CX) where C ∈ Sn,

the central path is the set of the solutions of the following system with the parameter

µ > 0 [81] 
Ak •X = bk, k = 1, . . . ,m,∑m

k=1 ykAk + Z = C,

XZ = µI, X ≽ 0, Z ≽ 0,

(1.8)

where I is the identity matrix. In [61], Shida and Shindoh studied the existence and

convergence of the infeasible central path for the monotone semidefinite complemen-

tarity problem and showed that for the monotone semedefinite linear complementarity
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problem, the trajectory converges to the analytic center of the solution set provided

that there exists a strictly complementary solution. Under the assumption of primal

and dual strict feasibility, Goldfarb and Scheinberg [20] showed that the primal and

dual central paths exist and converge to the analytic centers of the optimal faces of

the primal and the dual problems, respectively. But later, Halická et al. [24] showed

that the result is not correct in the absence of strict complementarity by a coun-

terexample, where the central path converges to a different optimal solution, and

they also gave a short proof that the central path always converges in SDP by us-

ing ideas from algebraic geometry. In [11], the central path in linear programming

(LP) and SDP was also studied in ODE systems form. Furthermore, the study of

limiting behavior of some infeasible weighted central paths for SDP can be found

in [25, 37, 56]. There is also some research work on the central path for nonlinear

SDP, for instance, [15,16,35]. For problem (P3), López and Ramı́rez [35] showed the

convergence of the central path where the logarithm barrier function is used under

the analyticity of f(X) by a similar method to [24], and other central paths defined

with a large class of penalty and barrier functions were also studied there.

It should be noted that there have been some studies on other continuous trajec-

tories. Sim and Zhao [62] studied the underlying paths in interior point methods for

the monotone semidefinite linear complementarity problem. They showed that each

off-central path is a well-defined analytic curve with parameter µ ranging over (0,∞)

and any accumulation point of the off-central path is a solution. Furthermore they

also studied the analyticity of the off-central path through a simple example. Then

they investigated the asymptotic behavior of off-central paths for general semidefinite

linear complementarity problems (using the dual HKM direction) under strict com-

plementarity condition in [63]. The relationship between the interior point methods

and the underlying paths is also discussed in [62].

In Chapter 5 we will study the interior point continuous trajectories for problem

(P3). In order to write down the equations explicitly, we need the following notations.

10



• Let svec map Sn to Rn(n+1)/2. If U ∈ Sn, then svec(U) is defined by

svec(U) := (u11,
√
2u21, . . . ,

√
2un1, u22,

√
2u32, . . . ,

√
2un2, . . . , unn)

T .

• The symmetrized Kronecker product ⊗s is defined by

(G⊗s K)svec(H) =
1

2
svec(KHGT +GHKT ),

where G,K ∈ Rn×n and H ∈ Sn. The properties of operator ⊗s can be found

in Appendix of [2] and [63].

• Let matrix A be defined as follows

A =


svec(A1)

T

...

svec(Am)
T

 ∈ Rm×n(n+1)/2.

• For any X ∈ Sn, let ∇2f(X) be the following matrix

∇2f(X) =



svec(
∂( ∂f

∂X
)11

∂X
)T

√
2svec(

∂( ∂f
∂X

)21
∂X

)T

...
√
2svec(

∂( ∂f
∂X

)n1

∂X
)T

svec(
∂( ∂f

∂X
)22

∂X
)T

√
2svec(

∂( ∂f
∂X

)32
∂X

)T

...
√
2svec(

∂( ∂f
∂X

)n2

∂X
)T

...

svec(
∂( ∂f

∂X
)nn

∂X
)T



∈ Rn(n+1)/2×n(n+1)/2.
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Now we present the following four ordinary differential equation (ODE) systems

svec(Ẋ) = −
(
I − (X ⊗s X)PAX)(X ⊗s X)svec(

∂f

∂X

)
, (1.9)

svec(Ẋ) = −
(
I + t

(
I − (X ⊗s X)PAX

)(
(X ⊗s X)∇2f(X)

))−1

(
I − (X ⊗s X)PAX

)
(X ⊗s X)svec(

∂f

∂X
), (1.10)

svec(Ẋ) = −
(
I − (X ⊗s X

1
2 )P

AX
1
2

)
(X ⊗s X

1
2 )svec(

∂f

∂X
), (1.11)

svec(Ẋ) = −
(
I + t

(
I − (X ⊗s X

1
2 )P

AX
1
2

)(
(X ⊗s X

1
2 )∇2f(X)

))−1

(
I − (X ⊗s X

1
2 )P

AX
1
2

)
(X ⊗s X

1
2 )svec(

∂f

∂X
), (1.12)

which have the same initial condition: X(t0) = X0 ∈ P++
3 and t0 > 0, where

X ∈ Sn
++, X

1
2 ∈ Sn

++ is the unique square root matrix of X,

PAXγ = AT (A(X ⊗s X
γ)AT )−1A, γ ∈ {1

2
, 1},

I stands for the
n(n+ 1)

2
× n(n+ 1)

2
identity matrix.

The right-hand side of ODE (1.9) comes from the affine scaling direction for SDP

in [53]. The right-hand side of ODE (1.10) comes from the central path. In fact, in

the above central path system (1.8), if we replace the matrix C by ∂f
∂X

and take the

derivative with respect to µ, we can get

svec(
dX

dµ
) =

1

µ2

(
I +

1

µ
(I − (X ⊗s X)AT (A(X ⊗s X)AT )−1A)((X ⊗s X)∇2f(X))

)−1

(I − (X ⊗s X)AT (A(X ⊗s X)AT )−1A)(X ⊗s X)svec(
∂f

∂X
), (1.13)

then we use the new variable t by setting t = 1
µ
, and we have

svec(
dX

dt
) = −

(
I + t(I − (X ⊗s X)AT (A(X ⊗s X)AT )−1A)((X ⊗s X)∇2f(X))

)−1

(I − (X ⊗s X)AT (A(X ⊗s X)AT )−1A)(X ⊗s X)svec(
∂f

∂X
), (1.14)

which is exactly ODE system (1.10) except the initial points, where (1.8) or (1.14)

requires the initial point must be on the central path but (1.10) only requires the

12



initial point X0 ∈ P++
3 . ODEs (1.11) and (1.12) are some variants of ODEs (1.9)

and (1.10), respectively. This kind of variants also exists in the linearly constrained

smooth optimization [73]. In Chapter 5, we will show that the solutions of ODE

systems (1.11) and (1.12) have stronger properties under weaker conditions than the

solutions of ODE systems (1.9) and (1.10). It should be noted that the solutions of

the four ODE systems define four interior point (verified in Chapter 5) continuous

trajectories for problem (P3).

In Chapter 6, we will study the affine scaling algorithm for problem (P3). In [53],

Muramatsu gave an example of linear SDP such that the affine scaling algorithm

converges to a non-optimal point. In that example, for both the short and the long

step version of the affine scaling algorithm, there exists a region of starting points

such that the generated sequence converges to a non-optimal point. In the concluding

remarks of [53], Muramatsu pointed that it may still be possible to prove the global

convergence from well-chosen starting points, or by allowing variable step sizes. In

Chapter 6, we focus on the second strategy – allowing variable step sizes, and propose

a new step size rule which is similar to the Armijo-type rule [6]. Under this new

rule of step size, we can prove that staring from any interior feasible point, every

accumulation point of the affine scaling algorithm is an optimal solution of problem

(P3).

In Chapter 6, we will also consider a special case where X and Ai (i = 1, ...,m)

are all diagonal in (P3) and with a slightly different but less restrictive step size rule.

In this special case, problem (P3) becomes linearly constrained convex programming

which has been studied in [22] by affine scaling algorithm and in [73] through a

first-order interior point method which includes the affine scaling algorithm as a

special case. However, to insure the optimality, they both require the nondegeneracy

assumptions, and the strong convergence of the affine scaling algorithm is still open.
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1.3 Preliminaries

1.3.1 Some Lemmas

In this part, we introduce some technical lemmas which will be used in the following

of the thesis.

Lemma 1.1. If A, B ∈ Rn×n are both symmetric and positive semidefinite, then all

eigenvalues of AB are nonnegative.

Proof. From Corollary 4.6.3 on page 99 in [79], the result is evident.

Lemma 1.2. ( [9]) Suppose f is differentiable (i.e., its gradient ∇f exists at each

point in domf). Then f is convex if and only if domf is convex and

f(y) ≥ f(x) +∇f(x)T (y − x) (1.15)

holds for all x, y ∈ domf .

Proof. See Section 3.1.3 in [9].

Lemma 1.3. Let a be any positive constant and let g(x) = x − a − a · ln x
a
. Then

for any scalar x > 0, g(x) ≥ 0 and g(x) = 0 if and only if x = a. Furthermore,

g(x) → +∞ as x → 0+ or x → +∞.

Proof. By taking the derivative of g(x), we have

dg(x)

dx
=

x− a

x
. (1.16)

From (1.16), we can see dg(x)
dx

< 0 if 0 < x < a; and dg(x)
dx

> 0 if x > a. So

g(x) > g(a) = 0 if x > 0 and x ̸= a.

As x → 0+, x − a → −a and −a · ln x
a
→ +∞, so we know g(x) → +∞. In

addition, dg(x)
dx

> 0 if x > a and dg(x)
dx

→ 1 as x → +∞. So it is not hard to see that

g(x) → +∞ as x → +∞. The proof is complete.
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Lemma 1.4. Let a be any positive constant and 1 < r < 2. Then for any scalar

x > 0, g(x) = 1
2−r

(x2−r − a2−r) − a
1−r

( 1
xr−1 − 1

ar−1 ) ≥ 0 and g(x) = 0 if and only if

x = a. Furthermore, g(x) → +∞ as x → 0+ or x → +∞.

Proof. By taking the derivative of g(x), we have

dg(x)

dx
=

x− a

xr
. (1.17)

From (1.17), we can see that dg(x)
dx

< 0 if 0 < x < a; and dg(x)
dx

> 0 if x > a. So

g(x) > g(a) = 0 if x > 0 and x ̸= a.

As x → 0+, 1
2−r

(x2−r − a2−r) → −a2−r

2−r
and − a

1−r
( 1
xr−1 − 1

ar−1 ) → +∞, so we know

g(x) → +∞.

As x → +∞, 1
2−r

(x2−r − a2−r) → +∞ and − a
1−r

( 1
xr−1 − 1

ar−1 ) → a2−r

1−r
, so we know

that g(x) → +∞. The proof is complete.

Lemma 1.5. (Barbalat’s Lemma [64]) If f(t) is differentiable, lim
t→+∞

f(t) exists, and

ḟ is uniformly continuous, then lim
t→+∞

ḟ(t) = 0.

Lemma 1.6. If f(x) is convex and analytic, then for any two different optimal so-

lutions x1 and x2 of problem (P2), and any x ∈ Rn, (x2 − x1)T∇f(x) = 0.

Proof. Since f(x) is convex, we have for any λ ∈ [0, 1],

f(x1 + λ∆x) = f(λx2 + (1− λ)x1)

≤ λf(x2) + (1− λ)f(x1)

= f(x1) = f(x2),

where ∆x = x2 − x1 ̸= 0. Moreover, x1 and x2 are two different optimal solutions for

problem (P2) and λx2 + (1− λ)x1 ∈ P+ for any λ ∈ [0, 1], hence

f(x1 + λ∆x) = f(x1) = f(x2),

for any λ ∈ [0, 1]. Since f(x) is analytic, then according to Corollary 1.2.5 in [55], we

have for any λ ∈ R,

f(x1 + λ∆x) = f(x1) = f(x2).
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By Corollary 8.6.1 of Rockafellar [58], it follows that for any x ∈ Rn, f(x+λ∆x) will

be a constant function of λ ∈ R. Hence

df(x+ λ∆x)

dλ
= (x2 − x1)T∇f(x+ λ∆x) = 0,

for any λ ∈ R. Let λ = 0 in the above equality, we have for any x ∈ Rn, (x2 −

x1)T∇f(x) = 0. Thus the lemma is proved.

1.3.2 Notation

For simplicity, in what follows, ∥ · ∥ or ∥ · ∥2 denotes either the vector 2-norm or

the matrix 2-norm, ∥ · ∥F denotes the Frobenius norm for the matrix. Let the j-th

constituent of the vector x be xj, vector whose elements are all equal to 1 be e, the

vector whose elements are all zero except the ith element equal to 1 be ei. C
k stands

for the class of kth order continuously differentiable functions. Let xJ stand for the

vector consist of the elements of x ∈ Rn indexed by j ∈ J , for each index subset

J ⊆ {1, . . . , n}. Let I be the identity matrix, and the dimension of I is clear from the

context. diag(x) for the vector x denotes the diagonal matrix whose diagonal entries

are that of x. rank (Q) denotes the rank of matrix Q. For any Q ∈ Sn
+, λmax(Q)

and λmin(Q) denote the largest and smallest eigenvalues of Q, respectively.In the

following, we may use some same notations in different chapter, and unless otherwise

specified, the quotation of the same notation means the notation in the chapter where

the quotation is.

1.4 Outline of the Thesis

The rest of the thesis is organized as follows. In Chapter 2, we propose and analyze

the generalized affine scaling trajectory and generalized central path which are the

solution of ODE systems (1.1) and (1.2) respectively for problem (P1). Chapter 2

contains three sections. In the first section, we (i) introduce two potential functions
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for the two ODE systems (1.1) and (1.2), respectively; (ii) verify that each ODE

system has a unique solution in [t0,+∞); and (iii) introduce the weak convergence

for system (1.1). In the second section, we prove that every accumulation point of

the two continuous trajectories of ODE systems (1.1) and (1.2) is an optimal solution

for problem (P1). In the third section, we first show the strong convergence of the

two continuous trajectories and then verify that each limiting point has the maximal

number of the positive components in {x1, . . . , xk} among the optimal solutions. As

a result, the weak convergence for the solution of ODE system (2.2) is obtained.

In Chapter 3, we study the primal affine scaling continuous trajectory for problem

(P2). Chapter 3 is composed of three sections. In the first section, we introduce

the corresponding ordinary differential equation (ODE) system for the first-order

primal affine scaling continuous trajectory, verify that the ODE system has a unique

solution in [t0,+∞), and show some properties of the primal affine scaling continuous

trajectory. In the second section, we prove that every accumulation point of the

primal affine scaling continuous trajectory is an optimal solution for problem (P2).

Finally, in the third section, we show the strong convergence of the first-order primal

affine scaling continuous trajectory under the condition that f(x) is analytic.

In Chapter 4, the weighted primal-dual path-following continuous trajectory and

the extended primal-dual affine scaling continuous trajectory will be studied in two

sections respectively. In each of these two sections, we divide our discussions into 3

subsections. In the first subsection, we introduce the corresponding ordinary differen-

tial equation (ODE) systems for each interior point continuous trajectory, verify that

each ODE system has a unique solution in [t0,+∞) and show some properties of each

continuous trajectory. In the second subsection , we prove that every accumulation

point of the solution of each ODE system is an optimal solution for problem (P2)

(and problem (D2)). In the third subsection, the strong convergence of each system

for any interior feasible point are given under some mild conditions.

17



In Chapter 5, we consider four primal interior point continuous trajectories for

problem (P3). Chapter 5 includes three sections. In the first section, we (i) introduce

four potential functions for the four ODE systems (1.9), (1.10), (1.11), and (1.12),

respectively; (ii) verify that each ODE system has a unique solution in [t0,+∞); and

(iii) introduce the weak convergence for system (5.1). In the second section, we prove

that every accumulation point of the solutions of the four ODE systems is an optimal

solution for problem (P3), and verify the weak convergence for system (5.2). In the

third section, we first show the strong convergence of the solutions of the last two

ODE systems under certain conditions, and verify that each limiting point has the

maximal rank among the optimal solution set of problem (P3), then we prove the

convergence for the solutions of the first two ODE systems in the linear case.

In Chapter 6, we study the primal affine scaling algorithm for problem (P3). There

are four sections. In the first section, we study some properties of the affine scaling

direction. In the second section, we propose an affine scaling algorithm with a new

step size rule which is similar to the Armijo-type rule. In the third section, we prove

that any accumulation point of the affine scaling algorithm with the new step size rule

is an optimal solution from any starting interior feasible point without nondegeneracy

assumptions. In the fourth section, we consider a special case of problem (P3) where

X and Ai’s are diagonal. A slightly different step size rule, which is less restrictive, is

proposed for the affine scaling algorithm. For any accumulation point of the resulting

algorithm, the optimality is obtained as well.

At last, in Chapter 7, we give concluding comments and future research. A

discrete algorithm is proposed based on ODE system (1.2) for linearly constrained

convex quadratic programming. Preliminary numerical results are also reported.
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Chapter 2

Two Primal Interior Point

Continuous Trajectories for

Convex Programming

In this chapter, we propose and analyze two continuous trajectories, which are the

solutions of two ordinary differential equation (ODE) systems for problem (P1). The

two ODE systems are formulated based on a variant of the affine scaling direction and

the central path in interior point methods. The resulting solutions of the correspond-

ing two ODE systems are called generalized affine scaling trajectory and generalized

central path, respectively. By only assuming the existence of a finite optimal solution,

we show that, from any given interior feasible point, (i) two continuous trajectories

are convergent; and (ii) the limit points are indeed the optimal solution(s) of the

original optimization problem. Furthermore, we show that for the example of Gilbert

et al. [19], where the central path does not converge, our generalized central path

converges to an optimal solution of the same example in the limit.

We restate the two ordinary differential equation (ODE) systems as follows

dx

dt
= −DPADD∇f(x), x(t0) = x0 ∈ P++

1 and (2.1)

dx

dt
= −

[
γ1In + tDPADD∇2f(x)

]−1
DPADD∇f(x), x(t0) = x0 ∈ P++

1 , (2.2)
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where

γ1 > 0,
1

2
≤ γ2 < 1, t0 > 0,

x ∈ Rn
s++, d ∈ Rn, {di}si=1 = {xγ2

i }si=1, di = 1 for i = s+ 1, . . . , n,

X = diag (x) ∈ Rn×n, D = diag (d) ∈ Rn×n,

PAD = In −DAT (AD2AT )−1AD,

and In stands for the n × n identity matrix. For ODE system (2.2), we sometimes

use its equivalent implicit form

dx

dt
= − 1

γ1
DPADD

[
∇f(x) + t∇2f(x)

dx

dt

]
, x(t0) = x0 ∈ P++

1 . (2.3)

For ODE system (2.1), we require ∇f(x) ∈ C1 on Rn
s+, and for ODE system (2.2),

we require ∇2f(x) ∈ C1 on Rn
s+.

2.1 Fundamental Properties of The Continuous Tra-

jectories

The following assumption is made throughout this chapter.

Assumption 2.1. There exists a point x∗ ∈ P+
1 such that f(x∗) is the optimal value

of problem (P1).

The next two theorems reveal some smoothness properties for the right-hand sides

of ODE systems (2.1) and (2.2).

Theorem 2.1. For any γ2 > 0, (AD2AT )−1 ∈ C1 on Rn
s++.

Proof. Since A has full row rank m, for any x ∈ Rn
s++, it is not hard to see that

(AD2AT )−1 exists and (AD2AT )−1 is continuous on Rn
s++. Notice

(AD2AT )(AD2AT )−1 = Im. (2.4)
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Take the partial derivative of xi for any i ∈ {1, . . . , s} in (2.4), then we get

2γ2x
2γ2−1
i (Aeie

T
i A

T )(AD2AT )−1 + (AD2AT )
∂(AD2AT )−1

∂xi

= 0,

consequently

∂(AD2AT )−1

∂xi

= −2γ2x
2γ2−1
i (AD2AT )−1(Aeie

T
i A

T )(AD2AT )−1. (2.5)

For any i ∈ {s+ 1, . . . , n}, it’s evident that

∂(AD2AT )−1

∂xi

= 0.

Thus the proof is complete.

Theorem 2.2. For any γ1 > 0 and γ2 > 0, if ∇f(x) ∈ C1, then DPADD∇f(x) ∈ C1

on Rn
s++; and if ∇2f(x) ∈ C1, then (γ1In + tDPADD∇2f(x))−1 ∈ C1 on (t, x) ∈

(0,+∞)× Rn
s++.

Proof. For any γ1 > 0, γ2 > 0 and x ∈ Rn
s++, from Theorem 2.1, we know that

PAD = I −DAT (AD2AT )−1AD ∈ C1.

From this and ∇f(x) ∈ C1, it is easy to see

DPADD∇f(x) ∈ C1.

If ∇2f(x) ∈ C1 and (t, x) ∈ (0,+∞)× Rn
s++,

γ1In + tDPADD∇2f(x) ∈ C1.

Since f(x) is convex, ∇2f(x) is positive semidefinite. Notice P 2
AD = PAD, it is

easy to see that for any x ∈ Rn
s++, DPADD is positive semidefinite. So all eigenvalues

of tDPADD∇2f(x) are nonnegative from Lemma 1.1 for any t ≥ 0. Then (γ1In +

tDPADD∇2f(x))−1 always exists and continuous when (t, x) ∈ (0,+∞) × Rn
s++.

Notice [
γ1In + tDPADD∇2f(x)

] [
γ1In + tDPADD∇2f(x)

]−1
= In.
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Similar to the proof of (AD2AT )−1 ∈ C1 on Rn
s++ in Theorem 2.1, we know that

for ∇2f(x) ∈ C1 and (t, x) ∈ (0,+∞)× Rn
s++,[

γ1In + tDPADD∇2f(x)
]−1 ∈ C1.

The proof is complete.

Theorems 2.3 and 2.4 below guarantee the existence, uniqueness, and feasibility

for the solutions of ODE systems (2.1) and (2.2).

Theorem 2.3. For either ODE system (2.1) or ODE system (2.2), there exists a

solution x(t) which is unique on a maximal existence interval [t0, α) or [t0, β), respec-

tively, in addition, xi(t) > 0 for i = 1, . . . , s on the existence interval for both ODE

systems.

Proof. By Theorem 2.2, DPADD∇f(x) is locally Lipschitz continuous on Rn
s++. Since

Rn
s++ is an open set, from Theorem IV.1.2 in [8], a solution x(t) is existed and unique

on the maximal existence interval [t0, α), where α > t0 or α = +∞. Similarly a

unique solution x(t) for ODE system (2.2) is also existed on the maximal existence

interval [t0, β), where β > t0 or β = +∞.

Because the right-hand sides of the two ODE systems (2.1) and (2.2) are defined

on the open set (0,+∞)×Rn
s++, the solutions of the two ODE systems are of course in

the open set Rn
s++, hence they both satisfy xi(t) > 0 for i = 1, . . . , s on the existence

intervals. The proof is complete.

Later in this section, it will be shown that α = +∞ (Theorem 2.5) and β = +∞

(Theorem 2.7). For simplicity, in the following, let x (or D) stand for x(t) (or D(t))

and no confusion would occur.

Theorem 2.4. (i) Let the solution of ODE system (2.1) on the maximal existence

interval [t0, α) be x(t). Then ∀t ∈ [t0, α), we have Ax(t) = b. (ii) Let the solution of

ODE system (2.2) on the maximal existence interval [t0, β) be x(t). Then ∀t ∈ [t0, β),

we have Ax(t) = b.
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Proof. (i) First, for any t ∈ [t0, α)

x(t) = x0 −
∫ t

t0

(DPADD∇f(x)|t=τ )dτ.

Notice

ADPAD = AD − AD2AT (AD2AT )−1AD ≡ 0,

we can get

Ax(t) = Ax0 −
∫ t

t0

(ADPADD∇f(x)|t=τ )dτ = b.

(ii) For ODE system (2.2), we can use the implicit form (5.5) and verify Ax(t) = b

∀t ∈ [t0, β) in the same way. Thus the theorem is proved.

The next lemma lay the foundation for our two potential functions which will be

introduced in (2.7)-(2.10).

Lemma 2.1. For any fixed γ2 ≥ 1
2
, if 0 < xi ≤ M for i = 1, . . . , s and |xi| ≤ M

for s + 1 ≤ i ≤ n with M > 0, and ∇f(x) ∈ C1 on Rn
s+, then every entry of

DPADD∇f(x) and D
1− 1

γ2PADD∇f(x) is bounded, and the bound depends only on A,

M , n, and f .

Proof. From Lemma 3 and the Remark in Sun [66], we know that if d > 0 every

entry of (AD2AT )−1AD2 is bounded, and the bound depends only on A and n. So if

0 < xi ≤ M for i = 1, . . . , s, every entry of

DPADD = D2 −D2AT
(
AD2AT

)−1
AD2 (2.6)

is bounded, and the bound depends only on A, M , and n. Since ∇f(x) ∈ C1 on

Rn
s+, if 0 < xi ≤ M for i = 1, . . . , s and |xi| ≤ M for s + 1 ≤ i ≤ n, it is easy to see

that every entry of ∇f(x) is bounded. Furthermore the bound depends only on M ,

n, and f .

Hence, we know that every entry of DPADD∇f(x) is bounded. Furthermore the

bound depends only on A, M , n, and f . Notice that

D
1− 1

γ2PADD∇f(x) = D
2− 1

γ2∇f(x)−D
2− 1

γ2AT (AD2AT )−1AD2∇f(x),
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and γ2 ≥ 1
2
, similarly we can verify that every entry of D

1− 1
γ2PADD∇f(x) is bounded,

and the bound depends only on A, M , n, and f . Thus the proof is complete.

Now we introduce two potential functions for the two ODE systems (2.1) and

(2.2), respectively. With the help of these two potential functions, the boundedness

of the optimal solution set is no longer needed in the convergence proofs for the

solutions of ODE systems (2.1) and (2.2). Instead, only the weaker Assumption 1

is needed. In 1983, Losert and Akin [36] introduced a kind of potential function for

both the discrete and continuous dynamical systems in a classical model of population

genetics. Their potential function can be extended for our purpose. In order to

define our potential functions, we first introduce some notations: for any y ∈ Rn
s+,

B(y) = {i | yi > 0, i = 1, . . . , s} and N(y) = {i | yi = 0, i = 1, . . . , s}. Obviously,

for any y ∈ Rn
s+, B(y)∩N(y) = ∅ and B(y)∪N(y) = {1, . . . , s}. Then the potential

function I(x, y) for ODE system (2.1) can be defined as

I(x, y) =
n∑

i=s+1

1

2
(xi − yi)

2+



k∑
i=1

(xi − yi)−
∑

i∈B(y)

yi · ln
xi

yi
if γ2 =

1
2
, B(y) ⊆ B(x), (2.7)

k∑
i=1

x
2−2γ2
i −(yi)

2−2γ2

2−2γ2

−
∑

i∈B(y)

yi
1−2γ2

(
1

x
2γ2−1
i

− 1

y
2γ2−1
i

)
if 1

2
< γ2 < 1, B(y) ⊆ B(x), (2.8)

+∞ if B(y) * B(x), (2.9)

where x ∈ Rn
k+ is the variable, y ∈ Rn

k+ is a parameter.

The potential function V (t, x, y) for ODE system (2.2) can be defined as follows:

V (t, x, y) = γ1I(x, y) + t
[
f(y)− f(x) + (x− y)T∇f(x)

]
. (2.10)

where t > 0, x ∈ Rn
s+ are the variables, and y ∈ Rn

s+ is a parameter.

A direct application of function I(x, y) in (2.7)-(2.9) is the following Theorems

2.5 and 2.6.
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Theorem 2.5. Let the solution of ODE system (2.1) on the maximal existence in-

terval [t0, α) be x(t). Then α = +∞.

Proof. Assume α ̸= +∞. We can choose the x∗ in Assumption 1, and define the

function I1(x) as follows

I1(x) = I(x, x∗) ∀x ∈ Rn
s+. (2.11)

From Theorem 2.3, it is easy to see that when t ∈ [t0, α), x(t) ∈ Rs++
n , so I1(x(t)) ≡

I1(x) is well defined.

From Theorem 2.4, (2.7), and (2.1), we have

dI1(x(t))

dt
= (x∗ − x)TD−2DPADD∇f(x)

= (x∗ − x)TD−2(D2 −D2AT (AD2AT )−1AD2)∇f(x)

= (x∗ − x)T∇f(x)− (x∗ − x)TAT (AD2AT )−1AD2∇f(x)

= (x∗ − x)T∇f(x)− (b− b)T (AD2AT )−1AD2∇f(x)

= (x∗ − x)T∇f(x).

Because of (1.15) and f(x∗) ≤ f(x(t)) ∀t ∈ [t0, α), we have

(x∗ − x)T∇f(x) ≤ f(x∗)− f(x) ≤ 0 ∀t ∈ [t0, α).

So we know that

dI1(x(t))

dt
≤ 0 ∀t ∈ [t0, α).

Therefore I1(x(t)) ≤ I1(x(t0)) ∀t ∈ [t0, α). Notice that

I1(x) =
n∑

i=s+1

1

2
(xi − x∗

i )
2 +

∑
i∈B(x∗)

(xi − x∗
i − x∗

i ln
xi

x∗
i

) +
∑

i∈N(x∗)

(xi − 0),

from Lemma 1.3, we know that if there exists some i ∈ {1, . . . , n} such that |xi| →

+∞, then we must have I1(x) → +∞. But I1(x(t)) ≤ I1(x(t0)) ∀t ∈ [t0, α). So

we know that there exists an M > 0 which depends only on x0 and x∗, such that

|xi(t)| ≤ M ∀t ∈ [t0, α) for i = 1, . . . , n.
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From Lemma 2.1 and (2.1), we know that there exists an L > 0 such that for

every i ∈ {1, . . . , s}, we have ∣∣∣∣dxi

dt

∣∣∣∣ ≤ Lxi ∀t ∈ [t0, α), (2.12)

and for every i ∈ {s+ 1, . . . , n}, we have∣∣∣∣dxi

dt

∣∣∣∣ ≤ L ∀t ∈ [t0, α), (2.13)

furthermore this L depends only on A, n, x0, x∗, and f .

For every i ∈ {1, . . . , n}, from inequality (2.12), (2.13) and 0 < |xi(t)| ≤ M ∀t ∈

[t0, α), we know that (without loss of generality we assume M ≥ 1)∣∣∣∣dxi

dt

∣∣∣∣ ≤ LM ∀t ∈ [t0, α), (2.14)

furthermore, x(t) is continuous on [t0, α), and it is not hard to see that lim
t→α−

x(t) exists.

We denote this limit as x(α). Evidently x(α) ∈ Rn
k+. According to the Extension

Theorem in S2.5, [3], we know that the solution x(t) will go to the boundary of the

open set (0,+∞) × Rn
s++. But because of the hypothesis, α ̸= +∞, so there must

exist at least one i ∈ {1, . . . , s} such that xi(α) = 0. From inequality (2.12), we know

that if t ∈ [t0, α),

dxi

xi

≥ −Ldt.

Integrating the inequality above, we have for every t ∈ [t0, α)

lnxi(t)− lnxi(t0) ≥ −L(t− t0).

Since xi(t) → xi(α) = 0 as t → α−, lnxi(t) − lnxi(t0) → −∞ as t → α−, but

−L(t − t0) ≥ −L(α − t0). This is a contradiction. Thus α = +∞ and the proof is

complete.

From Theorem 2.5, we can define the limit set for the solution of ODE system

(2.1). The limit set of the solution of ODE system (2.1) {x(t)} can be defined as

follows

Ω1(x0) =

{
p ∈ Rn | ∃ {tk}+∞

k=0 with lim
k→+∞

tk = +∞ such that lim
k→+∞

x(tk) = p

}
.
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Theorem 2.6. The limit set Ω1(x0) is nonempty, compact, and connected. Further-

more Ω1(x0) is contained in P+
1 .

Proof. From Theorems 2.3, 2.4, and 2.5, we know that the limit set Ω1(x0) is con-

tained in P+
1 . From the proof of Theorem 2.5, we know that the solution x(t) is

contained in a bounded closed set. So similar to the proof of Theorem 1.1 on page

390 in [10] (the proof in [10] is for n = 2, but it can be easily extended to the general

case), it can be verified that Ω1(x0) is nonempty, compact, and connected.

A direct application of V (t, x, y) in (2.10) is the following Theorems 2.7 and 2.8.

First, the following Lemmas 2.2 and 2.3 are needed.

Lemma 2.2. For any (t, x) ∈ (0,+∞)× Rn
s++, the formula

−
[
γ1In + tDPADD∇2f(x)

]−1
DPADD∇f(x) (2.15)

in ODE system (2.2) has the following equivalent forms:

−DPAD

[
γ1In + tPADD∇2f(x)DPAD

]−1
PADD∇f(x) (2.16)

and

−DPADD
[
γ1In + tD−1PADD∇2f(x)DPADD

]−1
D−1PADD∇f(x). (2.17)

Proof. Since (t, x) ∈ (0,+∞)×Rn
s++, we know that the inverse of D is always exists.

So the proof of the equivalence of form (2.16) and form (2.17) is straightforward.

Now we only need to prove the equivalence of form (2.15) and form (2.16).

First because D is invertible and PAD = P 2
AD, we have

(2.15) = −D
[
γ1In + tPADD∇2f(x)D

]−1
PADD∇f(x)

= −D
[
γ1In + tP 2

ADD∇2f(x)D
]−1

P 2
ADD∇f(x).

Let Pϵ = PAD + ϵIn, so when ϵ > 0, Pϵ is symmetric and positive definite. For any

ϵ ≥ 0, we define

F (ϵ) = −D
[
γ1In + tP 2

ϵ D∇2f(x)D
]−1

P 2
ϵ D∇f(x),
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G(ϵ) = −DPϵ

[
γ1In + tPϵD∇2f(x)DPϵ

]−1
PϵD∇f(x).

It is easy to see that when ϵ > 0,

F (ϵ) = G(ϵ).

Let adjA denote the adjoint matrix of A and |A| denote the determinant of A. Then

F (ϵ) = −D
adj [γ1In + tP 2

ϵ D∇2f(x)D]

|[γ1In + tP 2
ϵ D∇2f(x)D]|

P 2
ϵ D∇f(x)

and

G(ϵ) = −DPϵ
adj [γ1In + tPϵD∇2f(x)DPϵ]

|[γ1In + tPϵD∇2f(x)DPϵ]|
PϵD∇f(x).

Since Pϵ is symmetric and positive semidefinite for any ϵ ≥ 0, so is P 2
ϵ . From Lemma

1.1, |[γ1In + tP 2
ϵ D∇2f(x)D]| ≥ γn

1 for any ϵ ≥ 0. In addition, since PϵD∇2f(x)DPϵ

is symmetric and positive semidefinite, then |[γ1In + tPϵD∇2f(x)DPϵ]| ≥ γn
1 for any

ϵ ≥ 0. Furthermore, for any ϵ ≥ 0, i, j = 1, . . . , n, Fij(ϵ) and Gij(ϵ) are both rational

functions and of course are continuous. So when we let ϵ → 0+, from F (ϵ) = G(ϵ)

and the continuity of F (ϵ) and G(ϵ), we know that

F (0) = G(0).

But Pϵ=0 = PAD, thus the proof is complete.

Lemma 2.3. For any fixed γ1 > 0 and γ2 ≥ 1
2
, if 0 < xi ≤ M for i = 1, . . . , s and

|xi| ≤ M for s + 1 ≤ i ≤ n with M > 0, ∇2f(x) ∈ C1 on Rn
s+, and 0 ≤ t ≤ β with

t0 < β < +∞, where β is defined in Theorem 2.3, then

(i) every entry of [γ1In + tDPADD∇2f(x)]
−1

DPADD∇f(x) is bounded, and the

bound depends only on A, M , n, β, and f ;

(ii) every entry of D
− 1

γ2 [γ1In + tDPADD∇2f(x)]
−1

DPADD∇f(x) is bounded, and

the bound depends only on A, M , n, β, and f .
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Proof. (i) From Lemma 2.1, we know that when 0 < xi ≤ M for i = 1, . . . , s and

|xi| ≤ M for s + 1 ≤ i ≤ n, every entry of DPADD∇f(x) and D
1− 1

γ2PADD∇f(x) is

bounded, and the bound depends only on A, M , n, and f .

Since ∇2f(x) ∈ C1 on Rn
s+, when 0 < xi ≤ M for i = 1, . . . , s and |xi| ≤ M

for s + 1 ≤ i ≤ n, it is easy to see that every entry of ∇2f(x) is bounded, and the

bound depends only on M and f . So we know that every entry of DPADD∇2f(x) is

bounded, and the bound depends only on A, M , n, and f .

Therefore when 0 < xi ≤ M for i = 1, . . . , s and |xi| ≤ M for s + 1 ≤ i ≤ n

and 0 ≤ t ≤ β, for matrix γ1In + tDPADD∇2f(x), every entry of it is bounded, and

every entry of its adjoint matrix is also bounded. Furthermore its determinant is not

less than γn
1 because of the eigenvalues of tDPADD∇2f(x) are all nonnegative from

Lemma 1.1. Hence every entry of

[
γ1In + tDPADD∇2f(x)

]−1

is bounded, and the bound depends only on A, M , n, β, and f .

Therefore we know that if 0 < xi ≤ M for i = 1, . . . , s and |xi| ≤ M for s + 1 ≤

i ≤ n and 0 ≤ t ≤ β, every entry of

[
γ1In + tDPADD∇2f(x)

]−1
DPADD∇f(x)

is bounded, and the bound depends only on A, M , n, β, and f .

(ii) Let

d̃ = −
[
γ1In + tDPADD∇2f(x)

]−1
DPADD∇f(x),

then every entry of d̃ is bounded, and we can write d̃ in the following form

d̃ = − 1

γ1
DPADD(∇f(x) + t∇2f(x)d̃),

then we have

D
− 1

γ2 d̃ = − 1

γ1
D

1− 1
γ2PADD(∇f(x) + t∇2f(x)d̃).
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From Lemma 2.1, we know that every entry of D
1− 1

γ2PADD∇f(x) is bounded, and

the bound depends only on A, M , n, and f . Furthermore it is easy to see that when

0 < xi ≤ M for i = 1, . . . , s and |xi| ≤ M for s + 1 ≤ i ≤ n and 0 ≤ t ≤ β, every

entry of ∇f(x) + t∇2f(x)d̃ is bounded, and the bound depends only on A, M , n, β,

and f . So we know that every entry of

D
− 1

γ2 d̃ = D
− 1

γ2

[
γ1In + tDPADD∇2f(x)

]−1
DPADD∇f(x)

is bounded, and the bound depends only on A, M , n, β, and f . Thus the proof is

complete.

Theorem 2.7. Let the solution of ODE system (2.2) on the maximal existence in-

terval [t0, β) be x(t). Then β = +∞.

Proof. Similar to the proof of Theorem 2.5, we can define function I2(t, x) as follows

I2(t, x) = V (t, x, x∗) ∀(t, x) ∈ (0,+∞)× Rn
s+,

where x∗ ∈ P+
1 according to Assumption 1.

From Theorem 2.3, x(t) ∈ Rn
s++, so I2(t, x(t)) ≡ I2(t, x) is well defined. From the

implicit form (5.5), we have

dI2(t, x(t))

dt
= (x∗ − x)T

[
∇f(x) + t∇2f(x)

dx

dt

]
+ t(x− x∗)T∇2f(x)

dx

dt

+f(x∗)− f(x) + (x− x∗)T∇f(x)

= (x∗ − x)T∇f(x) + f(x∗)− f(x) + (x− x∗)T∇f(x)

= f(x∗)− f(x)

≤ 0.

From Lemma 1.2, we have

f(x∗)− f(x) + (x− x∗)T∇f(x) ≥ 0. (2.18)

From Lemmas 1.3, 1.4 and inequality (2.18), we know that for any (t, x) ∈ (0,+∞)×

Rn
s++, if there exists an i so that |xi| → +∞, then I2(t, x) → +∞. From this fact
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and Lemma 2.3, similar to the proof of Theorem 2.5, we can show that the solution

x(t) is bounded and β = +∞. Thus the proof is complete.

From Theorem 2.7, we can also define the limit set for the solution of ODE system

(2.2). The limit set of the solution of ODE system (2.2) x(t) can be defined as follows

Ω2(x0) =

{
p ∈ Rn | ∃{tk}+∞

k=0 with lim
k→+∞

tk = +∞ such that lim
k→+∞

x(tk) = p

}
.

Theorem 2.8. The limit set Ω2(x0) is nonempty, compact, and connected. Further-

more Ω2(x0) is contained in P+
1 .

Proof. The proof is similar to the one for Theorem 2.6.

In the rest of this section, we will show the weak convergence for system (2.1).

First, we need to reveal some fundamental results for the solutions of ODE systems

(2.1) and (2.2).

Theorem 2.9. Let the solution of ODE system (2.1) be x(t), then f(x(t)) is a non-

increasing function on [t0,+∞). Furthermore, if x0 ∈ P++
1 is an optimal solution for

problem (P1), then x(t) ≡ x0 on [t0,+∞); otherwise f(x(t)) is a strictly decreasing

function on [t0,+∞).

Proof. Notice for t ≥ t0,

df(x(t))

dt
= −∇f(x)TDPADD∇f(x) = −∥PADD∇f(x)∥2 ≤ 0,

we know that f(x(t)) is a noincreasing function on [t0,+∞).

For problem (P1), the KKT conditions are

Ax = b, x ∈ Rn
s+,

Xz = 0, z ∈ Rn
s+,

ATy + z = ∇f(x),

zi = 0, for s+ 1 ≤ i ≤ n,

(2.19)

where z ∈ Rn and y ∈ Rm.
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If x ∈ P++
1 is an optimal solution or problem (P1), which implies that there must

exist a (y, z) such that (x, y, z) satisfies system (2.19), then

z = 0 and ATy = ∇f(x),

thus, it is easy to see that

PADD∇f(x) = PADDATy = 0.

Hence if x0 ∈ P++
1 is an optimal solution, we know that the right-hand side of ODE

system (2.1) equals zero at x = x0, i.e.,

DPADD∇f(x)|x=x0 = 0,

therefore x(t) ≡ x0 for t ≥ t0 is a solution of ODE system (2.1). Because of the

uniqueness of the solution, we know that x(t) ≡ x0 on [t0,+∞).

If x0 ∈ P++
1 is not an optimal solution, we show that f(x(t)) is a strictly decreasing

function on [t0,+∞). If not, then there must exist t1 and t2 with t0 ≤ t1 < t2 such that

f(x(t1)) = f(x(t2)). Since df(x(t))
dt

≤ 0, we know that when t1 ≤ t ≤ t2,
df(x(t))

dt
≡ 0.

From df(x(t))
dt

= −∥PADD∇f(x)∥2 = −∥D−1 dx
dt
∥2 = 0, Theorems 2.3 and 2.5, it is easy

to see dx
dt

= 0 on [t1, t2], then x(t) = x(t1) on [t1, t2], furthermore x(t) ≡ x(t1) on

[t0,+∞) will be a solution of the ODE

dx

dt
= −DPADD∇f(x)

that passes through the point (t1, x(t1)). However according to the uniqueness of the

solution, we know that the solution of ODE system (2.1) is actually x(t) ≡ x(t1) = x0

on [t0,+∞). But from the inequality

dI1(x(t))

dt
= (x∗ − x)T∇f(x) ≤ f(x∗)− f(x),

we know that at x0, dI1(x(t))
dt

|t=t0 < 0 because x0 is not an optimal solution. This is a

contradiction. Hence f(x(t)) is a strictly decreasing function on [t0,+∞).
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Theorem 2.10. Let the solution of ODE system (2.2) be x(t). Then f(x(t)) is a

nonincreasing function on [t0,+∞). Furthermore, if x0 ∈ P++
1 is an optimal solution

for problem (P1), then x(t) ≡ x0 on [t0,+∞); otherwise f(x(t)) is a strictly decreasing

function on [t0,+∞).

Proof. Notice the fact that when x ∈ Rn
s++, DPADD and ∇2f(x) are both symmetric

and positive semidefinite, similar to the proof in Theorem 2.9, we can prove this

theorem with the equivalent form (2.16) in Lemma 2.2.

Lemma 2.4. For any fixed γ2 ≥ 1
2
, if 0 < xi ≤ M for i = 1, . . . , s and |xi| ≤ M for

s + 1 ≤ i ≤ n with M > 0 and ∇f(x) ∈ C1 on Rn
s+, then for every i ∈ {1, . . . , n},

every entry of

∂DPADD∇f(x)

∂xi

is bounded, and the bound depends only on A, M , n, and f .

Proof. Let Q = (AD2AT )−1AD2. From equality (2.6), we know that for i = 1, . . . , s

∂DPADD

∂xi

=
∂D2

∂xi

− ∂D2AT

∂xi

Q−D2AT ∂(AD
2AT )−1

∂xi

AD2 −QT ∂AD
2

∂xi

,

and for i = s+ 1, . . . , n

∂DPADD

∂xi

= 0.

From the proof of Lemma 2.1, we know that when x ∈ Rn
s++, every entry of Q and

QT is bounded, and the bound depends only on A and n.

From equality (2.5) in Theorem 2.1, for i = 1, . . . , s we have

D2AT ∂(AD
2AT )−1

∂xi

AD2 = −2γ2x
2γ2−1
i QT (Aeie

T
i A

T )Q.

Therefore when 0 < xi ≤ M for i = 1, . . . , s and |xi| ≤ M for s + 1 ≤ i ≤ n, every

entry of

∂DPADD

∂xi
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is bounded, and the bound depends only on A, M , and n. Furthermore we know

that ∇f(x) ∈ C1 on Rn
s+ and DPADD is bounded from the proof of Lemma 2.1, so

it is evident that for every i ∈ {1, . . . , n}, every entry of

∂DPADD∇f(x)

∂xi

is bounded, and the bound depends only on A, M , n, and f .

Theorem 2.11. Let the solution of ODE system (2.1) be x(t). Then

lim
t→+∞

DPADD∇f(x) = 0.

Proof. From the proof of Theorem 2.5, we know that there exists an M > 0 such

that the solution of ODE system (2.1) x(t) is contained in the bounded closed set

{x ∈ Rn|0 ≤ xi ≤ M, for i = 1, . . . , s, |xi| ≤ M for i = s + 1, . . . , n}. Since

∇f(x) ∈ C1 on Rn
s+, this along with Theorem 2.3 and Lemma 2.4 indicate that there

exists a constant L1 such that for every i ∈ {1, . . . , n}, every entry of

∂∇f(x)TDPADD∇f(x)

∂xi

(2.20)

is bounded by L1, and L1 depends only on A, n, x0, x∗, and f .

From Theorem 2.9, we know that f(x(t)) is a nonincreasing function and f(x(t)) ≥

f(x∗) on [t0,+∞). Thus f(x(t)) has a finite limit as t → +∞. From (3.4) and (3.7),

we can obtain∣∣∣∣df(x(t))dt
|t=t1 −

df(x(t))

dt
|t=t2

∣∣∣∣
=

∣∣∣∣∣
∫ 1

0

∂∇f(x)TDPADD∇f(x)

∂x
|x=x(t2)+τ(x(t1)−x(t2))(x(t1)− x(t2))dτ

∣∣∣∣∣
≤

√
nL1 · ∥x(t1)− x(t2)∥ =

√
nL1 · ∥

∫ t2

t1

dx

dτ
dτ∥ ≤ nL1LM |t1 − t2|,

where the last inequality is obtained from inequality (3.4).

Thus df(x(t))
dt

is uniformly continuous. From Barbalat’s Lemma, we know that

lim
t→+∞

df(x(t))

dt
= − lim

t→+∞
∥PADD∇f(x)∥2 = 0.
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Therefore it is easy to see that

lim
t→+∞

DPADD∇f(x) = 0.

Thus the proof is complete.

2.2 Optimality of The Cluster Point(s)

In this part, we will show that every accumulation point of the solutions of the two

ODE systems (2.1) and (2.2) is actually an optimal solution for problem (P1).

Theorem 2.12. For any x(1) ∈ Ω1(x0) and x(2) ∈ Ω2(x0), x(1) and x(2) are both

optimal solutions for problem (P1).

Proof. Because when i ∈ N(x∗), we have x∗
i = 0. From Lemmas 1.3 and 1.4, it is easy

to see that I1(x) ≥ 0 for all x ∈ Rn
s++. So for all t ∈ [t0,+∞), I1(x(t)) is bounded

below. This along with the fact that dI1(t)
dt

≤ 0 imply that I1(x(t)) has a finite limit

as t → +∞.

From the proof of Theorem 2.5, it is easy to see solution x(t) is contained in

the bounded closed set {x ∈ Rn|0 ≤ xi ≤ M, for i = 1, . . . , s, |xi| ≤ M for i =

s + 1, . . . , n} for some M > 0. Since dI1(x(t))
dt

= (x∗ − x)T∇f(x) (see the proof of

Theorem 2.5) is continuously differentiable, so when x is in that bounded closed set,

there must exist a constant L2 > 0 such that∣∣∣∣dI1(x(t))dt
|t=t1 −

dI1(x(t))

dt
|t=t2

∣∣∣∣ ≤ L2∥x(t1)− x(t2)∥ = L2∥
∫ t2

t1

dx

dt
dt∥.

Using inequality (3.4), we have∣∣∣∣dI1(x(t))dt
|t=t1 −

dI1(x(t))

dt
|t=t2

∣∣∣∣ ≤ L2∥
∫ t2

t1

dx

dt
dt∥ ≤

√
nL2LM |t1 − t2|,

thus dI1(x(t))
dt

is uniformly continuous. From Barbalat’s Lemma, we know that

lim
t→+∞

dI1(x(t))

dt
= lim

t→+∞
(x∗ − x)T∇f(x) = 0. (2.21)
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For any x(1) ∈ Ω1(x0), from the definition of Ω1(x0), we know that there exists a

sequence {tk}+∞
0 with tk → +∞ as k → +∞ such that x(tk) → x(1) as k → +∞.

Then since (x∗ − x)T∇f(x) is continuous at x(1), from equality (2.21), we have

0 = lim
t→+∞

(x∗ − x)T∇f(x) = lim
k→+∞

(x∗ − x(tk))
T∇f(tk) = (x∗ − x(1))T∇f(x(1)).

From Lemma 1.2, let y = x∗, x = x(1) in (1.15), we have

f(x(1)) ≤ f(x∗) + (x(1) − x∗)T∇f(x(1)) = f(x∗).

But from Assumption 2.1, we know that x∗ is an optimal solution for problem (P1),

that is, f(x(1)) ≥ f(x∗). So we must have f(x(1)) = f(x∗), that is, x(1) is an optimal

solution.

As for x(2) ∈ Ω2(x0), from the proof of Theorem 2.7, we have

dI2(t, x(t))

dt
= f(x∗)− f(x) ≤ 0,

this along with inequality (2.18) indicate that I2(t, x) ≥ 0 for all (t, x) ∈ (0,+∞) ×

Rn
s++. So we can similarly prove that x(2) is an optimal solution for problem (P1)

too. Thus the theorem is proved.
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Figure 2.1: The central path and generalized central path.

Now we use an example of class C2 in [19] to show the limiting behaviors of

the central path and our generalized central paths. The examples in [19] have the
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Figure 2.2: The generalized paths with different initial points.

following form

min F (x, y)

s.t. y > 0,

where x ∈ R, y ∈ R are variables and the solutions are on the x-axis {(x, 0)|x ∈ R}.

We choose an example of class C2 which is described in Section 5.2 of [19]. The

parameter ϵk needs to satisfy 0 < |ϵk| ≤ min{ck/4, |ϵk−1|} (see (15) in [19]), we

choose |ϵk| = min{3ck/32, |ϵk−1|}. In this example, for z = (x, y)T and yk = 2−k (k =

0, 1, ...),

fk = ak(y − yk) + bk + ckgk(z) + ϵkx,

37



where ak = y2k, bk =
y3k
3
, ck = 1

4
min{rk, rk+1}, and ϵk = (−1)k|ϵk|. For k = 0, 1, ...,

gk(z) = (
g0k(z)

2
)3, where

g0k(z) =
1

2

(√
(x+ 1)2 + (y − yk)2 +

√
(x− 1)2 + (y − yk)2 − 2

)
,

and for k = 1, 2, ...,

rk =
1

2
min{bk − (bk−1 + ak−1(yk − yk−1)), bk−1 − (bk + ak(yk−1 − yk))}.

In Section 5 of [19], many interesting properties for this example are given. For

y = yk = 2−k (k ≥ 0), F (·, yk) = fk(·, yk), and an easy calculation yields

argmin
x∈R

F (x, yk) = {(−1)k+1(1 + τk)},

where 0 < τk = (8|ϵk|/3ck)
1
2 ≤ 0.5. Hence the central path will be a zig-zag path. We

plot the central path (see Fig. 2.1) and our generalized central paths with different

initial points (see Fig. 2.1 and Fig. 2.2). For the generalized central paths (we let

γ1 = 1, γ2 = 0.75, and t0 = 1), since the big matrix [γ1In + tDPADD∇2f(x)] in

the ODE system (2.2) is invertible everywhere, we can use an ode-solver ode23s in

Matlab to plot them. For the central path (the path named cp in Fig. 2.1), a Matlab

code provided by Prof. Karas of [19] is used . The path named gcp in Fig. 2.1 is the

generalized central path with the initial point (−1.5, 1). Fig. 2.1 and Fig. 2.2 show

that the central path is a zig-zag path with large loop and the generalized central

paths seem to converge. Even though the generalized central paths swing back and

forth, but the amplitude or width is quite small and becomes smaller and smaller. In

the next section, we will prove that both the generalized affine scaling trajectory and

the generalized central path actually converge. We think the reason that the central

path does not converge in this example is that the barrier function only contains y,

hence does not have any restriction on x. However, for the barrier function − 1
α1
yα1

(0 < α1 < 1), if we add another item 1−α1

2
(x− x̄0)

2 to the barrier function, then the

corresponding ODE system can be described by our ODE system (2.2). The added

item 1−α1

2
(x − x̄0)

2 can be regarded as a restriction on x, hence the new path may

converge.
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2.3 Convergence of The Continuous Trajectories

Now, it comes to the key results of this chapter. Theorems 2.13 and 2.14 below show

that the solutions of the two ODE systems (2.1) and (2.2) converge as t → +∞.

Theorem 2.13. The limit set Ω1(x0) contains a single point only.

Proof. From Theorem 2.6, we know that Ω1(x0) is not empty. So we can choose a

point x̄ ∈ Ω1(x0), and evidently x̄ ∈ P+
1 . From (2.7)-(2.9), for any x ∈ Rn

s+, we can

define V1(x) as follows

V1(x) = I(x, x̄) =
n∑

i=s+1

1

2
(xi − x̄i)

2 +

∑
i∈N(x̄)

xi +
∑

i∈B(x̄)

(xi − x̄i − x̄i · ln xi

x̄i
) if γ2 =

1
2
, B(x) ⊆ B(x̄),

∑
i∈N(x̄)

x
2−2γ2
i

2−2γ2
+
∑

i∈B(x̄)

[
x
2−2γ2
i −(x̄i)

2−2γ2

2−2γ2

− x̄i

1−2γ2

(
1

x
2γ2−1
i

− 1

x̄
2γ2−1
i

)]
if 1

2
< γ2 < 1, B(x) ⊆ B(x̄),

+∞ if B(x) * B(x̄).

(2.22)

From Lemmas 1.3, 1.4, and (2.22), it is straightforward to see that V1(x) ≥ 0 for any

x ∈ {x ∈ Rn
s+ | xi > 0 if i ∈ B(x̄)} and V1(x) = 0 ⇐⇒ x = x̄.

Let the solution of ODE system (2.1) be x(t). Similar to the proof in Theorem

2.5, we know that V1(x(t)) is well defined on [t0,+∞), and we also have

dV1(x(t))

dt
= (x̄− x)T∇f(x).

From Theorem 2.12 we have f(x(t)) ≥ f(x̄) for any t ∈ [t0,+∞). This together with

Lemma 1.2 imply that for any t ∈ [t0,+∞)

dV1(x(t))

dt
= (x̄− x)T∇f(x) ≤ f(x̄)− f(x) ≤ 0. (2.23)

V1(x) ≥ 0 and (2.23) ensure that lim
t→+∞

V1(x(t)) exists. From the continuity of V1(x)

at x̄ and x̄ ∈ Ω1(x0), we must have

lim
t→+∞

V1(x(t)) = V1(x̄) = I(x̄, x̄) = 0. (2.24)
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If x̄ is not the only point of Ω1(x0), there must exist another point x̂ ∈ Ω1(x0)

with x̂ ̸= x̄. Since x̂ ∈ Ω1(x0), there exists a sequence {tk}+∞
k=0 such that tk → +∞

and x(tk) → x̂ as k → +∞. From Lemmas 1.3 and 1.4, we know that if there exists

some i ∈ B(x̄) such that x̂i = 0, then we must have V1(x(tk)) → +∞ as k → +∞.

But from inequality (2.23), we know that for any t ∈ [t0,+∞), V1(x(t)) ≤ V1(x(t0)),

so we know that if i ∈ B(x̄), we must have x̂i > 0. Therefore, V1(x) is continuous at

x̂ from (2.22).

From the continuity of V1(x) at x̂ and (2.24), we have

V1(x̂) = V1( lim
k→+∞

x(tk)) = lim
k→+∞

V1(x(tk)) = 0.

But this is a contradiction with that V1(x) = 0 ⇐⇒ x = x̄ ̸= x̂. Therefore, the limit

set Ω1(x0) is a singleton.

Theorem 2.14. The limit set Ω2(x0) only contains a single point.

Proof. From Theorem 2.8, we know that Ω2(x0) is not empty. So we can choose a

point x̌ ∈ Ω2(x0), and evidently x̌ ∈ P+
1 . From (2.10), we can define V2(t, x) as

follows

V2(t, x) = V (t, x, x̌) ∀(t, x) ∈ (0,+∞)× Rn
s+.

Let the solution of ODE system (2.2) be x(t), similar to the proof in Theorem 2.13,

we can have

dV2(t, x(t))

dt
= f(x̌)− f(x(t)) ≤ 0. (2.25)

From Lemma 1.2, it is straightforward to see that V2(t, x) ≥ 0 for any t ≥ t0 > 0

and x ∈ Rn
s+. In addition, V2(t, x) = 0 ⇐⇒ x = x̌. Noticing from Lemma 1.2 that

f(x̌)− f(x) + (x− x̌)T∇f(x) ≥ 0 for any x ∈ Rn
s+, similar to the proof in Theorem

2.13, if we can prove

lim
t→+∞

V2(t, x(t)) = 0,

then the limit set Ω2(x0) only contains a single point.
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Now let’s prove that lim
t→+∞

V2(t, x(t)) = 0. For any T > t0 and x(T ) ∈ Rn
s++

(guaranteed by Theorems 2.3 and 2.7), we can define V3(t, x) in (2.10) as follows:

V3(t, x) = V (t, x, x(T )).

Then we have

dV3(t, x(t))

dt
= f(x(T ))− f(x(t)),

and

d(V2(t, x(t))− V3(t, x(t)))

dt
= f(x̌)− f(x(T )) ≤ 0.

But V3(T, x(T )) = V (T, x(T ), x(T )) = 0, so we have

V2(T, x(T ))− V3(T, x(T )) = V2(T, x(T )) ≤ V2(t0, x(t0))− V3(t0, x(t0)).

If γ2 =
1
2
,

V2(t0, x(t0))− V3(t0, x(t0)) =
γ1
2

n∑
i=k+1

[
(x0

i − x̌i)
2 − (x0

i − x(T )i)
2
]

+ t0
[
f(x̌)− f(x(T )) + (x(T )− x̌)T∇f(x0)

]
+

k∑
i=1

γ1(x(T )i − x̌i) +
∑

i∈N(x̌)

γ1x(T )i ln
x0
i

x(T )i

−
∑

i∈B(x̌)

γ1

(
x̌i ln

x0
i

x̌i

− x(T )i ln
x0
i

x(T )i

)
.

For i ∈ B(x̌), x̌i > 0, and for i ∈ N(x̌), x̌i = 0. Notice that

lim
a→0

a ln
x0
i

a
= 0,

for any x0
i > 0, i = 1, . . . , s. Therefore V2(t0, x(t0))− V3(t0, x(t0)) can be sufficiently

small if ∥x(T ) − x̌∥ is sufficiently small. However x̌ is a limit point, hence we can

choose T big enough such that ∥x(T )− x̌∥ is sufficiently small. So for any ϵ > 0, we

can choose the T big enough such that

V2(t0, x(t0))− V3(t0, x(t0)) = V (t0, x(t0), x̌)− V (t0, x(t0), x(T )) ≤ ϵ.
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If 1
2
< γ2 < 1, we can get this similarly. Then we get V2(T, x(T )) ≤ ϵ. But V2(t, x(t))

is nonincreasing from (2.25), hence we can get

lim
t→+∞

V2(t, x(t)) = 0.

Thus the theorem is proved.

Theorem 2.15. Let the solution of ODE system (2.2) be x(t). Then

lim
t→+∞

[
γ1In + tDPADD∇2f(x)

]−1
DPADD∇f(x) = 0.

Proof. From the equivalent form (2.16), we know that if we can prove

lim
t→+∞

∥PADD∇f(x)∥ = 0, (2.26)

then the theorem holds.

We prove this by contradiction. If (5.19) is not true, then there exists a con-

stant c0 > 0 such that for any T > t0, there always exists a t > T such that

∥PADD∇f(x)∥ > c0.

Let’s consider the following cluster of trajectories: each trajectory is defined by

the solution of ODE system (2.1) with initial point x(t) at initial time t0, where x(t)

denotes the solution of ODE system (2.2) at time t. We use x̃(τ, t) to denote this

trajectory, then we have

dx̃(τ, t)

dτ
= −D̃PAD̃D̃∇f(x̃), x̃(τ = t0, t) = x(t),

where D̃ = D|x=x̃(τ,t) and x(t) is the solution of ODE system (2.2) at time t. Using

potential functions I(x, x∗) in (2.7)-(2.9) and V (t, x, x∗) in (2.10) with x∗ ∈ P+
1

according to Assumption 1, and the fact that I(x, x∗) ≤ 1
γ1
V (t, x, x∗) for any t ≥ 0

from (2.18), we know for any τ ≥ t0 and t ≥ t0,

I(x̃(τ, t), x∗) ≤ I(x̃(t0, t), x
∗) = I(x(t), x∗) ≤ 1

γ1
V (t, x(t), x∗) ≤ 1

γ1
V (t0, x

0, x∗).
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Then, it is not hard to see that every trajectory x̃(τ, t) with t ∈ [t0,+∞) is contained

in a bounded set {x ∈ Rn|0 ≤ xi ≤ M, for i = 1, . . . , s, |xi| ≤ M for i =

s+ 1, . . . , n}, where M depends only on t0, γ2, x
0, x∗, and f .

Similar to the proof in Theorem 2.11, we can have that there exists a constant

L0 which depends only on A, n, x0, x∗, and f such that for any t ∈ [t0,+∞) and

t0 ≤ τ1 ≤ τ2, ∣∣∣∣df(x̃(τ, t))dτ
|τ=τ1 −

df(x̃(τ, t))

dτ
|τ=τ2

∣∣∣∣ ≤ L0|τ1 − τ2|. (2.27)

From Theorem 2.12, we have lim
τ→+∞

f(x̃(τ, t)) = f(x∗) for any t ∈ [t0,+∞), then we

have for any t ∈ [t0,+∞),∫ +∞

t0

−df(x̃(τ, t))

dτ
dτ = f(x̃(t0, t))− f(x∗) = f(x(t))− f(x∗). (2.28)

Since lim
t→+∞

f(x(t)) = f(x∗) from Theorem 2.12, we can choose T1 such that

f(x(T1))− f(x∗) <
c0

4

4L0
. (2.29)

However, from the earlier hypothesis, we know that there exists a t = T2 > T1 such

that ∥PADD∇f(x)∥2 |x=x(T2)> c20. Noticing
df(x̃(τ,t))

dτ
= −∥PAD̃D̃∇f(x̃)∥2, from (2.27),

we can have that if t = T2, for τ2 = τ ≥ τ1 = t0

∥PAD̃D̃∇f(x̃)∥2 |x̃=x̃(τ,T2) −∥PAD̃D̃∇f(x̃)∥2 |x̃=x̃(t0,T2)≥ −L0(τ − t0).

But

∥PAD̃D̃∇f(x̃)∥2 |x̃=x̃(t0,T2)= ∥PAD̃D̃∇f(x̃)∥2 |x̃=x(T2)≥ c20,

then

∥PADD∇f(x)∥2 |x=x̃(τ,T2)≥ max(c20 − L0(τ − t0), 0).

Thus ∫ +∞

t0

−df(x̃(τ, T2))

dτ
dτ =

∫ +∞

t0

∥PADD∇f(x)∥2 |x=x̃(τ,T2) dτ ≥ c0
4

2L0
,

but from (2.28), (2.29), and the fact that f(x(T2)) ≤ f(x(T1)), we have∫ +∞

t0

−df(x̃(τ, T2))

dτ
dτ = f(x(T2))− f(x∗) ≤ f(x(T1))− f(x∗) <

c0
4

4L0
.
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This inequality contradicts with the previous inequality. Thus the proof is complete.

Next, we will reveal that the limit points of the two solutions of ODE systems

(2.1) and (2.2) have the maximal number of the positive components in {x1, . . . , xk}

among the optimal solution set.

Theorem 2.16. The limit points of the two solutions of ODE systems (2.1) and (2.2)

both have the maximal number of the positive components in {x1, . . . , xs} among the

optimal solution set.

Proof. We consider the function I1(x(t)) in Theorem 2.5 and the function I2(t, x(t))

in Theorem 2.7. Let the solution of ODE systems (2.1) and (2.2)be x(t) and x̄(t)

respectively. From the proofs of Theorem 2.5 and Theorem 2.7, we have for any

t ∈ [t0,+∞),

I1(x(t)) ≤ I1(x(t0)),

and

I2(t, x̄(t)) ≤ I2(t0, x̄(t0)).

Then from Lemmas 1.3 and 1.4, it is easy to see that for each i ∈ B(x∗) (without

loss of generality, we can assume that the optimal solution x∗ in Assumption 2.1 has

the maximal number of the positive components in {x1, . . . , xs} among the optimal

solution set), the ith component of each solution of the two ODE systems xi(t) or

x̄i(t) is bounded below by some positive constant ci. So each limit point will have

the maximal number of the positive components in {x1, . . . , xs} among the optimal

solution set. Thus the proof is complete.
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2.4 A Preliminary Solution Scheme and Numeri-

cal Results

In this section, we give a preliminary solution scheme which is actually the explicit

Euler scheme for ODE system (2.2). For simplicity, we only consider the problem

(P1) with s = n and f(x) is quadratic. In the following, we state the new algorithm

without any proof, and give some numerical results. The presentation only provides

some indications on the possible future development on the numerical aspect and

implementation of the ODE system (2.2). The discussions consist of the following

three parts: (i) a method for finding an initial interior point in P++
1 , (ii) an algorithm

for finding the limit point of ODE system (2.2), and (iii) some preliminary numerical

results.

When s = n, finding an interior feasible point in P++
1 can be regarded as min-

imizing a convex quadratic function with nonnegative constraints. We can use the

algorithm in [73] with γ2 =
1
2
to solve it. However, there are two concerns: one is that

the convergence of the algorithm may be slow; and the other is whether the sequence

will converge to a point with the property that all the components are positive. The

way to address the first concern is that when the error ∥b−Axk∥ is small, a projection

of the residual can be adopted. That is, at the iteration k, let

∆xk = AT (AAT )
−1
(b− Axk),

then the point xk+∆xk will satisfy the equality constraint, and if the point is positive,

then we get an interior feasible point. As for the second concern, the iterative method

does not have this property as we know, but we have this property in the continuous

situation according to Theorem 2.16 when s = n.

Now we introduce a new algorithm for finding the limit point of ODE system

(2.2). The algorithm is basically an explicit Euler scheme for ODE system (2.2),

where the right-hand side is replaced by (2.16) due to Lemma 2.2. Our algorithm
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is only for convex quadratic programming problems, i.e., f(x) = 1
2
xTQx + cTx in

problem (P1) with s = n.
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Algorithm 2.4.1

Step 0: Initialize θ ∈ (0, 1), x0 ∈ P++
1 , t0 > 0, and k = 0.

Step 1: Calculate dk from (2.16), that is

dk = −DPAD [γ1In + tPADDQDPAD]
−1 PADD(Qx+ c),

where x = xk and t = tk.

Step 2: If the norm of dk is very small, stop; otherwise, let

h̄1 = argmin
h

{f(xk + hdk)|h ≥ 0}, and h̄2 = sup
h
{xk + hdk > 0}.

Then take hk = min(h̄1, θh̄2), xk+1 = xk + hkdk, tk+1 = tk + hk, k = k + 1; go

to Step 1.

Our convex quadratic test problems are constructed as follows. The matrix Q is

generated by

Q = HTH, H = randn(r1, n),

where randn is the random function in Matlab. Then matrix A is generated by

A = randn(m,n), and an optimal solution x∗ is also generated randomly with 20%

of components on the boundary, i.e., x∗
i = 0. Finally, vectors b and c are obtained

from KKT condition (1.3).

We next report some numerical results of the new algorithm. All our tests are

conducted in Matlab (version 2014b) platform on a PC. In addition to our new

algorithm, a Matlab function quadprog is also tested as the benchmark. For our

new algorithm, we set γ2 = 0.75 (which seems to achieve the best performance),

γ1 = 1, θ = 0.9, and t0 = 1. Since the optimal solution in our test is known, two
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stopping criteria are adopted: (i) the relative error in the objective function value,

i.e., |f(xk)−f∗|
|f∗|+1

< ϵ1, where f
∗ is the optimal objective function value, and (ii) the norm

of the direction dk, i.e., ∥dk∥∞ < ϵ2. In our tests, we set two values for ϵ1 as 10
−10 and

10−12; two values for ϵ2 as 10
−6 and 10−8. The stopping criterion for Matlab function

quadprog just follows the default setting. The CPU time (in seconds) reported for

our algorithm includes the time for finding the initial interior feasible point. Each

number reported in the following tables is the average of 20 runs.

Remarks on the numerical results: (i) The results presented in Tables 2.1-2.5

are only for our randomly generated test problems, these results are for indication

only. (ii) Our algorithm is just a simple explicit Euler scheme for ODE system

(2.2), more efficient solution schemes may be developed. (iii) The convergence and

convergence rate for our algorithm are not discussed here since these are beyond the

scope of this paper.

Table 2.1: Numerical results for Rank(Q) = 0.5n, m = 0.1n and ϵ1 = 10−10

CPU Time |f(xk)−f∗|
|f∗|+1

∥Ax− b∥2 Iter. Number

n our alg. quadprog quadprog our alg. quadprog our alg. quadprog

2500 8.3 65.5 1.20e-10 1.20e-12 1.27e-12 19.05 12.60

5000 37.5 456.8 2.63e-10 3.37e-12 3.41e-12 20.10 14.05

10000 181.3 3259.5 1.67e-10 9.52e-12 8.29e-12 20.55 14.90

20000 1056.4 23538.0 1.95e-10 2.71e-11 2.34e-11 21.35 16.35

Note: The values of |f(xk)−f∗|
|f∗|+1

for our algorithm with above n’s are not listed since

they are all less than ϵ1 = 10−10.
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Table 2.2: Numerical results for Rank(Q) = 0.5n, m = 0.2n and ϵ1 = 10−10

CPU Time |f(xk)−f∗|
|f∗|+1

∥Ax− b∥2 Iter. Number

n our alg. quadprog quadprog our alg. quadprog our alg. quadprog

2500 10.8 110.5 4.00e-10 1.66e-12 1.37e-12 21.90 13.00

5000 51.3 787.8 6.24e-10 4.64e-12 3.87e-12 23.25 14.05

10000 289.7 5615.3 5.49e-10 1.32e-11 1.08e-11 24.10 14.95

20000 1688.6 42773.6 9.00e-10 3.76e-11 3.00e-11 25.20 16.25

Note: The values of |f(xk)−f∗|
|f∗|+1

for our algorithm with above n’s are not listed since

they are all less than ϵ1 = 10−10.

Table 2.3: Numerical results for Rank(Q) = 0.5n and ϵ1 = 10−12

CPU Time ∥Ax− b∥2 Iter. Number

n m = 0.1n m = 0.2n m = 0.1n m = 0.2n m = 0.1n m = 0.2n

2500 9.5 12.3 1.20e-12 1.66e-12 21.80 24.85

5000 43.0 53.6 3.39e-12 4.65e-12 23.00 26.35

10000 208.8 331.2 9.50e-12 1.32e-11 23.65 14.90

20000 1245.5 1999.3 2.71e-11 3.74e-11 25.15 29.90

Note: (i) The results for Matlab function quadprog are not listed in Table 2.3 since

they are the same as the ones in Tables 2.1 and 2.2 (due to the same default setting).

(ii) The values of |f(xk)−f∗|
|f∗|+1

for our algorithm with above n’s are not listed since they

are all less than ϵ1 = 10−12.
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Table 2.4: Numerical results for Rank(Q) = 0.5n and m = 0.1n

CPU Time |f(xk)−f∗|
|f∗|+1

∥Ax− b∥2 Iter. Number

ϵ2 ϵ2 ϵ2 ϵ2

n 10−6 10−8 10−6 10−8 10−6 10−8 10−6 10−8

2500 8.4 9.2 8.86e-11 3.00e-12 1.18e-12 1.18e-12 18.95 20.80

5000 40.3 43.8 2.91e-11 8.52e-13 3.38e-12 3.39e-12 21.20 23.20

10000 203.1 218.2 5.98e-12 4.47e-13 9.52e-12 9.55e-12 22.55 24.35

20000 1248.2 1338.9 1.43e-12 6.91e-14 2.72e-11 2.72e-11 24.75 26.60

Note: (i) The results for Matlab function quadprog are not listed in Table 2.4 since

they are the same as the ones in Tables 2.1 and 2.2 (due to the same default setting).

(ii) The final results of ∥dk∥∞ for our algorithm with above n’s are not listed since

they are all less than respective ϵ2 values.

Table 2.5: Numerical results for Rank(Q) = 0.5n and m = 0.2n

CPU Time |f(xk)−f∗|
|f∗|+1

∥Ax− b∥2 Iter. Number

ϵ2 ϵ2 ϵ2 ϵ2

n 10−6 10−8 10−6 10−8 10−6 10−8 10−6 10−8

2500 10.9 11.8 8.89e-11 6.81e-12 1.65e-12 1.65e-12 21.75 23.65

5000 53.6 58.5 3.17e-11 7.02e-13 4.64e-12 4.66e-12 24.10 26.45

10000 331.2 351.8 4.92e-12 2.19e-13 1.32e-11 1.32e-11 27.00 28.80

20000 2021.9 2189.6 1.22e-12 3.35e-14 3.75e-11 3.76e-11 29.55 32.00

Note: (i) The results for Matlab function quadprog are not listed in Table 2.5 since

they are the same as the ones in Tables 2.1 and 2.2 (due to the same default setting).

(ii) The final results of ∥dk∥∞ for our algorithm with above n’s are not listed since

they are all less than respective ϵ2 values.
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Chapter 3

First-order Primal Affine Scaling

Continuous Trajectory for Convex

Programming

A first-order primal affine scaling continuous trajectory for problem (P2) is studied

in this chapter. By assuming the existence of an optimal solution in the linear case

or the boundedness of the optimal solution set in the general case, we show that

starting from any interior feasible point, (i) every accumulation point is indeed an

optimal solution; and (ii) if the objective function is analytic, the primal affine scaling

continuous trajectory converges to a point which is actually in the relative interior of

the optimal solution set.

The first-order primal affine scaling direction for problem (P2) can be given by

−XPAXX∇f(x),

where x ∈ Rn
++, X = diag (x) ∈ Rn×n, PAX = In − XAT (AX2AT )−1AX, and In

(or I) stands for the n× n identity matrix. As a result, the first-order primal affine

scaling continuous trajectory for problem (P2) is the solution curve of the following

ODE system

dx

dt
= −XPAXX∇f(x), x(t0) = x0 ∈ P++

2 , t ≥ t0 > 0. (3.1)
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3.1 Fundamental Properties of The Continuous Tra-

jectory

The following assumptions are made throughout this chapter.

Assumption 3.1. If f(x) = cTx, we assume that there exists a point x∗ ∈ P+
2 such

that cTx∗ is the optimal value of problem (P2). Otherwise, we assume that the optimal

solution set of problem (P2) is non-empty and bounded.

Assumption 3.2. The set P++
2 is not empty.

First we state two simple technical lemmas without proof.

Lemma 3.1. (AX2AT )−1 ∈ C1 on Rn
++.

Lemma 3.2. XPAXX∇f(x) ∈ C1 on Rn
++.

Lemma 3.2 reveals the smoothness property for the right-hand side of ODE system

(3.1). Theorem 3.1 and Theorem 3.2 below guarantee the existence, uniqueness, and

feasibility for the solution of ODE system (3.1).

Theorem 3.1. For ODE system (3.1), there exists a solution x(t) which is unique on

a maximal existence interval [t0, α), in addition, x(t) > 0 on this existence interval.

Proof. By Lemma 3.2, XPAXX∇f(x) is locally Lipschitz continuous on Rn
++. Since

Rn
++ is an open set, from Theorem IV.1.2 in [8], a solution x(t) is existed and unique

on the maximal existence interval [t0, α), for some α > t0 or α = +∞.

Because the right-hand side of ODE system (3.1) is defined on the open set

(0,+∞) × Rn
++, the solution of ODE system (3.1) is of course in the open set Rn

++,

so x(t) is positive on the existence interval. The proof is complete.

Later in this section, it will be shown that α = +∞ (Theorem 3.4). For simplicity,

in the following, let x (or X) stand for x(t) (or X(t)).
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Theorem 3.2. Let the solution of ODE system (3.1) on the maximal existence in-

terval [t0, α) be x(t). Then Ax(t) = b ∀t ∈ [t0, α).

Proof. For any t ∈ [t0, α)

x(t) = x0 −
∫ t

t0

(XPAXX∇f(x)|t=τ )dτ.

Notice

AXPAX = AX − AX2AT (AX2AT )−1AX ≡ 0,

we can get

Ax(t) = Ax0 −
∫ t

t0

(AXPAXX∇f(x)|t=τ )dτ = b.

Thus the theorem is proved.

Next we show that the solution curve is contained in a bounded set.

Theorem 3.3. The unique solution x(t) of ODE system (3.1) is contained in a

bounded set in Rn
+.

Proof. If f(x) = cTx, from Theorem 3.1, x(T ) > 0 for any T ∈ [t0, α), then we can

define

V1(t) =
n∑

i=1

(x(T )i − x∗
i )

x(t)i
, t ∈ [t0, α),

where x∗ is from Assumption 3.1. From Theorem 3.2, we have

dV1(t)

dt
=

n∑
i=1

−(x(T )i − x∗
i )

x(t)2i
· dxi

dt

= −(x(T )− x∗)TX(t)−2dx

dt

= (x(T )− x∗)TX−2XPAXXc

= (x(T )− x∗)TX−2(X2 −X2AT (AX2AT )−1AX2)c

= (x(T )− x∗)T c− (b− b)T (AX2AT )−1AX2c

= cTx(T )− cTx∗

≥ 0,
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then

V1(t0) ≤ V1(T ) =
n∑

i=1

1−
n∑

i=1

x∗
i

x(T )i
≤ n. (3.2)

Therefore for any T ∈ [t0, α), we have

∥x(T )∥ ≤ eTx(T ) ≤ max
i

(x0
i )

n∑
i=1

x(T )i
x0
i

≤ max
i

(x0
i )

(
n+

n∑
i=1

x∗
i

x0
i

)
.

The last inequality is from (3.2), which indicates that x(T ) is bounded, and the bound

depends only on x0, x∗, and n.

Otherwise, notice for t ∈ [t0, α),

df(x(t))

dt
= −∇f(x)TXPAXX∇f(x) = −∥PAXX∇f(x)∥2 ≤ 0,

we know that f(x(t)) is a nonincreasing function on t ∈ [t0, α). Hence x(t) will be

contained in the level set {x | x ∈ P+
2 , f(x) ≤ f(x0)}. Under Assumption 3.1, from

Theorem 24 on page 93 in [18], the level set will be bounded as well. Thus the proof

is complete.

After we get the boundedness of the solution curve, we can extend the existence

interval of the solution to infinity.

Theorem 3.4. Let the solution of ODE system (3.1) with the maximal existence

interval [t0, α) be x(t). Then α = +∞.

Proof. Assume α ̸= +∞. From Theorem 3.3, we know that 0 < x(t) ≤ Me ∀t ∈

[t0, α) for an M > 0. Furthermore, PAX is symmetric and idempotent, which leads

to ∥PAX∥ ≤ 1. Therefore the vector PAXX∇f(x) is bounded. Then we know that

there exists an L > 0 such that for every i ∈ {1, . . . , n}, we have∣∣∣∣dxi

dt

∣∣∣∣ ≤ Lxi ∀t ∈ [t0, α), (3.3)

and this L depends only on M , and f .
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For every i ∈ {1, . . . , n}, from inequality (3.3) and 0 < x(t) ≤ Me ∀t ∈ [t0, α), we

know that ∣∣∣∣dxi

dt

∣∣∣∣ ≤ LM ∀t ∈ [t0, α), (3.4)

furthermore, x(t) is continuous on [t0, α), and it is not hard to see that lim
t→α−

x(t)

exists. We denote this limit as x(α). Evidently x(α) ≥ 0. According to the Extension

Theorem in S2.5, [3], we know that the solution x(t) will go to the boundary of the

open set (0,+∞) × Rn
++. But because of the hypothesis, α ̸= +∞, so there must

exist at least one i ∈ {1, . . . , n} such that xi(α) = 0. From inequality (3.3), we know

that if t ∈ [t0, α),

dxi

xi

≥ −Ldt.

Integrating the inequality above, we have for every t ∈ [t0, α)

lnxi(t)− lnxi(t0) ≥ −L(t− t0).

Since xi(t) → xi(α) = 0 as t → α−, ln xi(t) − lnxi(t0) → −∞ as t → α−, but

−L(t− t0) ≥ −L(α− t0). This is a contradiction. Therefore α = +∞, and the proof

is complete.

From Theorem 3.4, we can define the limit set for the solution of ODE system

(3.1). The limit set of the solution of system (3.1) {x(t)} can be defined as follows

Ω1(x0) =

{
x ∈ Rn | ∃ {tk}+∞

k=0 with lim
k→+∞

tk = +∞ such that lim
k→+∞

x(tk) = x

}
.

Theorem 3.5. The limit set Ω1(x0) is nonempty, compact, and connected. Further-

more Ω1(x0) is contained in P+
2 .

Proof. From Theorems 3.1, 3.2, and 3.4, we know that the limit set Ω1(x0) is con-

tained in P+
2 . From Theorem 3.3, we know that the solution x(t) is contained in a

bounded closed set. So similar to the proof of Theorem 1.1 on page 390 in [10] (the

proof in [10] is for n = 2, but it can be easily exntended to the general case), it can

be verified that Ω1(x0) is nonempty, compact, and connected.
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Now we also introduce a kind of potential function for ODE system (3.1). The

potential function I(x, y) for ODE system (3.1) can be defined as

Ĩ(x, y) =
n∑

i=1

(lnxi) +
n∑

i=1

yi
xi

, (3.5)

where x ∈ Rn
++ is the variable, y ∈ Rn

+ is a parameter.

In the rest of this section, we will show that for the solution of system (3.1),

XPAXX∇f(x) → 0 as t → +∞. But first, we reveal some fundamental results.

Theorem 3.6. Let the solution of ODE system (3.1) be x(t). Then f(x(t)) is a

nonincreasing function on [t0,+∞). Furthermore, if x0 ∈ P++ is an optimal solution

for problem (P2), then x(t) ≡ x0 on [t0,+∞); otherwise f(x(t)) is a strictly decreasing

function on [t0,+∞).

Proof. Since for t ≥ t0,

df(x(t))

dt
= −∥PAXX∇f(x)∥2 ≤ 0,

we know that f(x(t)) is a noincreasing function on [t0,+∞).

For problem (P2), the KKT conditions are
Ax = b, x ≥ 0,

Xz = 0, z ≥ 0,

ATy + z = ∇f(x),

(3.6)

where z ∈ Rn and y ∈ Rm.

If x ∈ P++
2 is an optimal solution, which implies that there must exist an (y, z)

such that (x, y, z) satisfies system (3.6), then

z = 0 and ATy = ∇f(x),

thus, it is easy to see that

PAXX∇f(x) = PAXXATy = 0.
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So if x0 ∈ P++
2 is an optimal solution, we know that the right-hand side of ODE

system (3.1) equals zero at x = x0, i.e.,

XPAXX∇f(x)|x=x0 = 0,

therefore x(t) ≡ x0 for t ≥ t0 is a solution of ODE system (3.1). Because of the

uniqueness of the solution, we know that x(t) ≡ x0 on [t0,+∞).

If x0 ∈ P++
2 is not an optimal solution, we will show f(x(t)) is a strictly decreasing

function on [t0,+∞). If not, then there must exist t1 and t2 with t0 ≤ t1 < t2 such that

f(x(t1)) = f(x(t2)). Since df(x(t))
dt

≤ 0, we know that when t1 ≤ t ≤ t2,
df(x(t))

dt
≡ 0.

From df(x(t))
dt

= −∥PADD∇f(x)∥2 = −∥D−1 dx
dt
∥2 = 0, Theorem 3.1 and Theorem 3.4,

it is easy to see dx
dt

= 0 on [t1, t2], then x(t) ≡ x(t1) on [t0,+∞) will be a solution of

the ODE

dx

dt
= −XPAXX∇f(x)

that passes through the point (t1, x(t1)). But according to the uniqueness of the

solution, we know that the solution of ODE system (3.1) is actually x(t) ≡ x(t1) = x0

on [t0,+∞). Hence dx
dt
|t=t0 = 0, which implies

(I − AT (AX2
0A

T )−1AX2
0 )∇f(x0) = 0,

where X0 = X(t0). Let y = (AX2
0A

T )−1AX2
0∇f(x0) and z = 0, then (x0, y, z) will

satisfy the KKT system (3.6). Therefore x0 must be an optimal solution. However

this is a contradiction. Thus f(x(t)) is a strictly decreasing function on [t0,+∞).

Lemma 3.3. If 0 < x ≤ Me with M > 0, then for every i ∈ {1, . . . , n}, every entry

of

∂XPAXX∇f(x)

∂xi

is bounded, and the bound depends only on A, M , n, and f .

Proof. Let H = (AX2AT )−1AX2. From Lemma 3 and the Remark in Sun [66], we

know that if x > 0 every entry of (AX2AT )−1AX2 is bounded, and the bound depends
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only on A and n. Notice

∂XPAXX

∂xi

=
∂X2

∂xi

− ∂X2AT

∂xi

H −X2AT ∂(AX
2AT )−1

∂xi

AX2 −HT ∂AX
2

∂xi

,

and

X2AT ∂(AX
2AT )−1

∂xi

AX2 = −2xiH
T (Aeie

T
i A

T )H.

Therefore when 0 < x ≤ Me, every entry of

∂XPAXX

∂xi

is bounded, and the bound depends only on A, M , and n. Then it is evident that for

every i ∈ {1, . . . , n}, every entry of

∂XPAXX∇f(x)

∂xi

is bounded, and the bound depends only on A, M , n, and f .

Theorem 3.7. Let the solution of ODE system (3.1) be x(t). Then

lim
t→+∞

DPADD∇f(x) = 0.

Proof. From Theorem 3.3, we know that x(t) is contained in the bounded closed set

{x ∈ Rn|0 ≤ x ≤ Me} for an M > 0. This along with Lemma 3.3 indicates that

there exists a constant L1 such that for every i ∈ {1, . . . , n}, every entry of

∂∇f(x)TXPAXX∇f(x)

∂xi

(3.7)

is bounded by L1, and L1 depends only on A, M , n, and f .

From Theorem 3.6, we know that f(x(t)) is a nonincreasing function and f(x(t)) ≥

f(x∗) on [t0,+∞). Thus f(x(t)) has a finite limit as t → +∞. From (3.4), we have∣∣∣∣df(x(t))dt
|t=t1 −

df(x(t))

dt
|t=t2

∣∣∣∣
=

∣∣∣∣∫ 1

0

∂∇f(x)TXPAXX∇f(x)

∂x
|x=x(t2)+τ(x(t1)−x(t2))(x(t1)− x(t2))dτ

∣∣∣∣
≤

√
nL1 · ∥x(t1)− x(t2)∥

=
√
nL1 · ∥

∫ t2

t1

dx

dτ
dτ∥

≤ nL1LM |t1 − t2|,
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where the last inequality is obtained from inequality (3.4).

Thus, df(x(t))
dt

is uniformly continuous. From Barbalat’s Lemma, we know that

lim
t→+∞

df(x(t))

dt
= − lim

t→+∞
∥PAXX∇f(x)∥2 = 0,

which indicates

lim
t→+∞

XPAXX∇f(x) = 0.

Thus the proof is complete.

3.2 Optimality of The Cluster Point(s)

Theorem 3.8. For any x(1) ∈ Ω1(x0), x(1) is an optimal solution for problem (P2).

Proof. We prove this by contradiction. Assume x(1) is not an optimal solution,

then from Theorem 3.6, we know f(x0) > f(x(1)) = lim
k→+∞

f(x(tk)) > f(x∗), where

lim
k→+∞

x(tk) = x(1). Let’s define

y(1) =
f(x(1))− f(x∗)

2(f(x0)− f(x∗))
x0 +

[
1− f(x(1))− f(x∗)

2(f(x0)− f(x∗))

]
x∗,

then y(1) ∈ P++
2 . Since y(1) is a convex combination of x0 and x∗, obviously

f(y(1)) ≤ f(x(1))− f(x∗)

2(f(x0)− f(x∗))
f(x0) +

[
1− f(x(1))− f(x∗)

2(f(x0)− f(x∗))

]
f(x∗) =

f(x(1)) + f(x∗)

2
.

Then we can define

V2(t) = Ĩ(x(t), y(1)) =
n∑

i=1

(lnxi) +
n∑

i=1

y
(1)
i

xi

,

where t ∈ [t0,+∞) and x(t) is the unique solution of ODE system (3.1). Then from
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Theorem 3.2 and Lemma 1.2, we have ∀t ≥ t0

dV2(t)

dt
= (x− y(1))TX−2dx

dt

= (y(1) − x)TX−2XPAXX∇f(x)

≤ f(y(1))− f(x)

≤ f(y(1))− f(x(1))

≤ f(x∗)− f(x(1))

2

< 0,

therefore V2(t) → −∞ as t → +∞. But

V2(t) =
n∑

i=1

((lnxi) +
y
(1)
i

xi

) ≥
n∑

i=1

(ln y
(1)
i + 1) > −∞.

Hence the hypothesis is not true, and x(1) is an optimal solution for problem (P2).

3.3 Convergence of The Continuous Trajectory

Now, it comes to the key result of this chapter. Theorem 3.9 below shows that if

f(x) is analytic, the solution of ODE system (3.1) converges to a point which is in

the relative interior of the optimal solution set as t → +∞.

Theorem 3.9. If the objective function f(x) in problem (P2) is analytic, then the

limit set Ω1(x0) contains a single point only which is in the relative interior of the

optimal solution set of problem (P2).

Proof. From Theorem 3.5, we know that Ω1(x0) is not empty. So we can choose a

point x̄ ∈ Ω1(x0), and evidently x̄ ∈ P+
2 . Without loss of generality, we assume an

optimal solution x∗ has the maximal number of positive components in the optimal

solution set for problem (P2), which is actually in the relative interior of the optimal

solution set since f(x) is analytic. We denote this number as k. If k = 0, the proof

is complete, and we assume 1 ≤ k ≤ n below. Let’s define

V3(t) =
n∑

i=1

x̄i − x∗
i

x(t)i
, t ∈ [t0,+∞).
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Then from Lemma 1.6 and Theorem 3.8, we have

dV3(t)

dt
= (x̄− x∗)TX−2XPAXX∇f(x) = (x̄− x∗)T∇f(x) = 0,

so the function V3(t) is a constant. Since x̄ ∈ Ω1(x0), there exists a sequence {tk}

with tk → +∞ as k → +∞ such that x(tk) → x̄ as k → +∞. Thus as k → +∞, for

any index i, there are four situations:

(i) if x̄i = x∗
i = 0, then

x̄i−x∗
i

x(tk)i
≡ 0;

(ii) if x̄i = 0, x∗
i > 0, then

x̄i−x∗
i

x(tk)i
→ −∞;

(iii) if x̄i > 0, x∗
i = 0, then

x̄i−x∗
i

x(tk)i
→ 1;

(iv) if x̄i > 0, x∗
i > 0, then

x̄i−x∗
i

x(tk)i
→ 1− x∗

i

x̄i
.

Therefore, for any index i such that x∗
i > 0, x̄i must be positive because V3(t) is a

constant. Since x∗ has the maximal number of positive components in the optimal

solution set for problem (P2) and x̄ is also an optimal solution, we know x̄ must also

have k positive components and hence must be in the relative interior of the optimal

solution set.

If x̄ is not the only point in Ω1(x0), there must exist another point x̃ ∈ Ω1(x0)

with x̃ ̸= x̄. Obviously, x̃ also has k positive components. Without loss of generality,

we assume that the first k components of x̄ and x̃ are positive. Then we define

V4(t) =
n∑

i=1

x̄i − x̃i

x(t)i
=

k∑
i=1

x̄i − x̃i

x(t)i
, t ∈ [t0,+∞).

Similar to V3(t), we can get that V4(t) is also a constant. Therefore if we let x(tk) → x̄

and x(tl) → x̃ as k, l → +∞, respectively, we can get

k∑
i=1

(1− x̃i

x̄i

) =
k∑

i=1

(
x̄i

x̃i

− 1),

which indicates that for 1 ≤ i ≤ k, x̄i = x̃i. So x̄ = x̃. Therefore, the limit set Ω1(x0)

is a singleton.
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Chapter 4

Two Primal-Dual Interior Point

Continuous Trajectories for

Convex Programming

In this chapter, we analyze two primal-dual interior point continuous trajectories

for convex programming for problem (P2). The two continuous trajectories are de-

rived from the primal-dual path-following method and the primal-dual affine scaling

method respectively. Theoretical properties of the two interior point continuous tra-

jectories are fully studied. The optimality and convergence of both interior point

continuous trajectories are obtained for any interior feasible point under some mild

conditions. In particular, with proper choice of some parameters, the convergence

for all both interior point continuous trajectories does not require the strict comple-

mentarity or the analyticity of the objective function. We assume f(x) ∈ C3 on Rn

throughout this chapter.

The Wolfe dual problem [47] associated to (P2) is

max L(y, z) = f(x)−∇f(x)Tx+ bTy

s.t. −∇f(x) + ATy + z = 0, z ≥ 0,
(D2)
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and the following notations will be used

D+
2 = {(x, y, z) ∈ Rn ×Rm ×Rn| − ∇f(x) + ATy + z = 0, z ≥ 0},

D++
2 = {(x, y, z) ∈ Rn ×Rm ×Rn| − ∇f(x) + ATy + z = 0, z > 0},

F2 = {(x, y, z) ∈ Rn ×Rm ×Rn|x ∈ P+
2 , (x, y, z) ∈ D+

2 },

F0
2 = {(x, y, z) ∈ Rn ×Rm ×Rn|x ∈ P++

2 , (x, y, z) ∈ D++
2 }.

4.1 TheWeighted Primal-Dual Path-Following Con-

tinuous Trajectory

In this section, we study a continuous trajectory that is closely related to the primal-

dual interior point method. The search direction in most of primal-dual interior point

algorithms is the solution of the following system:


−∇2f(x) AT I

A 0 0

Z 0 X



∆x

∆y

∆z

 =


0

0

−XZe+ σµe

 , (4.1)

where σ ∈ [0, 1] and µ = xT z/n. The search directions of the primal-dual path-

following algorithms and primal-dual potential reduction algorithms are generally the

solution of system (4.1). The difference between them is the choice of the stepsize at

each iteration. The stepsize in primal-dual path-following algorithms is determined

by the neighborhood of the central path, while the stepsize in primal-dual potential

reduction algorithms is determined by the potential function. If σ = 0, the search

direction is usually called the primal-dual affine scaling direction, and for the cor-

responding continuous trajectory we call it the primal-dual affine scaling continuous

trajectory which will be studied in Section 3. If σ = 1 and (x, y, z) ∈ F0
2 , the search
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direction is actually the Newton direction of the following equation
ATy + z

Ax

XZe

 =


∇f(x)

b

µe

 ,

where µ = xT z/n. Evidently, the solution of the above equation is a point on the

central path with the dual gap µ = xT z
n
, not the optimal solution if µ > 0. Therefore

in this section we study the search direction with σ ∈ (0, 1). We first extend system

(4.1) to a more general form to get the following ODE system

−∇2f(x)dx
dt

+ AT dy
dt

+ dz
dt

= 0,

Adx
dt

= 0,

γ1X
γ1−1Zγ2 dx

dt
+ γ2X

γ1Zγ2−1 dz
dt

= −(Xγ1Zγ2e− σµw),

(x(t0), y(t0), z(t0) = (x0, y0, z0) ∈ F0
2 ,

(4.2)

where

t0 > 0, σ ∈ (0, 1), µ =
eTXγ1Zγ2e

n
, γ1 > 0, γ2 > 0, w ∈ Rn

++,

n∑
i=1

wi = n,

x ∈ Rn
++, X = diag (x) ∈ Rn×n, z ∈ Rn

++, Z = diag (z) ∈ Rn×n.

We call this ODE system the weighted primal-dual path-following ODE system. The

unique (Theorem 4.1) solution of ODE system (4.2) defines the weighted primal-

dual path-following continuous trajectory for problem (P2). The condition that the

weighted vector w satisfies
n∑

i=1

wi = n is to guarantee µ = eTXγ1Zγ2e
eTw

= eTXγ1Zγ2e
n

.

From the above ODE system, we can get two equivalent explicit forms, one is

dx
dt

= − 1
γ1

[
In +

γ2
γ1
(XZ−1)

1
2P

A(XZ−1)
1
2
(XZ−1)

1
2∇2f(x)

]−1

[X1−γ1Z−γ2

−Z−1XAT (AZ−1XAT )−1AX1−γ1Z−γ2 ](Xγ1Zγ2e− σµw),

dy
dt

= 1
γ2
(AZ−1XAT )−1AX1−γ1Z−γ2(Xγ1Zγ2e− σµw)

+(AZ−1XAT )−1AXZ−1∇2f(x)dx
dt
,

dz
dt

= ∇2f(x)dx
dt

− AT dy
dt
, (x(t0), y(t0), z(t0)) = (x0, y0, z0) ∈ F0

2 ,

(4.3)
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where P
A(XZ−1)

1
2

= In − (XZ−1)
1
2AT (AZ−1XAT )−1A(XZ−1)

1
2 , In is the identity

matrix of order n. The other explicit form is

dx
dt

= −G
[
X1−γ1Z1−γ2 − γ2XAT (AGXAT )−1AGX1−γ1Z1−γ2

]
(Xγ1Zγ2e− σµw),

dy
dt

=
[
(AGXAT )−1AGX1−γ1Z1−γ2

]
(Xγ1Zγ2e− σµw),

dz
dt

= ∇2f(x)dx
dt

− AT dy
dt
, (x(t0), y(t0), z(t0) = (x0, y0, z0) ∈ F0

2 ,

where G = (γ1Z + γ2X∇2f(x))−1. The following assumption is made throughout

Section 2.

Assumption 4.1. The set F0
2 is nonempty.

4.1.1 Fundamental Properties of The Weighted Primal-Dual

Path-Following Continuous Trajectory

First we need the following lemma to obtain the existence and uniqueness of the

solution of the weighted primal-dual path-following ODE system (4.3).

Lemma 4.1. (AZ−1XAT )−1 ∈ C1 on Rn
++ ×Rn

++ with respect to x and z.

Theorem 4.1 and Theorem 4.2 below guarantee the existence, uniqueness, and

feasibility for the solution of ODE system (4.3).

Theorem 4.1. For the weighted primal-dual path-following ODE system (4.3), there

exists a unique solution (x(t), y(t), z(t)) with the maximal existence interval [t0, β),

in addition, x(t) > 0, z(t) > 0 on the existence interval.

Proof. Since (XZ−1)
1
2P

A(XZ−1)
1
2
(XZ−1)

1
2 and ∇2f(x) are both symmetric and posi-

tive semidefinite, from Lemma 1.1 we know[
I +

γ2
γ1

(XZ−1)
1
2P

A(XZ−1)
1
2
(XZ−1)

1
2∇2f(x)

]
is always invertible for any x > 0 and z > 0. Furthermore, from ∇2f(x) ∈ C1 on

Rn
+, Z

−1 ∈ C1 on Rn
++ with respect to z, and Lemma 4.1, it is not hard to see that
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the right-hand sides of (4.3) are all locally Lipschitz continuous on Rn
++×Rm×Rn

++.

Since Rn
++ × Rm × Rn

++ is an open set, from Theorem IV.1.2 in [8], there exists

a unique solution (x(t), y(t), z(t)) of ODE system (4.3) on the maximal existence

interval [t0, β), for some β > t0 or β = +∞.

Because the right-hand sides of ODE system (4.3) are defined on the open set

(0,+∞) × Rn
++ × Rm × Rn

++, the solution of ODE system (4.3) is of course in the

open set Rn
++×Rm×Rn

++, so x(t) and z(t) are both positive on the existence interval.

Thus the proof is complete.

Later in this section, it will be shown that β = +∞ (Theorem 4.4). For simplicity,

in the following, let x, y, and z (or X, Z) stand for x(t), y(t), and z(t) (or X(t),

Z(t)) respectively.

Theorem 4.2. Let the solution of the weighted primal-dual path-following ODE sys-

tem (4.3) on the maximal existence interval [t0, β) be (x(t), y(t), z(t)). Then Ax(t) = b

and ATy(t) + z(t) = ∇f(x(t)) ∀t ∈ [t0, β).

Proof. Notice ATy0 + z0 = ∇f(x0) and the first equation in (4.2), then

AT dy

dt
+

dz

dt
≡ ∇2f(x)

dx

dt
,

we have for any t ∈ [t0, β),

ATy(t) + z(t) = AT (y0 +

∫ t

t0

dy

dt
|t=τ )dτ) + z0 +

∫ t

t0

dz

dt
|t=τ )dτ

= ATy0 + z0 +

∫ t

t0

(AT dy

dt
+

dz

dt
)|t=τ )dτ

= ATy0 + z0 +

∫ t

t0

∇2f(x)
dx

dt
|t=τ )dτ

= ∇f(x0) +∇f(x(t))−∇f(x0) = ∇f(x(t)).

From the second equation in (4.2) and Ax0 = b, we can get Ax(t) = b similarly.

Next we show that the solution curve is contained in a bounded set.
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Theorem 4.3. The unique solution (x(t), y(t), z(t)) of the weighted primal-dual path-

following ODE system (4.3) is contained in a bounded set in Rn
+×Rm×Rn

+, and the

bound of x(t) and z(t) depends on x0, z0, γ1, and γ2 only, the bound of y(t) depends

on x0, z0, γ1, γ2, A, and f only.

Proof. First we assume that x(t)T z(t) is bounded by M > 0. By Theorem 4.2 and

the convexity of f(x), for any t ∈ [t0, β)

(x(t)− x0)T (z(t)− z0) = (x− x0)T (−ATy + ATy0 +∇f(x)−∇f(x0))

= (Ax− Ax0)T (y0 − y) + (x− x0)T (∇f(x)−∇f(x0))

= (x− x0)T (∇f(x)−∇f(x0)) ≥ 0.

Then we get

(x0)T z(t) + x(t)T z0 ≤ (x0)T z0 + x(t)T z(t) ≤ (x0)T z0 +M.

Since x(t) > 0 and z(t) > 0 (Theorem 4.1), we know for any t ∈ [t0, β) and any

1 ≤ i ≤ n,

x(t)i ≤
(x0)T z0 +M

z0i
, z(t)i ≤

(x0)T z0 +M

x0
i

,

therefore x(t) and z(t) are contained in a bounded set in Rn
+, and the bound depends

on x0, z0 and M only.

For y(t), since ATy(t) + z(t) = ∇f(x(t)) and the matrix A is of full row rank

which implies AAT is invertible, then we have

y(t) = (AAT )−1A(∇f(x(t))− z(t)).

Thus y(t) must be contained in a bounded set in Rm and the bound depends on x0,

z0, M , A, and f only.

Next we show that there exists a bound M > 0 which depends only on x0, z0, γ1
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and γ2. First from the third equation in (4.2), we have

deTX(t)γ1Z(t)γ2e

dt
= γ1e

TXγ1−1Zγ2
dx

dt
+ γ2e

TXγ1Zγ2−1dz

dt

= −eT (Xγ1Zγ2e− σµw) = −eTXγ1Zγ2e+ σnµ

= −(1− σ)eTXγ1Zγ2e,

hence

µ = µ0e
−(1−σ)(t−t0), (4.4)

where µ0 = eTX(t0)
γ1Z(t0)

γ2e/n.

If γ1 > γ2, for any 1 ≤ i ≤ n,

x(t)iz(t)i = xiz
γ2
γ1
i z

(1− γ2
γ1

)

i = (xγ1
i zγ2i )

1
γ1 z

(1− γ2
γ1

)

i ≤ (nµ)
1
γ1 z

(1− γ2
γ1

)

i ,

furthermore,

z(t)i ≤
(x0)T z0 + x(t)T z(t)

x0
i

≤ (x0)T z0 + x(t)T z(t)

min(x0)
,

along with (4.4), we get

x(t)iz(t)i ≤ (nµ0)
1
γ1 e−(1−σ)(t−t0)/γ1

[
(x0)T z0 + x(t)T z(t)

min(x0)

](1− γ2
γ1

)

,

and

x(t)T z(t) ≤ n(nµ0)
1
γ1 e−(1−σ)(t−t0)/γ1

[
(x0)T z0 + x(t)T z(t)

min(x0)

](1− γ2
γ1

)

.

Since 0 < 1− γ2
γ1

< 1, there should exist a constant M > 0 such that x(t)T z(t) < M ,

and M depends only on x0, z0, γ1, and γ2.

For γ1 < γ2, we can prove this similarly. For γ1 = γ2 and any 1 ≤ i ≤ n,

x(t)iz(t)i = (xγ1
i zγ1i )

1
γ1 ≤ (nµ0)

1
γ1 e−(1−σ)(t−t0)/γ1 ,

hence x(t)T z(t) ≤ n(nµ0)
1
γ1 e−(1−σ)(t−t0)/γ1 ≤ n(nµ0)

1
γ1 .

After we get the boundedness of the solution curve, we can extend the existence

interval of the solution to infinity.
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Theorem 4.4. Let the solution of the weighted primal-dual path-following ODE sys-

tem (4.3) on the maximal existence interval [t0, β) be (x(t), y(t), z(t)). Then β = +∞.

Proof. Assume β ̸= +∞. From Theorem 4.1, we can define

V1(t) =
n∑

i=1

(γ1 lnxi + γ2 ln zi),

then from the third equation in (4.2), we have

γ1X
−1dx

dt
+ γ2Z

−1dz

dt
= −X−γ1Z−γ2(Xγ1Zγ2e− σµw),

hence

dV1(t)

dt
= eTγ1X

−1dx

dt
+ eTγ2Z

−1dz

dt
= −eTX−γ1Z−γ2(Xγ1Zγ2e− σµw)

= −n+ σµeTX−γ1Z−γ2w ≥ −n,

therefore

V1(t) ≥ V1(t0)− nβ. (4.5)

But according to the Extension Theorem in S2.5, [3], we know that the solution

(x(t), y(t), z(t)) will go to the boundary of the open set (0,+∞)×Rn
++ ×Rm ×Rn

++.

Because of the hypothesis, β ̸= +∞ and the solution (x(t), y(t), z(t)) is bounded

(Theorem 4.3), there must exist at least one i so that xi(t) → 0 or zi(t) → 0 as

t → β. In this situation V1(t) will go to −∞ as t → β since x(t) and z(t) are all

bounded (Theorem 4.3), which contradicts (4.5). Hence the hypothesis is not true

and β = +∞.

From Theorem 4.3 and Theorem 4.4, we can define the limit set for the solution

of the weighted primal-dual path-following ODE system (4.3). The limit set of the

solution of ODE system (4.3) {x(t), y(t), z(t)} can be defined as follows

Ω1(x0, y0, z0) =

{
(x, y, z) | ∃ {tk}+∞

k=0 with lim
k→+∞

tk = +∞ such that

lim
k→+∞

x(tk) = x, lim
k→+∞

y(tk) = y and lim
k→+∞

z(tk) = z

}
.
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Theorem 4.5. The limit set Ω1(x0, y0, z0) is nonempty, compact, and connected.

Furthermore Ω1(x0, y0, z0) is contained in F2.

Proof. From Theorems 4.1, 4.2, and 4.4, we know that the limit set Ω1(x0, y0, z0) is

contained in F2. From Theorem 4.3, we know that the solution (x(t), y(t), z(t)) is

contained in a bounded closed set. So similar to the proof of Theorem 1.1 on page

390 in [10] (the proof in [10] is for n = 2, but it can be easily extended to the general

case), it can be verified that Ω1(x0, y0, z0) is nonempty, compact, and connected.

4.1.2 Optimality of The Cluster Point(s)

In this subsection, we show that every accumulation point of the solution of the

weighted primal-dual path-following ODE system (4.3) is an optimal solution for

problems (P2) and (D2).

Theorem 4.6. Let the unique solution of the weighted primal-dual path-following

ODE system (4.3) be (x(t), y(t), z(t)). Then

(i) x(t)T z(t) ≤ L2e
−(1−σ)(t−t0)/max(γ1,γ2), where L2 > 0 is a constant which depends

only on x0, z0, γ1, and γ2, hence for any point (x1, y1, z1) ∈ Ω1(x0, y0, z0), x1 is

an optimal solution for problem (P2), (y
1, z1) is an optimal solution of problem

(D2).

(ii) For any 1 ≤ i ≤ n,

(x(t)γ1i z(t)γ2i − wiµ) = e−(t−t0)(x(t0)
γ1
i z(t0)

γ2
i − wiµ

0),

where µ0 = eTX(t0)γ1Z(t0)γ2e
n

.

Proof. Proof of (i). From Theorem 4.3, we know there exists a bound M > 0 which

depends only on x0, z0, γ1, and γ2 such that for any 1 ≤ i ≤ n,

x(t)iz(t)i ≤ M(nµ)
1

max(γ1,γ2) ,
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along with (4.4), we have

x(t)T z(t) ≤ L2e
−(1−σ)(t−t0)/max(γ1,γ2),

where L2 = Mn(nµ0)
1

max(γ1,γ2) . Hence for any point (x1, y1, z1) ∈ Ω1(x0, y0, z0), we

have

0 ≤ (x1)T z1 ≤ lim sup
t→+∞

x(t)T z(t) ≤ 0,

which indicates that x1 is an optimal solution of problem (P2), and (y1, z1) is an

optimal solution of problem (D2).

Proof of (ii). For any 1 ≤ i ≤ n, from the third equation in (4.2), we can get

dx(t)γ1i z(t)γ2i
dt

= −(x(t)γ1i z(t)γ2i − σµwi),

hence

d(x(t)γ1i z(t)γ2i − wiµ)

dt
= −(x(t)γ1i z(t)γ2i − wiµ),

therefore (x(t)γ1i z(t)γ2i −wiµ) = e−(t−t0)(x(t0)
γ1
i z(t0)

γ2
i −wiµ

0), where µ0 = eTX(t0)γ1Z(t0)γ2e
n

.

Thus the theorem is proved.

4.1.3 Convergence of TheWeighted Primal-Dual Path-Following

Continuous Trajectory

Now, it comes to the key result of this section. Under some mild conditions, the

solution of the weighted primal-dual path-following ODE system (4.3) will converge

as t → +∞. First we give the definition of the analytic center. We define the analytic

center of a closed convex set Ω ⊆ Rn corresponding to convex function g(x) as the

unique minimizer of the following problem:

min g(x)

s.t. x ∈ Ω ∩ dom g(x),

where dom g(x) = {x | g(x) < +∞}. Generally, the minimizer of the above problem

may not be unique, but in our context the existence and uniqueness of the minimizer
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can be guaranteed and no confuse would occur. We denote SP and SD as the optimal

solution sets of problems (P2) and (D2) respectively.

Theorem 4.7. Let x∗ and (y∗, z∗) be optimal solutions for problems (P2) and (D2),

respectively, such that x∗ and z∗ have the maximal numbers of positive components

among all optimal solutions. Let the unique solution of the weighted primal-dual

path-following ODE system (4.3) be (x(t), y(t), z(t)). Then

(i) for any 1 ≤ i ≤ n,

(x(t)γ1i z(t)γ2i − wiµ) =
x(t0)

γ1
i z(t0)

γ2
i − wiµ

0

wiµ0

e−σ(t−t0)wiµ.

(ii) a) if γ1 < γ2, then x(t) will converge to the analytic center of SP corresponding

to −
∑
x∗
i>0

(wi)
1/γ2(xi)

1− γ1
γ2 ;

b) if γ1 = γ2, and either there exists a pair of primal and dual optimal solutions

satisfying the strict complementarity or f(x) is analytic, then x(t) will converge

to the analytic center of SP corresponding to −
∏

x∗
i>0

(xi)
w

1/γ1
i ;

c) if γ1 > γ2 and f(x) is analytic, then x(t) will converge to the analytic center

of SP corresponding to
∑
x∗
i>0

(wi)
1/γ2(xi)

1− γ1
γ2 .

(iii) a) if γ1 < γ2, then z(t) will converge to the analytic center of SD corresponding

to
∑
z∗i >0

(wi)
1/γ1(zi)

1− γ2
γ1 ;

b) if γ1 = γ2, then z(t) will converge to the analytic center of SD corresponding

to −
∏

z∗i >0

(zi)
w

1/γ1
i ;

c) if γ1 > γ2, then z(t) will converge to the analytic center of SD corresponding

to −
∑
z∗i >0

(wi)
1/γ1(zi)

1− γ2
γ1 .

Proof. Proof of (i). From Theorem 4.6 and (4.4), it is straightforward that for any

1 ≤ i ≤ n,

(x(t)γ1i z(t)γ2i − wiµ) = c0i e
−σ(t−t0)wiµ = d0i (t)wiµ, (4.6)

where c0i =
x(t0)

γ1
i z(t0)

γ2
i −wiµ

0

wiµ0
and d0i (t) = c0i e

−σ(t−t0).
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Proof of (ii). If x∗ = 0, the result is evident, so we assume x∗ ̸= 0 below.

a) If γ1 < γ2, from (4.6), for any 1 ≤ i ≤ n,

z(t)i =
(wiµ(1 + c0i e

−σ(t−t0)))1/γ2

x
γ1/γ2
i

,

then from Theorem 4.2 and Lemma 1.2, we have

0 ≥ f(x∗)− f(x(t)) ≥ (x∗ − x(t))T∇f(x(t)) = (x∗ − x)T (ATy + z)

= (x∗ − x)T z =
n∑

i=1

(wiµ(1 + c0i e
−σ(t−t0)))1/γ2(x∗

i − xi)

x
γ1/γ2
i

.

This indicates
n∑

i=1

(wi(1 + c0i e
−σ(t−t0)))1/γ2(x∗

i − xi)

x
γ1/γ2
i

≤ 0, (4.7)

then if x̄ is an cluster point of x(t), since x∗ has the maximal number of positive

components among all optimal solutions of problem (P2) and x̄ is also an optimal

solution, so for any i with x∗
i = 0, x̄i = 0 which implies that in (4.7),

∑
x∗
i=0

(wi(1 + c0i e
−σ(t−t0)))1/γ2(x∗

i − xi)

x
γ1/γ2
i

→ −(wi)
1/γ2x̄

1− γ1
γ2

i = 0,

as x(t) → x̄. Also for any i with x∗
i > 0, x̄i must be positive, since if x̄i = 0, then

(wi(1 + c0i e
−σ(t−t0)))1/γ2(x∗

i − xi)

x
γ1/γ2
i

→ +∞,

as xi → x̄i which contradicts with (4.7). Hence by (4.7), x̄ must have the maximal

number of positive components among all optimal solutions of problem (P2) and

satisfy ∑
x∗
i>0

(wi)
1/γ2(x∗

i − x̄i)

x̄
γ1/γ2
i

≤ 0. (4.8)

Since function −a
1− γ1

γ2 is strictly convex for a > 0, from Lemma 1.2, we have for each

i with x∗
i > 0,

(x∗
i − x̄i)(−(1− γ1

γ2
)(x̄i)

− γ1
γ2 ) ≤ −(x∗

i )
1− γ1

γ2 + (x̄i)
1− γ1

γ2 ,
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hence

∑
x∗
i>0

(wi)
1/γ2(x∗

i )
1− γ1

γ2 −
∑
x∗
i>0

(wi)
1/γ2(x̄i)

1− γ1
γ2

≤ (1− γ1
γ2

)
∑
x∗
i>0

(wi)
1/γ2(x∗

i − x̄i)

x̄
γ1/γ2
i

≤ 0.

Therefore x̄ is the analytic center of SP corresponding to function−
∑
x∗
i>0

(wi)
1/γ2(xi)

1− γ1
γ2 .

b) If γ1 = γ2, and there exist a pair of primal and dual optimal solutions satisfying

the strict complementarity, we know that x∗ and z∗ satisfy the strict complementarity.

Since (y∗, z∗) is an optimal solution for problem (D2), we have

f(x∗) = L(y∗, z∗) = inf
x∈Rn

f(x) + (b− Ax)Ty∗ − xT z∗

≤ f(x∗) + (b− Ax∗)Ty∗ − (x∗)T z∗ = f(x∗)− (x∗)T z∗ ≤ f(x∗),

hence

(x∗)T z∗ = 0, (4.9)

and

inf
x∈Rn

f(x) + (b− Ax)Ty∗ − xT z∗ = f(x∗) + (b− Ax∗)Ty∗ − (x∗)T z∗,

which indicates

ATy∗ + z∗ = ∇f(x∗). (4.10)

Therefore from Theorem 4.2, we have

(x(t)− x∗)T (z(t)− z∗) = (x− x∗)T (AT (y∗ − y) +∇f(x)−∇f(x∗))

= (x− x∗)T (∇f(x)−∇f(x∗)) ≥ 0,

or ∑
x∗
i>0

(x∗
i z(t)i) +

∑
z∗i >0

z∗i x(t)i ≤ x(t)T z(t).

By using (4.6), we can get

∑
x∗
i>0

x∗
i

x(t)i
(wiµ(1 + d0i (t)))

1
γ1 +

∑
z∗i >0

z∗i
z(t)i

(wiµ(1 + d0i (t)))
1
γ1 ≤

n∑
i=1

(wiµ(1 + d0i (t)))
1
γ1 ,
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or ∑
x∗
i>0

x∗
i

x(t)i
(wi(1 + d0i (t)))

1
γ1 +

∑
z∗i >0

z∗i
z(t)i

(wi(1 + d0i (t)))
1
γ1 ≤

n∑
i=1

(wi(1 + d0i (t)))
1
γ1 ,

hence for any point (x̄, ȳ, z̄) ∈ Ω1(x0, y0, z0), x̄ and z̄ also have the maximal numbers

of positive components among all optimal solutions and satisfy the strict complemen-

tarity, so we must have∑
x∗
i>0

x∗
i

x̄i

w
1/γ1
i

n∑
i=1

w
1/γ1
i

+
∑
z∗i >0

z∗i
z̄i

w
1/γ1
i

n∑
i=1

w
1/γ1
i

≤ 1,

and ∑
x∗
i>0

w
1/γ1
i

n∑
i=1

w
1/γ1
i

+
∑
z∗i >0

w
1/γ1
i

n∑
i=1

w
1/γ1
i

= 1.

Therefore

e

∑
x∗
i
>0

w
1/γ1
i

n∑
i=1

w
1/γ1
i

ln
x∗i
x̄i

+
∑

z∗
i
>0

w
1/γ1
i

n∑
i=1

w
1/γ1
i

ln
z∗i
z̄i

≤ e

ln
∑

x∗
i
>0

x∗i
x̄i

w
1/γ1
i

n∑
i=1

w
1/γ1
i

+
∑

z∗
i
>0

z∗i
z̄i

w
1/γ1
i

n∑
i=1

w
1/γ1
i ≤ 1,

which implies

(
∏
x∗
i>0

(
x∗
i

x̄i

)w
1/γ1
i )(

∏
z∗i >0

(
z∗i
z̄i
)w

1/γ1
i ) ≤ 1,

or

(
∏
x∗
i>0

(x∗
i )

w
1/γ1
i )(

∏
z∗i >0

(z∗i )
w

1/γ1
i ) ≤ (

∏
x∗
i>0

(x̄i)
w

1/γ1
i )(

∏
z∗i >0

(z̄i)
w

1/γ1
i ).

Therefore x̄ is the analytic center of SP corresponding to function −
∏

x∗
i>0

(xi)
w

1/γ1
i .

If γ1 = γ2 and f(x) is analytic, the proof is contained in the proof of c).

c) If f(x) is analytic, then for any accumulation point x̄ of x(t) with x̄ ̸= x∗, from

Theorem 4.6 and Lemma 1.6, we have

(x∗ − x̄)T∇f(x) = 0,

for any x ∈ Rn. Hence from Theorem 4.2 and (4.6), we have

0 = (x∗ − x̄)T∇f(x(t)) = (x∗ − x̄)T (ATy(t) + z(t))

= (x∗ − x̄)T z(t) =
n∑

i=1

(wiµ(1 + c0i e
−σ(t−t0)))1/γ2(x∗

i − x̄i)

x(t)
γ1/γ2
i

.
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Similarly, we know that x̄ must have the maximal number of positive components

among all optimal solutions of problem (P2) and satisfy∑
x∗
i>0

(wi)
1/γ2(x∗

i − x̄i)

x̄
γ1/γ2
i

= 0. (4.11)

If γ1 = γ2, from (4.11), we have∑
x∗
i>0

(wi)
1/γ2∑

x∗
i>0

(wi)1/γ2
x∗
i

x̄i

= 1,

which implies

e

∑
x∗
i
>0

w
1/γ1
i∑

x∗
i
>0

w
1/γ1
i

ln
x∗i
x̄i

≤ e

ln
∑

x∗
i
>0

x∗i
x̄i

w
1/γ1
i∑

x∗
i
>0

w
1/γ1
i

= 1,

thus

(
∏
x∗
i>0

(
x∗
i

x̄i

)w
1/γ1
i ) ≤ 1 or (

∏
x∗
i>0

(x∗
i )

w
1/γ1
i ) ≤ (

∏
x∗
i>0

(x̄i)
w

1/γ1
i ).

Therefore x̄ is the analytic center of SP corresponding to function −
∏

x∗
i>0

(xi)
w

1/γ1
i .

If γ1 > γ2, since the function a
1− γ1

γ2 is strictly convex for a > 0, from Lemma 1.2,

we have for every i such that x∗
i > 0,

(x∗
i − x̄i)

[
(1− γ1

γ2
)(x̄i)

− γ1
γ2

]
≤ (x∗

i )
1− γ1

γ2 − (x̄i)
1− γ1

γ2 ,

so from (4.11), ∑
x∗
i>0

(wi)
1/γ2(x∗

i )
1− γ1

γ2 −
∑
x∗
i>0

(wi)
1/γ2(x̄i)

1− γ1
γ2

≥ (1− γ1
γ2

)
∑
x∗
i>0

(wi)
1/γ2(x∗

i − x̄i)

x̄
γ1/γ2
i

= 0.

Therefore x̄ is the analytic center of SP corresponding to function
∑
x∗
i>0

(wi)
1/γ2(xi)

1− γ1
γ2 .

Proof of (iii). If z∗ = 0, the result is evident, so we assume z∗ ̸= 0 below. For any

point (x̄, ȳ, z̄) ∈ Ω1(x0, y0, z0), if z̄ ̸= z∗, from Theorem 4.6, same as the analysis for

(4.9) and (4.10), we can get

AT ȳ + z̄ = ∇f(x̄) = ∇f(x∗), (4.12)
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and

L(y∗, z∗) = f(x∗)−∇f(x∗)Tx∗ + bTy∗ = L(ȳ, z̄) = f(x∗)−∇f(x∗)Tx∗ + bT ȳ,

which implies

bT ȳ = bTy∗. (4.13)

Since z∗ has the maximal number of positive components among all optimal solutions

of problem (D2), so from Theorem 4.6, for any i with z∗i = 0, z̄i = 0. Hence from

(4.6), (4.12), and (4.13),

∑
z∗i >0

(wiµ(1 + d0i (t)))
1/γ1(z∗i − z̄i)

z(t)
γ2/γ1
i

= x(t)T (z∗ − z̄) = x(t)T (AT ȳ − ATy∗)

= bT ȳ − bTy∗ = 0.

Thus

∑
z∗i >0

(wi(1 + d0i (t)))
1/γ1(z∗i − z̄i)

z(t)
γ2/γ1
i

= 0,

which indicates that z̄ must have the maximal number of positive components among

all optimal solutions of problem (D2) and satisfy

∑
z∗i >0

(wi)
1/γ1(z∗i − z̄i)

z̄
γ2/γ1
i

= 0.

Therefore, similar to the claim in the proof of (ii), we know if γ1 < γ2, z̄ is the analytic

center of SD corresponding to
∑
z∗i >0

(wi)
1/γ1(zi)

1− γ2
γ1 . If γ1 = γ2, z̄ is the analytic center

of SD corresponding to −
∏

z∗i >0

(zi)
w

1/γ1
i . If γ1 > γ2, z̄ is the analytic center of SD

corresponding to −
∑
z∗i >0

(wi)
1/γ1(zi)

1− γ2
γ1 . Thus the theorem is proved.
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4.2 The Extended Primal-Dual Affine Scaling Con-

tinuous Trajectory

In this section, we study the extended primal-dual affine scaling continuous trajectory

which is defined by the solution curve of the following ODE system

−∇2f(x)dx
dt

+ AT dy
dt

+ dz
dt

= 0,

Adx
dt

= 0,

γ1X
γ1−1Zγ2 dx

dt
+ γ2X

γ1Zγ2−1 dz
dt

= −Xγ1Zγ2e,

(x(t0), y(t0), z(t0) = (x0, y0, z0) ∈ F0
2

(4.14)

where

t0 > 0, µ =
eTXγ1Zγ2e

n
, γ1 > 0, γ2 > 0, x ∈ Rn

++, X = diag (x) ∈ Rn×n,

z ∈ Rn
++, Z = diag (z) ∈ Rn×n.

Note: ODE system (4.14) is just ODE system (4.2) with σ = 0. We call this ODE

system the extended primal-dual affine scaling ODE system. The unique solution

of ODE system (4.14) defines the extended primal-dual affine scaling continuous

trajectory for problem (P2). Similar to the weighted primal-dual path-following ODE

system (4.2), this ODE system also has two explicit forms which are same as that

of ODE system (4.2) but with σ = 0. The following assumption is made throughout

Section 3.

Assumption 4.2. The set F0
2 is nonempty.

4.2.1 Fundamental Properties of The Extended Primal-Dual

Affine Scaling Continuous Trajectory

Theorems 4.1, 4.2, 4.3, and 4.4 in the former section also hold for this extended primal-

dual affine scaling ODE system (4.14), and the proofs are almost the same, hence we

omit them. Now we can define the limit set for the unique solution (x(t), y(t), z(t)) of
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the extended primal-dual affine scaling ODE system (4.14) as well, which is denoted

by Ω2(x0, y0, z0), and have the following similar result.

Theorem 4.8. The limit set Ω2(x0, y0, z0) is nonempty, compact, and connected.

Furthermore Ω2(x0, y0, z0) is contained in F2.

4.2.2 Optimality of The Cluster Point(s)

In this subsection, we just show that every accumulation point of the solution of

the extended primal-dual affine scaling ODE system (4.14) is an optimal solution for

problems (P2) and (D2).

Theorem 4.9. Let the unique solution of the extended primal-dual affine scaling

ODE system (4.14) be (x(t), y(t), z(t)). Then

(i) x(t)T z(t) ≤ L3e
−(t−t0)/max(γ1,γ2), where L3 > 0 is a constant which depends only

on x0, z0, γ1, and γ2, hence for any point (x1, y1, z1) ∈ Ω2(x0, y0, z0), x1 is an

optimal solution for problem (P2), (y
1, z1) is an optimal solution for problem

(D2).

(ii) For any 1 ≤ i ≤ n,

(x(t)γ1i z(t)γ2i − µ) = e−(t−t0)(x(t0)
γ1
i z(t0)

γ2
i − µ0),

where µ0 = eTX(t0)γ1Z(t0)γ2e
n

.

Proof. The proof is similar to the proof of Theorem 4.6.

4.2.3 Convergence of The Extended Primal-Dual Affine Scal-

ing Continuous Trajectory

Now, it comes to the key result of this section. Theorem 4.10 below shows that

the solution of the extended primal-dual affine scaling ODE system (4.14) converges

to the analytic centers of the optimal solution sets corresponding to some convex
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functions which depend on the initial point as t → +∞ and is actually a weighted

central path. Similar to Theorem 4.7, we let x∗ and (y∗, z∗) be optimal solutions for

problems (P2) and (D2), respectively, such that x∗ and z∗ have the maximal numbers

of positive components among all optimal solutions.

Theorem 4.10. Let the unique solution of the extended primal-dual affine scaling

ODE system (4.14) be (x(t), y(t), z(t)), c0i =
(x0

i )
γ1 (z0i )

γ2

µ0 and µ0 = eTX(t0)γ1Z(t0)γ2e
n

.

Then

(i) for any 1 ≤ i ≤ n,

x(t)γ1i z(t)γ2i =
x(t0)

γ1
i z(t0)

γ2
i

µ0

µ.

(ii) same as (ii) of Theorem 4.7 but with wi = c0i .

(iii) same as (iii) of Theorem 4.7 but with wi = c0i .

Proof. The proof is similar to the proof of Theorem 4.7.
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Chapter 5

Four Primal Interior Point

Continuous Trajectories for

Convex Semidefinite Programming

In this chapter, we study four primal interior continuous trajectories for Problem

(P3). We restate the following four ordinary differential equation (ODE) systems

svec(Ẋ) = −
(
I − (X ⊗s X)PAX)(X ⊗s X)svec(

∂f

∂X

)
, (5.1)

svec(Ẋ) = −
(
I + t

(
I − (X ⊗s X)PAX

)(
(X ⊗s X)∇2f(X)

))−1

(
I − (X ⊗s X)PAX

)
(X ⊗s X)svec(

∂f

∂X
), (5.2)

svec(Ẋ) = −
(
I − (X ⊗s X

1
2 )P

AX
1
2

)
(X ⊗s X

1
2 )svec(

∂f

∂X
), (5.3)

svec(Ẋ) = −
(
I + t

(
I − (X ⊗s X

1
2 )P

AX
1
2

)(
(X ⊗s X

1
2 )∇2f(X)

))−1

(
I − (X ⊗s X

1
2 )P

AX
1
2

)
(X ⊗s X

1
2 )svec(

∂f

∂X
), (5.4)

which have the same initial condition: X(t0) = X0 ∈ P++
3 and t0 > 0, where

X ∈ Sn
++, X

1
2 ∈ Sn

++ is the unique square root matrix of X,

PAXγ = AT (A(X ⊗s X
γ)AT )−1A, γ ∈ {1

2
, 1},

I stands for the
n(n+ 1)

2
× n(n+ 1)

2
identity matrix.

For ODE systems (5.2) and (5.4), we sometimes use the following equivalent
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implicit forms

svec(Ẋ) = −
(
I − (X ⊗s X)PAX

)
(X ⊗s X)

(
t∇2f(X)svec(Ẋ) + svec(

∂f

∂X
)
)
,(5.5)

svec(Ẋ) = −
(
I − (X ⊗s X

1
2 )P

AX
1
2

)
(X ⊗s X

1
2 )
(
t∇2f(X)svec(Ẋ) + svec(

∂f

∂X
)
)
.(5.6)

For ODE systems (5.1) and (5.3), we need f(X) ∈ C2 on Sn
+, and for ODE systems

(5.2) and (5.4), we need f(X) ∈ C3 on Sn
+. By assuming the boundedness of the

level set, we establish the optimality and convergence of the first and the second

trajectories for linear SDP. For the convex case, we show that, starting from any

interior feasible point, the third trajectory converges to an optimal solution that

has the maximal rank among all optimal solutions, by assuming that there exists

an optimal solution and that the maximal rank among all optimal solutions is one.

Finally, we obtain the strongest result under the weakest assumption for the fourth

trajectory, namely, by only assuming the existence of an optimal solution, we show

that the trajectory converges to an optimal solution that has the maximal rank among

all optimal solutions.

5.1 Fundamental Properties of The Continuous Tra-

jectories

The following assumptions are made throughout this chapter.

Assumption 5.1. There exists a point X∗ ∈ P+
3 such that f(X∗) is the optimal

value of problem (P3).

Assumption 5.2. The matrix A has full row rank m.

Assumption 5.3. For ODE systems (5.1) and (5.3), we assume f(X) ∈ C2 on Sn
+,

and for ODE systems (5.2) and (5.4), we assume f(X) ∈ C3 on Sn
+.

Theorem 5.1. PAXγ ∈ C1 on Sn
++, γ ∈ {1

2
, 1}.

82



Proof. According to Assumption 5.2, A has full row rank. If X ∈ Sn
++, X ⊗s X

and X ⊗s X
1
2 are both symmetric and positive definite. So A(X ⊗s X)AT and

A(X ⊗s X
1
2 )AT are also symmetric and positive definite, thus invertible.

Notice that the inverse of a matrix and X⊗sX are both continuous differentiable,

we get PAX ∈ C1 on Sn
++. Furthermore, according to Chapter 6 in [27] we have

X
1
2 =

2

π
X

∫ ∞

0

(t2I +X)−1dt,

which indicates that the square root of a symmetric positive definite matrix is con-

tinuous differentiable. So P
AX

1
2
∈ C1 on Sn

++. Thus the proof is complete.

Theorems 5.2 and 5.3 below guarantee the existence, uniqueness, and feasibility

for the solutions of the four ODE systems (5.1), (5.2), (5.3), and (5.4).

Theorem 5.2. For each of the four ODE systems (5.1), (5.2), (5.3), and (5.4), there

exists a solution X(t) with is unique on a maximal existence interval [t0, α1), [t0, α2),

[t0, β1), and [t0, β2), respectively, in addition, X(t) ≻ 0 on the existence intervals for

all four ODE systems.

Proof. For ODE system (5.2), notice that

(
I−(X⊗sX)PAX

)
(X⊗sX) = (X

1
2 ⊗sX

1
2 )(I−X

1
2 ⊗sX

1
2PAXX

1
2 ⊗sX

1
2 )(X

1
2 ⊗sX

1
2 ).

Since I − X
1
2 ⊗s X

1
2PAXX

1
2 ⊗s X

1
2 is symmetric and idempotent, we know it is

positive semidefinite. So
(
I − (X ⊗s X)PAX

)
(X ⊗s X) is symmetric and positive

semidefinite. Since f(X) ∈ C3 on Sn
+ and is convex, we have ∇2f(X) is symmetric

and positive semidefinite. From Lemma 1.1, we know that for any t > 0, I + t
(
I −

(X ⊗s X)PAX

)(
(X ⊗s X)∇2f(X)

)
is always invertible.

For ODE system (5.4), since X ⊗s X
1
2 is also symmetric and positive definite,

similarly, we can get that for any t > 0, I+t
(
I−(X⊗sX

1
2 )P

AX
1
2

)(
(X⊗sX

1
2 )∇2f(X)

)
is also invertible.
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Now from Assumption 5.3 and Theorem 5.1, along with the fact that the inverse

of a matrix is continuous differentiable, we know the right-hand sides of the four

ODE systems are all continuous differentiable and thus locally Lipschitz continuous

on (0,+∞)× Sn
++. Since (0,+∞)× Sn

++ is an open set, from Theorem IV.1.2 in [8],

for each of the four ODE systems (5.1), (5.2), (5.3), and (5.4), a unique solution

X(t) is existed on a maximal existence interval [t0, α1), [t0, α2), [t0, β1), and [t0, β2),

respectively.

Because the right-hand sides of the four ODE systems are all defined on the open

set (0,+∞)×Sn
++ and the initial points are also symmetric and positive definite, the

solutions of the four ODE systems are of course in the open set Sn
++, so they are all

symmetric and positive definite on the existence intervals.

Later in this section, it will be shown that α1 = +∞, α2 = +∞ (Theorem 5.9)

and β1 = +∞, β2 = +∞ (Theorem 5.10). For simplicity, in the following, let X

stand for X(t).

Theorem 5.3. Each of the unique solutions X(t) of the four ODE systems (5.1),

(5.2), (5.3), and (5.4) satisfies Asvec(X(t)) = b on its own maximal existence inter-

val.

Proof. For the four ODE systems (5.1), (5.2), (5.3), and (5.4), we know that for any

t belonging to their own maximal existence interval, the unique solutions X(t) satisfy

X(t) = X0 +

∫ t

t0

(Ẋ|t=τ )dτ.

Notice

A
(
I − (X ⊗s X)PAX

)
(X ⊗s X) = A(X ⊗s X)−A(X ⊗s X) = 0

and

A
(
I − (X ⊗s X

1
2 )P

AX
1
2

)
(X ⊗s X

1
2 ) = A(X ⊗s X

1
2 )−A(X ⊗s X

1
2 ) = 0,
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we can get (for ODE systems (5.2) and (5.4), we use the implicit forms (5.5) and

(5.6) instead)

Asvec(Ẋ) = 0,

so

Asvec(X(t)) = AX0 +

∫ t

t0

Asvec(Ẋ|t=τ )dτ = AX0 = b.

Thus the theorem is proved.

Theorem 5.4. Let X(t) be any unique solution of the four systems (5.1), (5.2),

(5.3), and (5.4). Then f(X(t)) is a nonincreasing function of t on its own maximal

existence interval.

Proof. For ODE systems (5.1) and (5.2), we use X to denote X
1
2 ⊗s X

1
2 , and P to

denote I−XPAXX . For ODE systems (5.3) and (5.4), we use X to denote (X⊗sX
1
2 )

1
2 ,

and P to denote I − XP
AX

1
2
X . From Theorem 5.2 it is clear that X and P are all

symmetric and positive semidefinite and P2 = P.

Now we can write ODE systems (5.1) and (5.3) in the same form as

svec(Ẋ) = −XPX svec(
∂f

∂X
), (5.7)

and can write ODE systems (5.2) and (5.4) in the same form as

svec(Ẋ) = −(I + tXPX∇2f(X))−1XPX svec(
∂f

∂X
). (5.8)

So for ODE systems (5.1) and (5.3), we have

df(X(t))

dt
= tr(

∂f

∂X
Ẋ) = svec(

∂f

∂X
)T svec(Ẋ) = −svec(

∂f

∂X
)TXPX svec(

∂f

∂X
)

= −∥PX svec(
∂f

∂X
)∥22 ≤ 0.

Thus f(X(t)) is a nonincreasing function of t on its own maximal existence interval

for ODE systems (5.1) and (5.3).

Similarly, we can prove the same conclusion for ODE systems (5.2) and (5.4) if we

can show that
(
I + tXPX∇2f(X)

)−1XPX is a symmetric and positive semidefinite
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matrix. This is actually true because we have

(
I + tXPX∇2f(X)

)−1XPX = XP
(
I + tPX∇2f(X)XP

)−1PX . (5.9)

Thus the theorem is proved.

Now we will introduce four potential functions for the four ODE systems, re-

spectively. The potential function I1(X,Y ) for ODE system (5.1) can be defined

as

I1(X,Y ) = ln detX + tr(X−1Y ), (5.10)

where X ∈ Sn
++ is the variable and Y ∈ Sn

+ is a parameter.

The potential function I2(t,X, Y ) for ODE system (5.2) can be defined as

I2(t,X, Y ) = I1(X,Y ) + t

[
f(Y )− f(X) + tr

(
(X − Y )

∂f

∂X

)]
. (5.11)

where X ∈ Sn
++ and t > 0 are variables, and Y ∈ Sn

+ is a parameter.

The potential function I3(X, Y ) for ODE system (5.3) can be defined as

I3(X, Y ) = 2tr(X− 1
2Y ) + 2tr(X

1
2 ), (5.12)

where X ∈ Sn
++ is the variable and Y ∈ Sn

+ is a parameter.

The potential function I4(t,X, Y ) for ODE system (5.4) can be defined as

I4(t,X, Y ) = I3(X,Y ) + t

[
f(Y )− f(X) + tr

(
(X − Y )

∂f

∂X

)]
. (5.13)

where X ∈ Sn
++ and t > 0 are variables, and Y ∈ Sn

+ is a parameter.

A direct application of function I3(X, Y ) and I4(t,X, Y ) is the boundedness of

the solutions of ODE systems (5.3) and (5.4).

Theorem 5.5. The unique solution X(t) of ODE system (5.3) is contained in a

bounded set in Sn
+, and the bound only depends on X0 and X∗, where X∗ is a finite

optimal solution for problem (P3).
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Proof. According Theorem 5.2 and Assumption 5.1, we can define

V1(t) = I3(X,X∗) = 2tr(X− 1
2X∗) + 2tr(X

1
2 ) ∀t ∈ [t0, β1). (5.14)

Then from Theorem 5.3 and ODE system (5.3), we can obtain

dV1(t)

dt
= −svec(X∗)T (X− 1

2 ⊗s I)
−1(X ⊗s X)−1svec(Ẋ)

+svec(I)T (X
1
2 ⊗s I)

−1svec(Ẋ)

= −svec(X∗)T (X− 1
2 ⊗s I)

−1(X ⊗s X)−1svec(Ẋ)

+svec(X)T (X− 1
2 ⊗s I)

−1(X ⊗s X)−1svec(Ẋ)

= svec(X −X∗)T (X− 1
2 ⊗s I)

−1(X ⊗s X)−1svec(Ẋ)

= svec(X∗ −X)T
(
I − P

AX
1
2
(X ⊗s X

1
2 )
)
svec(

∂f

∂X
)

= svec(X∗ −X)T svec(
∂f

∂X
).

From Lemma 1.2, we know

svec(X∗ −X)T svec(
∂f

∂X
) ≤ f(X∗)− f(X) ≤ 0,

so we get

dV1(t)

dt
≤ f(X∗)− f(X) ≤ 0. (5.15)

Then for any T ∈ [t0, β1), we have

2tr(X(T )−
1
2X∗) + 2tr(X(T )

1
2 ) = V1(T ) ≤ V1(t0) = 2tr(X(t0)

− 1
2X∗) + 2tr(X(t0)

1
2 ).

Since ∥X(T )∥2 ≤ tr(X(T )) and tr(X(T )−
1
2X∗) ≥ 0 (Lemma 1.1), we get

∥X(T )∥2 ≤ ∥X(T )
1
2∥22 ≤

(
tr(X(T )

1
2 )
)2 ≤ V1(t0)

2

4
,

where V1(t0)
2

4
only depends on X0 and X∗.

Theorem 5.6. The unique solution X(t) of ODE system (5.4) is contained in a

bounded set in Sn
+, and the bound only depends on X0 and X∗, where X∗ is a finite

optimal solution for problem (P3).
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Proof. According Theorem 5.2 and Assumption 5.1, we can define

V2(t) = I4(t,X,X∗) = I3(X,X∗) + t

[
f(X∗)− f(X) + tr

(
(X −X∗)

∂f

∂X

)]
, (5.16)

where t ∈ [t0, β2).

Then from Theorem 5.3 and the implicit form (5.6), we have

dV2(t)

dt
= svec(X∗ −X)T svec

(
t∇2f(X)svec(Ẋ

)
+

∂f

∂X
) + tsvec(Ẋ)T∇2f(X)svec(X −X∗)

+

[
f(X∗)− f(X) + tr

(
(X −X∗)

∂f

∂X

)]
= f(X∗)− f(X) ≤ 0,

so for any T ∈ [t0, β2), we have

V2(T ) ≤ V2(t0) = I3(X
0, X∗) + t0

[
f(X∗)− f(X0) + tr

(
(X0 −X∗)

∂f

∂X
|X=X0

)]
.

From Lemma 1.2, we know

f(X∗)− f(X(T )) + tr
(
(X(T )−X∗)

∂f

∂X
|X=X(T )

)
≥ 0,

this along with ∥X(T )∥2 ≤ tr(X(T )) and tr(X(T )−
1
2X∗) ≥ 0 imply

∥X(T )∥2 ≤ ∥X(T )
1
2∥22 ≤

(
tr(X(T )

1
2 )
)2 ≤ V2(t0)

2

4
,

where V2(t0)
2

4
only depends on X0 and X∗.

For ODE systems (5.1) and (5.2), we need additional conditions to guarantee the

boundness of the solutions for the general convex function f(X).

Lemma 5.1. (Theorem 4.3.26, [28]) Let A be Hermitian. The vector of diagonal

entries of A majorizes the vector of eigenvalues of A.

According to [28], a vector β is said to majorize a vector α if

min{
k∑

j=1

βij : 1 ≤ i1 < · · · < ik ≤ n} ≥ min{
k∑

j=1

αij : 1 ≤ i1 < · · · < ik ≤ n},

for any k = 1, 2, . . . , n with equality for k = n.
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Theorem 5.7. For ODE systems (5.1) and (5.2), if the level set {X ∈ P+
3 |f(X) ≤

f(X0)} is bounded, then the unique solutions X(t) of ODE systems (5.1) and (5.2)

are contained in a bounded set in Sn
+.

Proof. From Theorem 5.4, for the unique solutions X(t) of ODE systems (5.1) and

(5.2) we have f(X(t)) ≤ f(X0), then X(t) will be contained in the set {X ∈

P+
3 |f(X) ≤ f(X0)} which is bounded according to the assumption.

However for ODE systems (5.1) and (5.2), if f(X) is linear, then we do not need

the boundedness of the level set to guarantee the boundedness of the solutions.

Theorem 5.8. If f(X) = tr(CX), where C ∈ Rn×n is a symmetric matrix, then the

unique solutions X(t) of ODE systems (5.1) and (5.2) are contained in a bounded set

in Sn
+.

Proof. For ODE system (5.1), from Theorem 5.2, for any T ∈ [t0, α1), X(T ) ≻ 0, so

we define

VC(t) = tr
(
X−1(X(T )−X∗)

)
,

where t ∈ [t0, α1). From Theorem 5.3,

dVC(t)

dt
= −tr

(
X−1(X(T )−X∗)X−1Ẋ

)
= −svec(X(T )−X∗)T (X−1 ⊗s X

−1)svec(Ẋ)

= svec(X(T )−X∗)T svec(C) = f(X(T ))− f(X∗) ≥ 0,

then

VC(t0) ≤ VC(T ) = n− tr
(
X(T )−1X∗) ≤ n. (5.17)

From the eigenvalue decomposition, we have X(T ) = Q(T )Λ(T )Q(T )T , then

VC(t0) = tr((X0)−1X(T ))− tr((X0)−1X∗)

= tr
(
Q(T )T (X0)−1Q(T )Λ(T )

)
− tr((X0)−1X∗).

From Lemma 5.1, the diagonal entries of Q(T )T (X0)−1Q(T ) are all greater than

λmin(Q(T )T (X0)−1Q(T )) = λmin(X
0)−1,
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therefore from (5.17) we have

∥X(T )∥2 ≤ tr(X(T )) ≤ 1

λmin(X0)−1
tr(Q(T )T (X0)−1Q(T )Λ(T ))

≤ 1

λmin(X0)−1

(
n+ tr((X0)−1X∗)

)
.

So X(T ) is bounded, and the bound depends only on X0 and X∗. Notice that if

f(X) is linear, ODE systems (5.1) and (5.2) are the same.

Theorem 5.9. If the unique solutions X(t) of ODE systems (5.1) and (5.2) are

contained in a bounded set in Sn
+, then the maximal existence interval for X(t) can

be extended to infinity, that is, α1 = α2 = +∞.

Proof. First, we prove this for ODE system (5.1) by contradiction. According to

the Extension Theorem in S2.5, [3], we know that the solution X(t) will go to the

boundary of the open set (0,+∞)×Sn
++. If α1 ̸= +∞, X(t) will go to the boundary

of Sn
++, but from the condition, X(t) is contained in a bounded set in Sn

+. Then

λmin(X(t)) → 0 as t → α1. So ln det(X(t)) → −∞ as t → α1.

Let us define

V4(t) = ln det(X),

where t ∈ [t0, α1) and X (or X(t)) is the unique solution of ODE system (5.1). Then

from (5.7) and using the same notations X and P as in the proof of Theorem 5.4, we

have

dV4(t)

dt
= tr(X−1Ẋ) = svec(I)T (X− 1

2 ⊗s X
− 1

2 )svec(Ẋ) = −svec(I)TPX svec(
∂f

∂X
).

Since ∥P∥2 ≤ 1, along with Assumption 5.3 and the assumption thatX(t) is contained

in a bounded set in Sn
+, there exists a bound M1 > 0 such that

|dV4(t)

dt
| ≤ M1.

Then for any t ∈ [t0, α1), we have

V4(t) ≥ V4(t0)−M1(α1 − t0) > −∞,
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but this is contrary with ln det(X) → −∞ as t → α1. So the hypothesis is not true,

thus α1 = +∞.

For ODE system (5.2), from (5.8) and (5.9),

svec(Ẋ) = −XP(I + tPX∇2f(X)XP)−1PX svec(
∂f

∂X
),

since

∥(I + tPX∇2f(X)XP)−1∥2 = λmax((I + tPX∇2f(X)XP)−1) ≤ 1,

we can prove α2 = +∞ in the similar way.

For ODE systems (5.3) and (5.4), if we can prove that the matrix

(A(X ⊗s X
1
2 )AT )−1A(X ⊗s X

1
2 ),

is bounded for any bounded subset of Sn
++, then their solutions can be extended

to infinity by the same way as in the proof of Theorem 5.9. This is true if X is

a diagonal matrix [66], but not correct in the general case. We show this by the

following example.

Example: m = 1, n = 2, A = (1, 0, 0), h = (0, 0, 1)T . For ϵ ∈ (0, 1), Xϵ =

Qϵ

ϵ

1− ϵ

QT
ϵ , where Qϵ =

√
1− ϵ

√
ϵ

−
√
ϵ

√
1− ϵ

 is an orthogonal matrix. Then

lim
ϵ→0+

(A(Xϵ ⊗s X
1
2
ϵ )AT )−1A(Xϵ ⊗s X

1
2
ϵ )h

= lim
ϵ→0+

(1− ϵ)ϵ4 − 1
2
ϵ2(1− ϵ)2(

√
ϵ+

√
1− ϵ)2 + ϵ(1− ϵ)4

(1− ϵ)2ϵ3 + 1
2
ϵ2(1− ϵ)2(

√
ϵ+

√
1− ϵ)2 + ϵ2(1− ϵ)3

= +∞.

By this example, we also show that (A(X ⊗sX)AT )−1A(X ⊗sX) can be unbounded

on certain bounded subset of Sn
++. However, by using some potential functions we

can still extend the solutions of ODE systems (5.3) and (5.4) to infinity.

Theorem 5.10. The maximal existence interval for the unique solutions X(t) of

systems (5.3) and (5.4) can be extended to infinity, that is, β1 = β2 = +∞.
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Proof. We first prove this for ODE system (5.3) by contradiction. According to the

Extension Theorem in S2.5, [3], we know that the solution X(t) will go to the bound-

ary of the open set (0,+∞)×Sn
++. If β1 ̸= +∞, X(t) will go to the boundary of Sn

++,

but from Theorem 5.5, X(t) is contained in a bounded set in Sn
+. So λmin(X(t)) → 0

as t → β1.

Let us define

V3(t) = I3(X,X0) = 2tr(X− 1
2X0) + 2tr(X

1
2 ),

where t ∈ [t0, β1) and X (or X(t)) is the unique solution of ODE system (5.3).

Then we have

dV3(t)

dt
= svec(X0 −X)T svec(

∂f

∂X
),

from Theorem 5.5 and Assumption 5.3, we know there exists a bound M > 0 which

depends only on X0, X∗ and f(X) such that for every t ∈ [t0, β1),

|dV3(t)

dt
| = |svec(X0 −X)T svec(

∂f

∂X
)| ≤ M.

Hence for any t ∈ [t0, β1),

V3(t) ≤ V3(t0) +M(β1 − t0) < +∞. (5.18)

But λmin(X(t)) → 0 as t → β1. Let X(t) = Q(t)Λ(t)Q(t)T be an eigenvalue decompo-

sition of X(t), then tr(X(t)−
1
2X0) = tr(Λ(t)−

1
2Q(t)TX0Q(t)). According to Lemma

5.1, the diagonal entries of Q(t)TX0Q(t) are all greater than

λmin(Q(t)TX0Q(t)) = λmin(X
0) > 0.

So tr(X(t)−
1
2X0) → +∞ as t → β1 which is contrary with (5.18). So the hypothesis

is not true, thus β1 = +∞.

For ODE system (5.4), from Theorem 5.6, Lemmas 1.2 and 5.1, we can prove

β2 = +∞ in the similar way.
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From Theorems 5.9 and 5.10, we can define the limit set for the unique solutions

X(t) of the four ODE systems (5.1), (5.2), (5.3), and (5.4). For i = 1, 2, 3, 4, the limit

set Ωi(X0) of {X(t)} of the ODE system (i+ 1) can be defined as follows

Ωi(X0) =

{
X ∈ Sn | ∃ {tk}+∞

k=0 with lim
k→+∞

tk = +∞ such that lim
k→+∞

X(tk) = X

}
.

Theorem 5.11. If the unique solutions X(t) of ODE systems (5.1) and (5.2) are

contained in a bounded set in Sn
+, then for each i = 1, 2, 3, 4, the limit set Ωi(X0)

is nonempty, compact, and connected. Furthermore Ωi(X0) is contained in P+
3 , i =

1, 2, 3, 4.

Proof. From Theorems 5.2, 5.3, 5.10, and 5.9, we know that the limit set Ωi(X0) is

contained in P+
3 , i = 1, 2, 3, 4. From the proof of Theorem 5.10 and the assumption, it

is easy to see that the unique solutions X(t) of the four ODE systems are contained in

a bounded closed set. So similar to the proof of Theorem 1.1 on page 390 in [10] (the

proof in [10] is for n = 2, but it can be easily extended to the general case), it can be

verified that for each i = 1, 2, 3, 4, Ωi(X0) is nonempty, compact, and connected.

At the end of this section, we prove the weak convergence of ODE system (5.1),

i.e., svec(Ẋ) → 0 as t → +∞.

Theorem 5.12. If the unique solution X(t) of ODE system (5.1) is contained in a

bounded set in Sn
+, then

lim
t→+∞

(
I − (X ⊗s X)PAX)(X ⊗s X)svec(

∂f

∂X

)
= 0.

Proof. From (5.7) and using the same notations X and P as in the proof of Theorem

5.4, we know

df(X(t))

dt
= −svec(

∂f

∂X
)TXPX svec(

∂f

∂X
)

= −svec(
∂f

∂X
)T ((X ⊗s X)− (X ⊗s X)PAX(X ⊗s X))svec(

∂f

∂X
).

From Assumption 5.3, f(X) ∈ C2 on Sn
+. Furthermore, svec(Ẋ) is bounded because

X(t) is contained in a bounded set in Sn
+. So if we want to show d2f(X(t))

dt2
is bounded,
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we only need to show that d(X⊗sX)
dt

and d((X⊗sX)PAX(X⊗sX))
dt

are both bounded. Notice

d(X ⊗s X)

dt
= 2X ⊗s Ẋ,

since X(t) and Ẋ are both bounded, thus d(X⊗sX)
dt

is bounded. Notice

d((X ⊗s X)PAX(X ⊗s X))

dt

= 2(X ⊗s Ẋ)PAX(X ⊗s X) + 2(X ⊗s X)PAX(X ⊗s Ẋ)

−2(X ⊗s X)PAX(X ⊗s Ẋ)PAX(X ⊗s X)

= 2(X ⊗s Ẋ)X−1XPAXX 2 + 2X 2PAXXX−1(X ⊗s Ẋ)

−2X 2PAXXX−1(X ⊗s Ẋ)X−1XPAXX 2.

Since XPAXX is symmetric and idempotent, it’s always bounded. So if we can show

X−1(X ⊗s Ẋ)X−1 is bounded, then d((X⊗sX)PAX(X⊗sX))
dt

will be bounded. Let smat

be the inverse map of svec. From (5.7), if we denote B(t) = −smat(PX svec( ∂f
∂X

)),

then B(t) is also bounded, and Ẋ = X
1
2B(t)X

1
2 . Therefore we get

X−1(X ⊗s Ẋ)X−1 = (I ⊗s B(t)),

which is bounded. Thus d2f(X(t))
dt2

is bounded, and as a consequence, df(X(t))
dt

is uni-

formly continuous. Furthermore from Theorem 5.4 and Assumption 5.1, f(X(t)) has

a finite limit as t → +∞. So from Barbalat’s Lemma, we have

lim
t→+∞

df(X(t))

dt
= lim

t→+∞
−∥PX svec(

∂f

∂X
)∥22 = 0.

5.2 Optimality of The Cluster Point(s)

In this part, we will show that every accumulation point of the solutions of the four

ODE systems (5.1), (5.2), (5.3), and (5.4) is an optimal solution for problem (P3).
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Theorem 5.13. If the unique solutions X(t) of ODE systems (5.1) and (5.2) are

contained in a bounded set in Sn
+, then for any X(1) ∈ Ω1(X0) and X(2) ∈ Ω2(X0),

both X(1) and X(2) are optimal solutions for problem (P3).

Proof. We prove this by contradiction. From Theorems 5.4 and 5.9, we know lim
t→+∞

f(X(t))

exists since f(X) is bounded below in P+
3 . Then if X(1) ∈ Ω1(X0) is not an optimal

solution for problem (P3), we have

f(X(1)) = lim
k→+∞

f(X(tk)) > f(X∗).

Let us define

Y (1) =
f(X(1))− f(X∗)

2(f(X0)− f(X∗))
X0 + (1− f(X(1))− f(X∗)

2(f(X0)− f(X∗))
)X∗,

then Y (1) ∈ P++
3 . Since f(X) is convex, we have

f(Y (1)) ≤ f(X(1))− f(X∗)

2(f(X0)− f(X∗))
f(X0) + (1− f(X(1))− f(X∗)

2(f(X0)− f(X∗))
)f(X∗)

=
f(X(1)) + f(X∗)

2
.

From (5.10), we can define

V5(t) = I1(X,Y (1)) = ln detX + tr(X−1Y (1)),

where t ∈ [t0,+∞) and X (or X(t)) is the unique solution of ODE system (5.1).

Then from Theorem 5.3 and Lemma 1.2, we have

dV5(t)

dt
= tr(X−1Ẋ)− tr(X−1Y (1)X−1Ẋ)

= svec(X)T (X−1 ⊗s X
−1)svec(Ẋ)− svec(Y (1))T (X−1 ⊗s X

−1)svec(Ẋ)

= −svec(X − Y (1))T (I − PAX)svec(
∂f

∂X
) = svec(Y (1) −X)T svec(

∂f

∂X
)

≤ f(Y (1))− f(X) ≤ f(Y (1))− f(X(1)) ≤ f(X(1)) + f(X∗)

2
− f(X(1))

=
f(X∗)− f(X(1))

2
< 0,

so V5(t) → −∞ as t → +∞. We next show V5(t) is bounded below.
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For any t ∈ [t0,+∞), let X(t) = Q(t)Λ(t)Q(t)T be an eigenvalue decomposition

of X(t), and {λi(t)}ni=1 be the eigenvalues of X(t). Then

V5(t) = ln detX(t) + tr
(
Q(t)Λ(t)−1Q(t)TY (1)

)
=

n∑
i=1

lnλi(t) + tr
(
Λ(t)−1Q(t)TY (1)Q(t)

)
,

since Y (1) ∈ P++, we have

λmin(Q(t)TY (1)Q(t)) = λmin(Y
(1)) > 0.

Hence from Lemma 5.1, we have

V5(t) =
n∑

i=1

lnλi(t) + tr(Λ(t)−1Q(t)TY (1)Q(t))

≥
n∑

i=1

lnλi(t) +
n∑

i=1

λi(t)
−1λmin(Y

(1)) =
n∑

i=1

(lnλi(t) + λi(t)
−1λmin(Y

(1)))

≥
n∑

i=1

(lnλmin(Y
(1)) + 1) = n(lnλmin(Y

(1)) + 1) > −∞,

which is contrary with V5(t) → −∞ as t → +∞. So the hypothesis is not true, thus

X(1) is an optimal solution.

As for X(2) ∈ Ω2(X0), let the unique solution of ODE system (5.2) be X (or

X(t)). Notice if Y ∈ P+
3 , then

dI2(t,X, Y )

dt
= svec(Y −X)T svec(t∇2f(X)svec(Ẋ) +

∂f

∂X
)

+tsvec(Ẋ)T∇2f(X)svec(X − Y ) +

[
f(Y )− f(X) + tr(X − Y )

∂f

∂X

]
= f(Y )− f(X),

and we can prove that X(2) is also an optimal solution for problem (P3) in the similar

way.

Now we are ready to prove the weak convergence of ODE system (5.2).

Theorem 5.14. For ODE system (5.2), if the level set {X ∈ P+|f(X) ≤ f(X0)} is

bounded, then the unique solution X(t) of ODE system (5.2) satisfies

lim
t→+∞

Ẋ = 0.
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Proof. From (5.9) and using the same notations X and P as in the proof of Theorem

5.4, we know that if we can prove

lim
t→+∞

−∥PX svec(
∂f

∂X
)∥2 = 0, (5.19)

then the theorem holds.

We prove this by contradiction. If (5.19) is not true, there must exist a con-

stant c0 > 0 such that for any T > t0, there always exists a t > T such that

∥PX svec( ∂f
∂X

)∥2 > c0.

Let us consider the following cluster of trajectories: each trajectory is defined by

the solution of ODE system (5.1) with initial point X(t) at initial time t0, where X(t)

denotes the solution of ODE system (5.2) at time t. We use X̃(τ, t) to denote this

trajectory. From Theorem 5.4, each trajectory X̃(τ, t) is contained in the bounded

level set. Then with the same analysis as in the proof of Theorem 5.12, we know

there exists an L0 > 0 so that

|d
2f(X̃(τ, t))

dτ 2
| ≤ L0. (5.20)

From the hypothesis and Theorem 5.13, there exists a T1 > t0, such that

f(X̃(t0, T1)) = f(X(T1)) < f(X∗) +
c40
4L0

, (5.21)

and

∥PX svec(
∂f

∂X
)∥2|X=X̃(t0,T1)

= ∥PX svec(
∂f

∂X
)∥2|X=X(T1) > c0. (5.22)

From (5.20) and (5.22), we have

∥PX svec(
∂f

∂X
)∥22|X=X̃(τ,T1)

≥ max(c20 − L0(τ − t0), 0),

then ∫ +∞

t0

−df(X̃(τ, T1))

dτ
dτ =

∫ +∞

t0

∥PX svec(
∂f

∂X
)∥22|X=X̃(τ,T1)

dτ ≥ c40
2L0

,

however, from Theorem 5.13 and (5.21), we have∫ +∞

t0

−df(X̃(τ, T1))

dτ
dτ = f(X(T1))− f(X∗) <

c40
4L0

,

which contradicts with the previous inequality. Thus the theorem is proved.
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Theorem 5.15. For any X(3) ∈ Ω3(X0) and X(4) ∈ Ω4(X0), both X(3) and X(4) are

optimal solutions for problem (P3).

Proof. We prove this by contradiction. Similar to the proof of Theorem 5.13, if

X(3) ∈ Ω3(X0) is not an optimal solution, then

f(X(3)) = lim
k→+∞

f(X(tk)) > f(X∗).

From (5.15), we can see V1(t) defined by (5.14) will go to −∞ as t → +∞. However,

V1(t) = I3(X,X∗) = 2tr(X− 1
2X∗) + 2tr(X

1
2 ) ≥ 0 ∀t ∈ [t0,+∞),

where X (or X(t)) is the unique solution for ODE system (5.3). So the hypothesis is

not true, thus X(3) must be an optimal solution for problem (P3).

As for X(4) ∈ Ω4(X0), by using V2(t) defined in (5.16), we can prove that X(4) is

also an optimal solution for problem (P3) in the similar way.

5.3 Convergence of The Continuous Trajectories

Now, it comes to the key results of this chapter. Theorem 5.16 below shows that if

the maximal rank among the optimal solution set of problem (P3) is equal to one,

then the solution of ODE system (5.3) converges as t → +∞. Theorem 5.17 shows

that the solution of ODE system (5.4) always converges as t → +∞. Theorem 5.20

shows that in the linear case of f(X), the solutions of ODE systems (5.1) and (5.2)

also converge as t → +∞.

Theorem 5.16. Every point in the limit set Ω3(X0) has the maximal rank among

the optimal solution set of problem (P3). Furthermore, if the maximal rank among

the optimal solution set of problem (P3) is equal to one, then the limit set Ω3(X0)

only contains a single point.

Proof. From Theorem 5.11, we know that Ω3(X0) is not empty. So we can choose a

point X̄ ∈ Ω3(X0), and evidently X̄ ∈ P+
3 . Without loss of generality, we assume
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the optimal solution X∗ has the maximal rank among the optimal solution set of

problem (P3), and rank(X∗) = r. Let X∗ = QΛQT be an eigenvalue decomposition

of X∗ and

Λ =

Λ1

0

 ,

where Λ1 is a r × r diagonal matrix and Λ1 is invertible. Since X∗ has the maximal

rank among the optimal solution set and X̄ is an optimal solution (Theorem 5.13),

rank(X̄) ≤ rank(X∗). Following the same claim as Lemma 4.1 in [20], there exists

an eigenvalue decomposition X̄ = Q̄Λ̄Q̄T with

Λ̄ =

Λ̄1

0

 ,

where Λ̄1 is a r × r diagonal matrix, and a sequence {t̄k}+∞
k=1 with lim

k→+∞
t̄k = +∞

such that X(t̄k) → X̄, Q(t̄k) → Q̄, and Λ(t̄k) → Λ̄, where Q(t̄k)Λ(t̄k)Q(t̄k)
T is an

eigenvalue decomposition of X(t̄k) with Λ(t̄k) =

Λ1(t̄k)

Λ2(t̄k)

, Λ1(t̄k) ∈ Rr×r.

Notice V1(t) defined by (5.14) is a nonincreasing function in [t0,+∞) and bounded

below, we know V1(t) has a finite limit as t → +∞. Therefore,

lim
t→+∞

V1(t) = lim
k→+∞

V1(t̄k) = lim
k→+∞

[
2tr(X(t̄k)

− 1
2X∗) + 2tr(X(t̄k)

1
2 )
]

= lim
k→+∞

[
2tr(Q(t̄k)Λ(t̄k)

− 1
2Q(t̄k)

TQΛQT ) + 2tr(Q(t̄k)Λ(t̄k)
1
2Q(t̄k)

T )
]

= lim
k→+∞

[
2tr(Λ(t̄k)

− 1
2Q(t̄k)

TQΛQTQ(t̄k)) + 2tr(Λ(t̄k)
1
2 )
]
.

Let Q(t̄k)
TQ =

(Q(t̄k)
TQ)11 (Q(t̄k)

TQ)12

(Q(t̄k)
TQ)21 (Q(t̄k)

TQ)22

, where (Q(t̄k)
TQ)11 ∈ Rr×r, then

lim
t→+∞

V1(t) = lim
k→+∞

[
2tr(Λ1(t̄k)

− 1
2 (Q(t̄k)

TQ)11Λ1(Q(t̄k)
TQ)T11)

+ 2tr(Λ2(t̄k)
− 1

2 (Q(t̄k)
TQ)21Λ1(Q(t̄k)

TQ)T21) + 2tr(Λ(t̄k)
1
2 )
]
.

Since Λ1(t̄k) → Λ̄1, Λ2(t̄k) → 0, and Q(t̄k) → Q̄, we know the diagonal entries

of (Q̄TQ)21Λ1(Q̄
TQ)T21 are all zero which leads to (Q̄TQ)21 = 0. Since Q̄TQ is an
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orthogonal matrix, (Q̄TQ)21(Q̄
TQ)T21 + (Q̄TQ)22(Q̄

TQ)T22 = I. But (Q̄TQ)21 = 0,

we have (Q̄TQ)22(Q̄
TQ)T22 = I, so (Q̄TQ)22 is an orthogonal matrix. Then from

(Q̄TQ)11(Q̄
TQ)T21 + (Q̄TQ)12(Q̄

TQ)T22 = 0 and (Q̄TQ)21 = 0, we have (Q̄TQ)12 = 0.

From (Q̄TQ)11(Q̄
TQ)T11+(Q̄TQ)12(Q̄

TQ)T12 = I, we know (Q̄TQ)11(Q̄
TQ)T11 = I and so

(Q̄TQ)11 is also an orthogonal matrix. From Lemma 5.1, we know the diagonal entries

of (Q̄TQ)11Λ1(Q̄
TQ)T11 are all positive. So Λ̄1 must be invertible which indicates that

X̄ has the maximal rank among the optimal solution set of problem (P3), and

lim
t→+∞

V1(t) = 2tr(Λ̄
− 1

2
1 (Q̄TQ)11Λ1(Q̄

TQ)T11) + 2tr(Λ̄
1
2
1 )

+ lim
k→+∞

2tr((Q(t̄k)
TQ)T21Λ2(t̄k)

− 1
2 (Q(t̄k)

TQ)21Λ1).

If the maximal rank among the optimal solution set of problem (P3) is equal to

one, then the optimal solutions have the form λq1q
T
1 , where λ ≥ 0 and ∥q∥ = 1.

Hence in this case, the orthogonal matrix in the eigenvalue decomposition of every

optimal solution can have the same Q as X∗. If X̄ is not the only point of Ω3(X0),

there must exist another point X̃ ∈ Ω3(X0). Let us define

V6(t) = I3(X, X̄) = 2tr(X− 1
2 X̄) + 2tr(X

1
2 ),

where t ∈ [t0,+∞) and X (or X(t)) is the unique solution of ODE system (5.3). Since

X̃ ∈ Ω3(X0), for the same reason, X̃ has the maximal rank among the optimal solu-

tion set of problem (P3) and there exists an eigenvalue decomposition X̃ = QΛ̃QT =

Q

Λ̃1

0

QT , where Λ̃1 ∈ R is positive, and a sequence {t̃k}+∞
k=1 with lim

k→+∞
t̃k =

+∞ such that X(t̃k) → X̃, Q(t̃k) → Q, and Λ(t̃k) → Λ̃, where Q(t̃k)Λ(t̃k)Q(t̃k)
T is

an eigenvalue decomposition of X(t̃k) with Λ(t̃k) =

Λ1(t̃k)

Λ2(t̃k)

, Λ1(t̃k) ∈ R,

such that

lim
t→+∞

V6(t) = 2Λ̃
− 1

2
1 Λ̄1 + 2Λ̃

1
2
1 + lim

k→+∞
2(Q(t̃k)

TQ)T21Λ2(t̃k)
− 1

2 (Q(t̃k)
TQ)21Λ̄1. (5.23)

Hence, limk→+∞ 2(Q(t̃k)
TQ)T21Λ2(t̃k)

− 1
2 (Q(t̃k)

TQ)21 exists and we denote it by ϵ̃. How-
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ever, X̄ is also an accumulation point, therefore

lim
t→+∞

V6(t) = 4Λ̄
1
2
1 + ϵ̄Λ̄1, (5.24)

where ϵ̄ = limk→+∞ 2tr((Q(t̄k)
TQ)T21Λ2(t̄k)

− 1
2 (Q(t̄k)

TQ)21.

Combining (5.23) and (5.24), we get

(ϵ̄− ϵ̃)Λ̄1 = 2Λ̃
− 1

2
1 Λ̄1 + 2Λ̃

1
2
1 − 4Λ̄

1
2
1 = 2Λ̄

1
2
1 (Λ̃

− 1
2

1 Λ̄
1
2
1 + Λ̃

1
2
1 Λ̄

− 1
2

1 − 2) ≥ 0,

which implies ϵ̄ ≥ ϵ̃. If we replace X̄ in V6(t) by X̃, from the similar claim, we can

get

(ϵ̃− ϵ̄)Λ̃1 ≥ 0,

which indicates ϵ̃ ≥ ϵ̄. Therefore ϵ̃ = ϵ̄, and then Λ̃1 = Λ̄1, hence X̄ = X̃ and the

limit set Ω3(X0) is a singleton.

Theorem 5.17. The limit set Ω4(X0) only contains a single point, and the limit

point has the maximal rank among the optimal solution set of problem (P3).

Proof. From Theorem 5.11, we know that Ω4(X0) is not empty. So we can choose a

point X̄ ∈ Ω4(X0), and evidently X̄ ∈ P+
3 . Similar to the proof of Theorem 5.16, by

using V2(t) defined by (5.16), we can show every accumulation point in Ω4(X0) has

the maximal rank among the optimal solution set of problem (P3). From (5.13), we

can define V7(t) as follows

V7(t) = I4(t,X, X̄)− 4tr(X̄
1
2 ),

where t ∈ [t0,+∞) and X (or X(t)) is the unique solution of ODE system (5.4).

Since dV7(t)
dt

= f(X̄) − f(X(t)) ≤ 0, V7(t) is a nonincreasing function, furthermore

V7(t) is bounded below, so lim
t→+∞

V7(t) exists. Similar to the claim in the proof of

Theorem 5.16, if X̃ = Q̃Λ̃Q̃T ∈ Ω4(X0) is another point, we can have

lim
t→+∞

V7(t) = 2tr(Λ̃
− 1

2
1 (Q̃T Q̄)11Λ̄1(Q̃

T Q̄)T11) + 2tr(Λ̃
1
2
1 )− 4tr(Λ̄

1
2
1 )

+ lim
k→+∞

{
2tr((Q(t̃k)

T Q̄)T21Λ2(t̃k)
− 1

2 (Q(t̃k)
T Q̄)21Λ̄1)

+ t̃k

[
f(X̄)− f(X(t̃k)) + tr

(
(X(t̃k)− X̄)

∂f

∂X
|X=X(t̃k)

)]}
,
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where Λ̃1, t̃k, (Q̃
T Q̄)11, Λ̄1, Q(t̃k), (Q(t̃k)

T Q̄)21, and Λ2(t̃k) have the same meanings

as that in the proof of Theorem 5.16. From Lemma 1.2, we know for any k,

2tr((Q(t̃k)
T Q̄)T21Λ2(t̃k)

− 1
2 (Q(t̃k)

T Q̄)21Λ̄1)

+t̃k

[
f(X̄)− f(X(t̃k)) + tr

(
(X(t̃k)− X̄)

∂f

∂X
|X=X(t̃k)

)]
≥ 0,

hence its limit must be nonnegative. First we assume lim
t→+∞

V7(t) = 0, then we can

get

0 ≥ tr(Λ̃
− 1

2
1 (Q̃T Q̄)11Λ̄1(Q̃

T Q̄)T11) + tr(Λ̃
1
2
1 )− 2tr(Λ̄

1
2
1 )

= tr(Λ̄
1
2
1 (Q̃

T Q̄)T11Λ̃
− 1

2
1 (Q̃T Q̄)11Λ̄

1
2
1 ) + tr((Q̃T Q̄)T11Λ̃

1
2
1 (Q̃

T Q̄)11)− 2tr(Λ̄
1
2
1 )

= tr
(
Λ̄

1
4
1

[
Λ̄

1
4
1 (Q̃

T Q̄)T11Λ̃
− 1

2
1 (Q̃T Q̄)11Λ̄

1
4
1 + Λ̄

− 1
4

1 (Q̃T Q̄)T11Λ̃
1
2
1 (Q̃

T Q̄)11Λ̄
− 1

4
1 − 2I

]
Λ̄

1
4
1

)
,

but for any symmetric positive definite matrix A, A+A−1−2I ≽ 0 and A+A−1 = 2I

if and only if A = I. Therefore Λ̄
1
4
1 (Q̃

T Q̄)T11Λ̃
− 1

2
1 (Q̃T Q̄)11Λ̄

1
4
1 = I which leads to

(Q̃T Q̄)T11Λ̃1(Q̃
T Q̄)11 = Λ̄1. Notice (Q̃T Q̄)12 = 0, (Q̃T Q̄)21 = 0, (Q̃T Q̄)11 and (Q̃T Q̄)22

are both orthogonal matrices, we have (Q̃T Q̄)T11Λ̃1(Q̃
T Q̄)11 = Λ̄1 ⇐⇒ X̄ = X̃.

Now let us prove that lim
t→+∞

V7(t) = 0. For any T > t0 and X(T ) ≻ 0 (guaranteed

by Theorems 5.2), we can define

V8(t) = I4(t,X(t), X(T ))− 4tr(X(T )
1
2 ),

where t ∈ [t0,+∞). Then we have

V8(t)

dt
= f(X(T ))− f(X(t)),

and

d(V7(t)− V8(t))

dt
= f(X̄)− f(X(T )) ≤ 0.

But V8(T ) = I4(T,X(T ), X(T ))− 4tr(X(T )
1
2 ) = 0, so we have

V7(T )− V8(T ) = V7(T ) ≤ V7(t0)− V8(t0).

Notice I4(t0, X
0, Y )−4tr(Y

1
2 ) is continuous with respect to Y at X̄, and X̄ ∈ Ω4(X0)

is an accumulation point, so for any ϵ > 0, we can choose T > t0 such that V7(t0)−
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V8(t0) < ϵ. Then we get V7(T ) < ϵ, furthermore V7(t) is an nonincreasing function in

[t0,+∞), therefore we have

lim
t→+∞

V7(t) = 0.

Thus the proof is completed.

For ODE systems (5.1) and (5.2), we cannot prove the convergence for the general

convex f(X), however we can prove the convergence in the linear case where f(X) =

tr(CX) and C ∈ Sn. For linear SDP, ODE systems (5.1) and (5.2) are actually

the same, hence we only discuss ODE system (5.1) below. In [20], Goldfarb and

Scheinberg used some auxiliary optimization problems and the auxiliary continuous

trajectories y(µ) and Z(µ) to study the limiting behavior of the infeasible central

paths for linear SDP. Here we adopt the same strategy. In order to propose the

auxiliary optimization problems, we choose a y0 ∈ Rm, and let Z0 = C −
∑m

k=1 y
0
kAk,

P = t0Z
0 −X(t0)

−1. Then we get the following lemma.

Lemma 5.2. For any t ≥ t0, the following optimization problem

min
X∈Sn

C •X − 1
t
(P •X + ln detX)

s.t. Ak •X = bk, k = 1, . . . ,m,

X ≻ 0,

(Pt)

has a unique optimal solution.

Proof. For t = t0, this is evident since (X
0, y0, Z0) satisfies the following KKT system

∑m
k=1 y

0
kAk + Z0 = C,

Ak •X0 = bk, k = 1, . . . ,m, X0 ≻ 0,

t0Z
0 = X(t0)

−1 + P.

(5.25)

Since for t = t0, the objective function is strictly convex, we know the optimal solution

set is a single point which must be bounded. Hence from Theorem 24 on page 93

in [18], the level set is bounded as well. For any t > t0, α > 0, and X ∈ P++
3 , if

C •X − 1

t
(P •X + ln detX) ≤ α,
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then for any optimal solution X∗ to problem (P3),

C •X − 1

t0
(P •X + ln detX)

≤ t

t0
α− (

t

t0
− 1)C •X ≤ t

t0
α− (

t

t0
− 1)C •X∗ ≤ t

t0
(α + |C •X∗|),

which implies X is bounded, hence the level set for problem (Pt) for any given t > t0

is bounded. Since the objective function in problem (Pt) is strictly convex for any

t ≥ t0, it has a unique optimal solution.

From the above lemma, we can obtain the auxiliary continuous trajectories y(t)

and Z(t), and have the following results.

Theorem 5.18. There exists two auxiliary continuous trajectories y(t) and Z(t) for

t ≥ t0 such that (X(t), y(t), Z(t)) satisfies the following system
∑m

k=1 y(t)kAk + Z(t) = C,

Ak •X(t) = bk, k = 1, . . . ,m, X(t) ≻ 0,

tZ(t) = X(t)−1 + P,

(5.26)

where the unique solution of system (5.1) is X(t).

Proof. From Lemma 5.2, for any t ≥ t0, there exists a unique solution for system

(5.26). Then we can take derivative with respect to t and get the svec(dX
dt
) which is

actually the right-hand side of ODE system (5.1). Hence the unique solution X(t) of

system (5.26) is actually the unique solution of ODE system (5.1).

From Theorem 5.8, we know X(t) is bounded. Next we show that y(t) and Z(t)

are also bounded.

Theorem 5.19. The auxiliary continuous trajectories y(t) and Z(t) in (5.26) are

bounded.

Proof. From system (5.26), we have

tr(X(t)Z(t)) =
1

t
[n+ tr(X(t)P )] , (5.27)
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from Theorem 5.8, X(t) is bounded, we know tr(X(t)Z(t)) → 0 as t → +∞. From

system (5.26) and Theorem 5.3, we can have

tr(X(t)−X0)(Z(t)− Z0) = 0,

hence

tr(X0Z(t)) = tr(X(t)Z(t)) + tr(X0Z0)− tr(X(t)Z0),

which implies that tr(X0Z(t)) is bounded for t ≥ t0. Let X0 = Q0Λ0Q
T
0 be the

eigenvalue decomposition of X0, then

tr(X0Z(t)) = tr(Λ0Q
T
0Z(t)Q0).

From Z(t) = 1
t
X(t)−1 + 1

t
P in system (5.26) and the Weyl theorem, we have

λmin(Q
T
0Z(t)Q0) = λmin(Z(t)) ≥

1

t
λmin(P ),

then from Lemma 5.1, the diagonal entries of QT
0Z(t)Q0 must be bounded below by

1
t
λmin(P ). If ∥Z(t)∥2 is unbounded, consider λmin(Z(t)) ≥ 1

t
λmin(P ), λmax(Z(t)) will

go to +∞ as t → +∞, then

tr(QT
0Z(t)Q0) = tr(Z(t)) ≥ λmax(Z(t)) +

n− 1

t
λmin(P ) → +∞,

as t → +∞, which indicates at least one diagonal entry of QT
0Z(t)Q0 will go to +∞

as t → +∞. But Λ0 ≻ 0, hence tr(X0Z(t)) = tr(Λ0Q
T
0Z(t)Q0) is unbounded. This is

a contradiction, so Z(t) is bounded. From
∑m

k=1 y(t)kAk +Z(t) = C in system (5.26)

and Assumption 5.2, y(t) can be determined by Z(t), so y(t) is also bounded.

Now we prove the convergence for ODE systems (5.1) and (5.2) in the linear case.

In the proof, we use the similar method as Theorem A.3 in [24] where the curve

selection lemma (Lemma A.2 in [24])will be used.

Theorem 5.20. If f(X) = tr(CX) is linear, where C ∈ Sn, then each of Ω1(X0)

and Ω2(X0) contains a single point, and each of the two limit points is on the optimal

face of problem (P3).
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Proof. Since in the linear SDP, ODE systems (5.1) and (5.2) are the same, we only

need to prove ODE system (5.1). From Theorem 5.8 and Theorem 5.19, let (X̃, ỹ, Z̃)

be an accumulation point of the continuous trajectory (X(t), y(t), Z(t)). Let µ = 1
t

for t ≥ t0, and X(µ) = X(1
t
), y(µ) = y(1

t
), Z(µ) = Z(1

t
). Let the real algebraic set

V be defined via

V =

(X̄, Z̄, ȳ, µ)

∣∣∣∣∣∣∣∣∣
Ak • X̄ = 0 (k = 1, . . . ,m),∑m

k=1 ȳkAk + Z̄ = 0,

(X̄ + X̃)(Z̄ + Z̃)− µI − µ(X̄ + X̃)P = 0,


and let the open set U be defined as the set of all (X̄, Z̄, ȳ, µ) such that all principal

minors of (X̄ + X̃) are positive and µ > 0.

Now from Lemma 5.2 and Theorem 5.18, we can see that V ∩ U corresponds to

the continuous trajectory (X(µ), y(µ), Z(µ)) excluding its limit points, in the sense

that if (X̄, Z̄, ȳ, µ) ∈ V ∩ U then X(µ) = X̄ + X̃ and Z(µ) = Z̄ + Z̃. Moreover, the

zero element is in the closure of V ∩ U , by construction. Then similar to the proof

of Theorem A.3 in [24], we can prove that (X̃, ỹ, Z̃) is the only limit point of the

continuous trajectory (X(t), y(t), Z(t)).

Without loss of generality, we assume the optimal solution X∗ is on the optimal

face of problem (P3), from system (5.26) and Theorem 5.3, we can get

tr(X(t)−1X∗) = n+ tr [(X(t)−X∗)P ]− t · tr [C(X(t)−X∗)]

≤ n+ tr [(X(t)−X∗)P ] ,

which is bounded above, hence similar to the claim in the proof of Theorem 5.16, we

can show that the limit point X̃ is on the optimal face of problem (P3).
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Chapter 6

Primal Affine Scaling Algorithm

for Convex Semidefinite

Programming

The affine scaling algorithm is one of the earliest interior point methods developed

for linear programming. This algorithm is simple and elegant in terms of its geo-

metric interpretation, but it is notoriously difficult to prove its convergence. It often

requires additional restrictive conditions such as nondegeneracy, specific initial solu-

tions, and/or small step length to guarantee its global convergence. This situation is

made worse when it comes to apply the affine scaling idea to the solution of semidef-

inite optimization problems or more general convex optimization problems. In [53],

Muramatsu presented an example of linear semidefinite programming that the affine

scaling algorithm with either short or long step converges to a non-optimal point.

This chapter aims at developing a strategy that guarantees the global convergence

for the affine scaling algorithm in the context of linearly constrained convex semidef-

inite optimization in a least restrictive manner. We propose a new rule of stepsize,

which is similar to the Armijo rule, and prove that such an affine scaling algorithm

is globally convergent in the sense that each accumulation point of the sequence gen-

erated by the algorithm is an optimal solution as long as the optimal solution set is

nonempty and bounded. The algorithm is least restrictive in the sense that it allows

the problem to be degenerate and it may start from any interior feasible point.
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The affine scaling direction D(X) (see [17] or [53]) for problem (P3) is

svec(D(X)) = − (I − (X ~X)PAX) (X ~X)svec

(
∂f

∂X

)
, (6.1)

where

X ∈ Sn
++, PAX = AT (A(X ~X)AT )−1A,

I stands for the
n(n+ 1)

2
× n(n+ 1)

2
identity matrix.

6.1 Properties of The Affine Scaling Direction

The following assumptions are made throughout this chapter.

Assumption 6.1. P++
3 is nonempty.

Assumption 6.2. The matrix A has full row rank m.

Assumption 6.3. The optimal solution set for problem (P3) is nonempty and bounded.

For linear SDP, the properties of the affine scaling direction have been discussed

in [53]. For convex SDP, these properties can be obtained similarly. First we introduce

two notations u(X) and S(X) for any X ∈ Sn
++ which are defined as

u(X) = (A(X ~X)AT )−1A(X ~X)svec

(
∂f

∂X

)
∈ Rm, (6.2)

and

S(X) =
∂f

∂X
−

m∑
i=1

ui(X)Ai. (6.3)

Note ATu(X) = PAX(X ~X)svec
(

∂f
∂X

)
, so we have

svec(S(X)) = (I − PAX(X ~X))svec

(
∂f

∂X

)
, (6.4)

and

D(X) = −XS(X)X. (6.5)
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(u(X), S(X)) is called the dual estimate in [53], which is actually the unique solution

of the following optimization problem

min
S∈Sn,u∈Rm

∥X 1
2SX

1
2∥2F

s.t. S +
m∑
i=1

uiAi =
∂f
∂X

,

where X
1
2 ∈ Sn

++ is the unique square root matrix of X. Then we have the following

theorem.

Theorem 6.1. We have

Ai •D(X) = 0, (6.6)

for all i = 1, ...,m, and

∂f

∂X
•D(X) = −∥X

1
2S(X)X

1
2∥2F . (6.7)

Proof. Notice

Asvec(D(X)) = −A (I − (X ~X)PAX) (X ~X)svec

(
∂f

∂X

)
= − [A(X ~X)−A(X ~X)PAX(X ~X)] svec

(
∂f

∂X

)
= − [A(X ~X)−A(X ~X)] svec

(
∂f

∂X

)
= 0,

hence Ai •D(X) = 0 for all i = 1, ...,m. Since P = I − (X
1
2 ~X

1
2 )PAX(X

1
2 ~X

1
2 )

is an idempotent matrix, we have

∂f

∂X
•D(X) = −svec

(
∂f

∂X

)T

(X
1
2 ~X

1
2 )P(X

1
2 ~X

1
2 )svec

(
∂f

∂X

)
= −∥P(X

1
2 ~X

1
2 )svec

(
∂f

∂X

)
∥2

= −∥X
1
2
∂f

∂X
X

1
2 −X

1
2

m∑
i=1

ui(X)AiX
1
2∥2F

= −∥X
1
2S(X)X

1
2∥2F .

Thus the proof is completed.
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6.2 A New Step Size Rule

It has been shown in [53] that the affine scaling algorithm for linear SDP can fail

no matter with a long step strategy or a short step strategy by a counterexample.

Hence here we try to use a new step size strategy which is similar to the Armijo-type

rule [6]. First we state the algorithm.

Algorithm 6.2.1

Step 0: Initialize X0 ∈ P++
3 , and k = 0.

Step 1: Calculate D(Xk) from (6.1) or (6.5).

Step 2: If the norm of D(Xk) is very small, stop; otherwise, calculate the step

size αk from (6.9) and (6.10). Then take

Xk+1 = Xk + αkD(Xk). (6.8)

and k = k + 1; go to Step 1.

In order to state our step size strategy, we first introduce some notations. Let

ρ(X) = sup{ρ > 0|X + ρD(X) ≻ 0},

for any X ∈ Sn
++ and select a positive sequence {ai}+∞

i=0 such that lim
i→+∞

ai = 0 and

lim
s→+∞

s∑
i=0

ai = +∞. For instance, the sequence can be { 1
(i+1)α

}+∞
i=0 with 0 < α ≤ 1 or

{ 1
ln(i+2)

}+∞
i=0 . Then αk in (6.8) can be defined from the following two steps:

Step 1:

αk
0 = min

{
ak

∥SkXk∥c(∥Sk∥)
, τρ(Xk)

}
> 0, (6.9)

where Sk = S(Xk), 0 < τ < 1 is a constant, and c(x) is a scalar function which

satisfies c1x ≤ c(x) ≤ max(c2x, c3), where 0 < c1 ≤ c2, c3 > 0 are constants.
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Step 2: αk is the largest α ∈ {αk
0β

l}l=0,1,... satisfying

f(Xk + αD(Xk)) ≤ f(Xk) + σαGk •D(Xk), (6.10)

where Gk =
∂f
∂X

|X=Xk
, 0 < β, σ < 1 are constants.

It should be noticed that in (6.9) Sk should be a nonzero matrix. In fact, if Sk =

0, then it is easy to verify that Xk is actually an optimal solution from the KKT

condition, and the iteration should stop, hence we will not consider this trivial case

for simplicity.

6.3 Optimality of The Affine Scaling Algorithm

In this section, we will show that the affine scaling algorithm with our step size strat-

egy (6.10) will succeed without nondegeneracy assumptions. We begin our discussions

with the following lemma.

Lemma 6.1. The level set F = {X ∈ P+
3 |f(X) ≤ f(X0)} is bounded.

Proof. Let δP+
3
(X) be the indicator function of P+

3 which is defined by

δP+
3
(X) =


0 if X ∈ P+

3 ,

+∞ Otherwise.

Then f(X) + δP+
3
(X) is a closed proper convex function, and the optimal solution

set of problem (P3) can be expressed as

{X ∈ Sn|f(X) + δP+
3
(X) ≤ f ∗},

where f ∗ is the optimal objective value for problem (P3). According to Assumption

6.3, the optimal solution set of problem (P3) is nonempty and bounded, hence the

Corollary 8.7.1 in [58] implies that

{X ∈ Sn|f(X) + δP+
3
(X) ≤ f(X0)} = F = {X ∈ P+

3 |f(X) ≤ f(X0)}, (6.11)

is also bounded. Thus the proof is completed.
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Theorem 6.2. Let {Xk} be generated by the affine scaling algorithm (6.8) with the

step size {αk} chosen by (6.10). Then

(i) Xk ∈ P++
3 , {f(Xk)} is nonincreasing, {Xk} and {D(Xk)} are bounded;

(ii) every accumulation point of {Xk} is an optimal solution for problem (P3).

Proof. Proof of (i). Since X0 ∈ P++
3 and αk ≤ τρ(Xk) at each step, by using an

induction argument on k, we have that Xk ∈ Sn
++ for all k. Moreover, from (6.6)

in Theorem 6.1 and X0 ∈ P++
3 , we have Xk ∈ P++

3 for all k. Also, since f(X) is

continuous differentiable and αk
0 > 0, 0 < σ < 1 in (6.10), we know αk > 0 for all k.

Combining (6.7) and (6.10), we have for all k

f(Xk+1)− f(Xk) ≤ σαkGk •D(Xk) = −σαk∥X
1
2
k SkX

1
2
k ∥

2
F ≤ 0, (6.12)

thus {f(Xk)} is nonincreasing. Then Xk ∈ F for all k. Since the level set F in (6.11)

is bounded from Lemma 6.1, we know {Xk} is bounded as well. For D(Xk), since

svec(D(Xk)) = (X
1
2
k ~X

1
2
k )Pk(X

1
2
k ~X

1
2
k )Gk,

where Pk = I − (X
1
2
k ~X

1
2
k )PAXk

(X
1
2
k ~X

1
2
k ) is an idempotent matrix which implies

∥Pk∥ ≤ 1 for all k. Then along with the facts that {Xk} is bounded and f(X) is

continuous differentiable, we have {D(Xk)} is also bounded.

Proof of (ii). From (i), we have {Xk} is bounded, hence {Xk} must have at least

one accumulation point. Let X̄ be any accumulation point of {Xk}, we will show it

is actually an optimal solution for problem (P3) by contradiction. Assume X̄ is not

an optimal solution of problem (P3).

First, since Xk ∈ P++
3 , we have X̄ ∈ P+

3 . From Assumption 6.3, we can choose a

point X∗ ∈ P+
3 such that X∗ is an optimal solution for problem (P3). According to

the hypothesis and the fact that {f(Xk)} is nonincreasing from (i), we have

f(X0) ≥ f(X̄) = lim
k→+∞

f(Xk) > f(X∗).
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Let us define

Ȳ =
f(X̄)− f(X∗)

2(f(X0)− f(X∗))
X0 +

[
1− f(X̄)− f(X∗)

2(f(X0)− f(X∗))

]
X∗,

then Ȳ ∈ P++
3 . Since f(X) is convex, we have

f(Ȳ ) ≤ f(X̄)− f(X∗)

2(f(X0)− f(X∗))
f(X0) +

[
1− f(X̄)− f(X∗)

2(f(X0)− f(X∗))

]
f(X∗)

=
f(X̄) + f(X∗)

2
.

Let us define

V (X)1 = ln detX + tr(X−1Ȳ ),

where X ∈ Sn
++. Then at Xk, we can define a scalar function Vk(α) as

Vk(α) = V (Xk + αD(Xk)),

where 0 ≤ α ≤ αk
0. Obviously, Vk(0) = V (Xk) and Vk(α

k) = V (Xk+1). Moreover,

dVk(α)

dα
= tr(X(α)−1D(Xk))− tr(X(α)−1Ȳ X(α)−1D(Xk))

= tr
[
(X(α)− Ȳ )X(α)−1D(Xk)X(α)−1

]
= tr

[
(Ȳ −X(α))X(α)−1XkSkXkX(α)−1

]
,

where X(α) = Xk + αD(Xk) = Xk − αXkSkXk. Notice X−1
k X(α) = I − αSkXk,

which implies

X(α)−1Xk = I + αSkXk(I − αSkXk)
−1, (6.13)

hence

dVk(α)

dα
= tr

[
(Ȳ −X(α))X(α)−1XkSkXkX(α)−1

]
= tr

{
(Ȳ −X(α)) [I + αSkXkW ]Sk

[
I + αW TXkSk

]}
= tr

{
(Ȳ −X(α)) [Sk + αSkXkWSk]

}
+

tr
{
(Ȳ −X(α))

[
αSkW

TXkSk + α2SkXkWSkW
TXkSk

]}
,

1The definition of V (x) is inspired by the potential function in Losert and Akin [36].
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where W = X(α)−1Xk = (I−αSkXk)
−1. Next we show that when 0 ≤ α ≤ αk, dVk(α)

dα

is always negative if k is large enough. Since the level set F in (6.11) is bounded

and f(X) is continuous differentiable, there exist M1, M2 > 0 such that ∥X∥ ≤ M1,

∥ ∂f
∂X

∥ ≤ M2 if X ∈ F . From Theorem 6.1 and Lemma 1.2, we have

tr((Ȳ −Xk)Sk) = tr((Ȳ −Xk)Gk) ≤ f(Ȳ )− f(Xk)

≤ f(Ȳ )− f(X̄) ≤ f(X∗)− f(X̄)

2
< 0,

which implies

f(X̄)− f(X∗)

2
≤ tr((Xk − Ȳ )Sk) ≤ ∥Xk − Ȳ ∥ · ∥Sk∥ ≤ 2M1∥Sk∥,

thus

∥Sk∥ ≥ f(X̄)− f(X∗)

4M1

, (6.14)

for all k. Then when 0 ≤ α ≤ αk we have

tr((Ȳ −X(α))Sk) = tr
[
(Ȳ −Xk + αXkSkXk)Gk

]
≤ f(X∗)− f(X̄)

2
+ αM1M2∥SkXk∥

≤ f(X∗)− f(X̄)

2
+M1M2

ak
c1∥Sk∥

≤ f(X∗)− f(X̄)

2
+

4M2
1M2ak

c1(f(X̄)− f(X∗))
.

From (6.13), if 0 < ak <
c1(f(X̄)−f(X∗))

4M1
and 0 ≤ α ≤ αk, we have

∥W∥ ≤ 1 + α∥SkXk∥ · ∥W∥ ≤ 1 +
4M1ak

c1(f(X̄)− f(X∗))
∥W∥,

which indicates that

∥W T∥ = ∥W∥ ≤ 1

1− 4M1ak
c1(f(X̄)−f(X∗))

. (6.15)

Therefore if 0 < ak <
c1(f(X̄)−f(X∗))

4M1
and 0 ≤ α ≤ αk, we have

dVk(α)

dα
≤ f(X∗)− f(X̄)

2
+

4M2
1M2ak

c1(f(X̄)− f(X∗))
+ 4αM1∥SkXk∥ · ∥W∥ · ∥Sk∥

+2α2M1∥SkXk∥2 · ∥W∥2 · ∥Sk∥

≤ f(X∗)− f(X̄)

2
+

4M2
1M2ak

c1(f(X̄)− f(X∗))
+

4M1ak∥W∥
c1

+
2M1a

2
k∥W∥2

c21∥Sk∥
,
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then from (6.14), (6.15), and the fact that lim
k→+∞

ak = 0, we know there exists a K > 0

such that for all k ≥ K, if 0 ≤ α ≤ αk, then dVk(α)
dα

< 0. Especially, we have

V (Xk+1) = Vk(α
k) < Vk(0) = V (Xk),

for all k ≥ K. Hence there exists an M3 ∈ R such that V (Xk) ≤ M3 for all k. When

X ∈ Sn
++, let X = QΛQT be an eigenvalue decomposition of X, and {λi}ni=1 be the

eigenvalues of X. Then

V (X) = ln detX + tr
(
QΛ−1QT Ȳ

)
=

n∑
i=1

lnλi + tr
(
Λ−1QT Ȳ Q

)
,

since Ȳ ∈ P++
3 , we have

λmin(Q
T Ȳ Q) = λmin(Ȳ ) > 0.

Therefore from Lemma 5.1, we have

V (X) =
n∑

i=1

lnλi + tr(Λ−1QT Ȳ Q)

≥
n∑

i=1

lnλi +
n∑

i=1

λi
−1λmin(Ȳ )

=
n∑

i=1

(lnλi + λi
−1λmin(Ȳ )).

For each i, lnλi +λi
−1λmin(Ȳ ) ≥ lnλmin(Ȳ )+ 1 and lim

λi→0
[lnλi +λi

−1λmin(Ȳ )] = +∞.

Thus, by V (Xk) ≤ M3 for all k, we know there exists an M4 > 0 such that for all k,

we have

λmin(Xk) ≥ M4 > 0.

Let us define

H = {X ∈ Sn
++| λmin(X) ≥ M4}.

Then for all k, Xk ∈ H ∩ F which implies ∥X− 1
2

k ∥ ≤ 1√
M4

. Along with (6.14), we get

for all k,

∥X
1
2
k SkX

1
2
k ∥F ≥ ∥X

1
2
k SkX

1
2
k ∥ ≥ ∥Sk∥

∥X− 1
2

k ∥2
≥ M4(f(X̄)− f(X∗))

4M1

> 0. (6.16)
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From (6.12), (6.16), and lim
k→+∞

f(Xk+1) − f(Xk) = 0, we know lim
k→+∞

αk = 0. Next

we show that the index set

I = { k | αk = αk
0β

l, l ≥ 1 in (6.10)}

is finite. If not, then we can choose a subsequence {Xk}k∈K (K ⊆ {0, 1, ...}) such

that K ⊆ I and lim
k∈K, k→+∞

Xk = X̃ ∈ H ∩ F . Then for k ∈ K, the condition (6.10)

is violated by α = αk/β, i.e.,

f(Xk +
αk

β
D(Xk))− f(Xk)

αk

β

> σGk •D(Xk). (6.17)

Since lim
k→+∞

αk = 0 and f(X) is continuous differentiable, from (6.17) we have G̃ •

D(X̃) ≥ σG̃ •D(X̃) where G̃ = ∂f
∂X

|X=X̃ , which implies

−∥X̃
1
2S(X̃)X̃

1
2∥2F = G̃ •D(X̃) ≥ 0,

but this contradicts with (6.16). Thus the index set I is finite and there must exist

an N1 > 0 such that for all k ≥ N1, α
k = αk

0 in (6.10). From (6.2), we know ∥u(X)∥

is a continuous function on H∩F which is closed and bounded, thus ∥u(X)∥ will be

bounded on H ∩ F . Along with (6.3) and (6.14), there exists an M5 > 0 such that

for all k, ∥Sk∥ ≤ M5 and

c1(f(X̄)− f(X∗))

4M1

≤ c(∥Sk∥) ≤ M5. (6.18)

Since lim
k→+∞

ak = 0, there exists an N2 > 0 such that for all k ≥ N2, we have

ak < τc1(f(X̄)−f(X∗))
4M1

. Then for k ≥ N2, by using Theorem 1.3.20 in [28] and (6.18),

for α = ak
τ∥SkXk∥c(∥Sk∥)

, we have

∥αX
1
2
k SkX

1
2
k ∥ = αr(X

1
2
k SkX

1
2
k ) = αr(SkXk)

≤ α∥SkXk∥ =
ak

τc(∥Sk∥)
≤ 4M1ak

τc1(f(X̄)− f(X∗))
< 1,

where r(A) denotes the spectral radius of matrix A, this implies

Xk + αD(Xk) = X
1
2
k (I − αX

1
2
k SkX

1
2
k )X

1
2
k ∈ Sn

++,
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therefore α ≤ ρ(Xk) and then ak
∥SkXk∥c(∥Sk∥)

≤ τρ(Xk). Thus for all k ≥ N2, by (6.18)

we have

αk
0 =

ak
∥SkXk∥c(∥Sk∥)

≥ ak
∥Sk∥ · ∥Xk∥c(∥Sk∥)

≥ ak
M1M2

5

. (6.19)

Combining (6.12), (6.16), and (6.19), we know for all k ≥ N3 = max(N1, N2),

f(Xk+1)− f(Xk) ≤ −σαk
0

M2
4 (f(X̄)− f(X∗))2

16M2
1

≤ −σM2
4 (f(X̄)− f(X∗))2

16M3
1M

2
5

ak,

this implies

f(X̄)− f(XN3) ≤ −σM2
4 (f(X̄)− f(X∗))2

16M3
1M

2
5

+∞∑
k≥N3

ak = −∞,

which is a contradiction. Therefore any accumulation point of {Xk} is an optimal

solution for problem (P3).

6.4 A Special Case of Problem (P3)

In this section, we consider a special case of problem (P3) where X and Ai (i =

1, ...,m) are all diagonal. The results of this section are therefore applicable to the

linearly constrained convex programming. We will show that in this special case, the

step size can be larger in (6.10) in the sense that the positive sequence {ai}+∞
i=0 is

not required. If X = diag(x), where x ∈ Rn
++, then S(X), D(X), and ∂f

∂X
are all

diagonal matrices. Let A ∈ Rm×n such that Aij = (Ai)jj and ∇f ∈ Rn such that

(∇f)i = ( ∂f
∂X

)ii. Then from (6.2), u(X) can be denoted as

u(X) = (AX2AT )−1AX2∇f. (6.20)

In this special case, the step size αk is also chosen by (6.10) but αk
0 is defined as

0 < αk
0 = min

{
c5

∥SkXk∥c4
, τρ(Xk)

}
, (6.21)

where 0 ≤ c4 < 1, c5 > 0 are constants.

Theorem 6.3. Let {Xk} be generated by the affine scaling algorithm (6.8) with the

step size {αk} chosen by (6.10) and (6.21). Then
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(i) Xk ∈ P++
3 , {f(Xk)} is nonincreasing, {Xk} and {D(Xk)} are bounded;

(ii) lim
k→+∞

∥X
1
2
k SkX

1
2
k ∥F = 0;

(iii) every accumulation point of {Xk} is an optimal solution for problem (P3).

Proof. Proof of (i). Similar to the proof of (i) in Theorem 6.2.

Proof of (ii). We prove this by contradiction. Assume lim
k→+∞

∥X
1
2
k SkX

1
2
k ∥F = 0 is not

true, then since {Xk}, {D(Xk)} are both bounded, there must exist a subsequence

{Xk}k∈K (K ⊆ {0, 1, ...}) and an M̄1 > 0 such that lim
k∈K, k→+∞

∥X
1
2
k SkX

1
2
k ∥F = M̄1,

lim
k∈K, k→+∞

Xk = X̂, and lim
k∈K, k→+∞

D(Xk) = D̂.

Then from (6.12) and lim
k→+∞

f(Xk+1)− f(Xk) = 0, we know

lim
k∈K, k→+∞

αk = 0. (6.22)

From Lemma 3 and the Remark in Sun [66], we know that if x > 0 every entry of

(AX2AT )−1AX2 is bounded, and the bound depends only on A and n, thus from

(6.20), we know that u(Xk) is bounded which implies S(Xk) is also bounded. Hence

there exists an M̄2 > 0 such that ∥SkXk∥ ≤ M̄2 for all k. If α = 1
2M̄2

, then

∥αX
1
2
k SkX

1
2
k ∥ = α∥SkXk∥ < 1,

which implies

Xk + αD(Xk) = X
1
2
k (I − αX

1
2
k SkX

1
2
k )X

1
2
k ∈ Sn

++,

therefore ρ(Xk) ≥ 1
2M̄2

for all k. Let M̄3 = min( c5
M̄

c4
2
, τ 1

2M̄2
). Then from (6.21), we

have αk
0 ≥ M̄3 > 0. Hence from (6.22), we know for all k ∈ K sufficiently large,

αk < αk
0, which implies that condition (6.10) is violated by α = αk/β, i.e.,

f(Xk +
αk

β
D(Xk))− f(Xk)

αk

β

> σGk •D(Xk). (6.23)

Since lim
k∈K, k→+∞

αk = 0 and f(X) is continuous differentiable, from (6.23) we have

Ĝ • D̂ ≥ σĜ • D̂ where Ĝ = ∂f
∂X

|X=X̂ , which implies

Ĝ • D̂ = 0,
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but this contradicts with lim
k∈K, k→+∞

∥X
1
2
k SkX

1
2
k ∥F = M̄1 > 0. Hence the hypothesis is

not true, and lim
k→+∞

∥X
1
2
k SkX

1
2
k ∥F = 0.

Proof of (iii). Similar to Theorem 6.2, we also prove this by contradiction. From

(ii), we have

0 ≤ lim inf
k→+∞

αk∥SkXk∥ ≤ lim sup
k→+∞

αk∥SkXk∥

≤ lim sup
k→+∞

αk
0∥SkXk∥ ≤ lim sup

k→+∞
c5∥SkXk∥1−c4 = 0,

which implies lim
k→+∞

αk∥SkXk∥ = 0. Moreover, ∥Sk∥ is also bounded, hence similar

to the proof of Theorem 6.2, we can also get (6.16) (M1,M4 > 0 may be different),

but this contradicts with (ii). Hence every accumulation point of {Xk} is an optimal

solution for problem (P3).
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Chapter 7

Summary

7.1 Conclusion

In the thesis, we mainly study some interior point continuous trajectories for convex

programming and convex semidefinite programming. These interior point continu-

ous trajectories are all characterized as the solution curves of corresponding ODE

systems. We study linearly constrained convex programming in two forms, i.e., prob-

lem (P1) and problem (P2). For problem (P1), we study two primal interior point

continuous trajectories, and the optimality and convergence of both trajectories are

obtained under some mild conditions. In addition, for the examples in [19], the cen-

tral path fails to converge, but our generalized central path which is the solution

of ODE system (2.2) do converge. For problem (P2), we study the first-order affine

scaling continuous trajectory and two primal-dual interior point continuous trajecto-

ries. For the first-order affine scaling trajectory, the optimality can be obtained under

some mild conditions, but to guarantee the convergence, we need the additional con-

dition that the objective function is analytic. The two primal-dual interior point

continuous trajectories we studied for problem (P2) are called the weighted primal-

dual path-following continuous trajectory and the extended primal-dual affine scaling

continuous trajectory respectively. For the two primal-dual interior point continu-

ous trajectories, the optimality can be obtained under some mild conditions. For

the primal continuous trajectory of each primal-dual interior point continuous tra-

jectories, the convergence can be obtained in different cases where some additional

conditions, for example the strictly complementarity condition or analyticity of the
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objective function, may ne needed. However, for the dual continuous trajectory, the

convergence can be obtained without any additional conditions.

For the linearly constrained convex semidefinite programming, we study four pri-

mal interior point continuous trajectories and a primal affine scaling algorithm. For

the four primal interior point continuous trajectories, the optimality can be obtained

under some mild conditions. For the first trajectory of the four primal interior point

continuous trajectories, if the maximal rank of the optimal solution set is equal to

one, we can get the convergence. For the second trajectory of the four primal in-

terior point continuous trajectories, the convergence can be guaranteed without any

additional conditions. For the last two trajectories of the four primal interior point

continuous trajectories, we can obtain the convergence in the linear case. It was

showed in [53] that the affine scaling algorithm for linear SDP may converge to a

non-optimal solution with either short or long step. We propose a new step size

rule such that every accumulation point of the affine scaling algorithm is actually an

optimal solution for convex SDP.

7.2 Future Research

In the thesis, we mainly study the interior point continuous trajectories which are

characterized by corresponding ODE systems for convex programming and convex

semidefinite programming. For the discrete algorithm, we only study an affine scal-

ing algorithm for convex SDP in Chapter 6. The implementation of the ODE systems

could be the future research. The explicit Euler scheme is the simplest implemen-

tation of the ODE systems. For ODE system (2.1) in Chapter 2, the explicit Euler

scheme have been studied in [73] for problem (P1) with s = n. But for problem (P1)

with s < n, the explicit Euler scheme of ODE system (2.1) has not been studied. For

ODE system (2.2), we have proposed Algorithm 2.4.1, but the optimality and conver-

gence remains to be studied. For ODE system (3.1), the explicit Euler scheme yields
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the first-order primal affine scaling algorithm which was studied in [22] and [73], but

the convergence of the affine scaling algorithm for the convex case remains open. For

ODE systems (4.2) and (4.14), the explicit Euler schemes were only studied for the

special case where γ1 = γ2 = 1 as we know, and the study of the discrete algorithms

from ODE systems (4.2) and (4.14) for the general case could be the future research.

For the explicit Euler schemes of the four ODE systems (5.1), (5.2), (5.3), and (5.4),

only the explicit Euler scheme of ODE system (5.1) which yields the affine scaling

algorithm 6.2.1 was studied in Chapter 6, and the convergence of Algorithm 6.2.1

remains open. The implementations of ODE system (5.2), (5.3), and (5.4) could be

the future research.
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